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Abstract
We prove that every singular complex algebraic klt fourfold germ with zero boundary

has normalized volume at most 162, with equality precisely for an analytic ordinary dou-
ble point. This resolves the ordinary-double-point volume-gap conjecture in dimension
four.

1 Introduction
Normalized volume connects the birational geometry of a singularity with the asymptotic
size of ideals in its local ring. For an n-dimensional klt germ (X, x), a real valuation v
centered at x has valuation ideals

at(v) = {f ∈ OX,x : v(f) ≥ t}

and volume vol(v) = limt→∞ n! length(OX,x/at(v))/tn. Its log discrepancy is denoted by
AX(v). The normalized volume introduced by Li [8] is

v̂ol(x, X) = inf
v centered at x

AX(v)n vol(v),

where valuations of infinite discrepancy contribute +∞. The factor AX(v)n makes the
expression invariant under positive rescaling of v. Section 2 fixes the discrepancy convention
and the equivalent divisorial definition used in our estimates.

The invariant has a distinguished largest value: v̂ol(x, X) ≤ nn, with equality exactly at
smooth points [15, Theorem 1.6]. The next possible value is a subtler question, because a
general klt point comes with neither a simple local-ring presentation nor a distinguished
exceptional divisor. Motivated by singular Kähler–Einstein limits, Spotti–Sun formulated the
ordinary-double-point volume-gap conjecture [19, Conjecture 5.5]: a singular boundary-zero
klt n-fold germ should have volume at most 2(n − 1)n, with equality precisely at an ordinary
double point. The conjecture also appears in the K-stability problem list [25, Section 3.2,
Problem 33]. An ordinary double point means the analytic hypersurface germ defined by a
nondegenerate quadratic form in n + 1 variables. We prove the conjecture in dimension four.
Theorem 1.1. Let x ∈ X be a singular closed point of a normal complex algebraic variety
of dimension four. Suppose that KX is Q-Cartier and that X is klt near x, with boundary
zero. Then

v̂ol(x, X) ≤ 162.

Equality holds if and only if the analytic germ (X, x) is isomorphic to({
z2

0 + z2
1 + z2

2 + z2
3 + z2

4 = 0
}

⊂ C5, 0
)

.

The theorem imposes no isolatedness, complete-intersection, quotient, or smoothability
assumption. Its boundary is zero throughout. Nonisolated fourfold points already satisfy
the strictly smaller bound 4096/27 [13, Corollary 2.18]; the essential new case is therefore
an isolated point without a prescribed local-ring structure.
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1.1 Earlier results and the remaining obstacle

The low-dimensional and structurally restricted cases guide the proof. Liu–Xu established
the full threefold gap, including its equality characterization [15, Theorem 1.3]. Liu proved
the conjecture for local complete intersections in every dimension [13, Theorem 2.12]; this is
the final input in our proof, after we have obtained a hypersurface presentation. Moraga–Süß
proved that a nonsmooth Q-Gorenstein toric germ of dimension n ≥ 3 has normalized
volume at most 16nn/27, with equality precisely for a three-dimensional ordinary double
point times a smooth factor [17, Theorem 2]. In dimension four their bound is already
strictly below 162. More recently, Li–Miao proved the ODP conjecture for affine cones
over smooth K-semistable Fano manifolds Y , polarized by an ample line bundle L with
−KY ∼ rL for a positive integer r [10, Theorem 4.17]. Stable degeneration alone does not
give such a smooth polarized base, so the general isolated fourfold case requires a further
structural argument.

The use of a volume bound to constrain the local ring also has a close threefold precedent.
Liu proved the sharp upper bound 9 for Gorenstein canonical threefold singularities that
are not hypersurfaces [14, Theorem 1.1]. Our fourfold argument constructs a terminal
Gorenstein threefold hyperplane section and uses its hypersurface structure to control the
original embedding dimension.

The other foundation is the variational and degeneration theory of normalized volume.
In Sasaki–Einstein geometry, Martelli–Sparks–Yau studied volume minimization as the Reeb
field varies on a fixed canonical-charge slice [16]. Li’s normalized-volume program moved
the problem to the space of valuations of an arbitrary klt germ [8]; Li–Liu established
minimization over all centered valuations in Kähler–Einstein cone settings [9]. Minimization
within a fixed Reeb cone and minimization over all valuations are different statements. The
latter is the one required when we test transverse-jet valuations against the minimum.

Blum proved existence of a minimizing valuation [1]; Li–Xu established the relation
between finitely generated quasi-monomial minimizers and K-semistable Fano cones [11];
Xu proved quasi-monomiality of minimizers [22]; and Xu–Zhuang proved uniqueness up
to rescaling and the finite-degree formula [23]. Xu–Zhuang subsequently proved finite
generation, completing the stable degeneration theorem used below [24]. Together these
developments yield the volume-preserving degeneration on which our structural reduction
begins. A K-semistable Fano cone is used in this paper through its positive torus grading
and its minimizing Reeb valuation; no metric or K-polystable refinement is required.

Stable degeneration replaces the original germ by a graded cone without changing its
normalized volume. It does not, however, make that cone a complete intersection. Writing
edim(x, X) = dimCmx/m2

x for the embedding dimension, the central implication supplied
by this paper is

v̂ol(x, X) ≥ 162 =⇒ edim(x, X) ≤ 5. (1.1)

A singular normal fourfold of embedding dimension at most five is a hypersurface. Liu’s
established theorem then supplies both the sharp bound and analytic rigidity. Thus the
proof must extract a local-ring constraint from the numerical hypothesis, not merely find
another valuation on a known hypersurface.

1.2 Main ideas and proof structure

The first step, in Section 2, uses stable degeneration, the finite-degree formula, and the
nonisolated bound to obtain an isolated Gorenstein cone C with vertex o. Its embedding
dimension bounds that of the original germ. Integral gradings close to its minimizing Reeb
ray permit finite cyclic stabilizers to be studied using ordinary character spaces.
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Section 3 counts jets on a smooth slice transverse to a grading orbit. A large stabilizer
would give a valuation whose normalized volume is strictly smaller than that of the minimizing
ray. Excluding it has two consequences. Geometrically, every primitive exceptional divisor
centered at the vertex has log discrepancy at least three. Algebraically, after rescaling the
grading, all nonzero pole frequencies of a Hilbert series lie outside a fixed interval. The use
of transverse slices is compatible with the orbifold-cone construction of Li–Zhou [12]; the
character-sensitive jet estimate is proved directly here.

Section 4 converts the frequency gap into the existence of low-weight functions. We
rescale the grading so that a generating canonical form has weight 5/2. Stanley’s graded
canonical-module duality [20] completes the one-sided Hilbert coefficients to a signed measure
on the whole line. Periodic Hilbert corrections and Gorenstein symmetry also appear in the
orbifold Riemann–Roch calculations of Buckley–Reid–Zhou [2, Theorem 1.3 and Section 2.4];
our lemma instead applies to general positively graded normal Cohen–Macaulay domains
under a stabilizer hypothesis. Poisson summation identifies the pairing with a band-limited
test function with an explicit polynomial integral. Carefully chosen signs force a function
of weight strictly between 0 and 5/3. The combination of Poisson summation and sign-
changing polynomial multiples of squared Fourier transforms has a methodological parallel in
Cohn–Elkies’ linear-programming bounds [3, Sections 3 and 6], although no sphere-packing
theorem is an input here. We prove compatible statements on two- and three-dimensional
graded subvarieties under an explicit positivity condition on their canonical modules; these
statements need neither a Gorenstein assumption nor a complete-intersection presentation.

Section 5 applies those lower-dimensional statements to minimal log canonical centers.
Write mo for the maximal ideal of the vertex and lcto(C;mo) for its log canonical threshold,
the infimum of AC(F )/ ordF (mo) over prime divisors centered at o. If this threshold were
at most 3/2, low-weight functions would construct a homogeneous log canonical boundary
of weight smaller than the canonical weight. This inequality excludes the vertex as a log
canonical center. The boundary construction therefore gives a positive-dimensional minimal
center on which all the low-weight functions vanish. Fujino–Gongyo’s affine subadjunction
theorem [5] makes that center a normal Cohen–Macaulay variety admitting a klt boundary.
After verifying the needed positivity of its canonical module, the lower-dimensional Hilbert-
series argument supplies a low-weight function on the center, a contradiction. Hence the
maximal-ideal threshold is strictly greater than 3/2.

Finally, Section 6 combines that threshold with the integral discrepancy bound. A
general hyperplane section is a terminal Gorenstein threefold. Reid’s classification [18]
makes it a hypersurface of embedding dimension at most four; adding back the hyperplane
bounds the cone’s embedding dimension by five. Figure 1 records how the two estimates
combine. The proof of the main theorem then transfers the embedding-dimension bound to
the original germ and invokes the lci volume theorem.

2 Volume conventions and the cone reduction
All varieties are over C. We use log discrepancies: for a prime divisor F on a smooth proper
birational model µ : Y → X,

AX(F ) = 1 + coeffF (KY − µ∗KX).

For F centered exactly at x, let R = OX,x and

at(F ) = {f ∈ R : ordF (f) ≥ t}, vol(F ) = lim
t→∞

n!
tn

length(R/at(F )).
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v̂ol(x, X) ≥ 162 =⇒ isolated Gorenstein cone C

⇓
transverse jets and the stabilizer bound

↙ ↘
AC(F ) ≥ 3 Hilbert duality and low-weight functions

⇓
lcto(C;mo) > 3/2

↘ ↙
terminal Gorenstein threefold section

⇓
edim(x, X) ≤ edim(o, C) ≤ 5

Figure 1: The structural reduction. Here F is any primitive prime divisor centered at o.
Its discrepancy bound and the maximal-ideal threshold are separate consequences of the
stabilizer estimate; both are needed to make the threefold section terminal. The remaining
sharp volume and equality statement comes from the established lci theorem.

Then
v̂ol(x, X) = inf

cX(F )=x
AX(F )n vol(F ).

Since Kollár-component valuations are divisorial, [11, Theorem 2.5] identifies this with the
infimum over all real valuations centered at x. We use the usual extension of discrepancy to
such valuations. For a pair (X, ∆) with KX + ∆ Q-Cartier, the divisor formula is

AX,∆(F ) = 1 + coeffF

(
KY − µ∗(KX + ∆)

)
.

When KX is itself Q-Cartier, this is AX(F ) − ordF (∆). The pair is klt, respectively lc,
when all prime divisors over it have positive, respectively nonnegative, log discrepancies.
For an lc pair, an lc center is the center on X of a prime divisor with log discrepancy zero;
a minimal lc center is minimal under inclusion. A normal Q-Gorenstein variety is terminal
when every exceptional prime divisor has log discrepancy greater than one. Replacing a
valuation by a positive multiple leaves its normalized volume unchanged. Every rational
monomial valuation used below is proportional to a prime divisor, which may be placed on
a smooth proper birational model by resolution. We use resolution and principalization in
characteristic zero in the forms of [6, Theorems 26–27].

For an ideal a, lctx(X; a) means the threshold for log canonicity in a neighborhood of x.
Its valuative formula allows centers containing x. If a = mx, only divisors centered exactly
at x have positive order on the ideal.

We use the following established results:
(i) Stable degeneration produces a quasi-monomial minimizing valuation with finitely

generated associated graded ring [24, Theorem 1.2]. The induced Reeb valuation
preserves its volume and discrepancy and minimizes among all centered valuations
[11, Lemma 4.10 and Theorem 1.3]. Thus the cone has the same normalized volume
as the original germ.

(ii) A finite Galois quasi-étale crepant morphism of klt germs multiplies normalized volume
by its degree [23, Theorem 1.3].
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(iii) The universal upper bound is nn. A nonsmooth local complete intersection (lci) klt
germ satisfies the ODP bound with equality precisely at an ODP. In dimension four,
a nonisolated klt point has volume at most 4096/27 [13, Theorems 2.11–2.12 and
Corollary 2.18].

All these statements allow boundary zero, as used here. When the bibliography lists a
versioned preprint alongside a journal reference, theorem and section numbers in citations
refer to that preprint.

For an affine cone with a torus action and constant invariant ring, write S =
⊕

χ Sχ for
its character decomposition. A Reeb vector ξ is a real cocharacter with ⟨χ, ξ⟩ > 0 for every
nonzero occurring character. Its weight valuation is

wtξ

(∑
χ

fχ

)
= min

fχ ̸=0
⟨χ, ξ⟩.

The set of such vectors is the open Reeb cone. An integral cocharacter gives an integer
grading; its weight valuation is the degree valuation. We use K-semistability only through
the minimizing and volume-preserving assertions of stable degeneration.

Lemma 2.1. Let v be a valuation centered at a klt point x, of finite log discrepancy. If
grv R is finitely generated, then

edim(R) ≤ edim(grv R).

Proof. Choose minimal homogeneous algebra generators of grv R and lift them to f1, . . . , fe ∈
mx. Their weights are positive. The additive semigroup generated by finitely many positive
real numbers has finitely many elements below any fixed bound.

Given f ∈ mx, subtract a polynomial in the fi with the same initial form. Unless the
remainder is zero, its value strictly increases. Li’s Izumi estimate [8, Theorem 3.1] gives

v(g) ≤ M ordmx(g)

for a finite constant M . Successive cancellation therefore reaches a remainder of value > M ,
or zero, after finitely many steps. That remainder lies in m2

x. Consequently the classes of
the fi span mx/m2

x.

Proposition 2.2. Suppose that x ∈ X satisfies the hypotheses of Theorem 1.1 and that

V := v̂ol(x, X) ≥ 162.

There is a positively graded affine fourfold C = Spec S, with vertex o, such that:
(a) C is Gorenstein and klt, and C \ {o} is smooth;

(b) v̂ol(o, C) = V , and edim(x, X) ≤ edim(o, C);

(c) an effective torus acts on C, with a minimizing Reeb vector ξ∗. Primitive positive integral
gradings along rational rays approaching ξ∗ have degree valuations of discrepancies
r ∈ Z>0 and volumes h > 0, with

r4h ≥ V, r4h −→ V.

For each such grading, the canonical module has a homogeneous generator of degree r.
Moreover, o is singular.
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Proof. Apply stable degeneration to (x, X), with boundary zero, and quotient the acting
torus by its kernel. This gives the volume assertions and, by Lemma 2.1, the embedding-
dimension comparison.

If a singular point of C lies away from o, its positive-grading orbit is nonconstant and its
closure contains o. The singular locus is closed and invariant, so it has dimension at least
one at o. The nonisolated bound gives V ≤ 4096/27 < 162, a contradiction.

Let d be the canonical index at o. Its cyclic index-one cover is finite Galois and quasi-étale
of degree d, and is crepant and klt. It has a single point above o. To see this, write its
local algebra as the sum of the reflexive canonical powers in residue degrees modulo d. A
homogeneous element whose power is a unit would itself be a unit; multiplication by it
would identify its canonical-power summand with the degree-zero local ring. In nonzero
residue degree this would trivialize a proper canonical power, contradicting the definition of
d. Thus each homogeneous element of nonzero degree is nilpotent in the special fiber, whose
reduction is consequently C. The finite-degree formula and the universal upper bound now
give

dV ≤ 256.

Since V ≥ 162, necessarily d = 1.
The canonical module is locally free at o, and its fiber there is one-dimensional. A

homogeneous lift of a basis generates the graded module by graded Nakayama. It freely
generates because the module has rank one and is torsion-free. Klt singularities are rational
and Cohen–Macaulay [7, Theorem 120], so C is Gorenstein.

For completeness, finite generation also proves the required approximation continuity.
On finitely many homogeneous generators, nearby Reeb weights lie between 1 − ϵ and 1 + ϵ
times the original weights. The same holds on every occurring character, and sandwiches the
valuation ideals. Volumes consequently converge. The discrepancy is the canonical-weight
linear function [11, Lemma 2.18 and Remark 2.19]. Rational Reeb rays give divisorial
valuations up to scale [11, Lemma 2.16]. Dividing an integral cocharacter by its common
factor makes it primitive, without changing normalized volume. Since the torus is effective,
a primitive cocharacter gives an effective one-parameter action. A homogeneous canonical
generator then has an integer degree r, equal to the discrepancy of the degree valuation,
and r > 0 by klt.

Finally, a smooth cone would have edim(o, C) = 4. The embedding-dimension comparison
would make x smooth, contrary to hypothesis.

We will prove edim(o, C) ≤ 5 for the cone in Proposition 2.2. Until the final section, all
geometry concerns this cone.

3 Stabilizers and discrepancies
Our goal is to bound the stabilizers on the smooth puncture and deduce a lower bound for
every divisor centered at the vertex. We first construct the grading extraction, which places
both questions on finite smooth slice charts.

Fix an effective positive integral grading S =
⊕

j≥0 Sj , with S0 = C, and write r for its
canonical degree. We use the convention

fj(s · P ) = sjfj(P );

in particular, dfj has weight j.
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Lemma 3.1. There is a proper birational morphism π : C̃ → C, an isomorphism away
from o, with reduced exceptional fiber E, such that

K
C̃

= π∗KC + (r − 1)E.

At a point of E represented by a punctured-cone point with stabilizer order m, the completed
local model is a smooth quotient with parameters (u, z1, z2, z3). The group µm acts faithfully
on the line coordinate and faithfully on the slice tangent space. The quotient is étale in
codimension one, mE is locally Cartier, and (C̃, E) is log canonical.

Proof. Take the coarse quotient of (C \ {o}) × A1
u by the grading action on the first factor

and weight −1 on u. The map to C is defined by

fj 7−→ ujfj(P ),

and E ≃ Proj S is the reduced zero section.
For a homogeneous g ∈ Sd nonzero at a base point, use the slice g = 1. It is smooth: the

orbit derivative of g on this level set is the nonzero number d. The chart is the quotient of
the slice times A1 by µd, and the corresponding chart of Proj S is the quotient of the slice.
If B is the slice ring, then B is finite over Bµd , while ud is the pullback of g. Thus B[u],
and then its invariant ring, is finite over the image of the ring of the corresponding chart of
C × Proj S. The morphism into C × Proj S is finite, so π is proper. For u ̸= 0 it is visibly
an isomorphism.

At a point of the zero section, the completed local quotient is the quotient by its stabilizer
µm. The stabilizer action on u is faithful. If an element acted trivially on the slice tangent
space, it would also act trivially on the orbit tangent line, hence on the tangent space of
the smooth punctured cone. Finite-group linearization would make it the identity near
the point, and then on the irreducible cone. Effectiveness excludes this for a nonidentity
element. Hence the slice representation is faithful. A nonidentity element fixes only u = 0
and a proper subset of the slice, so the total quotient has no codimension-one ramification.
In the completed quotient, the invariant equation um cuts out mE. Cartierness descends
from completion, which is faithfully flat, so mE is locally Cartier on C̃.

Let η be the homogeneous canonical generator. On the smooth chart its pullback has
the form

ur−1 du ∧ β,

where β is a nonvanishing local top form on the slice. This follows from homogeneity and
from the absence of zeros or poles away from u = 0. The quotient is étale in codimension
one, giving the asserted relative canonical coefficient. Finally the smooth pair with boundary
u = 0 is lc and descends to (C̃, E). This is also the orbifold-cone construction in [12,
Section 2 and Proposition 2.1].

Remark 3.2. At a generic smooth base point, the same construction works for any normal
Q-Gorenstein positively graded cone. If a homogeneous generator of a reflexive pluricanonical
power of index q has weight w, its effective degree valuation has discrepancy w/q. Indeed
the pullback of that generator has u-order w − q. We will use this only to infer positivity of
a canonical weight on a klt surface cone.

Write ∑
j≥0

(dim Sj)e−sj = h

s4 + O(s−3) (s ↓ 0).

Then h is the volume of the degree valuation.
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Lemma 3.3. If a punctured-cone point has stabilizer order m, then for every rational α > 0,

V ≤ (r + 3α)4 h

(1 + α(mh)1/3)3 . (3.1)

Proof. On the smooth algebraic slice cover of a chart in Lemma 3.1, take the monomial
valuation wα with weights

(1, α, α, α)

in u and regular slice parameters centered at the chosen lift. Restrict it to the subfield
K(C), setting vα = wα|K(C). This valuation is proportional to a prime divisor over C; we
retain this scaling instead of normalizing its value group. It is centered exactly at o, since
every positive-degree function has positive value. The finite-map discrepancy formula on
the algebraic slice cover, which is étale in codimension one, and Lemma 3.1 then give

AC(vα) = (1 + 3α) + (r − 1) = r + 3α.

For fj ∈ Sj ,
vα(fj) = j + α ord(fj |slice).

A sum of distinct homogeneous degrees takes the minimum of these values: the corresponding
Taylor series have distinct powers of the independent variable u.

For a cutoff N , the image of Sj , 0 ≤ j < N , in the quotient by the valuation ideal is the
image of its slice-jet evaluation map. Its dimension is at most

min
{
dim Sj , dim

(
slice jets of order < (N − j)/α in character j

)}
.

After linearizing the cyclic slice action, its three character weights generate Z/mZ. Counting
nonnegative lattice points in a simplex in a fixed congruence class therefore gives

dim(one character of jets of order < ℓ) = ℓ3

6m
+ O((ℓ + 1)2). (3.2)

For example, in boxes of side m each character has exactly m2 representatives; boxes meeting
the simplex boundary contribute O(ℓ2).

Also
dim Sj = h

6 j3 + O((j + 1)2). (3.3)

To see that its leading coefficient has no periodic oscillation, choose a period for the eventual
Hilbert quasipolynomial. Multiplication by a nonzero homogeneous element injects one
residue class into its translate, comparing their cubic leading coefficients. Iterating the
translation around its finite cycle forces equality. Since the grading is effective, the occurring
degrees generate Z; all residue classes thus have the same leading coefficient, whose value is
determined by the displayed expansion defining h.

Summing (3.2) and (3.3), multiplying by 4!/N4, and taking N → ∞ gives

vol(vα) ≤ 4
∫ 1

0
min

{
hz3,

(1 − z)3

mα3

}
dz.

Localization at the vertex does not change these finite lengths. The two integrands cross at
z0 = (1 + α(mh)1/3)−1; integration gives

4
∫ 1

0
min

{
hz3,

(1 − z)3

mα3

}
dz = h

(1 + α(mh)1/3)3 .

Testing the divisorial infimum with vα proves (3.1).
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Proposition 3.4. For all integral gradings sufficiently close to the minimizing ray in
Proposition 2.2, every stabilizer order on C \ {o} satisfies

m <
r

5/2 . (3.4)

Consequently
AC(F ) ≥ 3 (3.5)

for every primitive prime divisor F centered at o.

Proof. Divide (3.1) by r4h and put δ = α/r. If m/r ≥ 2/5, then

Q := mhr3 ≥ 2
5r4h ≥ 324

5 > 64

and
V

r4h
≤ (1 + 3δ)4

(1 + δQ1/3)3 .

For fixed δ > 0, the right side decreases with Q. At Q = 324/5, its derivative with respect to
δ at zero is 12 − 3(324/5)1/3 < 0. Choose one sufficiently small positive rational δ. Its value
at Q = 324/5 is then a fixed number κ < 1, which bounds the right side for every Q ≥ 324/5.
This contradicts V/(r4h) → 1 along any sequence of offending gradings approaching the
minimizing ray. Notice that α = rδ is rational. The error constants in Lemma 3.3 need not
be uniform in the grading: the cutoff limit was already taken for each individual valuation.

Fix a grading satisfying (3.4). Properness centers any F as in the statement inside E.
At a point of its center with stabilizer order m, local Cartierness gives

m ordF (E) ∈ Z>0, ordF (E) ≥ 1/m.

Using the lc pair in Lemma 3.1,

AC(F ) = A
C̃,E

(F ) + r ordF (E) ≥ r/m > 5/2.

Since KC is Cartier, AC(F ) is an integer, proving (3.5). In particular C is terminal, since it
is smooth away from o.

Fix this grading for the rest of the proof. Rescale its degrees by

y = λj, λ = 5/2
r

, D = 5
3 . (3.6)

We call y a weight. The canonical weight is 5/2 and

λm < 1 at every point of C \ {o}. (3.7)

The primitive orders in (3.5) are unchanged by this rescaling. The constants satisfy
(3/2)D = 5/2: a boundary constructed from a threshold at most 3/2 and functions of
weights below D will have total weight strictly below the canonical weight. This strict
inequality will exclude the vertex as a log canonical center in Section 5.
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4 Hilbert series and short weights
The stabilizer bound will make certain weighted sums of Hilbert coefficients equal exact
polynomial integrals. Sign-changing Fourier tests will then force functions of weight below
D; the lower-dimensional versions will be applied to log canonical centers in Section 5.

We first work with a general finitely generated positively graded normal Cohen–Macaulay
domain T , with T0 = C and dimension n ≥ 1. Integer degrees are rescaled by λ > 0, so all
weights lie in λZ. The canonical module ωT carries the natural action on forms. Assume
that every nonvertex stabilizer order m satisfies λm < 1. The action on T need not be
effective.

Let
HT (s) =

∑
y

(dim Ty)e−sy.

If its polar part at zero is

n−1∑
j=0

ajj!
sj+1 , put PT (y) =

n−1∑
j=0

ajyj .

The leading coefficient of PT is positive. Define the signed measure

µT =
∑

y

dim Ty δy + (−1)n−1∑
y

dim(ωT )y δ−y. (4.1)

Its coefficients have polynomial growth.

Lemma 4.1 (Hilbert-series identity). If F is a Schwartz function whose smooth Fourier
transform, in the convention F̂ (t) =

∫
R F (y)e−2πiyt dy, is supported in (−1, 1), then∫

R
F dµT =

∫
R

F (y)PT (y) dy. (4.2)

Proof. Write the integer-graded Hilbert series as H(z), where z = e−λs. It is rational with
denominator a product of factors 1 − zd.

A pole at a root of unity ζ ≠ 1 requires a point other than the vertex fixed by the grading
element ζ. Indeed, if no such point exists, the homogeneous functions whose characters at ζ
are nontrivial cut out only the vertex. Choose finitely many of them with the same zero locus.
Their Koszul homology modules have finite length, and the graded Euler characteristic gives

H(z)
∏

i

(1 − zdi) = a polynomial.

None of the factors on the left vanishes at ζ, excluding a pole there.
If such a pole root has order d, then d divides the stabilizer order of a nonvertex fixed

point. Thus λd < 1. Every nonzero frequency t with e−2πiλt = ζ has absolute value at
least 1/(λd) > 1. For the identity root the nonzero frequencies are k/λ, also outside [−1, 1],
because the stabilizer assumption implies λ < 1.

Graded canonical duality gives

HωT (z) = (−1)nH(z−1). (4.3)

One can obtain this identity by dualizing a graded free resolution over a weighted polynomial
ring into its canonical module; Cohen–Macaulayness leaves just the relevant Ext module.
This fixes the grading by the natural action on forms. See also [20, Theorem 6.1(ii)].
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It follows from (4.3) that µT is the coefficient measure of the expansion of H at zero
minus its expansion at infinity. A finite Laurent-polynomial part cancels exactly between
these expansions. For a partial-fraction term (1 − z/ζ)−ℓ, the difference has, at every integer
k, coefficient (

k + ℓ − 1
ℓ − 1

)
ζ−k,

where the binomial is interpreted as a polynomial in k. Thus µT is a sum of polynomially
weighted lattice combs at the pole frequencies.

Poisson summation for polynomial times Schwartz functions now annihilates every
nonzero frequency. If Q(k) is the coefficient polynomial at the root 1, the surviving density
is Q(y/λ)/λ. This is exactly PT (y): the polar part obtained by summing each monomial on
the positive lattice is its Laplace integral, using∫ ∞

0
yje−sy dy = j!

sj+1 .

Other roots give functions holomorphic at s = 0. This proves (4.2).

To force a function weight in (0, D), we will choose a test for which the signed atoms
of µT give one inequality and the polynomial integral gives the opposite one. The two-
and three-dimensional tests will use two additional facts: the reflected canonical atoms lie
strictly to the left of zero, and the coefficient of yn−2 in PT is positive. A homogeneous
injection from a reflexive canonical power into T that lowers weights by a positive amount
supplies both, even when the canonical module is not free.

Lemma 4.2 (Canonical-module positivity). Suppose n ≥ 2. If there is a homogeneous
injection

ω
[q]
T −→ T (4.4)

lowering weights by e > 0, for some integer q ≥ 1, then every nonzero homogeneous section
of ωT has positive weight, and the coefficient of yn−2 in PT is positive. Here M [q] = (M⊗q)∗∗

denotes a reflexive power.

Proof. A canonical section of weight w has nonzero q-th power in the rank-one reflexive
module. Its image under (4.4) has weight qw − e ≥ 0, so w ≥ e/q > 0.

Write the two highest pole terms as

HT (s) = L

sn
+ L1

sn−1 + · · · .

By (4.3), those for ωT are L/sn − L1/sn−1.
For a rank-one graded reflexive module M , denote its subleading coefficient by B(M).

We claim
B(M [q]) − B(T ) = q

(
B(M) − B(T )

)
. (4.5)

Choose a nonzero homogeneous section of M , of weight a, and form

0 −→ T (−a) −→ M −→ Q −→ 0.

Every rank-one module here has leading coefficient L, and

B(M) − B(T ) = −aL + b(Q),

where b(Q) is the coefficient of s−(n−1) in HQ. A graded prime filtration expresses b(Q) as
the sum, over height-one primes p, of the length of Qp times the leading coefficient of T/p.
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Shifts of these factors do not change that leading coefficient. At such a prime, Tp is a DVR
and Mp is free of rank one. Powering the chosen section multiplies its zero order, hence that
quotient length, by q; its weight becomes qa. This proves (4.5). Terms in codimension at
least two affect only lower poles, so reflexive powers need not be Cohen–Macaulay.

Applying (4.5) to ωT gives

B(ω[q]
T ) = (1 − 2q)L1.

The image in (4.4) has Hilbert series eesH
ω

[q]
T

(s). The quotient in T has dimension at most

n − 1, so its coefficient of s−(n−1) is nonnegative, whence

(1 − 2q)L1 + eL ≤ L1.

Thus L1 ≥ eL/(2q) > 0. Since L1 = (n − 2)!an−2, the claimed sign follows.

The Hilbert-series identity now converts a sign condition on the summands of the discrete
pairing into an inequality for a polynomial integral. We will multiply the squared absolute
value of a band-limited function by a polynomial chosen to have the required sign, and
evaluate the integral from a few moments. The following profiles provide the needed moment
values while permitting approximation by the Schwartz tests in Lemma 4.1. Define

gb(x) =
∫ 1/2

−1/2
cosb(πt)e2πixt dt, b = 1, 2, 3.

Here Hb(R) is the Sobolev space of square-integrable functions whose weak derivatives
through order b are square-integrable. The zero-extended frequency profile belongs to Hb(R):
its boundary traces through order b − 1 vanish. Smooth functions supported strictly inside
(−1/2, 1/2) approximate it in Hb. Their transforms converge in weighted L2, controlling
all moments of the squared transform through degree 2b, and at every fixed point by L1

convergence of the profiles. Translation and the finite linear combinations used below
preserve these properties; parity can be preserved.

For each smooth approximant, a polynomial times its squared absolute transform is a
valid test in Lemma 4.1: the Fourier transform of the squared absolute value is a convolution
supported compactly inside (−1, 1), and polynomial multiplication differentiates it without
enlarging its support. We first obtain a support inequality for that test and then pass only
its polynomial integrals and finitely many fixed evaluations to the limit. We never need to
interchange a limit and an infinite discrete sum.

Plancherel gives the following centered moments, normalized by mass:∫
x2|g1(x)|2 dx∫
|g1(x)|2 dx

= 1
4 ,

∫
x2|g2(x)|2 dx∫
|g2(x)|2 dx

=
∫

x4|g2(x)|2 dx∫
|g2(x)|2 dx

= 1
3 . (4.6)

The masses are 1/2 and 3/8, respectively. These identities follow by integrating squared
derivatives of the profiles, with factors (2π)−2j .

Proposition 4.3 (Short-interval nonvanishing). Let D = 5/3.
(a) The ring S, with the rescaled grading (3.6), has a nonzero homogeneous element of

weight in (0, D).

(b) Let T satisfy the hypotheses of Lemma 4.1, with n = 2 or 3, and admit an injection (4.4)
lowering weights by a positive amount. Then T has a nonzero homogeneous element of
weight in (0, D).

12



Proof. The four-dimensional ring S. Put p = 5/4 and translate the coordinate by x = y + p.
The canonical generator has weight 2p, so the measure in (4.1) becomes odd: a positive
atom at x = y + p ≥ p is paired with its negative mirror. The constant function gives
masses 1, −1 at p, −p. The polynomial density is therefore odd as well, by uniqueness of the
zero-frequency part in Lemma 4.1. Indeed, arbitrary Fourier-transform jets at zero detect
every coefficient of a polynomial. Write it as

a(x3 + cx), a = h

6λ4 = r4h

6(5/2)4 ≥ 432
625 .

The test x|g2(x)|2, understood through the approximants above, has nonnegative pairing
with the odd measure. The second and fourth moments in (4.6) both equal one third of the
mass, so this test gives a(1 + c)

∫
|g2|2/3 ≥ 0, hence c ≥ −1.

Suppose that no function has weight in (0, D), and set l = p + D = 35/12. For an
even transform g, the test x(l2 − x2)|g(x)|2 has nonpositive signed contributions at every
supported atom except the pair at ±p. At ±l it vanishes. Hence

a

∫
R

(x4 + cx2)(l2 − x2)|g(x)|2 dx ≤ 2p(l2 − p2)|g(p)|2. (4.7)

To choose a test, write M2j =
∫
R x2j |g(x)|2 dx. The left side of (4.7) is

a
[
(l2M4 − M6) + c(l2M2 − M4)

]
.

We seek l2M2 − M4 > 0, so that c ≥ −1 gives a lower bound. The remaining moment
expression must then dominate the contribution of the constant atoms at ±p. The explicit
choice

g(x) = g3(x − 1) + g3(x + 1)

meets these requirements. Its frequency profile is

2 cos(2πt) cos3(πt) = cos(πt) + 3
4 cos(3πt) + 1

4 cos(5πt).

It has even smooth approximants in H3. Orthogonality of these three modes and Plancherel
give

M2j = 1
2

[
(1/2)2j + 9

16(3/2)2j + 1
16(5/2)2j

]
, j = 0, 1, 2, 3,

and thus
M2 = 61

64 , M4 = 685
256 , M6 = 11101

1024 .

In particular,

l2M2 − M4 = 50065
9216 > 0, l2(M4 − M2) − M6 + M4 = 26581

4096 > 0.

Using first c ≥ −1 and then a ≥ 432/625, the left side of (4.7) is at least

432
625 · 26581

4096 = 717687
160000 .

Direct integration of the cosine expansion gives

g3(v) = 12 cos(πv)
π(1 − 4v2)(9 − 4v2) ,
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with removable singularities understood. Therefore

g(p) = 1088
√

2
1155π

<
544
1155 <

1
2 .

The right side of (4.7) is consequently less than 625/144. This is impossible, since

717687
160000 − 625

144 = 209183
1440000 > 0.

Every integral used here has polynomial degree at most six after multiplication by the
density, so the stated H3 approximation suffices.

Dimension three. Lemma 4.2 gives

PT (y) = a(y2 + uy + c), a > 0, u > 0.

The measure µT is positive. Testing with |g1(y + u/2)|2 and using (4.6) gives

c − u2/4 ≥ −1/4.

All reflected canonical atoms lie at strictly negative weights, by Lemma 4.2. If T has no
weights in (0, D), the measure thus has no atom in that interval. Put d = D/2 = 5/6. The
test

y(D − y)|g2(y − d)|2

is nonpositive on the support of the measure, so its integral is at most zero. After division
by a and by the mass of |g2|2, its polynomial integral is

(d2 − 1
3)(d2 + ud + c) + d2

3 − 1
3 .

Because d2 − 1/3 > 0, u > 0, and c ≥ u2/4 − 1/4, this is at least

(d2 − 1
3)(d2 − 1

4) + d2

3 − 1
3 = 19

324 > 0,

a contradiction.
Dimension two. Now PT (y) = a(y + c), with a, c > 0, and the reflected canonical atoms

are negative both in location and in sign. If (0, D) contains no function weight, the test

y2(D − y)|g2(y − β)|2, β = 2
3 ,

has nonpositive pairing with µT : it is nonnegative at negative locations, vanishes at zero,
and is nonpositive at every positive atom. On the other hand, using the centered moments
(4.6), its polynomial integral divided by a and the mass is

(D − β)β3 + 3Dβ − 6β2

3 − 1
3 + c

(
(D − β)β2 + D − 3β

3

)
= 5

27 + c

3 > 0.

This is the final contradiction. The last two cases use moments through degree four, supplied
by the H2 approximation.
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5 The log canonical threshold
We now return to the cone C, the fixed grading (3.6), and the stabilizer bound (3.7).

Proposition 5.1. At the vertex,

lcto(C;mo) >
3
2 .

Proof. Suppose instead that the threshold is at most 3/2. We will construct a homogeneous lc
pair whose boundary weight is less than 5/2 and on whose lc centers every function of weight
in (0, D) vanishes. A minimal lc center will have positive dimension, and Proposition 4.3(b),
together with the elementary curve case, will give a contradiction.

Take a homogeneous vector-space basis f1, . . . , fs of⊕
0<y<D

Sy.

This space is finite-dimensional and nonzero by Proposition 4.3(a). Write wi = wt(fi) and
d0 = maxi wi < D. Choose a common weight B such that all B/wi are positive integers,
and put

b = (fB/wi

i : 1 ≤ i ≤ s).

For every divisor F centered at o,

d0
B

ordF (b) = min
i

d0
wi

ordF (fi) ≥ ordF (mo).

These divisors suffice to test the maximal-ideal threshold. The ideal b need not be mo-
primary: its threshold also allows other centers containing o, so testing only divisors centered
at o gives an upper bound. Thus, for

t = lcto(C; bd0/B),

we have
0 < t ≤ 3

2 , td0 <
5
2 . (5.1)

The threshold is positive, finite and rational, as is seen on a log resolution.
Set c = td0/B. Choose sufficiently many general divisors H1, . . . , HN from the linear

system spanned by the powered functions and form

G = c

N
(H1 + · · · + HN ).

Choose N > c, with generality on a log resolution of b. To justify the properties needed
below, write

bOY = OY (−F ), KY + ∆Y = π∗
Y KC .

After removing F , the transformed system is base-point-free. Its general members Mj meet
the existing strata with simple normal crossings, and the log pullback of G is

∆Y + cF + c

N

∑
j

Mj .

The fixed coefficients are at most one, with some equal to one at the threshold; each moving
coefficient is less than one. Hence (C, G) is lc near o, and has an lc center. Every lc center
is the image of a stratum of coefficient-one fixed components and lies in the common zero
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locus of the fi. Indeed (C, 0) is klt, so such a fixed component has positive order on b. If
the original system is one-dimensional, its moving part is empty and the same argument
applies.

Each equation of Hj is homogeneous of weight B. The pair is invariant, with total
boundary weight td0. It is globally lc: a nonempty closed invariant non-lc locus would
contain o, because every grading orbit specializes to o. The finite collection of lc centers is
fixed termwise by the connected group Gm, and each center contains o.

We first show that o itself is not an lc center. On the extraction of Lemma 3.1, write G̃
for the strict transform. In each smooth finite chart, its equations depend only on the slice
parameters, by homogeneity. Since the pair is lc for u ≠ 0, the slice pair is lc. Taking its
product with the line and adding u = 0 preserves log canonicity, and finite descent gives

(C̃, E + G̃) lc.

The total coefficient of E in π∗G is td0/λ, so

K
C̃

+ E + G̃ = π∗(KC + G) + (r − td0/λ)E.

Every divisor F ′ centered exactly at o has center on C̃ inside E. Thus

AC,G(F ′) = A
C̃,E+G̃

(F ′) + (r − td0/λ) ordF ′(E) > 0

by (5.1) and (3.6). This excludes the vertex as an lc center.
Choose a minimal lc center Z. It is positive-dimensional by the preceding argument and

proper because it lies in the zero locus of the nonzero functions fi, so

1 ≤ dim Z ≤ 3.

The affine subadjunction theorem [5, Theorem 7.2] supplies an effective boundary on Z
making it klt. Its hypotheses hold: C is normal affine, G is an effective rational boundary,
KC + G is Q-Cartier, and (C, G) is lc. In particular, Z is normal with rational singularities,
hence Cohen–Macaulay; this implication for klt pairs does not require KZ itself to be
Q-Cartier [7, Theorem 120].

Let IZ ⊂ S be its homogeneous prime ideal and put T = S/IZ . The grading on T is the
one induced by the original Gm-action. Its stabilizer at each nonvertex point of Z is the
same as the stabilizer of that point in C, so λm < 1 holds even if this action on Z has a
kernel. Moreover, each graded piece Ty is the image of Sy. Every basis element fi vanishes
on Z; hence

Ty = 0 (0 < y < D).

For dim Z = 2 or 3, Proposition 4.3(b) will contradict this vanishing once we construct a
homogeneous injection ω

[q]
T → T lowering weights by a positive amount. The curve case

follows directly from the stabilizer bound.
If dim Z = 1: a normal affine curve is regular at the vertex. A homogeneous generator

of its cotangent space generates its positive ideal by graded Nakayama and consequently its
algebra, so T = C[z]. The integral degree of z is the stabilizer order at a nonzero point. Its
weight is therefore < 1 < D, a contradiction.

If dim Z = 2: a klt surface pair has Q-factorial underlying surface; see [4, Proposition 7.2
and Corollary 7.15]. Removing the effective boundary makes Z itself Q-Gorenstein and klt.
Some ω

[q]
T is free at the vertex, so graded Nakayama gives a global homogeneous generator.

Its weight is positive. Indeed, divide the integral grading by its common factor to make
it effective. The ineffective kernel acts identically on the variety and hence on its natural
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differential forms, so the intrinsic action on forms descends to that grading. Remark 3.2
identifies the generator’s weight divided by q with the degree discrepancy, which is positive
by klt. Restoring the positive common factor preserves the sign. Sending the generator to 1
gives the injection in Lemma 4.2, lowering weights by a positive amount. Proposition 4.3(b)
gives the contradiction.

If dim Z = 3: set V ◦ = C \ {o} and U = Z \ {o}. The prime divisor U is Cartier on
smooth V ◦, even where U itself is singular. Equivariant dualizing-sheaf adjunction gives

ωU ≃ (ωV ◦ ⊗ OV ◦(U))|U .

This is Cartier-divisor duality, as in [21, Section 48.14]. Applying duality to the natural
Cartier sequence for U is compatible with the grading action, so the isomorphism carries
the natural weights of differential forms.

Choose a nonzero fi, write b = wt(fi) < D, and put q = ordZ(fi) ≥ 1. Multiplication
by fi defines

OV ◦(qU) −→ OV ◦ .

Locally, if U = (h), this sends h−q to fi/hq. Its restriction to U is generically nonzero
because the order along U is exactly q. If η is the canonical generator of C, divide the
canonical factor in adjunction by ηq and apply this multiplication map. We obtain

ω⊗q
U −→ OU

of degree b − q(5/2), lowering weights by q(5/2) − b > 0.
The omitted vertex has codimension three in the normal variety Z. For j : U ↪→ Z,

reflexive extension therefore gives

j∗OU = OZ , j∗(ω⊗q
U ) = ω

[q]
Z ;

see [21, Lemma 31.13.12]. Pushing forward the map yields a homogeneous injection

ω
[q]
T −→ T

of the same degree: it is injective because its source is torsion-free of rank one and it is
generically nonzero. No Q-Gorenstein hypothesis on all of Z is needed. Proposition 4.3(b)
gives the last contradiction.

6 A terminal threefold section and the main theorem
Proposition 6.1. For the cone C of Proposition 2.2, a general affine hyperplane section
through o is a terminal Gorenstein threefold near o. In particular,

edim(o, C) ≤ 5.

Proof. Choose a log resolution ρ : Y → C of mo, isomorphic away from o, and write

moOY = OY

(
−
∑

i

biEi

)
, KY = ρ∗KC +

∑
i

(Ai − 1)Ei.

Every exceptional divisor has center o, so bi ≥ 1 is an integer and Ai ≥ 3 by Proposition 3.4.
For a general section H from the affine embedding coordinates,

ρ∗H = HY +
∑

i

biEi,

17



where HY is smooth and transverse to the exceptional strata.
The section H is normal Gorenstein near o: it is a Cartier section of a Gorenstein

Cohen–Macaulay fourfold, and is smooth away from o by Bertini. Thus it is S2 and R1, and
is generically reduced, giving normality.

Proposition 5.1 yields Ai/bi > 3/2. If bi ≥ 2, then

Ai − bi >
bi

2 ≥ 1;

if bi = 1, the bound Ai ≥ 3 gives Ai − bi ≥ 2. Hence every coefficient Ai − 1 − bi is strictly
positive. Adjunction on HY gives precisely these ordinary discrepancy coefficients along the
components of Ei|HY

. Subsequent exceptional divisors over the smooth HY have positive
ordinary discrepancy, and the pullback of the already effective relative canonical divisor
cannot decrease it. Thus H is terminal.

A singular Gorenstein terminal threefold point is an isolated compound Du Val (cDV)
point by [18, Theorem (1.1)], hence an analytic hypersurface by [18, Section (0.5)]. A
smooth point also has embedding dimension at most four. Therefore edim(o, H) ≤ 4, and
quotienting by one local equation gives

edim(o, C) ≤ edim(o, H) + 1 ≤ 5.

Proof of Theorem 1.1. If v̂ol(x, X) < 162, the bound is already strict. Otherwise Proposi-
tion 2.2 and Proposition 6.1 give

edim(x, X) ≤ 5.

A singular normal complex algebraic fourfold germ of embedding dimension at most five is
a hypersurface. Here is an algebraic local argument, so no approximation or descent from
a formal hypersurface is needed. Embed a neighborhood of x in smooth affine space of
dimension N , and put e = edim(x, X). The linear parts of the local defining ideal have rank
N − e. Choose N − e equations with independent linear parts; their common zero set is
smooth of dimension e near x and contains X. Thus OX,x is a domain quotient of a regular
local ring of dimension e. The regular case e = 4 is excluded by singularity. Hence e = 5,
and the defining ideal is a height-one prime in a regular local ring. Such a ring is a UFD
[21, Tag 0AG0], so that prime ideal is principal.

Liu’s lci theorem [13, Theorem 2.12] now gives v̂ol(x, X) ≤ 162, and equality forces
an ordinary double point. Conversely, the ordinary double point has normalized volume
2 · 34 = 162, by the same established equality theorem and ODP calculation. Normalized
volume is unchanged under isomorphism of completed local rings [13, Lemma 2.15], so this
gives the claimed analytic characterization.
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