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Abstract

We prove nonuniqueness for the periodic hard-sphere Boltzmann equation by constructing
two distinct global renormalized solutions with the same nonnegative initial density on T3 x R3.
This density has bounded velocity support and finite mass, energy, and absolute entropy.
Both solutions conserve local mass and total momentum and satisfy the global energy and
entropy-dissipation inequalities. On a common initial interval, they are strongly continuous
in L', and their collision gains and losses are integrable.
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1 Introduction

We study the Cauchy problem for the hard-sphere Boltzmann equation on 2 = T3 x R3, where
T3 = R3/Z3. A nonnegative density F(t,z,v) evolves by free transport and binary elastic
collisions:

(at—F’va)F:Q(F,F), F(O,IE,’U):F()(HZ',U)-
For incoming velocities v, v, and a collision normal w € S?, put
a=(v—u)-w, v =v — aw, vl = v + aw.

Our normalization is

QUEF)w) = [ 1al(F@)F() = FO)F(v.)) dv. d,
with the common variables ¢, z suppressed and ordinary surface area measure on S2. The initial
density is assumed to have finite mass, kinetic energy, and absolute entropy, meaning that
Jo Fo(1+|v|* + |log Fy|) < oo, with 0]log 0] = 0. The question is whether these physical bounds
and the renormalized equation determine the subsequent evolution uniquely.

The global existence and weak stability theory of DiPerna and Lions provides solutions at
this level of integrability [3]. Their entropy-production inequality explicitly includes periodic
space [4]; [11, Theorem 4.1] gives a periodic formulation with a Maxwellian reference density.
The need for renormalization is substantive: the stated bounds do not themselves make the
quadratic collision term locally integrable. Existence and weak stability do not supply uniqueness.
The uniqueness problem for general renormalized solutions is discussed, for example, in [13,
Section 2].

We use the following precise admissibility requirements, written in full in Definition 2.1.
With M (v) = (27)3/2¢71*/2  the equation is tested through M3(F/M) for every C! function
B satisfying 5(0) = 0 and |5'(z)| < Cg/(1 + z); the separately renormalized gain and loss are
integrable on every finite time interval. The solution is weakly continuous in L!'(Q2), against
every bounded measurable test, and takes the prescribed initial value. Its mass, energy, and
absolute entropy remain bounded on bounded time intervals. It conserves local mass and total
momentum and satisfies both the global energy inequality and the relative-entropy inequality
with the full Boltzmann entropy dissipation at every time. Here admissibility does not require
local momentum or local energy conservation. Our main result concerns uniqueness within this
class.

Theorem 1.1. There is a nonnegative density Fy on T3 x R3, with bounded velocity support and
/ Fo(1+ |v|* 4 | log Fy|) dz dv < oo,
T3 xR3

for which the hard-sphere Boltzmann equation has two distinct global admissible solutions, in
the sense of Definition 2.1, with initial datum Fy. On some common initial interval both
solutions are strongly continuous in L', and their collision gains and losses are integrable in
space-time-velocity.

The two solutions therefore obey the unrenormalized equation on the interval where their
difference is established. Their common datum has bounded velocities but unbounded amplitudes
concentrated at successively smaller spatial scales. The conservation and dissipation requirements
remain part of the conclusion.



1.1 Uniqueness and related constructions

Classical uniqueness theorems impose additional control, such as Maxwellian upper bounds
[10]. For periodic cutoff hard potentials, Ukai’s perturbative theory gives global existence and
uniqueness near a Maxwellian in a velocity-weighted spatial Sobolev class, with mass, momentum,
and energy matched to that Maxwellian [14, Theorem 1.2].

The distinction between spatially homogeneous and inhomogeneous evolution is also impor-
tant. For the homogeneous hard-sphere equation, Mischler and Wennberg prove uniqueness in a
conservative class from finite mass and energy alone [12, Theorem 1.1]. Wennberg’s homogeneous
nonuniqueness examples for hard potentials permit increasing energy [15]. Theorem 1.1 instead
concerns a spatially inhomogeneous datum, with the energy and entropy-dissipation inequalities
retained.

Recent instability constructions give another relevant comparison. Chen and Holmer prove
failure of uniform continuity in weighted Sobolev spaces for the constant collision kernel [2,
Theorem 1.3]; Chen, Guo, Shen, and Zhang establish failure of uniform continuity for the
hard-sphere solution map on R3 x R3, in Gaussian-weighted L2H$ spaces for 0 < s < 1 [1,
Theorem 1.1]. Those results compare solutions with arbitrarily close initial data. Here the two
initial data agree exactly, on periodic space, and both resulting solutions satisfy the admissibility
conditions above. The instability in [1] is driven by collision loss and dispersion. In the
construction below, collision gain amplifies a vanishing hot seed and produces a nonzero weak
limit near the initial spatial singularity.

For the related Krieger—Strain model, Gismondi, Golding, and Novack construct rough
stationary solutions in a mollifier-confluent sense: the collision operators of mollified densities
tend to zero in distributions for every nonnegative Schwartz mollifier of mass one [7, Definition 1.3
and Theorem 1.5]. They also conjecture nonuniqueness of renormalized inhomogeneous Landau
and Boltzmann solutions for a dense class of initial data. Theorem 1.1 concerns one periodic
hard-sphere datum in the specified admissibility class.

1.2 One datum and two approximation families

Write z = (y,2) € R? x R in a lift of the torus, and v = (v,v3) € R? x R. The datum consists
of narrow velocity distributions, called cold jets, near the axial directions +e3. They occupy
transverse annuli of geometrically decreasing radii s; | 0. Within each annulus the two velocity
signs occupy disjoint, finely alternating stripes. Their thermal widths are much smaller than
the stripe gaps. An expanding axial velocity profile bounds the spatial density of each freely
transported jet at scale s by C/(t + s). Annular mass is O(s?), and annular absolute entropy is
O(s%(1 + |log s|)), so all scales together define a single finite-entropy datum.

Assign a color to each cold jet. A collision within one color retains that color; collisions
between different colors, or with particles already declared hot, produce hot particles. This is an
exact decomposition: the sum of the colored equations is the Boltzmann equation. The narrow
velocity distributions suppress self-collisions, and the spatial gaps suppress collisions between
distinct cold jets at early times.

Retain the first NV annuli and impose a collision cutoff that is removed as N — oo. Let hy
denote the hot component. The estimates use an integrable velocity weight H(v), Gaussian
at infinity and locally comparable to |v|~¢ near the velocity axis, with 1 < ¢ < 2. A cap is an
almost-everywhere upper bound on hy/H. The two approximation families have the following
properties:



1. With no hot particles initially, the hot density remains bounded by t2H (v). We call this
the dormant family.

2. For every sufficiently short observation horizon T" > 0, a smooth hot seed of vanishing
mass, energy, and entropy can be selected so that hxy < (t + sy)H on [0,T], with equality
in the weighted essential supremum at some time. Here sy is the smallest retained annular
radius.

At each fixed horizon, uniform integrability of both the densities and their two-particle products
gives admissible limits with exactly the same initial datum. A vanishing seed and a cap hit
alone do not imply that these limits differ: the hit might carry arbitrarily little mass. Excluding
that loss of information is the central step.

1.3 From a cap hit to separation

Along a sequence of observation horizons shrinking to zero, rescale time and space at a cap time
t«,N by ry = t« N + sy, and divide the hot density by ry. The resulting cap is of order one.
The cold density has a different normalization: multiplying it by 7y produces a locally bounded
velocity measure at positive times. Its two axial velocity signs coexist in the limit because
the increasingly fine spatial stripes average to their occupied fractions. Strong convergence of
hot velocity averages identifies the cold—hot product. This use of velocity averaging follows
the uniformly integrable formulation of [8, Proposition 3]. The limit obeys a linear Boltzmann
equation in that two-sign background. This dilation is distinct from the fixed-horizon compactness
used to construct admissible solutions.

To show that the dilated hot limit is nonzero, we analyze normalized Carleman gain kernels.
Carleman’s representation expresses a collision gain as an integral over velocity planes; its
normalization here is derived in Section 3. Iterated-gain regularization has an earlier role in
the homogeneous theory [12, Lemma 2.1]. In the present construction the estimates must be
uniform as the cold velocity distributions collapse onto the axis, despite the singularity of H.
Two complementary arguments provide this control. Near the velocity axis, two successive gains
have vanishing normalized mass: the first has a uniformly non-atomic axial input, while a second
large gain would force that input to match a small collection of characteristic cold speeds. Away
from the axis, five gains suffice. Their times and angular parameters map to final time, position,
and velocity with rank seven almost everywhere. A compact submersion argument then turns
vanishing local hot mass into a vanishing gain contribution. Together these facts prevent the
cap hit from disappearing in the weak limit.

The limiting hot equation also has a branching interpretation. A hot particle colliding with
a cold jet creates two hot outputs. We retain finite collision histories with bounded velocities
and show that their mass grows by a fixed factor inside an expanding spatial box. If the dilated
observation horizon were infinite, this growth would exceed the polynomial mass bound supplied
by the cap. The horizon is therefore finite, so the cap scale remains comparable to the physical
observation horizon along the extracted sequence.

Finally, the dormant solution vanishes off the velocity axis under the corresponding shrinking-
horizon dilation. If cap limits agreed with it at arbitrarily small fixed horizons, a diagonal choice
of approximants would force the nonzero dilated hot limit to vanish as well. This contradiction
yields two distinct early solutions of the original equation with the same datum. The periodic
existence theorem then continues each solution globally while preserving admissibility. Figure 1
separates the two compactness procedures and their roles in this final comparison.



One cold-jet datum Fj
finite mass, energy,
and entropy

e ~

No hot seed Vanishing hot seed L
hny < t2H hn < (t+sn)H, with a cap hit
Fixed-horizon limit | Fixed-horizon limit
admissible solution F4 admissible cap solution
Shrinking-horizon dilation Dilation of cap approximants
vanishes off the velocity axis nonzero hot limit g
Branching in the
limiting background
finite dilated horizon U

Same-datum solutions differ
then continue each globally

Figure 1: Proof structure. At each fixed physical horizon, the two approximation families yield
admissible solutions with the same initial datum. Separately, cap approximants on shrinking
horizons are dilated about a cap hit. Nonconcentration preserves a nonzero hot limit, and
branching prevents its scale from vanishing relative to the horizon along the extracted sequence.
These facts contradict equality with the dormant limit, whose corresponding dilation vanishes
off the velocity axis.



1.4 Organization

Section 2 gives the full admissibility definition and the colored equations. Section 3 establishes
uniform collision-kernel estimates, and Section 4 constructs the datum and controls its cold
components. Section 5 selects the approximation families; Section 6 constructs their fixed-horizon
limits and verifies admissibility. Section 7 identifies the dilated linear equation, and Section 8
proves that its hot limit is nonzero. Section 9 excludes an infinite dilated horizon. Section 10
completes the same-datum comparison and global continuation.

2 Equation, admissibility, and notation

The spatial torus T? = R3/Z3 has volume one, and 2 = T2 x R3. We write = (y, z), with two
transverse coordinates y and one axial coordinate z, and v = (v,v3). In a periodic lift these
coordinates range in R? x R. All spatially rescaled limits below are taken in the lift. We write
Dy = 0y +v -V, for free transport.

For incoming velocities v, v, and w € S?, set

a=(v—uv)w, vV =v— aw, vl = v, + aw.
The surface measure on S? is its ordinary area measure. We use
Q(F7F) = Q+(F7F) _Qi(F7F)7
QHEF) = [ lalF()F()) dv. do, (2.1)
R3xS2

Q" (F, F)(v) = F(v)vr(v).

Arguments ¢, z, identical in every factor, are suppressed. The associated symmetric gain is
denoted P(f,g), so that P(F,F) = QT (F, F). Its symmetry in the hard-sphere normalization is
included in Lemma 3.1. The loss frequency is

vi(v) =2m /R3 |v —w|f(w) dw. (2.2)

A superscript b on P, v, () means that the same factor 1y,_,, < is inserted into gain and loss.
This cutoff is invariant under elastic collision.
Put
M(v) = (2m) 32 P2 G =F/M,

and define
Har(F) = / (Flog(F/M) — F + M) dz dv.
Q

The entropy dissipation is

1 F'F]
la| (F'F, — FF,)log FE

D(F) dz dv dv, dw.

4 JT3xR3xR3 x S2

The nonnegative integrand is assigned its lower-semicontinuous extended value when a factor
vanishes. We use 0| log0| = 0.



Definition 2.1 (Entropy-class solution). For a nonnegative datum Fy satisfying
/ Fo(1 + |0f2 + |log Fo|) dz dv < oo,
Q

an admissible global solution is a nonnegative F' with the following properties.

(i) F € Cp([0,00); LY(Q)), with F(0) = Fy, where weak continuity means continuity against
every bounded measurable test. On each bounded time interval, [ F(1+ |v]* + |log F) is
uniformly bounded.

(i) Q*(F,F)/(1+ G) belong to L'([0,T] x Q) for every finite 7. For every 8 € C'([0,c0))
with 5(0) = 0 and |’(z)| < Cs/(1 + z), and every smooth test ¢(t,z,v) periodic in  and
compactly supported in [0, 00) x R3,

/OOO/Q [MB(G)(Orp + v - Vap) + B'(G)Q(F, F)p] dudv dt
+/ MB(Fo/M)p(0,z,v)dxdv = 0.
Q

(iii) With p = [ Fdv and j = [vF dv, Op + V- j = 0 distributionally with the initial density
| Fodv. Total momentum is conserved. For every ¢ > 0,

/yv|2F(t)g/ |2 Fp, ’HM(F(t))Jr/tD(F(s))dsSHM(FO).
Q Q 0

The same definition on a finite interval uses tests and traces on that interval. We use the
global existence theory [3, 4, 11] only to continue solutions already constructed on a short
interval. In particular, we do not require local momentum or local energy conservation as
additional admissibility conditions.

2.1 A velocity weight and colored components

Fix 1 < g <2 and m = 100. The weight used throughout is
H(v) = e P oym1 4 [o]79), (o) = (1 + o) (2.3)

Its values on the velocity axis can be assigned arbitrarily; all weighted supremum estimates are
essential estimates. It is integrable with every polynomial velocity weight and lies in LP for some
p > 1. Write || fllg = esssup,, | f(z,v)|/H (v).

The cold components are ¢;, their sum is ¢, and h denotes the hot component. Particles
retain a cold label only in collisions within that label. All other collisions create hot particles.
With F' = ¢+ h, this gives

(Dy)ei = P(ci, ¢i) — civr,

(Dy)h = 2P(c,h) + P(h,h) + 3" P(c;, ¢;) — hvp. (2.4)
]
The sum over ¢ # j is ordered. Summing these equations gives (D;)F = Q(F, F'). This identity
also holds with a common collision cutoff. When labels include periodic copies, the individual
functions are defined in the lift and are covariant under translations; their sums are periodic.
Constants denoted C, with or without subscripts, may depend on the fixed construction
parameters. They never depend on the approximation index or the shrinking time horizon unless
explicitly stated. The parameters needed for branching growth will be fixed before the final
small geometric and time parameters. Section 9 records the order of choices.



3 Collision kernels and a velocity majorant

The construction in the next section uses cold velocity distributions with arbitrarily small
transverse widths. We seek bounds for P(c, H)/H that remain uniform as those widths tend to
zero, together with a bound for P(H, H)/H. The later nonconcentration argument needs more
than bounded total gain: it also needs control of the complete normalized measure in the cold
and hot input velocities. We obtain both kinds of estimates below.

Write v = (v, v3) € R? x R and set

W)=1+3"%  H@)=e¢ @)™ Ww), 1<qg<2, m=100,

as in (2.3). Values on the velocity axis are irrelevant to all the almost-everywhere estimates below.
The function H has every polynomial moment and belongs to LP(R?) whenever 1 < p < 2/q.
Indeed, its only local singularity is |v|~? in two dimensions, and its decay at infinity is Gaussian.

3.1 The exact Carleman formula

The hyperplane representation used here is a Carleman formula; see also [6, Appendix C]. We
derive its coefficient for the normalization of this paper.

Lemma 3.1 (Collision geometry). For the normalization in (2.1), the symmetric bilinear gain
18

Plen)(©) =2 [ clp) dp [ ((v=p)- (¢~ 0)h(©) de. (31)

R3 R3
For fixed p # v, the inner delta denotes surface measure on the plane (v —p) - (£ —v) = 0,
divided by |v — p|. For incoming velocities p,&, the outgoing measure has total mass 2m|p — ¢|
and is uniform on the sphere with diameter [p,£]. Formula (3.1) also defines the gain when ¢ is
a nonnegative velocity measure and h is a nonnegative density, whenever the displayed integral
1s finite almost everywhere.

Proof. Put g = p — £. Reflection sends g to g — 2(g - w)w. On either hemisphere of the normal
sphere, the change from the polar angle of w to the reflected direction shows that |g - w| dw
pushes forward to (|g|/4) do. The two hemispheres therefore give (|g|/2) do, where o € S? is the
outgoing relative direction. Equivalently, for every nonnegative test function v, the one-output

measure is ‘ 5‘ ¢ | €|
p— D+ p—
5 e P < 5 + 5 0') do. (3.2)

Its mass is 27|p — £|. The affine map in this integral multiplies surface area by [p — &|?/4, so the
density on its image sphere is 2/|p — £|.

The same sphere is the zero set of f(v) = (v—p)- (£ —v). On that sphere, |V, f(v)| = |p—¢|.
The coarea formula consequently identifies the measure in (3.2) with 20(f(v)) dv. Integration
against the two incoming densities and Tonelli’s theorem give (3.1). The usual pre/post-collisional
change of variables identifies this incoming-pair expression with the gain in (2.1). Coincident
incoming velocities have zero collision rate. The same identities can first be integrated against a
velocity measure ¢( dp), proving the asserted extension. ]

The cutoff gain obtained by inserting 1), ¢« is bounded by the uncut gain. Thus all upper
estimates in this section also hold for the collision cutoffs used later.



3.2 A geometric slice estimate

For d > 0, let G4 be the centered transverse Gaussian probability measure with density

]. 7*2d2
el

and let Gy = dp. We shall also use the uniform probability measure Uy on {p: |p| < d}.

Lemma 3.2 (Transverse averaging and axial slices). Let A be a probability mizture of the
measures Uy, d > 0, and dy, and let p be any axial probability measure. No bound on its density
or its support is required. Put c = A® p. For R> 1, v # 0, and an interval I C R of length
0 < ¥ <2R, one has

1
W(U)/C(dp) /|§_U<R‘5((” —p)- (E—v)W(&) dE < C,R?, (3.3)
I/Vl(v)/c(dp) /Egé}%‘s((v —p)- (€ —v))W(E) dé < Cy(RL + RITH279). (3.4)

The constants are independent of all transverse widths and of p. In particular, these statements
hold with A = Gg for every d > 0.

Proof. Set r = |v|, n = v —p, and e, = n/|n|. Except on a set of transverse measure zero, n # 0.
For fixed ps, &3, the delta in the transverse variables is line measure divided by |n|, on a line
whose signed distance from zero is

U3 — P3
7]

A—B(fg—’uig), A:en-ﬁ, B =

The regular part of its integral over | —v| < R is at most 2R/|n|. The singular part is bounded
by its integral over the full line, namely
aq

|nl| /R<(A —Bl&s —v3)?+52) 7 ds = L A- B(&s —vs)|' Y, (3.5)

7]

where aq = [p(1+ 52)79/2 ds < oo because ¢ > 1. Infinite values on a zero-distance slice are
harmless in the nonnegative iterated integral.
For every interval J C [—R, R] of length at most ¢,

/ |A — Bz|'™? dz < C,RT 127 AP (3.6)
J

If 2R|B| < |A], the integrand is at most Cy|A|'7%, and the assertion follows from ¢ < 2R.
Otherwise, integration about the possible root gives an upper bound C,|B|'~%¢>79; since
1—¢ < 0and |B| > |A|/(2R), this proves (3.6). When A = 0 the displayed upper bound is
understood in the extended sense.

We next prove

1 n * Co 1=q _
/—|—|ee] A(dp) < 4. (3.7)

10



It suffices to consider a disk of radius d. If d < r/2, then |n| > r/2 and e, - ez > 1/3, which
proves the bound. If d > r/2, use polar coordinates for n. Its range lies in |n| < r 4+ d < 3d.
The factor |n|~! cancels the radial Jacobian, while

2
/ (14 |cos ') df < oo
0

because ¢ < 2. Division by the disk area gives Cy/d < 2C,/r. The point mass at zero satisfies
the same estimate directly. Finally, the Gaussian is a probability mixture of these disks: for
d > 0 its mixture density in the disk radius a is

2a3
ra

whose integral is one. This proves the Gaussian assertion as well.
Integrating (3.5) in &3, applying (3.6), and then (3.7), bounds the expression in (3.4) by

2752
e~ /d da,

-1 —q
T r

——— + CRTPT ———

1474 +C 14r—4

Both fractions are bounded for ¢ > 1. These bounds are independent of ps3, so integration

against the arbitrary probability p preserves them. Taking the entire axial range of length 2R

also gives (3.3). O

C, Rl

3.3 Sheets and normalized kernel measures

Definition 3.3 (Uniform sheet class). Fix L > 1. An elementary sheet in Sy, is a product
probability measure

c(dp) = Ga(dp)p(dps),  0<d<

Qo=

: / 3’ p(da) < L. (3.8)
R
We also allow probability mixtures of elementary sheets. An upper bound by a sheet with

amplitude Ag means domination as measures by Ay times such a mixture.

Every axial probability supported in [—A, A] satisfies this definition with L = e84 In
particular, axial atoms and limits of arbitrarily narrow axial densities are permitted. The
exponential moment is used only to remove large axial velocities, and imposes no axial regularity.

For such a sheet and v # 0, define its normalized kernel by

Kol dp d€) = 2e(dn)3((w — p) (6 — o) 1 . (3.9)

The total mass is P(c, H)(v)/H (v). Kernel restrictions always refer to this complete measure,
including the ratio H(§)/H (v).

Lemma 3.4 (Uniform sheet gain bound). For every L < oo there is Cqpm 1, < 00 such that
P(c,H)(v) < Cym,rH(v) for almost every v, ceSr. (3.10)
More quantitatively, for R > 1,
Ke(v; R < |p| + € — v| < 2R) < Cym.R?e™, (3.11)
where ¢ > 0 is an absolute constant. The same conclusions, multiplied by Ao, hold under sheet

domination with amplitude Ag.

11



Proof. By positivity it suffices to treat an elementary sheet. Put k =& —v and w =p+ k. On
the collision plane,

H(E) 2_ 2 (V)™ W(E)
[l + 167 = o + |w]?, =t = el : (3.12)

H(v) (&)m w(v)

The same identity implies (v) < (p)(£). Since (p)™ < CpnelPl®, the kernel is bounded by
2p|? O A Cl ) )
Cre?Pe(dp)e™™"6((v —p) - k) W) dk. (3.13)
The tilted cold measure retains a product majorant. For 0 < d < 1/8,

P Gy(dp) < 4¢P Goy((dp). (3.14)

This follows by dividing the two Gaussian densities: their ratio is 4 exp[—(3/(4d?) — 2)|p|?], and
3/(4d?) —2 > 46. The assertion at d = 0 has the evident interpretation. The axial tilted measure
p(da) = €2**p(da) has mass at most L, and satisfies

plal > u} < Le %, uw>o0. (3.15)

Consequently 62‘p|20( dp) is bounded by 4L times a product of a centered transverse Gaussian
and an axial probability. Moreover, its restriction to |p| > u is bounded by CLe™"" times a
sum of at most two such product probabilities. To see the last assertion, split into |p| > u/v/2
and [p3| > u/v/2, and apply (3.14) and (3.15), respectively. The axial probabilities obtained by
normalization may have large support; Lemma 3.2 permits this.

On the shell in (3.11), either [p| > R/4 or |w| > R/2, because |p|+ |k| < 2|p|+ |w|. In the first
case the preceding tilted-measure tail contributes CLe=°"* In the second case e~ [vI* < e=F*/4,
In either case the remaining integral has |k| < 2R and is bounded by C'qR2 using Lemma 3.2.
This proves (3.11). The base region |p| + |k| < 2 is bounded by the same geometric lemma
and the total tilted mass. Summing the dyadic shells proves (3.10) and also the finiteness of
(3.9). O

The sheet gain bound controls total normalized mass. We next control its velocity tails
and its behavior as the outgoing velocity approaches the axis. The key distinction is that the
hot input can concentrate transversely on the axis while its axial marginal remains uniformly
non-atomic.

Lemma 3.5 (Uniform tightness and axis estimates). Fiz L < co. The following conclusions
hold uniformly for c € St and for outgoing velocities off the axis.

(i) The tails in |p| + |§ — v| are uniformly negligible:

lim sup esssup Ke(v; |p| + £ —v| > R) = 0. (3.16)
R—o00 CGSL v
Also,
lim sup esssup Kq(v; R3 x R?) = 0. (3.17)

M—=00ceSy |v|>M
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(ii) For every fized M,§ > 0,

lim sup esssup Ke(v; |€] > 6) =0, (3.18)
el0 ceSy, v|<M
0<|z]<e

lim sup esssup K.(v;|vs — p3| > 0) = 0. (3.19)

el0 cesSp lv|<M
0<|v|<e

(iii) The axial input marginals are uniformly non-atomic. More precisely, for each R > 1 and
each interval I of length 0 < £ <1,

Ke(w;pl + 1§ —v| < R, &€ 1) < Cympr(t+679). (3.20)
In combination with (3.16), this gives

lim sup esssup sup K.(v; &z € I) = 0. (3.21)
U0 ces, v 1<t

(iv) Let Sp(e) denote the subclass whose elementary transverse widths are at most . For every
M < oo and rg > 0,

limlimsup sup esssup K.(v;|€] < 6) = 0. (3.22)
0 10 ceSL(e) |vl<M
[v]=ro

All these conclusions hold under uniformly bounded sheet amplitudes.

Proof. The dyadic estimate (3.11) proves (3.16). We may consequently work on |p| + |k| < R
and remove that restriction at the end of each argument. On this region the exponential and
polynomial factors in (3.12) are bounded by a constant depending on R.

For (3.17), if || > 2R+ 1, then |v —p| > |0]/2 and |¢| > || — R. The transverse line estimate,
followed by the axial integration over a length at most 2R, gives Cr/|v|. If |v3] > 2R + 1,
integrate the delta in &3 instead. Its divisor is |vs — p3| > |vs|/2, and

sup / (14 [¢]7) d¢ < Cy(R? + R>9). (3.23)
a€R? J|¢(—a|<R
For completeness, if |a| < 2R the disk is contained in the disk of radius 3R about zero; if
la| > 2R, then || > |a|/2 > R on the disk, giving the same bound. We obtain Cr/|vs|. At least
one of the two outgoing components becomes large with |v|, proving (3.17).

For (3.18), on || > § the factor W (¢) is bounded by 1 + =% The regular line estimate and
(3.7) therefore give

< Crglol™  (0<Jol<1).

For (3.19), integrate in &3 first, using |vs — p3|~* < 67! and (3.23). The bound is Crs/W (v) <
CRr5|0|%. These are uniform in the axial law. For (3.20), discard the bounded exponential and
polynomial factors and apply (3.4). This also proves (3.21) after the tail removal.

It remains to prove (3.22). Fix the truncation radius R. The part |p| > rg/4 is uniformly
negligible as the transverse widths tend to zero. Indeed,

Ljpi>r/a9a(dp) < 26—7’3/(32d2)g\/§d(d@»
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and Lemma 3.4 applies to the wider Gaussian for all sufficiently small d. Now retain [p| < ro/4.
With the notation of Lemma 3.2,

PUNCE I

3
o—p ~

‘n‘ Z %T()a

If |vs — p3| < r3/(8R), then for |¢&5 — v3| < R,

|B(&5 — v3)| < §ro.

The transverse collision line stays at distance greater than ro /3 from zero, and cannot meet
|€] < & when § < ry/3. In the complementary case, |vs — p3|~! < 8R/r. Integrating first in &3
bounds the small-input contribution by

Cray [ (L4 IE[77) d€ < Cryy (62 + 679,
[€]<d

First let the widths tend to zero, then 0 tend to zero, and finally remove the truncation. This
proves the last assertion. ]

3.4 Gaussian parameter laws and compressed axial maps

The next formulation records the uniformity needed when a cold profile is parameterized before
its axial change of variables.

Lemma 3.6 (Gaussian parameter tails). Let a measure in parameters w = (w,w3) € R? x R
have density j satisfying ,
0 < j(w) < Com 327107,

Let its velocity image be given by
p = dw, p3 = ®(ws), 0<d< & |®(a)| < A+6lal, 0<5< & (3.24)

where ® is merely measurable. The image measure is dominated by Cy times a sheet in Sy, ,,
with La depending only on A. Its gain satisfies Lemma 3.4 with a constant depending only on
q,m, A7 CO .

If ¢~ is the image of the restricted parameter measure 1)~ pj(w) dw, then

P(c>p, H)(v)

—B2?/2
o) < Cymacoe 2%, B>o. (3.25)

ess sup

v
Thus parameter truncations are valid in the normalized collision measure, even when ® compresses
intervals or has atoms in its image law. Probability miztures of measurable families with common
q,m, A, Cy and the width bounds in (3.24) preserve these assertions. More generally, a positive
mizing measure of total mass By < oo multiplies the domination amplitude and quantitative
upper bounds by By; the sheet parameter L is unchanged. For (3.25), impose the restriction
|w| > B in each component before mixing. Additional measurable masks taking values in [0, 1]
preserve the assertions.

14



Proof. The Gaussian majorant is a product measure. Its transverse image is G4, and its axial
image is the probability p = &, (x~/ 2¢—a’ da). There is no need to differentiate or invert ®.
From (3.24),

68|<1>(a)\2 < 616A261652a2

2
—1/2,—a?/2

Even under the wider axial probability (27) da, the integral of the right side is

616A2(1 _ 3252)—1/2 < 2616142'

We may therefore take Ly = 2164 for both the original and the wider parameter laws. The
original image has the required sheet domination.
On the parameter tail,
1‘w‘>Be*\w\2 < e B 2e-lwl?/2,

After normalization the right side is 23/26=B%/2 times a Gaussian probability with parameter

widths enlarged by /2. Its transverse velocity width is at most v/2/16 < 1/8, and its axial
image has the exponential moment just proved. Lemma 3.4 applied to this dominating image
gives (3.25).

For a probability mixture, mix the dominating sheets just constructed; this is again a member
of Sg,,. If the mixing measure has mass By > 0, normalize it by By and retain that factor in the
domination amplitude. If By = 0, the mixed image is zero. The same argument applied to the
wider Gaussian majorants of the component tails proves the asserted factor in (3.25). Thus the
estimates are uniform over families of mixtures whose masses By have a common finite bound
independent of the tail cutoff. Masks taking values in [0, 1] only decrease the measures, whether
imposed before or after the pushforward. O

For example, suppose an axial velocity is determined by p3 = a(z — tp3) + dws, where a is
nondecreasing, and u solves u = a(z — tu). The function p — p — a(z — tp) is increasing with
inverse Lipschitz constant at most one. Hence

lps — u| < d|ws|. (3.26)

If |u| < A, Lemma 3.6 applies. A large Jacobian compression of the axial law does not affect its
constants. Gaussian majorants with any fixed positive exponent in place of one are covered by
a fixed rescaling of the parameters and a corresponding decrease of the upper bounds on the
physical widths.

3.5 The hot—hot gain

Lemma 3.7 (Quadratic gain bound). There is a constant Cy,, such that
P(H,H) < CymH almost everywhere. (3.27)

In fact the proof below works for every m > 5.

Proof. The integrand is symmetric in p,£. On the collision plane, |v|?> < |p|? + |€[%, so at
least one incoming speed is at least |v|/2. It suffices, at a factor of two, to retain || > |v|/2.
Formula (3.12) now gives

P(H? H)(U) <0, 5((’[) _ ) . (5 _ v))€—|p—|—§—v\2<p>—mW(p)W(£)

dp d .
H(v) I P W) 7 & (328)
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because (v)™ /(&)™ < 2™,
Again write k = ¢ —vand w =p+ k. On R < |p| + |k| < 2R, R > 1, either |p| > R/4 or

|w| > R/2. Consequently
(p) e 1"’ < ¢ e WP /2, (3.29)

In the second alternative this uses the finite supremum of sme=s"/ 2. in the first it follows directly

from the polynomial factor.
The measure W (p)1j,|<2r dp is dominated by

(1 +1pI")Lp<2r dp @ 1ypy<or dps.

Its transverse factor is a positive mixture of centered disks. Indeed, for D > 0,
Pl p<p = D™ i< +Q/O a~" 1jpi<a da

almost everywhere. Upon normalizing the disks, the mixture has total mass 7 D?+27D?79/(2—q).
The axial factor has mass 4R. For D = 2R the resulting product mixture therefore has total
mass at most C,R3.

Discard e~1%I*/2 and the incoming-speed restriction in (3.28). Apply Lemma 3.2 to each
normalized product in this mixture, with |k| < 2R. In conjunction with (3.29), this yields the
shell estimate

P(H,H)(v)

< CymRP™™. (3.30)
H)  Apepie-vi<or

The notation on the left denotes the restricted nonnegative integral from (3.28), including its
fixed symmetry factor. The base region is bounded by the same disk-mixture argument with
R = 1. Summation over dyadic R proves the result for m > 5. 0

Remark 3.8 (A sharp axial endpoint). A single normalized gain need not become small as the
outgoing velocity approaches the axis. Take ¢ = 6 ) and ve = (&,0,u). The collision plane is

e (e, H)(v.)
P(c,H)(ve) 2
H.)  eH@) /RZ H(e,y, z) dy dz.

The regular part of W(e,y, z) contributes O(c9~!). In its singular part substitute y = es.
Dominated convergence, with dominating function (1 + s2)~%/2e~=" (z)~™, gives

Ple, H)(ve) _ 2aqe"” (U>m/R€_ZQ<Z>_m dz > 0.

lim

€l0 H (’Ua)

The corresponding axial input marginal converges to the absolutely continuous measure

2aqe“2 <u>me_z2<z>_m dz.

Thus transverse concentration is compatible with the uniform axial interval estimate. This is the
reason for using two successive gains in the axial part of the later nonconcentration argument.
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4 Cold jets and uniform color estimates

We construct the common finite-entropy datum and bound each cold color by its free transport
plus a small Maxwellian remainder. Narrow velocity profiles control self-collisions, while spatial
gaps make collisions between distinct colors small. These estimates supply the cold density
bound and the mixed-cold source bound used to select the hot caps in Section 5.

The estimates in this section hold for every fixed choice

K>1, 0<n<log2, 0<ac<i, 0<~vy<1.

These four parameters will subsequently be fixed by the growth argument. Here we choose the
geometric and thermal parameters after them. To keep the later shortening of the time interval
separate from the estimates, fix the preliminary bounds

=1, T=4, 0<sy<3, 0<Ty<T. (4.1)
All estimates proved below hold on the preliminary interval [0, T]. Their constants do not change

when Ty is subsequently decreased. They may depend on the fixed parameters and on the fixed
function J, but never on the number of retained annuli, the collision cutoff, or the size of the
hot component.

4.1 The geometry and the datum

Put "1
R _ 2 _&¢ - _ % 2 -
s = soe 7", pj = 55, T 0; = —'s5 j>1.

For s = s;, define the annular core and the two stripe patterns by

Aj={ye R? : sj 4+ cppj < ly| < esj —cyps},

P =UJ{y ko <y < (k+ Dpst,
kEZ

Pr= ULy (k+Hpy <o < (k+ Dp},
keZ
EJ=A;nP?,  oe{-1,+1}

Each stripe pattern has period p; and fraction § = 1/4. This is a statement about the periodic
pattern: intersecting it with the annulus need not preserve the fraction exactly. We retain the
original sets £7 in the datum.
Let
E7 = {y : dist(y, E]) < d,}, a= %, bsp = 1—16.

For a label i = (j,0,n), n = (7, n3) € Z3, set
Oi(t) = (EJ +7) x [n3 — a — 2t — by, ng + a + 2t + bgy). (4.2)

These enlargements will only localize upper bounds; they will not replace the stripe masks when
their average is computed.
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Lemma 4.1 (Disjoint enlargements). For 0 < t < T, the sets O;(t) are pairwise disjoint.
Moreover,
E7 C{s; < ly| <e"s;} C B(0,s0).

At each point of the periodic lift there is therefore at most one label whose enlargement contains
that point.

Proof. Opposite stripe patterns at the same scale have distance at least pj/4, whereas 20; =
cnpj/2 < pj/4. The radial gap between the cores for the adjacent scales s; and s;41 is
cn(pj + pj1) > 65+ 0541

The gaps between nonadjacent cores are larger. Enlarging by d; < ¢,p; still leaves the j-th
set inside its original open annulus. This proves disjointness of all the untranslated transverse
enlargements. They lie in B(0, sp), so their distinct integer translates are disjoint as well. Finally,

a+2T + bg, = 1.

The axial intervals belonging to distinct integers ng are disjoint. These two observations prove
the assertion for the products in (4.2). O

Fix a nonnegative smooth probability density .J, supported in the unit ball of R3. Write

S(¢) = sech? ¥, al(z) = 0 + atanh(yz/s), ds = dps™.

s

The positive parameter dy < 1 will be decreased below finitely many times. In particular, we
require that
dos' < &, Tdos® < ¢,/8. (4.3)

The width 1/64, including the fixed Gaussian widenings used below, lies within the range of
Lemma 3.4. For i = (j,0,n), with s = s;, define on the lift

_ K _(v(z—n3)\ ,_3. (v—al(z—n3)es
0 =150 — 1 _ ( ) 3 ( s ) )
G ((13, U) B (y TL) (—a,a) (Z nS) s S s ds J d,

The periodic datum is

Fo(z,v) = Z Z Z c(()jﬁ’n)(x,v). (4.4)

j>lo=x1nez3

At a given spatial point at most one summand is nonzero. Integer translations permute the
labels, so the sum is periodic.

Lemma 4.2 (Integrability of the datum). The datum (4.4) satisfies

/ Fo(1 + |02 + [log Fo|) dz dv < oo,
Q

Its truncations FO(N), retaining j < N, converge to Fy in mass, energy, and relative entropy. In

addition, if x > 0 is a fired bounded smooth compactly supported function of (x,v), periodized
after replacing x by x/sy, and 0 < Ay < Lo < 00, then

FO(N) + Ansnx(z/sn,v)

has the same limiting mass, energy, and relative entropy as Fy. For the last assertion sg may be
decreased so that distinct periodic copies of the spatial support of the seed are disjoint.
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Proof. Integration over one period and summation over integer copies equal integration of each
unshifted prototype over R3. The transverse area of E7 is at most C’,,s?, and

a S 2s
S(vz/s dzgf/SE dl = —.
st/ az< 2 [ s ae==

The velocity factor integrates to one. Thus the mass of each annular sign prototype is at most
Cs?. Tts velocities satisfy
| <1+a+ds <2,

which gives the same bound for its energy.
On the set where the density is positive, decompose its logarithm into the three terms

log((K/s)d;?’), log S(vz/s), log J(w).

The first has absolute value at most C(1 + |log s|). The second is integrable against its own
weight since

/st)ylogsw df < o0 :

on |£] > 1, its integrand is bounded by C(1 4 |¢])e=2/%l, and on a bounded interval it is bounded.
Also [ J]log J| < oo, because J is bounded and compactly supported and r|logr| is bounded
for 0 < r < 1. Consequently the absolute entropy of an annular sign prototype is at most

Cs?(1+ |logs|).

The sums of these bounds over the geometric scales converge. Since the spatial supports of
the prototypes are disjoint modulo periodicity, the same estimates prove convergence of the
truncated mass, energy, and absolute entropy. As —log M is a constant plus |v|?/2, they prove
relative entropy convergence as well.

For the seed h; = Ansnx(z/sy,v), a change of spatial variables gives

[y < sk [ Blloghl] < Csh(1+|logsyl).

The constants are uniform in Ay € [0, Lg], including Ay = 0, since A|logA| is bounded on
bounded intervals. It remains to check overlap with the cold datum. At every point

0< BN < os?l
For f,b > 0, integration of 1 + log(f + r) over 0 < r < b gives, with the convention at b = 0,
|(f +b)log(f +b) — flog f| < b{2 +log™ (f +b)} + b|log b].

Indeed the positive part of the logarithm is bounded by log™ (f + b), and fé) log™(f+7r)dr <
fé’ log™ r dr < b(1 + |logb|). On the seed support, log+(F0(N) + 1Y) < C(1 + |logsn|). The
entropy perturbation is therefore O(s% (1+ |logsy|)). The mass and Maxwellian-reference terms

are controlled by the seed’s mass and energy estimates. This proves the last assertion. O
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4.2 A transported Maxwellian barrier

For a fixed scale and sign, the equation
ug(t2) = af (= — tug (1, ) (4.5)

defines u? for all ¢ > 0,z € R. Indeed 7 + 7 4 tag(7) is strictly increasing, has derivative at
least one, and maps R onto R. In particular, [uZ| <1+ «. For label i = (4, 0,n), abbreviate

u;i(t,z) = ugj (t,z—mn3), 7, =z—ng—tu(t,z), w;=uv—ut 2)es,

and set
Dy ; = dist(y — n, £7), D, ; = dist(m;, [—a, al).

Choose ¢gp = 1/8 and a fixed sufficiently large Cp,, depending only on J, and define, for ¢ > 0,

K 2 — w2  csp(D?. + D?.
mi(tv%”)zcm*.ds_jgetexp —( )il _ s Yyt Zﬂ)

4.6
s dz d? t (4.6)
J S S

Its trace at t = 0 is defined by the limit along free characteristics. Boundary values of the spatial
masks are irrelevant. Denote the free transport of the i-th initial color by

filt,z,v) = c?(:z: —tv,v).

Lemma 4.3 (Barrier identities). The constant Cyp, can be chosen so that f; < m; on [0,T],
uniformly in the label. Moreover, almost everywhere along every free characteristic,

Dimi > (1+ Zfusf?/d2)) mi. (4.7)
There is a constant C,, independent of the label, such that

K
P(mi,m;) = mv,, U, (v) < C’V;(dsj + |w;]). (4.8)
J
FEvery free core remains in its own spatial enlargement:

filt,z,0) >0 = x€Oit).

Proof. Suppress the indices, write d = ds, and put A = (aZ)'(7) > 0. Implicit differentiation
gives

A U3 — U
= — D = — D = .
Ut UlUz, tu (U3 U)UZ, tT 1 T+ tA

(4.9)

Consequently
Dy|w|* = —2u w3.

The distance functions are Lipschitz, hence absolutely continuous along flights, and at their
almost-everywhere differentiability points

DD, <@, |DiD.] < Jwsl/(1+tA) < Jws.
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Differentiating the logarithm of (4.6) now gives

lw]?  2(2 — t)u,w?

Dilogm =1+ 2 + 2
csp(Dy + D7) 264 (DyDy Dy + DD, D)
422 2t '

For each of the two spatial terms use 12 — 2rq > —¢?. This yields
Dilogm > 1+ (1 — cgp)|w|?/d® + 2(2 — t)u, w3 /d*.

The last term is nonnegative on the preliminary time interval, proving (4.7). In particular the
large derivative of the initial axial profile causes no adverse s~! term.
To compare with free transport, start a core flight at 2° = (3%, 2%) in its initial support and
write
_ o/.0 0 0
v=al(z" —ng)es + dw", lw”| < 1.

At 2 = 20 + tv, the function p > p — aZ(z — n3 — tp) has derivative at least one, its value at v3
is dw§, and its value at u is zero. Thus

jvs —ul < dufl, [o] = di@®, Dy <tda], D.<tdul.

In particular |w| < d and (DZ+D§) /(d*t) < t. The exponential in (4.6), including e, is bounded
below on this flight by e™3. Taking C,, > €®||J||oo gives fi < m;, since S < 1. The same
calculation supplies the required initial domination. Away from the closed initial spatial support
the trace of m; is zero; on it the distance exponent tends to zero along flights. The inequalities
therefore integrate from time zero. No differentiation of a spatial indicator is used.

At a fixed point (¢, ), m; is a scalar multiple of the Maxwellian with center u;e3 and exponent
(2 —t)/d2. Conservation of momentum and energy in an elastic collision gives mjmj , = mim; «,
which proves the first identity in (4.8). Its velocity mass is at most CK/s, and its first
moment about u;es is at most C'Kds/s, by the substitution p = u;es + ds§. The inequality
|v — p| < |w;| + |p — uies| proves the frequency bound.

Finally, the free-flight estimates and (4.3) give

D, <Tds < é;/2.
Its axial velocity has modulus less than 2, so its position lies between n3 — a — 2t and n3 + a + 2t.
It belongs to O;(t), as asserted. O
4.3 Cold control and the density Jacobian

The labels for the finite approximation are
In :{(j,O',?’L) 1<j<N, 0==1, nEZ3}.

For i = (j,0,n) we also write s; = s;. The infinitely many integer-copy labels merely implement
periodicity: translating x permutes them. We consider nonnegative colored mild solutions with
these initial colors and any nonnegative hot component, with a common finite collision cutoff
b > 0. The statement below applies throughout every interval on which the finite-approximation
solution exists with bounded weighted sup norm. Its constants do not use that norm or any
bound on the hot component.
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Proposition 4.4 (Uniform cold control). There is a constant L, depending on the fized
parameters, such that after imposing the additional condition

Ldos” < 1, (4.10)
the following statements hold at every time of existence of the finite approzimation in 0 <t <T.
(i) For every retained label i = (j,o,n),

0<¢ < fz + €5my, €j = Ldsj/Sj. (4.11)

(ii) At each spatial point call the unique label with x € O;(t), if one exists and is retained, the
main label. Let cmain be that color, or zero, and set € = ¢ — Cmain- For every A > 0,

0<e(t,z,v) < Cythe 4P, (4.12)
The upper bound remains valid after restricting the escaped sum to any subset of its labels.

(iii) If the main label has scale s, its velocity measure is bounded by a fized multiple of (t 4+ s)~!
times a sum of admissible probability sheets from Lemma 3.4. Its free-core contribution
has the exact parameterization (4.16) below. The remainder has the smaller velocity-mass
coefficient Cds/s®. In particular, for every fized k > 0,

—cp, R?
/ <'U>kcmain dv S Ck ) / <v>kcmain dv S @67 (R Z 3) (413)
R3 t+s [v|>R t+s
(iv) For the mized-cold source in the hot equation,
Z Pb(ci,cj)(t,z,v) < Catt™ T H(v) (t >0) (4.14)
i,JELN
i#]

for every A > 0, with constants uniform in N and b.

Proof. Nonlinear comparison. For one color put U; = f;+¢cjm;. Lemma 4.3 gives U; < (1+¢;)m;.
By (4.10), ¢; < 1; therefore

K
PYU, U;) < P(U;, Uy) < 4C,—(ds, + [wil)mi.
J

On the other hand,

ds.

DiUi > L—2(1 + Ewil*/d2,)m;.

Sj
The ratio (14 7)/(1+ £r?) is bounded on r > 0. Choose L > 1 at least 4C,, K times that bound.
Then D;U; > Pb(Ui, U;). This choice is made before decreasing dy, so (4.10) is compatible with
all earlier constraints.

The cold equation implies D;c; < Pb(ci,ci), because its loss is nonnegative. To justify

comparison explicitly, integrate both inequalities along a free path, using ¢;(0) < U;(0), and put
zi = (¢; — U;) 4. Positivity and bilinearity give

zi(t) < /Ot [2Pb(U¢, z) + Pz, z)] (1, — (t — T)v,v) dr.
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On any interval of bounded weighted norm, the gain bound Lemma 3.7 implies

2i(t)/Hl|oo < Cr /Ot 2 (7)/ H|| o dr.

Indeed m;/H is bounded for a fixed scale, uniformly on the preliminary interval, and z; < ¢; +U;
supplies the other bounded factor. Iteration of this integral inequality, or its scalar integrating
factor, gives z; = 0. This proves (4.11) without a hot bound. The argument is unchanged for
each periodic-copy label.

Summation of escaped tails. For a nonmain label, (4.2) and |u;| < 14 «a < 2 imply either
Dy; > 0j or D,; > bs,. Since §; < bgp, in either case

Dz,i +D2; > (%/4)28?-

If a, = (2 — t)/d?, then a, > 8, and completing the velocity square gives

v

4 2
v a

Thus ¢; < 2m; bounds its escaped contribution by

CSp(DS,z‘ +D2,)
2t

08;316_4|v|2 exp [— (4.15)

The factor d 3 has been included in the fixed constant.

For completeness the integer-copy sum is uniform in the scale. Since EY C [—50, 50)?

)

2

Dy > (e —nkl =503, Dai>(lz—nal —a—2T)y,
k=1

For 8 > 0,R > 0,e¢ > 0, comparison of the two monotone Gaussian tails with their integrals

gives
sup Y e AUEI=RY/E < 9R 54 e\ /n/B.

£eR neL

There are at most 2R + 2 integers in the central interval; for each of the remaining tails, keep its
first term and bound the rest by the corresponding Gaussian integral, which proves the displayed
bound. Applying this estimate to the three coordinates, with € = dyv/¢, bounds the lattice sum
of one half of the spatial exponent uniformly for ¢t < T. Use the other half to retain the escaped
distance. For some fixed By > 0 this gives

Z efcsp(Di,ﬁD?,i)/(d?t) < C eXp[—,Bo/(816t)].

n:t nonmain

Here Sy includes d 2 and the two signs only contribute a factor two.
For arbitrary A > 0 and B > 0, choose p > A with 16p — 31 > B. From e~ * < (p/e)Px P,
and t <1,
s~31e=Po/(s%0) < C’A,BtAsB.

tApB.

This proves (4.12); it also shows that any fixed extra power of s}l can be absorbed by increasing

The geometric sum of .9;3 is finite. More precisely, restricting to s; < p gives a bound Cy p
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p. All these estimates were obtained by summing upper bounds over every scale and copy, so
they are uniform in N.

The exact free-core velocity measure. Fix t,x and one label, abbreviating z. = z — ng,
Ye =y —n, s =s;, d=ds. For w € R? define ®(w3) by

O (w3) = al(z. — tP(ws)) + dws, p = dw, p3 = P(ws).
The same strictly increasing map used in (4.5) gives a unique ®, and

d
1+ tayS(y(ze — t®(w3))/s)/s

@' (w3)
The full velocity change of variables therefore gives exactly

KSG—tofs)
s+ tayS(v(z. — tps)/s) (4.16)
X 1E;.’ (yc — tdlf))l(_a@) (Zc — tp3) dw.

fi(t,z,p) dp =

For ko =ay>0and 0 < 5 <1,

KS _ K <Kmax(1,k51).

4.17
s+ tkoS — s+tky — s+t ( )

Thus this estimate is uniform even when ¢/s is large or the value of S is small.

We spell out the product-sheet upper bound, since the axial law can be very compressed. Let

—1 —lwl? _ a2
1e |w] ’ 1/26 w3

go(w) =7 gi(wz) =7

There is a fixed C; such that J(w) < Cjg2(w)g1(ws). The axial map ® depends only on ws, and
|®(w3) — ug(t, 2c)| < dlws]

by the derivative-at-least-one argument. The pushforward of g(w) dw by w — dw is a centered
transverse Gaussian. Independently, let p be the pushforward of g;(ws)dws by ®. It is a
probability law and, uniformly in s, ¢, x,

/Respg p(dp3) < e!0tFe)” /Relﬁd%ggl (ws) dwz < C.

Equations (4.16) and (4.17), after discarding the masks, bound the core measure by C/(t + s)
times this product law. No density bound on p is asserted or needed.
For the remainder, use p = u;e3 + dsw in (4.6). Its measure is bounded by

gjm; dp < Cd—ge*(Z*t)‘w‘Q dw,
s
which is again a product-sheet majorant, with the stated smaller coefficient. Since
(ds/s*)(t + 5) = dosS(t + s) < do3°(T + 3),

this coeflicient is also at most C'/(t+s). The width restrictions in (4.3) allow these Gaussian laws
and their fixed, slightly wider majorants in Lemma 3.4. Lemma 3.6 applies with the common
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axial bound A = 1 + «, the fixed Gaussian majorant constant, and the displayed physical
widths. The factors C'/(t + s) and Cdg/s? remain outside the probability-sheet normalization.
A parameter restriction |w| > R therefore contributes at most CeF* times its respective
amplitude to the normalized gain. For the remainder, 2 —t > 2 — T > 1, so its parameter
Gaussian is bounded by e~1vl” The normalized kernel-tail conclusions of Lemma 3.5 also apply,
with these amplitudes.

The core velocities are supported in [p| < 2. The remainder has uniformly small Gaussian
width and a center in |p3| < 1+ «. Substitution in its Gaussian integral gives all its polynomial
moments and the uniform Gaussian moment tails. Combined with (4.17), these give (4.13).

The mized source. At a fixed point, separate the main color from e. Positivity and the
ordered nature of the cross-color sum give

ZPb(ci,cj) < 2P(Cmain, €) + Ple, e).
i#]
The function e~4* /H (v) is essentially bounded, so (4.12) bounds e by C4tAH. Lemma 3.4

and the product measures just proved bound P(cmain, H) by C(t + s)"'H; when there is no
main color this term is zero. Lemma 3.7 bounds P(H,H) by CH. Since t +s >t and ¢t < 1,

2P (Cmains €) + Ple,e) < Ca{t/(t + 5) + > }H < Oyt~ H.
This proves (4.14). O

It is useful to record the spatial form of the moment bound. For a fixed k > 0, Proposition 4.4
implies
1o, ()

Cart™. 4.18
t+ s T Ak ( )

k
/R3 (V)¥e(t,x,v) dv < Cy ZEXI;\,
At most one term of the displayed sum is present at any point. In one periodic cell, the spatial
volume of the enlargement belonging to a fixed annular sign, with its periodic copies included,
is at most C’s?. The same bound with a factor tending to zero as the velocity cutoff increases

holds for the integrated velocity tails.

4.4 Quantitative survival on a free core

The upper estimates did not use a hot bound. The following consequence, used only for the
dilation, adds the cap assumption.

Corollary 4.5 (Survival of a cold core under the cap). Suppose a finite approzimation satisfies

0 <h(t,z,v) < (t+sn)H(v)

on an initial interval [0,T] C [0,T]. All conclusions below concern times t € [0,T]. For every
M > 0 there are constants C, Cyr, independent of T, N, the cutoff, and the seed, such that

eiEs’N(t)fi(umav) < Ci(t,.’]?,?)) < fi(t,flf,’l)) + L(ds/s)mi(tax7v)7

4.19
Eon(t) = C(dst/s + 12 + syt) + CprtM T (4.19)

for every label of scale s. Consequently, if r — 0, sy <r, s/r € [, R] for fized 0 < e < R < o0,
and 0 <t < min(7, Ar), then

ES,N(t) < Ce,R,A(ds + 7"2) + CM,ATM'H —0
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uniformly in the label and in points of its free core. The transverse free displacement divided by

the stripe period satisfies
td

S—;’ < Cepar? — 0. (4.20)
On these scales the difference between cold and free-core velocity measures also satisfies, uniformly
in position and time,

r/3 lei — fil(t, z,v) dv — 0. (4.21)
R

Proof. The loss-integrating-factor formula for the i-th mild equation and nonnegativity of its
gain give

ci(t,z,v) > fi(t,x,v)exp { /t Ve, — (t —7)v,v) dr| .
0

Ounly points with f;(¢,x,v) > 0 need be considered. Their entire backward flight, equivalently
the corresponding forward flight from the initial support, is in O;(7) by Lemma 4.3. Also
|v — u;(7, 2(7))es] < dg throughout it.

At such a position the free part of the same color has velocities within ds of this center,
by (4.16), and mass at most C/(7 + s). Its contribution to the frequency at v is at most
Cds/(T + s) < Cds/s. The remainder has mass Cds/s? and first moment about the center at
most Cd?/s?. Since ds/s < 1/L, its contribution is at most Cds/s as well. The same-color
frequency is therefore bounded by Cdg/s.

Every other color is escaped along this flight. Its total frequency is at most C 7, by (4.12)
and |v| < 2. The cap applies at every preceding time 7 € [0, t], so

n(v) < 2n(r+ ) [ (ol + p)H(p) dp < C(r + )

at these bounded velocities. Since V% < v, integration proves the optical-depth bound in (4.19).
Its upper bound is (4.11).

If s/r € le,R], t < Ar, and sy < r, the first term in the optical depth is bounded by C4 (ds,
and the two hot terms are O4(r?). All stated convergence is uniform. Moreover

tds/s? = dots® < dgARSr?,

which proves (4.20).
For the last claim the sandwich gives

i = fil < (1= e B O) fy 4 L(dy/s)m.
Integrating in velocity and using the core and remainder density bounds yields

T rdg
C
t—|—s+ 52

7“/ lei — fil dv < CEg n(t)

Here r/(t + s) < 1/e¢, and rds/s? = dors® < Crr®. Both terms tend to zero uniformly, proving
(4.21). O
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5 Finite approximations and cap selection

Retain the first N annuli of the datum in (4.4), and use a common collision cutoff by — oo in
(2.4). All assertions in this section first concern fixed N,by. Constants in the cold estimates
and in the caps will be uniform in V.

Choose once and for all a nonnegative smooth function y € C°(R3 x R3), not identically
zero. After reducing sg, its periodic copies at spatial scale sy are disjoint initially. The hot
initial density is

h(0,z,v) = Asyx(x/sn,v),

periodized in z. The cold initial densities are independent of A. In particular the norm
lIx(z/sn,v)|| is a fixed positive number independent of N.

Proposition 5.1. There is a fived Ty > 0 such that the following statements hold.
(a) With A = 0, the finite approzimations exist on [0, Ty] and satisfy 0 < h < t*H.

(b) There is a fized finite Lo such that, for every 0 <T < Ty and every N, some A € [0, L)
gives an approzimation on [0,T] with

h(t
0 < h(t,z,v) < (t+ sy)H(v), Jil%m{ = 1. (5.1)

In both cases all cold components obey Proposition 4.4.

Proof. We first give the fixed-approximation local theory used in the selection. Lemma 3.7
bounds the gain bilinearly in || - | 7. For the cutoff loss,

||V?N||Oo < ZWbNesssup/ |f(z,w)|dw < 27rbN||f||H/ H(w) dw,
T R3 R3

so gain and loss are locally Lipschitz on bounded balls of the weighted norm. Free transport is
an isometry in that norm.

Picard iteration for the integral equation along characteristics gives a unique local solution
in the space of bounded measurable functions with finite weighted norm. An integrating factor
for the loss, followed by positive iteration of the gain, gives nonnegativity. One can equivalently
perform this iteration for the labeled system, using the norm of the sum of the absolute values of
all components, and for differences the sum of the absolute differences. The quadratic estimates
close in that norm. The Gaussian spatial tails in Proposition 4.4 make the sums over periodic
copies finite in the relevant norm. Periodic covariance is preserved by uniqueness.

The solution continues as long as its total weighted norm remains bounded. It depends
continuously on its initial datum, uniformly on a fixed interval on which that norm is bounded.
These assertions follow from the same integral contraction and its difference estimate on short
subintervals. They do not require norm continuity of spatial translations: one works with the
integral equation along the free paths. In particular,

[A(t) = h(s,2 = (t = 8)v,0)|lm < Cnpylt — ]

on a bounded solution interval. Since transport is an isometry, t — ||h(t)||z, and hence
t— [|h(t)|| g/ (t + sn), are continuous.
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Let z(t) = |h(t)|| . Dropping the loss in the hot equation, the cold and kernel estimates
give its scalar integral comparison with
Cy
t+ sy

Z(t) < ( + (11) 2(t) + Cr2(t)? + Cat?~1, (5.2)
Here A can be any sufficiently large fixed number, and its source constant is uniform in N. This
is an upper integral inequality; no differentiability of the essential supremum is needed.

Fix A > Cy + 2. Choose D > 0 so that (A — C1)D > C4. Since t/(t + sy) < 1, the function
Dt4 is a supersolution of (5.2) after shortening a fixed preliminary time interval to absorb the
bounded linear and quadratic terms. Shorten it again to ensure Dt < ¢2. Comparison from
zero proves (a). The cold bound is independent of h, so it also ensures continuation for each
fixed N, by up to this time.

For (b), shorten Tj to be less than one, so that the zero-seed solution satisfies a strict cap:

IOl ¢
t+sy ~ T4+ sy

<Ty <1

Choose Ly so large that Lo||x(x/sn,v)||z > 1. The cap then fails at time zero for A = L.

For fixed N, by, T, let O be the set of seed parameters in [0, Ly] whose solution exists up to T’
and obeys a strict cap there. Continuous dependence and continuation make O relatively open.
Its component containing zero has a right endpoint A, strictly below Lg: indeed a neighborhood
of Ly already fails the initial cap. Approach A, from within that component. The cap and the
fixed cold bound give a common finite weighted norm on [0, 7], with constants permitted to
depend on N, by. The local difference estimates on finitely many short subintervals give a limit
solution at A, with cap at most one. It continues to 7. If its maximum cap ratio were less than
one, continuous dependence would extend the component past A, a contradiction. This proves

(5.1). O

Remark 5.2. The coefficient C1 may be large, in particular when -y is small. It is fixed before
A, D, Ty are chosen. The arbitrary-power tail estimates are available on a preliminary short
interval; their constants can be fixed there before the final shortening. Thus the choice does not
depend on N, and imposes no restriction on the later choice of shrinking horizons.

6 Fixed-horizon limits and admissibility

In this section the physical horizon T' € (0,Tp] is fixed. The approximation index tends to
infinity without any rescaling of time or space. This distinction matters: the cold densities in
this section have uniformly integrable limits, whereas their rescalings in the next section will
converge to measures in velocity.

Proposition 6.1. Fix T € (0,Ty]. FEither the zero-seed approximations of Proposition 5.1, or
any sequence of its cap shots on [0,T], has a subsequence whose total densities Fy = ¢y + hy
converge weakly in L*([0,T] x Q) to a nonnegative density F. The subsequence can be chosen
so that Fy(t) — F(t) in L*(Q) at every t € [0,T], with uniformly small polynomially weighted
velocity tails. The limit has the common initial datum (4.4), and

QE(F,F) e LY([0,T] x Q), F e C([0,T]; L' (Q)).
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1t satisfies every condition of Definition 2.1 on this interval, including the inequalities at every
time. Fach such limit has an admissible global continuation. The dormant upper bound, consisting
of the cold majorants of Proposition 4.4 and t>H, passes to a zero-seed limit.

We give the compactness and entropy arguments in detail.

6.1 Conservation and entropy before passage to the limit

At a fixed approximation the bounds already proved imply Fyv < Ay H on the whole solution
interval, with a finite constant allowed to depend on N,by,T. In particular there are all
polynomial velocity moments, and there is an LP majorant for some 1 < p < 2/q. The equation
holds absolutely continuously on almost every free path. Its cutoff gain and loss are integrable,
including after multiplication by any fixed polynomial in velocity.

The collision map preserves volume, kinetic energy, and |v — v,|, so it also preserves the
cutoff. For an integrable velocity test v the collision symmetry gives

1

Y(0)Q (Fy, Fy)(v) dv = 3
R3 -

o a1y, j<on } ENFN (" + 9, — b — i) dv doy dw.
The right side vanishes for ¢ = 1,vj, |v|?. Integrating the path equation and using periodicity
therefore proves mass, momentum, and energy conservation at every time of the finite approxi-
mation. The same calculation with a spatially dependent mass test gives its local continuity
equation.

To justify entropy at zeros, put E(v) = e~ 2 take 0 < § < 1, and set Fns = Fy +0E.

Define
f u v
As(f,v) = M(v) + /0 log*ﬂ’f(]f)”

Its derivative with respect to f is log(Fy,s/M). At the fixed approximation,

du.

F
‘logN’é < On(1+ |logd| + |[vf* +log™ |5]71). (6.1)

Indeed Fns > Se— 20l gives the lower logarithmic bound, and Fy < AnxyH gives the upper
bound. Every factor on the right of (6.1) is integrable against H, apart from the harmless
constant |logd|: in the transverse plane this uses fol r1=4|logr|dr < oo.

Since E < C'H, the fixed-cutoff bilinear bounds imply

Q" (Fy s, Fns) — Q"N (Fy, Fy)| < Cnpy 0 H.

Consequently replacing the latter operator by the former in its integral against log(Fy s/M)
costs at most Cp, 70(1 + |logd|). The path chain rule, followed by spatial integration, now
gives

/ As(Fn(t),v) + /t DbN(FN’(;(S))dS < / As(Fn(0),v) + CN,bN7T5(1 + |log d]). (6.2)
Q 0 Q

Here D, denotes the dissipation with the invariant cutoff inserted. The collision identity used in
this step is

/QQbN(FN,a,FN,a) log(Fn,s/M) = —Dyy(Fns)-
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It follows by averaging over interchange of the two particles and over the elastic substitution.
The log M term cancels because it is a linear combination of mass and energy. All integrals for
this calculation are finite at § > 0 by (6.1).

As 0 | 0, the primitive converges to flog(f/M) — f + M. Its integrals converge as well. For
example its lower bound is that limiting primitive, while its upper bound follows by replacing §
by one in the increasing integrand. The negative part of flog f is integrable under a finite second
moment, and the upper bound is integrable by (6.1) without the |logd| term. Fatou’s lemma
applied to the nonnegative dissipation integrand in (6.2) therefore yields, for every ¢ € [0, 77,

Hor(Fa (1)) + /0 "Dy (Fx(s)) ds < Har(Fy (0)). (6.3)

Lemma 4.2 gives convergence of the initial mass, energy, and relative entropy to those of
(4.4). Tts estimates include the hot seed, whose mass and energy are O(s%) and whose absolute
entropy is O(sy (14 |log sy|)), as well as the seed’s overlap with the cold density in the relative
entropy. The convergence is uniform for the allowed seed parameters 0 < A < L.

6.2 Uniform integrability of densities and collision products

For s = sj, let A be the annulus {y € R? : s < |y| < €'s}, viewed as a subset of T2. By
Lemma 4.1, these annuli are pairwise disjoint and contain the enlarged stripes of both signs
at their respective scales. Their areas satisfy |As| < Cs?. Proposition 4.4, the cap, and the
dormant bound imply, for every fixed k > 0,

1
Rin(t,2) = /Rg<v>kFN(t,a:,v) dv < (1 e (y)) . (6.4)

jen s

The bounded term includes the hot density and escaped tails. The cold remainder has density
coefficient O(ds/s?) = O(s®), and is also covered by this estimate. All constants are independent
of N.

The square of the envelope is integrable uniformly in N, including at the initial surface. In
fact the contribution of one annulus is

T Cs? 5 (1 1
— = - — < . .
/0 (HS)th Cs (S T+S> Cs (6.5)

Since the scales form a geometric sequence, Zsj e85 S Che. f Ao = USJ << As;, disjointness of
the annuli thus gives

T
sup / / Rin(tz)?dedt — 0 (c10). (6.6)
N Jo JAc.xT
The contribution of the bounded term is at most CT|A.|.
Outside A., the main color has one of finitely many scales s; > €. Those velocity widths

are positive and fixed. Their Gaussian bounds, with axial centers in a fixed bounded interval,
give a function ¥, (v), independent of N, ¢, z, such that

Fx(t,a,v) < Wo(v) ify¢ A, /<v>k\I/€(v) dv < oo (k> 0). (6.7)
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One may take a finite sum of broadened Gaussians about the bounded axial interval, together
with a multiple of H for the hot component and escaped tails. There is no need for this majorant
to be bounded on the velocity axis.

Equations (6.6)—(6.7) prove uniform integrability of

<U>k<w>kF]\/(t7 x,v)Fn(t, z,w)

in the full spacetime and two-velocity variables. Indeed its integral over the removed annuli is at
most the left side of (6.6); elsewhere it has the fixed integrable majorant (v)¥W,(v){w)*¥.(w).
This also proves uniformly small velocity tails. Taking first powers instead proves uniform
integrability of the one-particle densities in spacetime. At individual times the estimate is

2

84
sup / Ren(tz)de < Cp 3 24 CylAce] — 0. (6.8)
N,0<t<T JALxT o< S

Together with (6.7), this proves weighted one-particle uniform integrability and velocity tightness
uniformly at all individual times.

The gains and losses enjoy the same spacetime conclusion. To see this directly, collision
symmetry and energy conservation imply

/ W*QE (2, v) dv < CrRpn(te)?, Q5 = QEN (Ey, Fy).

Their weighted integrals on the small annuli therefore tend uniformly to zero. On the complement,
positivity and (6.7) give the fixed bounds

Q—]*\—I(tvxvv) < P(llla,\IIE)(U), QJ_V(t’x7v) < \IIE(U)V‘I/E<U)'

Both right sides are integrable with every fixed polynomial velocity weight: integrate first in
the output velocity and use the preceding collision-moment inequality for the fixed function V..
Thus {Qﬁ} is uniformly integrable in spacetime, with uniformly small weighted velocity tails.
In particular its integrals over time intervals of length tending to zero vanish uniformly in N.
This last assertion follows by first discarding the small annuli and then integrating the fixed
majorants over the time interval.

6.3 An elementary averaging argument

We use a uniformly integrable version of velocity averaging [8, Proposition 3]. The following
proof gives the precise local statement needed here.

Lemma 6.2. Suppose that f, and g, are locally uniformly integrable in L' on an open time-
space-velocity region, and (Oy + v - V) fn = gn there in distributions. Then for every smooth
compactly supported velocity test 1, the averages [ (v)fn(t,z,v)dv are relatively compact in
local L;x on regions where the hypotheses hold for velocities in a neighborhood of supp . The
assertion applies both on a spatial torus and locally in R3.

Proof. Choose smooth interior cutoffs in time, space, and velocity; the spatial cutoff is unneces-
sary on a torus. Write the localized sequence as ¢,, extend it by zero outside the localization
interval, and put r,, = (1 + 0 + v - V;)g,. The equation shows that r,, is uniformly integrable in
L', with support in a fixed bounded set of time and velocity and, in the Euclidean case, space.
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The derivative of a spatial cutoff is harmless because velocity has also been localized. The exact
identity

o
an(t,x,v) = / e ’rp(t — s,z — sv,v)ds
0

follows by integrating the localized equation from a time preceding its support. Denote this
damped inverse by R. It is an L' contraction, since free transport preserves Lebesgue measure.
Truncate r, at height L, retaining its sign, to obtain r( ). Uniform integrability gives

sup ||, — (|1 — 0, sup [7F) ||y < 0o for fixed L.
n

(L)

The averages of R(r, —ry, ) are therefore uniformly small in L. Tt remains to handle a bounded
L? family m(lL).
Take Fourier transform in (¢,z), using Fourier series in the periodic coordinates. For

Uy = R'rff), Cauchy—Schwarz gives

gIw(T,k)/Wn”(T,k,v)\?dv, (1, k) /1+ +k U) dv.
T

If supp®y C {|v| < Ro}, integration in the direction of k gives I, < Cy/|k| when k # 0. If
|T| > 2Ro|k|, the denominator instead gives I, < Cy /(1 + |7]?). It follows that I (7, k) — 0
uniformly as |7| + |k| — oco. The averages consequently have uniformly small high-frequency
L? tails. Convolution with a fixed smooth approximate identity approximates them uniformly
in L?. On each compact time-space set the convolutions are bounded and equicontinuous, by
Cauchy—Schwarz applied to translates of the convolution kernel and their derivatives. They are
therefore relatively compact there. This proves local L?, hence local L', compactness for fixed
L. The uniform L' error as L — oo proves the assertion. O

2

‘ / D(0)iin(7, E, v) do

6.4 Identification of the nonlinear terms

The uniform integrability just proved supplies a subsequence with Fy — F in spacetime L';
velocity tightness allows the whole velocity space. Since DyFy = QE — @}, Lemma 6.2 applies.
After a diagonal extraction for a countable dense family of compact velocity tests, all such
velocity averages converge strongly in local Lim to the corresponding averages of F. Extension
from that family to every smooth compact velocity test uses the uniform mass bound.

Set W (t,z,v,w) = Fn(t,z,v)Fn(t,z,w). The full pair-product uniform integrability
supplies a weak L' limit W, after another extraction. For smooth compact velocity tests v, x,

/w WNdvdw—</wFNdv) (/XFNdw>.

Both factors converge in local L', so their product converges in measure. The products are
uniformly integrable in (¢, ), by (6.5) and the fixed majorants after removal of small annuli. Their
convergence is consequently in L': to verify this last implication, discard a set of arbitrarily small
measure on which convergence is not uniform, and use uniform integrability on the discarded

set. We obtain
/1/1 dedw—(/dev) (/XFdw>.
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Finite sums of separated velocity tests are uniformly dense among continuous functions on
compact two-velocity sets. Testing also in (¢, x) identifies

Wy — F(t,z,v)F(t,z,w) in L'([0,T] x T3 x R® x R3). (6.9)

The same conclusion holds with any fixed polynomial weight for which it is needed. Interior
time compactness suffices: the uniform integrability already proved removes intervals near zero
and T

Adjoining the finite angular measure preserves weak convergence. The elastic map on (v, w,w)
is measure preserving and involutive, so (6.9) also identifies the primed pair product. On a
bounded two-velocity set the factor |a| is bounded, and the cutoff is eventually absent. The
weighted tail estimates allow these sets to exhaust all velocities. Since Qﬁ themselves are
uniformly integrable, testing their weak limits and using these identifications proves

Q% — Q*(F,F) in LY([0,T] x Q). (6.10)

Passing the equation, including its initial boundary term, is now legitimate. The initial densities
converge in L', and the limit satisfies the unrenormalized distributional equation with datum
Fp.

6.5 Every-time traces, entropy, and the chain rule

We first specify representatives at every time. For a smooth periodic test ¢(z,v) compactly
supported in velocity, the finite path equations give

(Ew(0) — Fy(s) 9l < [ t [ (Fwlo- Vol + (@ + Qu)lel) dwdvdu.

The first term is bounded by Cy|t — s|; the second has a uniform modulus tending to zero with
|t — s|, by the time-integral conclusion above. For a countable uniformly dense collection of such
tests, extract uniform convergence of their pairings on [0, 77]. At each individual time (6.8) and
(6.7) make {Fn(t)} relatively weakly compact in L'. Every cluster point has the prescribed
smooth pairings, hence is the same density. Thus this single subsequence converges weakly in L'
at every time. It defines a weakly continuous representative against smooth tests, agreeing with
the spacetime limit. The weighted fixed-time tightness also passes total mass, momentum, and
energy from the finite approximations. In particular energy is conserved on this early interval,
although only its inequality will be needed.

Let ®(A, B) = (A—B)log(A/B) with its nonnegative extended values. It is jointly convex and
lower semicontinuous: it is the sum of the two convex perspectives Alog(A/B) and Blog(B/A).
On every bounded collision set, (6.9) and its primed version therefore give lower semicontinuity of
the integral of |a|®. One can absorb the weight into the arguments because ®(cA, cB) = c¢®(A, B)
for ¢ > 0. The lower semicontinuity follows, for example, by expressing a nonnegative convex
lower-semicontinuous function as the supremum of its affine supporting functions and using
weak convergence on a finite partition. Exhausting bounded velocity sets, and using that the
cutoff is eventually absent on each of them, gives for every ¢ € [0, T

/O D(F(5)) ds < liminf /O Dy (Fi(s)) ds.
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The same convex lower-semicontinuity argument applies to H s (Fy(t)) under weak L' con-
vergence at that time. Combining the two nonnegative terms, using (6.3) and initial entropy
convergence, proves

Hor(F (1) + /OtD(F(s)) ds < Hu(Fy) (0<t<T). (6.11)

There is no time-dependent subsequence in this conclusion.
In fact the time representative is strongly continuous. In free coordinates the distributional
equation and its initial trace read

h|F(t,x+ tv,v)] = Q(F, F)(t,z + tv,v).

The right side is integrable in (¢, z,v). Subtracting its Bochner integral leaves a distribution
with zero time derivative, whose initial value is Fy. Therefore

F(t,z 4 tv,v) = Fy(z,v) + /tQ(F, F)(s,xz + sv,v)ds (6.12)
0

as an Lglw identity, initially for almost every time and then for every time by the representative
just constructed. The right side is absolutely continuous in L'. Free transport is a strongly
continuous group on L'(T3 x R3), as follows by approximating an L! function by continuous
functions with compact velocity support. Thus F' € C([0,T]; L'). This proves in particular
continuity against every bounded measurable test.

Equation (6.12) also holds on almost every individual free path. Since M (v) > 0 is constant
on such a path, the ordinary absolutely continuous chain rule gives, for every £ in Definition 2.1,

Dy [MB(F/M)] = B'(F/M)Q(F, F).
The source is integrable because |3'| < Cz and @ € L'. Moreover

[MB(f/M) = MB(g/M)| < Cplf —gl,  [MB(f/M)| < Cpf.

Hence the renormalization is strongly continuous at the initial and terminal traces. Integrating
its path equation proves exactly the renormalized identity and trace in Definition 2.1. The
separate integrability requirement follows from 0 < Q*/(1+ F/M) < Q*.

Integrating the unrenormalized equation in velocity is justified by absolute collision integra-
bility. The collision integral has zero mass, and the flux is integrable, so it gives the required
local continuity equation with its initial density. Momentum has already passed at every time.
Finally, the negative part of F'log F' is bounded uniformly by mass and energy. For example
split {F < 1} at F = e~ 271: above that threshold use —Flog F < (1 + |v[2)F, and below it
use a fixed multiple of e~ (1HI*)/2, Equation (6.11) then bounds the positive part as well. This
proves the uniform absolute logarithmic integral required in the definition.

6.6 Continuation and inherited bounds

At time T, the density just constructed has finite mass, energy, and absolute logarithmic
integral. We use the global existence theorem of DiPerna and Lions [3, 4], in the precise periodic
formulation of [11, Section 4.1, Theorem 4.1]. We verify its interface with Definition 2.1 before
concatenating.
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For our kernel byhys(w,v —w) = |(v — w) - w|, local integrability holds and, for every compact
K C R3,

1 2m
T /sz2 bphys(w, v — w) dwdw = e /K v —w|dw — 0 (Jv] = o).

This is the hypothesis of that theorem. To match its collision and time normalizations, put

Cy = bphys(w, v — w) M (v)M (w) dw dv dw, e=Cy
R3 xR3x .52
The constant Cj, is finite and positive. Use the source kernel bppys/Ch, and its equation €d;G +
v-V,G = eilprhys /Cb(G, G), with initial density F(T)/M. Here the relative-density operator
satisfies MQy, /¢, (G, G) = Q(MG, MG)/Cp. Then F(t,z,v) = M(v)G(et, z,v) has precisely
our collision normalization. The same time substitution converts the source dissipation coefficient
€2 into the coefficient one of D.

The cited theorem allows arbitrary finite relative-entropy initial data. It gives weak continuity
of G in L' (M dz dv), which is exactly weak continuity of F in L'(dz dv), and the renormalized
identities with the initial trace for continuously differentiable functions satisfying |8'(z)| <
C/+/1+ z. Our renormalizations are included. Its local mass identity is the one required
here. Integrating its momentum identity over the torus removes the spatial divergence of the
momentum defect, giving total momentum conservation. This extends to every time by weak
continuity and the uniform second-moment bound: the first-moment tail outside |v| < R is
at most R~! times the second moment. Dropping the nonnegative defect contributions in the
theorem’s energy and relative-entropy inequalities gives the two inequalities in Definition 2.1 at
every time. The negative-entropy estimate above then supplies the uniform absolute logarithmic
integral.

We also need separate global integrability of the renormalized gain and loss, rather than
only their difference. For any density f > 0, write g = f/M. Since f/(1+g) < M,

/Ql—i-g /My <C/1+!v

For A, B > 0, with the same extended-value convention as for the dissipation,
2
A<2B+  —(A— B)log(A/B).
2B+ (5 (A~ B)log(4/B)

Indeed the first term suffices when A < 2B; otherwise A — B > A/2 and log(A/B) > log2.
Apply this with A = f'f], B = f f., divide by 1 + g(v), and integrate with the collision kernel.
Nonnegativity of the dissipation gives

QY (£, f) Q( 8
o l+g / 1—|—g 1og2D(f)'

The moment and entropy-dissipation bounds for F make both terms integrable over every finite
time interval. Thus the continuation satisfies all of Definition 2.1.

Concatenate F with F at time 7. The two weak L! traces agree, so the concatenation
is continuous against every bounded measurable test. Its renormalized identity follows by
adding the two identities: the early terminal term MB(F(T)/M) cancels the continuation’s
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prescribed initial term. The Lipschitz estimate above supplies that early terminal trace. The
mass continuity identities concatenate in the same way.
For t > T, add the continuation inequality

t—=T

Mar(P(t=T)) + [ DUF(s))ds < Har (P(T)
to (6.11) at T This gives the global entropy inequality, with no entropy equality at the splice
assumed. Energy inequalities and momentum conservation concatenate using the common
terminal moments. Collision integrability in the renormalized sense holds on both pieces, hence
on every bounded interval of the concatenation. The uniform moment and absolute entropy
bounds on such an interval follow from those of the two pieces.

For a dormant sequence, sum the cold upper bounds of Proposition 4.4 over all labels and add
t2H. This is a common, locally integrable pointwise upper bound for the finite total densities.
Testing against nonnegative functions and passing to the weak limit preserves it. All assertions
of Proposition 6.1 are now proved.

7 The cap dilation and its linear limit

We now let the physical horizons tend to zero. Choose cap shots with Tx | 0, terminal annular
scales satisfying sy /Tn — 0, and cutoffs by — oco. Relabeling a subsequence in this way does
not require that every integer index occur. Let t, y € [0,Tn] be a time attaining the cap. In
the periodic lift about the origin define

N = t«N + SN, hyy(t, z,0) = r]f,th(rNt,rNx, v), Cry(t,z,v) =ryen(rat, rye,v),
T
In="_s1e0,1], Ux=-"_SUecllo)
rN rN
(7.1)

The limits are taken after subselection, using the compactification of [0, 00) for the second ratio.
We have ry — 0, and U > 1 follows from Uy > (1 + sy /Tn)~!. The prelimit inequality Uy > 1
is not needed. The dilated cap event occurs at time 1 — [y, and

0< hyy(t,2,0) < (E+IN)H(v), 0<t<Uy. (7.2)

When convenient we suppress the index on ry.

7.1 The limiting mesh and background

The dilated annular scales are uy,; = s;/rn, j < N. Their ratio is e”, their smallest member
is Iy, and their largest member tends to infinity. Subselect their logarithmic phase modulo 7.
The grids then converge on compact subintervals of (0,00) to a geometric mesh M unbounded
above. If I > 0, its members are 1, e, €2, .... If | = 0, it is a two-sided geometric mesh with no
smallest member. To verify this description, choose a grid point in (e~", 1], pass to its limit, and
multiply it by the fixed factors e/7. When the smallest point stays positive its integer distance
in the grid from that chosen point is bounded, so can also be fixed by subselection. Coincident
phase endpoints give the same mesh.
For each > 0 and ¢ € {—1,1}, let u, »(t, z) be the unique solution of

—1
uzaﬂ—atanhu.
I
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The left side minus the right side has derivative in u equal to 1 + tayS(y(z — tu)/u)/p > 05 its
values have opposite signs for sufficiently large positive and negative u. This proves existence
and uniqueness. The implicit function theorem gives smoothness, and

ayS(v(z —tu) /)
Upyo — 0O g a, 8Zu N =
| s | # A+ tayS(vy(z —tu)/p)

On an open mesh annulus p < |y| < €"u, define the nonnegative velocity measure

B(taxa dp) - Z b,u,cf(t7 Z)éuuya(t,z)eg(dp)y
o==+1

_ OKS(v(z — tuus)/ 1)
p+tayS(y(z —tuye) /1)

(7.3)
buo(t, 2)

Set B = 0 in the hole |y| < [ if [ > 0, and assign arbitrary values obeying the same bounds
on annular interfaces and the transverse axis. These exceptional positions have zero Lebesgue
measure. In particular, for every k > 0,

(t >0) (7.4)

on an active annulus. If [ > 0, the bound is instead uniformly Cy/(t + ) for all ¢ > 0.

Proposition 7.1. Every sequence (7.1) has a subsequence for which h,, — g in local spacetime
LY on (0,U) x R3 x R3, where

0<g(t,z,v) < (t+1)H(v), D.g =2P(B,g) — gvB. (7.5)

Here B is (7.3); its gain and loss are defined by integration against the velocity measure. Both
terms on the right are locally integrable, with a velocity majorant uniform in position on each
compact positive-time interval. Compactly supported velocity averages of h,, converge strongly
in local Lim. The limit has a locally strongly continuous L' representative at positive times and
obeys the integrating-factor formula (7.15) below.

If 1 > 0, pass also to a limit ANy — Ao of the shot parameters. The conclusion and its local
continuity extend to time zero, with

g(0,z,v) = Xl x(z/1,v). (7.6)

7.2 Cold convergence: survival, Jacobian, and stripe averaging

We first identify the cold measure independently of the hot limit. Fix a compact time-space
region
a<t<A<U, lz| < R,

where a > 0. Since Uy — U and A < U, eventually ryA < Tn. The cap therefore holds on
the entire initial physical interval [0,y A], as required for the survival estimate below. By
Proposition 4.4, the dilated cold velocity moments are bounded there, and indeed uniformly in
position, by

Jorcntapdr< (1) (7.7)

t+ 1IN
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The escaped tails have the still smaller bound C' MT‘% LM g=4lpl* for any fixed M > 0. Uniformly
decreasing velocity tails hold under these moment bounds.

First restrict to annuli with px ; in a fixed compact interval [e, Ri] C (0,00). There are
only finitely many of them, uniformly in N. Apply Corollary 4.5 at physical time ryt to
a color of scale s = ryuy,;. Its optical depth is bounded, uniformly for 0 < t < A, by
Ca(rnds/s + T’]2V +7rNsN) + CA,MT%IH. Here

rynd
= = dw}&u%w r +rysy < 2r%,

so the corollary gives the same-color comparison
6_ENCZ',free <¢ < Ci free + C(ds/s)mia ey — 0

uniformly on these scales. The lower bound covers the full free core because its velocity parameter
lies in the compact support of J. After multiplication by 7y, the remainder has velocity mass

rNO(ds /5?) = Oldureishy). (78)

The core moment bound and this estimate show that the dilated actual color and its free core
differ by o(1) in velocity total variation, uniformly on compact regions of these annuli. The
same holds with each fixed polynomial velocity weight, using compact support of the free-core
parameter and the Gaussian remainder.

We compute the free core exactly. Fix one sign and one such annulus, write uy = s/ry, and
use the velocity parameters

(2 —tp3)

P = dsw, p3 = 0 + atanh 7 + dsws.
uN

The axial map depends only on ws. Its derivative is

8]93 _ ds
ws  1+tayS(v(z —tps)/un)/un’

Thus Equation (4.16), after dilation, says that the velocity integral of the free core against a
test 1 is

_ KS(v(z —tps)/pn) _
/TNCi,free(T‘Nt,TN%PW(p) dp = /J(w)MN 1oy SOz — tps) /) (dsw, p3) (79)

“1p(ryy — rNtdSu—))1{|7'N(Z*tp3)|<1/8} dw.

On the compact regions under consideration the last axial indicator equals one for all sufficiently
large N. Since the implicit velocity map has derivative at least one in ps,

3 = Uy o (t, 2)| < ds|ws].

After the mesh subselection, uy — p > 0, so the velocity test and the smooth amplitude in (7.9)
converge uniformly for w € supp J to

KS(’V(Z — tuu,a)/u)

w(uu,a%)M + tayS(v(z — tupg) /1)’
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It remains to average the transverse indicator. In dilated coordinates its period is

82

— = rN,u?v — 0.
N
The transverse shift of its argument is tdsw, whose ratio to that period is at most
Ady

2
TN HN

= Adoriius — 0.

For the indicator of the fixed periodic stripe pattern, a translation by this vanishing relative
amount changes its integral on a bounded set by o(1), uniformly in its phase and in bounded
t,w. One can verify this by summing the lengths of the small intervals around stripe endpoints.
The annular margins have dilated width O(s?/ry) = O(ryu%;), so their area also tends to zero
on the annulus. The outer annular radii converge; their boundaries can likewise be removed in
sets of arbitrarily small area.

Finally the periodic stripe indicators converge weak-* to their mean 6. Explicitly, if ¢ is the
one-period indicator and ¢ — 8 has bounded periodic primitive (), then for a smooth compactly
supported one-dimensional test f, period p, and arbitrary phase (,

[ et /o+ O - 6)dm| < Pl

Fubini’s theorem gives the same assertion with the other coordinates and parameters present.
Approximation in L' extends it to the annular restrictions. Integrating J, whose mass is one, in
(7.9) produces exactly the coefficient b, , in (7.3).

These arguments identify the cold limit on all compact positive scale annuli. To remove the
lower scale restriction, use (7.7): on the slab ¢ > a, the integral over |y| < Ce, with bounded
z, is at most Cy 4, R,k52- The same estimate holds for the candidate B. Scales larger than a
fixed multiple of R have no main color in the chosen spatial compact set, and their escaped tails
vanish. We have proved that for every continuous compactly supported velocity test v,

[ Crttapverap > [6(p)Bltw, dp) inlocal L3 (7.10)

on (0,U) x R3. Indeed the computation first gives weak convergence against smooth compact
time-space tests, and the common L> bound extends it to all L' tests. Polynomial velocity tails
can also be removed uniformly. If [ > 0, choose € < [/2; all the bounds used above hold down to
time zero, so (7.10) does too.

7.3 The hot equation and the size of every error

Under (7.1), the derivative of 7y hx (ryt, 7, v) is the old transport derivative of hy. Therefore
the rescaled equation is exactly

Dihyy = 2P" (Cpy s hyy) = heyvdh + Ew, (7.11)
where
En =15 [P (hry s By ) = hoyy™ ] 4 Sy,

Sn(t,x,v) =Y P (cin,cjn)(rnt, rye,v).
=y
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There is no additional factor in Sy. Its smallness comes from the physical mixed-cold source
estimate: for every sufficiently large fixed M,

0 < Sy(t,x,v) < CMT%_ltM_lH(U),
13 PPN (hyyy, By ) < Or3c(t + Iv)2H (v), (7.12)
T?VhTNusz < Cra(t+ In)* (W H (v).
The second line uses Lemma 3.7; the last line uses the first velocity moment of H. Thus on
every fixed compact time interval, Ex — 0 in local spacetime L', with an error bounded by a

constant times 7‘]2\[ + r% ~1 after integration over a fixed spatial compact set. Choose M > 1.
The main cold sheets and Lemma 3.4 also give

PN (C,\, H) §C<t +1) H, ygij(v) §C<t +1> (v).

—4v|?

+lN +lN

The escaped cold component is bounded by a vanishing multiple of e < CH, so its gain is
covered by Lemma 3.7. Equations (7.2) and (7.11) now imply, on a <t < A< U,

|Dihyy (t,2,0)| < Cqa(v)H (v). (7.13)

This is a genuine integrable velocity majorant, uniform in position. If [ > 0, the same conclusion
holds on 0 <t < A, since Iy > /2 eventually.

The cap gives weak compactness of h,, in local L', and (7.13) permits application of
Lemma 6.2. Subselect on an exhaustion of (0,U) x R3. The resulting limit g satisfies the bound
in (7.5), and each compactly supported velocity average converges strongly in local L;W

7.4 Passing the cold—hot products

The dilated cold densities concentrate in velocity, so the two-density compactness argument of
Section 6 does not apply to C,, . The needed product passage uses (7.10) and hot averaging
instead.

For compact velocity tests ¥, x, put

an(t,z) = /w(p)CrN(t,a:,p) dp, (n(t,x) = /X(v)h,,«N(t,x,v) dv.

On every compact positive-time region, ay is bounded in L* and converges weak-* to a = [ dB,
while (y — ¢ = [ xgdv strongly in L. For a bounded time-space test ¢,

/SO(CLNCN —a() = /SDGN(CN —() +/<p(aN —a)( — 0.

Finite sums of separated velocity tests approximate continuous tests uniformly on compact
velocity products. The total product mass is uniformly bounded on compact time-space regions
by (7.7) and the cap. We conclude

Cry(t,z,p)hyy (t,2,v)dpdvdadt — B(t,x, dp)g(t,z,v) dvdz dt (7.14)

against continuous compact velocity tests, with arbitrary smooth compact time-space dependence.
Uniform moment bounds in both velocities allow removal of velocity cutoffs in tests with any
fixed polynomial growth for which they are used below.
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Here is an explicit weak collision test suitable for this convergence. For a continuous output
test ¢, let

p — v p+v  |p—1
Ko(p,v) = " y¢< st w)dm

Lemma 3.1 gives [¢P(c,h) = [[c(p)h(v)Ky(p,v)dpdv. The test Ky is continuous in both
incoming velocities, including p = v, and is bounded in absolute value by 27|p — v|||¢||co. The
loss test is 27|p — v|¢(v), with the same properties. Inserting smooth time-space dependence in
¢ does not change these facts. On bounded velocity products the factor 1;,_,|<py} is eventually
one; its complement is uniformly negligible by the weighted product tails. Applying (7.14) proves
the required gain and loss limits.

The limiting gain is an integrable function, rather than an additional singular output
measure. Indeed each summand of B is an allowed zero-width axial sheet in Lemma 3.4; hence
ona<t<A,

0< P(B,g) < C,aH, 0 < gvp < Cqa(v)H.

Equivalently the weak gain measure is dominated by this integrable function, which also verifies
absolute continuity at the velocity axis. Passing (7.11), using (7.12), proves the equation in
(7.5).

7.5 A positive lower mesh endpoint and the local mild formula

When [ > 0, (7.13) holds uniformly down to zero. The rescaled initial hot density, on every fixed
spatial compact set for large N, is exactly

hyy (0, 2,0) = Aninx(z/In,v).

The other periodic copies have moved outside that compact set. Subselect Ay — Ag. Smoothness
and compact support of x, and Iy — [ > 0, give strong local L' convergence to (7.6). Passing
the weak transport identity with tests touching time zero is justified by the uniform source
majorant and yields that initial trace for g. The cold product argument also extends to zero in
this case, as already noted. For [ = 0 the coefficient can be of order 1/¢, and the proposition
only asserts the equation on the open positive-time interval.

On any [a,A] C (0,U), the limiting transport source is locally integrable and has the
preceding velocity majorant uniformly in position. Changing to free coordinates as in (6.12), first
on bounded velocities and enlarged spatial compact sets, gives a locally strongly continuous L'
representative. The uniform integrable velocity tails then remove the velocity truncation. The
cap bound passes to every trace of this representative. Almost every free path obeys the scalar
absolutely continuous equation Dyg + vpg = 2P(B, g). Its loss coefficient is locally integrable
along the path, since vp(t,x,v) < Cy(v) for t > a. The integrating factor therefore gives, for
O<a<t<U,

g(t,z,v) = g(a,x — (t — a)v,v)exp [— /at vp(T,x — (t — 7)v,v) dT] (7.15)

+2/:P(B,g)(s,:c— (t — s)v,v) exp [— /st vp(r,z — (t — 7)v,v) dr} ds.

This is an almost-everywhere identity, or equivalently an identity in local L' at the displayed
times. It holds with ¢ = 0 when [ > 0. Altering the medium on the null annular interfaces
does not change the identity: free transport preserves phase-space measure, so Fubini’s theorem
discards the affected set of paths. These statements complete the proof of Proposition 7.1.
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8 A cap event produces a nonzero limit

The weak limit in Proposition 7.1 is obtained on an open time interval. A supremum attained
by an approximation could in principle disappear through concentration, or through escape from
that interval. The purpose of this section is to exclude both possibilities. All constants used
below may depend on the fixed jet parameters. None depends on the approximation index.

Proposition 8.1 (Nonvanishing of every cap limit). Consider any sequence of cap shots with
horizons T, — 0, approximation indices N, — oo, and sy, /T, — 0. Make the rescaling (7.1),
and pass to any subsequence supplied by Proposition 7.1. Its limit satisfies

g#0  on (0,U) x RS x R3.
This conclusion includesl =1, U =1, and U = oco.

We first describe the positive kernels used in the proof. Subsequently we establish the two
different mechanisms needed near and away from the velocity axis.

8.1 A positive majorizing equation and its kernels

For this section relabel the sequence by n, set U,, = T},/ry,, and write

~
*
S
>

__ SN, , n

Tn:t*m"‘SNny by = 0 Tn = r =114, hn:hrn’ Cn = Th s fn:ﬁ
n n

Then ¢, — [. In particular 0 < ¢, < 1,0 <7, < 1. The cap gives, on 0 <t < U,,
0< fult,z,v) <t+Ln,  [[fa(m)lle =1 (8.1)

Essential supremum norms and pointwise formulas involving H always ignore the velocity axis,
a null set. The mild representatives of the finite approximations will be used at the cap times.
Choose Borel representatives when composing densities with the maps below, enforcing their
asserted bounds on exceptional null sets as well. Characteristic identities and endpoint choices
are still made only on their common full-measure sets.

Lemma 8.2 (Core kernels on the dilated scale). There are nonnegative velocity measures
A, (t,z, dp) and numbers e, — 0 with the following properties. After discarding finitely many
terms so that r, < T, the measures A, are defined from free transport on the whole interval
0 <t <1, independently of the cap shot’s existence interval. The bounds on A, below hold on
that whole interval; comparison with h, is used only while the shot exists.

(i) On 0 <t <min(1,U,), along almost every free characteristic,
Dihy,, <2P(Ap, hy) +enH. (8.2)

At each point A, contains at most one main free core. Its dilated scale = s/r, satisfies
ly| < p, with coordinates measured from its periodic copy, and
2P(A,, H) < C
H T t+ 4, .
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(ii) Before spatial masks are imposed, a core of scale p = s/r, and sign o is the pushforward of

KS(v(z —tp3)/ )

w) dw, p=dsw, p3=o0+ atanh(vy(z—1tp3)/n) + dsws.
po+tayS(y(z — tps)/n) ( )

(8.3)
The actual masks are measurable factors between zero and one. The density in (8.3) is at
most C(t + p)~1J(w).

(iii) Fort > a >0, the normalized gain measure

H(¢
Kt 05 dp 4€) = 4 (1.7, ) 8((0 =) (€ — ) o) de (8.4)
has total mass at most C/a. Uniformly in its base point, the contributions from large
Ip| + 1§ — v|, or from large retained Gaussian parameters in a product-sheet majorant,
tend to zero. Its total mass tends uniformly to zero as |v| — co. The axial interval, azial
mismatch, and small transverse input conclusions of Lemma 3.5 apply to ICp, with the

amplitude factor C/a.

Proof. For 0 <t < 1, let 7 be the retained label whose enlargement O;(r,t) contains r,z, if
there is one, and define
An(t, @, dp) = 1y fi(rat, roz, p) dp;

set A, = 0 when no such label exists. The free cores f; and enlargements are defined from the
datum, so this definition does not require a cap shot beyond U,. Their disjointness and free-core
bounds hold because r,t < T.

On 0 <t < min(1,U,), Proposition 4.4 compares the actual cold density with these free
cores. All other free cores belong to the escaped sum. The main remainder has, after dilation,
integrated sheet amplitude at most

Crn% = Crydos® < Ory,.
The escaped sum is bounded by CArn(rnt)Ae*‘l‘”‘z. Use Lemma 3.4 for the main narrow
remainder. For the escaped term, e < CcH (v) and Lemma 3.7 give the required gain bound.
Together these supply a positive remainder R,, with C,, < A,, + R,, and P(R,,H)/H = o(1),
uniformly on that interval. There the cap gives h,, < 2H.

In the dilated hot equation the hot—hot gain is T%P (hn, hy), bounded by CT%H by Lemma 3.7.
The mixed cold source is bounded by C4(r,,t)4~*H; choose A > 1. Ignore all losses and combine
these bounds with the remainder just described. This proves (8.2) with &, — 0, uniformly down
to time zero.

Equation (8.3) is (4.16) after multiplying the cold density by 7,. Since the smallest scale is
£, its amplitude is bounded by C/(t + £,). The geometric restriction comes from the enlarged
transverse set of the main color; its relative enlargement is O(s), uniformly small.

The coefficient 4 in (8.4) is the product of the coefficient 2 in the linear hot gain and the
coefficient 2 in Lemma 3.1. The gain and velocity-tail bounds follow from Lemmas 3.4 and 3.5.
For parameter truncations, apply Lemma 3.6 with the common bounds A =1+ «, Cy = Cj,
and the physical width ds. The coefficient C'/(t + p) < C/a on this slab remains a domination
amplitude outside the normalized parameter law. The parameter-tail estimate controls the
complete normalized gain, including H (§)/H (v), uniformly under the axial compression in (8.3).
For the exact free core, J already has bounded parameter support. O
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For a fixed a > 0, define the backward Volterra operator

(VnF)(t,z,v) = /:/F(s,x — (t—=8)v, ) Kn(s,z — (t — s)v,v; dp d§) ds. (8.5)

Representatives in the finite-temperature iteration. For each finite n, the core measure has a
velocity density, A, (s, x, dp) = a,(s,z,p) dp. Integrating first in p in (8.4) shows that, for & # v,
its input marginal is

Ko(s, 2,0 RS, de) = &) [ / an(s,2,p) dA, | de.
(v—p)-(§—v)=0

€ —vlH(v)
There is no atom at £ = v: each plane-area measure gives that point zero mass, and p = v is null
for the cold density. For a null set in (s, X, &), integrate also in the endpoint variables and use
the measure-preserving change X = x — (¢ — s)v. Tonelli’s theorem then shows that altering the
input on that set changes V,, F'(t) only on a null set of endpoints, at each fixed terminal time.
Finite repetition preserves this property. A countable sequence of lower times a | 0 suffices
below; intersecting the good endpoint sets for these times, the approximation indices, and the
finitely many iterations gives the common full-measure sets used at the cap events.
Positivity and Lemma 8.2 give, for a bounded nonnegative F,

. Clog(t/a))’
EF @ < 11 T i, (56)
Indeed, the ordered j-time integral of ngl C/t; equals (Clog(t/a))?/j!. In particular every

fixed number of further gains has bounded mass on this slab.

8.2 Reduction to a finite gain integral

We begin the proof of Proposition 8.1. The case [ > 0 is settled directly. For [ = 0, the cap will
force a positive contribution from five successive gains; the remaining subsections show that this
contribution vanishes if the weak limit is zero.

Pass to a subsequence on which the shot parameters converge, A, — Aso. If [ > 0 and
Aso > 0, Proposition 7.1 gives the initial hot trace

9(0,z,v) = Al x(2/1, v).
This trace is nonzero. More explicitly, the limiting loss frequency obeys

C(1+ |v])
t+1

On any bounded velocity set and any finite interval beginning at zero its integral along a flight
is finite. The positive mild formula for (7.5) therefore retains the initial trace multiplied by a
strictly positive survival factor. A bounded positive portion of the smooth nonzero bump gives
positive interior mass.

If I > 0 and Ax = 0, use Lemma 8.2 from time zero. The initial ratio has norm at most
AnlnllX/H |00, independently of the spatial scaling of the bump. On 0 <t < 7, < 1, eventually
t + ¢, > 1/2. The positive integral inequality and the elementary scalar integrating-factor
estimate give

I/B(t,CC, U) <

sup [ fu()lloe < Anbullx/Hllso + en)e® — 0.
0<t<my,
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This contradicts (8.1). Both alternatives also apply when [ = 1, even if 7,, — 0 or some hit
occurs at time zero.

It remains to consider [ = 0, so 7, — 1. Suppose, to obtain a contradiction, that g = 0
throughout the open interval (0,U). Nonnegativity upgrades this zero weak limit to local L'
convergence: if K is a compact subset of the open spacetime—velocity region, take a nonnegative
smooth compact test at least one on K. Its pairing with h,, tends to zero, hence [ h, — 0.
Away from the velocity axis H has a positive lower bound on compact velocity sets. Consequently

fn — 0 in measure on compact subsets of (0,U) x R x {# # 0}. (8.7)
Fix 0 < a < 1/4, so that a < 7, for large n. The positive mild inequality (8.2) reads
Jn <dp + Vnfn + en,

where d,,(t,z,v) = fn(a,z — (t —a)v,v), ||dn|lcc < a+ £y, and 0 < e, < &, on this unit-length
interval. Iterate the gain term five times. Using positivity and (8.6) gives

4 j
fa(t,z,v) < (a+ by +2n) Y (Clog;'l/a)) + (V3 f)(tz,v),  a<t<T,  (8.8)
=0 '

Every formula is used on a common full-measure set of characteristics for the finite approximation.

The term outside V3 f,, becomes arbitrarily small when first n — co and then a | 0. We
therefore need to show that the five-fold term tends to zero at endpoints carrying a fixed positive
fraction of the cap. We first control those endpoints, then separate axial and nonaxial limiting
velocities.

8.3 Compactness of the relevant endpoints

Lemma 8.3 (Endpoint and path truncations). Fiz a > 0, and let t,, € [a,1]. In a five-fold
integral (V2F,)(tn, Tn,vy), assume 0 < F,, < 2. For every prescribed error, one may restrict all
|pi| 4 |vi — vi—1| and sheet parameters to fized bounded sets at that error, uniformly in n,t,, Ty, vp.
Moreover:

(i) if |vn| — oo, the whole integral tends to zero;

(ii) after retaining bounded endpoint velocities, an endpoint escaping every bounded neighborhood
of every dilated periodic origin also has a vanishing integral.

Consequently any sequence along which the five-fold integral has a positive lower bound has, after
periodic translations and subselection, convergent endpoint positions and velocities.

Proof. At any one gain, a removed normalized tail is uniformly small by Lemma 8.2. Bound the
remaining four gains and the input F;, by (8.6). Summing over the five possible locations of a
removed tail proves the first assertion. The same argument at the first gain, using its uniform
decay for large outgoing vy, proves (i).

On the retained paths all velocities are bounded by a fixed number, and the sum of free-
flight lengths is at most that number. Thus every collision position is a bounded dilated
distance from the endpoint. If its transverse distance from every periodic origin tends to infinity,
each encountered main scale satisfies © = s/r,, — 00, or no core is encountered. The bound
C/(t + p) < C/p makes the first nonzero core kernel negligible.
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Suppose instead that the transverse coordinate is bounded relative to a periodic origin while
the axial coordinate escapes all such origins. Encountered main scales satisfy 0 < y < M. For
bounded ps, ¢, their amplitudes obey

KS(v(z —tps)/n)
p+tayS(y(z — tps)/ 1)

<

fsmz ~tps) /i) — 0 (8.9)

uniformly in 0 < 4 < M as |z| — oo. For example, when |z — tp3| > Z, the right side is at
most 4K i~ te 272/ its supremum over 0 < u < M tends to zero. The core masks can only
decrease these bounds. The same estimates hold for the first gain of every retained path, and
the remaining gains have uniformly bounded mass.

The period of the dilated density is 1/r, — co. Choose a nearest periodic origin before
extracting the endpoint subsequence. A path of bounded dilated length cannot visit neighbor-
hoods of two different such origins for large n. The two preceding alternatives cover failure of
boundedness relative to the chosen origin, and prove (ii). O

8.4 Two gains at an axial endpoint
For 1 > 0 and o € {—1,1}, denote by u, +(t, z) the solution of
u =0+ atanh(y(z — tu)/p).
This notation extends the profile independently of every annular or stripe mask.

Lemma 8.4 (Characteristic matching and small scales). On every compact set with t > a > 0,
the following statements hold uniformly.

(i) If a <to <t1, A=t —tg, and zo = 21 — Aw, then

|w —upye(t,21)] < Jw— w0 (t2, 22)]. (8.10)

(i) As p 10, the distance of u,»(t,2) to
{z/t, 0 —a, 0+ a}
tends to zero uniformly. For the perturbed azial velocity in (8.3),

Ip3 — upe(t, 2)| < ds|wsl. (8.11)
Proof. The profile satisfies

S
(@y/u) >0 Ouy,g + Up o0y 5 = 0.

Pt = T G /)5 =

For fixed t1,t2, 21, the function F(w) = w — w0 (t2, 21 — Aw) has derivative F'(w) > 1. Its root
is uy o (t1, 21): the defining implicit equation shows that this velocity is unchanged along the
straight segment between the two points. Integrating F’ > 1 proves (8.10).

Fix 0 < 0 < . If uy, » is within  of an endpoint speed, there is nothing to prove. Otherwise

Upo — 0

0 p
<1l-—-—, —t < —arctanh(1l — §/«).
o < " |z — tuyo| < 5 rctanh( /)
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It follows that
lupe — 2/t] < L3 arctanh(1l — d/«).
va

First choose §, then p small. This proves the uniform assertion in (ii). Finally, the function

pr— p—o— atanh(y(z — tp)/u)

has derivative at least one. Its values at u,, and at the perturbed p3 are 0 and dsws. This
proves (8.11). O

Lemma 8.5 (Vanishing of two axial gains). Fiz a > 0. Let t,, € [a,1], and suppose the endpoint
positions and velocities are bounded with v, — 0. Then

(Vﬁl)(tn,xn,fun) — 0.

The conclusion continues to hold if all subsequent factors in a longer finite gain integral are
bounded uniformly.

Proof. Remove normalized parameter and increment tails at an arbitrarily small cost, using
Lemma 8.2. On the retained two-gain paths, all velocities and positions lie in fixed compact
sets, the times lie in [a, 1], and every active scale satisfies 0 < p < M. In particular the largest
possible physical width is do(r, M) — 0.

Write t1, 1 = (y1, 21) for the first collision point, and £ for its input velocity. The next point
has axial coordinate zo = 21 — (t; — t2)&3. All estimates below are uniform when ¢1, 21 vary in
their retained compact sets. At the first gain, Lemma 3.5 supplies a common modulus w(p) | 0
for the mass of any axial interval of length p; the interval’s center is arbitrary. It also says that
for each fixed b > 0, the first-kernel mass on {|¢| > b} tends to zero as ¥, — 0.

Here is an order of choices that handles all scales at the second point. Fix an error € > 0,
including the fixed factors from the two time integrations and the bound C'/a. Choose § > 0 so
that the sum of the first-kernel masses of the d-neighborhoods of the five numbers

z1/t1, l—a, 14+a, —-1—a -14a« (8.12)

is at most €. This is possible uniformly because there are five intervals and their lengths are
26. Lemma 8.4 then gives pg > 0, chosen uniformly on the retained compact sets, so that every
profile with u < pg is within §/4 of its corresponding three collapsed speeds.

The geometric mesh has a uniformly bounded number Jy of scales in [ug, M]. Choose by > 0
so small that the first-kernel mass of the union of the by-neighborhoods of

{upo(ti,21) : o € [po, M] in the current mesh, o = £1}

is at most e. For example it suffices that 2.Jyw(2bg) < €, after incorporating the fixed amplitude
bound into w. This list may depend on n; its cardinality bound does not. Its centers may depend
on t1, 21, which are held fixed when the first kernel is integrated. Thus neither dependence
weakens the interval bound.

Let E,(t1,21) be the union of these exceptional intervals. Outside E,, every retained cold
speed at the second point has an axial mismatch bounded below by a fixed positive number
for all large n. For u > o, this follows from (8.10) and (8.11), with lower bound by/2. For
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a constant collapsed speed it follows immediately, with lower bound §/2. For the remaining
branch use the exact identity
z . tl z1 .
€3 b (53 t1>’

the factor t1/to > 1 preserves the lower bound. The errors /4 in small-scale approximation and
the vanishing thermal errors can be absorbed. We have therefore obtained, on the complement
of Ey,
2 .
€3 —pg )| > ¢, == 3 min(, by) >0

for every retained second-core parameter.

The second-kernel axial mismatch estimate in Lemma 3.5 now tends uniformly to zero as
|€| — 0. Choose b > 0 so small that this second kernel has mass at most ¢ whenever |£| < b and
the displayed mismatch holds. For this fixed b, the first-kernel mass on |£| > b tends to zero. Its
mass on FE, is at most 2¢, while the remaining first-kernel mass is bounded. Combining the three
regions, then removing the initial tail error, gives a bound tending to zero as € | 0. All choices
preceded the final passage n — oo, and were uniform in the two times. This proves the lemma.

In a longer integral, all factors following these two gains are bounded by (8.6); the same
proof applies. O

8.5 Finite-dimensional regularization away from the axis

The next two lemmas make explicit the relation between plane area, redundant angular parame-
ters, and the pullback of sets of small spacetime—velocity volume.

Lemma 8.6 (Redundant plane parameters). Let n # 0, e = n/|n|, and let { be a bounded
nonnegative function supported in [—1, 1] with integral one. For every nonnegative measurable F,

/nl Py dAK) /Rg F(n x L)|n|¢(L-e)dL. (8.13)

]

If 6 <|n| < R and |k| < Ry, the right side is supported in

|L| <\/(R1/0)?+1

and has density at most R||C|lcc. The identity can be applied successively when each normal is a
measurable function of parameters chosen at earlier gains.

Proof. Write L = L+ + Xe. The map L' — n x L' multiplies two-dimensional area by |n|?.
Integration in A contributes [ ¢ = 1, proving (8.13) and the support and density bounds. For
successive gains, fix all previous parameters before applying the identity. The current normal is
then fixed; Fubini’s theorem for nonnegative functions justifies iteration. No derivatives of the
variable normals enter this conditional change of variables. O

Lemma 8.7 (Uniform pullback estimate). Let O C R* be open, k > d, and suppose ®,,,® : O —
R? satisfy ®, — ® in Clloc and rank D® = d almost everywhere. Let K € O and B C R? be
compact. Let ay, be measurable, supported in K, with |a,| < A. Let F,, be measurable, supported
in B, with |F,| < M, and converging to zero in measure. Then

L IBa@n(@)en(@)] dg — 0. (5.14)

No convergence or continuity of the densities a,, is required.
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Proof. Boundedness and convergence in measure on the finite-volume set B imply || F5 || 1 (gay — 0:
for every n > 0, bound the integral by n|B| + M|{|F,| > n}|.

Fix € > 0. The critical set in K has measure zero, so choose an open neighborhood E of
it with |E N K| < e. The compact set K \ E consists of regular points. At such a point g,
choose d input coordinates giving a nonzero minor of D®(qp). Let m be projection onto the
complementary k — d coordinates, and define

G(g) = (2(q),7q),  Gunlg) = (Pnlq),mq),  Ao= DG(q).

The matrix Ag is invertible. Choose a convex ball V' &€ O about gg so small that, for all
sufficiently large n,

sup | 45" DGolq) ~ I < §.

qeVv

Integration on the line segment between ¢, ¢’ € V gives
|45 (Gn(a) = Ga(d) = (g = d) < la —d'|.

Thus G, is injective on V, and its Jacobian has a positive lower bound ¢y independent of n.
The inverse function theorem consequently makes it a diffeomorphism onto its image.
Cover K \ E by finitely many such balls V;. The change-of-variables formula gives

/ |Fn(®n(q))dg < c;jl/ |F,(2)| dz dw
VinK G, (V3NK)

< ey | (Vi) 1| 1 (o

When k = d, the zero-dimensional factor has value one. The integral on £ N K, including its
density, is at most AMe. Sum over the finite cover, pass to the limit in n, and then let € | 0.
This proves (8.14). O

Lemma 8.8 (Five-gain rank and robust pullback). Fiz a nonaxial endpoint velocity vy, an
endpoint (to, xo) with ty > 0, five positive scales p;, and five signs ;. Given positive times t;
and L; € R3, define recursively

x; = xi—1 — (ti-1 — ti)vi—1,
Pi = Up,,0,(tis 2i)es, n; = vi—1 — i, (8.15)
k; = n; x L, v; = Vi1 + ki, 1=1,...,5.

The map
o : (tla"',tSaLla"',LEJ) — (t5,$5,1}5)

is real analytic on the connected open set (0,00)° x R and has rank seven almost everywhere.
In particular it is a submersion almost everywhere on the ordered region 0 < t5 < --- < t1 < ty.

For convergent endpoint sequences with a nonaxial limiting velocity, convergent positive scale
sequences, and the finite-temperature core formulas (8.3), the analogous maps converge in C' on
compact parameter sets to ®. Bounded measurable parameter densities supported in a common
compact set therefore satisfy Lemma 8.7, including after any measurable spatial, velocity, or
time restrictions.
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Proof. For t > 0, the derivative with respect to u in the defining implicit equation is
1+ TS( Y(z —tu)/pu) >0

The implicit analytic function theorem gives an analytic profile for every z € R. Uniqueness,
which also follows from this strict monotonicity, identifies the local profiles on overlaps. The
recursive formulas (8.15) are consequently analytic. They make sense even without ordering the
positive times: a negative formal free-flight duration merely changes the point at which the next
analytic profile is evaluated. This supplies the connected open domain stated in the lemma.

We exhibit one rank-seven point. Fix t5 = 7 with 0 < 7 < tg, and set all five collision times
equal to 7. After a rotation about the velocity axis, write vg = (R,0,2), R > 0. All collision
positions now coincide at xg — (t9 — 7)vg, independently of the angular parameters. Thus write
the five axial velocities simply as p; = a;es; their values a; may be arbitrary.

Choose

k1 = (0,1,0), ky = (1,—R,0).

They satisfy k1 L ni, ko L no, and span the transverse plane. Put
wZEQZ(R+1,1—R)7éO, 63:’1)2,3—(13,

and choose a sufficiently small nonzero number € and

bsw
kg =e(—n 1),
° 6( |w|?’ )

Then ks L ns, its axial component is nonzero, and v3 # 0. Hence ki, ko, k3 are linearly
independent. Writing v3 = (X,Y), take

ks = (=Y, X,0), ks = 0.
The fourth increment is perpendicular to n4, and
det(fg,75) = X> +Y? > 0.

Thus ng4, ns are nonparallel. All the normals in this construction are nonzero, and every chosen
increment can be represented by L; = —n; x k;/|n;|?. Choose L5 = 0.
At the equal-time configuration,

x5 = 0 — vo(to — t1) sz i = tit1)-

All derivatives of x5 in angular directions vanish. Keeping t5 fixed, its first three time columns
are
Onws = —ki,  Oprs=—ka,  Opxs = —ks.

Derivatives of the v;, including derivatives of the position-dependent p;, are multiplied by zero
free-flight durations in this formula. In the final velocity block,

5[,4115 = Ng X 5L4, 5L5U5 =n5 X 5L5,
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because Ls = 0 and the p; have zero angular position derivatives at equal times. The sum of
the planes nj + ng is R3. Choose three angular columns spanning this sum. Together with the
three time columns above, they give an invertible 6 x 6 block for (z5,vs): its upper-right block
is zero and both diagonal blocks are invertible. Appending the ¢5 column and target coordinate
gives a nonzero 7 X 7 minor.

This minor is a nontrivial analytic function on the connected domain. Its zero set has
Lebesgue measure zero. For completeness, at any zero of a nontrivial analytic function some
derivative of finite order is nonzero; otherwise its Taylor series vanishes on a neighborhood, and
analytic continuation through overlapping balls in the connected domain makes the function
identically zero. Choosing a derivative of minimal nonzero order puts the point on a regular
zero set of a derivative of one lower order. There are countably many such derivatives, and each
regular zero set is covered by countably many smooth hypersurface charts. Their union is null.
Rank failure is contained in the zero set of our particular minor, so it is null as well. Continuity
also shows directly that the witness persists at nearby strictly ordered times. It need not obey
any spatial mask.

For the prelimit maps replace p; by (8.3) and include w; € R? among the parameters. On
compact sets the scales have positive lower bounds, d,,,, — 0, and all implicit derivatives have
the same positive lower bound one. Differentiating the implicit equations, or applying their
implicit function formulas, gives C! convergence in the times, positions, and all bounded L;, w;.
The limit is @, independent of the fifteen spectator w;-coordinates. Its rank is still seven almost
everywhere on the enlarged parameter domain, by Fubini. Lemma 8.7 now proves the final
assertion. O

Lemma 8.9 (Vanishing of five nonaxial gains). Suppose ¢, — 0, the hit endpoints converge
after periodic translation, and their limiting velocity is nonazial. Suppose also that 0 < f, <2
ona <t<Tt, and f, — 0 in measure on every compact subset of

(0,U) x R3 x {v € R®: 5 # 0}.

Then
(V'[E;,fn)(Tn7 x?’u vn) — O

Proof. Fix an arbitrarily small error tolerance. Remove the tails of Lemma 8.3. All path
velocities and positions are now in fixed bounded sets. At every encountered main core, s < Cry,
S0 its transverse width tends uniformly to zero.

Starting from a positive lower bound for the endpoint transverse speed, apply the nonaxial
small-input estimate in Lemma 3.5 successively at gains 1,...,5. Choose positive numbers
b1,...,bs so that deleting |v;| < b; costs less than the prescribed error at step i. At each step the
previous lower bound has already been fixed; the later gain masses are bounded by (8.6). Thus
this is a finite successive choice, followed by n — co. The sum of the five deleted contributions
is arbitrarily small. Write b > 0 for a lower bound on all retained transverse speeds, including
vg. For large n, every retained normal v;_; — p; has length at least b/2.

Next delete collision points with |y;| < p. Conditional on all earlier parameters, y; is an
affine function of t; with derivative v;_1. Consequently

e bl < o} < 2.
Integrate the current kernel using its mass bound C/a, and bound the later kernels by (8.6).
Summing over the five steps bounds this deletion by C,p/b. Choose p > 0 after the speed
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thresholds. The retained scales now belong to a compact subinterval [p—, p4] C (0,00). Mesh
convergence gives a fixed finite list of scales on this interval, with positive limits, after an
immaterial enlargement of its endpoints. There are consequently only finitely many five-tuples
of scales and signs to consider.

The tested time t5; must remain inside the weak-limit interval. If U > 1, it already lies in the
compact interval [a, 1] € (0,U). If U = 1, delete t5 > 1 — §. Ordering forces all five times into
(1 —6,7,), whose length is at most 0. This costs at most
55
R
Choose § > 0 to make this as small as desired. No convergence at the event time is being
asserted.

Fix one retained scale/sign tuple. Drop all spatial masks in constructing its maps, and
retain the masks in its nonnegative integrand. Each plane increment is bounded, all normals are
bounded above and below, and each cold parameter is bounded. Apply Lemma 8.6 successively.
The integral becomes an integral over five times, fifteen L-coordinates, and fifteen cold parameter
coordinates. Its support lies in a fixed compact subset of (0,00)° x R, and its density is
uniformly bounded: the core amplitudes are at most C/a, the factors |n;|((L; - ni/|ni|) are
bounded, and all retained ratios H(v;)/H (v;—1) are bounded. The masks, time ordering, and
cut conditions are arbitrary measurable factors between zero and one in this density.

The target (t5,x5,v5) on the actual support lies in a fixed compact set B inside the open
weak-limit region, away from the velocity axis. Set F, = fn1p1,<i<r,} and extend it by zero;
it is bounded by two and tends to zero in measure. The maps converge in C! to the map
in Lemma 8.8. That lemma and Lemma 8.7 show that the integral for this tuple tends to
zero. Notice that the entire parameter compact need not map into B; only the support of the
measurable density must do so.

There are finitely many tuples, so their sum tends to zero. The total limsup of the original
integral is bounded by the arbitrarily small errors from the preceding deletions. Letting those
tolerances tend to zero proves the lemma. ]

2(C/a)® (8.16)

8.6 Completion of the nonvanishing argument

Completion of the proof of Proposition 8.1. Assume | = 0 and g = 0, as in the reduction above.
Choose endpoints (x,,v,) at time 7, in the common full-measure set fixed above such that
fn(Tny Tn,vy) > 1/2. For each fixed a, the residual in (8.8) tends to zero along any subsequence
of these endpoints. Indeed, Lemma 8.3 first excludes large velocities and escaping positions.
Otherwise choose convergent endpoints after a periodic translation. If the limiting velocity is
axial, the first two gains vanish by Lemma 8.5, and the last three have bounded mass by (8.6).
If it is nonaxial, use (8.7) in Lemma 8.9. This covers every subsequence; hence the residual
tends to zero for the original endpoint sequence as well.
Taking the limsup in (8.8) at these endpoints gives

Finally let a | 0. The right side tends to zero, a contradiction. Throughout this argument
U was allowed to be infinite, and the case U = 1 was handled by (8.16). This proves the
proposition. O]
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9 Branching growth and the dilated horizon

We now choose the parameters left free in the construction. Their choice will be independent
of the subsequence in Proposition 7.1, including the phase of its geometric mesh and its lower
endpoint [ € [0, 1].

Proposition 9.1. There are fized positive choices of n,«,~y, K, with n,a,y small and K large,
for which every limit in Propositions 7.1 and 8.1 has U < co. These parameters can be fixed
before the final choices of so,dy,Ty. The same choices work for every limiting mesh and every
le0,1].

The proof uses only positive, finite collision histories starting at a strictly positive time. We
first establish estimates in a constant medium.

9.1 Positive histories and their normalization
For v,w € R3 and n € S?, set

vtw |v—w|

dn
n, =
2 2

_E.

O (v,w,n) = ds(n) (9.1)
Thus ¢ is a probability measure. By Lemma 3.1, a collision with incident velocities v, w has rate
27|v — w|, and the marginal law of either child is the pushforward of ¢ under ®(v,w,-). The
two marginal laws agree because n — —n preserves ¢. Consequently, for a nonnegative velocity

measure B and a density f,

/ P(B.f)(v)dv= / () f(v)dv. (9.2)
R R

The coefficient 2 in the gain of (7.5) therefore counts both children, while the loss removes their
parent once.
More generally, fix Borel representatives of the coefficients of a two-beam medium

Et,x = bo(t, )0y (t.2)s qo(t, x,v) = 27wb,(t, x)|v — ws(t, x)]|, V= Qo
o (t,z)
o=%+1 o

All pointwise path conditions below refer to these representatives. On [a,b], a history with
ordered collision times a < 71 < --- < 7; < b, signs o;, and directions n; follows free flights
between collisions and uses

V. = ‘I)(VT-—wai (Tiv XTi)’ nl)

(3 7

Its weight relative to [], dr; ds(n;) is

b J
exp (—/ V(S,XS,V;)ds> H2qgi (T, Xy V). (9.3)

i=1
For j = 0 the empty product is one.

Lemma 9.2. Suppose f > 0 solves Dif = 2P(E,f) — v f in the local transport sense. On
bounded positive-time regions where the coefficients and collision terms are integrable, start with
any nonnegative portion of f(a). Integration of any collection of bounded finite histories with
weights (9.3) gives a measure dominated by f(b).
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Proof. Set G = 2P(B, f). In free coordinates fi(t,z,v) = f(t,x + tv,v), the equation becomes
Oft = (G- vt

On bounded tubes its right side is locally integrable, so f* has absolutely continuous time sections
for almost every (z,v) and local L' time traces. Fubini’s theorem also makes v* integrable on
almost every bounded characteristic segment. The one-dimensional integrating-factor formula
therefore consists of the freely transported initial density multiplied by its survival factor, plus
the time integral of the nonnegative gain with the same survival factor. Repeated substitution
into the gain gives (9.3), by (9.1) and (9.2). Every remainder is nonnegative. Restricting
the histories, or the initial density, preserves the lower bound. Tonelli’s theorem justifies the
substitutions. On bounded portions with total gain rate at most C, the j-collision term is
bounded by C7(b — a)?/;! times the initial mass.

These formulas apply to point-velocity partners. Indeed Lemma 3.1 gives a density for the
gain against each such partner, with mass (9.2). Thus free flight and each gain preserve absolute
continuity when the starting measure has a density. Null spatial sets in representatives of the
coefficients do not affect the integrated formula. O

For the background (7.3), |us| <1+ « and

C + [v])

0K
0 <by(t,x) < ;

— t <
_tOé’}/7 VB<7‘T7U)_

(t > 0). (9.4)
At each mesh interface choose the value from the outer adjacent annulus, and on the transverse
axis set the medium to zero. These are Borel representatives obeying the same bounds. All
bounded finite flights starting at positive time have strictly positive survival. The cap and
Lemma 3.4 give locally integrable collision terms. The local transport formula in Proposition 7.1
therefore supplies time traces of g on bounded regions. Testing nonnegative compact functions
and taking a time limit shows that g(t) < (¢ + {)H also holds at these traces. We use this
representative.

9.2 A reference flight with a positive potential

We convert the branching history weights into expectations along a single Markov flight with a

positive potential. This is a jump-process Feynman—Kac representation, related to the many-to-

one formulas for branching systems; see [9, Section 4.1] for general probabilistic context. The

finite-history calculation below proves the precise representation for the present collision law.
Fix

D=5, E={v:|v| <D}, By = 8ey + 0—es, vp(v) = 27 (Jv — e3| + [v + e3]).

Let J(v, dv") be the single-child law obtained by choosing a sign with probabilities proportional
to |v — oeg| and then using (9.1). Put p(v) = J(v, E).

Lemma 9.3. For every v € E, p(v) > 25/26. The reference history sum restricted to velocities
in E is represented by a Markov flight with velocity jump rate A(v) = 2p(v)vp(v), jump law
J(v, dv")1g(v")/p(v), and multiplicative weight

A
exp ( / w<vs>ds> L W) = (20() = Dro(v).
0
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One may take
481

0<c¢o= 13 <W(v), Av) < Co=481 (v EE). (9.5)

Proof. Set s = |v|?, z = v, and R = /(s + 1)2 — 422. For either partner sign the squared child
speed has the law

|’Ul|2 _

s+1+ RZ
T
This follows by expanding the square in (9.1): a coordinate of a uniform point on S? is uniform
n [—1,1]. The maximum is at most s + 1, so there is no exit for s < 24. For 24 < s < 25, the
exit probability, if positive, is
1 s—49 1 s—49 s—24 1

_ — < = = —.
2" 3R T2+l s+l 26

Z uniform on [—1,1].

The inequality uses R < s+ 1 and s —49 < 0. If R = 0, the squared speed is deterministic and
at most 25. Mixing the signs preserves the bound.

A Markov history of rate A has the survival factor e~ J ’\, and one rate times jump-law factor
per collision. Multiplication by eJ O—r0) changes this exactly to (9.3), restricted to E. Both

history sums converge absolutely on finite intervals because their rates are bounded. Finally
4 < yp(v) < 247 on E, and 2p(v) — 1 > 12/13, giving (9.5). O

9.3 Three collisions give a volume minorization

Write Pi(v,-) for the transition law of the preceding velocity process. We establish a Doeblin
minorization, the classical common-mass condition for mixing of Markov chains [5]. The three-
collision geometry proving this condition and the resulting contraction argument are both given
below.

Lemma 9.4. There are rg > 0 and €9 > 0 such that
Pi(v,A) > 9|l AN B(0,19)] (veEE) (9.6)
for every Borel set A C E. For each ( > 0, there is also ¢ > 0 such that
Pi(v,B(e1, () N{]v'| < D}) >e; (ve€EE).

Proof. Given v € E, choose a sign with |v — oeg| > 1. Use this partner for the first collision, and
select an output within a small fixed distance § of oesg. Its probability has a uniform positive
lower bound: the incident distance lies in [1, 6], and a cap of fixed Euclidean radius ¢ at that
endpoint has area probability bounded below uniformly on the corresponding diameter spheres.
Such first outputs lie strictly in E.

Use partner —oes next. If the first output is exactly oes, the second sphere is the unit
sphere; restrict its output u near e;. For the third collision use partner es. The last output is

u+es |u—es|

T(u,n) =
( ? ) 2 2
At u=-e1, ng = —(e1 + 63)/\/5, this output is zero. The two angular derivatives in n span
(e1 + e3). The vector e3 is tangent to the preceding unit sphere at e;, and direct differentiation
gives
e1 + 3es
O T'(e1,m0) = — (e1+e3) - 0eyT(e1,m0) = 1. (9.7)
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Thus the map of the four angular coordinates in the last two collisions to the last velocity has
rank three.

Take the two coordinates of n and the coordinate of v with derivative eg as distinguished
variables, and hold the fourth coordinate in a short interval. The inverse function theorem, with
this fourth coordinate and the first output as parameters, gives neighborhoods on which the
distinguished-variable map is one-to-one, its Jacobian and inverse Jacobian are bounded, and its
image contains a fixed ball B(0,rp). Shrink these neighborhoods and ¢ so this holds for every
first output within § of oes, for both signs. Sphere area in these coordinates has a positive
lower density. Change of variables in the three distinguished coordinates, and integration in the
fourth, give a fixed positive multiple of volume on B(0, ().

Force the three times into three fixed, disjoint intervals inside (0,1), and prohibit other
jumps. The first selected relative speed is at least 1, the second is close to 2, and the third close
to /2. In the reference Markov process the selected transition intensity is

Ar|v — oes| 1g(P(v,oes,n)) ds(n).

It has positive uniform lower density on the patches just specified. The no-additional-jump factor
is at least e~C0. Integrating the times proves (9.6). Keeping only the first two collisions, selecting
a small patch near e; in the second, and prohibiting later jumps proves the last assertion. [J

Lemma 9.5. The reference process has a stationary probability law © with [vdmw(v) = 0. There
are C,c > 0 such that

2
sup [|P;(v,-) = 7llpy < Ce™,  supE, <
veEE

A c
Al / Vids| <2
veFR 0 A

(A>1).

Proof. The normalized measure on the right side of (9.6) is a common part of positive mass €
in all rows of P;. Removing this common part shows that the map u — puP; contracts total
variation distance by 1 — e. Probability measures form a complete space in that metric, so
iteration yields a unique fixed point 7 and uniform geometric convergence. Since P; commutes
with Pp, wP; is another fixed point of P;, hence equals w. Contractivity of Markov kernels gives
the estimate between integer times.

Negation of velocity interchanges the two signs and preserves E, so uniqueness of m makes it
symmetric and its mean zero. Consequently sup,cp [E,V;| < Ce~ . The Markov property and
bounded velocities imply

E(V, - Vi) < G (0<s <)

uniformly over starting states. Integrating this estimate on [0, A]?> bounds the second moment
of [V, ds by CA. O

9.4 A displacement block and measurable perturbations

Fix d = 1/10, and choose once and for all

. [1 ¢ 1o
O</1<m1n{4,200,4}. (9.8)

In particular a small ball about ke lies in the minorization ball.
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To repeat growth in the cold background, we will transport mass through boxes whose
transverse distance from the axis grows proportionally to time:

B, = {(z,v) : |x — Kte1| < dkt, |v| < D}, t > 0.

For a duration A > 0, a displacement within dkA of kAe; carries every starting point of B; into
Biia, provided the final velocity remains in £. We first obtain growth with this displacement
in the reference medium, then transfer it to the varying cold background.

Lemma 9.6. There is a finite L such that, for all

veEFL,

Aen =[]

1+d 1—-d

reference branching histories with velocities in E, final velocity strictly inside E, and displacement
Z 4 satisfying

3
|Z4 — kAeq| < Zd/—;A (9.9)
have total weight greater than 8.

Proof. Put Ay = (1 — k)A — 1. On the first interval of length Ay, require the reference Markov
flight to have integrated velocity of norm at most Adk/4. Lemma 9.5 and Chebyshev’s inequality
give probability at least 1/2, uniformly in the start when A is sufficiently large. Over the next
unit interval require the last velocity to lie in B(ej,d/4). The conditional probability is at least
a fixed € > 0, by Lemma 9.4. Require no jump during the final interval of length kKA, whose
conditional probability is at least e €054,

The errors in displacement from kAe; on the three intervals are at most Adk/4, D, and
Adr/4. For A > 4D/(dk) their sum is less than 3Adk/4. The final velocity lies strictly in E.
Lemma 9.3 bounds the branching weight below by

%exp((co — Cor)A).

Its exponent is positive by (9.8). Choose L large enough that this exceeds 8, and all the preceding
lower bounds on A hold throughout Iy,. O

Lemma 9.7. For these fized k, L, there are J € N and e, € (0,1/4) with the following property.
Suppose a measurable medium obeys, throughout every speed-D excursion from a specified starting
point over a duration A € Iy,

|be — 1] < &4, |lwe — oeg| <&, (0 ==1). (9.10)

From each starting velocity in E, histories with at most J collisions, speed at most D on every
free flight, every postcollision velocity and the final velocity strictly inside E, and

|Z4 — kAei| < drA (9.11)

have total weight greater than 3. The initial free flight may have speed D. No continuity of the
medium is needed.
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Proof. Fix a reference start and duration (v, A) € E x I. The zero-collision term has weight
e A < 1. Discarding it from the family in Lemma 9.6 leaves weight greater than 7. Monotone
convergence in the positive history count permits restricting to finitely many counts j > 1 while
retaining weight greater than 7. Every postcollision velocity lies strictly in E almost surely: the
intersection of a nondegenerate diameter sphere with OF has sphere area zero, and a degenerate
collision has zero rate. This includes the final velocity. No inward margin is required for the
initial velocity. The displacement inequality is strict. Ordered times may be kept apart and
away from the endpoints. Using finitely many sphere coordinate charts and inner regularity of
their parameter integrals, restrict further to compact parameter sets with total weight greater
than 6 and positive margins in all these restrictions, including |Z4 — kAe;| < dkA. Parameterize
the times as fractions of A.

The reference paths and weights are continuous in these finite parameters and in (v, A). The
fixed compact tests therefore retain weight greater than 5 and at least half their original positive
margins in a sufficiently small relative neighborhood of that start and duration in E x I7,. These
neighborhoods cover the compact set E x I;. A finite subcover gives finitely many tests, a
maximum count J, and uniform positive margins.

Use the same initial velocity, signs, directions, and fractional times for each perturbed history
and its reference history. Their first flights have speed at most D, including boundary starts.
The sphere map satisfies

B0, w,n) — B(F, @, n)| < [v— 5] + [w— ]

Induction bounds the velocity error after j collisions by je, and the displacement error by
AJe,. This comparison does not compare the medium at two nearby positions: its value at the
actual perturbed position is close to the same constant reference partner. A sufficiently small e,
preserves all the strict velocity and displacement margins. The actual paths thus have speed at
most D, so they stay within the region on which closeness was assumed. Formally this follows
by induction up to the first possible failure; the preserved margins exclude such a failure.

The relative-speed errors and full loss-rate errors on these histories are bounded by Cje,.
The density error gives the same bound for the gain-rate factors. The interval has bounded
length, so the error in the integrated loss and its exponential is bounded by C;re,.. Finite
products of the bounded gain factors then show that (9.3) changes by at most C} e, uniformly
on each test. The tests have finite parameter measure. Decreasing e, makes their integrals
greater than 3. All coefficient estimates were pointwise; measurability is sufficient. O

9.5 Uniform choices of the construction parameters

We first reserve one more small geometric tolerance. There is aue. > 0, depending only on &
and Lemma 9.4, with this property: after a first collision puts a velocity sufficiently close to oes,
two more collisions, with partners within a,.. of —oes, e3, have positive angular probability of
ending in

B(ke1,dr/4). (9.12)

Indeed the inverse-coordinate construction in that lemma, with first output exactly oes, maps
a positive-measure angular set into B(kei,dr/8), which is inside B(0,rp). Keep a compact
subset of positive measure in this set. Its outputs have a positive distance from the complement
of (9.12); the intermediate velocities and relative speeds remain in the neighborhoods of that
construction. Uniform continuity of the two sphere maps preserves this for sufficiently small
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perturbations of the first output and partners, including measurable partners at the actual path
positions. Take the smaller tolerance for the two possible signs. We also require ai,ec to be less
than half the permitted radius of the first-output neighborhood.

The constants k, L, J, €4, Qacc are now fixed and do not involve any construction parameter.
Fix preliminary bounds n <1, a <1, K > 1. For ¢t > 0, put

Ao bnt L

At a starting point z¢ = (yo, 20) in B,
(1 —d)rt < |yo| < (1 + d)rt.
Every speed-D excursion over [t,t + A] satisfies
lyl = lyol| < DA, |z < dkt + DA.
Set 0 = DL/(0K (1 — d)). By increasing K, impose dx < 1/4 and a < 1/4. Then
lyl = (1= 6x)(1 — d)xt.

For all sufficiently large t, every such excursion is outside the lower mesh hole, since [ < 1.
On its active annulus e "|y| < u < |y|, for every mesh phase. Thus, with a fixed constant C
depending only on d, D,

‘|y15|—1 <Cl(77+6K),
Uy (9.14)
WK
2wl G o r <ty
i K

The last estimate uses |uy| < 2.
Use the reference density factor pg = 0K/|yo|, and multiply both time and position units by
po; velocities are unchanged. The reference duration is exactly

Lt
A=pA=""cr,. (9.15)
[yl

With S, = S(y(2 — Tus) /1), the density ratio in these units is

bo (T, ) _ |yol So
Po po 1+ (ray/p)Ss

(9.16)

Because 1 — sech? h = tanh? h < h?, (9.14) gives, when the right-hand small quantities are at
most one,

by
p—l‘ < Oy (7]+(5K+(*y//<;)2+a'y//<c), lug — o] < a. (9.17)
0

Here C5 is independent of ¢, [, and mesh phase.
Choose 1 > 0 small, then
0 < a<min{l/4, e, aacc},
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then v > 0 small, so that the first, third, and fourth terms on the right of (9.17), including
their factor Cy, sum to less than €,/2. Finally increase K so the dx term is less than e,/2, the
preliminary restrictions hold, and

(1+a)* <3. (9.18)

This establishes (9.10) for all the scaled blocks, with no choice depending on a limit, mesh, or
solution.

These choices precede the final small geometric and thermal parameters. Making o~y small
may increase the fixed coefficient in (9.4) and earlier comparison bounds, but introduces no
dependence on the approximation index. Propositions 4.4 and 5.1 allow sg, dy, and then the
final short horizon Tp, to be chosen after these fixed constants. We use those choices henceforth.

9.6 Access to a late box and the growth contradiction

Lemma 9.8. For the fized parameters above, let g Z 0 solve (7.5) on 0 < t < oo with
0<g<(t+1)H, for any allowed mesh and | € [0,1]. Then [z g(t,z,v)dzdv > 0 at arbitrarily
large finite times.

Proof. At some positive time ag, a bounded portion of g(ag) has positive mass. The velocity
axis has Lebesgue measure zero, so a further portion of positive mass satisfies

|z| <R, lv| <R, |v| >0 > 0.
For a sufficiently long but finite free flight of length s,
ly+sv| >80 —R>1+2

on this portion. Its survival is bounded below by a positive constant by (9.4). Lemma 9.2 gives
positive mass in a bounded region strictly outside the hole at time a; = ag + s.

Choose h > 0 small so that paths whose initial speed is at most R and whose later speeds
are at most 3 remain in a bounded region with |y| > [+ 1 during [a1, a1 + h]. Both sign densities
have strictly positive lower bounds there. To see this directly, the time, axial coordinate,
and transverse radius are bounded, the transverse radius has a positive lower bound, and
e "Myl < p < |y|. The argument of S is therefore bounded, its numerator is positive, and the
denominator in (7.3) is bounded above. The rates on the selected bounded-speed paths also
have finite upper bounds.

Confine three collisions to this short interval. Choose a reference sign with |v — ges| > 1
for the first collision. The actual relative speed is at least 1 — «a > 3/4. Choose its output in a
sufficiently small cap about the actual partner. The cap probability has a positive lower bound
for inputs bounded by R. Since the actual partner is within « of ges, this first output lies
in the reserved first-output neighborhood. Next use the signs —o and +1, and the compact
angular tests defining aec. Their final velocity lies in (9.12). The second output stays near eq,
so the second and third relative speeds have positive lower bounds; all postcollision speeds are at
most 3. Put the three times in disjoint subintervals and prohibit other collisions. Positive lower
bounds for the selected gain factors, angular probabilities, time-interval lengths, and survival
give strictly positive total weight. The sphere-map comparison used here requires only uniform
partner closeness, and therefore remains valid for measurable coefficients.
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There is consequently a bounded positive portion at time ay = a; + h with |[v — ke1| < dr/4.
Let Ry bound |z — kagei| on that portion. After free flight to any sufficiently large finite time ¢,

d
|z + (t — a2)v — kter| < Ry + Zﬁ(t —az) < dkt.

Its speed is strictly less than D. For each finite ¢, survival remains strictly positive by (9.4).
The zero-collision term of Lemma 9.2 proves the assertion. ]

Proof of Proposition 9.1. Suppose an extracted limit has U = oo. Proposition 8.1 makes it
nonzero. Lemma 9.8 gives a sufficiently large ¢y with positive mass mg in By,. Increase tg if
necessary so that all the excursions considered in (9.13) lie above the lower hole. The same
holds for every later block.

At each starting point of By, apply Lemma 9.7 using the simultaneous space—time scaling
(9.15). Translating back its displacement restriction gives

|Tend — Tstart — KAe1| < drA.

The starting radius dxt, followed by the triangle inequality, places the endpoint in B,y A. The
velocity belongs to E: the selected positive-count histories have a strictly interior final velocity.
Their first flight need only have speed at most D, exactly as in the medium comparison. History
weights are unchanged by this scaling: each gain rate is divided by pg, each time differential is
multiplied by pg, and the integrated loss is invariant. The selected histories therefore have total
weight greater than 3 uniformly over starts in B;.

Use the kernel obtained by integrating all histories with 1 < j < J that satisfy the block’s
velocity and displacement restrictions. The finite compact tests above certify its weight greater
than 3; no choice of a test for each starting point is needed. Integrate this positive kernel against
the portion of g(¢) in the box and use Lemma 9.2. At ¢, = (1 + a)"t¢, induction gives

9(tn, x,v)dxdv > 3"my.
Btn

The cap and [ < 1, on the other hand, give

J

This contradicts (9.18) as n — oo. The positive mass mg and starting time may depend on
the particular limit; their sizes are immaterial to this comparison. The parameters governing
the blocks were fixed before the mesh and [ were chosen. Thus every extracted limit has finite
dilated horizon. O

(tn, 2, v) dz dv < (b, + 1)‘?(01,%)3/ H(v)dv < O(1 + tn)"
E

tn

10 Separation of two solutions with the same datum

We now combine the two compactness procedures. All parameters have been fixed as in
Proposition 9.1, with the final small parameters chosen to satisfy the preceding cold and cap
estimates. Fix one dormant limit F9 on [0, Ty], supplied by Proposition 6.1.
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Lemma 10.1. AsT | 0,
TYFYTt, Tx,v) — 0

in distributions on compact subsets of
0<t<l, reR3 wveR® ©#£0.
The evaluation in x uses the periodic lift centered at the origin.

Proof. The dormant majorant passes to the fixed-horizon weak limit. Its hot part is at most
tgldH , so after dilation and multiplication by 77! it is bounded by Tt*H, which vanishes in L'
on the indicated compact sets.

For the cold majorant, a main enlarged annulus at physical transverse position yoq = 1Ty,
with y bounded, has s < C'T". The relevant periodic copy is the one centered at the origin for all
sufficiently small T'; other copies contribute only escaped tails. For |v| > e > 0, the transverse
Gaussian in the cold estimate gives, after enlarging fixed constants,

2
_ ce
Cmain (Tt, Tz, v) < Cs 3 exp <_d(2)520> )
The right side, maximized over 0 < s < CT, tends to zero faster than any power of T. At points
with no main color only tails are present. The escaped sum is at most C' A(Tt)Ae_4|”|2, and after
multiplication by 7! it vanishes for A > 1. These uniform bounds on the compact set prove
the claim. O

Proof of Theorem 1.1. The datum is (4.4); Lemma 4.2 verifies all its integrability requirements
and bounded velocity support. For every horizon 0 < T < Ty, Proposition 5.1 gives cap
approximations. Proposition 6.1 gives at least one admissible limit on [0,7], with the same
datum as F4.

Suppose, to obtain a contradiction, that there are horizons T} | 0 at each of which a cap
limit can equal F9 on that interval. At each fixed T}, choose approximations along a sequence
converging to this particular common limit. Use a countable exhaustion by nonnegative smooth
compact tests of the open region in Lemma 10.1. A diagonal choice of the approximation indices
N, makes sy, /T, — 0 and gives

fr(t, x,v) = T ' Fi(Tit, Ty, v) — 0 (10.1)

distributionally throughout that region. Here F} denotes the selected finite approximation. For
completeness, a fixed rescaled test at a fixed T} is simply a smooth physical test with finite,
possibly large norm. Weak convergence at that horizon permits its error to be made arbitrarily
small. One then enforces finitely many such errors and a sufficiently small sy /T} simultaneously.
No convergence rate uniform in T} is being assumed.
Choose a cap event of Fj, = ¢j, + hy, and write 7, = t, j, + sn,. Proposition 7.1 gives, after

subselection,

Sﬂ—w, E—>Ue[1,oo],

Tk Tk
and a dilated hot limit g on 0 < ¢t < U. Proposition 8.1 says that g is nonzero. This statement
supplies an observable lower bound. Since g is a nonnegative density and the velocity axis has
zero measure, there are 1 € C2°((0,U) x R2 x {v #0}), 0 <9 <1, and § > 0 such that

/wg > 20, /zb(t,:r, v) r;lhk(rkt,rkac,v) dtdaxdv > 6
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for all sufficiently large k. The second inequality follows from the local weak convergence in
Proposition 7.1. The test and lower bound may depend on the extracted limit; no uniform
numerical value is needed. Proposition 9.1 says that U < oco. Consequently pp = /T — p =
1/U > 0.
Since Fj, > hy,
0< r;lhk(rkt,rkaj,v) < plzlfk(pkt,pkm, v).

For any compact set with 0 < ¢ < U, bounded z,v, and v # 0, its image under the right-hand
dilation lies in one fixed compact subset of the region in (10.1), for all large k. Positivity allows
a single smooth nonnegative test, equal to one on this larger compact set, to dominate the
changing tests. The right side therefore tends to zero in local L'. It follows that g = 0 off the
velocity axis. Since 0 < g < (¢t +1)H is a density and the axis has Lebesgue measure zero, g = 0
almost everywhere. This contradicts Proposition 8.1.

Thus for all sufficiently small horizons no cap limit can equal the fixed dormant limit. Choose
one such horizon and one cap limit. The two early solutions have the same datum and differ on
a set of positive space-time-velocity measure. Proposition 6.1 continues both globally, preserving
Definition 2.1. Their early difference persists, which proves the theorem. O

The separation occurs at finite velocities near the initial spatial singularity. The conclusion
requires neither an incoming flux from infinite velocity nor an alteration of the conservation and
entropy conditions.
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