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Abstract

We construct a contractible domain in complex dimension three with a complete

Kahler metric whose real sectional curvatures lie between two finite negative constants.

It admits no bounded holomorphic map to C? with nowhere-vanishing Jacobian and is
therefore not biholomorphic to a bounded domain. This gives a negative answer to the
negatively pinched Kéhler uniformization question.
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1 Introduction

A bounded domain in C™ has bounded holomorphic coordinate functions whose differentials
are independent everywhere. The negatively curved uniformization problem asks whether
curvature and completeness can force a complex manifold to possess such coordinates. In
complex dimension one, a complete simply connected surface whose curvature is bounded
above by a negative constant is biholomorphic to the disk. In higher dimension, the existence
of bounded holomorphic coordinates is a separate global analytic requirement.

An early formulation appears in H. Wu'’s work on normal families [15, p. 195, question (1)].
He asks whether a complete simply connected Kéhler manifold with nonpositive real sectional
curvature and holomorphic sectional curvature bounded above by a negative constant is
biholomorphic to a bounded domain. Wu and Yau state the two-sided real-sectional version
with a bounded pseudoconvex domain as conclusion [13, Conjecture 4.3, p. 18]: if a simply
connected complete Kéahler manifold has every real sectional curvature between two negative
constants, must it be biholomorphic to a bounded domain in its complex dimension?

The unit ball is already too restrictive a candidate in higher dimension. Mostow and Siu
constructed compact negatively curved Kéhler surfaces not covered by the ball [10]. Deraux
reviews their construction and obtains three-dimensional examples [3]. Their lifted metrics
on the universal covers have two-sided negative sectional bounds by compactness. These
non-ball results, however, do not exclude a biholomorphism to some other bounded domain;
that is the stronger obstruction sought here.

Here and throughout, sectional curvature refers to the underlying real Riemannian
metric, and completeness means geodesic completeness. A bounded holomorphic map is a
holomorphic map with bounded image in its Euclidean target.

Theorem 1.1. There exist a contractible domain M C C3, a smooth complete Kihler metric
g on M, and finite constants 0 < A < B such that

_B<K,(0)<-A<0

for every real two-plane o C T,M and every p € M. No bounded holomorphic map
F : M — C? has a nowhere-vanishing Jacobian determinant. In particular, M is not
biholomorphic to a bounded domain in C3.

Theorem 1.1 gives a negative answer to the stated uniformization question, and its
curvature hypotheses also place the example within Wu’s earlier question. The example
has two bounded nonconstant holomorphic functions, supplied by its base coordinates.
Its analytic obstruction concerns a fixed triple of bounded functions with independent
differentials at every point. The domain is nevertheless Stein: the construction supplies
a smooth strictly plurisubharmonic exhaustion (Lemma 7.1), so Grauert’s solution of the
Levi problem applies [4, Theorem 2 and Section 3.4]. Thus the obstruction is to bounded
holomorphic coordinates, not to holomorphic convexity.

1.1 Intrinsic metrics and bounded functions

Two-sided negative real sectional curvature has strong consequences for intrinsic complex
geometry. Greene and Wu established the lower comparison for the Bergman metric [5];
Wu and Yau recall that result and prove the complementary upper bound [14, Theorems 4
and 6]. Under completeness and simple connectivity, Wu and Yau then compare the
Bergman, Kobayashi-Royden, complete negative Kédhler—Einstein, and original metrics [14,
Corollary 7]. The Bergman metric uses square-integrable holomorphic top-degree forms.
These comparisons do not supply a fixed tuple of bounded holomorphic functions with



independent differentials everywhere. Applied to the example in Theorem 1.1, they show
that all these intrinsic metrics can be complete and mutually comparable while no such
tuple exists.

The existence of even one nonconstant bounded holomorphic function is a related
question with a different conclusion. The companion paper [11, Theorem 1.1] constructs,
in a sufficiently large fixed finite complex dimension, a domain diffeomorphic to Euclidean
space with a complete Kéhler metric of real sectional curvature at most —1 and only constant
bounded holomorphic functions. Its curvature is unbounded below. Here both curvature
bounds are finite and uniform, while the two bounded base coordinates remain. The two
constructions and their proofs are independent.

1.2 Construction and proof strategy

We construct M as a family of discs over the unit ball B = {z € C? : |2| < 1}. A smooth
real function ¢ on B determines

My = {(z,w) € B x C:e?@|w|> < 1}.

Thus the disc above z has radius e=?()/2, Put ¢(z) = —log(1 — |z|?). Our metric is the
complex Hessian of

Ap(z) — log (1 — e?Buw[?),

with the real-metric convention specified in Section 2. This is a specialization of Calabi’s
construction from a base potential and a radial function of a Hermitian fiber norm |2,
Section 3, equations (3.1)—(3.2)]. The momentum formulation of Hwang and Singer develops
this framework for general base and bundle data [9].

For the logarithmic radial potential used here, Hao, Chen, and Wang prove holomorphic
and real sectional pinching results when the bundle curvature determines the base metric
[6, Theorems 1 and 2]. Hao, Chen, Wang, and Zhang obtain related results for complete
Kéhler-Einstein disk-bundle metrics under Einstein and curvature hypotheses on the base [7,
Sections 4.2-4.3]. The estimate needed here concerns all real two-planes when the base form
AOO and the fiber-weight curvature 90¢ are independent. We assume upper and lower
bounds for the latter form and bounds for the component derivatives needed for curvature,
expressed in centered ball coordinates. No curvature sign for the metric 0¢ is assumed.
We derive and estimate the full curvature tensor under precisely these hypotheses.

The analytic task is to choose ¢ so that it has these derivative bounds but cannot
dominate a holomorphic real part, even after adding the logarithmic boundary allowance
forced by Cauchy’s estimate for a Jacobian. To do this, we construct radii ry 17 1 and
positive probabilities py on the unit sphere S C C? such that

[ (0rwe) + 41og 1= ) dun(e) — —ox,

1—ry
while [¢Re H(rn§) dun(€) = Re H(0) for every holomorphic H on B. The two averages
exclude any holomorphic real part bounded above by the tested function plus a constant.
The probabilities preserve holomorphic evaluation at the origin, but such measures need not
preserve the logarithmic mean inequality for holomorphic functions: Hedenmalm gives an
explicit example of this distinction [8, Theorem 3.7].

The construction proceeds at degrees k; = Q7 for one fixed large integer Q. At each
degree we sum homogeneous peaks centered on a separated set of complex lines. The
projective packing and power-sum estimate have a direct antecedent in Ryll and Wojtaszczyk
[12, Section 2]. A radial correction around each peak annihilates every holomorphic moment



exactly. Separation of the degrees makes the corrections compatible with positivity at
every stage. Regularized logarithms built from the peak polynomials then have a fixed
negative average, which survives all subsequent corrections. Summing these logarithms with
a sufficiently large fixed coefficient makes their negative averages dominate the boundary
allowance. Low degrees vary little in a centered chart, while high degrees are exponentially
small; this gives the uniform derivatives through order four needed for curvature.

The geometric task has its own delicate point. To prove negative curvature, we must
show that its negated numerator is positive on every real two-plane. After rescaling the
base directions, the leading expression is nonnegative but can vanish on planes with nonzero
base and fiber projections. On these limiting planes the contribution of the potentially
largest error term vanishes as well. This cancellation gives stronger error control near the
degenerate planes and proves strict negativity for one sufficiently large base parameter A.
With A fixed, compactness on bounded fiber ranges and a uniform limiting tensor at the
fiber boundary give both finite curvature bounds.

Section 2 states the two precise ingredients and derives Theorem 1.1 from them by
Cauchy estimates for a putative Jacobian. Sections 3—4 construct the peaks and positive
representing densities; Sections 5—6 establish their logarithmic tests and the controlled
potential. Section 7 proves completeness. Sections 8-9 compute the curvature and prove
the two-sided estimate, including the limiting planes just described.

2 Two inputs and the bounded-map obstruction

The construction separates a problem about functions on the ball from a curvature estimate.
The first input is a strictly plurisubharmonic function with controlled derivatives and an
obstruction to a prescribed holomorphic real-part bound. The second turns its complex
Hessian bounds into a complete metric with uniformly negative real sectional curvature. We
state both inputs precisely and then prove their implication for Theorem 1.1.

2.1 Centered charts and the two propositions

Let B={z € C?: |z| < 1} and put

U(z) = —log(1—[2%), = (v3).

Here a complex Hessian is also viewed as a Hermitian form, linear in its first argument. To
center coordinates at a point zg € B, let r = |zg], choose a unitary map U with U(r,0) = 2o,

and set
r+¢G V1I-r2Q
1—|-7"C17 1+7’C1 '

T=UoT,, T = ( (2.1)

These maps are ball automorphisms with 7(0) = zp. The identity

(1—=r3)(1-1¢)
[T+ 72

L= T (O =

shows that T*I has the same expression in ¢ as I has in z: the additional terms in ¢ o T
are constant or pluriharmonic. In particular, this matrix is the identity at 0 and has zero
first derivatives there. We call (2.1) the centered ball charts.

For a smooth real function ¢ on B, write h = 90¢ and, in a centered chart T, write

hi5(C) = 06,9, (¢ 0 T)(C)-



The uniform control needed below is the existence of constants 0 < ¢ < C' < oo such that,
for every centered chart,
cld < hT(0) < C1d (2.2)

and

0BT (0)] + [0hT(0)] + 00T (0)| <€ (irg k. £ € {1,2}). (2.3)

The derivatives here are ordinary derivatives of the displayed component functions. In
invariant form, (2.2) says ¢ < h < C1I.

Proposition 2.1 (A controlled potential). There exist ¢ € C°(B,R) and a finite constant
C' for which (2.2) and (2.3) hold with ¢ = 1, and such that no H € O(B) and Cy € R satisfy

ReH(z) < Cyx +4log 11|Z| + ¢(2) (z € B). (2.4)

For any smooth real ¢ on B, define its Hartogs domain by
My ={(z,w) €EBxC:t(z,w) <1},  t(z,w) = e?®|w|?. (2.5)
For A > 0 define the potential and its complex Hessian by
Kx = M —log(1 —t), G) = 00K,. (2.6)

Our real metric convention is gy = 2Regy: if a real vector X has (1,0) part u, then
(X, X) = 29)(u,u).

Proposition 2.2 (Hartogs metric transfer). Let ¢ € C*°(B,R) satisfy (2.2) and (2.3) for
firted 0 < ¢ < C < 00. There is a finite \g = A\o(c,C) > 0 such that, for every X > Ao, the
domain My in (2.5) is contractible and the tensor gy = 2Re gy defined by (2.6) is a smooth
geodesically complete Kihler metric. For this fixed \ there are constants 0 < Ay < By < o0
such that

“By < K, (0) < —Ay <0

for every point of My and every real two-plane o in its tangent space.

The proof of Proposition 2.1 occupies the analytic construction below. The global
geometry and curvature calculation in Sections 7-9 prove Proposition 2.2. We first establish
the short argument that connects their conclusions to bounded holomorphic maps.

2.2 The Jacobian on the zero section

Lemma 2.3. Let ¢ € C*°(B,R) have the nonexistence property in Proposition 2.1: no
holomorphic H and real constant Cy satisfy (2.4). Then no bounded holomorphic map
F:My— C3 has a nowhere-vanishing complex Jacobian determinant.

Proof. Suppose that F' = (Fy, Fy, F3) is such a map, and choose B > 1 so that |Fy| < B on
M, for every component. Since My is open in C3, its coordinates (21, z2,w) are global. The
function

O(F1, Fy, F3)

d(z) = det (o1, 20, 0)

(2,0)

is holomorphic and nowhere zero on B.

Fix z € B and put § = 1 — |2|. The restriction Fy(-,0) is bounded and holomorphic
on the entire base ball. For j = 1,2, the disk {z + (e; : |(| < d} is contained in that ball.
Cauchy’s estimate, applied on disks with radii tending to ¢, gives

|0, Fu(2,0)| < B6". (2.7)
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For this fixed z, the fiber in My is the disk of radius e~%(®)/2 Cauchy’s estimate on this
disk gives
0 Fy(2,0)| < Be??)/2, (2.8)

In particular, the base estimate requires no uniform fiber radius near z; it is taken entirely
on the zero section.
The six terms in the determinant expansion, together with (2.7) and (2.8), yield

|d(2)] < 6B362e#(2)/2,

and hence

log|d(z)* < 2log6 + 6log B + 4log + ¢(2). (2.9)

1
1—|z]
Because B is simply connected and d has no zeros, it has a global holomorphic logarithm £.
For example, a primitive of the closed holomorphic one-form d~19d, with a suitable constant,
satisfies e/ = d. The holomorphic function H = 2¢ has Re H = log |d|?, so (2.9) contradicts
(2.4). O

Proof of Theorem 1.1. Choose ¢ from Proposition 2.1, and then choose A as in Proposi-
tion 2.2. The domain M = My C C3 is contractible and carries the asserted smooth complete
Kahler metric with two uniform negative real-sectional bounds. Lemma 2.3 excludes a
bounded holomorphic map to C3 with nowhere-vanishing Jacobian. A biholomorphism to a
bounded domain would be such a map: the chain rule applied to its holomorphic inverse
makes its Jacobian invertible everywhere. O

The logarithm argument uses nonvanishing along the entire zero section. It gives no
assertion that a bounded map’s determinant vanishes identically. Nor are all bounded
holomorphic functions constant: z; and zo are nonconstant bounded holomorphic functions
on M¢.

3 Separated homogeneous peaks

We begin the construction of the potential in Proposition 2.1. Its analytic requirement
will follow from increasingly negative averages against positive measures that preserve
holomorphic means. The following observation explains the role of those measures before
we construct them.

Write S = {¢ € C? : |¢| = 1}, and let o be its surface measure normalized to have mass
one. A probability measure u on S represents holomorphic evaluation at zero if

/ p(§) du(€) = p(0) for every holomorphic polynomial p.
S

Lemma 3.1 (Representing-mean criterion). Let u be a continuous real function on B.
Suppose there are radii 0 < ry < 1 and representing probabilities uy on S such that

/SU(TNS) dpn(§) — —oo.
Then no holomorphic function H on B and constant Cyg satisfy Re H < Cy +u on B.

Proof. For each fixed ry < 1, the Taylor polynomials of H converge uniformly on rnS. The
representing identities therefore give

/S Re H (ry€) duy (€) = Re H(0).

Integrating the proposed inequality contradicts the assumed limit. ]



We will apply this criterion to u(z) = ¢(z) +4log(1/(1 — |z|)). The first ingredient is a
supply of homogeneous polynomials with many separated peaks. Their uniform bounds will
also control the derivatives of the eventual potential.

3.1 Projective packing and polynomial bounds

The projective distance and separated-power estimate used here occur in the direct construc-
tion of Ryll and Wojtaszczyk [12, p. 112 and Lemma 2.7]. We give the packing argument
with a Gaussian tail and an adjustable spacing parameter, since the density corrections will
require both. Related constructions with peaks localized in nonisotropic sphere balls appear
in Aleksandrov [1, Lemmas 2-3]; the caps used here are invariant under a common phase
rotation.

Identify complex lines in C? with points of CP!. For unit representatives define

d([¢], [p]) = /1 = & P)I?,

where the Hermitian inner product is linear in its first argument. This equals the operator
norm distance between the rank-one orthogonal projections onto the two lines: their difference
has trace zero and eigenvalues +4/1 — [({,p)|2. The triangle inequality for the operator
norm therefore proves that d is a metric. We also write d(&, p) when the representatives are
understood.

In unitary coordinates with & = (&, p), write

¢ = (e cos v, e sinv), 0<v<m/2.

The round volume element is cosvsinv dvdf dy. After normalization and the change of
variable u = cos? v, this gives
df dv
do = du ——, 0<u<l. 3.1
? “ 27 27 == (3.1)

In particular, a projective cap d(, p) < s has measure s2 for 0 < s < 1.

Fix Dy > 1. For an integer k > D%, choose a maximal Dg/ Vk-separated set of lines,
and choose one unit representative p for each line. Let P}, denote this set of representatives
and Ny = |Pg|. Define the homogeneous holomorphic polynomial

Py(2) = ) (z,p)". (3.2)

PEPk

The representatives may be chosen arbitrarily; the estimates below hold for every such
choice.

Lemma 3.2 (Peak bounds). There are absolute constants C,c > 0, independent of Dy > 1,
such that

k 4k
— < N, < — .
and, for every & € S and u > 0,
> lepF < e (34)
PEP
VEd(¢,p)>u
Consequently,
2N,
Pu(2)| < ClzlF (2 € C2), / Pyl do <~k (3.5)
S k+2



Proof. Put p = Dy/vk < 1. Maximality gives a covering by caps of radius p, and separation
gives disjoint interiors for caps of radius p/2. Their measures yield 1 < Njp? and Nypp?/4 < 1,
proving (3.3).

We also need a local count whose constant does not depend on Dy. About the centers
within distance u/v/k of a fixed line, place caps of radius 1/(3v/k). Their interiors are disjoint,
and they lie inside the cap of radius (u + 1/3)/v/k about that line. Comparing measures
bounds their number by 9(u + 1/3)? when the latter radius is at most one. Otherwise their
number is at most 9k < 9(u + 1/3)2, by comparison with the whole space. Thus the local
count is at most C(1 + u)? in all cases.

Since

e, ) = (1 — d(€, p)2)H/? < ehdEP)?/2,

the contribution from the annulus n < Vkd(¢,p) < n + 1 is at most C(n + 2)2e /2.
Summing these bounds from n = |u| onward proves (3.4): the polynomial factor is absorbed
by a weaker Gaussian exponent, and the range 0 < u < 2 is absorbed by the constant.
Setting © = 0 and using homogeneity gives the first assertion in (3.5), including points
outside the unit ball. Finally, (3.1) gives

1 2
k _ k/2 _
/S|<§,p>| dO'—/O U du-r 5

The triangle inequality proves the stated integral bound. O

3.2 Patches and a radial profile
For a fixed Ry > 0 and a center p € Py, use the adapted coordinates above and put
y=—klogl&|,  Urp,={£€5:0<y < Ro} (3.6)

The set y = 0 is the phase circle through p. Every patch is invariant under multiplication of
¢ by a common phase.

Lemma 3.3 (Patch estimates). Fiz Ry > 0. If Dy > max{1,2y/2Ry} and k >
max{D2,2Ry}, the patches Uy p are pairwise disjoint. On each patch,

2 —2y/k dyiedl

do = e 5 o (3.7)
and
|Py(€) — e ¥elkf| < CemelDomv2Ro)®, (3.8)
Outside their union,
|P(§)] < CemTo, (3.9)

The constants C, ¢ can be chosen independently of Ry, Do, k.

Proof. The projective radius of a patch is /1 — e=2fo/k < /2Ry /k, so the separation of
the centers makes the patches disjoint. Formula (3.7) follows from |¢1]? = e=2¥/% in (3.1).
If £ € Uy, and p’ # p is another center, the metric triangle inequality gives

\/Ed(ﬁ,p') > Do -V 2R0.

The peak from p is exactly e Ye’*’. Summing all other peaks by (3.4) proves (3.8). Outside
every patch, each center satisfies

kd(¢,p)? > k(1 — e 2Fo/ky > Ry,

The final inequality uses k > 2Ry and 1 —e™" > v/2 for 0 < v < 1. Another application of
(3.4) proves (3.9). O



The density correction will use a radial profile with an exact weighted cancellation. The
following choice also supplies the strict inequality needed for the logarithmic tests later.

Lemma 3.4 (Radial profiles). Fiz 1 < a < 2 and put o =loga. One can choose 0 < s1 < 1,
smooth real functions f,b on [0,00), and Ry > 0 such that

o? — 2s1(cosha — 1) < 0, (3.10)

Iflloe <1, f=—s1 on[0,al, /Ome—yﬂy)dy:o, V—b=f b0)=0. (3.11)

Both functions vanish on a neighborhood of [Ry,o0). Moreover, Ry can be chosen so that
laPy| < 1/2 off the patches whenever the hypotheses of Lemma 3.3 hold.

Proof. The strict inequality 2(cosha — 1) > a? allows a choice

a2

— <51 < L.
2(coshar — 1) o1

Since a < 2, this choice also satisfies s1(1 —e™®) < e™®. Choose a small § > 0 and a smooth
cutoff , equal to one on [0, a], between zero and one, and zero for y > «a+ 4. For sufficiently
small ¢,

N = 31/ e Ix(y)dy < e~ (at+29)
0

Choose a smooth compactly supported function v, supported strictly after a + 29, with
0 <wv <1, and with

P = / e Yv(y)dy > N.
0

Such a function is obtained by approximating the indicator of a sufficiently long interval
beginning just after a4 26. Then f = —s;x+ (IN/P)v has the required plateau and weighted
integral. The two supports are disjoint, so || f|lecc < max{si, N/P} < 1.

Define

b(y) = e’ /Oy e " f(v)dv.

It satisfies ¥’ — b = f and b(0) = 0. Beyond the support of f, the integral is exactly zero by
the weighted cancellation, so b also has compact support. Near zero, b(y) = —s1(e? — 1),
which is smooth up to the boundary of the half-line. Smoothness here does not require
extending f by zero to negative arguments. Finally choose Ry larger than both supports,
and enlarge it further until aCe=¢% < 1/2 in (3.9). O

The plateau 0 < y < « is exactly the region where the model peak ae™¥ has modulus
at least one. For the profiles just constructed, the integral of log |1 — ae_ye”/|2 against
(14 f(y) cost’) dydt'/(2n) on [0, Ry] x [0, 27] equals a® — 2s1(cosha — 1), as calculated in
(5.7). Thus the strict profile inequality prescribes a negative logarithmic integral, while the
weighted cancellation will preserve holomorphic moments.

Fix these profiles and Ry from now on. The spacing Dy and the degrees will remain
available to be chosen sufficiently large. In particular, enlarging Dy later improves the
single-peak approximation without altering the profiles.



4 Positive representing densities

We now construct the representing probabilities required by Lemma 3.1. Each step adds an
oscillation on the current patches. A radial integration by parts makes every holomorphic
moment of that oscillation vanish exactly. The separation between consecutive degrees will
ensure that the new density stays positive.

Keep the profiles f,b, Ry from Lemma 3.4 fixed, and put

1= [fll
=— 2>
4

Fix any Dy > max{1,2v/2Rp}. For an integer () > 2 large enough that every degree below
meets the patch thresholds, put

Co 0.

J
kj=@Q7, ly =0, G=>k (j>1). (4.1)
=1

Thus ¢;_1 < kj and ¢; < 2k;. At each degree use any of the separated sets and patches
constructed in Section 3.
Start with Wy = 1. At stage j, set k = k;. For each p € Py, let

Sp(0) = Wi_1(e”p).

To determine the correction, consider a phase mode e*? with |s| < £;_1, the frequency
range maintained below. Multiplication by e’ shifts it to frequency m = k + s > 0; its
conjugate can pair with the holomorphic monomial £7* = e~m/keim0 - After canceling the
surface-measure factor e~ 2¥/%  its radial moment will vanish if its coefficient is ¥ — (m/k)b,
because

e~mu/k (b’ — Zb) = CZ/ (e_my/kb> , b(0) = b(Rp) = 0.

The identity f = &’ —b therefore prescribes the coefficient f — (s/k)b for this mode. Summing
the modes leads to the following definition in the adapted coordinates of U}, ,:

2y/k k0 S,(0)
Aj,p(f) =e""Re |€ f(y)Sp(Q) —by)—— 1|
ik
(4.2)
Wi=Wi1+ Y Ajp,
PEPs
where each correction is extended by zero off its patch. The prime on S, denotes differen-
tiation in #. This recursion is defined without assuming positivity; that property will be

proved for one fixed sufficiently large Q.

Lemma 4.1 (Smoothness of the corrections). Every W; defined by (4.2) is a smooth real
function on S.

Proof. Proceed by induction, beginning with Wy = 1. The restriction S, is a smooth
periodic function. To check the central circle of a patch, use the smooth coordinates

, k
(0,0) — ("1 = [C1%.0),  y=—5log(1 = [¢]*).

All terms of (4.2) are smooth in these coordinates, including at ¢ = 0. They do not depend
on the transverse polar angle -, which would be singular there. Their dependence on 6 is
periodic, so it defines a smooth function along the full central circle. At the outer boundary,
f and b vanish in a collar of Ry; hence the correction is identically zero in a collar of the
patch boundary. Its extension by zero is therefore smooth. Summing the finitely many
corrections proves the induction. ]
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Let T denote the phase derivative on S,

d iw
TW(EO) = W)
A horizontal vector Z € TS will always mean a Euclidean unit real tangent vector satisfying
the complex equation (Z,§) = 0.
A function has phase bandwidth at most £ if, on every orbit w — €€, it is a trigonometric
polynomial with frequencies in [—/, ¢]. Its orbitwise mean is the constant coefficient of this
polynomial.

Theorem 4.2 (Uniform representing densities). There is a constant K, > 0, depending
only on the fized profiles f,b and Ry, with the following property. For every fired Doy >
max{1,2v/2Ry} there is an integer threshold Qo such that, for every integer Q > Qo and
every choice of the separated sets above, the recursion (4.2) has the following properties for
all 3 > 1:

1. W; is smooth and strictly positive, and W; do represents holomorphic evaluation at
zero. In particular it is a probability measure.

2. Under global phase rotation, W; has frequencies only between —{; and £;, and its mean
on every phase orbit is exactly one.

3. At every point of S,
coWj—1 < W; <2W; 4,
[ZWj| < K*\/;joa [ TW;| < K.k W;
for every unit horizontal vector Z.
The threshold Qo may also be enlarged to impose any fized lower threshold on the degrees k;.

We first prove the exact moment and frequency assertions; they hold before positivity
is known. The remainder of the theorem, including the order of choices of K, and @y, is
proved in the next subsection.

4.1 Exact moments and phase frequencies

Lemma 4.3 (Moment preservation). For every stage of (4.2), the phase bandwidth of W;
is at most {;, its orbitwise mean is one, and

/ p(&)W;(§) do(§) = p(0)  for every holomorphic polynomial p. (4.4)
S

Fach individual correction has zero integral against every such polynomial, including the
constant polynomial.

Proof. At stage zero the phase assertions are immediate. The polynomial identity for o
follows by global phase averaging: every nonconstant homogeneous holomorphic polynomial
has nonzero positive phase frequency.
Assume the assertions through stage j — 1, and write £ = k;. The central restriction has
a finite expansion
Sp(@) = Y Sp(s)e™?,  S,(0)=1.

8] <1
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Since b’ — b = f, the bracket in (4.2) is
N k .
3 5,(s) (b’ R Sb) ¢isf
k
S
All integers m = k + s are positive because /;_; < k. The patch and y are invariant under

global phase rotation, whereas 6 increases by the rotation angle. Hence the correction has
frequencies in

[]C —ej_l,k‘-l-éj_l] U [—k —gj_l,—k—i-ﬁj_l]. (4.5)

They omit zero. Multiplying by a function of y and extending by zero across the invariant
patch boundary do not alter these frequencies. The bandwidth of W; is thus at most
k+¢;_1 = {;, and its orbitwise mean remains one.

For the full moment calculation, use an adapted monomial 5?55, with nonnegative
integers n,l. If [ > 0, averaging in the transverse phase « gives zero. If | = n = 0, averaging
in @ gives zero because all m = k + s are positive. Suppose then that [ =0and n > 1. As b
is real, the correction is

2y/k R ' _ .
S (St £ e e9) (1 2)
S
Since & = e~™/ke? only the conjugate frequency with k + s = n can survive the

integration. Formula (3.7) gives exactly

Sy(n—k) [Ro _ n
nAL da:pi/ e ”y/k(b’—b)d
/uk‘pfl 7P L 0 L Yy

— R,
- Sp(”k £) e ()| " =o.
Here a coefficient outside the previous bandwidth is zero. The factor 2/k in surface measure
combines with the 1/2 from the real part to leave 1/k. Both endpoint terms vanish because
b(0) = b(Rp) = 0. The argument applies to every degree n, without a degree cutoff. Unitary
changes of coordinates preserve holomorphic polynomials, so each correction annihilates
every polynomial in the original coordinates. Adding the corrections proves (4.4) and
completes the induction. O

In particular, every W; has total integral one. What remains for Theorem 4.2 is to prove
that these exact representing densities are positive with the uniform derivative bounds. The
next estimates accomplish this with a single choice of (), independent of the number of
stages.

4.2 Uniform positivity and derivative estimates

We now prove the remaining assertions of Theorem 4.2. The main point is to choose one
derivative constant K, followed by one threshold for @), that works at every stage. A phase
derivative of the correction in (4.2) involves S;. We obtain a bound for this derivative from
the frequency support and the estimates already proved at earlier stages.

Lemma 4.4 (Growth along phase orbits). Suppose Q > 2, ki = @7, and the positive
functions Wy = 1, W1y, ..., W,, with n > 1, satisfy

C()Wj_l < Wj < 2Wj_1, ‘TW]'| < K*k}jo (1 <5< n)

12



Put 5
= —, B = logy R.

Co
For every p € S, the function Sp(0) = W, (e¥p) satisfies
S,(0 +u) < B R(1 4 knlul)?S,(6), lu| < . (4.6)
In particular, the constants in this bound are independent of Q,n,p.

Proof. Choose the largest 1 <[ < n such that kj|u| < 1, or put = 0 if no such index exists.
The comparisons between successive densities give

Wn (ei(9+u)p)
Wn (eiep)

VV[ (ei(0+u)p)

- Wi(eip)

When [ > 1, logarithmic differentiation and the phase derivative bound show that the last
ratio is at most exp(K,k;|u|) < ef+. For | = 0 it equals one. If [ = n, this already proves
the assertion. Otherwise the maximality of [, including the case [ = 0, gives

k:n|u| > Qn—l—l > 2n—l—1.
It follows that R"~! < R(1 + k|u|)?, proving (4.6). O

Lemma 4.5 (A weighted derivative bound). Fiz A > 1 and 5 > 0. Let ¢ > 1 be an integer,
and let s be a positive trigonometric polynomial of degree at most 2q. Suppose that

s(04u) < A(1 + qlul)®s(0) 0 eR, |ul <m).
There is a constant C(A, [3), independent of q, s, such that
|"(0)] < C(A, B)¢*s(0).

Proof. Choose a fixed smooth compactly supported function y : R — R which equals one
on [—2,2], and put
Kq(u) =" x(h/q)e™.
heZ
For normalized convolution on the circle, the frequency assumption implies s” = s x K/. We
claim that, for every positive integer N,

Ky ()| < Cna®(L+qlul)™™, Jul <, (4.7)

where Cy depends only on N, x.
Indeed the coefficients of K (’1’ are

an = —h*x(h/q) = ¢*g(h/q),  g(v) = —v’x(v).

There are O(g) nonzero coefficients, each of size O(q?), so direct summation gives |K//| < Cq®.
An N-th finite difference of aj, is an iterated integral of the N-th derivative of ¢>g(v/q),
and hence has size at most Cx¢>~". Only On(q) such differences can be nonzero, since
g is compactly supported and ¢ > 1. Their absolute sum is therefore at most Cng>~ V.
Multiplication of the Fourier series by (1 — e“‘)N produces these differences, up to an index
shift. Using |1 — ™| > 2|u|/7 on [—7, 7] gives the second estimate

[Kq (] < Cng® N ul™ (u#£0).

13



Combining it with the direct estimate proves (4.7).
Choose an integer N > 3 + 1. Positivity, the assumed growth bound, and (4.7) now give

SO < [ 50— i) 5

_y du
< ACNg"s(0) [ (14 qlul)* N

< C(4, B)q*s(9).
O

Combining these two lemmas with the bandwidth assertion of Lemma 4.3 gives the
following consequence. If the estimates of Theorem 4.2 hold through stage j — 1, then for
k = k; and the central function S, in (4.2),

Sl K18 _G

— — 4.
kS, — Q  K2S, — Q¥ (48)

where ' depends only on K, cg and the fixed cutoff x. It is independent of @, j, p. For
J > 2, apply the lemmas with ¢ = k;_1, noting that £;_; < 2k;_; the first inequality follows
directly from the phase derivative bound. For j = 1, both derivatives vanish because S, = 1.

We next estimate a single correction using only normalized bounds. This will allow us to
choose K, before requiring (4.8) to be small. All horizontal vectors Z below have Euclidean
length one. Enlarge a constant D > 1, depending only on Ry, so that on every patch at
every sufficiently large degree k,

Yy| < Dgr,  |YO|<Dgr/k, |Y(*)<Dr, Y=2ZNkorY=T/k (49

Here is a direct verification. With ¢ = (£, p), complex horizontality gives

Ze| < \J1—|e2 < \[2Ro/k,  |e| > e Ro/k,

Differentiate y = —klog|c| and 6 = arg ¢ to obtain the first two bounds for Z/v/k; the third
follows from the second. For T'/k, one has Yy = 0 and Y0 = 1/k. The fixed lower threshold
for k makes e~ fo/k > 1 /2. We also choose Dp large enough to bound the length of the
radial arc from ep to each patch point by Dr / Vk. In adapted coordinates this arc is

0

u — (e cosu, e sinu), 0 < u < arccos(e ¥/¥).

It has unit speed and is complex-horizontal. The length bound follows from 0 < y < Ry and
1—e vk <Ry /k. Fix this enlarged Dp throughout the rest of the proof.

Lemma 4.6 (Normalized correction estimate). Write
F=|fllsc: B=lblloo; Fi=Iflloc; Br=[tlo0-

On a degree-k patch suppose W;_1 >0, S, > 0, and

2y/k Sl Sl/
‘ Sp§7 leﬁ_lv 7‘2=|2p|§1-
W1 kS, k28,

For the correction Ajy in (4.2),
YAj,| <CoW,_1, Y =2Z/Vk orT/k, Cy = 2DR[A(F + B) + F1 + B1].

In particular, Cy is independent of K, Q, j, p.

14



Proof. Besides (4.9), use
Y (/)] < @Dp/k)e/, VS, < (Dr/RIS)l VS| < (Dr/k)ISL-
Differentiating (4.2) and taking absolute values gives
Y Ajp| < Dpe?/S, (1 +2/k)(F + Bry) + Fy + Byry + Fry + Bry).
Since k£ > 1, the assumed normalized bounds imply the stated estimate. ]

Completion of the proof of Theorem 4.2. Fix K, > 2C5/co. The constant C in (4.8) is now
fixed as well. We give a finite list of requirements on @), all independent of the induction
stage.

The horizontal derivative estimate at stage 7 — 1, integrated along the radial arc just
described, will imply

K Drva < S0 Kk.pa/va (4.10)
j—1

Indeed the logarithmic derivative along a unit horizontal arc is at most K,./kj_1, and the
arc length is at most Dp/+/k;. At the initial stage the ratio is exactly one. Since k; > @Q,
put

H(Q) = exp (K*DR/\/@JF 2R0/Q) :

Choose a threshold )y such that every integer QQ > Qo satisfies all earlier degree and
patch requirements, and also

Q>2, HQ<2 KJ/Q<1, C1/@*°<1, Q'?<c/2,

(4.11)
H(Q)(F + BK./Q) < 1— 2.

These conditions are compatible: H(Q) — 1 and F =1 —4c¢y < 1 — 2¢p.

We now fix any integer ) > Qo and induct on j. Assume the claimed estimates through
stage 7 — 1; at j = 1 the preceding density is the constant one. Equation (4.8), obtained
from earlier stages only, and the horizontal comparison (4.10) establish the normalized
hypotheses of Lemma 4.6. Moreover,

|Ajpl < e/FS,(F + Bry) < HQ)(F + BK,/Q)Wj1 < (1= 2co)Wj_1.
At any point at most one patch correction is nonzero. Hence
2c0Wi—1 < W; < (2 = 2¢0)Wj—1,

which proves positivity and the required multiplicative comparison.

For Y = Z/\/k;, the previous derivative bound gives |[YW;_;| < (K./v/Q)W,_1. For
Y =T/kj, it gives the smaller coefficient K, /Q. Together with Lemma 4.6, (4.11), and the
choice of K, these yield

YW;| < (Co + Ko /vVQ)Wj—1 < KucoWj—1 < K.Wj.

Outside the patches the correction vanishes. Its smooth zero extension at their boundaries
gives the same estimate there. Multiplying by /k; or k; proves the two derivative bounds
and completes the induction.

Lemma 4.3 supplies the exact moments, rotation mean and bandwidth independently of
these inequalities. In particular [ W; do = 1; positivity therefore makes W; do a probability
measure. O
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We emphasize the order of the choices. The normalized correction constant Cy depends
only on the fixed patch data. It determines K,; this in turn determines C7; finally Qg is
chosen. No lower bound for W} uniform in j is required. The positive comparison at each
stage suffices for logarithmic differentiation, and all later integral estimates will use the
probability normalization.

5 Regularized logarithmic tests

Keep the profile parameters a, «, s1, f, b, Ry from Lemma 3.4. We shall construct a smooth
plurisubharmonic function at each degree whose average against its representing density
is uniformly negative. The same negative bound will hold against all later densities. The
estimates are uniform for all sufficiently large integers @, so the final value of @) can be
chosen after the regularization and spacing parameters.

A positive measure representing holomorphic evaluation need not satisfy the logarithmic
inequality log |f(0)| < [qlog|f|du for every holomorphic f continuous on the closed ball.
Hedenmalm gives an explicit example of this distinction between representing and Jensen
measures [8, Theorem 3.7]. Here we need smooth logarithmic tests and negative bounds
that persist through all later density corrections. We prove these properties directly for the
densities of Theorem 4.2.

Fix a constant Cp in the bound | Py (2)| < Cp|z|* of Lemma 3.2.

For € > 0, define

11— av|? + €

F€(’U):10g 1+e2

y Uk(z) = Fe(Pk(Z)) (5.1)
In particular F,(0) = Ui (0) = 0. The function Uy, is smooth and plurisubharmonic on C2,
since

a’e?
(11 —aPg? + 62)2(

For fixed € and A < oo, all real derivatives of F, of any fixed order are bounded on |v| < A.
The mean-value estimate also gives

(Uk)i; = Pr)i(Pg);- (5.2)

[Fe(v)] < Cealv]  (Jo] < A). (5.3)
All subsequent regularization constants may depend on the fixed e.

Lemma 5.1 (Exact averaging). Let k = kj = Q7, where Q satisfies the hypotheses of
Theorem 4.2. For 0 <r <1,

/S Un(r&)W; () do = /S U (r€) da+§pj /M Up(r€)e2/* £ (y) cos(k) do.  (5.4)

Proof. Under the global phase rotation ¢ — ¢™¢, homogeneity gives Py (e™¢) = e'* P, (€).
Thus Uk (r€) has only phase frequencies in kZ. By Lemma 4.3, the phase bandwidth of
W1 is ;1 < k and its constant coefficient on each orbit is one. Averaging the product
over the phase therefore gives

/Uk(Tf)Wj_l(ﬁ)dO':/Uk(Tf)dU.
S S

Each patch is phase-invariant. Its radial variable y is fixed under rotation, while # and
7 both increase by w. Write the central restriction as S,(0) = W;_1(e"p) = 3, Sp(s)ei?.
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In the patch increment of (4.2), the frequencies are +(k + s) with |s| < ¢;_; < k. Pairing
with a frequency in kZ is possible only for s = 0. Since §p(0) =1 and S}, has zero constant
coefficient, the surviving part of the increment is exactly e?¥/* f(y) cos(k#). Integrating this
phase average proves (5.4). ]

The next estimate chooses the regularization before the spacing. This order matters:
the single-peak approximation will be applied to a fixed smooth logarithm, and its error can
then be made small by increasing Dy.

Proposition 5.2 (Negative averages at one scale). There exist € > 0, n € (0,1/2) and
D, > 1, depending only on the fixed profile data, with the following property. For every
Do > D, there are k, > 0 and dy > 0 such that, for every integer Q) satisfying the density
theorem and @ > ki,

LUy GOWi©dr < ~dy (21 1-p<b <), (55)
S

The constants ks, do may depend on Dqy, but are independent of j and of further increases in
Q.

Proof. Put
A = 2s1(cosha — 1) — a? > 0.

We first compute the integral for a single peak:

Ro r2m |1 — ape Vel |2 4 €2 at’
I(p) = 1 1 t') —dy. 5.6
«(p) /0 /0 og T a 1+ fly)cost)) 5 —dy (5.6)
At p =1, the unregularized logarithm has only one singularity, at (y,t') = (a,0) modulo 27.
Near that point, ‘

|1 _ eafy%»zt ’2 — (y _ Oé)2 + (t/)2'

Its logarithm is locally integrable. For 0 < e < 1, the regularized logarithm is bounded
above uniformly, and its negative part is bounded by the negative part of the unregularized
logarithm plus log 2. Dominated convergence therefore applies in (5.6).

For ¢ < 1, the mean and cosine moment of log |1 — ge’' |2 are 0 and —¢, respectively,
by the logarithm series. For ¢ > 1, factoring out ¢? gives mean 2log g and cosine moment
—q~!. Using the cancellation fORO e Yf(y) dy = 0, we obtain

«a Ry
(1) =a? — /0 Ferady— [ fy)eevdy

a2+ [ e — e o)y
0
=a? —2s1(cosha — 1) = —A. (5.7)

The last equality uses f = —s; on [0, a.

We now compare this model with (5.4). For k = k; put p = r®, so homogeneity gives
Uk(r§) = Fe(pPr(§)). Off the patches, |aP;| < 1/2 by Lemma 3.4. If v = pP;(£), 0 < p <1,
and s = |1 — av|?, then 1/4 < s < 9/4 and

F.(v) —log|l — av|® = log(1 + €%/s) — log(1 + €%).
The derivative in s of the first term has magnitude at most 16¢2, and |s — 1| < C|v|. Hence

|[Fe(v) = log [1 — avf*| < C€*| Py(€)]-
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The off-patch set is phase-invariant, and the phase mean of the unregularized logarithm is
zero. By the L' estimate of Lemma 3.2, its total contribution is thus at most
N,
Coe® =~ (5.8)
k
Here Cyg is independent of Dy, k, p and 0 < e < 1.
On a patch, the measure formula of Lemma 3.3 writes the combined contribution as

Ro
P L PR 4 o) cos(h) G5

For fixed €, Ry, replace Py(£) by e ¥e*? using the single-peak estimate, and replace e~2¥/*
by one. The bounded derivative of F, and the bound |e=2¥/* — 1| < 2Ry/k show that the
result differs from (2/k)I.(p) by at most

%0671%0 (e—c(Do—\/m)2 + ]1) . (5.9)

All constants are uniform over patches and 0 < p < 1. The change from k6 to t' in the
angular average is exact, as k is an integer.
Choose € € (0, 1] so small that

IIL(1)+A] <A/8,  Coge® <A/S.

By continuity of (5.6) in p, choose n € (0,1/2) such that I.(p) < -3A/4for 1 —n<p <1
Next choose D, large enough for patch disjointness and for the first error in (5.9) to be
at most A/16 inside its factor 2/k. For each Dy > D, take k. large enough for all the
geometric estimates and for the remaining error inside this factor to be at most A/16.
Summing the patches and adding (5.8) gives, in particular,

A Ny, A

do< -2k < =
/SUk(rg)Wjda_ 5% <3

Thus dy = A/(2D3) is a valid choice. O

Lemma 5.3 (Negative averages against later densities). Fiz €,n, Do, ks, ds as in Proposi-
tion 5.2, and put ds = do/2. There is a threshold Q. such that, for every integer Q > Q,
the densities satisfy

/SU;C].(TQWN(Q dr<—d3 (N>j>1, 1-n<rhi<1). (5.10)

Proof. Include the density and degree thresholds in @, and require () > 4. By Lemma 4.3,
the increment W, — W,_1 has frequencies within ¢,_; of +k,. Since ¢,_1 < 2k,_1, each
such frequency has absolute value at least (@ —2)k,—1. Summing the increments with v > j
shows that every frequency in Wy — W; has absolute value at least (Q — 2)k;.

For fixed &, r, write the logarithmic profile as

|1 _ Aeit’|2 + €2
1+ €2

V(t') =log ; A=ar’ P, (8).

The uniform polynomial bound gives |A| < aCp. Differentiating the logarithm shows that

2aC 4a2C?
P + p.

" —
||V HOO S BE T 62 4

€
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Two integrations by parts bound its mth Fourier coefficient by B./m? for m # 0. To track
these coefficients as functions of £, define

—imt’ ditl

2 »
cnl© = [ BB "o

Homogeneity and a change of variable give ¢, (e/“¢) = e™Fi%c,, (€). Thus ¢, has global
phase frequency mk;, and Uy, (r§) = >_,,cz cm(§). The coefficient bound makes this series
uniformly convergent. Its truncation to |m| < @ — 3 has uniform error at most 2B./(Q — 3)
and only frequencies of absolute value less than (Q) — 2)k;. Phase averaging therefore makes
its integral against W — W vanish. Both densities are positive probabilities by Theorem 4.2;
hence [|[Wx — Wj| 115 < 2. Tt follows that

4B,
Q-3
Choose Q) so that this is at most da/2, and apply (5.5). O

[ Uk, (re) (W = W) do| <

6 The controlled base potential

We now sum the logarithmic tests to prove Proposition 2.1. Fix parameters and an integer
@ for which Theorem 4.2 and Lemma 5.3 hold, and write k; = Q7. For a finite amplitude
L >0, set

6(x) = v(z) + LS Ui, (2). (6.1)
j=1

We first justify this definition. We then choose L to exclude the required pluriharmonic
minorant, and finally prove the uniform chart estimates needed by the metric construction.

Lemma 6.1 (Smooth convergence). For every finite L > 0, the series in (6.1) converges
locally in C*°(B). Its sum is smooth, satisfies ¢(0) =0, and has complex Hessian h > I.

Proof. Fix 0 < ry <r; < 1. Around each point of |z| < rp, the complex polydisk of radius
(11 —70)/(2V/2) lies in |z| < 71. Cauchy estimates there, together with Lemma 3.2, give

sup [D™ Py(2)| < Conyro,n 1

|z|<ro

for every fixed derivative order m. Here and below D" denotes any real partial derivative
of total order m. The values of P remain in a fixed bounded disk. Every positive-order
derivative of F.(Py) is a sum of products containing at least one positive-order derivative
of Py or its conjugate. The bounded derivatives of F. therefore give the same exponential
estimate for D™Uj. For m = 0, use (5.3). Since > T(f?] < 00, the series converges in every
local C™ norm.

Each summand vanishes at zero and is plurisubharmonic by (5.2). Termwise differentia-
tion is justified by the local C? convergence, and hence

00¢ =TI+ LY 00U, > 1.
J
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Lemma 6.2 (Absence of a pluriharmonic minorant). If

51
L 2leQ (6.2)
ds
there are no H € O(B) and Cy € R satisfying (2.4).
Proof. Put
ry=1— L. (6.3)
kn

For every j < N, Bernoulli’s inequality gives
kA
k; n A\ k;
= (1-L) >1-pL>1-9.
R ( kN) = Ty T
Thus all of the first N modes satisfy the hypothesis of (5.10) at this same radius. For
7 =N+ m > N, on the other hand,

Tf\? < e Mki/kN — o—nQ™
By the uniform polynomial bound and (5.3),
> sup Uy, (ry€)| < Ce Y e7"9" =: Chayt < 00, (6.4)
J>N §eS m>1

independently of N. Because Wy is a positive probability, the same bound controls the
weighted tail, without requiring a uniform pointwise bound on Wiy.
The base potential contributes only one logarithm:

¥(rn€) = —log(1 —r}y) < log 7—— = log(kn /7).
Combining this with (5.10) and (6.4) yields
/ <¢(m§) +4log ) Wy do
S I—rNn
<5log(kn/n) + L(—dsN + Ctail)
= N(5log@ — Lds) + 5log(1/n) + LCai1 —> —o0. (6.5)

By Theorem 4.2, the measures uy = Wy do are positive representing probabilities.
Apply Lemma 3.1 to these measures, the radii ry, and the continuous function u(z) =
¢(z) +4log(1/(1 — |z|)). The limit (6.5) is exactly its hypothesis, so the required minorant
cannot exist. O

It remains to control the metric jets as the chart centers approach the boundary. The
value of ¢ need not be bounded. For its derivatives, the low degrees become almost constant
in a centered chart, while the high degrees are exponentially small.

Lemma 6.3 (Uniform chart estimates). For every fized finite L > 0, the potential (6.1) has
uniformly bounded positive-order derivatives through order four at the origins of all centered
ball charts. Consequently its complex Hessian satisfies (2.2) and (2.3), with ¢ =1 and a
finite constant C'.

Proof. After a unitary change of coordinates, put the center at (r,0), where 0 <r < 1, and
let 6 =1 —r. Rotating Py preserves its degree and its uniform homogeneous bound. Use

the chart 7). of (2.1), on the fixed complex polydisk
1
D, ={|Gi] < p, G| <p}, P= 16
The denominators in T, have modulus at least 1 — p. We estimate the polynomial in the
two ranges of kd.
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High degrees: k0 > 1. The ball automorphism identity gives, on D,,

o (M=r?)(A—|¢f) _ 127
1_|Tr( )’ - |1+"'C1|2 2 (1—1-,0)2

It follows that 1 — |T;.(¢)| > ¢d, with a fixed ¢ > 0. Thus
|Pu(T3(¢))] < Cpe ™.

Cauchy estimates in this fixed polydisk bound every fixed-order holomorphic derivative at
zero, including order zero, by C,e %0,

Low degrees: kd < 1. Consider the polydisk in the original coordinates

It may extend outside the ball, but P is an entire homogeneous polynomial. The bound of
Lemma 3.2 therefore holds there as well. In fact

22 < (A +1/E)? +1/k <14+4/k,  |Pu(2)| < Cp(1+2/k)F < Cpe?.
Cauchy estimates on the concentric half-polydisk give
01P,| < Ck,  |8:P] < CVk.

Meanwhile the chart displacements satisfy
2p V2p
THO) —r| < =5 T2(¢)] < —=V6.
THQ) =1l < Tob [TO) < 725V

Both numerical coefficients are less than 1/2. As 6 < 1/k, the chart image lies in the
half-polydisk just used. Integrating the gradient along the straight segment from (r,0) to

T,(C) gives
|P(T3(C)) — Pi(r,0)] < C(k + Vk3) < 2CVE.

This segment stays in the half-polydisk by convexity. Apply Cauchy estimates on D, to the
holomorphic difference Py o T, — Pi(r,0). Every positive-order derivative at zero is bounded
by Cr,V'kd. We make no such assertion for the zeroth-order value in this range.

Composition and summation. In both ranges the values of P, o T, stay in a fixed
bounded disk. Each positive-order real derivative of Uy o T, = F.(Py o T},) is a sum of
products containing differentiated factors of Py o T, or its conjugate. For 1 < m < 4, the
preceding bounds and the smooth composition estimate give

Vké, ké<1,

6.6
e~k k> 1. (6.6)

| D™ (Uy o T;-)(0)| < Cem {

Indeed every term contains at least one differentiated factor, and a product of several factors
obeys the same bound because the displayed scale factor is at most one. This proves the
estimate for all real derivatives, hence for all pure and mixed complex derivatives of these
orders.
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Let J be the largest index with Q7§ < 1, or put J = 0 if there is no such index. The
low-degree contribution is bounded by the geometric sum

Z\/Qj5< Q 1_0-1/2°

i<J

For the remaining degrees, the first value of Q7§ exceeds one, so

Z e @79 < Z e Q" < .

i>J m>0

Both bounds are uniform in the chart center. Termwise differentiation is legitimate by
Lemma 6.1. Multiplication by the fixed amplitude L preserves these bounds.
Finally, the base potential transforms as

Yo T, =—log(l—|¢|%) —log(1l—r?)+log|l + 71|

Its positive-order derivatives through order four at zero are uniformly bounded. The last
term is pluriharmonic, so the complex Hessian of ¢ o T;. is exactly the standard ball Hessian
in these coordinates. The derivatives of ¢poT;. needed for the pulled-back Hessian components
and their first and second derivatives have orders two, three and four. The bounds just
proved, together with A > I from Lemma 6.1, establish the assertion. O

Proof of Proposition 2.1. Choose a,a, s1, f,b, Ry as in Lemma 3.4. Proposition 5.2 first
chooses €, and then permits any sufficiently large spacing Dy. Fix such a Dy and its
degree threshold k., and fix d3 = d2/2 > 0. The density theorem holds for every @ above a
threshold depending only on the fixed patch data and spacing. Its derivative constant K is
fixed before that threshold is chosen. We may therefore choose one integer @) satisfying the
density threshold, @) > k,, and the Fourier-error threshold of Lemma 5.3.

Now fix a finite amplitude L satisfying (6.2). Lemma 6.1 constructs the smooth potential
with A > I; Lemma 6.2 proves the required obstruction; and Lemma 6.3 supplies its finite
uniform chart bounds. The chart constant is allowed to depend on these fixed choices,
including L. The metric parameter X\ in Proposition 2.2 is chosen only afterward from these
bounds, so none of the choices above depends on A. ]

7 The global Hartogs metric

We now turn to Proposition 2.2. In this section we prove all its global geometric assertions.
The real sectional-curvature bounds will follow from the calculation in Section 8 and the
estimates in Section 9.

The potential specializes Calabi’s construction on a Hermitian line bundle [2, Section 3.
We verify its positivity, smoothness, and completeness directly, including at the zero section.

Lemma 7.1. Let ¢ be a smooth real plurisubharmonic function on B, and let A > 0. The
domain My in (2.5) is contractible, and the complex Hessian of Ky = M — log(1 — e?|w|?)
defines a smooth geodesically complete Kihler metric g =2Reg on My. Moreover, Ky is a
smooth strictly plurisubharmonic exhaustion of M.

Proof. The domain and a smooth positive metric. The function t = e®|w|? is smooth on
B x C, so My = {t < 1} is open in C3. The map

(z,w) —> (z,e?3)/2)
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is a smooth real diffeomorphism from My to B x D, where D = {u € C: |u| < 1}. Its inverse
is (z,u) = (z,e”?3)/2y). Thus My is contractible; no holomorphic trivialization is needed
for this conclusion.
The potential Ky is smooth at every point of My, including its zero section. Write
= t
h = 00¢, T=Tp G =M + zh, ¥ = dw + woo.
The base covectors together with ¥ form a global smooth complex coframe. Differentiating

the potential gives
1)
e —
=G+ ——=9R9. 7.1
g (1 — t)2 ( )

For a complex tangent vector u = (u;, u,,) this means

g(u,u) = Gluz,u,) + | + w(?qb(uz)]Q.

1—t?
Since h > 0, the first term controls every nonzero horizontal projection through G > \I;
when u, = 0, the second term is positive unless u,, = 0. Thus g is positive definite. At the
zero section its matrix is particularly simple:

a0y = M(2) + P dw @ dw. (7.2)

The mixed blocks vanish. Being a positive complex Hessian of a smooth real potential, g
defines the stated Kéhler metric.

Away from the zero section one can write s = logt and ¢ = z(1 + z) = t/(1 — t)%. Then
O0s = 9/w, so (7.1) also reads

g=M +zh+qds® Js. (7.3)

We will use this expression for the curvature computation. Formula (7.1), rather than the
coordinate s, defines the metric across w = 0.
Two functions with bounded gradient. For a real smooth function f, the convention
g = 2Reg gives
IVfl5=2l0f% . (7.4)

Indeed, for a real vector X with (1,0) part u, (X, X) = 2g(u,u) and df (X) = 2Redf(u),
and the identity follows by taking dual norms.
Globally on Mg,

(z) —
e®w
d|—log(l —1t)] = 9.
[~ log(1 — )] = =2
In the coframe of (7.1), the Hermitian metric is block diagonal. Therefore
Pw/(1—t)[?
9[—log(1 — ||* :|€—:t.
| [ Og( )”g—l ed)/(l _ t)2

This calculation includes w = 0, where both sides are zero. For the base potential, direct
inversion of its complex Hessian gives

[0¢17-1 = |2,
The covector 0v has only base components in the same coframe, and G > AI. Combining
these facts with (7.4) yields
22
A

[V[—log(1 —t)]|2 =2t < 2, V|2 < <. (7.5)

> o

23



Compact containment of metric balls. Fix p € My and a finite radius R > 0. Integrating
(7.5) along arbitrary piecewise smooth paths and taking the infimum of their lengths shows
that dy(p,q) < R implies

—log(1 —#(q)) < ar = —log(1 —t(p)) + V2R,  ¢(q) <br:=1v(p) +/2/AR.
This argument does not require a minimizing geodesic. Set

TR=1—e"% <1, pr=V1—ebr <1,

Every such ¢ = (z,w) satisfies t(¢) < 7 and |z| < pr. Let mp be the minimum of ¢ on the
compact base ball {|z| < pr}. Then

lw|? = e~ ?@i(q) < e Erp.
Consequently the metric ball is contained in
Kr={(z,w): |z < pr, e?P|w|* < g} (7.6)

This set is closed and bounded in C?, hence compact, and the strict bounds pr < 1 and 7 < 1
place it entirely inside M. In particular, a bounded-length curve cannot escape through
the base boundary, through a fiber boundary, or through unbounded fiber coordinates. The
zero section is an interior locus with the smooth positive metric (7.2).

The same compact-containment argument applies to sublevel sets of K. Both 1 and
—log(1 — t) are nonnegative, so Ky < R implies ) < R/\ and —log(l —t) < R. These
bounds place the sublevel set in a compact set of the form (7.6); the sublevel set is closed
there, hence compact. Positivity of its complex Hessian was proved above, so ICy is a strictly
plurisubharmonic exhaustion.

Geodesic completeness. Suppose a unit-speed geodesic has a finite maximal forward
time T'. Its image lies in the compact set K. On this set the smooth positive metric has a
uniform positive Euclidean lower bound, so the geodesic’s Euclidean velocity is bounded.
The Christoffel symbols are also bounded on K7, and the geodesic equation then bounds
its Euclidean acceleration. Both position and velocity have limits as time tends to T', with
limiting position in K7 C M. Local existence for the smooth geodesic equation extends
the geodesic beyond T, a contradiction. The same argument in reverse time proves geodesic
completeness. ]

The hypotheses of Proposition 2.2 imply A > ¢I > 0, so Lemma 7.1 applies for every
A > 0 under consideration. It remains to choose A large enough for the two uniform
real-sectional bounds. We do this in the next two sections, keeping the convention g = 2Reg
throughout.

8 Curvature on real two-planes

We retain the base potential and Hartogs metric of Proposition 2.2. Section 9 will prove the
two uniform sectional-curvature bounds. Here we compute the full curvature tensor and
reduce its value on an arbitrary real two-plane to a scalar expression. In particular, the
calculation includes real planes that are not complex lines.

Throughout this section, constants in tensor estimates depend only on the uniform
centered-chart bounds for h = ((bi;) in Proposition 2.2; the base dimension is two. We take
A > 1. The base form remains I = (¢;7), with ¢ = —log(1 — |2]2).
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8.1 A pointwise holomorphic gauge and the tensor blocks

Fix a point with w # 0, choose centered ball coordinates at its base point, and choose a
local branch of logw. Put

s =1logt = ¢+ logw + logw, T=—, q=z(1+x).

In these coordinates the centered base point is zero. Remove the first and pure second
derivatives of the weight by the holomorphic fiber change

P(z) = Z $i(0)z; + %Z¢ik(0)zizk, v =logw + P(z).
i i,k

More precisely, s =v + v + gg, where 5 = ¢ — P — P. At the point under consideration,
$; = 8; =0, Sy =S5 =1, ;5 = hﬁ. (8.1)

All higher derivatives of s involving a vertical index vanish. Subtracting P + P changes
neither h nor its component derivatives in the centered base coordinates.
The metric at the point consequently has blocks

G= (G 0), G = A + ah.

At the center, I is the identity matrix. Normalize the vertical vector to ¢—/28, and denote
its index by 0. Horizontal indices i, j, k, [ range over 1,2. In this pointwise frame the metric
is G + V, where V' is the Hermitian form whose only nonzero entry is V;;5 = 1. Horizontal
forms are extended by zero on the vertical direction. For any Hermitian form P, define

(SP)abed = LapPed + Padlep: (8.2)
Our complex curvature components use the convention
RchJ = _ICaCEJ + -/g\pé]CaCéICszi' (83)

Repeated indices in this formula are summed over all coordinates; repeated horizontal
indices below are summed over 1,2. The inverse coefficients satisfy >, §pé§p3 = 0¢j, S0 their
numerical array is the transpose of the ordinary inverse of the displayed metric matrix. We
relate (8.3) to real sectional curvature below, with the fixed convention g = 2Reg.

Proposition 8.1. In the frame just described, define the horizontal Hermitian form
D = (1+2z)h — ¢hG 'h.
The full curvature tensor is
R=-\S;—qSp, — Sv — (Spsv — Sp — Sy) + Ty + T3, (8.4)

where T has exactly j horizontal indices. Its nonzero components, up to the Kdhler
symmetries and conjugation, are

L - 2wpey -
(Ta) gt = —@hij 7 + 2°G " hie khys 1

(T3) k0 = Va(—hij g, + £GPhic khy5).
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Measured by the Fuclidean component norms in this frame, uniformly for A > 1,
T4l < Cam,  ||T5]| < Cs/4q. (8.7)

If \ is at least the uniform upper bound for the eigenvalues of h at centered-chart origins,
then
(14 2x)h <D < (14 2x)h. (8.8)

Proof. Write F(s) = —log(1l — e®). Direct differentiation gives
F' =z, F" =g, F" = q(1+ 2z), F"' = q(1+ 6z + 622).

The centered-chart expression for ¢ differs from —log(1 — |2|?) by a pluriharmonic function
and a constant. Its derivatives of type (2, 1) therefore vanish at the center, and its derivatives
of type (2,2) are Sj.

For brevity in the derivative tables, put

Az‘kj = hz‘j,ka Bikﬂ = hz‘j,kz’-

Before normalizing the vertical vector, the only possibly nonzero third derivatives of type
(2,1), up to symmetry, are

Kik; = v Ak Ki; = ahs, Koos = q(1 + 22). (8.9)
The fourth derivatives of type (2,2), up to symmetry and conjugation, are
Kirgi = A0S0 511 + Bz + a(Sh) 540
2 ; Z Zéﬂj—;x)hu (8.10)

jv R

’Cvm—,f, = q(l + 6x + 6.2172)

ikjv

To check that these lists are complete, apply the chain rule to F(s) and use (8.1). In the
four-horizontal derivative, the two pairings of mixed second derivatives of s give ¢Sy; the
third pairing contains siks37 = 0. All other terms contain a vanished first or pure second
horizontal derivative. In particular, ;. = ICm;j =0, Kirzz = 0, and the fourth derivatives
with one horizontal and three vertical indices vanish. No vanishing of pure third horizontal
derivatives is needed.

Substitution into (8.3) gives (8.5) and (8.6). For clarity, all remaining curvature types

in the normalized frame are
Rigo = —(1+2z)h; + Q(hG_lh)ij =—D;, (8.11)
Ri(‘)kﬁ =0, Rz’()oﬁ =0, Rof)oﬁ = —2.

The last identity follows because its unnormalized value is
—q(1 + 6z + 627) + q(1 + 27)? = —2¢?,

and the four vertical normalization factors multiply to ¢—2. The tensors Sy and Spiy —
Sp — Sy give precisely the vertical and balanced two-horizontal blocks in (8.11). The Kéhler
symmetries and conjugation now account for every component, proving (8.4).

The lower bound h > cI implies

1

Gl <

2l <<
C
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The assumed component-derivative bounds for h, applied to (8.5) and (8.6), prove (8.7)
with constants independent of A > 1 and x > 0.

Finally, G = AI + xh commutes with h at the center. On an eigendirection of A with
eigenvalue d, the ratio of D to h is

(1 +z)d

1+ 22 —
T T ad

The subtracted fraction is nonnegative, and it is at most x when A > d. This proves
(8.8). O

Although the logarithmic fiber coordinate was used only for w # 0, the tensor at the
zero section can be checked directly in regular coordinates. A holomorphic fiber change
W = eP(@+ay with constant a and a polynomial of degree at most two, makes the new
weight have value zero and vanishing first and pure second derivatives at the base point. Its
mixed Hessian remains h. Through total degree four, the terms relevant to the curvature are

1
2 - 4
M)+ [W] (1 + z]: hﬁzizj) + W
At the origin the metric is diag(Al,1), all relevant third derivatives vanish, and direct
differentiation gives

R = —A(S1) i3m0 Ri500 = —h Rooo = —2, (8.12)

ij
with all other types zero. In the original fiber coordinate the normalized vertical vector is
e~%/29,,. Thus the formulas above hold at the zero section as well by setting z = ¢ = 0,
G =M, D =h,and T3 = Ty = 0, and using this regular normalized vertical vector.

8.2 Real curvature and Gram determinants

Let Uy, Uz be real linearly independent tangent vectors and let uj, ug be their (1,0) parts,
so U; = uj + uj. For a Hermitian form P, linear in its first argument, define

ap = P(uy,u1)P(us, us) — (Re P(u1, u))?,

8.13
bp = Im P(u1,us9), mp = ap+y —ap —ay when P is horizontal. ( )

Thus ap is the determinant of the real Gram matrix for Re P, bp is the imaginary Hermitian
pairing, and mp is the cross term in that determinant after adding V. For the metric form g,
the real squared area is 4a§ because g = 2Reg. For a tensor T with the Kéhler symmetries,
also put

Hr = Tuyayusue — Re Ty aguyao-

Here contraction with complex vectors has its usual multilinear meaning. These definitions
allow the horizontal or vertical projection of the real plane to be degenerate.

Lemma 8.2. For the metric convention g = 2Reg and the curvature convention (8.3),

M

2a~
g

Ky(spang{Ui,Us}) = (8.14)

Define the matriz o o
29 — ydub — udub. (8.15)



For every tensor T with the Kdhler symmetries and Hermitian conjugation symmetry,

1

Hr = —§TaECJE“EE“i. (8.16)

For every Hermitian form P,
Hs, = ap + 3b%. (8.17)

Proof. The real squared area of the pair is 4a;, because 9(U;,Uj) = 2Reg(uj,uj). In
particular ag > 0 for a real linearly independent pair. Write

A = Ruyaluzﬂgu B = Ruﬂ]QuﬂIQ'
The Kéhler symmetries in the expansion on U; = u; + u; give the real numerator
RR(U,,Uy,Uy,U)) =A— B — B+ A=2Hg.

Division by the real squared area proves (8.14). Expanding the right-hand side of (8.16)
gives the same expression A — Re B for T. Finally, if cp = P(uj,u2), direct contraction of
(8.2) gives

Hs, = P(uy,u1)P(ug, us) + |cp|® — 2Re(ch) = ap + 3b%.

O

For example, the disk potential —log(1 — |w|?) has normalized complex curvature
component —2 by (8.11). Taking ug = iu; in (8.14) gives real sectional curvature —2. This
fixes the normalization also on complex lines.

Lemma 8.3. For a positive semidefinite Hermitian form P, ap > b%. For the vertical form
V one has ay = b%/. If P is horizontal and positive semidefinite, mp is nonnegative, linear
and monotone in P, and

mp > 2\/apay. (8.18)

When apay > 0, equality in (8.18) holds exactly when the two real Gram matrices of the
pair for P and V are proportional.

Proof. Complex Cauchy-Schwarz gives P(u1,u)P(uz2,u2) > |P(u1,u2)|?, proving ap > b%.
Equality holds for V' because its complex rank is one. Let A and B be the two-by-two real
Gram matrices with entries Re P(u;,uj) and Re V' (u;, u;), respectively. Then

ap =det 4, ay = det B, mp = tr(adj(A)B).

For positive definite A, put ¢ = A~Y2BA~1/2. The last expression equals (det A) tr C,
whereas /apay = (det A)vdetC. The inequality trC > 2v/det C' proves (8.18), and
continuity gives the semidefinite case. If both determinants are positive, equality means that
C is a scalar matrix, which is exactly the claimed proportionality. The displayed formula
for mp is linear in the entries of P. Its nonnegativity for positive semidefinite P then also
proves monotonicity. [

8.3 Error terms and the curvature numerator

Decompose u; = (uj g, uj0) in the pointwise frame. Write Zg g for the horizontal two-by-
two block of = and Sy for its horizontal-to-vertical column. The other mixed block is the
negative conjugate transpose of this column. Write =3 for the matrix consisting of both
mixed blocks, with all other entries zero. All norms of these blocks below are Euclidean
Frobenius norms.
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Direct expansion of (8.15) gives

1Ennl® = 2(as +b7) < 4ay, (8.19)
||EH6H2 =my + 2b[bv, ||EmixH2 = 2(m1 + 2b1bv) S 4m[. i

For the second identity, explicitly expand |lu; gtzo — ug, Hu1,0||2. The last inequality follows
from |bsby| < \/aray < my/2, by Lemma 8.3.

Lemma 8.4. For every real linearly independent tangent pair,

|Hr,| < Czay, |Hr,| < Cyag+/armr. (8.20)
More explicitly, the three-horizontal error satisfies
M| < CValIEra| [|Emixl- (8.21)

Proof. In (8.16), the tensor T pairs two horizontal blocks of Z. The tensor T3 pairs one
horizontal block and one mixed block, since it has exactly three horizontal indices. Cauchy—
Schwarz and (8.7) give (8.21) and |Hr,| < Cx||Zxg||?>. Now use (8.19). These estimates
remain valid when one of the projected real areas vanishes. O

We can now express the entire real curvature numerator. By (8.17) and ay = b7,
HSV = 4CLV, HSD_,_V*SD73V =mp + 6bDbV
Consequently (8.4) gives

~Hr = May + 3b7) + q(ap, + 3b3) + 4ay +mp + 6bpby

(8.22)
— Hr, — Hr,.

Its denominator in (8.14) is positive for every real two-plane. It remains to prove that (8.22)
is uniformly positive relative to that denominator for sufficiently large fixed A, and that
the quotient is also uniformly bounded above. The mixed term 6bpby, can have either sign;
Section 9 treats it together with the possible degeneration of the projected planes.

9 Uniform pinching on real two-planes

We now prove the curvature bounds in Proposition 2.2. The identity of Section 8 reduces
the problem to finite-dimensional algebra. The limiting main expression is nonnegative, but
it can vanish on certain real planes. We identify those planes and show that the error with
three horizontal indices vanishes to the additional order needed there.

Throughout this section, horizontal forms are extended by zero on the vertical factor
of C2 @ C. We retain I,V, Sp,ap,bp, mp,= from Section 8. Unless otherwise indicated,
constants depend only on the fixed bounds ¢/ < h < C1T and the component bounds for the
error tensors.

9.1 The mixed real-plane algebra

The leading expression below can vanish even when both projections of the real plane are
nonzero. For an explicit algebraic model, take h = I, E = 2I, and uj = (e1, 1), ug = (ie1, —1),
where e; = (1,0) € C2. Direct substitution gives

ah+3()i+4av+mE+6bEbv=4+4+4*12:0, Emix = 0.

The horizontal and vertical projections have opposite complex orientations. The next lemma
proves nonnegativity for all planes in the stated range of E and shows that every zero has
this mixed-block vanishing.
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Lemma 9.1. Let h be a positive definite horizontal Hermitian form, let E be another
horizontal Hermitian form with E > h, and let ui,us be real-linearly independent vectors in
C? @ C. Define

Py(E) = ay, + 3b7 + day + mp + 6bgby.

If apay = 0, then P,(E) > 0. If apay > 0, put 7 = |by|/\/a,. For every real 5 such that

Py(E) > (\/ah+3b,21 —2m>2+25(1+r)\/m. (9.1)
In particular, h < E < 2h implies P,(E) > 0. If equality holds in this last conclusion, then
ap = ay > 0, |br| = v/an, beby <0,
and both mized blocks = and =% vanish.

Proof. If ay = 0, then by = 0, because the vertical factor has complex dimension one. If
ap = 0, the two horizontal projections are linearly dependent over R, since h is positive
definite. Their pairing under every Hermitian form is therefore real, so by = 0. Thus
apay = 0 implies bgby = 0, and

Py(E) > ap + 4ay +mp > appy > 0.

Here the last inequality uses the positive definiteness of h+V and the real linear independence
of the pair.

Suppose now that A = ap > 0 and U = ay > 0. The Hermitian Gram determinant gives
0 < 7 < 1. Make a real change of basis in the plane so that its horizontal projections, denoted
ug, vy, are real-orthonormal for h. Both ratios |by|/\/a, and |bg|/\/a;, are unchanged by
this operation. The squared h-norms of ug + ivy and ug — tvg are 2(1 4 7) and 2(1 — 7),
in some order. The absolute difference of their squared E-norms is 4|bg| in the new basis.
Comparing one norm from above and the other from below gives

bel _ 2-B)1+m)—(1—7) 1437 pB(1+7)
VA~ 2 2 2

For either order of the two norms, the displayed right side is an upper bound, since 2— 3 > 1.
The last inequality follows from

< V14372 —

ﬁ<1;7>. 9.2)

= 1(1 - 7)2;

1+3T2_<1+3T>2 3

it is strict unless 7 = 1. This argument does not require 5 > 0.
The mixed Gram inequality (8.18) and the Hermitian Gram inequality yield

mpg > 2v/agU > 2|bE|\/E.
Since U = b%/, it follows that
Py(E) > A+ 3b7 +4U — 4|bp|VU

> (\/,Tfsb,%— 2\/ﬁ>2 +26(1 + 7)VAU,

which proves (9.1).
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It remains to examine equality when h < E < 2h. The zero-area case already treated
shows that A,U > 0. Set s = /A + 3b7 and B = |bg|. The inequalities above, with 8 = 0,
give

Py(E) > (s = 2VU)? +4VU(s — B) > 0.
Equality forces s = 2y/U, B = s, and equality in the bounds used to reach this expression.
The strictness in (9.2) gives 7 = 1. Consequently

U=A, B =2V/A, bpby <0, mpg = 2BVU.

Since ag > B? and mg > 2v/agU, these identities force ap = B? and equality in the mixed
Gram inequality. The horizontal real F-Gram matrix and the vertical real Gram matrix are
therefore proportional.
In the real h-orthonormalized basis used above, 7 = 1 says that the horizontal projections
have the form
ug, oiug, oe{l,—1}.

Their real F-Gram matrix is a positive scalar multiple of the identity. Proportionality
implies that the vertical projections have equal positive norms and real inner product zero.
The sign bgby < 0 selects the opposite complex orientation, so these projections have the
form
Yy, —ouy.
Direct substitution now gives
—i0

= uly—oiy — (oiuly)y = 0.

The other mixed block vanishes as well. Under any real change of basis in the plane, = is
multiplied by the determinant of that change. The vanishing therefore holds in the original
basis. O
9.2 Uniform negativity for large A\

The next statement allows every error tensor with the specified bounds and component
types. This uniformity will also give the compactness argument needed after A has been
fixed.

Lemma 9.2. Fiz 0 <c<C < o0 and 0 < Ce < c0. There is a finite \g = Ao(c,C,Ce) >0
with the following property. Let X > Ao, x > 0, and let h be a horizontal Hermitian form
with ¢ < h < CI. Put

q=x(1+z), G = M\ + xh, D = (1+2z)h — ghG™1h.

Let Ty, T5 be tensors with the Kdahler symmetries and reality condition, supported respectively
on components with four and with three horizontal indices, and satisfying

ITul] < Ce, | Ts] < Cev/g.

Define
R=—-\S;—qS,—Sv — (Spyv —Sp — Sv) + Ty + T3.

Then Hr < 0 on every real two-plane.

31



Proof. Increase the prospective threshold so that A > max(1,C). Then (8.8) gives
(14 2x)h <D < (14 2x)h.

If the lemma were false, there would be a sequence A\ — oo of permitted data and real
two-planes for which F' = —Hpr < 0. We suppress the sequence index. By (8.22),

F = May + 30?) + q(ap + 3b2) + 4ay + mp + 6bpby — Hr, — Hr,. (9.3)

The contracted estimates (8.20) apply to the allowed error tensors by their component types
and symmetries.

The regime /A — 0. Suppose first that a subsequence has this property. Monotonicity
and linearity of the mixed Gram term give mp > ¢(1 + z)my, while

lbp| < vap < C'(1+ x)/ay.

Discarding nonnegative terms in (9.3), we get

F > Xay + 4ay +c(1 +x)my — C'((1 + z)/aray + zar + \/q/army).

Absorb the first product into 2ay, and the last into $(1 + x)m;. Since ¢/(1 + ) = =, this
gives

F>[\—C"((1+2)?+a)as + 2ay + %(1 + z)my.

Here (14+ )2+ = O(1+4q) = o()\), because A — oo. Every coefficient is eventually positive,
whereas a;r + ay +my = aj+y > 0. This contradicts F' < 0.

The regime with \/q bounded. If the preceding regime has no subsequence, we may
pass to one on which ¢/\ is bounded below by a positive constant. Then A/q is bounded
and x — oo. The term ¢Sy, has four horizontal slots, whereas the vertical term Sy already
has coefficient one. To balance these two blocks, multiply horizontal vector components
by ¢'/*. In the resulting plane choose a real-orthonormal pair for Re(I + V). The inverse
transformation and a real basis change give a basis of the original plane; the latter change
multiplies F' by a positive factor. Thus its sign is unchanged. The rescaled pairs belong to a
fixed compact Stiefel manifold, and their quantities satisfy a;iy = 1.
In the rescaled variables, the leading part of (9.3) is
D

L, = z(af H)+AE),  B= (9.4)

The transformed tensors, denoted Ty, Tg, satisfy
Il < C'= = 0@™), T < ' =01, (9.5)
q

Indeed, each horizontal slot supplies a factor ¢~ 1/%.

The lower bound on D gives E > h. For an eigenvalue d € [¢, C] of h, the corresponding
ratio is
E_ 1+2 qd

h Vi A tad

Since
1+ 2x 1 &) Vad S T

=44+ -<24+—
Va +q_ e Atad = Atz
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we have the uniform bound

h§E§<2+§21—cl)\j_x)h. (9.6)
The constants ¢; > 0,C7 < oo depend only on ¢, C.

Pass to a subsequence on which h, E, A/q, and the normalized pair converge. The limiting
forms satisfy h < E < 2h. The error contributions tend to zero by (9.5). Lemma 9.1 shows
that the two limiting summands in (9.4) are nonnegative. Since F' < 0, both must vanish. In
particular P, (E) = 0 at the limit, so ap,ay > 0 there and the mixed blocks of the limiting
= vanish. The comparison

cga[ <ap < CQa[

follows from the corresponding real Gram-matrix bounds. Hence ay, ap,ay are bounded
below by positive constants along this subsequence.

We now improve the error estimate on these particular planes. By the contraction formula
(8.16), a tensor with exactly three horizontal indices can pair only one horizontal-horizontal
block with one mixed block. Thus

Mz < C'q VHEmm] [Emixl| = o(@™?). (9.7)

Here Zgp denotes the block (£%), and =i comprises the blocks (Z°) and (Z%). The first
block is bounded because the normalized pairs form a compact set, and the mixed blocks
tend to zero by the equality case just proved. The explicit tensor factor ¢ /% is what makes
this an o(z~1/2?) estimate for the evaluated contribution. No rate of convergence of the
planes is being assumed.

Apply (9.1) before taking the limit, with

X Cl
=Cc— — —.
"N+z 22

B

This choice is permitted by (9.6), including when 5 < 0. The positive lower bounds for
ar,ap,ay, and boundedness of the normalized pairs, imply

A X CQ
L, > — - — .
_CQ(q—i_)\—i-x) x? (9:8)

along the subsequence, for some co > 0,Cy < co. For z > 1, if A > 23/2, then

> =

A 232 1
q = 222 2z

If instead A < 23/2, then
T 1

1
> > .
Mz~ r+1~ 2z

Thus (9.8) is bounded below by a positive constant times z~'/2 for large z. The evaluated
Ty contribution is O(z 1) = o(z~1/2), and (9.7) gives the same little-o comparison for T.
It follows that F' > 0 eventually, a contradiction.

The two regimes exhaust the possible failure sequences. This proves the asserted finite
threshold Ag, uniformly over all permitted matrices, error tensors, and real planes. ]
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9.3 Both curvature bounds at a fixed parameter

Proof of Proposition 2.2. The geometric conclusions concerning the domain and complete-
ness were proved in Lemma 7.1. It remains to obtain both uniform real sectional-curvature
bounds. By Proposition 8.1, the errors of the actual metric have the types and bounds in
Lemma 9.2, with C, depending only on the chart bounds of Proposition 2.2. Choose any
finite A > X\g. Then —Hp > 0 for every point and every real two-plane. We show that the
sectional-curvature quotient is bounded away from zero and from negative infinity.

First restrict = to a bounded interval [0, X]. Normalize the pairs for Re( + V). The
data consisting of x, the matrix h, the component arrays of Ty, T3, and the normalized pair
range over a closed bounded subset of a finite-dimensional space: impose cI < h < C1, the
stated component types and symmetries, and the closed norm bounds Cex, Ce,/q. This set
is compact. The formulas for G, D, R are continuous on it. Since Lemma 9.2 applies to this
entire set, —Hp has a strictly positive minimum and a finite maximum. The metric G + V
is uniformly positive definite and bounded there, so agyy is bounded above and away from
zero. Formula (8.14) therefore gives both a strictly negative upper curvature bound and a
finite lower curvature bound on 0 < z < X.

To cover the end x — oo, use the horizontal rescaling from the preceding proof. Here
A remains fixed: the mixed form D/,/q will converge to h, rather than to an arbitrary
form between h and 2h as allowed in the preceding contradiction argument. The rescaled
Hermitian metric is

§$:G/\/a+‘/‘
For the fixed finite A,
G A x
— —h="T04(—==1|h=0)(z"" 9.9
Vi 'V (ﬁ ) e .

uniformly in the permitted data. Because G commutes with h, the formula for D also gives
D =zh+ A1+ 2)hG™

Consequently

Do Ad+z), 1 o1
NG h_<\/a 1>h+ 5 G =00, (9.10)

The rescaled tensor identity now implies
Ry = —Spyv + Ox(z71/?) (9.11)

in component norm, uniformly over all allowed data. Indeed, the term AS7 is divided by g,
the term ¢S}y, becomes exactly Sy, the mixed term converges by (9.10), and the error tensors
satisfy (9.5).

For the limiting metric h + V' and tensor —Sp1v,

1 bis oy
h+V

For an (I 4+ V)-real-orthonormal pair, a4y > min(ec, 1)2, so these area denominators are
uniformly bounded away from zero. The forms h + V' also range over a compact bounded
family. The metric and tensor estimates (9.9)—(9.11) therefore imply uniform convergence
of the corresponding sectional-curvature quotients over all real planes. For sufficiently large
X < o0, they give, for example,

3<K,<-1/4 (2> X)).
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Combining this with the compact-range bounds at X = X, produces finite constants
0 < A < B for which

~B< K,(0)<—A<0

for every point and every real two-plane. The tensor identity at x = 0, given in (8.12), is
computed in a smooth normalized fiber frame; equivalently the same bounds extend to the

zero section by smoothness of the metric. This completes Proposition 2.2. O
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