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Abstract

We construct a closed connected orientable smooth three-manifold that admits a smooth
Riemannian metric without conjugate points but admits no smooth Riemannian metric of
nonpositive sectional curvature.
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1 Introduction

A Riemannian metric has no conjugate points if no nonzero Jacobi field along a geodesic vanishes at
two distinct times. Nonpositive sectional curvature implies this condition. Gulliver showed that the
converse fails for an individual metric: local modifications of negatively curved metrics can produce
regions of positive curvature while preserving the absence of conjugate points [4, Section 3]. Those
examples retain a manifold that already admits a negatively curved metric. The existence question



is therefore different: must a closed manifold carrying a metric without conjugate points also carry
some metric of nonpositive sectional curvature?

This question appears in Ivanov and Kapovitch [5, Questions 1.1 and 8.1] and in the survey of
Burns and Matveev [3, Question 4.1.2], which explicitly includes dimension three. A closed surface
without conjugate points has universal cover diffeomorphic to R? by the exponential map, and hence
has nonpositive Euler characteristic. Uniformization then supplies a flat or negatively curved metric,
so the existence problem begins in dimension three. Ivanov and Kapovitch identify graph manifolds
as a central three-dimensional test case and ask about gluings of two punctured-torus products
[5, Section 8]. We give a negative answer in dimension three, using a metric on a two-piece graph
manifold whose topology obstructs nonpositive curvature.

Theorem 1.1. There exists a closed connected orientable smooth three-manifold M with a C*°
Riemannian metric without conjugate points, such that M admits no C*° Riemannian metric whose
sectional curvature is everywhere at most zero.

The obstruction is stronger than the Riemannian assertion in the theorem. The group 71 (M)
admits no proper cocompact isometric action on a nonempty proper CAT(0) space (Theorem 2.1);
consequently, M admits no locally CAT(0) length metric inducing its topology (Corollary 2.2).

The same manifold also admits no metric without focal points. Recall that a metric has no focal
points if, for every nonzero normal Jacobi field J along a unit-speed geodesic with J(0) = 0, one
has %U (s)]?> > 0 for s > 0. This condition is stronger than absence of conjugate points. Ivanov
and Kapovitch prove that a closed three-manifold admits a metric without focal points if and only
if it admits a metric of nonpositive sectional curvature [5, Theorem 7.1]. Their equivalence and
Theorem 1.1 give the stated additional obstruction.

The manifold is obtained by gluing two copies of ¥ x S', where ¥ is a compact oriented surface
of genus one with one boundary component. Write h; for the surface boundary and f; for the circle
factor in the ith boundary torus. The gluing is

ho = hy + fi, fo = h1.

This is an instance of Leeb’s two-piece graph-manifold obstruction [7, Section 4.1, Example 4.1].
We include the group-theoretic proof, which also gives the stronger action obstruction above.
Under a hypothetical nonpositively curved metric, the common torus group acts by translations
on a Euclidean plane. In each product piece, the surface boundary is a commutator of elements
commuting with the fiber. The resulting translation vectors must be perpendicular. These two
orthogonality conditions are incompatible with the gluing.

The main work is the metric construction and its geodesic estimate. Each product piece has
nonpositive sectional curvature. Between them we insert a neck [0, 1] x T2 with metric

g=dt* +dz"P(t)" du,

where P(t) is a smooth path of positive definite matrices. We call P the cometric, since it is the
inverse torus metric. We choose it concave, meaning that —P” is positive semidefinite, with exact
product formulas near the ends. A small parameter § controls its derivatives; a shear of size §2
realizes the integral gluing after the torus periods are chosen. Convex warped collars then join the
endpoints smoothly to punctured-torus cores.

For the absence of conjugate points, we use the classical index-form framework [8, Sections 13-15].
Concavity of P makes the coordinate second variation nonnegative, but the intrinsic index form
differs by endpoint terms. The estimates must allow arbitrary field values at the ends of an entire
neck passage, so that they can be combined with the estimates in the product pieces. A tangential



change of field handles passages with no turn. A returning geodesic requires an estimate over its
whole excursion.

For such an excursion, a positive boundary term controls one component of the endpoint change
in the torus part of the variation field. We combine this control with the coordinate energy by
Hilbert-space Cauchy—Schwarz and a quadratic minimization. A strict timing margin for excursions
leaving an endpoint collar makes the estimate uniform in the entry angle, turning height, and
excursion time. No upper bound on the duration is needed. This is what permits one metric to
handle every complete geodesic.

Section 2 fixes the manifold and proves its curvature obstruction. Section 3 constructs the
metric and establishes the matrix estimates. Section 4 derives the index identities and classifies
neck passages, and Section 5 proves the returning-passage estimate. Section 6 sums the intrinsic
index integrals of the original field over all visits, including infinitely many visits, and completes the
proof of Theorem 1.1. Appendix A records the hyperbolic cusp model used for the compact product
cores.

2 The manifold and the obstruction to nonpositive curvature

We first choose the underlying manifold. Its two product pieces impose incompatible orthogonality
conditions on the gluing torus under any nonpositively curved metric. This is an instance of Leeb’s
two-piece graph-manifold obstruction [7, Section 4.1, Example 4.1]. The obstruction to proper
cocompact actions on proper CAT(0) spaces is also contained in the group-theoretic framework of
Kapovich and Leeb [6, Theorem 2.4]. We give the group-theoretic argument explicitly, since it fixes
the gluing convention used in the metric construction.

2.1 Two product pieces and one shear

Let X be a compact connected oriented surface of genus one with one boundary component, and
let N; =3 x S for i = 1,2. On ON; write h; for the oriented boundary circle of ¥ and f; for the
positively oriented circle factor. Thus (h;, f;) is an oriented integral basis of 71 (0N;) = Z2. Choose
the linear diffeomorphism ¢ : 9Ny — JN; whose action on these bases is

he = h1 + fi, fa = h1. (2.1)

Here and below additive notation is used only inside the torus group. The matrix of ¢, is (1),
with determinant —1, so ¢ reverses the induced boundary orientations. Gluing the two pieces by
© therefore gives a closed connected oriented smooth three-manifold M. More explicitly, collar
coordinates give smooth charts across the identified boundary; the compact pieces cover M, every
boundary component is paired, and the common torus makes the union connected. We insert a
product cylinder [0, 1] x T2 between the two pieces. Inserting this collar leaves the diffeomorphism
type unchanged and provides the region where the metric will vary.
The coordinate realization needed later is worth recording. For any ¢ > 0 and By > 0, put
By = ¢Bsy and
T? = R?/A, A = ZBieq + ZBses,

where ey, ey are the standard coordinate vectors. At the first end use the frame (e1,e2) with
respective coordinate periods (B, Ba). At the second end use the frame (ez +€eq, e1) with respective
periods (Ba, By). The first vector in each frame is the surface-boundary direction and the second is



the fiber direction. Their period vectors are

hi : Brey, f1: Baea,

2.2
hy : 32(62 + 661) = Biey + Bses, fo: Biey. ( )

In particular the second pair is a basis of exactly the same lattice, and these physical periods
implement (2.1).

Choose basepoints and connecting paths through the cylinder so that the boundary groups are
identified by (2.1). For suitable free generators a;, b; of 71(X), the boundary element is h; = [a;, b;]*".
This cyclically reduced nonempty word has infinite order in the free group. Consequently

Gi = mi(Ni) = F(ai, bi) x (fi), (hi, f3) =2 77

and the boundary-group inclusion in each Gj; is injective: a relation A" f* =1 first gives n = 0 by
projection onto the circle factor and then m = 0 in the free group. Van Kampen’s theorem and the
normal form for an amalgamated product give

I':'=m(M)= Gy *r, G, Iy = (h1, f1) = (ha, fo) = 77, (2.3)

with both vertex groups and I'p embedded in T'. For f € T, write Cp(f) ={g €T : gf = fg} for its
centralizer. Since f; is central in G;, we have

Gi C Cr(fi), h; € [Cr(fi),Cr(fi)] (i=1,2). (2.4)

2.2 The two incompatible orthogonality conditions

Theorem 2.1. The fundamental group T' = w1 (M) of the closed three-manifold defined by (2.1)
admits no proper cocompact isometric action on a nonempty proper CAT(0) space.

Proof. Suppose that I' acts properly and cocompactly by isometries on a nonempty proper CAT(0)
space X. Properness of the action means that for compact sets K, L. C X, only finitely many g € T’
satisfy gK N L # &; in particular, point stabilizers are finite.

For g € I set

Ug) = inf d(z,gz),  Min(g) = {z € X : d(z, gz) = (g)}-

We check the attainment of this infimum before applying the flat torus theorem. Choose z,, with
d(zpn, grn) — ¢(g) and a compact set K C X whose I'-translates cover X. There are k,, € I" such
that y, = kyz, € K. Put g, = k,gk,'. For all large n, d(yn,gnyn) < £(g) + 1. The closed
((g) + 1)-neighborhood of K is compact, because X is proper. Properness of the action therefore
permits only finitely many g,. After passage to a subsequence, g, = g« and y, — y € K, whence
d(y, g+y) = ¢(g). Since translation length is invariant under conjugation, conjugating y back gives
a point of Min(g). Thus every element of I' is semisimple. If g has infinite order, its attained
minimum is positive: otherwise g fixes a point, and its infinitely many distinct powers belong to
that point stabilizer, contrary to its finiteness. The semisimplicity argument is also given in [2,
Proposition 11.6.10(2)].

Apply the flat torus theorem [2, Theorem I1.7.1(1)—(3)] to the embedded group I'r & Z2. Its
action is proper and semisimple by the preceding paragraph. Hence

Min(T'r) := (] Min(a) 2 Y x R?,

a€l'r



and I'7 acts trivially on Y and as a translation lattice on R?. Fix one of these invariant Euclidean
planes, denoted E, and write v(a) € R? for the translation vector of @ € I'y. The map v is a
homomorphism, and its values on any integral basis of I'r are linearly independent.

We now use the boundary-commutator relation (2.4). For each i, the positive translation length
¢; = £(f;) and the cyclic minset theorem give

Min(f;) 2Y; xR, fi(y,t) = (y,t + &). (2.5)
Every g € Cr(f;) preserves this product and acts as

9(y,t) = (gi(y), t + 7i(9)),

where 7;(g) is a real number independent of y; see [2, Theorem I1.6.8(4)—(5)]. To see the reason for
this product action, commutation sends each oriented f;-axis to another such axis. In the splitting
(2.5), these are the lines {y} x R. An axiswise translation could initially have a shift depending
on y, but preservation of the product distance between (y,t) and (z, s) for every t — s € R forces
the two shifts to agree. Composition now shows that 7; : Cr(f;) — (R, +) is a homomorphism. It
vanishes on commutators, so 7;(h;) = 0.

The same plane E lies in both cyclic minsets, because E C Min(I'r). At a point =z = (y,t) € E
expressed in the ith splitting, the zero shift of h; gives

d(z, hi fix)? = dy, (y, hiy)* + &
= d(zx, hiz)?* + d(z, fiz)?

All three distances can also be computed in the Euclidean plane E. It follows that

(v(hi),v(fi)) =0 (i=1,2). (2.6)

Put v = v(h1) and v = v(f1). The first equality in (2.6) says (u,v) = 0. The gluing relations give
v(h2) = u + v and v(f2) = u, so the second equality says

0= (u+v,u) = |ul
This is impossible: hj is nontrivial in I'7, and its translation vector in the lattice is nonzero. ]

Corollary 2.2. The manifold M admits no locally CAT(0) length metric inducing its manifold
topology.

Proof. Suppose that such a metric exists. Compactness of M makes it complete and locally
compact. Its ordinary universal cover, equipped with the lifted length metric, is complete and locally
compact, and the covering map is a local isometry. Metric Cartan—-Hadamard makes this universal
cover a CAT(0) space, and metric Hopf-Rinow makes it proper; see [2, Proposition 1.3.7(1) and
Theorem I1.4.1(2)]. The deck group I' acts freely and properly by isometries, with compact quotient
M. This contradicts Theorem 2.1. O

Proposition 2.3. The closed smooth three-manifold M defined by (2.1) admits no smooth Rieman-
nian metric of nonpositive sectional curvature.

Proof. Such a Riemannian metric is a length metric inducing the manifold topology and is locally
CAT(0) [2, Theorem II.1A.6], contradicting Corollary 2.2. O

These obstructions depend only on the topology of M. The metric constructed below will have
no conjugate points.



3 A concave cometric and smooth product cores

We construct the metric in two stages. First we join the two product structures by a metric on the
torus neck. Then we extend its endpoint formulas over compact punctured-torus products. The
neck estimates will depend on a small parameter , while the torus periods will be chosen afterward
to fit the surface boundaries into hyperbolic cusps.

3.1 The matrix path and its endpoint coordinates

Write ey, es for the standard basis of R2. The two product structures require different diagonal
coordinate frames: (e, e2) on the left and (e2 + €ey, eq1) on the right. To arrange concavity, we start
with a diagonal path and introduce the shear only where both diagonal coefficients have strictly
negative second derivative. The diagonal variation has size §; taking € = 6? makes the frame change
a smaller perturbation. The periods By = €By then turn this small coordinate shear into the fixed
integral gluing of Section 2.

Define the smooth function a : R — [0, 1) and its primitive A by

_ Jexp(=1/(2/3 —w)), u<2/3, o
alu) = {0, u>2/3, Alu) = /0 a(y) dy. (3.1)

The definition includes negative u, which will be needed when extending the metric into the product
pieces. Fix once and for all a smooth nondecreasing function x : R — [0,1] equal to zero on
(—00,5/12] and to one on [7/12,00). For 0 < § < 1/2, set € = 62 and define

H(t) = ez + ex(t)e,

di(t) =1+ 5A(¢), do(t) =1+ 0A(1 —t),

P(t) = di(t)ere] +do(t)HOH()T, 0<t<1. (3.2)
Here a superscript T denotes transpose. For a positive definite matrix P, its inverse Q = P~ is the

matrix of the torus metric; we therefore call P the cometric.
Choose By > 0 later and put B; = €By. On

T? = R?/A, A = ZB1e; + ZBses,

use the neck metric
g =dt? +dz"Q(t) dx. (3.3)

The product coordinates at the two ends are given by the frames
T = (61, 62), T, = (62 + €eq, 61), T = Tiy. (34)

At the first end the two coordinate periods are Bi, Bs; at the second they are Bs, B;. The first
coordinate is the surface-boundary direction and the second is the circle factor. The period
calculation (2.2) shows that these frames give exactly the gluing (2.1).

Let 7 =t at the first end and 7 = 1 — ¢ at the second, so that 7 increases into the neck. A
constant coordinate change x = T;y changes the cometric by P Ti_lPTi_T. Since A is constant
on [2/3,00), in these endpoint coordinates we have the exact identities

Pi(r) = (1 + %A(T) 2) L b=1404(1), O0<7<I1/4 (3.5)
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In particular
P;(0)e; = ey, P/(0) = keye], k = 0a(0) > 0. (3.6)

7

Primes on P; refer to .
For symmetric matrices R, S, write R < S when S — R is positive semidefinite; R = S has the
reversed meaning.

Lemma 3.1. There are constants g > 0 and C < 0o, depending only on the fized function x,
such that for 0 < § < &g the path (3.2) satisfies, in the original coordinates and in either endpoint
coordinate system,

1 1

§Id < P < 181d, EId <Q =91Id, |P'|| < C§, (3.7)

—P" =0, |P'p|> < Cop" (=P")p for every p € R?. (3.8)
The constants do not depend on By or Bs.

Proof. All matrix norms are Euclidean operator norms. On [0, 1] we have 1 < d; < 2. The matrix
R = (e1, H) and its inverse have squared norms at most 3. As P = Rdiag(dy,d2)R", this gives
Id/3 < P < 61d in the original coordinates. The same bounds on ||T;||?> and ||T;}||? give the
displayed weaker bounds in both endpoint frames.

For u < 2/3,

a'(u) = —(Q/C;)(g)u)? (3.9)

Consequently, on [0, 1], a®> < —a’ and |a’| < 1, with both sides zero on the plateau when appropriate.
Put Iy = [5/12,7/12]. Outside Iy, the vector H is constant. If ¢ = Rp, then

pT(=P")p=6(—d (t)a — d'(1 - t)g3),

and
|P'p|? < 36%(a(t)2? + a(1 — t)2q2) < 36p" (—P")p.

This proves concavity and the required domination there, including the directions in which —P”
vanishes.
On Iy both t and 1 — ¢ lie in [5/12,7/12], and

—ad'(t), —d' (1 —1t) >m, m = 144e~12 > 0.

To control every error caused by the moving frame, compare P with Py = diag(dy, d2) and write
E = P — PBy. The derivatives are

P’ =ba(t)ere] —da(l —t)HH" + dyex'(e1H' + He]),
P" =6d (t)ere] +6ad’ (1 —t)HH" —26a(1 —t)ex (et H' + He])
+ dyex” (er H' + Hel) 4 2da€®(x')?eqe] .
Using |H| < V2 and |[HHT — esed || < 3¢ gives
IE] < Cre,  [IE"]| < Cae,

where C1,Cy depend only on the fixed function y. These estimates use only §,¢ < 1 and do < 2.
Take dp < min{1/2,m/(2C3)}. Since € = 62 and — P}/ = md Id, we obtain

—P" = imd1d, |P'|| < (14 C1)§ on Io.



It follows that
2(1+ Cy)?
m

|P/p\2 S 5pT(—P”)p

The displayed derivative formula also gives || P'|| < C§ outside Io.
Finally, under P = Ti_lPTi_T, with ¢ = TZ-_Tp, the domination estimate transforms as

|P'pl* < T YPP[P'gl* < 3C6pT (—P")p.

Reversing t at the second end changes the sign of the first derivative and leaves the second derivative
unchanged. This proves all assertions. O

3.2 Smooth convex collars

The endpoint metric in (3.5) is the product of a flat circle and the surface metric
dr? + Lo(r)?dy?,  lo(7) = (1+ 6A(7)) /2

Its Gaussian curvature is —£;/¢y. Direct differentiation gives

576’ B 36%a2 B oa’
b 4(1+0A)2 2(1+0A)

> 0. (3.10)

Thus the neck already has nonpositive sectional curvature on 0 < ¢ < 1/4 and 3/4 <t < 1. We next
extend each endpoint surface metric inward to a hyperbolic cusp by an explicit convex warping
function.
For —1 <7 <0 we have A(1) > —1, so 1 +JA(7) > 1/2. Define
r(r) = _ dalr) .
2(14+30A(7))

For 0 < § < 1/2, this is positive and at most ¢ < 1/2; moreover

§(a’ (1) (1 + 6A(T)) — da(T)?)

/
= 0.
r(r) 2(1 + 0A())? =
Fix a smooth nondecreasing function A : [-1,0] — [0, 1] equal to zero near —1 and one near 0. Put
k=1-A+Ar,  £r)=exp (-/ k(u) du). (3.11)
0

Then k > 0 and k' = N (r — 1) + A/ < 0. Hence
= (k*—K)>0.

Near zero, k = r and £(0) = 1, which proves the exact equality ¢ = (1 4+ §A)~ /2 there. Near —1,
k=1, so
((7) = £(=1)e” T+, (3.12)

Both matching assertions hold on open collars, not only to a finite order at their endpoints.



(a) Product pieces and neck (b) The period lattice

1 3
t=0 1 1 t=1
| |
| |
Ny sec <0 torus necl; 'sec < 0 No
sec <0 L 0,1 xT ] sec <0
- —
T=1t1 T=1-—1¢

Figure 1: The construction in schematic coordinates. Each product piece N; includes its convex
collar; the two end portions of the neck also have nonpositive sectional curvature. The arrows
indicate the inward coordinate at each end. The lattice cell is drawn in normalized coordinates
(X,Y): since By = €Ba, its diagonal represents hy = Ba(ea+e€e1) = h1+ f1 even when the coordinate
shear € is small. Physical lengths are not to scale, and drawn angles are not angles of the Riemannian
metric.

3.3 Punctured-torus cores and the final gluing

Fix a complete finite-area hyperbolic punctured torus. It has an embedded cusp of the form
dr? + e 1 dp?, r>0, 0cR/Z, (3.13)

for some ¢ > 0. In particular, its cusp contains a horocycle of every sufficiently small positive length.
An explicit ideal-quadrilateral construction, following [1, Section 5.5], is recalled in Appendix A.

Fix 0 to meet both Lemma 3.1 and the additional upper bounds imposed by the index-form
estimates below. Only after this choice, choose By so small that both numbers B;¢(—1), i = 1,2,
occur as lengths of horocycles in an embedded cusp (3.13), and set By = 62 By as above. For each 4,
truncate a copy of the punctured torus at the horocycle of length B;¢(—1), retain the compact side,
and attach [—1,0] x (R/B;Z) with metric dr? + ¢(7)?dy?. To check smoothness at 7 = —1, if the
truncation is at » = r;, set

T:Ti—l-T-i-l, HZyl/Bi.

The cusp metric becomes d72 + K(—1)26*2(T+1)dy% on a neighborhood of the seam, which agrees
exactly with (3.12). The resulting compact surface 3; has genus one and one boundary component,
and has Gaussian curvature at most zero.

Give N; = ¥; x (R/B3_;Z) the product metric with circle term b‘ldy%. The metrics on N;
have nonpositive sectional curvature. At their remaining boundaries, their formulas agree on full
collars with (3.5), so the torus maps (3.4) attach them smoothly to the neck. The result is a C*
Riemannian metric on the closed connected three-manifold specified by ho = h1 + f1, fo = h1. Every
part outside the open neck, as well as its two indicated endpoint portions, has nonpositive sectional
curvature. Choosing the periods after § does not affect any estimate on the lifted neck metric.

Figure 1 records the two inward coordinates and shows how the period relation turns the small
coordinate shear into the fixed integral gluing.

4 Geodesic passages and the index form

We now study the index form along a complete unit-speed geodesic of the constructed metric. The
metric outside the neck has nonpositive sectional curvature. Inside the neck, concavity of the inverse



metric gives a nonnegative coordinate expression for the second variation. The distinction between

that expression and the intrinsic index form is an endpoint term. We first compute that term and

dispose of the passages that have no turn; the next section estimates the remaining turning passages.
Throughout this section the neck metric is

g=dt* +da"Q(t)dx,  P(t)=Q(t)"', 0<t<1,

with the smooth positive definite matrices constructed above. In particular, —P”(t) is positive
semidefinite. At either boundary, we may use its inward coordinate 7 and its fixed torus frame. In
these coordinates,

P(r) = diag(1 + 6A(r),b) (0<7<1/4), b=1+06A(1), r=264'(0)>0. (4.1)

These are exactly the two frames of the construction; changing between them is a constant linear
coordinate change, together with 7 = 1 — ¢ at the right boundary. The metric and these coordinates
extend smoothly through each boundary into a product collar. The two end portions of the neck
have nonpositive sectional curvature.

4.1 Normal index forms and coordinate second variation

Let v be a complete unit-speed geodesic, and write T = 4. For a smooth field V' along v and an
interval J, define

I(V) = /J (IDsV2 — (R(V,T)T, V) ds, (4.2)
w= (V1) V)= LV) = [ s (4.3)

We use the curvature convention for which the curvature term (R(V,T)T, V) is nonpositive when
sectional curvature is nonpositive. When J is unbounded we will only use fields vanishing for
sufficiently large |s|, so these integrals are finite.

Lemma 4.1 (Tangential invariance). The integrand defining 17 (V) is the index integrand of
VL =V —qyT. Consequently, for every smooth real function h,

I3 (V+hT) =I5 (V)

provided both fields have the finite integrals required in (4.3). This invariance holds pointwise,
without any condition on h at finite endpoints.

Proof. Since D,T =0 and (V+,T) = 0, we have (D;V+,T) =0 and
[DVI? = DV + v .
The curvature symmetries give (R(V,T)T,V) = (R(V*:,T)T,V+). Both assertions follow. O

On any connected interval where + lies in the neck, lift its torus coordinate to R%. With a dot
denoting differentiation in s and a prime differentiation in ¢, the geodesic equations imply

p = Q(t)& is constant, F(t) = p" P(t)p, v =t v? =1—F(t), b=—1F'(t). (44)

Indeed, the Fuler-Lagrange equation in the cyclic variable x gives the first identity. Unit speed
gives the fourth, and the ¢ equation is f = 2'Q'i/2 = —F'/2. The function F is concave because
P" <0.

10



For a field V = (w, z) in these coordinates, w is its interval component and z its two torus
components. Write |£ |22 = ¢TQE. On a compact coordinate interval [a, c], define

Elq(V) = / (@2 + |2~ Ppuwfy - JF"(tyw?) ds. (4.5)

Every term in this expression is nonnegative. We use the same integral to define E;(V') on an
unbounded neck interval J when the field vanishes for sufficiently large |s|.

Lemma 4.2 (Endpoint correction). For a smooth field V = (w, z) on [a,c],
I[a,c} (V) = E[a,c] (V) - [<T7 F(V7 V))}Zv (46)

where I' denotes the Christoffel symbols in the chosen product coordinates and brackets mean final
value minus initial value. In the inward coordinates at either neck boundary, if w = 0 at that
boundary, then

L(V,V) = 5270-. (4.7)
Thus the endpoint contribution in (4.6) is nonnegative at an entry into or exit from the open neck,

provided the interval component of the field vanishes there.

Proof. Consider the coordinate-linear variation (¢(s) + rw(s), x(s) + rz(s)). Its energy is one half
the integral of its squared speed. Differentiating twice at » = 0 gives

C
/ (uﬂ 15705+ 20wiTQ'E + %wQ:’UTQ"i) ds.
a
The inverse-matrix identities

Q' =-QP'Q,  Q"=2QPQP'Q-QP"Q,

together with & = Pp, turn this expression into Ej, (V).

For completeness, the endpoint term can be seen directly in the intrinsic second variation. If
W = O0ra and U = Jsa for a variation «, the first energy derivative is (W, U)]S — [(W, D,U).
Differentiate once more at the geodesic r = 0, commute the covariant derivatives, and integrate the
D2V term by parts. The result is

d2

dr?

1 rec C
5 [ 0P ds = Tog (V) + (T, D,
r=0 a

For the coordinate-linear variation, its coordinate second derivative in r is zero, so D,W =T'(V, V).
This proves (4.6).
The nonzero types of Christoffel symbols for this product-coordinate metric are
t 1 i i 1 ‘
Fij = _Enga F?&j = F;‘t = §(PQ/)zj~

At a boundary where w = 0, only —2'Q’z 9, /2 remains. By (4.1), Q"(0) = —keje]; hence (4.7)
follows. At an initial boundary 7 > 0 and this scalar is added in (4.6); at a final boundary 7 < 0
and it is subtracted. Both signs are nonnegative. O
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4.2 The possible passages

A neck passage is a connected component J of {s € R: 0 < #(7(s)) < 1}. The notation means
the preimage of the open neck; it does not require an interval coordinate away from the neck. A
restricted compactly supported field may have arbitrary values at finite endpoints of J.

Lemma 4.3 (Passage classification). Every finite endpoint of a neck passage is transverse to the
boundary torus. Exactly one of the following alternatives holds.

1. The passage is the whole real line and t is constant.

2. The interval component v = t never vanishes. The passage is either a finite crossing between
the two different boundary tori, or a half-infinite interval approaching an interior equilibrium
height.

3. After choosing the coordinates from one boundary and translating the geodesic parameter, the
passage has closure [0, L], begins and ends at that boundary, and has a unique turn at s = L/2.
In these coordinates

t(0) =t(L) =0, v(0) = —v(L) = vy > 0, te =t(L/2) € (0,1), (4.8)
t(L —s) =1t(s), v(L —s) = —v(s), 0< F'(t)<rp? (0<t<t), (4.9)
p1 # 0, 0 <vi=F(t.) — F(0) < rpi. (4.10)

An interior equilibrium height t~ in the second alternative satisfies F(too) = 1 and F'(ts) = 0; the
velocity may tend to zero there. A geodesic tangent to a boundary torus at a finite time does not
enter the open neck at that time.

Proof. Use inward coordinates at a finite endpoint. If 7 = 0 there, then (4.4) and (4.1) give
7 = —kp? /2. If p1 # 0, the boundary point is a strict local maximum of 7, and nearby times have
7 < 0. If p; = 0, then the scalar equation ¥ = —F’(7)/2 has the constant solution 7 = 0 with
these initial data. Smooth ODE uniqueness forces this solution locally. Neither possibility can be
an endpoint of a nonempty open-neck component. This proves transversality and also handles a
boundary grazing time. In the second case the corresponding geodesic is the fiber geodesic in the
boundary torus, so uniqueness keeps it in that torus for all time.

If v vanishes at an interior time and F’ also vanishes there, uniqueness again makes ¢ constant.
Then the solution stays at this height for all time, so the passage is R. Otherwise such a zero is a
strict extremum of ¢. Reflecting the interval coordinate if necessary makes it a maximum t, with
¢ := F'(t.) > 0. Concavity gives F’(t) > ¢ for 0 < ¢ < t,. On each side of the turn, the trajectory
moves toward ¢t = 0 and cannot turn again, because v = —F'(t)/2 < —¢/2. It reaches 0 in finite time:
after the turn, for example, t(s) < t. — c(s — s4)?/4 as long as it stays in the neck. Time reversal
and uniqueness make the two halves equal. Translating the parameter gives (4.8). Concavity also
gives F'(t) < F'(0) = xp?, proving (4.9). Since F’(t,) > 0, p; cannot be zero. Finally,

T
vg = F(t,) — F(0) = /0 F'(u) du < kpit, < kp?,

which proves (4.10).

It remains to classify passages with v nowhere zero. Here ¢ is strictly monotone. If both endpoints
are finite, transversality and monotonicity force the two different boundary tori. At an infinite
endpoint, bounded monotonicity gives a limit t,,. The identity v> = 1 — F(t) shows that |v| has
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a limit, which must be zero because t is bounded. Thus F(t~) = 1. Since v tends to —F"(t)/2,
this limit must also be zero, or v could not tend to zero. If ¢t were a boundary height, (4.1) and
F'(ts) = 0 would force py = 0 in that end frame. Then F would be constant and equal to 1
throughout its end portion, giving v = 0 there, a contradiction. Hence the limiting height is interior.

A nonconstant monotone passage cannot have two infinite endpoints. Indeed, its two limiting
heights would be distinct, with F' = 1 at both. Concavity would give F' > 1 between them, whereas
(4.4) gives F < 1 at every traversed height. This contradiction finishes the classification. O

4.3 Passages requiring no turning estimate

Lemma 4.4. Let V be the restriction of a smooth compactly supported field along v to an entire
neck passage J. If J =R, or v never vanishes on J, or the passage is a turn contained in one end
portion 0 < 7 < 1/4, then

I3 (V) >o0.

Proof. Suppose first that J = R. Replace V by V. This is a tangential change preserving compact
support, and the new tangential component gy 1 is zero. Apply (4.6) on a compact interval whose
endpoints lie outside that support. There is no boundary contribution, so

IF(V)=L;,(vYH =E;(Vv) >0
Suppose next that v is nowhere zero. On the passage, replace V' by
V=v-Z2r
v

Its interval component is identically zero. This change is smooth through every finite endpoint by
transversality. At an infinite endpoint it is identically zero for sufficiently large |s|, since the original
field is zero there. In particular, a possible limit v — 0 at infinity causes no division problem: all
nonzero values of the numerator lie in a compact time interval where v # 0. The tangential change
can, if needed, be extended through the finite endpoints and cut off to a compactly supported
change along the whole geodesic. No estimate uniform in 1/|v| is being asserted or used.

Write V = (0,2). Its tangential component is a5 = p'Z. The endpoint signs in Lemma 4.2, with
endpoints beyond the support at each infinite end, give

1F0V) = 13 (V) = [ (38 = o737 ds
> /J(l — ()| ds > 0.

The second inequality is Cauchy-Schwarz in the positive definite matrix @Q, using (p'¢)? <
(0" PD)(ET Q).

Finally, on an end portion sectional curvature is nonpositive. The normal-index integrand is
therefore pointwise nonnegative, by Lemma 4.1, which proves the last case. O

Only the finite turning excursions that leave an end portion remain. We next normalize their
fields without imposing any condition on the original endpoint values.

Lemma 4.5 (A gauge on a turning excursion). Consider a turning passage with data (4.8)— (4.10).
For every smooth field V' on [0, L], there is a tangentially equivalent smooth field, denoted again by
V = (w, z), such that

w(0) =w(L) =0, (V,T) is affine in s.
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Put Az = 2(L) — 2(0), e = (1,0)T, and p = rvo/4 > 0. For this field,

TA )2
KU p' Az
JﬁMWU:EmMWU+j;@mm?+a@ﬁy—(1;) (4.11)
TA )2
p' Az
> Bo(V) + ple"a)? - P22 (4.12)
The same left side is the normal index of the original field.
Proof. For the original field, let ¢ = (V,T') and set
L
ho__w(0)7 ICO
Vo Vo

Let ¢ be the affine function with ¢(0) = ¢(0) 4+ ho and ¢(L) = q(L) + hr. The single change
V=V+hl, h=~0(—gq,

has zero interval component at both endpoints and satisfies (17, T) = ¢ everywhere. This proves
simultaneous solvability of the two requirements for arbitrary original endpoint data. If the original
field is given on the complete geodesic, multiplying ¢ — ¢ by a smooth compactly supported cutoff
equal to 1 on [0, L] extends this to a compactly supported tangential change; the identities on the
excursion are unchanged.

Drop the tilde. Since the interval component is zero at the endpoints, ¢(0) = p'z(0) and
q(L) = pTz(L), so its affine slope is pTAz/L. At s = 0 and s = L, (4.7) gives respectively
kvp21(0)2/2 and —kwvo21(L)?/2 for (T,T(V,V)). Substitution in (4.6) and (4.3) proves (4.11). The
inequality a® + b > (b — a)?/2 then gives (4.12). Tangential invariance returns both statements to
the original normal index form. O

The gauges in this section are used separately on each passage. There is no assertion that gauges
chosen on different passages match at their endpoints. Every inequality concerns the unchanged
normal index integral of the original field, which is the quantity to be summed in the global
argument.

5 Uniform control of returning geodesics

The only passages still requiring an estimate are geodesics that enter the neck and return to the
same boundary. The boundary term in the index form controls one component of the endpoint
change in the torus part of the variation field. We show that this control compensates for the
tangential term in (4.12), uniformly over all such passages.

Proposition 5.1. For all sufficiently small positive §, every returning geodesic passage of the
constructed neck has nonnegative perpendicular index form I-(V) for every smooth field V along
the closed passage, with no restriction on its endpoint values. A single choice of § works for both
boundary components and all unit-speed returning geodesics.

We first record the estimates on the duration of a passage. Use the coordinates of the boundary
through which it enters, so that this boundary is ¢ = 0 and

P(0) = diag(1,b), P'(0) = kee', e=(1,0)", Kk = da(0) > 0.
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By Lemma 4.3, the passage occupies [0, L] with L > 0, has one turn at s = L/2, and satisfies
t(0) =t(L) =0, t(L/2) =t. € (0,1), v(0) = —v(L) = vy > 0,
where v = £, p = Q(t)& is constant, and F(t) = p' P(t)p. In particular,
0< F'(t)<wp? (0<t<t,), 0<vi=F(t)— F(0)< rpi. (5.1)

Thus p; # 0. Here and throughout this section, primes on P and F' denote differentiation in ¢, and
dots denote differentiation in s.

Lemma 5.2. For every returning passage,

If t. > 1/4, then
14 exp(—9/26)
N 2

dug < BrP?L, 5 < 1. (5.3)

Proof. On [0,L/2], v > 0 and
b =—3F"(t)v > 0.

Consequently the graph of v lies below the chord joining its endpoint values vg and 0:
0 <w(s) <wo(l—2s/L), 0<s<L/2

Squaring and integrating on this half-interval, and using v(L — s) = —v(s), proves (5.2).

On the same half-interval, t = —F'(t)/2 < 0, so concavity gives t(s) > 2st,/L. If t, > 1/4,
symmetry therefore implies ¢(s) > 1/8 throughout [L/4,3L/4]. The end formula for P gives
F'(1/8) = da(1/8)p?, and concavity of F then gives

, Sa(1/8)p?, L/4 < s<3L/4,
Flis) < {mp%, 0<s< L.
Since v = —F'(t)/2 and v(L) = —wp,
L 2
dvg = /0 F'(t(s))ds < OLp (a(0) + a(1/8)).
Finally a(1/8)/a(0) = exp(—9/26), proving (5.3). O

We now compare the change in the torus component of a field with its coordinate energy. Apply
Lemma 4.5 and write the resulting field as V' = (w, z), so that w(0) = w(L) = 0 and (V,T) is affine.
Put

X =z(L)—2(0), p= % >0, ¢=:-P(tpu

The coordinate energy and the index reduction are

L
E= / (\§|2Q + w? — %F"(t)wg) ds,
0

2 (pTX)Q.

FHV) 2 B+ ple X)? - 2
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Thus our target is
p X < L(E+ pleT X)?).
The boundary penalty controls only one component of X, so its interaction with p matters.
For any constant covector ¢ € R?, integrating 2 = £ + P'pw gives

L L
"X = / q'&ds +/ q' P'(t)pwds.
0 0

This identity separates the two terms already present in E. For the second term, equip D = H}(0, L)

with the inner product
L

(w1w2 — %F"(t)wlwg) ds,

(w1, w2)p = /

0
and define

Q4 (w) = /OL q' P'(t)pwds.

Because —F” > 0 and the endpoints vanish, this inner product is positive definite. On the fixed
finite interval it defines a norm equivalent to the usual H} norm, by boundedness of F”(t(s)) and the
Poincaré inequality. No equivalence constant uniform in L is needed. In particular, ®, is continuous.

Regard the right side of the functional identity as a functional of arbitrary pairs (§,w) in
L?([0, L]; R?, Q) @ D; the gauged fields provide particular pairs in this space. Its squared norm is
S(q,q), where

S(q,r) = /OL qTP(t)r ds + (@4, @, )p= (5.5)

and the dual inner product is that of the Riesz representatives. Indeed, the first summand of the
functional has Riesz representative Pq in the @) inner product. The symmetric bilinear form S is
positive definite because its first term is positive definite.

Lemma 5.3. For every constant covector q and every gauged field as above,
la" X|* < S(q,9)E. (5.6)

For each real o, the boundary penalty gives the further bound

o2
"X < <S(p —ae,p — ae) + M) (E + ,u(eTX)2) . (5.7)

The smallest first factor in this inequality is

S(p,e)?

TRy

(5.8)

Proof. The squared norm of (£, w) in the Hilbert direct sum above is . The functional identity
and Cauchy—Schwarz therefore give (5.6). To use the boundary term, split
p'X=(p-—0e)' X +ae' X

Apply (5.6) to the first term, then apply Cauchy-Schwarz in R? to the two vectors

(VE.VAle™X]),  (/S(p - ae,p—ae).|al/\/i).

This proves (5.7), including when either energy term vanishes. Its first factor is a quadratic in
o with positive leading coefficient S(e,e) + p~!. Completing the square gives (5.8), attained at
a=S(p,e)/(S(e,e) +p1). O
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It now suffices to bound (5.8) by L. The next lemma allows an excess of Lv3 in S(p,p); we
will show that the subtracted boundary correction recovers at least that amount. For this purpose
S(e, e) needs only a bound proportional to L, whereas S(p,e) must remain close to Lp; with an
error proportional to |p1|. An error controlled merely by |p| would not suffice when p; is small. The
timing margin in (5.3) will then make the recovery uniform over all returns that leave the endpoint
collar. All constants below depend only on the constructed cometric family and its fixed cutoff; they
are independent of p, L, vg, t, and the boundary end.

Lemma 5.4. There are constants Ce, Cp, > 0, uniform for sufficiently small § > 0, such that every
returning passage satisfies

S(p,p) < L(1 +v5), (5.9)
S(e,e) < C.L, (5.10)
|S(p,e) — Lp1| < C,0L|p1]. (5.11)

Proof. For w € D, integration by parts and F'(t) = —20 give

L L
P, (w) = —2/ twds = 2/ v ds.
0 0
Thus ||®,]|%. < 4foL v?ds. Since F(t) =1 —v? Lemma 5.2 yields

L
S(p,p) < L+ 3/ v2ds < L(1 + v).
0
Choose a constant Cy > 1 such that the cometric estimates give
IPI| < Co, [P <Cod,  [P'p|* < Cod(—F").

By the last inequality and Cauchy—Schwarz with respect to ds,

L
o, (w)| < /O 5/ J=F () lwl ds < /2000 L [|wl|p.
|Pe(w)] 0 | (t) |w| ds 00 L [|w|p

This argument does not divide by —F" and also applies on its zero set. For § < 1, (5.10) follows
with C, = 3Cy. The mixed term contributed by the dual inner product satisfies

(D, ) p+| < 24/ L /3v/2Co5 L
< 2,/2C0a(0) /35 Lp,
where (5.1) was used in the last line.

To estimate the other mixed term, fix ¢ € [0,t.] and put D(¢t) = P'(0) — P'(t). Concavity of P
implies D(t) > 0, and

ID®)| <2Cos,  0<p"D(t)p = rpi — F'(t) < wpi.
Cauchy—Schwarz for the positive semidefinite form D(t) gives
le" D(t)p|* < (e"D(t)e)(p" D(t)p) < 2Cha(0)6%p3.

This remains valid if D(t) is singular. Since e P'(0)p = spy, it follows that

le" P'(t)p| < (a(0) + /2Coa(0))é]p: .
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Integrating from 0 to ¢t < t, < 1 and using e' P(0)p = p; gives the same bound for |e" P(t)p — p1].
Its integral in s, together with the dual mixed bound, proves (5.11); for example, one can take

Con = a(0) + /2C0a(0) +21/2C0a(0)/3.
O

Proof of Proposition 5.1. 1If t, < 1/4, the entire passage lies in the end region of nonpositive sectional
curvature, and its perpendicular index integrand is nonnegative. Assume therefore that t, > 1/4,
and apply the unrestricted gauge of Lemma 4.5.

By Lemma 5.3, it suffices to show that the boundary correction in (5.8) is at least Lvg3, since
(5.9) bounds the first term by L(1 + v3).

Because p; # 0, define r = v3/p? > 0. By (5.1), r < a(0)d, while (5.3) and pu = kvo/4 give
Lp > r/B. Suppose Cp,6 < 1/2. Using Lemma 5.4 and the fact that x — 2/(1 4+ Cex) is increasing
for x > 0, we obtain

S(Sg’?i_l > Lpi(1 - Om5)21+LC'L’iLM
1—Cpd)?
N
_ 2
> Lug%. (5.12)
In addition to the cometric construction’s upper bound on d, choose
0<5§min{1,25m,20m1+_£a(0)}. (5.13)

Then
(1= Cmd)?>1—2C6 > B+ Cea(0)s,

so (5.12) is at least Lvg. Together with (5.9), this makes (5.8) at most L. Equations (5.7) and (5.4)
now give I+(V) > 0.

Every denominator used here is positive for an actual returning passage: L > 0, vg > 0, p1 # 0,
and g > 0. The parameter bound (5.13) contains none of these quantities. It therefore applies
to arbitrarily shallow incidence and arbitrarily long excursions without a limiting argument. The
cometric bounds are uniform in the two end frames, so the same choice applies to returns through
either boundary. Tangential gauge invariance transfers the conclusion to the original field with its
unrestricted endpoint values. ]

Proposition 5.5 (All neck passages). Choose 6 > 0 to satisfy Lemma 5.1 and (5.13), and then
choose the boundary periods as in Section 3. Let v be any complete unit-speed geodesic of the
resulting closed manifold. For every connected component J of its visit to the open neck and every
smooth compactly supported field V' along vy, one has

I7(V) >0, I;(V)>0.

Proof. Lemma 4.3 lists every possible passage, including constant-height geodesics, infinite visits,
and all finite returns. Lemma 4.4 handles the full-line and monotone cases, as well as returns
contained in an endpoint collar. Proposition 5.1 handles all remaining returns. These conclusions
apply to the restriction of the original field, with arbitrary values at finite endpoints and zero values
sufficiently far out at infinite endpoints. They use the same choice of § in both endpoint frames and
do not depend on the boundary periods. Finally, I,(V) = I7 (V) + [, |4v|*ds > 0. O
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6 From passages to absence of conjugate points

The passage estimates concern the intrinsic index form of the original field on an entire visit to the
open neck. We first show that these estimates combine along every complete geodesic. We then
give the index-form argument that excludes conjugate points.

Proposition 6.1 (Assembly of passage estimates). Let (M, g) be a complete smooth Riemannian
manifold and let U C M be open. Suppose that g has nonpositive sectional curvature at every point
of M\ U. Assume also that, for every complete unit-speed geodesic v : R — M, every connected
component J of v~ 1(U), and every smooth compactly supported field V along v, the intrinsic index
form satisfies

I;(V) > 0.

Then Ig(V') > 0 for every such vy and V. The same conclusion follows if the passage hypothesis is
given in the stronger form I7 (V) > 0.

Proof. Put T = + and write
iv(s) = |DsV|* — (R(V,T)T, V).

This is a continuous, compactly supported function, so it is absolutely integrable. The open subset
7~ 1(U) of R is a countable disjoint union of open intervals J;: each interval contains a distinct
rational number. Its complement E is closed and hence measurable. Countable additivity gives

IR(V):ZIJJ.(VH/EW(S)CZS, 11, (V)] S/R]iv(s)|ds<oo. (6.1)

Every summand is nonnegative by hypothesis. On F, nonpositive sectional curvature implies iy, > 0:
the curvature term only depends on the component of V' perpendicular to T'. This proves the claim.
Finally,
2

ds

L) =)+ [

proves the last assertion. ]

This argument allows infinitely many passages and accumulating passage endpoints. It also
includes an interval equal to R and intervals with one infinite endpoint. At a finite endpoint, the
restriction of V' extends smoothly with arbitrary boundary data; at an infinite endpoint it vanishes
beyond a finite time. These are precisely the fields allowed in the passage estimates. Any tangential
changes used to prove those estimates are made separately on each passage. They need not fit
together across endpoints: their normal index integrands equal that of the original field, and (6.1)
sums only the original intrinsic integrals. In particular, no bounds uniform over the auxiliary gauge
fields are required. The integral over E includes all times on the interfaces, even if that set has
positive measure.

Lemma 6.2 (The index-form criterion). Let (M, g) be a complete smooth Riemannian manifold. If
Ir(V') > 0 for every smooth compactly supported field along every complete unit-speed geodesic, then
g has no conjugate points.

Proof. Fix a complete unit-speed geodesic v, set T'= ¥, and use the symmetric bilinear index form

B(V, W) = /R(<DSV, D,W) — (R(V,T)T,W)) ds.
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Thus I(V) = B(V, V). We first extend the assumed nonnegativity to compactly supported H' fields.
On a bounded interval containing the support in its interior, choose a parallel orthonormal frame
along . The coefficients of such a field belong to H', and their zero extensions can be approximated
in H' by smooth compactly supported functions, using convolution with a smooth mollifier. The
frame identifies D, with ordinary differentiation. The curvature operator W +— R(W, T)T is bounded
on this fixed compact interval, so B is continuous in the H' norm. Consequently I(V') > 0 for every
compactly supported H' field.

Suppose now that a nonzero Jacobi field J along v vanishes at two times a < b. The Jacobi
equation is

D2J + R(J,T)T = 0.

Let J agree with J on [a,b] and vanish elsewhere. Because J(a) = J(b) = 0, this extension is
continuous and belongs to H'; its weak derivative equals D,.J on (a,b) and zero outside. Integration
by parts and the Jacobi equation yield

= b
I(J) = [(Ds, J)]a =0.
For every smooth compactly supported field W and every real ¢, nonnegativity on H' fields gives
0 < I(J+tW) =2B(J, W)+ t2I(W).

Considering both signs of sufficiently small ¢ shows that B (j , W) =0. On the other hand, a second
integration by parts gives

B(J,W) = (DsJ(b), W (b)) — (DsJ (a), W(a)). (6.2)

The vector DsJ(a) is nonzero: otherwise the Jacobi equation with initial data J(a) = DsJ(a) =0
would imply J = 0 by uniqueness. Choose a smooth field W, supported in a small neighborhood
of a disjoint from b, with W (a) = DsJ(a). For example, multiply the parallel extension of this
vector by a smooth bump equal to one at a. Equation (6.2) then gives B(J, W) = —|DsJ(a)|? < 0,
a contradiction.

This argument includes arbitrary Jacobi fields. In particular, the tangential coefficient (J, T') has
second derivative zero, so two zeros force that coefficient to vanish identically. Every nonconstant
affinely parametrized geodesic reduces to unit speed by a linear change of parameter. Along a
constant geodesic the Jacobi equation is J” = 0, which has no nonzero solution with two zeros. [J

Proof of Theorem 1.1. We apply these results to the constructed metric and the open neck U =
(0,1) x T%2. The manifold is closed, so its smooth metric is complete. The product cores and
the matching end collars have nonpositive sectional curvature, including their boundary tori.
Proposition 5.5 supplies the passage hypothesis for every complete unit-speed geodesic, with the one
choice of the small construction parameter already made there. Proposition 6.1 and Lemma 6.2
therefore show that the metric has no conjugate points.

Proposition 2.3 excludes every smooth nonpositively curved metric on this same manifold. The
construction in Section 2 makes it closed, connected, and orientable, and Section 3 gives the required
C*° metric. This proves both assertions of the theorem. ]

A An explicit hyperbolic punctured torus

For completeness, we recall the model in [1, Section 5.5] that supplies the surface used in Section 3.
In the upper half-plane, take the ideal quadrilateral with vertices —1,0, 1, co. Pair its opposite sides
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by 1 1
z+ z—
) =05 =i
Both maps are orientation-preserving hyperbolic isometries: ¢ sends the side with endpoints —1, co
to that with endpoints 0, 1, and ¢ sends the side with endpoints 1, oo to that with endpoints 0, —1.
Their side pairings identify all four ideal vertices. The quotient has one face, two edges and one
removed vertex; its compactification is an oriented torus.
For a > 1, choose the horodisk {Im z > a} at infinity and horodisks of Euclidean radius 1/(2a)
at —1,0,1. These horodisks are disjoint and their boundary arcs are matched by the side pairings.
The vertex cycle is represented, up to sign, by

1 1 6
vl 1¢¢>=(0 1>;

thus the end unfolds to a horodisk modulo z — z 4+ 6. Writing § = z/6 and r = log(y/a) gives

dx? + dy?

6 2
2 =dr’ + () e ¥dy?, 0 eR/Z.

a

The side identifications are smooth along their geodesic interiors, the displayed cusp is complete,
and its complement in the quotient is compact. This gives the complete finite-area punctured torus
and the cusp normal form used in the main construction.
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