LOGARITHMIC KODAIRA DIMENSION AND WHOLE-FIBER VARIATION

OPENAI

ABSTRACT. We prove the logarithmic litaka—Viehweg inequality for projective surjective mor-
phisms with connected fibers between smooth complex quasi-projective varieties whose base has
nonnegative logarithmic Kodaira dimension. The variation measures the birational field of defi-
nition of the whole geometric generic fiber. This resolves Popa’s logarithmic variation conjecture

positively.
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1. INTRODUCTION

A fibration carries two sources of pluricanonical forms: the geometry of its base and the
variation of its fibers. litaka’s subadditivity problem asks for the contribution of the first. The
litaka—Viehweg refinement asks how many further directions are forced by a family whose fibers
change birationally. On an open base the correct measure of the base is its logarithmic Kodaira
dimension. We prove this refinement for projective fibrations over such bases.

For a rational divisor L, write k(L) for the Iitaka dimension of its sufficiently divisible integral
multiples. For a smooth quasi-projective variety U, choose a smooth projective compactification
X with reduced simple normal crossing boundary Dy = X \U. A rational boundary is an effective
rational divisor with coefficients in [0, 1]; SNC abbreviates simple normal crossing support. The
logarithmic Kodaira dimension is

R(U) =k(X,Kx + Dx);

it is independent of this compactification. We give a point Kodaira dimension zero and use
(—o0) + a = —o0, including a = —oo.

Let f: U — V be a projective surjective morphism with connected fibers between smooth
connected complex quasi-projective varieties. Fix an algebraic closure 2 of C(V'), and let F' be

Date: September 26, 2026.



2 OPENAI

the smooth projective geometric generic fiber. Its birational variation is

(1.1) Var(f) = rrEn trdege L,

where C C L C () is algebraically closed and F' is birational to the base extension of a variety
over L. This is the field-of-definition form of the classical invariant [48, 29]. It records the entire
function field of F'; finite changes of the original base do not change it.

Theorem 1.1 (Logarithmic variation). Let f : U — V be a projective surjective morphism with
connected fibers between smooth connected quasi-projective complex varieties. Assume k(V') > 0,
and let F' be its geometric generic fiber. Then

(1.2) R(U) > k(F) + max{7(V), Var(f)}.

This proves Popa’s Conjecture 3.8 in the formulation on page 6 of his author version dated 13
June 2023 [42]. The morphism may have singular fibers. The theorem imposes no abundance,
good minimal model, or semiampleness hypothesis on F'. It concerns the lower bound in that con-
jecture; the separate additivity questions for smooth morphisms in [42, Conjectures 3.1 and 3.9]
have a different conclusion. The companion The reverse logarithmic Kodaira inequality and ad-
ditivity [39] proves the corresponding logarithmic additivity for projective complex reduced-SNC
pairs whose total space and every boundary stratum are smooth over the open base. That setting
allows horizontal boundary and all signs of the base and fiber Kodaira dimensions. The proof of
the variation inequality here uses the subadditivity and period inputs described below.

The base hypothesis is genuinely logarithmic. For example, £(C*) = 0, whereas its smooth
projective compactification P! has Kodaira dimension —oco. A compactification argument must
therefore retain the coefficient-one inverse boundary; replacing the open base by its ordinary
projective Kodaira dimension would lose the hypothesis used in the proof.

Corollary 1.2 (Projective litaka—Viehweg inequality). Let f : X — Y be a surjective morphism
with connected fibers between smooth connected projective complex varieties, with k(Y) > 0. For
its geometric generic fiber F,

k(X) > k(F) 4+ max{k(Y), Var(f)}.
Proof. Apply Theorem 1.1 with empty compactification boundaries. [l

Thus the ordinary projective-complex litaka—Viehweg C'T conjecture also holds in every di-
mension without a good minimal model hypothesis.

1.1. History and the two constancy problems. litaka developed the divisor-dimension and
logarithmic frameworks for the addition problem [27, 28]. Viehweg’s weak positivity of pluri-
canonical direct images made birational variation part of the expected lower bound [48, 47].
Kollar proved the variation refinement for fibers of general type, and Kawamata established the
case of fibers admitting good minimal models [31, 29]. These results distinguish a changing
family from a product even when their fiber dimensions agree.

Analytic positivity and generic vanishing brought substantial progress for special bases. Cao—
Paun proved subadditivity over abelian varieties, and Hacon—Popa—Schnell treated bases of max-
imal Albanese dimension [13, 23]. Meng’s determinant-based equalities give related refinements
over abelian and maximal-Albanese-dimension bases; the comparison with birational variation
there still uses the good-minimal-model condition [36, Theorems 1.9-1.10 and the preceding
discussion]. For reduced SNC pairs, Hashizume proved logarithmic subadditivity when the log
canonical divisor of the general fiber is abundant [26, Theorem 1.2]. Popa’s formulation asks for
the variation bound over an arbitrary base of nonnegative logarithmic Kodaira dimension [42,
Conjecture 3.8].
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Cyclic covers and Hodge theory also relate pluricanonical positivity to variation. Viehweg—Zuo
construct Higgs bundles from cyclic covers associated with pluricanonical sections [49, §4], and
Popa—Schnell develop this construction using Hodge modules [43, §§9-11]. For smooth projective
families of maximal variation whose geometric generic fiber has a good minimal model, Popa—
Schnell prove that the base is of log general type [43, Theorem A].

There are also older public claims in the ordinary setting. Tsuji states full ordinary subaddi-
tivity and stronger direct-image generation in [46, Theorems 1.9 and 1.13]; Maehara states an
ordinary determinant bound involving whole-fiber variation in [35, §7, Theorem 8]. These are
preprint claims, and their proofs are not inputs here. The statements just cited do not formulate
the reduced-SNC logarithmic-base inequality of Theorem 1.1.

The proof below starts from the reduced-SNC subadditivity theorem and the full-period adjoint
comparison proved in the companion Orbifold and logarithmic Iitaka subadditivity [37]. Both
interfaces are stated precisely below. Subadditivity accounts for x(V'), but the variation term
requires two additional constancy arguments. The first makes a Kodaira-dimension-zero fiber
constant when its entire top Hodge line is flat. The second descends the whole original fiber,
retaining the coordinates of its relative litaka base. Constancy of either the canonical model or
the Kodaira-zero fiber alone would not give this last conclusion.

The proof combines several established methods. Canonical bundle formulas separate dis-
criminant and moduli contributions [20, 1, 2]; the root-cover construction here keeps the actual
relative pluriform orders. Deligne’s fixed-part and finite-character results, Schmid’s boundary
theory, and functorial Hodge extensions control those lines after restriction [15, 44, 4]. The bira-
tional constancy argument uses the singular-weight extension theorem of Demailly-Hacon—Paun,
within the Ohsawa—Takegoshi extension method, and the relative pluricanonical Bergman met-
rics of Paun-Takayama [18, 41]. The latter develop the constructions of Berndtsson-Paun [5, 6].
These estimates are followed by a big klt adjoint model [8]. For marked model pairs, we use the
stable-family positivity of Kovacs—Patakfalvi [32]. Hanamura’s birational group structure and
invariance of finite étale covers provide the final descent mechanism [24, 25, 22, 33]. These inputs
are used in the stated settings; the original fiber is never assumed to have a good minimal model.

1.2. The proof and its parameter field. Assume d = x(F) > 0. Choose compatible com-
pactifications f : (X, Dx) — (Y, Dy), retaining U = f~1(V). Logarithmic subadditivity gives
R(U)>d+k(V). Let ¢ : X’ — Z be the absolute litaka map of Kx + Dx on a smooth model,
so dim Z = k(U). Take the relative algebraic closure of C(Y)C(Z) in C(X), and resolve the
normalization of the combined image in Y x Z in this field. On compatible smooth models this
gives

X' 5w, ¢ W-=Y, h:W-—Z

The generic a-fiber J has ordinary Kodaira dimension zero. The images g(W,) form an algebraic
family of subvarieties of Y. Let Ty be a smooth projective model of the normalization of its image
parameter space in the relative algebraic closure of that parameter field in C(Z). Contraction
of a nonzero logarithmic pluriform on Y controls the differential of this family and proves

(1.3) R(U)=d+dimTy,  C(Ip) C C(Y).

Section 2 constructs the maps and establishes the inclusion as an inclusion of the actual function
fields.

It remains to define the whole fiber F' over b = C(Tj) C . Choose the least p > 0 with
a nonzero section of pK;, adjoin its pth root as a canonical differential, and resolve the result-
ing cover. This minimal ordinary root cover has an entire top-form space of dimension one.
The adjoint comparison, applied anew to the restricted integral variation, makes its Hodge line
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rationally trivial along the h-fibers. Finite character then follows on that restricted algebraic
locus.

The analytic criterion of Section 4 turns this flatness into birational constancy of the root
covers, equivariantly for their deck action. A lifted base vector field may initially have poles.
Minimizing an L?/™ integral while fixing a leading coefficient along a divisor shows that every
pole has positive asymptotic fixed order. A single sufficiently small ample perturbation of the
canonical divisor gives a big adjoint divisor whose model contracts these poles; the resulting
regular vector field has flows identifying nearby fibers. The argument is carried out with the
weight chosen before the final fiber and with the regularization, degree, and cutoff limits in a
fixed order.

The last step is algebraic. Marked canonical models recover a finite normalization V' of the
relative litaka base over b, together with its map and the images of the old boundary. The
family J is then a form of a reference variety over k = b(V’). A finite splitting cocycle can
be made constant. At every divisor which moves with the parameter, the actual relative-form
order calculation supplies a multiplicity-one component attaining the threshold. This forces the
splitting cover to be unramified there. After removing finitely many fixed divisors, purity and
descent of finite étale covers produce a field Fj with

k C Fp, Frac(Q @y Fp) =~ Frac(Q @¢(y) C(X)).
Thus the entire geometric generic fiber is defined birationally over b, and Var(f) < dim 7p.

Together with (1.3) and the subadditivity bound, this proves Theorem 1.1.
Figure 1 records the two constancy steps and the final field inclusion in this argument.

Absolute logarithmic Iitaka system Re;‘irlcted 1;(.)ot'—ccgz.e1j comparison
R(U) = d + dimTy at top line; adjoint section

dimension zero

Analytic constancy criterion
J is geometrically birationally
constant on the h-fibers

Marked canonical models
Recover k = b(V’)

Multiplicity-one threshold minimizer
No ramification at moving divisors Finite étale descent

k C Fp; the whole F is
birationally defined over b

FIGURE 1. The parameter field and the two constancy steps. The restricted root-
cover comparison supplies a flat line for analytic constancy and a zero-dimensional
adjoint section system for marked-model recovery. The final field retains the
relative litaka-base coordinates, giving a bound for the variation of the whole F'.

1.3. Smooth families. For smooth families, the good-model theorem of the companion Log
abundance in characteristic zero and Taji’s rigidity theorems give a further application. This ap-
plication is not used in the proof of Theorem 1.1. A smooth quasi-projective base V is Campana-
special if, for any smooth projective compactification (Y, D) with reduced SNC boundary, every
invertible subsheaf L C Qf, (log D) satisfies x(L) < p for 1 < p < dimV [45, §1].
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Corollary 1.3 (Variation and birational isotriviality). Let f : U — V be a smooth projective
surjection with connected fibers between smooth connected complex quasi-projective varieties. As-
sume that every closed fiber is non-uniruled. Then

kK(V)=—-00 = Var(f) <dimV,
kK(V)>0 = Var(f) <k(V).

If V is Campana-special, then Var(f) = 0. In particular, if K(V) = 0, the family is birationally
isotrivial.

Proof. Fix a closed fiber F,. By [11, Corollary 0.3], its non-uniruledness makes K, pseudo-
effective. The companion [40, Corollary 11.2] gives a normal projective model M, with semiample
Q-Cartier K, and, on a common smooth resolution p: W — F,, ¢ : W — M,,,

p*Kp, = ¢ Ky, + E, E >0 and FE is g-exceptional.

For any prime divisor P exceptional over M,, pass to a higher common resolution containing P
and denote the effective pullback of F again by E. Since F), is smooth, the discrepancy identity

a(P, M,) = a(P, F,) + coeffp E > 0

shows that M, has canonical singularities. Thus every F, admits a good minimal model in the
sense used by Taji. His variation is the same whole-fiber field-of-definition invariant as (1.1), so
[45, Theorems 1.1-1.2] gives the dichotomy and the special-base assertion. The case K(V) = 0
also follows from the second inequality and Var(f) > 0. O

Here birationally isotrivial means precisely Var(f) = 0. No isomorphism or trivialization of
the family, globally or after a finite étale cover, is asserted.

For a smooth family in Theorem 1.1 with x(F) > 0, the nonnegative-base bound also follows
directly from logarithmic additivity [39, Corollary 1.2]. Choose compatible smooth compactifi-
cations with U = f~(V) and reduced complement boundaries; their boundary strata are empty
over V. The companion gives k(U) = k(F) + k(V'), where the geometric generic and very gen-
eral fiber Kodaira dimensions agree by generic base change and upper semicontinuity in each
pluricanonical degree. Comparing with (1.2) and cancelling the finite k(F") gives Var(f) < r(V).
This comparison does not address the negative-base branch or all special bases.

1.4. Organization and an additional numerical result. Section 2 constructs the parameter
field, after stating the exact logarithmic lower bound and the section conventions. Section 3
constructs the least-index root cover, computes its parabolic line from actual relative orders, and
proves restricted flatness and finite character. Section 4 proves the analytic birational constancy
criterion, including contraction, equivariance and algebraic spreading. Section 5 develops the
comparison for auxiliary big model pairs at its first use. Section 6 uses recognizable markings
to recover the finite litaka-base normalization. Section 7 makes the cocycle constant, removes
moving ramification after every finite parameter extension, and identifies the whole original
function field. This completes the main theorem.

The final two sections give a separate extension. In Section 8, a nef contribution pulled back
from an adjoint-positive base replaces the Hodge line: interpolation retains the full second litaka-
base dimension. Its volume estimate bounds only the effective action on the section image and
is independent of the degree of the auxiliary alteration. Section 9 applies that theorem to the
ordinary relative litaka fibration and recovers the same embedded parameter field. The exact
reduced-root and section-comparison inputs from the companion are stated there. These sections
are additional results; the logarithmic proof above does not depend on them.
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2. THE PARAMETER FIELD DETECTED BY LOGARITHMIC FORMS

We first find a subfield of the original base field whose transcendence degree is exactly the excess
of the total logarithmic Kodaira dimension over the fiber Kodaira dimension. This construction
uses logarithmic subadditivity and section maps; constancy of the fibers will be proved after that
field has been identified.

2.1. The lower bound and section conventions. The precise lower-bound input is the fol-
lowing companion theorem. Only its projective form is used here. A compact manifold belongs to
Fujiki class C if it is bimeromorphic to a compact Kéhler manifold; in particular, every projective
manifold belongs to this class.

Theorem 2.1 (Reduced-SNC logarithmic subadditivity). Let f : X — Y be a surjective mor-
phism with connected fibers between smooth connected projective complex varieties. Let Dx, Dy
be reduced simple normal crossing divisors, with the zero divisor allowed, such that

Supp(f*Dy) C Supp(Dx).
For a very general fiber F, put Dp = Dx|p. Then
I{(X,KX —{—Dx) > I{(F,KF + DF) + H(K Ky + Dy).

The same assertion holds for compact manifolds in Fujiki class C and holomorphic fibrations
between them.

Proof. Apply [37, Corollary 6.2]. The zero-divisor and —oo conventions here agree with that
statement. Only its projective form is used in the present paper. U

2.2. Models, sections, and fields. In the algebraic arguments below, varieties are integral
unless a finite splitting algebra is explicitly considered. For a surjective morphism with connected
fibers between normal varieties in characteristic zero, Stein factorization makes the base field
relatively algebraically closed in the total function field; the generic field extension is regular and
the generic fiber is geometrically integral. We use smooth projective resolutions of varieties and
pairs [7]; resolving the closure of a graph also eliminates indeterminacy. Boundaries on these
models will always be specified. A rational section of a line bundle on a normal variety is regular
exactly when it is regular at every prime divisor.

Lemma 2.2 (Exceptional section comparison). Let (X, A) be a smooth pair with effective SNC
rational boundary of coefficients at most one. Let i : X' — X be a smooth log resolution, and
let A’ be the strict transform of A plus the reduced exceptional divisor. For every sufficiently
divisible m and every line bundle A on X, pullback and pushdown identify

HY(X,m(Kx +A)+ A) ~ H (X' ,m(Kx: + A) + p* A).
More precisely, there is an effective exceptional rational divisor E with Kx+ A" = p*(Kx +A) +
E, and
11:O0x: (m(Kx: + A)) = Ox (m(Kx + A)).
This sheaf identity respects multiplication and remains valid after pushing to any common base.

More generally, adding an effective exceptional divisor to a pulled-back rational divisor does not
change its divisible section spaces.

Proof. The discrepancy is exceptional because a birational morphism between smooth varieties
is an isomorphism at every generic target divisor. For an exceptional prime Ejy, choose boundary
coordinates z; on X, let a; = ordg,(1*z;), and let kg, be its Jacobian order. Pulling back a
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logarithmic top wedge gives kg, +1 > >, a;: a nonzero wedge contains at most one factor du/u
at Ey = (u = 0). If the boundary coefficients are d; < 1, the discrepancy coefficient is therefore

]{ZEO +1-— Z&Zal Z Z(l - 5Z)CL1 2 0.

Thus F is effective. A rational function with poles only on an effective exceptional divisor
passes every codimension-one regularity test on the normal target, so p.Ox/(mE) = Ox. The
projection formula proves the sheaf and section identities, including their twisted, relative, and
multiplicative forms. 0

The same comparison applies after restricting to a sufficiently general smooth fiber: the finitely
many relevant horizontal strata meet it transversely, and vertical exceptional loci can be avoided.
In particular, boundary changes on auxiliary higher models do not alter the original compact-fiber
section dimension when only exceptional terms have been introduced on that fiber.

Lemma 2.3 (Finite pullback). If 7 : V' — V is a dominant generically finite morphism of
normal projective varieties and D is a rational Cartier divisor on V', then

(V' 7m*D) = r(V, D).

Proof. Stein factorization reduces to finite 7, since a proper birational morphism onto a normal
variety has direct image Oy . Clear denominators. Each homogeneous section upstairs is integral
over the downstairs section ring: its monic characteristic polynomial in the finite function-field
extension has coefficients in the appropriate powers of D. Trivializing D at each prime of V
shows that these coefficients are regular there, hence everywhere by normality. The two graded
rings therefore have the same transcendence degree. If the downstairs ring has no positive-degree
section, the norm excludes one upstairs. These observations prove the assertion in all cases. [

Lemma 2.4 (Fields, sections, and specialization). For a proper variety and a line bundle, global
sections and their multiplication maps commute with extension of the ground field. Consequently
Titaka dimension is unchanged by field extension. For a finite surjective morphism m:Y — X
of normal projective varieties and a rational Cartier divisor L on X,

k(Y,7m"L) = k(X,L).

Finite collections of morphisms and birational identifications spread over fields of finite type.
Section-system statements on geometric generic fibers may be checked on very general complex
fibers, simultaneously in countably many divisible degrees, and conversely.

If b C b are algebraically closed fields and I is a geometrically integral b-variety, every
nonempty open subset of Iy contains a point of I1(b).

Proof. Proper cohomology and flat base change identify the section spaces, compatibly with
multiplication, and hence preserve the dimensions of the section maps. The finite-morphism
assertion follows from Lemma 2.3. Morphisms, rational maps, and the identities making two
rational maps inverse use finitely many coefficients and spread after finitely many denominators
are inverted. On the smooth proper locus, in each fixed degree we shrink to an open where
the section dimension is constant; cohomology and base change then identify the complete fiber
space. Spreading the section maps and excluding the countably many proper closed complements
gives the very-general-fiber assertion.

For the last assertion, work on an affine open of I. A regular function after extension to o’
is a finite sum >, c; f;, where the ¢; € V' are linearly independent over b and f; € O(I). If it
vanishes on every b-point, then every f; does too and is zero. Thus I(b) remains Zariski dense
after field extension, proving the assertion. O
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Lemma 2.5 (Upper addition and interpolation). For a projective fibration u : T — R and a
rational divisor D with nonempty divisible section systems, the dimension of its section-system
image is at most the dimension of R plus the dimension of the restricted section-system image
on the generic fiber. In particular it is at most

dim R + £(T5, D|r).
If D is rationally effective and b > 1 is rational, then for every rational divisor M,
k(D + M) > k(D +bM).

Proof. For a sufficiently divisible system, compare its image with the base using the graph of the

two rational maps. The fiber image has dimension bounded by the restricted complete system;

the fiber dimension theorem gives the assertion, and taking the maximum over divisible systems

proves the first inequality. This is the usual upper-addition estimate; see [27, Theorem 4, p. 357].
For the second claim use

D+M=b"'(D+bM)+(1-b"1D.

After clearing denominators, multiplication by a fixed effective section of the second summand
embeds the corresponding section systems of the first. Their ratios are unchanged. Taking their
image dimensions proves the assertion. O

We use the litaka fibration theorem for a divisor with nonnegative section dimension [27,
Theorems 3-4]: on a suitable smooth model its connected generic fiber has restricted divisor
of Kodaira dimension zero, and the base has dimension equal to the original section dimension.
Its application to a log adjoint divisor is explained in the two-base construction, including the
comparison under subsequent resolutions.

For analytic computations, we normalize dd® = 5-00, so that dd°log|sp|> = [D] in a local
holomorphic frame. A weight is a local potential for a singular Hermitian metric; differences of
weights on the same line bundle are globally defined functions. Smooth reference metrics are
understood whenever a potential or a norm is compared globally. Positive universal normalization
constants do not affect the integral estimates below.

Let f:U — V be the morphism in Theorem 1.1, and put d = k(F). If d = —o0, the asserted
inequality follows from the convention for —co. We therefore assume throughout this section
that d > 0. We first obtain the contribution of k(1) and then construct the bases used to control
variation. The subadditivity used in this section is Theorem 2.1.

2.3. Compactification and the first Iitaka base.

Lemma 2.6. There are smooth connected projective compactifications X and Y of U and V,
respectively, and a surjective morphism X — Y with connected fibers extending f, such that the
reduced divisors

Dx =X\U, Dy =Y \V
have simple normal crossings and the inverse image of V is exactly U. In particular, Dx has no
component dominating Y, and

(2.1) K(X,Kx + Dy) = &(U) > d + &(V).

Proof. Take a smooth projective compactification of V' and resolve its boundary. Since f is pro-
jective, embed U as a closed subscheme of a projective space over V and take its closure over the
resulting projective base Y. Equivalently, one can take the closure of the graph of f in projective
compactifications. Over V this closure is already U: the original family is proper over V, so
no additional limit point is needed above that open set. Resolve the closure and its boundary,
with all centers outside the smooth open U. Resolution and elimination of indeterminacy in
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characteristic zero give the required morphism between smooth projective varieties and the SNC
boundary; see [7].

The resulting morphism has a geometrically integral generic fiber. Indeed, the original proper
morphism has connected fibers and normal base, so its Stein factorization gives f,Oy = Oy .
Thus C(V) is relatively algebraically closed in C(U); in characteristic zero this extension is
regular. The finite part of the Stein factorization of the compactified morphism is consequently
birational over Y, and hence is an isomorphism because Y is normal. This proves connectedness
of its fibers.

As fYV) = U, every point of Dx lies over Dy, and Supp(f*Dy) C Supp(Dx). A very
general fiber lies over V| has no boundary, and has ordinary Kodaira dimension d. Theorem 2.1
now applies to these smooth projective varieties, connected fibers, and reduced SNC boundaries.
Its conclusion is (2.1), by the compactification definition of logarithmic Kodaira dimension. [

Fix, once and for all, a nonzero section
(2.2) ¢ e H'(Y,m(Ky + Dy)),  m>0.

Such a section exists because (V') > 0. It is essential here that ¢ is logarithmic: no nonnegative
ordinary Kodaira dimension of Y is assumed.
We recall the boundary convention for all subsequent source models. If 7 : X; — X is a
smooth birational model, set
D = 7'l';1DX + EXC(ﬂ')red.

The SNC discrepancy formula gives
(2.3) Kx, + Dy =7"(Kx + Dx)+ > A(E;X,Dx)E, A(E; X,Dx) >0
E

where the sum is exceptional. For every positive integer a, divisorial testing on the normal target
therefore gives

W*Oxl (a(KX1 + Dl)) =0x (a(KX + DX))
Thus these modifications preserve the entire adjoint section ring, not just its litaka dimension.

The same argument permits a pulled-back rational twist in divisible degrees. After each modifi-
cation we resolve the boundary again, using the same convention.

Proposition 2.7. There are smooth connected projective varieties X, X', W, Z, a birational
morphism X' — X,, and morphisms

X' Lwiy, h:W — Z, g=houz,

with the following properties.

(i) The variety Xy is a smooth model of X carrying a resolved absolute litaka map for Kx +
Dx. Its boundary Dy, and the boundary D' on X', follow the strict-transform-plus-
reduced-exceptional convention. The map q is the pullback of this litaka map, and

(2.4) dim Z = &(U).

(ii) The morphisms x, g, h are surjective and have connected fibers and geometrically integral
generic fibers. The induced map from W to its image in Y x Z is generically finite. In
particular, W, — g(W,) is generically finite for very general z.

(iii) The divisor DYy, = (g*Dy)eq is SNC. On wery general fibers over Z, all the relevant
varieties and boundary strata are smooth, and

(25) /{(X*,Z’ KX*,Z + D*‘X*,z) = /{(X;? KX; + D/|Xé) = O
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One may make further compatible smooth birational modifications, retaining these assertions.
After the finite preparations in this section, X, can be fixed as an earlier model, and every
subsequent source model is taken to dominate it.

Proof. By (2.1), Kx + Dx has nonnegative section dimension. The divisor litaka theorem gives
a resolved map with base dimension k(U) and with restriction of the divisor having section
dimension zero on a very general fiber. The needed statement is [27, Theorem 3, p. 357, and its
proof in §4, pp. 361-363]. The stabilized section field is relatively algebraically closed in C(X)
by [27, §3, Proposition 1, p. 359]. In the case K(U) = 0, the map is the map to a point.

For clarity, the fiber conclusion concerns the full restricted section system. On a resolution, a
sufficiently divisible system has moving part pulled back from a big system on the litaka base.
In a divisible degree there is consequently a section after subtracting a pulled-back ample divisor.
Any extra independent plurisections on the generic fiber extend after an ample pullback twist.
Multiplying by the preceding section would then enlarge the stabilized section field, which is
impossible. Doing this in each degree gives the assertion on very general fibers. Formula (2.3)
allows the theorem to be applied to the log divisor on each higher source model itself. Adjunction
on a smooth fiber identifies its restriction with that fiber’s log canonical divisor. This proves
(2.5), including after further compatible resolutions and birational changes of the Titaka base.

Let K = C(X), Ly = C(Y), and Lz = C(Z), viewed as subfields of K. The combined image
in Y x Z has function field Ly Lz. Let Ly be the relative algebraic closure of this compositum
in K, a finite extension of Ly Lz. Normalize the combined image in Lyy, resolve it, and resolve
the resulting rational map from a higher source model. These operations give the displayed
morphisms.

The field Ly is relatively algebraically closed in K by construction. Moreover, Ly and Ly
are relatively algebraically closed in K, so each is relatively algebraically closed in Ly,. In
characteristic zero the three corresponding generic field extensions are regular. This proves
geometric integrality of the generic fibers of x, g, h; properness and the normality of their targets
give connectedness by Stein factorization. Finiteness of Ly /(Ly Lz) gives generic finiteness to
the combined image and hence generic finiteness of the indicated fiber maps.

Finally resolve D?,V and the source boundary and lift all the maps. Outside a proper closed
subset of Z, the morphisms and every dominating boundary stratum are smooth, and the non-
dominating strata are absent. This follows from generic smoothness applied to the finitely many
strata. It gives the asserted very general SNC fiber data. The section-ring and field arguments
just given are unchanged by these birational operations. O

The two maps just constructed are shown in Figure 2. The lower arrows in the figure are the
next objective; they will identify the required subfield of C(Y).

2.4. Logarithmic restrictions to the Iitaka fibers. Write
n=dimY, r=dim W,, pL=mn-—r.

Generic finiteness of W, — g(W,) gives 0 < r < mn, so p; > 0. The next argument explains how
the logarithmic form on Y produces a form of the correct degree on W,.

Lemma 2.8. For very general z € Z, the form & in (2.2) induces nonzero sections of m(Ky, +
D3V|Wz) by contraction with suitable p1 tangent directions at z. In particular,

K(W., Kw, + Diy|w.) > 0.

Proof. Work over an open subset of Z on which h and all the boundary strata are smooth. On
its inverse image the logarithmic cotangent sequence is exact:

0 — h*Qy — Qyy(log Dyy) — Q)4 (log DY) — 0.
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X/

FIGURE 2. The two maps from the total space: gz is the original fibration and
hx is the absolute log litaka map. The construction of W makes its map to Y x Z
generically finite onto its image. The proof then constructs Ty by parametrizing
g(W,) and shows that both base fields contain C(Tp). The lower arrows are
conclusions of the argument, not assumptions. Resolving the dashed map later
gives S — Ty with S birational to Y.

The last bundle has rank r. Since n = r + p1, the exterior-power filtration has no term of base
degree below p1, and its first quotient is the canonical map

n p1
(2.6) A\ Qv (log D) — b* \ Q% @ det Qg (log Dyy).

Pullback of logarithmic differentials under g is regular here: locally, the pullback of an equation
for Dy is a monomial in equations for D%V times a unit. Thus ¢*¢ is a section of the mth tensor
power of the left side of (2.6). Apply the quotient tensorwise and, on W, evaluate on any p;
fixed vectors in T, Z. The result is a global section of

(det Qi (log DY) lw.)*™ ~ Ow. (m(Kw. + Diy|w.)).

This construction is independent of local lifts of the chosen tangent vectors: replacing one lift
by a relative tangent vector inserts r + 1 relative vectors into an alternating form, so contributes
zero. It is therefore valid along the entire boundary of the fiber, rather than only on its interior.

At a generic point of W, the differential of g has rank n, while its restriction to the tangent
space of W, has rank r. The induced normal map from 7,7 consequently has rank p;. Some
choice of the p; vectors gives a nonzero determinant, and hence a nonzero contracted section.
When p; = 0, the same construction simply uses the relative top-degree quotient, with no tangent
vectors to choose. g

Lemma 2.9. Let J be the smooth geometric generic fiber of x, or a simultaneous very general
complex fiber. Then

(2.7) k(Wy, Kw, + Dylw.) =0,  w(J)=r(J,K;+D'|;)=0.
The source-fiber equalities (2.5) hold on the same very general locus.

Proof. First, k(J) > 0. To see this using the ordinary canonical divisor, take a very general
compact Y-fiber of X’ — Y. It is a smooth birational model of the original fiber F’ and therefore
carries a nonzero ordinary pluricanonical section because d > 0. The restriction of this section
to a general fiber of its map to W, is nonzero: its zero divisor cannot contain all those fibers.
Adjunction identifies this restriction, up to the one-dimensional determinant of the base cotangent
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space, with an ordinary pluricanonical section on J. Since D'|; is effective, its log canonical
divisor also has nonnegative section dimension.
Now restrict x to a very general fiber over Z:

w2 (X2, D'xs) — (W, Diy|w)-

The source and base are smooth connected projective varieties, the fibers are connected, and
both displayed boundaries are reduced SNC. Every component of the inverse base boundary is
in the source boundary, because both lie over Dy. Thus Theorem 2.1 applies. Its conclusion,
together with (2.5) and Lemma 2.8, is

0 Z H(J, KJ +D,‘J) + KJ(W27KWZ +DIO/V|Wz) 2 0.

Both terms vanish. The already proved ordinary nonnegativity, and monotonicity under addition
of an effective divisor, give k(J) = 0 as well. The simultaneous geometric-generic and very general
interpretations follow by base change in the countably many section degrees. O

Although the original compactification has no horizontal boundary, a later exceptional divisor
can be horizontal for . Thus the proof does not assert D’|; = 0; it proves both dimensions in
(2.7). On a very general Y-fiber, however, every exceptional divisor that meets that fiber remains
exceptional over the original F': its center has codimension at least two after restriction, by the
dimension formula for a center dominating Y. Accordingly, (2.3) on this compact fiber identifies
its logarithmic section dimension with its ordinary dimension d.

2.5. The image family and the second base.

Proposition 2.10. The models of Proposition 2.7 may be chosen together with smooth connected
projective varieties S, Ty and morphisms in the commutative diagram

q=hox
T,
(28) / [ [
Y S8 T,
such that p is birational, g = p o gg, and
(2.9) W — (S X1y Z)main s dominant and generically finite.

Both Z — Ty and S — Ty have geometrically integral generic fibers. With Dg = (p* Dy )red made
SNC, one has

dim(W/Y) =d, dim Ty = p1, dim Z = d + dim Ty,

2.10
( ) K(SbKSt + DS‘St) Z 0

for very general t € Tp.

Proof. The relative dimension over Y. The dimension of W, is the image dimension of the abso-
lute litaka coordinates restricted to a very general Y-fiber; the finite extension in the definition
of W does not change this dimension. Those coordinates form a subsystem of a log pluricanon-
ical system on that fiber. By the exceptional section comparison just explained, their image
dimension is at most d. Conversely, upper addition for the ordinary canonical divisor on that
compact fiber, whose general fiber over W, is J, gives

d < dim Wy + k(J) = dim W),
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Here we use the upper addition inequality for section dimensions with irreducible general fibers,
as in [27, Theorem 4, p. 357]; no nonnegativity or subadditivity hypothesis on W), is involved.
Consequently dim(W/Y') = d.

The differential of the image family. Let C, = g(W,) C Y with its reduced structure. The
scheme image of W — Y x Z has geometrically integral generic fiber over Z: its fiber function
field lies between C(Z) and the regular extension C(W). Generic flatness, followed by restriction
to a smaller open, therefore yields a flat family of reduced integral subschemes C, of Y. Hilbert
representability [21, Theorems 3.1-3.2 and the discussion following Proposition 3.8] therefore
gives a parameter map

7:Z --» Hilb(Y').
We claim that the dimension of its image is exactly p;.

Fix a very general z and a basis of 1,Z. Perform the contraction in Lemma 2.8 for every pi-
tuple of basis vectors. By Lemma 2.9, all nonzero resulting sections in degree m are proportional.
Indeed, two independent sections in one degree would give a nonconstant ratio and positive litaka
dimension.

At a general smooth point y € C,, the normal deformation map is

(211) T, — ch/yy.

It is computed by lifting a base direction to W, applying dg, and taking its class modulo T),C..
This is independent of the lift and has rank pq, since g is dominant and W, — C, is generically
finite. Locally trivialize the tangential determinant and the form £. Each contracted section
is the mth power of the corresponding pi-minor of (2.11), multiplied by a common nonzero
factor. Proportionality of the sections says that the mth powers of all ratios of nonzero minors
are constant as the point of W, varies. The ratios themselves are constant: a rational function
whose positive power is constant is algebraic over C, and hence is constant on an integral complex
variety. The Pliicker coordinates of (2.11) thus have constant ratios. Its kernel, a subspace of
the fixed vector space T, Z, is consequently independent of the general point y.

To pass from this pointwise calculation to the parameter map, write Z, for the ideal of C', in
Y. A Hilbert tangent vector is a homomorphism

T./I? — Oc,.

Such a homomorphism is zero if it is zero at the generic point: the target is the structure sheaf
of an integral scheme and has no torsion. On the general smooth locus of C, its normal value
is precisely (2.11). It follows that dr, has the same kernel as that normal map and therefore
has rank p;. In characteristic zero, generic differential rank equals the dimension of the reduced
image. This proves the claim.

This argument includes the extremes. If p; = 0, every C, has dimension dim Y and is therefore
Y, so the family is constant. If = 0, the smooth connected W, is a point and its parameter
map has rank dimY = p;.

Construction of S and Ty. Let the function field of Tj be the relative algebraic closure of the
image parameter field in C(Z), and take a smooth projective model. Then dim 7y = p;, and
Z — Tp has geometrically integral generic fiber. Pull the universal image family back to Ty and
take the component dominated by W, with a smooth projective resolution denoted by S. After
compatible resolutions all the maps in (2.8) are morphisms. Its right square commutes, and the
induced map (2.9) is dominant and generically finite: over a general z it is the generically finite
map to the corresponding image member.

The generic fiber of S — Ty has dimension r. Thus dim.S =r+p; = dim Y, and its dominant
map p: S — Y is generically finite. In fact it is birational. The maps give the field inclusions

(2.12) C(Y) C C(S) C C(W) C C(X).
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The first extension is algebraic, whereas C(Y') is relatively algebraically closed in C(X). There-
fore C(S) = C(Y). In particular, the construction embeds C(Tp) in the original base field
C(Y).

For completeness, geometric integrality of the generic fiber of S — T can be checked in the
same field tower. The field C(Tp) is relatively algebraically closed in C(Z) by construction, and
C(Z) is relatively algebraically closed in C(W). It follows that C(Tp) is relatively algebraically
closed in C(W), and hence in its subfield C(S). The extension C(S)/C(Ty) is therefore regular.
This also verifies the geometric connectedness independently of the universal-family description.

Dimensions and the logarithmic base fiber. The equality already proved over Y gives

dimW =dimY +d=dim Z + r.

Together with dim 7Ty = dimY — 7, this yields dim Z = d 4 dim Tj.

Resolve the support of Dg = (p*Dy )req, lifting the other maps once more. Logarithmic
pullback gives a nonzero section p*¢ of m(Kg + Dg). Restrict it to a very general smooth
fiber S;; this restriction is nonzero, since its zero divisor cannot contain all fibers. Adjunction,
with the determinant of T;7Tp a constant one-dimensional factor, gives a nonzero section of
m(Ks, + Dgs|s, ). This proves the last assertion of (2.10). All these final resolutions preserve the
section and fiber properties in Proposition 2.7. We now fix an earlier resolved litaka source X,
and take the common source X’ above it; later source modifications will continue to dominate

this fixed model. O

Remark 2.11. The field identifications in (2.12) will also control the constant field in the final
descent. Inside the prescribed algebraic closure Q of C(Y), set b = C(Tj). The regular extensions
C(Y)/C(Tp) and C(W)/C(Y) remain regular after the corresponding base changes. Thus, if I
and Hg are the geometric generic fibers of S and W over Ty, their map Hy — I has geometrically
integral generic fiber. Moreover, b(I) = bC(Y) C Q is algebraic over C(Y), so Q is also an
algebraic closure of b(I). These are statements about the fields in the original diagram; they do
not assert constancy of the z-fiber or of the whole original fiber.

3. THE ROOT COVER AND ITS HODGE LINE
We retain the diagram and the boundary conventions of Proposition 2.7. Thus
X' 5w, h:W — Z, q = hz,

and X’ dominates a fixed earlier log Iitaka model X,. Its boundary D’ is obtained from the
boundary on X, by strict transform and addition of the reduced exceptional divisor. Put DY, =
(9" Dy )red- Lemma 2.9 gives, for very general z € Z and for the geometric generic fiber J of x,

K/(X*,Z’ KX*,z + D*‘X*,z) = 0’
(3.1) K(We, Kw. + Diylw.) =0,
k(J)=r(J, Ky +D,|J) =0.

All subsequent modifications are smooth projective birational modifications, with this same
source-boundary convention. We shall construct an effective rational boundary B and a nef
rational Hodge line M on W, prove a section comparison on W,, and then show that the Hodge
line is rationally trivial there.

3.1. An ordinary cyclic cover.

Lemma 3.1 (The root cover). Let p be the least positive integer for which H°(J,pK;) #0. A
generator wy determines a geometrically connected cyclic cover of J. FEvery smooth projective
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resolution J of its finite normalization satisfies

Kk(J) =0, ho(J, mKz) =1 for every m > 0.
The root form spans the entire ordinary top-form space. After shrinking a nonempty open W° C
W, these covers admit an equivariant resolution forming a smooth projective family over W°.

Proof. The spaces of pluricanonical sections commute with extension to an algebraic closure of
the ground field. We first make that extension and work with the smooth projective variety J over
an algebraically closed field of characteristic zero. Since k(J) = 0, every nonzero pluricanonical
system has dimension one.

Choose a rational canonical frame 7 and write wy = f7P. Normalize J in the field obtained
by adjoining a pth root of f. This field extension has degree p. Indeed, since the ground field
contains the pth roots of unity, reducibility of the Kummer polynomial would make f a gth
power for some prime ¢ | p. If f = a?, then the rational (p/q)-canonical form ar?/? has regular
qth power. Its order at every prime is therefore nonnegative, so it is regular, contrary to the
minimality of p. This also proves geometric connectedness before the extension of the ground
field. N

Denote the finite normalization by my : J*" — J and a smooth resolution by p : J — J"°".
The rational root form 7 on J satisfies

(3:2) NP = (mop) wy
as pluricanonical differentials. Pullback of a regular pluricanonical differential under a morphism
of smooth varieties is regular. Thus (3.2) proves that 7 is regular at every prime of J, including
the resolution-exceptional primes.

Set E = div(wy). At a prime of J"" over a prime of J at which E has coefficient a > 0, let e
be the ramification index. The tame differential formula gives

(3.3) ord(n) = %l +e—1.

If @ = 0, adjoining the root of a unit is unramified at that prime and e = 1. If a > 1, the right
side of (3.3) is at most 2ea. This bound is a statement at the primes of the finite normalization;
we do not assert it at every prime of its resolution.

Forse H 0(j ,mK }), the rational function s/n™ consequently has poles at the primes of J"°*
bounded by 2mnjE. Normality therefore gives an injection

(3.4) H(J,mK5) — H(J"", O por(2mmiE)), s+ /0™

Only codimension-one tests on J"°" enter this injection.

Lemma 2.3 gives k(J"", 3 E) = k(J, E) = 0. Since 13 E is effective, each space on the right of
(3.4) has dimension one: two independent sections would give a nonconstant section ratio. The
nonzero section 1" gives the reverse inequality on the left, proving the assertion.

The integer p and the one-dimensional generator space are unchanged geometrically. A rational
generator can consequently be chosen as a section of pKys y. The Kummer construction is
algebraic over a nonempty open of W. An equivariant resolution of its projective normalization,
followed by shrinking the base and generic smoothness, gives the asserted smooth projective
family, with its fiberwise cyclic deck action. O

3.2. The entire top line and its extension. A highest Hodge line means the highest nonzero
filtration piece FP of a pure variation, with FP*! = 0 and rank FP? = 1. The rank condition
concerns the entire highest step; a rank-one eigenspace in a larger highest step does not satisfy
it. Its projective period map is the map on the connected universal cover to the projective space
of a flat reference vector space determined by that line. Its differential rank need not equal
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the rank of the full period map. Our applications use rational polarizations and a monodromy-
invariant lattice in the rational local system. The full-period comparison in Theorem 3.8 also
allows a real polarization, with a lattice in the underlying real local system. The parabolic
extension is the rational line obtained by making boundary monodromy unipotent on local root
covers, taking its canonical Hodge extension, and descending with the resulting rational weights.
Finite-monodromy weights are retained in this convention.

Lemma 3.2 (Parabolic extension). Let P be smooth projective, let D be a reduced SNC' divisor,
and let L° be the highest line of a polarized integral pure variation on P\ D. Its rational parabolic
extension L is nef. This extension commutes with positive tensor powers and with pullback by
morphisms of smooth projective log pairs whose interiors map into P\ D.

Proof. For unipotent local monodromy, the extension is the top filtration subbundle of the
Deligne—Schmid extension. Nefness and compatibility with powers and log-pair pullbacks are
[4, Lemmas 2.16 and 5.6]. The pullback statement follows from functoriality of the unipotent
extension and the extended Hodge filtration.

Integral polarized monodromy is quasi-unipotent at the boundary. In a crossing chart, take
sufficiently divisible roots of the boundary coordinates to make it unipotent. The resulting line
is equivariant for the finite deck group. A common positive power kills the stabilizer characters
on its fibers and descends to a line bundle in the original chart. These descents agree on overlaps:
compare them on a common root cover and use uniqueness of the unipotent extension. They
define the rational parabolic line, including its finite-monodromy weights. The same comparison
proves compatibility with powers and further log-pair pullbacks. This proves the quasi-unipotent
assertions by descent from the unipotent ones.

These comparisons can be made on a global smooth adapted alteration. For example, a finite
neat level of the integral monodromy, followed by compactification and resolution, makes the
boundary monodromies unipotent. Extra boundary components on which the original variation
already extends have weight zero. The pullback of L is the unipotent extension there and is nef.
Nefness descends under a proper surjective map: every curve downstairs is dominated by a curve
upstairs, and the projection formula compares their degrees. Thus L is nef. O

Fix the rational relative form w; of Lemma 3.1. Enlarge an SNC divisor on W so that the
root-cover family and its pure integral polarized middle-cohomology variation are defined on its
complement. This enlargement specifies the domain of the variation; it does not add logarithmic
poles to the target section systems.

Let £ be the highest nonzero Hodge filtration piece of the middle-cohomology variation of
the resolved root-cover family. Lemma 3.1 says that £ has rank one. Write M for its parabolic
rational extension to the prepared SNC compactification W. Lemma 3.2 makes M nef.

3.3. Actual divisorial orders and the boundary. Two divisorial tests enter the comparison.
The first records which poles a coefficient on W may have while its product with the relative
pluriform remains logarithmic at every actual source component. It gives a minimum over those
components. The second test ranges over divisorial valuations on all higher models; the metric
calculation below will identify it with an integrability threshold. For each prime P of W, we
denote these two quantities by tp and Ap, respectively.
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Proposition 3.3 (Divisorial normalization). For a prime divisor P on W, and for a prime
divisor Q on the actual source X' dominating P, set

1
mg = ordg(z*P), rQ = , ordg(wy), dg = coeffg(D'),

. ’I”Q—i-dQ
tp = ==
3.9 p= gy "5
Q on X'
1
Ap = inf +TQ, Bp=1—-Ap+ip.
Q—P mq

In the definition of Ap, Q runs over divisorial valuations on all higher smooth source models. In
both formulas rq is measured in the actual relative canonical bundle with respect to the smooth
base W.

The two rational divisors
T=> tpP, B=)» BpP
P P
have finite support. The divisor B is an effective boundary and
(3.6) 0<Bp<l, B > Dy = (9" Dy )red-

The formulas at unchanged codimension-one base points are invariant under further source res-
olutions with the prescribed boundary convention. They are also preserved, allowing splitting of
components, by an étale extension of the base DVR and the corresponding source base change.
After a further birational preparation of W, B can be assumed to have SNC' support.

Proof. At the generic point of P, correct the relative form by the factor v P!, where u is a local
equation for P; take a tensor power to make the exponent integral. At every actual component
over P its normalized order satisfies

(3.7) rqg —mqgtp +dg > 0.

Orders at divisors horizontal over W are nonnegative, since wy is an ordinary regular pluricanon-
ical form on the generic fiber. Near the generic point of P, the corrected form is therefore a
logarithmic pluriform for the actual SNC pair (X', D’).

The discrepancy inequality for a reduced SNC pair says that pullback to a higher smooth
model is still logarithmic for strict transform plus reduced exceptional boundary. In particular,
the normalized ordinary order of the corrected form at any higher prime is at least —1. It follows
that

1+7rg
mQ

>tp for every Q — P, and hence Ap > tp.

If @ attains the actual minimum defining ¢p, then

1+TQ_TQ+dQ_1—dQ<1

(3.8) 0<Ap—tp<
mq mq mq

This proves 0 < Bp < 1. If P is contained in ¢~! Dy, every actual component over P lies in D’
and has dg = 1. The middle term of (3.8) is then zero, so Bp = 1.

Resolve, over the generic point of P, the support of the form’s zero and pole divisor together
with z*P. On this resolution the relevant conditions are monomial inequalities. The SNC
discrepancy inequality shows that inequalities at its components imply the inequalities on every
higher model. Thus a finite log resolution computes Ap; in particular it is rational. Outside a
finite divisorial subset of W, the fibers are smooth and integral, the relative form has no vertical
zero or pole, and there is no vertical source boundary. There the actual component has mg = 1,
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rg = dg = 0, and the smooth-fiber calculation gives tp = 0 and Ap = 1. This proves finite
support.

On a further source resolution, the old actual divisors remain. They still attain the old mini-
mum. Equation (3.7) holds at every new actual divisor by logarithmic pullback, so the minimum
cannot decrease. The all-valuation infimum is unchanged. An étale base-DVR extension preserves
canonical frames up to units, multiplicities, and all the displayed orders; the same assertion holds
on a fixed log resolution, including when a divisor splits. Finally resolve the finite support on
the base, resolve the source map, and recompute (3.5). All previously unchanged codimension-
one points keep their coefficients, and new support lies on the exceptional base divisor. The
inequalities just proved apply to the recomputed data. ([l

Corollary 3.4 (A zero boundary coefficient). If an actual coefficient Bp in Proposition 3.3 is
zero, some actual source component () over P satisfies
1 1 /
(3.9) dg=0, mg=1 1T _ pyp 17T
mQ Q'—P mey

The same conclusion applies after the étale DVR extensions described there. It refers to the actual
coefficient before any operation that assigns a new reduced-exceptional boundary coefficient.

Proof. Take @ attaining the first minimum in (3.5). The equality Bp = 0 makes Ap —tp in (3.8)

equal to one. Thus

1 do
mQ

1<

<1

Since mg is a positive integer and dg € {0,1}, this forces mg = 1 and dg = 0. Equality
throughout also gives the final assertion in (3.9). O

The component singled out by Corollary 3.4 will enter the ramification argument in Sections 6—
7. That argument uses both its multiplicity one and its attainment of the all-valuation threshold.
We first use the two order tests to identify the Hodge line and compare sections.

3.4. The metric identifies the Hodge contribution.

Proposition 3.5 (The Hodge order). At every prime P of W, the parabolic order of the root
form n is Ap — 1. Consequently

(3.10) M~q ) (Ap—1)P, T ~qB+M.
P

Proof. On the smooth family locus, finite change of variables gives

(3.11) Imolfag = o | lonl®”,

w

where ¢, > 0 is constant and the expression on the right is the canonical density associated with
a pluricanonical form. In a local canonical frame, this density is the 2/p power of its coefficient
times the usual canonical volume density.

Take a general point of P, with base coordinates (u,s2,...,s;) and P = (u = 0). Integrate
(3.11) against base Lebesgue measure and the factor |u|~2Y. Fubini and change of variables
reduce local integrability to an integral on a log resolution of the total space. The factors from
the absolute canonical density and from the base canonical frame cancel precisely as prescribed
by Kx/w = Kx/ —x* K. Thus, at a vertical prime (), the monomial exponent in the resulting
density is

TQ — YMQ-.
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The transverse integral is finite exactly when rg —ymg > —1. Horizontal primes have nonnega-
tive ordinary order and cause no further condition. A finite SNC resolution computes all these
conditions, so the supremal integrability exponent is

147
=2 2 N Q _
(3.12) sup {7+ [ul " nlfia € L} = inf, o

Ap.

Here local integrability is measured against base Lebesgue measure. The value at the endpoint
itself is irrelevant to this supremum.

We compare this with the parabolic extension. After a transverse root coordinate killing the
finite part of the monodromy, a nonvanishing canonical extension frame has squared Hodge norm
bounded above and below by powers of —log|u|. This is the one-variable nilpotent-orbit growth
estimate for a polarized pure variation [44, §§4 and 6]. Accordingly, a rational section of parabolic
order a has squared norm

[ul** (~log[u])7™,

where the notation means two-sided bounds by fixed powers of the logarithm. Its supremal
exponent in (3.12) is 1 + a.

There is a meromorphic coefficient to which this statement applies. The form 7 is an algebraic
section of the top line on the family locus. One may use the regular-singular extension of the
geometric Gauss—Manin system. Equivalently, the finiteness of the threshold in (3.12) gives a
weighted L? bound for its holomorphic coefficient in a nonvanishing extension frame. Absorb
the logarithmic factors into an arbitrarily small power of the radius. The Laurent-series integral
test then bounds the negative exponents of that coefficient, excluding an essential singularity
and proving meromorphic extension. The finite root coordinate gives a rational parabolic order
downstairs. Clearing its denominator by a tensor power, and applying the codimension-one
extension test, gives the divisor of the rational line M.

Comparing with (3.12) proves a = A\p — 1. There is no additional factor of p: the normalized
order rg already contains 1/p, and the density in (3.11) uses the same normalization. Finally
tp = Bp+ (Ap—1) at every prime, which proves (3.10). The transverse root coordinate has only
been used to compute the metric order; no section system has been descended from a ramified
alteration. O

3.5. Preparation and transfer of sections. We first record the birational preparation needed
to avoid an uncontrolled codimension-two image in a section comparison.

Lemma 3.6 (Extracting source divisorial valuations). Let Ty be a fized smooth projective model
of the source of a dominant rational map to a smooth projective variety R. After resolving the
map, making a birational modification of R, and resolving the source again, we can arrange that
every source divisor whose image in the new base has codimension at least two is exceptional over
Ts. Further smooth birational preparations of the base and compatible source resolutions preserve
this assertion.

If the maps also commute with maps to a fixed base Z, the same assertion holds on their very
general fibers over Z.

Proof. Resolve the rational map, obtaining a morphism 77 — R. Put e = dim7} — dim R. A
prime divisor of T} with image of codimension at least two lies in the closed locus where the fiber
dimension is at least e + 1. There are only finitely many divisorial components in that locus.
Consider those not exceptional over T.

For each such prime, its divisorial valuation v on K = C(7}) has nontrivial restriction w to
L = C(R). The latter is a discrete rank-one valuation. We justify that it is divisorial. Residue
elements algebraically independent over k(w) lift to elements algebraically independent over L:
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in a proposed relation, divide by a coefficient of least valuation and reduce to the residue field.
Hence

trdeg,, ) k(v) < trdegy K.
Since v is divisorial, this gives
trdege k(w) > (dim 7T} — 1) — (dim7} —dim R) = dim R — 1.

Conversely, lifts of algebraically independent residue elements for w, together with an element
of positive valuation, are algebraically independent over C. Thus trdegc x(w) < dim R — 1.
Equality follows.

Choose a residue transcendence basis and lift it to units of L, together with an element
generating the value group of w. They give a purely transcendental subfield of L over which L is
finite. Normalize the corresponding model in L and take the center of w above the DVR cut out
by that positive-valuation parameter. This realizes w as a prime divisor on a birational model
of R. Extract all the finitely many restrictions in this way and dominate the result by a smooth
projective model. On a compatible smooth source model, each of the original nonexceptional
divisors now has divisorial image. Any new source prime is exceptional over T,. A further
birational base modification preserves the strict transform of each extracted valuation divisor,
proving persistence.

For the last assertion, shrink a nonempty open in Z so that the finitely many relevant loci,
their images, and their boundary strata have the expected fiber dimensions. A prime divisor
contracted to codimension at least two on a fiber lies in the restriction of the fixed excess-
fiber-dimension locus. A global component of codimension at least two dominating Z still has
codimension at least two on a general fiber. Thus a divisorial component on a general source fiber
comes from a global divisorial component of that locus, possibly after splitting. Its image over T}
has codimension at least two, and the same dimension calculation makes its image exceptional
on the general fiber of T,. This proves the fiberwise assertion. O

Proposition 3.7 (The litaka-fiber section bound). The models in Proposition 2.7 can be chosen,
with the divisors of Proposition 3.3 recomputed on them, so that

(3.13) k(W Kw, + Blw, + M|w,) <0

for very general z € Z. The comparison is a comparison with the section system on the fixed
fiber X, in (3.1).

Proof. Apply Lemma 3.6 with fixed source X, and base W. Retain the maps to Y and Z, resolve
the finite boundary supports, and recompute (3.5). By the lemma, every divisor of a very general
fiber X/ whose image under z, has codimension at least two is exceptional over X, ..

We also shrink the good open in Z for the finitely many supports and resolutions used in
the divisorial calculation. The tests defining T then restrict to W,. To see this explicitly,
over the smooth good locus of W those tests are zero. Outside it, only restrictions of the
finitely many divisors dominating Z can meet a general W, in a divisor. Generic smoothness
and adjunction preserve the multiplicities and relative-canonical orders there, with splitting of
components allowed. Loci of higher codimension stay of higher codimension after the shrinking
just made. The same reasoning on a fixed log resolution computes all the higher-valuation
inequalities.

Write T, = T'|w.. For a sufficiently divisible integer m, take

o€ HO(W,, m(Kw, +T.)).
Using the relative canonical identification, multiply its pullback by w?/ P This is a rational
m-canonical form on X,. If @ is an actual source divisor with divisor image P, its normalized
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order, after allowing the source boundary, is at least
m(rQ —mgtp + dQ) >0

by (3.7). A horizontal divisor passes the ordinary test since the generic fiber generator is regular.
All other untested divisors are exceptional over X ,.

Push the rational form to X, .. At every prime of that smooth fixed fiber, its strict transform
has just passed the required logarithmic test; hence the pushdown belongs to

HO(X*,Z7 m(KX*,z + D* X*qz)).

Possible poles on a divisor exceptional over X, . have no bearing on this codimension-one test
m/p
J

downstairs. The construction is injective. More precisely, the common factor w cancels in
ratios, so ratios of two input sections pull back by the dominant map x, and their rational-map
dimension is preserved. The target system has litaka dimension zero by (3.1). The identity
T, ~q Blw, + M|w, from Proposition 3.5 proves (3.13). O

3.6. Adjoint positivity for the restricted variation. The section bound is now available on
a very general h-fiber. On that fiber, K + B has a nonzero divisible section because B > D?/V. We
shall use adjoint positivity to show that any positive-dimensional adjoint base for the restricted
Hodge line would contradict the bound for K + B + M. The following is the full companion
input; its projective form follows immediately after.

Theorem 3.8 (Full-period adjoint comparison). Let B be a smooth compact connected manifold
in Fujiki class C, and let B® C B be a dense Zariski open whose complement is an SNC divisor.
Let 'V be a real-polarizable pure variation of Hodge structures on B° with an integral lattice.
Suppose a complex direct summand of Vo has a highest nonzero Hodge filtration step of rank
one, with rational parabolic extension L. There exist a modification 7 : B’ — B, a connected-
fiber surjective morphism p : B’ — R to a smooth projective variety, and a nef rational line

bundle A on R such that
L =p"A in Pic(B)® Q, KR + cA is big for some ¢ € Q.

Positive rational rescaling of L is allowed, and the line identity persists under further modifica-
tions. A point is allowed for R; then 7*L is rationally trivial.

Proof. This is [37, Theorem 3.1], whose proof uses the full period image and boundary numerical-
rank loss. The statement permits a complex summand of an integral ambient variation; it
is stronger in this respect than a theorem requiring that summand itself to carry an integral
lattice. O

Proposition 3.9 (Projective adjoint comparison). Let P be smooth connected projective, let D
be reduced SNC, and let L be the rational parabolic extension of the entire highest Hodge line of
a polarizable integral pure variation on P\ D. There are a birational morphism p : P’ — P
with P’ smooth projective, a surjective morphism a : P' — R with connected fibers to a smooth
projective variety, and a nef rational line bundle A on R such that

(3.14) p'L ~q a*A, Kpg+ bA is big for all sufficiently large rational b.
The point quotient is allowed, in which case pw*L is rationally trivial.

Proof. The hypotheses meet Theorem 3.8 directly. A projective manifold belongs to class C, a
rational polarization is a real polarization, and the entire complexification of the given variation
is a complex direct summand of itself. Its highest nonzero filtration step is the specified rank-one
line. Thus the companion supplies 7 : B’ — P, p: B’ — R, A and ¢ > 0 with

(3.15) "L ~q p*A, Kg + cA big.



22 OPENAI

It remains to obtain a projective source model without changing this identity or the connected-
fiber property. The map P --+ R induced by p is meromorphic between projective varieties and
hence rational: its graph closure is algebraic. Resolve that graph projectively to obtain a smooth
projective P’ and morphisms

w:P — P, a:P — R.
On a common smooth modification of B" and P’, the two maps to R agree. Pulling back (3.15)
there therefore identifies the pullbacks of p*L and a* A.

Pullback by a proper birational morphism v : T — P’ is injective on rational line bundles.
Indeed, if a line bundle N pulls back to a torsion line bundle, some positive power v*N™ is
trivial. Normality of P’ gives v,Or = Ops, and the projection formula then gives N™ ~ Op:.
Applying this observation to the common modification proves

p'L ~q a*A.

The generic fibers of a are connected as well. The original map p has connected fibers and
normal target, so C(R) is relatively algebraically closed in C(B’) = C(P). The same field
extension occurs for a. Its Stein factor is consequently finite birational over the normal variety
R, and hence is R itself. Thus all fibers of a are connected.

Finally A is nef. For every rational b > ¢, K+ bA = (Kr + cA) + (b—c¢)A is big. If R is a
point, the line identity already gives rational triviality; the zero-dimensional bigness statement
uses the usual point convention. This proves the proposition. ]

Remark 3.10. The conclusion is stable under further smooth projective birational modification
7 : R — R and a compatible modification of the source. The parabolic pullback property
preserves the line-bundle identity and nefness, while

KR/+b7T*A:7T*(KR+bA)—|—E7r, Er >0,
preserves bigness. This is the form used when preparing the later section comparisons.

3.7. Rational triviality on the Iitaka fiber. The following weak-positivity consequence spec-
ifies the section arithmetic used in the argument.

Lemma 3.11 (Paying for a weak-positivity twist). Let a : Ty — R be a surjective morphism
between smooth connected projective varieties. Let A be an effective rational SNC boundary with
coefficients in [0,1], and let N ~q a*A for a nef rational divisor A on R. Suppose

k(Th, Kry + A) >0, Kpr+ cA is big
for a positive rational number c. Then
(3.16) k(Th, K1, + A+ cN) > dim R.
Proof. Use Lemma 3.6 with fixed source T and base R. On the resulting smooth source 75, let

Ao be the strict transform of A plus the reduced exceptional divisor, and pull back N and A;
write Nog = m* N for the former pullback. The SNC discrepancy inequality gives

Kp, + Ao = 7" (K7, + A) + Eexe, Eexc > 0 exceptional over T7.
The section systems in the assertion therefore have the usual pullback and pushdown comparison.
For a smooth birational base map p: R’ — R,
KR’ —I—Cp*A = p*(KR+CA) +KR’/R

is still big, because Kps /R is effective. Relabel the prepared base as R, its divisor as A, and its
source morphism as as.
Choose a sufficiently divisible positive integer m for which the relative direct image

gm = (a2)*OT2 (m(KTg/R + AQ))
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has positive rank. Such a choice is possible by restriction of a nonzero section of a multiple of
K7, + A to the generic fiber, followed by pullback. The pair (72, A2) is log canonical, Tb is
projective, and the base is smooth projective. Thus [19, Theorem 1.1] makes &, weakly positive.

Put L = Kr + cA and fix an ample integral divisor H on R. Increase m to clear the denomi-
nators needed below. Since L is big, choose a positive integer « such that

amL — H is big.

The definition of weak positivity [19, Definition 7.2] supplies a positive integer § for which
(3.17) (Sym®? £,,)" @ Or(BH) is generically generated by global sections.

At the generic point of R, multiplication of relative sections is not the zero map: the power of any
nonzero section on the integral generic fiber is nonzero. Generic generation in (3.17) therefore
yields a global section whose evaluation is a nonzero rational section u of

aBm(Kr, g+ A2) + BazH.
At every codimension-one point of R, the direct image is locally free and the reflexive symmetric
power agrees with its ordinary symmetric power. Evaluation is regular above those points. Any
remaining pole divisor of u thus has image of codimension at least two and is exceptional over
the fixed source T7.
For a sufficiently divisible positive integer ¢, multiply u? by the pullbacks of all sections of
qB(amL — H).
The resulting rational sections lie in the class
qafm(Krp, g + A2) + qBasH + qfaz(amL — H)
= qafm(Kr, + Az 4 cNo).
They are regular at every prime not exceptional over 77, and so push down to the required

absolute section system on T7. Their ratios are the pullbacks of the ratios of sections of the big
divisor amL — H. These ratios give a rational map of dimension dim R, proving (3.16). U

Proposition 3.12 (Triviality on the litaka fiber). For very general z € Z,
(3.18) M|Wz ~Q 0, /{(WZ,KWZ + B|Wz) = 0.
These assertions also hold on the geometric generic h-fiber.
Proof. Set Ty = W,, A = Blw,, and N = M|y ,. For the chosen z, the fiber is smooth and all
relevant boundary strata meet it transversely, including those of the enlarged divisor defining
the domain of the variation. The log-pair pullback property in Lemma 3.2 therefore identifies N
with the parabolic extension of the restricted variation. Moreover

H(Tl,KTl + A) >0

by (3.1) and B > D?,V. In particular, D = K7, + A is rationally equivalent to an effective rational
divisor.

Apply Proposition 3.9 to the restricted integral polarized variation whose entire highest piece is
this line. The comparison is applied directly to this restricted variation; its entire complexification
is an allowed summand in the companion theorem. On a higher smooth model it gives

N ~q a*A, a:T — R, A nef, Kpg + cA big for ¢ > 1.

On the higher source model use strict transform plus reduced exceptional boundary for A. The
logarithmic section comparison preserves (3.13) and the rational effectivity of D; the Hodge line
is pulled back. If dim R > 0, choose a sufficiently large rational ¢ > 1. Lemma 3.11 gives

k(T1,D + c¢N) > dim R > 0.
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But
1 1
(3.19) D+N:C(D+cN)+<1—> D.

C

After clearing denominators, multiplication by the section of the effective last summand preserves
rational-map dimensions. Thus the same positive lower bound holds for D + N, contradicting
(3.13). We conclude that R is a point and N ~q 0. Rational triviality descends through the
intervening birational morphisms, since their direct image of the structure sheaf is the structure
sheaf. Now (3.13) and x(D) > 0 give k(D) = 0.

Finally, these algebraic assertions pass to the geometric generic fiber. For the Kodaira dimen-
sion assertion, use generic base change in the countably many divisible degrees. For rational
triviality, choose an integer clearing the denominator of M. For each positive integer j, simulta-
neous nonvanishing of sections of the jth power of that line and of its inverse is a closed condition
on a smooth proper family, and is equivalent to triviality on a connected projective fiber. The
countable union of these loci contains every very general z by what we proved. Hence some one
of them contains a dense open of Z; otherwise a very general point would avoid them all. Generic
base change gives the required rational triviality on the geometric generic fiber. U

3.8. Flatness and finite character. Rational triviality gives degree zero on every complete
curve in an litaka fiber. The curvature calculation below converts those zero degrees into a flat
highest line; finite character is then a statement about the integral variation restricted to that
algebraic locus.

Corollary 3.13 (Degree zero on a curve). In Lemma 3.2, suppose that P is a smooth projective
curve. If deg L = 0, the projective highest-line map is constant on the connected universal cover
of P\ D. Equivalently, L° is a flat line subbundle.

Proof. Pass to a finite cover making the boundary monodromies unipotent. The extension pulls
back, and its degree remains zero. Let « be the highest-line Hodge curvature. Griffiths’ curvature
formula makes it semipositive and identifies its kernel with the kernel of the projective line
differential.

We check that its integral is the degree of the extension. For a smooth reference curvature
B, write a — 8 = dd°u. Near a puncture, with p = —log|z|?, the Hodge norm and horizontal
Schwarz estimates give

lul <C(L+1logp), 0<a<C——55;

see [14, Theorem 5.1] and [10, Proposition 2.4 and Lemma 2.5]. Use products of cutoffs
X((log p)/N), equal to one away from a shrinking puncture neighborhood. Their second deriva-
tives are uniformly bounded in the cusp metric and supported on escaping tails. Integration
by parts bounds the error by the tail integral of (1 + log p)p~2 dp, which tends to zero. Thus
/ P\DC = deg L = 0. A continuous nonnegative curvature form with zero integral vanishes. Its
kernel identity proves constancy on the cover and therefore on the original universal cover. [

Corollary 3.14 (Finite character of a line). Let V be a polarized integral variation of Hodge
structures on a connected smooth complex algebraic variety. Every rank-one complex local sub-
system of V¢ has finite monodromy.

Proof. Deligne’s determinant theorem [15, Corollary 4.2.8(iii)(b)] states that a positive tensor
power of the determinant of any complex local subsystem is trivial. For a rank-one subsystem,
the determinant is the subsystem itself. Its character therefore takes values in a fixed finite
group of roots of unity. The theorem applies anew to the pulled-back variation on any connected
smooth algebraic locus. O
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Corollary 3.15 (Restriction and finite character). Let T be a connected smooth complex algebraic
variety mapping into the domain of a polarized integral pure variation whose entire highest Hodge
step is a line. If the pulled-back projective highest-line map is constant, its highest line has finite
monodromy character.

Proof. The pulled-back variation is again polarized, integral and pure. Constancy of its projective
highest line makes that line a rank-one complex local subsystem. Apply Corollary 3.14 to this
restricted variation. No common exponent for different algebraic loci is needed. ([l

Corollary 3.16 (Flatness and finite character on the litaka fiber). For very general z € Z, the
projective entire top line of the restricted root-cover variation is constant on the connected good
locus of W, and its top-line character has finite image.

Proof. Put Ty = W, and N = M|y ,. Proposition 3.12 gives N ~q 0, and the pullback property
in Lemma 3.2 identifies N with the parabolic extension of the restricted entire top line. The
degree of N on every complete smooth test curve is zero. Corollary 3.13 makes the projective
top line constant along such curves. Complete-intersection curves through general points and
tangent directions give projective constancy on the connected good locus of T7. Corollary 3.15,
applied to this restricted integral polarized variation, gives finite monodromy for its original top
line. ]

3.9. Alternative arguments for the Hodge line.

Remark 3.17 (Tensor comparison on restrictions). The direct comparison above was applied
to the restricted variation. A separate integral tensor replacement, which makes projective
monodromy faithful, is proved in [38, Lemma 8.4]; it gives the independent adjoint comparison in
[38, Theorem 8.1]. On a connected algebraic restriction, that tensor construction must be applied
anew to the pulled-back integral variation. A replacement faithful for the ambient moving line
need not remain faithful after restriction, so the monodromy and rational isotypic calculation
must be repeated on the restricted locus. Its positive tensor exponent may depend on that
locus; no common exponent is required. Thus it gives an alternative adjoint comparison on each
restriction. The proof here uses the direct comparison and Corollary 3.15.

There is also a direct metric proof of the finite-character conclusion in Corollary 3.16. It uses
the rational triviality from Proposition 3.12, in addition to zero curvature. Put T3 = W, and
N = M|, on the prepared smooth projective model. The constant projective top line on its
connected good open is a flat line. Its polarization, with the fixed Hodge sign, is a positive
flat metric, so its monodromy character y is unitary. Quasi-unipotence of the integral ambient
variation makes the characters around the finitely many SNC boundary components roots of
unity [44].

Choose e > 0 killing these local characters and clearing the parabolic weights. Then x¢ extends
across the boundary to a unitary flat line on T7; its holomorphic line bundle is the parabolic
tensor power eN. Since N ~q 0, a further positive tensor power is holomorphically trivial. For
a nowhere-zero holomorphic section of that power, the logarithm of its norm is a globally defined
pluriharmonic function. Compactness makes this function constant. In a local flat unitary frame
the section is holomorphic of constant absolute value, hence constant, so it is parallel. A positive
power of y is therefore trivial. This recovers finiteness on this restricted locus without requiring
a common exponent for different loci.

4. A BIRATIONAL CONSTANCY CRITERION

Section 3 made the entire highest line flat, with finite character, along the relevant litaka fibers.
We now turn this Hodge-theoretic information into birational constancy. The argument is first
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carried out over a curve, where a single lifted vector field can be analyzed, and then spread to
arbitrary algebraic parameter loci.

Theorem 4.1 (Birational constancy over a curve). Let 7° : P° — C° be a smooth projective
morphism with connected fibers, where C° is a smooth connected complex algebraic curve. Suppose
that its very genmeral fiber D satisfies

k(D) =0, (D, Kp) = 1.

Putn = dim D and assume that the entire top Hodge bundle F"(R"m;C® O¢o) is a flat line with
finite monodromy character. Then there are a finite extension L/C(C°) and a smooth connected
projective variety Do/C such that the generic fiber after extension to L is birational to (Do)r.

If a finite group I' acts on P° over C°, one can choose Dy with a I'-action and choose this bi-
rational identification I'-equivariantly. The same conclusion holds for a finite fiberwise birational
action, after replacing the family by an equivariant smooth projective model.

The proof lifts a base direction to a meromorphic vector field on the total space. We first
control this field along the zero divisor of a global top form. A singular-metric estimate then
shows that every pole is a fixed divisor of a small ample perturbation of the canonical system.
Contracting those divisors makes the vector field regular; its flow identifies nearby fibers. Finite
changes of the curve and birational changes of the total space over a dense open do not change
the asserted conclusion. A zero-dimensional connected smooth fiber is a point, so throughout
the construction we assume n > 0.

In the log-smooth Kéhler setting of Cao—Guenancia—Paun, with kit boundary and numerically
trivial fiberwise log-canonical class, flatness of the pluricanonical direct image in its Narasimhan—
Simha metric implies analytic local triviality of the pairs over the smooth locus [12, §1.1, The-
orem 1.2]. Here the flat line is the entire top Hodge line, with finite character, and the fibers
satisfy k(D) = 0 and h°(D, Kp) = 1. The top form may have zeros, allowing poles in the lifted
base vector field; contracting its possible poles yields the birational conclusion.

4.1. A global form and its polarization.

Lemma 4.2. After a finite change of the curve there are a smooth projective curve C, a smooth
projective variety P of dimension n+ 1, and a projective morphism m : P — C whose restriction
over a nonempty open is birational to the changed family, with the following properties. There
is a closed holomorphic n-form © on P whose restriction to each fiber over that open spans its
ordinary top-form space. Write

s€ HY(P,Kp/c), & =div(s)

for its relative canonical section and zero divisor. The horizontal part of £ is relatively sim-
ple normal crossing over a smaller open of C': the morphism and every horizontal zero-divisor
stratum are smooth there. We call fibers over this open good fibers.

One can choose an ample line bundle H with a positive smooth metric, whose curvature form
is denoted by h, so that, for a positive area class £ pulled back from C, there is a holomorphic
n-form a satisfying

(4.1) [hA®]=[lAa] in HH(P).
In the equivariant case P and H can be chosen equivariant, h is invariant, and © transforms by

the character of the fiber top line. Moreover, P dominates a smooth projective model Py — C
with reduced fibers, and © is the pullback of a holomorphic form on Py.

Identity (4.1) has two uses: it removes the obstruction to lifting the base vector field con-
structed below to H, and later converts a weighted integral on P into an integral over good
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fibers. We obtain it by choosing the global lift of the flat top form; that choice will leave the
relative form s and its zero divisor unchanged.

Proof. Kill the finite character by a finite cover of C° and complete the resulting curve.
Semistable reduction over a curve, followed by the usual toroidal resolution, gives, after a
further finite change, a smooth projective model Py — C with reduced fibers; see [30, Chapter
II, semistable reduction over a curve]. Take a smooth projective common dominating model
of this family and the original changed family. When I' is present, include the finitely many
translates in the graph construction and use an equivariant resolution. This also regularizes a
finite birational action: take the closure of the graph of all its maps in the product of their
projective models, on which the group permutes the factors, and resolve equivariantly. Over a
dense smooth open, birational pullback preserves ordinary top forms and is compatible with the
cohomology local systems. The chosen top class is therefore still invariant.

The flat generator already gives a relative top form on this smooth open. Choose a log
resolution of its geometric generic zero divisor. That resolution and its finitely many geometric
components are defined after a finite extension of the curve’s function field. Make this change
now and spread the resolution. Repeat semistable preparation at the boundary and take a
smooth common dominating model, preserving the chosen resolution over a dense open. Thus
the geometric divisor components used below are defined before the final P, H, and © are fixed.

The global invariant cycle theorem gives a surjection from the cohomology of the smooth
compactification onto the invariant part of the fiber cohomology. The restriction map is a
morphism of Hodge structures, so its strictness gives a preimage of the invariant (n,0)-class
in H™0(P); these are precisely holomorphic n-forms. Here we use [15, Theorem 4.1.1(ii) and
Corollary 4.1.2], with smooth proper family over the good curve and smooth projective total
compactification. Holomorphic forms on a smooth projective variety are closed.

To describe the relative section, choose a local coordinate t on C'. The absolute form dt A ©,
divided by the base frame di, defines s in Kp,c. These expressions agree under a change of
coordinate on the curve. The section is holomorphic globally and is nonzero on every good fiber.
Resolve its horizontal zero divisor and shrink the good open so that the resulting horizontal
components and their intersections are smooth over the curve. This gives the stated relative
normal crossings. Any two lifts of the fixed flat top class have the same restriction to every good
fiber, and therefore give the same relative section. Thus the following change of lift does not
alter s or this preparation of its zero divisor.

Put V = HY(P,Q%) and let N be the kernel of restriction to a good fiber. This kernel is
independent of the chosen good fiber: restriction of a global closed form gives a flat cohomology
section, and a holomorphic top form represents the zero cohomology class only when it is zero.
Choose an ample H and a positive metric, and set

Bu(8.9) =1 [ hnBAT.

This is a positive definite Hermitian pairing on V. Indeed its integrand is a positive multiple
of the pointwise norm squared when 8 = -, and a nonzero holomorphic form is nonzero on an
open set. For a positive smooth area form ¢ from the curve, the pairing By is semidefinite. Fiber
integration identifies its kernel with V. Consequently the image of the map

V_>V*7 /8'_>BZ(67_)

is the annihilator of V.

Choose the lift © orthogonal to N for Bj,. The functional B, (O, —) annihilates N, so it equals
By(a, —) for some a € V. The duality pairing of H"1!(P) with H%"(P) is nondegenerate.
Applying it to the difference proves (4.1).
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In the equivariant case a tensor product of the translates of an ample bundle admits a natural
I'-linearization; its metric can be made invariant while keeping positive curvature. Both N and
the pairing are then invariant. The unique orthogonal lift of the chosen top class transforms by
its top-line character. The same character can be imposed on a by projection to its character
space.

Finally, a holomorphic form on a smooth projective birational model is the pullback of a
holomorphic form on every smooth projective model it dominates. Applying this to P — Py
gives the asserted descent of ©. A later positive tensor power of H multiplies h by a positive
integer and preserves all these conclusions, with « scaled accordingly. (I

On the complement of the zeros and the critical locus, the kernel of © is a holomorphic line
transverse to the fibers. On a good base coordinate disk it has a unique generator v satisfying

(4.2) dm(v) = 0O, 1,0 = 0.

Here and below we use € for a divisor on the total space and E = £|p for its divisor on a good
fiber.

Lemma 4.3 (A meromorphic differential operator). The vector field v extends meromorphically
to a meighborhood of each general fiber, with poles bounded by £. After shrinking the base disk,
it is the symbol of a meromorphic first-order differential operator V on H with the same pole
bound.

Proof. In a local relative canonical frame, write w for the relative n-form represented by s. The
normalization in (4.2) gives

(4.3) O = 1,(dt Aw).

Thus sv is a holomorphic section of Tp ® Kp/c: contraction with an absolute top form identifies
this bundle, after choosing dt, with 2%. Dividing by s proves the pole bound.
Use the absolute scalar-symbol sequence

(4.4) 0— Op — At(H) — Tp — 0.

Its middle sheaf consists of first-order differential operators on H with scalar symbol. Its ex-
tension class is ¢1(H), up to the fixed normalizing constant; this is the connection obstruction
of [3]. For the specific assertion needed here, take frames e; = g;je;. Local lifts of the same
vector symbol differ by its contraction with dlog g;;. This is the cocycle representing the stated
extension class.

Tensor (4.4) by Kp/c. The obstruction to lifting sv is its contraction with ¢; (H) in H' (Kp/c)
on the neighborhood in question. In Dolbeault notation and using (4.3), its restriction to D is,
up to a nonzero constant and sign, the class obtained from h A © by dividing its top holomorphic
degree by dt and restricting to D;. This operation respects Dolbeault coboundaries. In fact
the total space has dimension n + 1, so a primitive of type (n + 1,0) necessarily contains dt in
submersion coordinates; division by dt commutes with 9 before restriction. Equivalently this is
the canonical restriction Kp|p, ~ Kp, ® T;°C with a base frame chosen.

The right side of (4.1) gives zero under this operation: a smooth area representative of ¢
contains dt. Hence the fiber obstruction is zero for every good t. Shrink to a Stein disk on
which cohomology and base change hold for Kp/c. Leray and the vanishing of higher coherent
cohomology on the disk identify the obstruction with a section of R'm, K p/c- 1t is zero because
its fiber values are zero. Therefore sv lifts to a holomorphic section of At(H) ® Kp)c on the
whole neighborhood. Dividing this lift by s produces V, with the claimed symbol and pole
bound. Replacing H by a tensor power uses the induced operator and leaves its symbol and its
pole bound unchanged. O
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4.2. Vanishing on the zero divisor. The lifted field may have poles along £. We first prove
that the absolute form vanishes on every component of this divisor. This will make its pairing
with every positive curvature current of Kp,c vanish, and supply the integral estimate used
below.

Lemma 4.4. The pullback of © to a resolution of every irreducible component of £ is zero.

Proof. We first treat a horizontal component. Choose a simultaneous very general good fiber D,
so that all its positive pluricanonical section spaces have dimension one. Write

(4.5) E=YeDj, Ry=E+Ee, S=D;, B=>) D
J J#
The coefficients e; are positive integers, E ~ Kp, and the support is simple normal crossing.
The components extend relatively over a small disk. In the local computations we use the same
letters for these relative extensions and their local equations.
The contradiction will take place in the section spaces of Ry. Since

ESROS2E7 ENKDa
for every positive integer m we have
1 < h%(D,mRy) < h®(D,2mE) = h°(D,2mKp) = 1.

Thus every section of mRy is a multiple of its divisor section and vanishes on S. We will construct
a section whose restriction to .S is nonzero.

Suppose that the restriction of © to the horizontal component through S is nonzero. Let z
and G be local equations for S and Ry, and put

W = G, u=(W(z)/z)|s-

The pole bound in Lemma 4.3 shows that W is holomorphic and vanishes on the reduced zero
divisor. It is consequently logarithmic along that divisor, so that both W(z)/z and W(G)/G are
holomorphic. Under changes of the equations, u transforms as a section of Ry|s. Formula (4.3)
identifies its nonvanishing at the general point of S with the supposed nonvanishing of © on the
relative component. Thus

(4.6) 0+#ue HS, Og(Ry)).

Moreover u is divisible by the full reduced divisor B’|g. To see this at a crossing, the coefficients
of sv are holomorphic, while G/s has one factor for each component of Ey.q. Division by z
removes the factor belonging to S and leaves all other reduced factors.

Write the operator in a regular frame of H as V = v + ¢. Its pole bound also gives Ge|g = 0.
Replace H by a sufficiently high tensor power. Relative generation supplies finitely many sections
ay on a neighborhood of the whole fiber, vanishing on the relative S, such that a)/z generate
H(—S) along S. For each X set

V’“aA G’“V’“a,\
qk ) = ) kA — ———-
k!
The following recurrence proves in particular that the second expression is holomorphic:
W(z wW(G
(47) bk+1’)\ - W(bk,)\) =+ ( Z( ) —k C(TY ) + GC> bk)\,
k-1
(4.8) bk)\\g:uk(ak/z)\SH(l—j(ei—i-l)).
j=0

For the second equality, W vanishes on S, Ge|g = 0, and (W(G)/G)|s = (e; + 1)u. The other
components of G contribute zero on S; this can be checked away from their intersections and
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then extended holomorphically. These facts prove both formulas by induction. They also show
that the restrictions of gy \ are sections of Op(kRy + H — S). More explicitly, in a local frame
of H,
z bia
i\ = OF
The meromorphic expression on the left is therefore a holomorphic section of the indicated twisted
bundle, with local coefficient by, »/k!.

We need estimates as k tends to infinity. Cover a compact neighborhood of D by finitely
many pairs of nested coordinate charts. For a fixed k, divide each nesting margin into k& equal
parts. On these charts the coefficients of W, W (z)/z, W(G)/G, and Gc are bounded. At the
jth step of (4.7), Cauchy’s estimate for the derivative costs at most a constant times k, and
the zeroth-order coefficient costs at most a constant times 1 + 5 < k + 1. It follows that the
holomorphic coefficients by, »/k!, in smooth metrics for kRy + H — S, are bounded by

(Ck)*
k!
This is a bound in the indicated twisted bundle, including across the zero divisor.

Put a = e; +1 > 2. No factor in (4.8) is zero, and

_ . 1/k
M= — ja) |
Rl

(4.9) < CF.

lim
k—o0

=a > 0

for example, the ratio of successive absolute values tends to a. On D, take the weights

ll Z 2_1

where @p_g is a smooth weight on H — S in the same local frames. They are weights on Ry with
curvature loss tending to zero and uniform upper bounds by (4.9). Their regularized upper limit
is a semipositive singular weight. Formula (4.8), together with generation of H(—S)|g, gives its
restriction a lower bound by log |u|? up to a constant. Finally take the maximum with the divisor
weight of Ry. We obtain a semipositive weight ¢ on Ry satisfying

(4.10) ¢ >loglsg,|*,  ¢ls > loglul* - C.

b
k!

All weights here are written in compatible local frames; the inequalities are invariant statements
about the corresponding metrics.

We now extend a nonzero power of u using [18, Theorem 4.1, conditions (19)—(23)]. We record
every hypothesis in this application. The ambient manifold is the smooth projective D, and its
smooth hypersurface is S. For any integer m > 2 put

F' =mRy — (Kp+95)~(m-— 1)R0+B/,
pr = (m—1)p +log |sp[*,

(4.11) Ag=Ry—aS=> (e;+1)D;,
J#t
—log |sa,|?
QOSZl—F 2 §| A0| )

The first line uses Kp ~ E and E,.q = S + B’. Thus F’ is an actual line bundle with the
indicated weight, after the indicated line-bundle identification.
Condition (19) of the extension theorem holds with its constant equal to one, since (4.10)
implies
sg|?e™?s < e L.
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For condition (20), the weights 1+¢/a and a~!log |s4,|? are semipositive weights on rational line
bundles and have difference pg. If integral bundles are used, choose an integral G sufficiently
ample that G2 — Ag/a has a positive smooth rational-bundle metric, and add this metric to both
weights. The difference is unchanged and both underlying bundles become integral.
For condition (21), let Tr = dd“p. Directly,

dd“pp = (m — 1)Tr + [B'] > 0,
(4.12) . . 1 , 1
ddpp — dd°pg = <m—1—a)TR—|—[B]+a[AO] > 0.

Here a > 2 and m > 2. For condition (22), choose a positive number

a
€o £ min ¢ 1, min ,
j#i ej +1
omitting the inner minimum if there are no other components. The weight ¢ is locally bounded

above. After normalizing local defining functions to have norm at most one, each coefficient of
log |sp/|? is at least the corresponding coefficient in ega~!log |sa,|?. Therefore

€0
o < Elog\sA0|2 +C.

A common smooth metric added to the two weights above changes this inequality only by a
bounded local term. This proves precisely the required domination of the subtracted weight’s
singularities.

The section to extend is

u™ € HY(S,05(mRy)) = H°(S, Ks + F'|5).

The lower bound for ¢|s and u # 0 also ensure that the restricted weights are not identically
minus infinity. Condition (23) follows from the second bound in (4.10):

Ju?

|smrls]®

(4.13) lu|>me=rls < C

The quotient on the right is locally bounded because w is divisible by the full reduced divisor
B'|g. There is in fact integrability with a slightly larger weight exponent. Writing u = sg/w, the
density with exponent 1+ § on @ps is bounded by

C|SB/ ‘ 72m5‘w’272(m71)5‘

It is integrable for 0 < & < 1/m, by the normal crossings of B’|s and the positive exponent on
|w|. This argument requires no normal-crossing assertion about the other zeros of w.

The extension theorem now gives a section of mRy with restriction u™ # 0, contradicting the
one-dimensionality of this section space established above: its divisor section vanishes on S. This
proves the horizontal vanishing.

For vertical components, use the reduced-fiber model Py — C in Lemma 4.2, to which ©
descends. At a general point of a reduced fiber component the map has local equation ¢ = z.
There the vanishing of the relative coefficient s is exactly the vanishing of the restriction of ©
to that component. Every vertical component on P which is not exceptional over Fj is tested
at the same generic point. An exceptional divisor maps into a subset of Py of dimension at
most n — 1, and the pullback of an n-form to its resolution is zero. These observations prove
the remaining vanishing assertions. They also explain why the reduced-fiber model is used: for
t = 2" with r > 1, an additional differential factor z"~! would not itself imply vanishing of the
absolute form. d
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4.3. Curvature pairing and an integrability estimate. We have proved that © vanishes on
every component of € = div(s). Put u = i”© A ©. The resulting identity [£] Ay = 0 will control
singular metrics on Kp/c, and hence the poles of the normalized kernel field v.

For a semipositive weight 7" on Kp,c, the curvature pairing with p has the same integral as
[E] A v and therefore vanishes. When T' > log |s|?, applying this observation to truncations shows
that 1 = T — log |s|? is constant along almost every local kernel leaf. This permits the weighted
use of (4.1) and gives an integrability exponent strictly greater than one. We prove the estimate
for arbitrary T' before constructing the weight supplied by pluricanonical section spaces.

We use weights for metrics written as e”¥, and the convention

dd® = =90,  ddlog|z|® = [z = 0].
2
In particular, if pgr is a local weight for the metric on H, then dd°pr = h. Expressions such as
log |s|? below denote local weights in holomorphic frames; the difference of two weights on the
same bundle is a globally defined function wherever both are finite.
%,

Lemma 4.5. Let T' be a semipositive singular weight on Kpc such that T > log |s|%, and put

=T —log|s|> >0 off £. There exists § > 0 such that
(4.14) / e+ B A O A D < 0.
P

Proof. The form p is smooth, closed, and positive of type (n,n). Lemma 4.4 implies that [E] A
u = 0: the integral over each component can be computed on a resolution of that component,
where the pullback of © vanishes. Since the curvature current of log|s|? is [€], cohomology and
closedness give

/P(ddcT)/\u:/P[S]/\uzo.

Here and subsequently dd°T" denotes the globally defined curvature current of the bundle weight.
The measure on the left is positive, so it vanishes. For every real b, the weight

Ty, = max{T,log |s|* + b}

is another semipositive weight on the same bundle. The same argument shows that (ddTp) A =
0.

Delete &, the zeros of ©, and the bad-fibration locus. In a holomorphic flow box for the kernel
of ©, use coordinates (w,...,wy,, ), where the leaves vary only in 7. Closedness gives

O = a(w)dwy A -+ A dwp, a(w) # 0.

The weight log |s|? is pluriharmonic here. Thus wedging the curvature of T', or of T}, with x selects
the 7-Laplacian of v, or of max{, b}, against a nonvanishing transverse volume. Slicing these
zero positive measures shows that both functions are harmonic on almost every local leaf. Take
the intersection of these full-measure sets for rational b. If a harmonic function is nonconstant,
there is a small leaf neighborhood on which its differential is nonzero and whose image contains
an open real interval. Choose a rational b in that interval. Taking the maximum with b produces
a nonzero positive Laplacian on the level crossing in that neighborhood. Hence v is constant on
almost every local leaf.

In these coordinates © contains all the transverse differentials dw;. Thus only a derivative in
the leaf direction can contribute to d(x(¥)0), and leafwise constancy gives, for every bounded
continuous function Yy,

O(x(¥)©) =0
off the deleted analytic set, in the sense of distributions. This identity extends across that set.
Indeed, the coefficients of this current are locally bounded. Across a smooth analytic stratum
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of complex codimension ¢ > 1, a cutoff at distance ¢ has derivative O(e~!) on a tube of volume
O(€%), so its contribution tends to zero. Applying this successively to the smooth strata, and
choosing the tubes about the remaining lower-dimensional strata sufficiently small, proves the
distributional extension. This argument uses boundedness of x; it makes no differentiability
assumption on .

We may now pair (4.1) with x(¢)©. Choose the representative ¢ there to be the pullback of a
nonnegative smooth area form supported in relatively compact good base charts. This does not
change its cohomology class. On those charts, after shrinking within the good locus, fiberwise
rank one gives

a‘Dt = a(t)S|Dt
with a(t) bounded on the support in question. Dolbeault integration by parts against the closed
current just constructed therefore gives

(4.15) /Px(qp)hA@A@z/PX(w)MaA@.

On a good fiber write w = s|p,. In local frames the absolute value of the right-hand integrand
for x(z) = min{M, e(!*9)*} is bounded by a fixed multiple of
1+6)(T—log |w|?)

\w|2e( e(1+6)T‘w’—26.

Here |w|? denotes the canonical volume density. The weights T have local upper bounds. The
zero divisor of w is relatively simple normal crossing on this compact set, so the last expression
is integrable if § > 0 is small enough that de; < 1 for its finitely many multiplicities. The bound
is independent of M. Multiply (4.15) by i”Q, take absolute values on the right, and let M — oc.
Monotone convergence proves (4.14). ]

4.4. Fixed orders and Bergman weights. Calculate the following orders first on the geomet-
ric generic fiber. The section-space and vanishing-filtration comparisons below will give the same
values on every simultaneous very general fiber. For a prime divisor S on such a fiber D and
positive rational €, define its actual asymptotic fixed order by

1
ag(e) = inf — min ords(U),
m>0 m 0£AUe€H?(D,mKp+meH|p)
me€Z
where degrees with zero section space are omitted. These spaces are nonzero in sufficiently
divisible degree, since Kp ~ E and eH|p is ample. Multiplication by an ample section not
vanishing generically on S shows that ag(e) is nondecreasing as € decreases. In making this

comparison, first pass to common divisible degrees and raise any chosen section to a power.
Thus the limit

JS(KD) = 161}})1 ag(e)

exists. We need only this definition and its elementary monotonicity.

Our objective is to prove that og(Kp) > 0 whenever S comes from a horizontal pole divisor
of v. A zero value would give section degrees k and positive ample twists r; for which both
ri/k and the normalized minimal vanishing order ji/k tend to zero. The next two lemmas
associate to such degrees a semipositive weight with zero generic divisorial coefficient along S.
The pole-density estimate will then show that this weight cannot satisfy Lemma 4.5 at a pole of
.

The weight must be constructed on P before we select the fiber on which its global integral
is finite. We therefore use relative section spaces on the fixed model of Lemma 4.2. The weight
will work on every fiber satisfying the corresponding base-change conditions. Only afterwards,
in Proposition 4.8, will we make the final fiber choice.



34 OPENAI

For any good fiber D under consideration, write

w = s|p, E:5|D:Zeij, wo = log |wl|?.
J

The geometric divisor components are already defined on the fixed model of Lemma 4.2. Choose
the integer degrees and relative section spaces on this model; no individual sequence of generic
sections needs to be spread. For each degree, cohomology and base change also apply to the
section spaces with prescribed vanishing along these components. Excluding the resulting count-
able union of proper closed subsets fixes all section dimensions and minimal vanishing orders
simultaneously.

Lemma 4.6. Choose integers k — oo and r, > 0 with ri,/k — 0, such that H(D,kKp +
reH|p) # 0 on the generic fiber. There is a semipositive weight T on Kp,c, depending only

on these degrees and the fized family and metrics, with T > log|s|?>. On every good fiber D
satisfying the simultaneous base-change conditions for these unfiltered section spaces, for every
sequence Uy € HY(D,kKp + mH|p) normalized by

(4.16) / U |2 ke meen/k — 1,
D

the weights and functions

logUkz—rk H
(4.17) o = | |k o Tk = Pk — P0, v =T|p — ¢o

satisfy uniform local upper bounds for ¢ and limsup, xp < ¥ off E. The integral in (4.16) is
understood in canonical coordinate densities, and is independent of those coordinates and bundle
frames.

Proof. Apply the relative k-Bergman construction to w : P — C and the twisting bundle rpH
with its smooth positive metric. The source and base are smooth, the morphism is projective
and surjective with connected fibers, and a nonzero fiber section exists generically. Generic base
change supplies a nonempty open on which all such sections extend locally. The smooth twisting
metric makes every fiber section 2/k-integrable. Thus Theorem 4.2.7 of [41], in the cited arXiv
version, supplies a semipositive weight 8 on kKp,c +riH. Over the smooth extendibility locus,
its exponential is the extremum of |U|? among sections normalized as in (4.16). No extremal
interpretation on exceptional fibers is needed.

Set

Bk — ke
S —
These are weights on Kp/¢, and dd°r, > —(r/k)h. On a fixed smaller submersion chart, the
mean inequality for the subharmonic function given by the absolute value of a section coefficient
to the power 2/k, together with its normalized integral and the bounded factor e~ "*## /k | gives an
upper bound independent of k. Taking the extremum gives that bound for 7. The bound persists
across degree-dependent exceptional base values by plurisubharmonic extension. Equivalently,
the ambient estimate in Remark 4.3.1 of [41] gives precisely this uniformity when the divided
twisting weights are bounded above.

For completeness, local boundedness on one fixed nonempty open also globalizes as follows.
Subtract a fixed smooth reference weight on Kp,c. The resulting globally defined potentials
have a uniform lower bound for their complex Hessians. If their suprema were unbounded,
subtracting those suprema and using compactness of sup-normalized quasi-plurisubharmonic
potentials would give a subsequence converging in L' to a finite quasi-plurisubharmonic function.
On the fixed open, however, the normalized functions would tend uniformly to minus infinity.

Tk
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This is impossible. Hence the weights 75, are uniformly bounded above in local smooth frames
on P.

These constructions use the relative section spaces, without selecting a final fiber or an indi-
vidual section. Take their regularized upper limit on P and then its maximum with the divisor
weight:

(4.18) T = max { (hm sup Tk> ,log |s[2} .

k—o0
The curvature losses tend to zero, so this is semipositive; if the first term is identically minus
infinity, the second term still defines the weight. Its restriction to a good fiber is well defined
because it dominates ¢g. Every normalized section is bounded above by the corresponding
Bergman extremum. Consequently ¢ < 7¢|p, which proves all the assertions. (Il

The weight T" now bounds the upper limit of the normalized section weights in the chosen
degrees. We next compare its divisorial coefficient with the minimal vanishing orders of those
complete section spaces. This comparison holds on every fiber satisfying the stated generic
conditions; the final choice of a fiber on which the integral in (4.14) is finite is not needed for the
next lemma.

Lemma 4.7. Let D satisfy the simultaneous generic conditions above, and fix a component
S =D, of E. Suppose the degrees chosen in Lemma 4.6 have minimal actual vanishing orders

jrx = min{ordg(U) : 0 # U € H*(D,kKp + ri,H|p)}

satisfying ji/k — 0. The weight T constructed in (4.18) has zero gemeric divisorial Lelong
coefficient along S after restriction to D.

If T'|p had positive divisorial coefficient along S, an adjoint estimate would produce a section
with the same leading coefficient and a strictly smaller L2/* integral. We prove both the preser-
vation of that coefficient and a gain proportional to 1/k; the dependence on k matters because
the exponent 2/k tends to zero.

Proof. Suppose that coefficient is v > 0, with Lelong coefficients normalized by log |z|>. For each
k, choose a nonzero leading section in the image of

H(D,kKp +riH|p — jxS) — H°(S,(kKp + mH|p — jS)|s)-

Among sections with this prescribed image, minimize the 2/k-integral in (4.16). This minimum
exists: the constraint is a nonempty closed affine subset of a finite-dimensional vector space, and
the integral is continuous, positive away from zero, and homogeneous of positive degree. It is
therefore coercive. Denote a minimizer by Uy, and rescale both it and the prescribed image so
that (4.16) holds. All lower coefficients along S are zero by the definition of j.

Choose ¢ > 0 so large that, for all sufficiently large k,

(4.19) cu—(l—l—c)‘% > 1.
Choose pg > 0 sufficiently small that

(4.20) / |w|?eHHP0)¥ < oo,
D

This follows already from the local upper bound for T'|p: the integrand is bounded by a constant
times |w|~?P?, which is integrable when ppe; < 1 for every component of the simple normal
crossing divisor F.

Fix a smooth convex function g : R — R with 0 < ¢’ < 1, equal to 0 sufficiently far to the
left and to its argument sufficiently far to the right, and with ¢” > 0 on [—1,1]. Choose a smooth
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function 0 < 6 < 1 that is zero on (—oo, —1], one on [1,00), and whose derivative is supported
in [—1,1]. For b > 0, put

(4.21) ®=(k—1-c—po)pr+cT|p+ po(po + g(xr — b)) + rren.

This is a weight on the integral bundle (k—1)Kp+rH|p: the coefficients of its canonical weights
sum to k — 1, and xy is a global function off the divisors. We henceforth take k > 1+ c¢+pg. The
constants ¢, pg are fixed. For each fixed k and cutoff b, we first remove the regularization used
below. We then estimate the upper limit as k& — oo with b fixed, and finally let b6 — co. The
contradiction will use one sufficiently large b followed by sufficiently large k.

The curvature and the adjoint estimate. Off E and the zero divisor of Uy, one has dd“p; =
—(r/k)h, ddpo = 0, and dd°xy, = —(ri/k)h. Direct differentiation of (4.21) gives

dd°® = %"“(1 + ¢+ po — pog' (x5 — b))h + cdd®(T|p)

(4.22) + pog” (zp — b)zia:):k A Oxp.

™
In particular it dominates (1 + ¢)rph/k and retains the displayed gradient term. The resulting
adjoint estimate produces V, € H°(D,kKp + rpH|p) such that, on the complement of the
divisors,

ug = 0(zy — b)U — Vi,

satisfies

(4.23) /D ‘Z”Z

The constant is independent of b and k: the retained gradient term controls the datum on the
cutoff shell, even as the ample coefficient tends to zero. We give the singular-weight justification,
including the choice of complete metric, before using this inequality.

Subtract a fixed smooth reference metric from 7'|p and apply Theorem 14.12(a),(c) and Corol-
lary 14.13(c) of [16]. We obtain weights T, converging almost everywhere to T'|p, uniformly
bounded above locally, smooth outside an analytic set Zy, and satisfying dd“T; > —esh, where
€¢ — 0. The cited construction gives pointwise approximation above the original potential. In
any event, taking a smooth regularized maximum with g, of width tending to zero, ensures
Ty > . The regularized maximum is invariant under simultaneous translation of its arguments,
so it gives a weight on the same bundle. Its monotonicity and convexity preserve the lower
curvature bound. It is smooth off Z, U E; preservation of analytic singularities of the maximum
itself is not required.

Keep k, b fixed and replace T'|p by Ty in (4.21), obtaining ®,. For large ¢, the loss cesh is less
than half the ample term in (4.22). On

D\ (Zy U EUdiv(Uy))

I4c+po)ay—cp—pog(zr—b)

2
2
wy, < Cpy Wi, wi = |w| el
{lzr—b|<1}

the weight is smooth with positive curvature and the same gradient lower bound. This com-
plement admits a complete Kéhler metric. Indeed its deleted analytic set is the zero set of a
section of a Hermitian vector bundle: twist its coherent ideal by a sufficiently ample bundle and
use finitely many generators. Lemma 12.9 of [16] applies, because D is compact Kéhler and the
curvature of that smooth bundle has a uniform upper bound.

Write Ay = i00®, for the full positive curvature form on the complement. Add A, to a
complete Kahler metric there, obtaining a complete metric Eg > Ay. This particular choice also
verifies the ordinary L? hypothesis for the datum

fio = 0 (z), — b) Oy, Ug.
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To see both this and the uniform estimate explicitly, let G be the matrix of an auxiliary Kéhler
metric and A the positive curvature matrix. For a bundle-valued (n, 1)-form with local coefficient
Un, matrix cancellation gives

(4.24) (A, Ag] 1 (Un), Un) e ® dVe = |UPe™ P n* A7 d),
G

up to the fixed convention for the canonical volume form. The determinants from the top
holomorphic degree and the volume cancel, and so do the metric factors in the antiholomorphic
degree and in the curvature operator. The solution norm in bidegree (n, 0) is likewise independent
of G. When G > A, the ordinary datum norm is bounded by the right side of (4.24).

The gradient term in (4.22) implies, for = dx, the matrix bound
1

* A—1
AN S =)
Since ¢’ is supported where ¢” has a positive minimum, the inverse-curvature density of fj is at
most a constant times the shell density. That density is integrable. The datum is d-closed, being
the derivative of 6(xy — b)Uy on the complement. The complete Kéhler estimate, Theorem 5.1
of [16], consequently gives 5uk,g = fi with the desired bound for ®,.
Here the local adjoint density has precisely the required exponents:

|Uk[?e™® = exp((1+ ¢+ po)pr — Tz — po(po + g(wr — b)) dA
- |w’26(1+C+P0)2k*C(TZ*S@O)*Z’OQ(‘Tk*b)'

On the fixed shell, it is bounded above by e(1+ctPo)(0+1) |2 because Ty — ¢o > 0. Moreover @,
is bounded above locally uniformly in ¢, using the positive coefficient £k — 1 — ¢ — pg and

©o + g(¢r — wo — b) < max{po, pr — b} + Cy.

The weighted solution estimate therefore bounds the ordinary local L? norms of ug. The
holomorphic section Vi, = 6(x, — b)Ur — up e extends across its deleted analytic set by the
distributional L? removable-singularity lemma [16, Lemma 12.10]. In a local bundle frame the
right side of the distributional 0 equation is zero, so the extended coefficients have holomorphic
representatives. The extensions lie in the fixed finite-dimensional space H°(D,kKp + ri.H|p),
with bounded ordinary norm. Take a subsequence converging as global sections. Fatou’s lemma
for the left side and dominated convergence on the fixed shell give (4.23). For this passage one
may discard the countable union of the sets Z;; no nesting of those sets is needed.

The shell becomes small. Put B = 1 + ¢+ pg. For fixed b, the shell densities in (4.23) are
bounded by eB(b+1)\w|2. At a point off F/, a subsequence contributing to their limsup has a
further subsequence with x — x, € [b — 1,b+ 1]. Lemma 4.6 gives x, < ¢; thus ¢» > b — 1 and

By — cp — pog(x« — b) < (14 po)ip.

Reverse Fatou therefore yields

(4.25) 1imsup/ Wi S/ jw|2e(+Po)Y
koo {lar—bl<1} {(w>b-1}

By (4.20), the right side tends to zero as b — oc.

The prescribed leading section is preserved. Near a general point of S = (z = 0), write
U, = #ka;, and w = z%ag, with the coefficients nonvanishing in the chosen frames. Since
Jr/k < e;, the function z tends to plus infinity as z — 0. Thus 6(xp—b) = 1 and g(xx—b) = zx—b
sufficiently near that point. The divisorial decomposition of the positive curvature current of T'|p
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gives T|p < vlog|z|* + O(1): subtracting v[S] leaves a positive current, whose local potential is
bounded above. See [17, Chapter III, Proposition 8.16]. Consequently

(4.26) P < ((k -1- c)% + cu) log |2]? + O(1).

The coefficient exceeds ji + 1 by (4.19). In this neighborhood uy = Uy — Vj, is holomorphic. If its
vanishing order were at most ji, the transverse integral against e~® would diverge, contradicting
(4.23). Hence Uy — Vj, vanishes along S to order at least ji + 1. This divisorial statement says
exactly that Vj, has the prescribed leading section and all the prescribed zero lower coefficients.

A gain of order 1/k. Let py dV be the normalized density in (4.16) relative to a fixed smooth
volume on D, and put g = |uy/U| off the zero divisor. The functions py have a uniform upper
bound by Lemma 4.6. In local canonical frames the density is

wy, = exp(Byg — cT'|p — po(wo + g(zr —b))) dA.

The local upper bounds for T'|p, and the earlier bound o + g(z — b) < max{pg, pr — b} + Cy,
therefore give, on a finite cover by smooth frames,

(4.27) wy > C 1P dv

with C' independent of k and of b bounded below. Fix 0 < n < min{1,2/B}. Holder’s inequality
gives

n/2 1-n/2
(4.28) / glprdV < ( / Gk dV) ( / pl e dV)
D D D

) n/2
<o f )"

The exponent in the second factor is positive, so its uniform bound follows from compactness
and the upper bound for p;. Equations (4.23) and (4.25) show that this moment can be made
arbitrarily small by first fixing b sufficiently large and then taking k sufficiently large.

The set where §(z; — b) # 0 is contained in {¢y < C' — b+ 1}, by the upper bound for
. Its smooth volume tends to zero with b, and therefore its pp-mass tends to zero uniformly
in k. Markov’s inequality applied to (4.28) now gives a set of pi-mass at least 1/2 on which
O(zy —b) =0 and ¢ < 1/2. On this set |V /Uk| = qx < 1/2; everywhere else, |V /Ui| < 1+ g.

For 0 < p<n/2and q>0,

(4.29) (1+¢)? <1+ Cppq".

For ¢ < 1, this follows from concavity. For ¢ > 1, integrate the derivative with respect to the
exponent and use (1 + )2 log(1 + q) < C,q". Taking p = 2/k, we therefore obtain

/ ‘Vk|2/kef1"k§0H/k _ / |Vk/Uk‘ppk dV
D D
1
(4.30) <1- 5(1 —-27P) 4+ C’np/ QprdV <1
D
for the indicated choices of b and then k. Indeed (1—27P)/p — log 2, whereas the moment can be

made arbitrarily small independently of large k. This is a strict improvement of the minimizing
integral for a section with the same prescription, a contradiction. Therefore v = 0. O
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4.5. Excluding poles with zero limiting fixed order. We now apply the estimates to a
horizontal pole of v. The degrees and the limiting weight will be chosen from the geometric
generic section spaces. Only after applying Lemma 4.5 to that fixed weight will we choose a
complex fiber and the minimizing sections on it.

Proposition 4.8. Every horizontal pole divisor of v has positive limiting fixed order on a simul-
taneous very general fiber. In particular, for one sufficiently small positive rational €, every such
divisor has positive actual asymptotic fized order for Kp + eH|p.

Proof. Suppose a horizontal pole divisor induces S = D; and has zero limiting fixed order on the
geometric generic fiber. Choose rational perturbations tending to zero and degrees in which the
normalized minimal orders approach their infima. Passing to powers as necessary gives integers
k — o0, i > 0, with

Tk Jk

— — 0, - —0,

k k

where ji is the minimal actual order of the whole section space. Use the corresponding relative
section spaces and vanishing filtrations on the fixed prepared family, and impose the countably
many base-change conditions that preserve these orders. No further field extension or spreading
of individual sections is required. Lemma 4.6 now constructs one global weight 7" from the chosen
degrees, before any final fiber is selected.

Apply Lemma 4.5 to this T'. Fubini gives a full-measure set of good fibers on which the integral
is finite. The excluded algebraic conditions form a countable subset of the complex curve and
hence have measure zero. Choose D satisfying both requirements. Lemma 4.7 applies on this
same fiber and proves that T|p has zero generic divisorial coefficient at S. The normalized
minimizing sections in that Lemma are chosen only now; they do not change T'.

In a smooth chart over the base, contraction gives

O = 1,(dt Aw).

The density of i"h A © A © relative to base area is comparable, by the smooth positive metric,
to |v|?|w|?. This formula includes the mixed components of the metric. At a generic point of
a pole of order at least one, shrink the chart so its leading coefficient is bounded below. Since
ordg(w) = e, the finite fiber integral from (4.14) would then dominate a positive constant times

(4.31) / 12727206 (0T ID gy § = (z = 0).

We show that this last integral is infinite.

The generic Lelong coefficient is zero. The analyticity of Lelong upper-level sets, or equiva-
lently the generic-Lelong-number statement in [17, Chapter 111, Lemma 8.15], implies that the
point Lelong number is zero at almost every center on a small smooth patch of S. For a local
plurisubharmonic weight 7', the logarithmic mean characterization [17, Chapter III, Corollary 6.8
and Example 6.9] then gives

1
BT /B(a,r)Td)\ — o(|log )

at almost every such center a. The characterization for ball means follows from that for sphere
means by radial integration.

Fix € > 0. For almost every center, the ball mean is at least elogr at all sufficiently small
dyadic radii. The sets on which this holds beyond one fixed dyadic index have a union of full
divisor measure. Hence there is a measurable set A of positive divisor measure on a compact
patch of S, and one common starting index, for which the lower bound holds uniformly. In
dimension one the divisor measure here is counting measure.
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On B(a,r), |z| < Cr. Jensen’s inequality therefore gives, for the nonnegative integrand F' in
(4.31),

/ Fd)> C*lr2nf2f25€i+(1+5)€ (CL e A)
B(a,r)

Integrate this inequality in a. For each ambient point, the measure of centers a € A whose
radius-r ball contains it is at most Cr2"~2, by projection to the smooth tangential coordinates
of S. Fubini consequently yields

/FdA > O 1p—20ei+(14+0)e,

The overlap bound is constant when n = 1, so the same formula holds in that case. Since
ei > 1, choose ¢ < 2d0e;/(1 4 §) and let the dyadic radius tend to zero. The right side diverges,
contradicting (4.31) and the Fubini consequence of (4.14). A pole with zero limiting fixed order
is therefore impossible.

There are only finitely many horizontal pole divisors. For each, positivity of its limit and
monotonicity give a sufficiently small rational perturbation with positive actual asymptotic fixed
order. Taking one common smaller rational perturbation proves the last assertion. O

4.6. Contraction of poles and the geometric generic fiber.

Proof of Theorem 4.1. We may assume n > 0, and use the preparation and notation of Lem-
mas 4.2-4.4. Proposition 4.8 gives one sufficiently small positive rational € for which every
horizontal pole divisor has positive actual asymptotic fixed order for Kp + ¢H|p. We fix this
same perturbation for the relative model construction. The order comparisons hold on the geo-
metric generic fiber and on simultaneous very general fibers by base change in the countably
many divisible section degrees.

Over the generic curve choose an effective rational divisor A ~q €H such that the pair is
klt. One obtains it by taking a general sufficiently divisible member of the ample system and
a small coefficient. In the equivariant case average its translates; the klt condition is preserved
because discrepancies are linear in the boundary and the translates are klt. Spread this choice
and shrink the curve so that the total pair is klt. The relative adjoint divisor is big: on a good
fiber Kp ~ E > 0, and an ample positive perturbation of an effective divisor is big.

Apply [8, Theorem 1.2(2)] to this projective morphism over the shrunken curve. Its hypotheses
are a klt pair and a big relative adjoint divisor. It gives a normal relative log canonical model

x:P--+0Q
with @ projective over the curve. Since the adjoint divisor is relatively big, this map is birational.
The ample-model comparison [8, Definitions 3.6.4 and 3.6.6, Lemma 3.6.5(4)] shows that it is a
birational contraction, so it extracts no divisors. In a common resolution the pullback adjoint
system is the pullback of the ample system on @ plus an effective exceptional fixed part.

Every horizontal pole divisor is contracted by x. Indeed a prime which survived would be
tested at its corresponding prime on the ample model. Sufficiently divisible ample systems have
no fixed component there, and the exceptional section comparison changes no order at that prime.
Its asymptotic fixed order would therefore be zero, contrary to the choice of €. The canonical
ring is invariant under the finite group when A is invariant, and hence the action descends to Q.

Choose a nonvanishing algebraic vector field on a smaller open of the curve. Normalize the
kernel line of © against that vector field, and denote the resulting rational derivation of C(P) =
C(Q) by 0. It is rational because © is algebraic and its kernel and prescribed base projection
are given by algebraic linear equations. This normalization multiplies the previous local v by a
nonzero base function, so it creates no horizontal pole. Remove the finitely many vertical pole
loci and the zeros or poles of the chosen base vector field.
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The derivation is regular at every prime divisor of ). Because x extracts no divisors, each
such prime corresponds to a prime on P, with the same discrete valuation ring; it cannot be one
of the contracted pole divisors. It remains to pass through codimension two. For any normal
affine open with coordinate ring A, and any f € A, regularity at the height-one points gives

afe () 4 =A

ht p=1

Thus 0 is a regular derivation on the entire normal space. Its projection to the base is still the
chosen base vector field, since this equality is an identity of derivations on the function field.
Locally reparametrize the base analytically so that 9t = 1.

A regular derivation on a complex analytic space has local holomorphic flows, including at
singular points. Here is the local justification. Embed the space in a polydisk with coordinate
functions z1, ..., zn, lift the functions 0z; to holomorphic functions on the polydisk, and form the
corresponding ambient vector field. It preserves the defining ideal, because its induced derivation
on the quotient is 0. Its flow preserves the analytic subspace: for finitely many generators of
the ideal, their values along an integral curve satisfy a homogeneous linear differential system
with zero initial value. Uniqueness makes the restrictions of these local flows independent of the
ambient lifts and permits them to glue.

Properness now gives a uniform flow time near a compact fiber. More explicitly, the inverse
image of a sufficiently small closed base disk is compact; a finite cover by flow neighborhoods
provides a common smaller disk of complex times. Since 9t = 1, forward and backward flows
identify the fiber over its center with every fiber over a smaller disk. These identifications are
biholomorphic, and hence algebraic because the fibers are projective. They commute with I
the kernel of © is invariant, and its normalization by a base vector field is unique. Shrink the
algebraic open as needed so that the original family and the model have birational fibers and the
model fibers under consideration are geometrically integral.

Fix one fiber )¢, in this disk. Graphs of isomorphisms from @), to fibers of () belong to
countably many finite-type loci of relative Hilbert schemes. Requiring equivariance is a closed
condition on these graphs. Their images in the algebraic curve are constructible and together
contain the disk, by the algebraic flow identifications. If none were dominant, each image would
be a finite subset of the curve; their countable union could not contain a disk. Some graph locus
is therefore dominant. Its generic fiber has a closed point defined over a finite extension of the
curve’s function field. Over that extension the generic fiber of () is isomorphic to the fixed Q,,
equivariantly when prescribed.

Take a smooth projective resolution Dy of ()y,, equivariant in the finite-group case. The
birational comparison with P gives the required birational identification of its generic fiber with
Dy after a finite extension. The preliminary finite changes of the curve compose with this
extension. For n = 0 the fiber is a point and the conclusion is immediate. This completes the
proof. O

4.7. From curves to geometric birational constancy. The curve criterion gives birational
identifications after finite extensions of curve function fields. We now use algebraic loci of graphs
to obtain the corresponding statement on an arbitrary constant-line locus and on a geometric
generic parameter fiber.

Corollary 4.9 (Constant-line loci). Let m : P — B be a smooth projective morphism with
connected fibers over a smooth connected complex algebraic variety. Let T C B be a connected
smooth algebraic locus on which the very general fiber D satisfies k(D) = 0 and h°(D, Kp) = 1.
If the entire ordinary top Hodge line of the restricted family has constant projective period in a
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flat reference, its geometric generic fiber is birational to a smooth projective variety over C. The
conclusion is equivariant for any prescribed finite fiberwise birational group action.

More generally, let B — Z be a morphism of smooth connected complex algebraic varieties
with geometrically integral generic fiber. If the same fiber and constant-line hypotheses hold on
a nonempty smooth open of every very general fiber over Z, then the family over the geometric
generic fiber of B — Z is birationally constant over C(Z), with the prescribed finite action.
These birational identifications remain valid after algebraically closed extension of their fields of
definition.

Proof. Restrict the integral polarized cohomology variation to T'. Its entire highest Hodge step
has rank one. Constancy of the projective line makes it a flat rank-one local subsystem, and
Corollary 3.15, applied anew to this restricted variation, gives finite character. On an algebraic
curve in T, Theorem 4.1 therefore applies, including its equivariant assertion.

We pass from curves to the geometric generic point of T'. After shrinking 7" to an affine open,
graphs of birational identifications between pairs of fibers are parametrized by countably many
finite-type algebraic loci over T' x T'. For example, take relative Hilbert schemes of the product
family and their constructible loci of geometrically integral graphs on which both projections are
dominant of generic degree one. Geometric integrality and these degree conditions are imposed
after flat stratification. Equivariance is expressed by invariance of the graph under the diagonal
finite action; a birational action is first regularized as in Lemma 4.2. The images of the graph
loci in T' x T are constructible.

For dim T = 0 the conclusion is immediate, and for dim7 = 1 it is Theorem 4.1. Suppose
dimT > 2. Choose a smooth projective compactification and a sufficiently ample complete-
intersection family of curves. The incidence of a curve with two distinct points on it has an
irreducible open dominating T x T': sufficiently ample systems separate the two point conditions,
and their general members through those points are smooth and connected. Its general fiber over
the curve parameter space is the irreducible surface of pairs of points on that curve.

If none of the graph images were dense in 7' x T', their closed image closures would pull back to
countably many proper closed subsets of this incidence. For a very general curve, each such subset
meets its surface of pairs in a proper closed subset; those not dominating the curve parameter
space are avoided. The curve can also satisfy the countably many generic section conditions
giving k(D) = 0 and h°(D, Kp) = 1. Theorem 4.1 and spreading its birational identification
give a dense open of pairs of fibers on that curve which are birational, equivariantly when required.
A countable union of proper closed subsets of an irreducible complex surface cannot contain this
open. This contradiction proves that some graph locus dominates T" x T.

A dense constructible image contains a nonempty open. Specialize the first coordinate to a
sufficiently general complex point so that the slice of this open is dense in the second factor. The
first fiber is now a fixed smooth projective variety. The graph parameter space over this slice
dominates T', and a closed point of its generic fiber is defined over a finite extension of C(T"). It
gives the desired birational identification, with the finite action.

For the relative assertion use these same graph loci over B X z B, taking the component that
dominates Z. Its geometric generic fiber is integral by hypothesis. If no graph locus dominated
this component, the closures of their images would remain proper on every very general fiber
over Z, after excluding countably many proper specialization loci. This contradicts the assertion
just proved on those complex fibers. Thus one graph locus dominates over the generic point of
Z. Over by = C(Z), its constructible image contains an open in the space of pairs. Choose
a bz-point in a suitable open for the first projection. Its fiber is a fixed smooth projective b-
variety, and the graph locus on the remaining slice supplies the birational identification after a
finite extension of the function field of the geometric generic B-fiber. This proves the relative
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conclusion. Finally, all the graphs, inverse maps, and equivariance identities are algebraic data,
so these identifications persist under field extension. O

Proposition 4.10 (Constancy in the h-fiber directions). For very general z € Z, the geomet-
ric generic fiber of the J-family over W, is birational to the base change of a smooth projective
variety over C. More intrinsically, after extending the function field of Z to its algebraic clo-
sure, the geometric generic fiber of x over the resulting h-fiber is birationally constant over that
algebraically closed field.

Proof. On the smooth family locus W°, Lemma 3.1 gives a smooth projective cyclic-cover family
with connected fibers, Kodaira dimension zero, and a one-dimensional entire ordinary top-form
space. On the connected open of every very general W,, Corollary 3.16 makes its projective top
line constant. Corollary 4.9 therefore makes that restricted cover family geometrically birationally
constant, equivariantly for its cyclic deck group. Taking invariant function fields gives the asserted
constancy of the original J-family.

For the relative assertion, apply the second part of Corollary 4.9 to W° — Z, shrinking
Z if necessary. Its geometric generic fiber is integral by Proposition 2.7, and the preceding
paragraph verifies the fiber and constant-line hypotheses on its very general complex fibers. Over
bz = C(Z) the reference cover and its finite deck action are consequently defined over bz. Their
invariant function field has a smooth projective bz-model, whose base extension is birational to
the original geometric generic z-fiber. This is geometric birational constancy; the descent of a
chosen trivialization and of the whole original fiber is addressed in the remaining sections. [

5. GENERAL-TYPE MODELS OVER A LOGARITHMIC BASE

We now compare the variation of a log canonical model with sections on the original total
space. This comparison has two later uses. Marked models detect which relative Iitaka bases are
constant, while Section 8 uses complete model systems to retain the dimension of a second litaka
base. In both applications, a finite base change is only an auxiliary step: the sections must be
tested on the finite normalization of the original source.

Throughout this section, k is an algebraically closed field of characteristic zero and all varieties
are projective. An effective rational boundary has coefficients in [0, 1]. For a dominant morphism
p : H — I between smooth integral varieties, put » = dim 4 — dim / and let V), be the saturated
kernel of dp. Its canonical sheaf is (A" V,)**; at the generic point this is the one-dimensional k(H )-
space A" Q}v( H) k(1) We compare the rank-one lattices supplied by this sheaf and the ordinary
relative canonical sheaf at prime divisors of H. If R, is the divisorial zero of the pulled-back top
base differential, then taking determinant lattices gives

(5.1) Ky, = K1 — Ry

Here Ky = Ky — p*Kj, whereas Ky, is the canonical divisor of the saturated relative tangent
sheaf. The term R, records the difference between these two determinant lattices. The saturated
lattice of rational relative top forms depends only on k(I) C k(H) and the source model. It is
therefore unchanged by a birational change of the base. For a rational boundary B on H, write
B = C + B,, where C is horizontal and B, is vertical over I.

Lemma 5.1 (The inverse boundary). Let Dy be a reduced SNC divisor on I. Then
Ry, + (p*Dr)red > p* Dy

If B is an effective rational boundary satisfying B > (p*Dr)red, it follows that

(5.2) Kp+ B =Ky, +C+p"(Kr+Dr)+V, V:=R,+ B, —p*D; > 0.
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Proof. Test a prime E of H, with uniformizer x. In local boundary coordinates on I, write
p*t; = x%u;, with u; a unit. Each logarithmic differential is a; dx/x + du;/uj, and a nonzero
wedge contains at most one factor dz/z. If a = ordg(p*Dy) > 0, the pulled-back ordinary base
volume thus vanishes to order at least a — 1. This proves the first inequality, also when p(E) has
higher codimension. If a = 0, use R, > 0. The second assertion follows from Equation (5.1) and
the coefficient-one boundary along the reduced inverse image of Dj. ([l

The boundary inequality supplies a fixed effective contribution from the base. To use rela-
tive positivity for the remaining divisor, we first arrange that all original vertical divisors have
multiplicity one after an alteration. Divisors introduced by a resolution are allowed to remain
exceptional: normality will remove them on the finite normalization of the original source.

Lemma 5.2 (Comparison at the original divisors). Let C be an effective rational horizontal
boundary on H, log smooth over the generic point of I, and fix a finite extension of k(I). After
enlarging it to a finite Galois extension K', there are a finite normalization 7 : H* — H in a
chosen compositum k(H)K', a smooth projective birational model p : H' — H®, and a morphism
p' : H — I' to a smooth projective model of K'. Put p = 7 and let C' be the strict transform
of the horizontal pullback of C'. They can be chosen so that:

(i) C" has SNC support and the geometric generic pair is unchanged, up to the field extension
and choice of component;

(i) every prime of H' mapping onto a prime of the original H is horizontal, or lies with

multiplicity one over a prime of I';

(iil) at every such prime, the relative-form lattices of Ky + C" and p*(Ky, + C) agree.
Consequently, in every divisible degree m, a rational section of m(Kg/p + C") regular at these
primes is an actual section of mT*(Ky, +C) on H®. The same assertion holds after adding the
pullback of a rational divisor on H. Every divisor above a subset of codimension at least two in
I is exceptional over H.

Proof. There are only finitely many prime divisors of H outside a fixed smooth log-family open.
They include every multiple fiber component and every divisor whose image on I has codimension
at least two. Their restricted valuations can all be extracted on one smooth base model. Indeed,
if a divisorial valuation v of k(H) restricts nontrivially to w on k(I), the residue-field inequality
gives
trdegy, K(w) > (dimH — 1) —r =dim I — 1.

The valuation inequality gives the reverse bound. Thus w is a positive multiple of a divisorial
valuation. Extract the finitely many such valuations and resolve their common base model. Every
original vertical prime now has a divisorial center, which remains divisorial on higher smooth
base models.

All multiplicities in the next step are measured over this prepared base. Normalize it in the
prescribed field extension. For each valuation above the selected base primes, take a root of a
uniformizer of degree equal to the least common multiple of the relevant original multiplicities.
Do this for all the finitely many valuations and take a Galois closure. The ramification indices in
these towers multiply, so the final base index is divisible by every required multiplicity; compare
[32, Lemmas 9.10-9.11].

The local calculation is at discrete valuation rings. If ¢ = wx®, where u is a unit, base
ramification of index n changes the normalized fiber multiplicity to e/ ged(e,n). After an étale
unit-root extension this is the normalization of s™ = z¢; separable residue extensions do not
change the indices. Thus e | n makes the multiplicity one, and further base ramification preserves
it. This also protects every original vertical prime outside the chosen list, whose multiplicity was
already one. Resolve the altered base, the induced source map, and the boundary without
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changing the generic smooth pair. The original divisorial centers and their DVRs retain the
properties just established.

At a vertical prime, choose separating relative residue parameters z1, ..., z.. For the extracted
base model, the ordinary relative lattice has generator 2~ (¢~Vdz; A- - -Adz, up to a unit: complete
these with base residue parameters and use dt = 2 !(eudz + xdu). Saturation removes the
factor 7€~V . The same residue differentials remain separating after finite extension, and the
new multiplicity is one. Hence the ordinary relative lattice upstairs is the pullback of the original
saturated lattice. At a horizontal prime the DVR contains k(I) as a field, so finite separable
base extension is étale there. Its relative lattice and boundary coefficient are unchanged. This
proves (i)—(iii).

Every prime of H® lies over a prime of H, since 7 is finite. Its strict transform is therefore
among the primes just tested. Normality of H® gives the asserted global section. The same tests
hold after tensoring by a pulled-back line bundle. Property (ii) proves the final assertion. Poles
at the remaining resolution-exceptional primes are harmless because the section is asserted on
H? not on that resolution. ]

The finite-generation and log-canonical-model statements from [8], whose cited version is for-
mulated over C, are used over k by the following field comparison. Descend the projective
morphism, the rational boundary, a log resolution, and an ample decomposition witnessing rela-
tive bigness to a field kg finitely generated over Q. Enlarge kg to define all this finite data. An
embedding ky <— C preserves the geometric kit and bigness conditions, so the complex theorem
applies. Formation of each graded direct-image sheaf in the relative adjoint ring commutes with
field extension. Finite generation descends through the faithfully flat extension ky C C: finitely
many homogeneous generators upstairs involve finitely many elements of the original graded al-
gebra, and faithful flatness detects the vanishing of the resulting cokernel. Applying this on an
affine cover of the target gives finite generation over kg, hence over k. Relative Proj commutes
with field extension, so the resulting canonical model and its comparison maps have the same
compatibility. We use this argument also over the parameter fields in Section 6.

We can now apply positivity for families of general-type pairs without changing the section
problem on H. The variation below is the variation of the log canonical model together with its
boundary; it is a different invariant from birational descent of the whole geometric generic fiber.

Proposition 5.3 (Model-pair variation over a logarithmic base). Let B be an effective rational
SNC boundary on H, and let Dy be a reduced SNC' divisor on I, such that

B = (p*DI>red7 H(IaKI +DI) > 0.

Suppose the log canonical divisor of a geometric generic fiber component is big. Then x(H, K +
B) > r. If that generic pair is klt, then

(5.3) k(H,Kpg + B) > r + Var(p,C), C = Byor,

Here Var(p, C) is the minimum transcendence degree over k of an algebraically closed field over
which the geometric generic log canonical model pair, including its boundary, is isomorphic
to a base extension. Thus it measures descent of that marked model; the invariant Var(f) in
Equation (1.1) measures birational descent of the whole geometric generic fiber. In the kit case,
if the left side is at most r, this model pair becomes constant after a finite extension of the base
function field. For disconnected geometric generic fibers, the model and its variation refer to a
chosen component after adjoining the Stein field.

Proof. If r = 0, the chosen geometric generic component is a point and its variation is zero.
The saturated relative tangent sheaf has rank zero, so Ky, = 0, and there is no horizontal
boundary. Equation (5.2) and a nonzero plurisection of K + D; give the required nonnegative
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Titaka dimension directly. The model is a point after the Stein extension. We may therefore
assume 7 > 0.

First suppose the generic pair is klt. Apply Lemma 5.2, prescribing the algebraic closure of
E(I) in k(H) and choosing the corresponding component. The altered geometric generic fiber is
integral and has the same klt big pair. The relative form of Kovdcs—Patakfalvi’s inequality, [32,
Theorem 9.9] with its auxiliary base divisor M = 0, gives

K(H', Kyryp 4+ C') >+ Var(p, C).

Its hypotheses are satisfied by the smooth projective SNC pair and its klt big generic log divisor;
no condition on £(I’) is required. The model-pair convention is [32, Definition 6.16, Remark 6.17,
Corollary 6.20, Definition 9.3 and Remark 9.4]; the canonical model exists for klt big pairs by
finite generation [8]. Finite extension does not change this variation.

By Lemma 5.2, these systems give sections of m7*(Ky, + C) on the finite normalization of
the original H. Their ratios are unchanged. Lemma 2.3 therefore gives the same lower bound
for Ky, +C on H. Choose 0 # a € H°(I,((K;+ Dy)). In common divisible degrees m, multiply
by p*a™/* and the canonical section of mV in Equation (5.2). These common factors embed the
systems into those of m(Kpy 4+ B) without changing their rational-map dimensions. This proves
Equation (5.3).

For a generic lc pair, decrease the horizontal coefficients by a sufficiently small rational factor.
Its log divisor stays big, while the generic pair becomes klt. The required vertical boundary is
unchanged. The resulting systems are contained in those for B, which proves the lower bound 7;
no assertion about the variation of the unperturbed lc pair is needed.

In the zero-excess klt case, the inequality forces model-pair variation zero. A stable general-
type pair has finite automorphism group. The constant moduli point has a representative over
k, and its generic isomorphism torsor has a point after a finite field extension. This makes the
model pair constant, with its boundary retained. O

6. MARKINGS AND A CONSTANT FINITE NORMALIZATION

The geometric constancy in Proposition 4.10 concerns the fibers of x along a geometric fiber
of h. We next control the base of that family. The purpose of the markings below is to recover
a finite cover of the geometric generic fiber of Z — Tp, together with the divisorial images of the
old boundary. The markings will then be discarded. There are two separate conclusions: the
finite normalization and its morphism must descend, and each positive old-boundary image must
become fixed. The second conclusion supplies the actual multiplicity-one component needed in
the ramification argument of Section 7.

6.1. The geometric generic parameter space. Fix the algebraic closure Q of C(Y) used to
define Var(f), and put

b= C(Ty) C 9,
where the bar denotes the algebraic closure inside §2.

Lemma 6.1. Let Hy, I, Py be the geometric generic fibers over Ty of W, S, Z, respectively. Write
By and Dy for the restrictions of B and Dg. These are smooth projective varieties over b, with
the indicated SNC boundary supports. The induced morphisms

p[:Ho—)I, ag: Hy — Py
have geometrically integral generic fibers, and the combined morphism satisfies

(6.1) Hy — I xy, Py dominant and generically finite, dim Py = dim(Hy/I) = d.
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Moreover,

(6.2) w(I,K;+Dr) >0,  Bo> (piD1)red,
and a geometric general fiber Ho; of ag satisfies

(6.3) k(Hot, Kny, + Bolu,,) = 0.

Proof. The diagram and dimension assertions follow from Propositions 2.7 and 2.10. The latter
identifies C(S) = C(Y) inside C(X), so the present parameter field is the embedded field b(1) =
bC(Y) of Remark 2.11. The generic extensions for W — S and W — Z are regular. Restriction
to the generic point of Ty and extension to b therefore preserve geometric integrality. Stein
factorization over the normal bases also gives connected fibers. Generic smoothness, applied also
to the finitely many boundary strata, gives the stated smoothness and SNC properties. The
first assertion of (6.2) is the geometric generic form of the corresponding assertion for S; in
Proposition 2.10; nonzero divisible sections are preserved by field extension. The second follows
from Proposition 3.3. Finally, (6.3) is precisely Proposition 3.12 after this generic restriction. [

Proposition 5.3 applies over the algebraically closed field b of characteristic zero. Its base
hypothesis is precisely (I, K7+ D) > 0, as supplied by Lemma 6.1. In particular, the base pair
in the marked-model argument is (I, Dy).

6.2. Recognizable markings. The generic I-fiber of Hj is generically finite over Py. We will
first decrease the positive horizontal boundary coefficients to make its pair klt, and then add
pullbacks of divisors from Py to make its adjoint divisor big. The marking line bundles restrict
trivially to general ag-fibers, while decreasing the old boundary can only lower its adjoint di-
mension from zero. Upper addition therefore bounds the total section dimension by d, and
Proposition 5.3 bounds it below by d plus the variation of the marked model pair. The marked
model must become constant after a finite parameter extension. We choose its markings so that
they also recover the map to Py, and hence the normalization of Py in the model’s function field.
Once this normalization is fixed, Proposition 4.10 will supply a reference variety for the J-family
over its function field.

Proposition 6.2. After a finite extension of b(I) there is a normal projective variety V' over b,
finite over Py, such that the generic I-fiber of Hy is birational over Py to the base extension of
V', Equivalently, after replacing I by a smooth projective model of that finite extension, there is
a birational product description over I Xy Py,

(6.4) Hy - I x V',

Here Hy denotes the main component after the parameter extension. Every component of the old
By which has a divisorial image on V' over the generic point of I has an image defined over b.
Put

(6.5) k=b(V"), K=k

The original generic z-fiber, viewed by (6.4) as a variety J/K, is geometrically birational to a
smooth projective geometrically integral variety Jo/k. One has H(JOJ‘C) =0, and, for the minimal
positive pluricanonical index p of J, there is a nonzero ordinary p-pluricanonical form on Jy and

(6.6) dimy, H®(Jo, pK 5,) = dimy, H(J, 7, pK g, ;) = 1.

Proof. If d = 0, the generic fiber of p; is geometrically integral and zero-dimensional, so its
degree is one. The variety P, is a point and the product assertion holds with V/ = Specb. The
construction of Jy at the end of the proof applies in this case as well. Assume for the marking
construction that d > 0.
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The relative model. Let Ey = b(I) and H, = (Hp)g,. Decrease every positive coefficient of
By horizontal over I slightly, keeping it positive and strictly less than one; leave the vertical
coefficients unchanged. Denote the resulting boundary by B . Since the generic support is SNC,
the pair (Hy, B, ) is klt. The morphism

Qy : HW — (PO)EO

is generically finite. Consequently Kpy, + B, is big relative to ay,, since its generic fiber is
zero-dimensional. There is therefore a relative log canonical model

Hn -—> Cl i) (PO)EO

by [8, Theorem 1.2(2)]. To apply that theorem over an algebraically closed ground field, one
can first shrink I so that the spread of the decreased pair is klt, apply the theorem to the
projective morphism to I x; Py, and then restrict to its generic I-fiber. The characteristic-zero
field comparison in Section 5 justifies this use of the cited complex formulation over . The
model (1 is normal, and its adjoint divisor is relatively ample. The canonical rational map is a
birational contraction, so it extracts no divisors; see [8, Definition 3.6.6]. The map c is proper,
surjective and generically finite, and factors through the normalization of (Fy)g, in Eo(Hy).

Choice of the markings. Choose a very ample line bundle L on Py and a general basis
zo,...,zn of H°(Py, L). The coordinate divisors will recover each ratio xj/xo up to a scalar.
The divisor of xg + x; will determine that scalar, so that the marked model remembers the
morphism to this fixed Py. We therefore use the divisors

(6.7) (0o =0), (z;=0), (zo+az;=0) (1<j<N).

Their pullbacks receive distinct positive rational coefficients, chosen sufficiently small that the
resulting generic pair is still klt. They are also chosen distinct from every coefficient of the
decreased generic strict boundary B, . The finite number of dependencies in (6.7) is harmless:
on a fixed log resolution, sufficiently small coefficients preserve all the strict klt discrepancy
inequalities. Add sufficiently many further general members of |L|, again with small coefficients
less than one and with no coefficient equal to one of the displayed labels. These can have
arbitrarily large total degree. General members of the free pullback system meet the strata on a
resolution transversely, so the generic pair remains kit.

Make the following avoidance choices at the same time. None of the hyperplanes contains
the image of any relevant divisorial exceptional component on the fixed generic models, any old
generic boundary component, or any branch divisor. In addition, none contains the Py-image of
an I-vertical divisor of Hy having proper image in FPy. There are only finitely many divisors in
the last condition: such a divisor has image of codimension at least two under the generically
finite morphism Hgy — I X3 Py, so it is one of its divisorial exceptional components. An I-vertical
divisor dominating Py cannot be a component of the pullback of a hyperplane. Thus the last
condition prevents any added marking from overlapping a vertical old coefficient-one component
or acquiring a vertical divisorial multiplicity. It also makes the corresponding total boundary a
boundary with coefficients at most one.

These finitely many Bertini, avoidance, and klt conditions define a nonempty open in the
parameter space of the chosen sections, initially over Fy. Lemma 2.4, applied after extending
Fy to its algebraic closure, shows that this open contains a b-point. Thus all the markings can
be chosen over b. The same argument applies to the open set of bases of H?(Py, L) and to each
additional member.

Write Apark for the weighted sum of all the chosen divisors on Py, and set

A = By + agAmark  on Hy.



LOGARITHMIC KODAIRA DIMENSION AND VARIATION 49

The total degree of Apai is chosen sufficiently large that
Ko, + (Bn_)C’l + " Amark

is ample: a relatively ample divisor plus a sufficiently large pullback of an ample divisor is ample.
Twisting by pullback from Py tensors each divisible graded piece of the relative adjoint ring by
the corresponding power of a line bundle on Fy. It therefore leaves the relative Proj, and hence
the model, unchanged. Equivalently, on a common resolution the exceptional comparison for the
old adjoint divisor remains identical after adding this pullback on both sides. Hence C7 is now
the absolute log canonical model of (H,, Ay).

The pullbacks of the displayed divisors on C; are their complete pullback divisors, each with
multiplicity one at every component. A divisorial exceptional component occurs in a pullback
only when its image is contained in the hyperplane; merely meeting its image does not produce
that component. The avoidance of the branch divisors gives multiplicity one at the other generic
points. No old boundary prime is shared with a marking. Thus their distinct coefficients identify
the complete displayed divisors on the canonical model, even when a pullback is reducible.

The upper bound and the model-pair estimate. On a general ag-fiber the marking line
bundles restrict trivially, and B; < By. Lemma 6.1 therefore gives restricted adjoint dimension
at most zero. The upper addition estimate in Lemma 2.5 gives

(6.8) k(Ho, Kiy + A) < dim Py = d.

If the restricted section system is empty, the same bound follows because the total system is
empty. Only the upper bound is needed.

Resolve the support of A, writing u : H — Hy. Over the generic point of I, use the crepant
boundary and replace its negative exceptional coefficients by zero; keep all strict coefficients. Call
the resulting generic boundary 577‘ The generic pair is effective and klt, and

(6.9) Kgs + An = M:](KHW + Ay) + Eexe, FEexe > 0 py-exceptional.
n

For divisible m, normality and testing at codimension-one points give fi,«O(mFEexc) = O. The
generic adjoint rings are therefore identical. The generic model pair remains the marked pair
on Cp: exceptional divisors added in (6.9) are contracted to the original generic source, and the
canonical map from that source extracts no divisors.

On H ; assign coefficient one to each new exceptional divisor vertical over I, and retain the
specified coefficients on all other components. This gives an effective rational SNC boundary A,
with generic restriction just described. All strict components above Dy already had coefficient
one, and any newly created component above it is vertical over I. Consequently

(6.10) A > ((prw)*Dy), -

The total adjoint sections on H inject into those on Hp: a rational pluriform that is a section
upstairs passes the unchanged strict-divisor tests at every prime downstairs. This argument does
not require the vertical exceptional coefficients to be crepant. In particular, even if one of these
exceptional divisors dominates Py, (6.8) still yields

(6.11) K(H, K5+ A) <d.

The markings now define a big generic model pair, while the total section dimension still has
the upper bound d. We apply Proposition 5.3 to

prp: (H,A) —s (I, Dy).

Both varieties are smooth projective over b; the morphism is surjective with connected fibers
and relative dimension d; the boundary is effective rational SNC; (6.10) holds; and the base has
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nonnegative log Kodaira dimension by (6.2). Its geometric generic pair is klt and has big adjoint
divisor by the construction of the absolute ample model C;. Thus Proposition 5.3 and (6.11)
give

d + Var(prpt, Anor) < 5(H, Kz + A) < d.

The variation here is exactly that of the generic log canonical model pair. It is zero. The finite-
extension conclusion of Proposition 5.3 makes that model pair isomorphic, after a finite extension
E/Ep, to the base extension of a model pair over b. Denote its underlying normal projective
variety by C,. Its coefficient-labeled displayed divisors are now defined over b.

Recovering the map to FPy. View C after extension to E as (Cx)g. The displayed markings
fix both
div(zj/xg) and div(l+ z;/x0).

These are differences of the corresponding complete marking divisors. In particular, the first
is the base extension of a divisor over b which is principal after extension to E. Cartierness
descends under this faithfully flat extension. Triviality of its associated line bundle descends
as well: its space of sections commutes with field extension, and a nonzero descended section
becomes a scalar multiple of a nowhere-vanishing section upstairs. We may therefore write

(6.12) l‘j/fL‘o = ijj, fj € b(C*), cj € E™.

Here the quotient of two functions with the same divisor is a constant, since C, is proper and
geometrically integral.

The sum marking (z¢ + z; = 0) has a b-point off the two coordinate markings. Indeed, for a
general basis this is a nonempty open part of the pullback of that hyperplane, by surjectivity onto
Py and d > 0; as it is defined over the algebraically closed field b, it has a b-point. Evaluation
at such a point in 1+ ¢;f; = 0 gives ¢; € b. Thus every coordinate ratio of the map to the fixed
projective embedding of Py belongs to b(Cy). The map itself descends to a morphism C, — Py,
either by descent of its graph or by descent of regularity of the resulting rational map.

Let V’ be the normalization of Py in the finite extension b(Cy)/b(F). It is finite over Py.
The map C, — Py factors properly and birationally through V’. Normalization commutes
with the present field extensions: b has characteristic zero and is algebraically closed, so V' is
geometrically normal; its base extension is finite normal with the required fraction field and
hence has the normalization’s universal property. The original generic source H,, after extension
to E also maps properly and birationally to V. This proves (6.4).

A proper birational morphism to a normal variety is an isomorphism at the generic point
of every target divisor. Consequently a prime on VJ, has its unique strict prime both on the
original generic source and on (Cy)g. If the old boundary coefficient at that prime is positive,
its decreased coefficient is still positive and occurs in the constant model pair. Its image on V'
is therefore defined over b. This proves the asserted control of old boundary images. Notice that
this reasoning uses the old boundary; a newly assigned exceptional coefficient on H cannot hide
such a divisor.

Choosing the reference fiber. Replace I by a smooth projective model of E, and use the
notation (6.5). All subsequent parameter extensions will be made relative to this choice. The
original x-fiber gives a smooth projective geometrically integral variety J/K with geometric
Kodaira dimension zero. Proposition 4.10 applies after extending k to an algebraic closure: the
I-directions in (6.4) lie over one geometric generic Z-point. Thus this family is geometrically
birationally constant in those directions.

Spread J as a smooth projective family over a nonempty open of I;. Fix one geometric
birational identification with a reference variety over k, together with its inverse. Their finitely
many coefficients lie in a finite extension of k(I). Normalize an affine open of I7 in that extension.
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After shrinking, this is a finite surjective cover on which the maps and their inverse identities
spread. Shrink again so that their fiberwise domains are dense and the two maps are inverse
there. This uses one chosen birational identification and finitely many equations, not a finite-type
parameter space for all birational maps.

The image of this comparison cover contains a nonempty open of I;. Intersect it with the
smooth family open. By Lemma 2.4, that intersection contains a point of I(b); a point of the
finite comparison cover above it exists over k. Specializing the original k-family at this b-point
gives a smooth projective variety .Jy/k. Its base extension to k is birational to the chosen reference,
hence geometrically birational to J. Geometric integrality and geometric Kodaira dimension zero
follow. Ordinary birational invariance of pluricanonical sections and their compatibility with field
extension give (6.6); in particular a nonzero ordinary p-pluriform is defined over k itself. O

6.3. A multiplicity-one divisor at every moving test. The boundary control has a stronger
consequence than the existence of some reduced component in a degeneration. It supplies a
reduced component attaining the precise threshold used in the relative-form comparison.

Definition 6.3. In the notation (6.5), let E/b(I) be a finite extension. A mowving test is a prime
divisor P of V}, whose image in V’ is dense. Its valuation is trivial both on k = b(V’) and on E.

For example, if V/ = P} with coordinate = and b(I) = b(t), the divisor z = ¢ is moving,
whereas © = ¢ for ¢ € b is fixed. The next lemma applies to moving divisors over every finite
extension of the parameter field.

Lemma 6.4. At every moving test, including after any finite parameter extension as in Def-
inition 6.3, the old coefficient Bp from Proposition 3.3 is zero. For the relative ordinary p-
pluricanonical generator of the J-family, there is an actual source prime Q above P such that

(6.13) mo—1, rre_ g 1o

mq Q'—P meg
Here mg = ordg(x*P) and rg = p~tordg(wy) are measured in the actual relative canonical
bundle, and the infimum includes the divisorial valuations on higher smooth source models. The
prime Q) is inherited from the actual source in the rank-one construction after the indicated
parameter extension, not inserted by a new reduced-exceptional boundary convention.

Proof. A moving test is trivial on k because its residue field contains the function field of its dense
image in V'; it is trivial on E because it is a divisor on an E-variety. The proper birational maps
to the finite normalization used in Proposition 6.2 identify its generic point with a strict divisor
of the old generic source Hy. If that divisor had positive old By coefficient, the boundary-image
assertion of Proposition 6.2 would place its image in a fixed b-divisor on V’. Such a divisor, after
any parameter extension, cannot dominate V’. Thus its old coefficient is zero.

We explain why these are indeed the old tests and orders. A finite separable extension of the
parameter field is finite étale as a field morphism. Base change is therefore finite étale on both the
base and the source of the generic family. Height-one primes lie over height-one primes, and actual
source components persist, possibly splitting. Their pullback multiplicities and relative canonical
orders are unchanged. Generic restriction and adjunction cancel the parameter-canonical factors
in the relative canonical bundles. The same assertion for the all-valuation infimum follows by
base changing a fixed log resolution computing the threshold. Extensions involved in reaching
b = C(Tj) are algebraic, and each prime and the finite data just used descend to a finite stage.
Consequently the unchanged-divisor and étale-extension compatibility in Proposition 3.3 applies
at this strict old prime. No new exceptional boundary coefficient enters the calculation.
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Choose an actual component ) attaining the first minimum ¢p of Proposition 3.3. With dg
its old source boundary coefficient, that proposition gives
1—dg
mQ
Since mq is a positive integer and 0 < dg < 1, all these inequalities are equalities. Hence

mg = 1 and dg = 0. Equality in the first inequality says that this same actual component
attains Ap = infgn, p(1 4+ r¢g/)/mg . This proves (6.13). O

Bp=1—-Ap+tp=0, 1l=XAp—tp < <1

7. DESCENT OF THE WHOLE FIBER

Let b = C(Tp) C Q be the algebraically closed field from Section 6. Incorporate the finite
parameter change of Proposition 6.2 into I, and put

(7.1) Lo=0bI), k=bV"), K=Ly(V')=k().

The varieties I and V' are geometrically integral over b; V' is normal and projective. In partic-
ular, K/k is regular. The generic z-fiber J/K is smooth, projective, and geometrically integral.
Proposition 6.2 supplies a smooth projective geometrically integral reference variety Jy/k, with

(7.2) J7 is birational to (Jo), k((Jo)z) = 0, ho((JO)E,pK(JO)E) =1,

for the ordinary pluricanonical index p used in the rank-one construction. Its one-dimensional
degree-p space has a nonzero generator over k.

We will descend K (J), after extending Lg to its algebraic closure, to a field over b that still
contains k = b(V”). Thus the coordinates of the relative Iitaka base remain part of the descended
fiber. The proof has three steps: make the birational descent cocycle constant, use Lemma 6.4
to remove ramification at moving divisors, and descend the resulting finite étale cover.

Here constancy means independence of the parameter variety I. The reference variety Jy is
defined over k = b(V'), and the constant cocycle will be defined over a finite extension of k. This
dependence on V' is retained when the resulting invariant field is descended to b.

7.1. Constant birational cocycles. We use birational groups with the group structure of their
function-field automorphisms. More explicitly, a birational selfmap u is identified with (u=!)*;
products of the resulting automorphisms are composition. This convention fixes the order in the
semilinear actions below.

Lemma 7.1 (Finite splitting with a constant cocycle). There are a finite Galois extension k' /k
in k, a finite Galois extension K /K containing k', and a birational identification

JIN{ -—=> <']0)I?

with the following properties. If G = Gal(f(//K), the transported descent action on ./F\(/(Jo) has
the form

(7.3) Pg = ZgSg, zg € Auty k' (Jp),

where s, transports coefficients by g. The map

(7.4) G — Auty K (Jo) x Gal(K'/k), g+— (24, 9|k)
is injective. In particular,

(7.5) K(J) ~ K (Jo)°

as extensions of K.
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Proof. The birational group. Choose compatible algebraic closures k C K. A nonzero ordi-
nary pluricanonical form on Jy excludes uniruledness: if a smooth projective model of Jy were
dominated generically finitely by a ruled variety, its pullback would be a nonzero pluricanonical
form on a resolution of that ruled variety, which has none.

Hanamura’s structure theorem for non-uniruled projective varieties in characteristic zero pro-
vides a suitable smooth projective birational model T" of (.Jy); for which the reduced scheme of
flat graphs of birational maps,

B = Bir(T)yed,
is a group scheme locally of finite type over k. Its identity component

Al == BO == AutO(T)

is an abelian variety. This group structure is intrinsic among such birational models, and rep-
resents their algebraic birational group actions. These are exactly the conclusions of [25, The-
orems 2.1-2.2], also stated in [9, Theorems 3.8-3.9]. The theorem applies to a non-uniruled
projective variety over an algebraically closed characteristic-zero field; it does not require a min-
imal model of Jj.

The scheme of flat graphs is an open subscheme of the Hilbert scheme of T' x T'; see [24,
Definitions 1.6 and 1.8, Proposition 1.7] and [9, Proposition 3.7]. The Hilbert functor commutes
with field extension, and the open graph condition is geometric. Every birational selfmap over
the extended field is therefore represented by a point of the base-changed graph scheme. In
characteristic zero a reduced locally finite type scheme is geometrically reduced, so passing to
its reduction introduces no new field-valued points after extension. Every connected component
of B contains a k-point, since B is locally of finite type over the algebraically closed field k.
Translation by such a point identifies that component with A;. Each of these abelian translates
remains connected after extension to K, and the disjoint union of the original open components
exhausts the base-changed scheme. Thus, after identifying the birational groups of T and Jy, we
have

(7.6) Bir((Jo)z) = A1(K) Bir((Jo)),

| A1(K) O Bir(Jo)g) = As(R).
This argument allows infinitely many components. The intrinsic group structure also shows that
coefficient transport and conjugation preserve Aj.

Removing the nonconstant abelian part. Set ' = Gal(K/K), and choose an isomorphism

of K-function fields

Let s and s denote the natural coefficient transports on these two fields. The automorphisms
uy = 0s707H(s9) "t e Bir((Jo)%)

satisfy
(77) Ugr = UUU(UT)v U(U) = ng(sg)il‘
The map ¢ — u, is continuous when the algebraic points have the discrete topology: the rational
maps defining 6 and its inverse use only finitely many algebraic coefficients over K. Its image is
therefore finite. B

For every component occurring among these values choose a representative over k, choosing
the identity in the identity component. By (7.6) this gives a locally constant choice h, and
expressions

Uy = aghy, as € A1(K).
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The component cocycle law and the second equality in (7.6) imply
dyr = heo(h)hyt € Ay(K).

Consequently

oy (a) = hyo(a)h,?
defines an action on A;(K) preserving A;1(k). Indeed the discrepancy between ay,a, and oy is
conjugation by d, -, which acts trivially on the commutative group A;.

Give

My = Ay(K) /A (k)
the discrete topology. The induced action is continuous: every algebraic point has an open
stabilizer for coefficient transport, and h, is locally constant. In additive notation the classes
¢ = [ay] satisfy

(7.8) Cor = Co + ag(Cy).

The abelian group Mj is uniquely divisible. Multiplication by an integer n > 0 is surjective
on the points of an abelian variety over either algebraically closed field. Moreover,

Ay [n)(K) = Ai[n](k),

since the finite torsion scheme is already defined over the algebraically closed smaller field. If na
is constant, choose ag € Al(E) with nag = na; then a — ag is constant torsion, so a is constant.
This proves injectivity of multiplication on the quotient as well as its surjectivity. Thus M is a
Q-vector space.

Choose an open normal subgroup N C I' contained in the zero set of the continuous cocycle

c. Equation (7.8) gives ¢,y = ¢o for n € N. It also gives
an(Cs) = o = Co(g-1no) = Co-

Thus N fixes every cocycle value. The finite sum

1
B:[F:N]

is well-defined, and summing (7.8) over the cosets yields
(7.9) o =B —as(f).
Choose t € A;(K) lifting 3 and replace 6 by ¢ = t~16. Its cocycle is
2g =t tugo(t).
The class of its A; factor is —3 + ¢» + ax(8) = 0 by (7.9). Hence
2o € Bir((Jo)y;) for every o € T.

A faithful finite splitting group. The modified cocycle is still continuous, because the alge-
braic point t has an open stabilizer. Its image is therefore finite. Choose a common finite Galois
extension k'/k defining all these finitely many birational maps and their inverses. The map

' — Auty k'(Jo) x Gal(k'/k), o+— (2o, 0|x)

is a homomorphism, with the multiplication (z,v)(w,d) = (zy(w),~d). It has finite image and an
open normal kernel Ny. Put K= ?NO. Then K /K is finite Galois and contains k’. For o € Ny
we have z, = 1, so ' intertwines the natural coefficient actions of Ny. Its rational maps descend
to K by Galois descent. The quotient group G = I'/Ny acts by (7.3), the pairs are faithful by
construction, and the fixed-field identity (7.5) follows. d
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7.2. Ramification at moving divisors. For a finite extension E/Lg, a moving divisor is a
prime divisor of V, whose image is dense in V', as in Definition 6.3. Its valuation is trivial on
both k and E. We recall the precise conclusion of Lemma 6.4. For the rational degree-p relative
pluricanonical generator wy, and any such divisor P, there is an actual source divisor ) above
P such that

1+ rQ . ¢ 1+rp

1
7.10 =1 = ord *P = — ord .
( ) mQ , ma TI»EP — mp = ordp(z*P), rp por 7(wy)

Orders here are measured in the actual relative canonical bundle; the infimum includes divisors
on higher smooth models. The same statement holds after every finite parameter extension.

Proposition 7.2 (Unramifiedness at moving divisors). The extension K /K in Lemma 7.1 is
unramified at every moving divisor. After a finite extension E/Lg, each field component of

K @k E(V')
is likewise unramified at every moving divisor of V.

Proof. We compare divisorial orders before and after splitting. On the constant model there is a
unique minimizing divisor. The actual multiplicity-one minimizer in (7.10) will force equality of
total and base inertia, and faithfulness will make both trivial.

Relative canonical orders. First work over Ly. Put L = K(J) and use (7.5) to identify
L =LK = K(J).

Since J/K is geometrically integral, L/K is regular. Hence L and K are linearly disjoint over
K, and restriction identifies

(7.11) Gal(L/L) = Gal(K/K) = G.

Fix a moving divisor P and a prolongation P’ to K. Write ¢ = e(P’ /P). If a divisorial
valuation @ of L above P prolongs to Q" above P’, write eg = e(Q’/Q). On smooth models at
these generic divisor points, the multiplicities and relative differential orders satisfy

(7.12) mo = BQ?Q, rgr =eqrqo+eg—1—(e—1)mgy.

The first identity is the order of a base uniformizer. For the second, the total canonical differential
acquires order e — 1 under the finite extension, whereas the base canonical differential acquires
order e — 1 and is pulled back with multiplicity mgs. These are the tame different orders of
characteristic-zero divisorial DVRs. They can also be computed by differentiating uniformizers
and completing them by separating residue parameters. Dividing the degree-p calculation by p
gives the stated formula.

In particular,

1+ rg 7€1+7’Q_

(7.13)
mQ/ mQ

(e—1).

This is an increasing affine transformation independent of Q).
The unique minimizing divisor. Let R’ be the valuation ring of P’ and let x’ be its residue
field. The valuation is trivial on k, because P is moving. It is also trivial on the finite algebraic
extension k' /k: the valuation of a nonzero element algebraic over a trivially valued field must be
zero, as follows immediately from its minimal polynomial. Thus
(7.14) K CR, K — K.
Consider the smooth proper constant model

J = Jo Xspeck Spec R’
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Its special fiber S” is smooth and geometrically integral over x’. Choose the ordinary regular
degree-p generator wg on Jy. The pulled-back generator w; is a scalar multiple cwy over K,
because the ordinary degree-p space has dimension one. Put £ = p~! ordp/(c) and Dy = div(wp) >
0.

Every divisorial valuation of L above P’ has a center on J, by properness, and that center
lies in S’. For such a valuation T, let A7 (T") denote its log discrepancy over the smooth model
J. Removing the common scalar shift gives

I+rp 0 A7 (T) + p~'ordr(Dy)
mr N mr

(7.15) s mr = Ol"dT(S/).
The divisor Dg is pulled back to the constant model in this formula. It has no special-fiber
component. Hence S’ itself has mg = 1 and ratio £ + 1.

For every other divisorial valuation centered in S’,

AJ(T) > OI"dT(S/) = mr.

This is the pure log terminality of a smooth divisor on a smooth scheme. In local parameters
it follows by including the equation of S’ and at least one further parameter vanishing at the
proper center: the log discrepancy is at least the sum of their positive orders. Since ordr(Dg) > 0,
Equation (7.15) proves that S’ is the unique minimizer of the ratio above P’.

Triviality of inertia. Take the multiplicity-one minimizer @ supplied by (7.10). It has a
prolongation to E; by Galois transport we may arrange that the restriction of this prolongation
to K is the specified P’. Indeed G acts transitively on the prolongations of P, and its action
on L fixes L by (7.11). Conversely, every divisorial valuation above P’ restricts under the finite
extension to a divisorial valuation above P. Equation (7.13) therefore shows that the chosen
prolongation of @ attains the upstairs infimum. The uniqueness just proved identifies it with S’.
Consequently mqg = mg =1, and (7.12) gives

(7.16) eq = e.

Let Zg: and Zp: be the total and base inertia groups, viewed as subgroups of the common
Galois group in (7.11). The embedding of base residue fields in total residue fields gives

IQ/ C Ipr.

All residue characteristics are zero, so the residue extensions are separable and the orders of these
inertia groups are eg and e. Equation (7.16) forces equality of the two inertia groups. Thus every
element of Zp/ acts trivially on the special-fiber function field x'(.Jp).

For g € Zp/, coefficient transport is already trivial on x’. Equation (7.14) also gives gl = 1.
Its induced action on &'(Jy) is therefore the base extension of the constant map z,. Such an
action is faithful: a birational function-field automorphism over k' that becomes the identity
after an injective extension of fields was the identity to begin with. Hence z, = 1. The pair (7.4)
is faithful, so ¢ = 1. This proves Zps = 1, and hence unramifiedness at P.

Finite parameter extensions. Let E/Lg be finite. The base change of the finite Galois
splitting field is a finite product of fields, with a transitive G-action; each component is Galois
over E(V') with group its stabilizer in G. The constant field ¥’ embeds in every component.
The same constant maps and the restricted faithful pairs define its semilinear action. Geometric
integrality of J and the multiplicity-one conclusion (7.10) both persist. Repeating the preceding
argument for this component and its stabilizer proves the stated unramifiedness after E. In
particular, no uniform choice of a finite parameter extension is being assumed for all divisors. [
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7.3. Descent of the cover and the fiber.

Proposition 7.3 (Descent of the whole fiber). Let A be an algebraic closure of Lo = b(I). There
is a finitely generated field Fy/b containing k = b(V') and an isomorphism

(7.17) Frac(A ®p Fp) ~ Frac(A ®@r, K(J)).

The right-hand side is the function field of the whole geometric generic fiber of the original
fibration after identifying A with Q. In particular,

(7.18) Var(f) < dim Tp.

Proof. A fixed open set carrying the cover. Extend the splitting algebra to A(V'):
Ba = K @5 AV').

It is a finite product of fields and a Galois algebra with group G. We first descend its normaliza-
tion over a suitable fixed open subset of V.

Every prime divisor of VJ is either the base extension of a prime divisor of V' or is moving.
On an affine chart with coordinate ring A, the map A — A ®;p A is faithfully flat. If a height-one
prime q contracts to p, flat going down gives htp < 1. A height-zero contraction is zero and
means that the divisor is moving. If htp = 1, the corresponding integral b-divisor is geometrically
integral, since b is algebraically closed. Hence p(A ®; A) is a height-one prime. Its inclusion in q
is equality. No finite-type assumption on the field extension A/b is used here.

A moving prime divisor of V; descends to a moving prime divisor after some finite extension
E/Lg. Indeed, on the above affine chart, choose finitely many generators of its prime ideal. Their
coefficients lie in such an F, since A/Lg is algebraic. The ideal generated by the same equations
over F is prime by faithful-flat descent, and has height one by invariance of codimension under
field extension. Its contraction to A is still zero. Thus the descended divisor remains moving,
and Proposition 7.2 applies to every field component at this finite stage.

It follows that all divisorial branching of B, lies on finitely many fixed divisors. The normal-
ization is finite because the varieties over a field are excellent; its branch locus has only finitely
many divisorial components. Remove those divisors and the singular locus of V’. Also remove
the fixed closed locus over which the normalization in k’'/k is not finite étale. This leaves a
smooth nonempty open subset O C V' over b. The normalization of Oy in By is finite, normal,
and unramified at all height-one points. Purity of the branch locus makes it finite étale. Here
the base is regular, the source is normal, the morphism is finite and generically separable, and
all divisorial ramification has been removed, which are the hypotheses of Zariski—Nagata purity;
see [22, Exposé X, Théoreme 3.1]. Denote this finite étale cover by

CA — OA.

Its generic G-action extends by normalization. It is a G-torsor, possibly disconnected, since the
generic Galois algebra is a G-torsor and all these covers are finite étale over the connected base.

Let C; 5 be a connected component, and let G; C G be its stabilizer. Then C;p — Op is a
connected finite étale G1-torsor. Let 7 — O be the finite étale cover obtained by normalization
in k'/k. The inclusion k¥’ C By gives a morphism

Cin — Ta

over Oy, compatible with the action of G through its restriction to &’.

Descent with the coefficient field. Finite étale covers are invariant under an extension of
algebraically closed fields in characteristic zero. In the needed form, base extension from b to A
gives an equivalence between the categories of finite étale covers of the connected normal sepa-
rated finite-type scheme O and of Oy. This follows from [33, Theorem 1.1], since every finite cover
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is tame in characteristic zero; see also [33, Remark 1.5] and [22, Exposé XIII, Proposition 4.6].
Full faithfulness descends the morphisms as well as the covers.

Apply this equivalence simultaneously to C; s, its Gi-action, and its map to the fixed cover
Ta. We obtain a connected finite étale G1-torsor C; — O and a compatible map C; — 7. Let E;
be the function field of C;. Then

(7.19) E1/k is finite Galois with group G, kK c By,

and the chosen component of By is Frac(A ®;, E1). The embedding of k' and the restriction of
the Gi-action to it are part of this descended diagram.

The invariant field. For g € G, the birational map z, is defined over k', and k¥’ C E;. Hence
the semilinear action zgs, descends to the field Ey(Jy). Its multiplication law follows from the
cocycle law, because the action on k" in (7.19) is the descended one. Define

(7.20) Fy = Ey(Jy)%.

This is a finitely generated field over b. Indeed Ej(Jy) is finitely generated over b and finite over
its invariant field. Also

(7.21) k=b(V')C F,

since both the coefficient action of G; and the constant birational maps fix k. This inclusion
retains the coordinates of the entire z-base in the descended field.

The coefficient field and its action have both descended. We now verify (7.17), including its
retained k-coordinates. Invariants on a finite product of fields permuted transitively by a finite
group are identified with invariants on a chosen factor under its stabilizer: the other coordinates
of an invariant element are its translates. Thus after extension to A, Equation (7.5) may be
computed on the chosen component with group Gj.

Invariants also commute with extension from b to A. For a ring with a finite G1-action this
follows by applying the averaging projector |Gy|™* >_gec, 9- Passage to fraction fields causes no
change: if an invariant fraction has denominator a, multiplication by the invariant denominator
[yea, g(a) puts its numerator in the invariant ring. These arguments apply to the present
tensor products, which are domains on the chosen component; the finitely generated fields over
the algebraically closed field b are geometrically integral. Consequently

Frac(A @y Fy) ~ (Frac(A @y E1(Jo)))¢" ~ Frac(A @, K(J)).

Identification with the original fiber. Proposition 2.10 gives C(S) = C(Y') in the original
field tower

C(Y)c C(S)cC(W) c C(X).
In particular, C(Tp) C C(Y), with its prescribed algebraic closure b C 2. Before the finite
parameter changes the generic parameter field is

b(I) =bC(Y) C Q.

It is algebraic over C(Y). Each subsequent finite parameter extension can be embedded in €2,
and an algebraic closure of the resulting Ly is still 2. We may therefore take A = Q.

By Proposition 6.2, after this parameter change the function field of the generic x-base is
Lo(V') = K. The field K(J) is its total field in the original fibration. Birational model changes
preserve these fields, so

Frac(Q2 ®r, K(J)) =~ Frac(Q ®c(y) C(X)).

The right-hand side is the function field of the whole smooth geometric generic fiber of f, not
just that of J over an algebraic closure of k.
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Finally, take a smooth projective b-model of Fy, by a projective compactification and resolu-
tion of singularities in characteristic zero. Equation (7.17) says that its base extension to {2 is
birational to that whole fiber. Since

trdegc b = dim Tp,

the definition of birational variation gives (7.18). O

7.4. The variation inequality.

Proof of Theorem 1.1. If k(F') = —oo, the assertion holds by the stated convention. Otherwise
set d = k(F') > 0. The compactification and logarithmic subadditivity argument in Lemma 2.6,
specifically (2.1), gives
K(U) >d+k(V).

Equations (2.4) and (2.10) identify the dimension of the absolute logarithmic Iitaka base and
give

R(U) = dim Z = d + dim Tp.
Combining this identity with (7.18) gives K(U) > d + Var(f). Taking the larger of the two lower
bounds proves

|R(U) > 5(F) + max{&(V), Var(f)}. |

The dimension-zero cases fit the same field argument. If d = 0, then V' is a point over b, so
k = b and the geometric constancy already gives the required descent. If I is a point, there are no
parameter directions and A = b. If J; is a point, its birational group is trivial and the descended
field retains precisely the fixed V/ coordinates. For a point base or a zero-dimensional fiber the
same conventions give the asserted inequality. Throughout, the Kodaira dimension used for the
original compact generic fiber is its ordinary Kodaira dimension, and every auxiliary marking
has been removed from the final invariant field. O

When U and V are projective, their logarithmic Kodaira dimensions are their ordinary Kodaira
dimensions. The same inequality therefore gives the ordinary litaka—Viehweg C'* statement.

8. A NUMERICAL SECOND IITAKA CONSTRUCTION

We record a numerical form of the second litaka construction for an arbitrary nef contribution
pulled back from an adjoint-positive base. The original base may have nonnegative logarithmic
Kodaira dimension; its reduced inverse boundary is retained throughout the section comparisons.
The construction retains the dimension of the entire second litaka base and, with empty base
boundary, yields the ordinary reduction in Section 9.

The argument separates the geometric construction from the numerical step. First, the
Kodaira-zero fibers determine a covering family on the original base and hence a product di-
agram. FExact divisorial orders then transfer sections to the second base. Finally, a uniform
volume estimate and interpolation show that this transfer retains all of its dimensions. The nef
divisor in the theorem is arbitrary; its origin as a Hodge line is needed only in the subsequent
ordinary application.

Theorem 8.1 (The dimension retained by interpolation). Let g : W — Y and h : W — Z be
surjective morphisms with connected fibers between smooth projective complex varieties. Let B be
an effective rational SNC boundary, and let Dy be a reduced SNC' divisor, with the zero divisor
allowed. Assume

B > (9" Dy )red, k(Y,Ky + Dy) > 0.
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Let A be a nef rational divisor on Z such that Kz + aA is big for all sufficiently large rational a.
Put

M =h*A, L(c) = Kw + B+ cM, d =dim(W/Y),

and suppose L(1) is big over Y. On smooth birational models, with the boundary rule of
Lemma 2.2, there are morphisms

wivlz UST, SHBT, p:S—=Y

with the following properties:

(1) h = jq, and q is the relative litaka fibration of Kyw + B over Z. Its geometric general
fiber G is integral and satisfies k(G, Kg + Bg) = 0.

(2) The map g factors through S; p is birational, and W — (S X1, U)main s dominant and
generically finite. The generic fibers of S — Ty and U — Ty are geometrically integral.
With Dg = (p* Dy )rea made SNC, one has (S, Ks, + Dgls,) = 0 for very general t.

(8) One has

(8.1) k(W,L(1)) = dimU = d + dim Ty, k(Y, Ky + Dy) < dim Tj.

Rational linear equivalence in the definition of M is sufficient. All section comparisons are with
the fized initial source model.

A divisor is big over Y when its restriction to the geometric generic fiber of ¢ is big. All
boundaries in the theorem have coefficients in [0, 1]. A point has Kodaira dimension zero, so the
statement includes zero-dimensional bases and fibers.

Setting Dy = 0 recovers the ordinary numerical construction, including Dg = 0 and k(.S;) = 0.
In the logarithmic setting the inverse boundary condition is needed both to contract the base
pluriform and to apply the model-pair comparisons.

8.1. A covering family with Kodaira dimension zero. The first task is to determine the
dimension of the family of images of a Kodaira-zero fiber. A logarithmic pluriform on Y gives
both nonnegativity for each moving image and the differential-rank calculation for the family.

Fix 0 # a € HY(Y,¢(Ky + Dy)), replacing it by a tensor power whenever needed so that £
clears the boundary denominators in the following comparisons. We will use two consequences
of pulling it back to a family covering Y.

First, a general member S; of any covering family of integral subvarieties of Y, resolved with
reduced inverse boundary Dg,, has (Sy, Kg,+Dg,) > 0. Indeed choose dim Y —dim S} parameter
directions spanning its generic normal space. The family over a transverse parameter slice has
dimension dim Y and maps generically finitely to Y. Pull back a to a resolution of this family
and its inverse boundary, and use adjunction on the general fiber. This produces a nonzero
logarithmic pluriform on a resolution of S;. The assertion also holds after a finite cover with its
reduced inverse boundary. These image boundaries consist only of the reduced inverse image of
Dy ; exceptional divisors outside that inverse image are not automatically added. Logarithmic
pullback is regular away from that inverse image, and this convention ensures compatibility with
the allowed boundary on the source. The construction uses the family of images; its domains
need not map generically finitely to Y.

Lemma 8.2 (Rank of the image family). Let q: V — U and g : V — Y be surjective morphisms
between smooth connected projective complex varieties. Suppose the general fiber G of q is geo-
metrically integral, B is an effective rational boundary, (V, B) is log smooth over a dense open of
U, Dy is reduced SNC, B > (9* Dy )red, (Y, Ky + Dy) >0, k(G, Kg+ Bg) =0, and G — g(G)
is generically finite. Then the family of reduced image cycles g(G) has dimension dimY —dim G.
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Proof. Put r = dim G and k = dimY —r. On a smooth parameter open, the image family is flat.
At a general y € S = g(G) the normal evaluation map

ey : TwU — Ngjy,y

has rank k, since the family covers Y. Its nonzero maximal minors are obtained from transverse k-
dimensional parameter slices. Pullback of a to each sliced family and adjunction produce sections
of /(K¢g+ Bg). Their local coefficients are the ¢-th powers of the minors, multiplied by the same
tangential Jacobian and the coefficient of a. The reduced inverse-boundary inclusion makes
every logarithmic pole allowed by Bg, proving global regularity in the indicated logarithmic
bundle. Changing lifts of parameter vectors by vectors tangent to G does not change their wedge
determinant.

Every nonzero section space of a divisor with litaka dimension zero is one-dimensional. Ratios
of the resulting sections are therefore constant on G. The common factors cancel, so all nonzero
minor ratios are constant as well: their /-th powers are constant, and a rational function on an
integral complex variety with a constant positive power is itself constant. Thus the Pliicker point
of the rank-k quotient e,, and hence ker(e,), is independent of general y. A parameter vector in
that kernel induces an embedded deformation of S zero at its generic point. Such a deformation
is a homomorphism from the conormal sheaf to Og; since S is integral, it is detected at the
generic point and must be zero. The common kernel is therefore the kernel of the image-cycle
map. In characteristic zero its generic differential rank is its image dimension, namely k. O

8.2. Construction of the product. We first verify that a relative litaka fibration exists over
Z. After constructing it, the preceding rank calculation will identify the parameter space of its
images in Y.

For a general fiber W, of h, let S, be its resolved image in Y, with reduced inverse boundary
Dg.. The covering-family observation gives k(S,, Ks, + Dg.) > 0. The fibers of W, — S,
have big log canonical divisor. To see this restriction carefully, write a multiple of L(1), over
a dense open of Y, as a relatively ample divisor plus an effective divisor. General intersections
with h-fibers move in g-fibers and avoid the fixed effective support. The ample part remains
ample on them; M is trivial there; and adjunction after resolving the combined map identifies
the restriction of Ky + B with their log canonical divisor. The reduced inverse boundary on S,
pulls back into Byy,. The lc general-type bound following Equation (5.3) now gives

K(WZ,KWZ + BWz) > 0.

Take the relative litaka fibration W % U 2+ Z. The relative litaka theorem [27, Section 6,
Remark 1] gives

(8.2) k(G,Kg+ Bg) =0, dimU = dim Z + x(W,, Kw, + Bw,).

One applies it to the full log divisor on every chosen model: Lemma 2.2 identifies the relative
section sheaves as well as the global section spaces.

If G — ¢g(G) had positive-dimensional fibers, the same ample-plus- effective restriction would
make their log canonical divisors big. The image has nonnegative logarithmic Kodaira dimension
by the covering-family observation. The source boundary on G contains the reduced inverse
boundary of that image, so the lc general-type bound would then contradict x(G, Kg + Bg) = 0.
Hence G — ¢(G) is generically finite.

Let Ty be a smooth model of the relative algebraic closure in C(U) of the image-cycle field.
Pull the universal reduced image family to Ty and resolve its dominating component to obtain
S — Tpy. The regular extension C(U)/C(Tp) ensures that U — Tj has geometrically integral
generic fiber. The generic image member is geometrically integral too: after this extension it
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is dominated by the geometrically integral generic fiber of ¢. Thus the fiber product has one
component dominating 7. The maps fit into

W ——— (S X7, U)main S —2 Ly
(8:3) q| | 7|

By Lemma 8.2, dim Ty = dim Y —dim G. Both the top-left map and p are consequently generically
finite, and dim U — dim Ty = d. Moreover C(Y') C C(S) C C(W), with the first extension finite.
Connectedness of g makes C(Y') algebraically closed in C(W), so p is birational.

Put Ds = (p*Dy)rea and resolve this support. The source boundary contains (g5Dg)red;
since both reduced inverse boundaries are supported over Dy. The pullback of a to S restricts,
by adjunction, to a nonzero logarithmic pluriform on S;. Logarithmic pullback to G, which
generically finitely dominates S; with the required inverse boundary, injects its systems into
those of K¢ + Bg. Therefore k(S;, Kgs, + Dgl|s,) = 0. Because p is birational and Dg is exactly
the reduced inverse boundary, logarithmic pullback and pushdown at every original prime identify
the divisible section spaces of Ky + Dy and Kg+ Dg. Equivalently, the latter spaces lie between
the pulled-back spaces and the identical spaces obtained by adding every reduced exceptional
divisor, as in Lemma 2.2. The elementary upper addition bound gives

(8.4) k(Y,Ky + Dy) = k(S,Kg + Dg) < dim Tj.

It remains to prove that L(1) retains all dim U directions.

8.3. The divisor measuring descending forms. The product diagram determines a rank-one
family of forms along q. We now record exactly how much a coefficient from C(U) may have
a pole while the associated form stays regular on the original source. These coeflicients, rather
than a limiting assertion about Kodaira dimensions, will give the transfer used in the last step.

Fix the original model Wy whose sections are to be recovered. Apply Lemma 3.6 to ¢, and
preserve its conclusion relative to Wy under the further modifications below. Thus every divisor
of a source model with codimension-two image on U is exceptional over Wj.

Write My = j*A. Take the ¢-th tensor power of a rational relative top form on U/Tp, wedge
it tensorwise with the logarithmic /-pluriform « on S, and pull back through the generically
finite map in Equation (8.3). In each common degree m divisible by ¢, the (m/¢)-th power
of this combined form spans the entire fiber section space, since (G, Kg + Bg) = 0. After
trivializing the bundles pulled back from U, division of a degree-m section by this power gives a
ratio constant on the geometric generic g-fiber; connectedness of ¢ puts that ratio in C(U).

For a prime P C U, let 7p generate {Ky 7, at its generic point and let np be its combined
rational /-pluriform on W. Define

¢ lord +b
(8.5) cp = min ordiﬂ((szz-’) B C= ZCPP, Py(c) = Kypyy + C + cMy.
P

E—P

Here b is the coeflicient of B and the order of np is measured in ¢Ky. Only finitely many
coefficients are nonzero: outside the divisors of one fixed rational frame, its combined form, B,
and the divisorial nonsmooth locus, every order is zero.

Fix a rational value of ¢ and take common degrees divisible by ¢ and the indices of all divisors
involved. Division by the fixed rank-one form, and multiplication by that form in the reverse
direction, identify the full divisible section systems:

(8.6) HY(W,mL(c)) == H°(U mPy(c)).
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For the forward map, a rational coefficient of order a at P has order
aordg(q*P) + (m/€)ordg(np) + mbg

upstairs, so its allowed orders are exactly a > —mcp. Conversely a section of mPy(c) satisfies
every divisorial test on Wy: divisors dominating U are handled by the generic rank-one form,
divisors over base primes by this minimum, and all other divisors are exceptional over Wj.
Normality then gives a section on Wj. The converse lands on the fixed original model Wy, whose
systems agree with those on the current model by Lemma 2.2. Consequently these are mutually
inverse comparisons of the full divisible section systems. Tensor products use powers of the same
generating form, so multiplication and section ratios are preserved, as are the dimensions of their
rational-map images.

Lemma 8.3 (The horizontal and vertical orders). On suitable fized models, write C = Cp, + C,
relative to U — Ty. The divisor Cy, is an SNC boundary over the generic point of Ty, Cyy > — R,
and

(87) PU(C) > KV5 + Cy, + cMy.

For very general t, the same minimum construction for q : Wy — Uy, using the adjunction form
on S, gives Chly,. In particular, for every rational divisor Q on Uy,

(88) HO(Wt7m<KWt + BWt + Q:Q)) — HO(Utvm(KUt + Ch’Ut + Q))

Proof. First check specialization. Fix rational frames and include their divisors, the combined
form, B, and all divisorial nonsmooth data in one finite support. Record separately their
codimension-two images on U. At very general ¢, vertical members are absent and horizon-
tal strata meet the fiber transversely. Their coefficients, orders, and multiplicities are unchanged.
Every minimizing divisor £ — P remains surjective after base change, so every component of P;
receives an unchanged minimizing value. The complements of the order-computation loci have
smaller fiber dimension and contain no such component. Thus the minimum remains cp.

A listed divisor dominating U cannot create an extra vertical test: over the geometric generic
point of Ty, its components are conjugate, and one dominates the geometrically integral Uy, hence
all do. This spreads after shrinking the base. A codimension-two image stays of codimension at
least two, or is avoided. Outside the finite support the frames are units and the generic divisor
fibers are smooth and reduced. The fiber minimum is therefore exactly Cp|y,. Division by the
rank-one fiber form proves Equation (8.8); no extension of a fiber section to W is asserted.

For a horizontal P, work on such a fiber. A regular top form on U; wedged with the loga-
rithmic pluriform on S; pulls back with only the poles allowed by Byy,, so cp > 0. In the finite
normalization of Sy x U, choose a divisor over Sy x P;. Its ramification index e gives the value
(e —1+bg)/e <1, because the form from S; is a unit at its generic point. Thus cp < 1.

For a vertical prime P, work at its discrete valuation ring, with uniformizer x, and choose a
local volume form 6 on Ty. If rp is the coefficient of R, write s*0 = 2”78 with 8 primitive. The
saturated subspace defined by this decomposable form is a direct summand over the discrete
valuation ring. There is consequently a regular complementary d-form A with 8 A A a unit top
form. As a relative form, A represents 2”77, where 7 generates Ky 7. Wedging ¢*\ with the
form from S shows that (¢*z)“Pnp is allowed by B: its only possible logarithmic poles lie in
the reduced inverse boundary already contained in B. Therefore cp > —rp. This argument also
applies when the image of P has codimension greater than one on Tj.

Finally resolve the finite support on U, resolve the source map, and recompute the minimum.
At an old prime, old minimizing valuations persist and pullback of a log-regular form stays regular
with the boundary rule of Lemma 2.2. Thus old coefficients do not change. New horizontal



64 OPENAI

coefficients satisfy the same product calculation, giving SNC horizontal support and coefficients
in [0,1]. Equation (5.1) gives Equation (8.7). O

8.4. Complete systems and finite group actions. Return to Theorem 8.1. Fix a rational
¢ € (0,1) close enough to one that L(c) is still big over Y, and fix the models in Lemma 8.3. The
next objective is to prove that, for very general t € Ty,

(8.9) Dy := Ky, + Chlu, + cMyly, is big.

When d = 0, this is the zero-dimensional assertion. For d > 0 we will bound the volumes of small
ample perturbations of D, below by one positive constant. This bound must be independent
of the perturbation: full litaka dimension for each positive perturbation alone would not prove
bigness of D, in the limit.

The zero-excess case of Proposition 5.3 will make the auxiliary general-type model pairs con-
stant after finite extensions. The extensions may vary with the perturbation. The next two
results retain complete model systems in all divisible degrees and bound the loss when taking
invariants by the effective action on the section image. The first supplies one fixed normalization
and one fixed open set for every required degree of each such model.

Proposition 8.4 (Complete systems in an isotrivial family). Let p : H — I be a surjective
morphism of smooth integral projective varieties over an algebraically closed field of characteristic
zero. Let B be an effective rational SNC boundary on H, let Dy be a reduced SNC divisor on I,
and assume B > (p*Dr)req and k(I, K; 4+ Dr) > 0. Put r = dim H — dim I. Choose a geometric
generic fiber component after adjoining the Stein field. Suppose it is kit of log general type and its
log canonical model pair is isotrivial; denote its fized model by (F,, A.). There are a finite Galois
base extension, the normalization T : H* — H in the corresponding compositum component, and
an integer mg > 0 such that

(8.10) HY(F,,m(Kp, +A)) — HY(H* m7*(Ky +B))  (m € moN).

On one fized dense open of a smooth altered base, restriction to a general fiber gives the pulled-
back complete system of this model, times a common nonzero factor. Both the open and mgy work
for all these degrees. The isotriviality hypothesis holds in particular if K(H, Kg + B) <.

Proof. Write C = By, and let V' = R, 4+ Byert — p*Dr > 0 as in Equation (5.2). Prescribe the
finite extension identifying the chosen generic model with (F., A.), including its Stein field, in
Lemma 5.2. A model section defines a relative rational pluriform on H’. At horizontal primes it
is allowed by the generic canonical-ring comparison. At a vertical prime tested by Lemma 5.2,
work over R = Op p and compare with (Z,Az) = (F,, A;) x Spec R. Its reduced special fiber
Zy makes (Z, Az + Zp) log canonical. On a common graph resolution, the discrepancy ag of the
tested valuation satisfies

agp — Ol"dE(t) > —1, ordE(t) = 1, afp > 0.

Use the same base canonical divisor on both sides of the comparison, so its pullbacks cancel and
these are also relative discrepancies. In a degree clearing the model index, the zero divisor of a
model section is effective Cartier. Its pullback is effective, and the remaining relative-form order
is mag > 0. Thus every model section is regular at every tested prime, including those centered
on the boundary or singular locus of the fixed model.

Lemma 5.2 gives sections of m7*(Ky, + C). Fix 0 # o € H(I,{(K; + Dy)). Multiplication
by its pulled-back m/¢-th power and by the section of m7*V gives Equation (8.10), using Equa-
tion (5.2). All factors are independent of the chosen model section and nonzero on a general
fiber.
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To fix one open for every degree, use finite generation of the generic log canonical ring [8].
Choose a divisible index m; for which its Veronese is generated in degree one and A, = m1(Kp, +
A.) is basepoint-free Cartier. Write L, = K Hy + C’{7 on the generic fiber of p’. Resolve the base
ideal of |myL,| and its model map on one common graph, with maps u to H{7 and v to the fixed
model. The free and fixed parts give

u*(miLy) = v"Ac + Fgx, FEgye > 0.
Generation in degree one implies, for every a > 1,
lau* (m1Ly)| = v*|aAc| + aFey.

Spread these maps and this divisor identity over one dense open of I’. Remove the images of
its finitely many vertical terms and the zeros of the base multiplier, as well as p'(Supp p*V).
Increase mg to a common multiple of m; and the earlier indices. Every restricted comparison is
then a tensor power of the same free-and-fixed-part identity, so this open and index work for all
m € moN. Injectivity is already visible on the chosen generic fiber. The last assertion follows
from Proposition 5.3. ([l

The alteration making a general-type model constant can have arbitrarily large degree. The
next observation avoids dividing section growth by that degree. It bounds only the action on the
image of the system.

Lemma 8.5 (A degree bound for invariant growth). Let D be a rational Cartier divisor on a
normal projective complex variety H, with k(H,D) = d > 0. Let H --» V be dominant, where
dimV =d, and let 7 : H' — H be a finite normal Galois cover. Suppose that in every sufficiently
divisible degree m:
(1) the image field of |mm*D| contains C(V);
(2) one fized integral subvariety F' C H' dominates that image and maps generically finitely
to V by the induced map, with degree at most eqy;
(3) a subspace of the restriction image of HO(H',mm*D) on F’ is, up to a common rational
factor nonzero at the generic point of F', the pullback under a dominant rational map from
F' of the complete degree-m system of a fized ample rational divisor on a d-dimensional
projective model, whose volume is at least v > 0.

Then

d'h°(H,nD
(8.11) lim sup # >,
n n €0
The cover, the ample model, and the degree index may vary in applications; v and eg alone control

this bound.

Proof. Choose one sufficiently divisible m for which the ample-model system is an embedding, and
let X, be the complete-system image. Finite pullback preserves litaka dimension, so dim X,,, = d.
Because F’ dominates X,,, restriction of the global sections defining X, is injective on their
image: a section whose restriction vanishes gives a hyperplane containing the dense image of F’,
and hence vanishes on X,,. The subspace in (3) therefore lifts to a linear subsystem on X,,.
Its rational linear projection has as its image precisely the embedded ample model. A general
linear section of the projected image lifts to a linear section of X,,; the points in a general finite
fiber are counted with their positive multiplicities. Hence deg X,, is at least the product of the
projection degree and the degree of that model. In particular,

deg X, > om.
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The pullback linearization gives an action of the Galois group I" on the complete system and on
Xm. It fixes the embedded field C(V'), since this field comes from H. The tower

C(V) S C(X,) CC(F),  [C(F'): C(V)] < e

shows that its effective image on X, has order e < eg.

Let R be the homogeneous coordinate ring of X,,,. Evaluation embeds Rj equivariantly into
HO(H' kmz*D). Its invariants descend to H°(H,kmD), since (m.Op/)' = Op. Choose a
positive integer r divisible by the orders of the characters with which every stabilizer in the full
group I' acts on the fibers of Ox,, (1); for example, |I'| suffices. Thus the line bundle Ox, (7)
with its given linearization descends to an ample line bundle A, on the finite quotient X, /T
The quotient has generic degree e, the order of the effective action, even when the kernel acts
nontrivially by scalars on the original line bundle. Tt follows that A% = r?deg(X,,)/e.

For sufficiently large n, the coordinate-ring piece R, agrees with H°(X,,, Ox, (n)): this is the
restriction sequence in projective space and Serre vanishing for the ideal sheaf of X,,. Finite
quotient descent identifies the invariant sections in degree rk with H°(X,,/T, Ak ). The Hilbert
polynomial therefore gives

rd deg(X,n)

dim Ry, = K+ Ok,
im R, ol +O( )
Normalize in degree mrk and let k tend to infinity. Cancelling r? gives the lower bound
deg(Xm) _ v
emd T ep

Thus even an arbitrarily large scalar kernel affects only the divisibility index, not the claimed
lower bound. 0

8.5. Uniform volume on a fiber of the second base. We now prove Equation (8.9) with ¢
and the models fixed as above. Choose a very general t € Ty. The case d = 0 has already been
noted, so assume d > 0 and abbreviate

H=W, I=S, V=U, e=deg(H—=IxV).
Put Dy = Dgls,. We have
k(I,Kr+ Dr) =0, By > (01 Dr)red; dimV =d,

where py : H — I is the induced morphism, and L(c)|y is big over I. The fiber order test in
Equation (8.8) bounds the litaka dimension of every divisor L(c)|g + ¢f @ by d.
Fix an ample rational divisor Hy on V and, for rational § > 0, put

Ns = L(c)|ir + 6q; Hy.

Before choosing 4, decrease the coefficients of By horizontal over I slightly to obtain By, leaving
all vertical coefficients fixed. Thus the coefficient-one inverse image of Dy is retained. Choose the
decrease so small that K g + Bj; + cM| g remains big on every geometric generic fiber component
over I. Its finitely many component volumes have a fixed positive lower bound v. Adding the
nef divisor d¢; Hy cannot lower this bound.

The divisor cMy|y + dHy is ample. A sufficiently divisible general member of its pulled-back
system gives an snc rational boundary ©45 with small coefficients. Thus

Es == Ky + By + 05 ~q Ns — (Buy — By)

has klt general fibers over I, with volume at least v. The pair still contains the reduced inverse
image of Dy, and its logarithmic base has Kodaira dimension zero. Equation (5.3), the inclusion
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of these systems in those of Ny, and the rank-one upper bound imply
d< /4{/(1{7 E(;) < k(H,Ns) <d.

Their general-type model pairs consequently have variation zero. Proposition 8.4 supplies a finite
normal Galois cover 7 : H* — H induced by an extension of C(I), with complete ample-model
subseries of volume at least v. Multiplying by the section of By — B; places them in the systems
of 7*Ngs. This common factor is nonzero on a geometric general fiber. The extension and the
model may depend on .

We check the two remaining conditions of Lemma 8.5. The same argument for §/2 gives a
nonzero section of a multiple of Ns/o. Its powers multiplied by the systems of (6/2)q; Hy have
ratios generating C(V) in sufficiently divisible degrees. Hence the complete-system image field
contains C(V'), both downstairs and after finite pullback.

Next choose a smooth comparison model H — H® mapping to the altered smooth base I’ and
to its fixed canonical model. Use the fixed open and the fixed index in Proposition 8.4; these arise
from one graph and one divisor identity, rather than degree-dependent open sets. Choose a very
general fiber component F and let F' C H® be its reduced i image. The birational map H — Ho
is birational on this component, since a geometric general fiber component is not contained in its
exceptional locus. Its restricted model system has image dimension d and therefore dominates
the d-dimensional complete-system image in every required degree. This fixes a single F” for the
application of the lemma.

Finally, [C(F") : C(V)] < ey, independently of the altered base. To see the precise bound,
write Ky = C(H), K; = C(I), and Ky = C(I'). For the selected compositum component of
the base change, its degree over I’ x V is

¢ =KyKp :Kp(V)] <[Ky: K (V)] = ep.

Shrink one dense open of I’ so that the corresponding finite map has this generic degree on
its fibers. In characteristic zero the geometric generic fiber is reduced, and the degrees of its
components over V sum to ¢/. The same holds for sufficiently general fibers after this shrinking.
The chosen F” is birational to one such component, so its degree is at most €’. Intersect this open
with the open already fixed for the model systems and choose F’ there. The common multiplying
sections are nonzero at its generic point, and the same F’ works in every required degree. This
argument includes any preliminary Stein extension and never divides by [Kj : Kj].
Lemma 8.5 now gives
) d! h°(H,nNs)
limsup ————
n n
The fiber order test injects these spaces into those of n(D; + 0Hy ). Since dim V' = d, we obtain
the ordinary volume bound

> v/ep.

voly (Dy +0Hy) > v/eg (6 € Qxo)-
Continuity of volume [34, Section 2.2.C] gives voly (D;) > v/eg > 0, proving Equation (8.9).

8.6. Interpolation on the second base. Only one positivity input remains: relative bigness
gives a pseudoeffective saturated relative divisor, whereas a big divisor from the base supplies
all base directions. We state both forms of weak positivity before interpolating between them.

Lemma 8.6 (Two consequences of weak positivity). Let p : H — I be a surjective morphism
between smooth connected projective complex varieties.
(i) If A is a rational SNC boundary, @ is a big rational divisor on I, and the generic fiber
is connected, then

K(H, Kg/p +A+p Q) > dim I + x(H;, Ky, + A).
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(ii) If C is a rational horizontal boundary log smooth over the generic point of I, P is a nef
real divisor, and Ky + C + P is big over I, then Ky, + C + P is pseudoeffective.

Proof. Apply Lemma 5.2, including the Stein field when needed. For a log smooth pair with
connected fibers, twisted weak positivity says that

Em = 0O (m(Kyryp + C"))

is weakly positive in divisible degrees [19, Theorem 1.1]. Its reflexive symmetric powers are
generically generated after arbitrarily small positive ample twists.

Here is the extension step needed when p’ is not equidimensional. Since &,, is torsion free, it
is locally free on an open J C I’ containing every codimension-one point. On J, the reflexive
symmetric power agrees with the ordinary symmetric power, and multiplication of sections defines
the regular evaluation map

Sym® &, — PO (b (K yp + C")).

Thus a global section of the reflexive symmetric power with a base line-bundle twist evaluates to a
rational pluriform regular over J. Every possible divisorial pole lies over I’\ J. Lemma 5.2 makes
such a divisor exceptional over the original H; its order test at all other primes and normality
give a section on H®. This argument is the replacement for a global reflexivity assertion about
the direct image.

For (i), the assertion is automatic if the fiber Iitaka dimension is —oo. Otherwise discard
the vertical boundary and write the pulled-back big divisor as Q' ~q 2nA + E, with A ample,
n > 0 rational, and E > 0. Choose a fiber degree m realizing the fiber litaka dimension k.
Weak positivity with the first nA supplies systems whose restrictions include all products of
those degree-m fiber sections, so their fiber image has dimension k. Multiplying by the sections
of the second nA and by the fixed section of E makes the image field contain the base field.
The resulting image has dimension dim I + k. Lemma 5.2 descends these systems to the finite
normalization of H; adding R, and the discarded vertical boundary embeds them in the required
systems. Finite pullback preserves litaka dimension. This proves the big-base comparison by the
weak-positivity method of [19, Proposition 9.1]; the divisorial tests above supply the extension
step that equidimensionality supplies in that formulation.

For (ii), first assume P is rational, and take all perturbation parameters positive and rational.
Fix ample divisors A’ on H and A on I'. Represent p* P+0A’ by a general small-coefficient SNC
boundary. Its addition preserves the big generic log divisor. The same weak-positivity argument,
with a twist eA;, produces a nonzero section of a sufficiently divisible positive multiple of

KH’/I’ + o4 + p*P + 6A + Ep/*A[

regular at every prime tested over H. Push its divisor to H: any negative components are
exceptional over H, so the pushforward is effective. Divide by e = degp. The tested lattice
comparison and the norm for principal divisors show that

1) €
KW+C+P+EWA+EmﬁAI

is pseudoeffective. These two error classes are fixed. Let 4, € decrease to zero and use closedness
of the pseudoeffective cone.

For a nef real divisor P, choose ample rational divisor classes Q; tending to [P] in N'(H)g,
by approximating the ample classes P+ ¢; Ay with €; | 0 and Ay ample. Their restrictions tend
to [P|g,] on each geometric generic fiber component. Bigness is open, so Ky +C + Q) is big over
I for all sufficiently large j. The rational case makes Ky, + C + @; pseudoeffective. Closedness
of the pseudoeffective cone gives the assertion for P. O
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We now have every ingredient on the same fixed model U. By Lemma 8.6(ii) and Equa-
tion (8.9), Ky, + Cp + cMy is pseudoeffective. Thus Lemma 8.3 makes Py (c) pseudoeffective.
Choose rational a > 1 with Kz + aA big. Applying Lemma 8.6(i) to h gives

k(W, L(a)) > dim Z + (W, Kw, + Bw,) = dim U.

The section identification in Equation (8.6) makes P(a) big. Both divisors lie on the same affine
line, and
a—1 1-c
Py(1) = Py(c) +

a—c a—cC

PU(G,).

The two coefficients are positive, so Py7(1) is big. The inverse comparison in Equation (8.6) trans-
fers its systems to L(1) on the original Wy, preserving their rational map dimensions. Therefore
k(W,L(1)) > dimU. The opposite inequality is elementary upper addition for ¢, since M|z =0
and k(G, K¢ + Bg) = 0. Together with Equation (8.4) and the product dimension identity, this
completes the proof of Theorem 8.1.

9. ORDINARY RELATIVE IITAKA REDUCTIONS

The absolute construction proves the main theorem directly. For projective fibrations it is
also useful to start with the relative litaka fibration and retain all directions of a second litaka
base. We derive that formulation from Theorem 8.1 and identify its parameter field inside the
original C(Y). The additional companion inputs in this section are the relative rank-one sec-
tion comparison and its reduced-boundary cyclic refinement; their exact outputs are specified in
Proposition 9.1. The reduced boundary is essential to its entire-top-space assertion. The numer-
ical construction itself used an arbitrary nef divisor; here the relative Kodaira-zero comparison
identifies that divisor with a parabolic Hodge line. At the end, we identify the resulting fields
inside C(X), so the conclusion concerns the original whole geometric generic fiber.

Proposition 9.1 (Ordinary relative reduction). Let f : X — Y be a surjective morphism with
connected fibers between smooth connected projective complex varieties. Assume x(Y) > 0, and
put d = k(F) > 0 for the geometric generic fiber F. On smooth projective models there is a
factorization
X 5wy

with connected geometric generic fibers and dim(W/Y) = d. There are an effective SNC' rational
boundary B on W, a nef rational divisor M, and a morphism hg : W — Z with connected fibers,
with Z smooth projective, such that

(i) Kw + B + M s big over Y;

(if) M ~q h{A for a nef rational divisor A on Z, and Kz + aA is big for every sufficiently
large rational a;

(iii) the divisible section systems of Kw + B + M identify with those of Kx, preserving their
rational-map dimensions;

(iv) the generic pair (J,Dy) of x, with the reduced exceptional boundary inherited from X' —
X, has logarithmic Kodaira dimension zero. Its minimal-index cyclic root cover is ge-
ometrically connected and has entire logarithmic top-form space of dimension one, with
every positive logarithmic plurigenus at most one;

(v) M is the rational parabolic extension of this entire top line, identified with the top line
of the unique rational polarized pure weight grade carrying it.

On an initial reduction model B is the normalized boundary of [37, Lemma 7.4]. Subsequent source
models of W carry its strict transform plus reduced exceptional boundary, and the pullback of M ;
their section systems remain those of the original X .
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Proof. Take the relative litaka fibration of Kx over Y, using the relative algebraic closure of
its section field, and resolve its maps. The litaka fibration theorem gives relative dimension d
and Kodaira dimension zero on its geometric generic fiber [27, Section 6]. Give X' the strict
transform of the zero boundary plus the reduced exceptional divisor. The multiplicative section-
ring identity in Lemma 2.2, also relative over Y, identifies its relative log litaka fibration with
the one just chosen. Consequently (J, D) has logarithmic Kodaira dimension zero.

Apply the rank-one comparison of [37, Proposition 2.7], with the original X as its reference
model. The relative section comparison gives Ky + B 4+ M the full section field of dimension
d on the generic fiber over Y; hence it is relatively big. It also gives (iii). The normalization
lemma in [37, Lemma 7.4] identifies its initial boundary using two different order tests. The
coefficient defining sections is the minimum over the actual components of a fiber, whereas the
discriminant threshold also allows divisorial valuations on higher models. The stated normal-
ization compares these quantities on the same SNC model; we do not replace one by the other.
The reduced-boundary results [37, Lemma 7.1] and [37, Corollary 7.2] give (iv)—(v), including
the normalization of M without an extra cyclic-index factor.

The entire highest line in (v), with its actual parabolic extension, satisfies the hypotheses of
Proposition 3.9. That proposition gives hg, Z and A after smooth projective modifications. Its
positive value of a suffices for all larger a, since A is nef. Use Lemma 2.2, with the pulled-back
rational twist, for the boundary on the modified W. Its section comparison, and the original-
reference convention in [37, Proposition 2.7], preserve (i) and (iii). The parabolic line pulls back
functorially, so (v) is preserved as well. The modifications and the relative litaka construction
do not change geometric generic integrality. O

Corollary 9.2 (The ordinary second litaka construction). For the data of Proposition 9.1, there
are a morphism q : W — U with connected fibers to a smooth projective variety U and a morphism
7 :U — Z with hg = j oq. The general q-fiber G satisfies

k(G,Kqg+ Blg) =0, G — g(G) is generically finite.

There are smooth projective varieties Ty, S and a diagram

W 95 (S U)main s Ly
| | |

with g = p o gg, where p is birational and the map to the main product component is dominant
and generically finite. The geometric generic fibers of S — Ty and U — Ty are integral, and

(9.1) K(S) =0,  K(X)=~r(W,Ky+B+M)=dimU = d+ dimTp.

Here t is a very general point of Ty. All models use the section-preserving boundary convention
of Proposition 9.1.

Proof. Take M = hjA in Theorem 8.1; rational linear equivalence suffices there. Its conclusions,
with its product diagram (8.3) and dimension identity (8.1), give the asserted diagram and
dimension formula. Its hypotheses are exactly (i)—(ii) of Proposition 9.1, the effective SNC
boundary, and (Y) > 0, with Dy = 0 in that theorem. The section-system identification in
Proposition 9.1(iii) transfers the resulting dimension to X. This retains the actual image-cycle
parameter space, before its dimension is compared with x(Y"). O

Corollary 9.3 (Ordinary cyclic covers along the second litaka fibers). In the notation of Propo-
sition 9.1 and Corollary 9.2, let J be the generic fiber of x : X' — W over K = C(W). The
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minimal logarithmic generator w € H°(J,p(K; + Dy)) is an ordinary reqular pluriform. Its
resolved connected cyclic root cover J satisfies

Ho(j’aKj«):Kna (aZl),

where 1 is its root top form. In particular, k(J) = 0 and h°(J, K5) =1.

On a dense smooth open of every very general fiber of ¢ : W — U, the family of these
covers is geometrically birationally constant with its deck action, and the same holds for the J-
family after taking the quotient. More precisely, over the geometric generic q-fiber these families
become birational to varieties over by = C(U) after a finite extension of that fiber’s function field,
equivariantly for the deck group in the cover case. These identifications persist under algebraically
closed field extension.

Proof. Choose a nonzero ordinary pluricanonical form on the generic fiber of f, which has Kodaira
dimension d > 0. Pull it to the induced smooth birational model and restrict to the generic fiber
of its map to W,. Adjunction, after dividing by a local determinant frame on W, gives a nonzero
ordinary form § € H%(J,mK ) for some m > 0. The restriction is nonzero because a proper
zero divisor cannot contain the generic fiber. The logarithmic section space in degree mp is
one-dimensional, so

O%P = cw®™ (ce K7).

Testing divisorial orders shows that w has no poles. Its index remains the original minimal p;
the common degree is used only to compare the forms.
In the reduced cyclic-cover lemma of [37, Lemma 7.1], this gives

Ej = div(w) + pDy, Aj=Djy—E;/p=—p 'div(w) <0.

Thus A?l and the specified pole boundary on the root cover are empty. That lemma proves the
displayed equality of ordinary pluricanonical spaces. Moreover, [37, Corollary 7.2] now identifies
M directly with the rational parabolic extension of the entire compact top Hodge line. There is
no open-fiber boundary to compare.

Spread an equivariant smooth projective model of the cover over a nonempty smooth open
We C W, shrinking it to remove any vertical remnants of the spread pole boundary. Let G be
a very general smooth g-fiber meeting this open. Since hg = j o ¢ and M ~q hjA, the degree of
M on every complete test curve in G is zero. Lemma 3.2 and Corollary 3.13 therefore make the
projective compact top line constant on each such curve. Complete-intersection curves through
a general point with tangent directions spanning Tz show that the line is constant on G N W°.
Corollary 3.15, applied anew on this restricted locus, gives finite character.

Apply Corollary 4.9 to W° — U, using its relative assertion and the finite deck action. Its
hypotheses on geometric generic integrality follow from Corollary 9.2. This proves the stated
constancy of the covers, including over by. Taking invariant function fields gives the assertion
for J: invariants under a finite group commute with field extension in characteristic zero. ([

Corollary 9.4 (The absolute Iitaka base and descent of the whole fiber). The variety U in
Corollary 9.2 is a birational model of the absolute litaka base of X. Inside C(X), the field C(W)
is the relative algebraic closure of C(Y)C(U). Consequently the field C(Ty) C C(Y) in that
Corollary agrees with the field obtained from Propositions 2.7 and 2.10 applied to the projective
morphism f with empty original boundaries.

In particular, inside the prescribed algebraic closure Q of C(Y), put b = C(Ty). There is a
finitely generated field Ey/b such that

(9.2) Frac(Q @y Ep) =~ Frac(Q ®c(y) C(X)).
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Thus the whole geometric generic fiber of f is birationally defined over this specific field b, and
Var(f) < dimTp.

Proof. We identify first the absolute section field, then the intermediate field of the combined
map, and finally the intersection of the original base field with the absolute section field. All
these identifications take place inside C(X).

Put L = Ky + B+ M, and let E C C(W) be its stabilized section field. Since L|¢ = K¢+ Bg
has Iitaka dimension zero, every section ratio is constant on the general ¢-fiber G. Connectedness
of ¢ gives E C C(U). The equality x(W, L) = dim U makes C(U)/FE a finite extension. The
stabilized section field is relatively algebraically closed in C(W), by the litaka theorem as used
in Proposition 2.7. Hence E = C(U). The multiplicative section comparison in Proposition 9.1
identifies this field with the absolute canonical section field of X.

The product diagram in Corollary 9.2, with S — Y birational, shows that C(W) is finite over
C(Y)C(U). It is relatively algebraically closed in C(X) because = has connected fibers. These
two facts characterize the relative algebraic closure used in Proposition 2.7, so the intermediate
fields coincide.

It remains to identify the parameter field with its embedding, rather than only its transcen-
dence degree. In either construction, the product diagram and geometric generic integrality give
an injection

C(Y) ®C(To) C(U) — C(W)

For uw € C(Y) and v € C(U), linear independence over C(Tp) shows that u ® 1 = 1 ® v forces
u=wv € C(Tp). Consequently

C(Ty) = C(Y)NC(U) inside C(X).

The two larger fields have already been identified, so the parameter fields coincide with their
embeddings in C(Y'). Proposition 7.3 now gives Equation (9.2) over this exact field b. The
variation bound follows from its definition. O

9.1. Comparing compact and open top lines. Corollary 9.3 used the empty pole boundary
to identify the moduli line with the compact top line. The following comparison treats the
additional case in which a relative SNC boundary is retained on a smooth cover. If the entire
compact and open top-form spaces are both one-dimensional, it transfers flatness through the
pure compact image and retains a prescribed finite group action.

Lemma 9.5 (Compact-to-open comparison). Let w : P — T be a smooth projective morphism
of relative dimension r with connected fibers, where T is a smooth connected complex algebraic
variety. Let D C P be a relative reduced SNC' divisor, with every stratum smooth over T, and
suppose
(P, Kp)=h(P,Kp, + D)) =1  (teT).

Write H = R"m.Q, let V be the degree-r cohomology variation of P\ D, and put Q = im(H — V).
Then Q = W,V is a polarizable pure variation, and the compact-to-open map identifies its top
line F"Q with both F'H and the entire top line F'V. If F"Q is flat, the compact top line F'H
is flat. A prescribed finite group acting on (P, D) over T admits an equivariant horizontal Hodge
splitting realizing this identification.

Proof. The logarithmic Hodge description identifies the map on top pieces with the nonzero
inclusion

HY(P;,Kp,) — H°(P;, Kp, + D;);
see [15, Corollaries 3.2.13(ii) and 3.2.14]. The dimensions make it an isomorphism. Degree-r open
cohomology has weights at least 7, and its compact image is precisely W,V [15, Corollary 3.2.17].
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Strictness therefore identifies the three top lines. In particular, the only weight grade carrying
the logarithmic top line is this pure weight-r image.

The kernel of H — Q is a pure Hodge subvariation. Its orthogonal complement for a polar-
ization of H is horizontal and is a Hodge subvariation, and maps isomorphically to Q; this is
the polarized splitting argument in [15, Lemma 4.2.3(i)]. It supplies a horizontal Hodge right
inverse j. Since the kernel has zero F" piece, F'H = j(F"Q). Thus flatness of the latter line
gives flatness of the former.

For a finite group I', replace j by

. 1 .
Jr = [y 2 e Q-
vyel

Every summand is a horizontal Hodge right inverse, so their average is one as well, and reindexing
the sum proves equivariance. The rank-one top identification is unchanged. This proves the
comparison with the finite action retained. ]
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