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Abstract

We prove the classification conjecture for connected smooth closed Einstein four-manifolds
with strictly positive sectional curvature. Up to positive scaling and isometry, every such manifold
is the round four-sphere, the complex projective plane with its Fubini—-Study metric, or real
projective four-space with its round metric. No orientability assumption is needed.

1 Introduction

A Riemannian metric is Einstein if its Ricci tensor is a constant multiple of the metric. This fixes
the trace of the sectional curvatures while allowing individual curvatures to vary. The classification
conjecture in dimension four asks whether the round S*, the round RP*, and Fubini-Study CP?
exhaust the connected closed Einstein four-manifolds with strictly positive sectional curvature, up
to positive scaling and isometry. Yang explicitly lists these three models in Conjecture 1 of [32]. We
prove the classification in the closed setting.

Theorem 1.1. Let (M, g) be a connected smooth closed Einstein four-manifold with strictly positive
sectional curvature, without an orientability assumption. There is a constant a > 0 such that (M, ag)
is isometric to the standard round S*, to CP? with its Fubini-Study metric, or to RP* with its
standard round metric.

Strict sectional positivity makes the Ricci tensor positive definite, so the Einstein constant is
positive. The oriented classification is the principal task. Until the final subsection of Section 8§,
we therefore work on a connected oriented smooth closed four-manifold, choose an orientation,
and rescale the metric so that Ric = 3¢g. The final orientation-cover argument uses the oriented
conclusion proved there and determines the possible nonorientable quotient.

Earlier results. The problem combines rigidity of the Einstein equation with the global restrictions
of positive sectional curvature. Berger’s early rigidity work under strict quarter pinching [3] was
followed by quantitative sectional-curvature bounds of Yang, Costa, and Cao—Tran [32, 11, 8]. These
bounds impose additional quantitative hypotheses, some expressed as upper bounds relative to
the Einstein constant rather than as pinching ratios. Gursky-LeBrun prove the Fubini-Study
conclusion for compact oriented Einstein manifolds with nonnegative sectional curvature and a
nonzero positive-definite intersection form [18, Theorem A]. Koca proves the Fubini-Study conclusion
for a complete positively sectionally curved Einstein metric Hermitian for an integrable complex
structure [24, Theorem 2]. Under the different condition of nonnegative isotropic curvature, the
four-dimensional local-symmetry result is due to Micallef~-Wang [26, Theorem 4.4]; Brendle extends
the Einstein rigidity result to higher dimensions [6, Theorem 1].



Recent results impose other geometric or topological conditions. Dameno obtains half-conformal
flatness from fibrewise constancy of the scalar curvature of an associated twistor metric, and
obtains the standard models in the compact positive-scalar case [12, Theorem 1.1 and Corollary 1.2].
Catino—Dameno use separation of the largest and middle eigenvalues of one Weyl block to obtain
conformal Kéhler geometry after at most a double cover [9, Theorems 1.1 and 1.4]. Di Cerbo treats
the closed oriented nonflat case with nonnegative sectional curvature and equality everywhere in a
Weyl-norm bound, obtaining a locally symmetric S? x S? universal cover [14, Proposition 3.2].

Write x for the Euler characteristic and 7 for the signature. Cheng proves the oriented positive-
sectional classification under x < 3, and consequently in the presence of a nontrivial Killing field [10,
Theorem 1.2 and Corollary 1.4]. His argument combines radial Riccati comparison with Weyl-norm
gaps and characteristic-number identities. Gursky—Malchiodi prove the classification for closed
oriented Einstein four-manifolds with positive sectional curvature under 2y — 3|7| < 4, using a
Green-function comparison and ADM mass [19, Theorem 1.1]. These cited results retain additional
curvature, geometric, topological, or symmetry hypotheses. The argument below addresses the
interaction of the two Weyl blocks without such an additional restriction.

The two-block problem. The Hodge star on two-forms has eigenvalues 4+1 and —1; its two
rank-three eigenbundles are denoted by A*™ and A~. In the normalization Ric = 3g, the curvature
operator restricts to Id+7" and Id +U on these bundles, where T, U are symmetric trace-free
endomorphisms. They are the two Weyl curvature blocks. The Einstein equation removes the
off-diagonal Ricci block but does not force either Weyl block to vanish. Our central intermediate
conclusion is half-conformal flatness:

T=0 or U=0.

Use Hilbert—Schmidt norms and put
v = ‘T’/\/a b= |U’/\/67 T = _)\min(T)a Yy = _)\min(U)-

The exact sectional-positivity condition is x + y < 2. The inequalities v < x < 2v and b <y < 2b
imply v + b < 2, but this weaker norm condition alone is insufficient for the tensor estimate below.
Gursky—LeBrun use the corresponding nonstrict cone and norm inequalities and analyze the case of
two nonzero Weyl blocks [18, Lemma 1 and Theorem B]. For a function f, write Ef for its integral
divided by total Riemannian volume. The gap and its parallel equality case are established in
Gursky-LeBrun [18, Theorem 1]: a nonzero block satisfies Ev? > 1, or the exchanged inequality for
b. We derive this statement in our normalization, including zeros of a block.

Scalar coupling of the two blocks also has a clear antecedent. Yang chooses a constant ¢ for which
|W*| —¢|W~| has mean zero and combines the Weyl equation, refined Kato inequality, and Poincaré
inequality [32, §6]. Cao—Tran similarly balance regularized powers of the norms [8, Proposition 2.2].
Here a volume and moment argument forces equality of the two second moments, and a weighted
Hessian square supplies the additional tensor estimate.

From moment balance to half-conformal flatness. The characteristic identities relate the two
second moments to volume and to the dimensions of harmonic self-dual and anti-self-dual two-form
spaces. An upper polar-volume deficit, the two gaps, and a strengthened scalar variance inequality
force Ev? = Eb? when both blocks are nonzero (Proposition 4.9). This balance controls the mean of
v — b, enabling the variance inequality to contribute the sign needed in the final integral argument.

The main differential estimate uses the Bianchi identity twice. It first places the gradient of
a Weyl block in one irreducible tensor type. The curvature commutator then determines all but



one component of its full, generally nonsymmetric Hessian. A curvature-weighted quadratic form is
positive on the remaining component because its lower bound is 4 — 2z — 2y > 0. Completing its
square with different scalar weights for the two blocks and integrating by parts produces inequalities
involving only first derivatives (Proposition 5.3). The proof retains both the derivatives of the scalar
weights and the derivative of the curvature operator acting on the matrix slot. This local estimate
does not use moment balance.

The two weighted inequalities, a scalar identity, and the variance bound produce an integrand Z
with nonnegative mean. Explicit rational comparison functions give ¢ > 1/10, nonnegative quantities
r,j built from the norm gradients, and a scalar © such that

(© —cr)?

C

EZ >0, I<- —c(j—r%, r*<ig.

The pointwise bounds follow from the weighted Hessian calculation and exact finite polynomial signs.
Moreover, 2 < j almost everywhere that either norm gradient is nonzero. Integration therefore
makes both norms constant. If both blocks were nonzero, their separate gaps would then contradict
v + b < 2. This proves half-conformal flatness.

The final geometric argument has a different role. Once one block vanishes, the characteristic
identities leave two harmonic counts. The exceptional count forces sg = E(v? + b?) = 3 and volume
472 /3; a conditional lower polar-volume estimate excludes precisely that case. Equality in the
surviving Weyl gap makes the curvature parallel. Matching its tensor with a standard model and
using simple connectivity then gives a global isometry. Figure 1 records the assembly.

Scalar and upper
volume estimates
Sections 3—4

* variance l

Weighted Hessian inequality
Section 5

Equal second moments term | EZ > 0 for the two blocks
Section 4 Section 6
pointwise l
Exact pointwise bounds signs Half-conformal flatness
Sections 6-7 Strictness in Section 8
Conditional Parallel curvature
lower volume bound > and model tensor
Section 8 Section 8
Simple connectivity -~ Global model isometry
Appendix B Section 8

Figure 1: Assembly of the proof. Moment balance enters the nonnegative integral; the exact
pointwise bounds and active-gradient strictness force one-block vanishing. The conditional lower
bound identifies the remaining parallel tensor, and simple connectivity permits global continuation.

The radial estimates use discrete Jacobi determinants and retain the order of curvature matrices
along each geodesic. The lower refinement is conditional on the moment value just described. The
article gives the geometric and analytic arguments, together with the finite polynomial formulas and
sign proofs. The accompanying checker reproduces the saved finite arithmetic within the precise
scope stated in its coverage record.



Organization. Section 2 fixes curvature conventions and derives the differential identities, in-
cluding their behavior at zeros. Section 3 proves the weighted variance and Weyl-gap estimates
and states the characteristic identities. Section 4 proves the upper deficit and moment balance.
Section 5 derives the weighted Hessian inequality, and Section 6 combines it with the scalar estimates.
Section 7 proves the resulting finite signs. Section 8 proves one-block vanishing, the conditional
lower volume bound, and the full metric classification. Appendix A contains the deferred analytic
and heat proofs, while Appendix B proves the required topology.
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2 Curvature blocks and their covariant derivatives

Our first task is to express sectional positivity and the differential Bianchi identity in a common
set of variables. The curvature decomposition is classical; see Derdziniski [13, Section 2]. We give
the algebra and fix its normalizations, since the later Hessian estimate depends on the precise
representation constants. Rescale the metric so that Ric = 3¢, and write

dvol,

dyzm, Ef:/Mde.

The Laplacian A is the trace of the second covariant derivative. Our curvature convention is
Vi, Vilék = Rijkaéa

for a covector, with R;j;; > 0 on positively curved orthonormal two-planes. All tensor connections
are induced by the Levi—Civita connection. We take covariant derivatives before choosing any
pointwise eigenbasis.

2.1 The two Weyl blocks

The Hodge-star eigenspaces AT and A~ have eigenvalues +1 and —1, respectively. On an oriented
Euclidean four-space, choose triples of skew orthogonal complex structures Iy, I, Is and Ji, J2, Js
satisfying

Ly =1I3=—12I4, J1Jy = J3 = —JaJy,

and their cyclic analogues, with every Iy commuting with every J;. The two triples can be constructed
from left and right quaternionic multiplication. As two-forms, I,/ V2 and J / v/2 are orthonormal
bases of AT and A~, respectively. Vector and covector indices are identified by the metric.

Lemma 2.1 (Curvature blocks and sectional positivity). There are symmetric trace-free endomor-
phisms T € Symy(A™) and U € Symy(A~) such that the curvature operator is

_(1d+T 0
RA2_< 0 1d+U>'

At a point where these endomorphisms are diagonal, with eigenvalues ts, us, the curvature tensor is

1 1
Ry = B S (U4t L ls i + 3 > (1 + ug) Jginds ji-
S

s

Put
T = —mintg, Yy = — min ug, v:m, b:M,
s s V6 V6
where the matriz norms are Hilbert—-Schmidt norms. Then
secg >0 <— x+y<2, v <z <2, b<y<2b

Both Weyl blocks, viewed as curvature four-tensors, have zero divergence. In particular, for Z = VT,
whose matriz entries are one-forms, the differential Bianchi constraint is

> IZe=0  (r=1,2,3).
S



Proof. The first Bianchi identity says that the traces of the two diagonal blocks of the curvature
operator agree. Their sum is half the scalar curvature, hence is 6. Contraction identifies the
off-diagonal block with the trace-free Ricci tensor: its nine entries give the coefficients in the
independent symmetric trace-free matrices I;J;. Thus the Einstein condition makes this block
zero, and each diagonal block has trace 3. Expanding in the orthonormal two-form bases gives the
displayed curvature tensor.

A unit simple two-form has self-dual and anti-self-dual parts of norm 1/4/2. Conversely, a unit
two-form whose two parts have these norms has exterior square zero, and is simple: in its orthogonal
normal form o = ae! Ae2 +be3 Ae?, the condition a A a = 0 is ab = 0. Therefore all pairs of plus
and minus parts of norm 1/v/2 occur. The smallest sectional curvature is 1 — (z +y)/2, proving the
equivalence.

For the norm comparison, write the eigenvalues of T' as —x, a,x — a. Minimality of —x gives
—x < a < 2x, and hence
ga:Q <a?+ad®+ (x — a)2 < 62°.

Division by 6 gives v < & < 2v. The proof for U is identical.

Contracting the differential Bianchi identity shows that the curvature tensor is divergence-free
when Ricci is parallel. Project its last pair of indices onto AT or A~; these projections are parallel.
Subtracting the parallel scalar-curvature contribution proves divergence freedom of each Weyl block.
In a quaternionic basis, the resulting constraint on VT is exactly the stated identity. O

2.2 Algebra of the derivative representations

Let ¥, denote the infinitesimal action of I, on the plus indices of a tensor representation. On AT it
is rotation about axis s with speed 2. A complexified irreducible representation has spin j when

3
>N =—4j(j+1)1d.
s=1

Pairs (j,¢) specify the spins of the two commuting rotation algebras. This notation describes
associated tensor bundles of the oriented orthonormal frame bundle; it requires no spin structure.

Lemma 2.2 (Representation rules). A spin-j representation has weights —j,—j + 1,...,5 for
Y3/(2i), each once, and

Hi@H = Hj ¢y ®©Hjrp-1 DD Hj_y.
In particular, the tangent, plus two-form, and plus trace-free symmetric-matriz representations have
types

(;;) (1,0),  (2,0).

The Casimir operators and the orthogonal projections onto these irreducible types are parallel bundle
endomorphisms.

Proof. The generators are skew-Hermitian and satisfy [21, o] = 2X3, cyclically. Diagonalize Y3/ (27)
and take the usual conjugate raising and lowering operators, which shift its weight by one. If a
unit highest vector has weight j, commuting the raising and lowering operators gives the squared
lowering coefficient at weight j — r as

(r+1)(2j —r).



Nonnegativity and termination of the chain imply that 2j is a nonnegative integer and give the
listed weights and Casimir. Taking invariant orthogonal complements decomposes an arbitrary
representation. Multiplying the weight lists, and successively removing the chain of highest remaining
weight, proves the tensor product rule with multiplicity one. Commuting actions operate on the
corresponding multiplicity spaces. The same chain description shows that an intertwiner between
single irreducible copies is a scalar.

The actions on the tangent space and on A" give the first two types. The symmetric square
of the spin-one representation is spin two plus the scalar trace, giving the third. Finally, these
splittings are defined by invariant algebraic operators. The connection induced by the orthonormal
frame bundle preserves every such operator. Thus the projections are parallel even though a chosen
local frame, or a curvature eigenbasis, need not be parallel. ]

Write F' = Sym(A™1). For a symmetric trace-free matrix A, define the self-adjoint operator on

F
A A tr(A
Br(a)g = A3 54 t(AS)
2 3
It is characterized by (Br(A)S,S) = tr(AS?). On any plus spin-j representation with j > 1, define
Zr S A’I‘SZTES
Qj(A) = —"r7—
= e -

For diagonal A the numerator is 3°, as32.
Lemma 2.3 (Curvature-weighted operators). If A has smallest eigenvalue —x, then

z(j+1)

Id.
2j — 1

Q;(A) <
Moreover, Q2(A) = Brp(A). The compression of Brp(A), acting on an F factor, to a highest-spin
coupling of total plus spin j is Q;(A), provided the operator acts trivially on any additional irreducible
minus factor.

Proof. In a diagonal basis, as + 2 > 0 and every %2 is nonpositive. Thus
Y aXi<—zd $I=dxj(j+1)1d,
S S

which proves the bound.

To identify Q, diagonalize S = diag(dy, d2,d3). The speed-two matrix action gives |$,5|? =
8(dj — di)?, with s, j, k cyclic; these three derivatives are mutually orthogonal. Consequently,
allowing A to be nondiagonal in this basis,

<Q2(A)Sﬂ S) = _é ZAss(dj - dk)2
_ _% S AL (2t0(S?) — 3d2) = tr(AS?).

Here trace-freeness of both matrices gives the middle identity and removes the scalar term. Polar-
ization proves the operator equality.

By Lemma 2.2, spin two occurs once in End(H;) = H; ® H;. Hence an equivariant operator
family linear in A is unique up to scalar. The same is true with an irreducible minus factor when



the operators commute with its action. Test the scalar at A = diag(—1, —1,2) on a highest vector.
At weight m, )

Q;(A) = m,

325 —1)

so its highest-weight eigenvalue is —1. The F' highest vector also has Br(A) eigenvalue —1. A
product of highest vectors is the highest vector of the stretched coupling, proving the claimed
compression. For the same reason, compression of a single generator from a spin-¢ factor to a
stretched spin-j product is £/j times the total generator. O

Proposition 2.4 (Differential equations for the Weyl blocks). The tensor Z = VT belongs to the
parallel subbundle G' of type (5/2,1/2). On this bundle, put Bop, = Q5/2(T). Then

AT =6(T — N), N = (T%) =T? - 20*1d,

and
AZ = (13 -20B,p)Z. (1)

FEvery statement has an exchanged counterpart for U.

Proof. The derivative space T*M ® F has types (5/2,1/2) and (3/2,1/2). The divergence takes
values in a space whose plus spins are at most 3/2. It is nonzero: a nonzero covector tensored with
diag(1, —1,0) has nonzero divergence. It therefore vanishes on the first summand and is injective on

the second, by irreducibility. Lemma 2.1 puts Z in the first summand.
Let

C=) I,®%,

on T*"M ® F. Expansion of the combined Casimir gives C'= —4 on G and C' = 6 on its complement.
In particular P = (6 — C)/10 is a parallel orthogonal projector. The bundle curvature on F' is

1
Ek == 5 Z(l + ts)Is,ikEs

S
at a point of diagonalization. Taking the covariant divergence of CZ = —4Z, using skewness of I

to take a commutator and ), I ity i1 = 494, gives

—AAT = (1 +t,)X2T = —24T + 24Bp(T)T = —24(T — N).
S

To differentiate this equation, note first that VN = 2Bp(T)Z. For each derivative index j, the
covariant commutation formula reads

AZ; = V;AT + V' (FyT) + F;V'T + Ricjq Z,.

The divergence of F' vanishes because it is the induced action of the divergence-free Riemann
curvature. Thus the differentiated equation contributes 6Z — 12Br(T")Z, the Ricci term contributes
3Z, and the remaining bundle term is — Y (1 + ¢5)I;3sZ. Its constant part is —CZ = 4Z.

The left side already lies in G, since Pg is parallel and PoZ = Z. We may therefore compress
the right side to G, although its individual summands need not preserve G. Lemma 2.3 gives
PoBr(T)Pg = Qs/2(T). On G, the total plus generators are I + X, so

40Qs52(T) = Pg Y _ts(Is + Xs)* Pa.

9



The I2? term vanishes by " ts = 0, and the ¥2 term compresses to 24Q55(T). Hence

Pg ZtSISESPG = 8@5/2(T)

The scalar contributions sum to 13, while the two curvature contributions sum to —20Qs/2(7),
proving (1). For a nondiagonal 7" the same calculation uses the symmetric contraction >, Tps(1 +
Y )(Is+Xs): its I I, part is zero by symmetry and trace-freeness. Thus the computation is tensorial
and entails no differentiation of a moving eigenframe. O

2.3 The gradient parametrization and the norm equation
Write
L_lvrevup
6 6
The norms v, b are Lipschitz. Their gradients are understood almost everywhere and vanish almost
everywhere on the respective zero sets.
Where v > 0, diagonalize T" and put, cyclically in 1, j, k,

~ S; — Sk 1 1 -

_ _ 2 _ _ 2

t; = vs;, S; = , o= - S5, p—gg 8;'Si.
i

V3 62

p = Vu, q= Vb,

Y €=

Here >~ s; = 0 and 3_ s? = 6. On the plane of triples with zero sum, the map s — 3 is a skew-adjoint
orthogonal quarter-turn. Thus

> 5 =0, > 5 =6, > sis =0, s2 437 =4.

For later use, these identities imply

N _ 1 .

ol +p* =1, p) = diag(os; + ps;), 623? = —p.
i

Indeed, the trace-free triple n; = s? — 2 has squared norm 6: use >_; st = (3, 57)?/2 = 18. Its

coefficients in the orthogonal basis s, s are o, p, proving the first two assertions. The last follows

by factoring the alternating cubic ), Sg(sj — 8). If r = z/v, the other two eigenvalues besides —r

have sum 7 and product r? — 3, so

.3
1<r <2, 0237“27“.

Normalized quantities are used only where the corresponding block is nonzero. Polynomial products
such as ov3 = tr(T3) /6 have their natural extensions across its zero set. Bars denote the analogous
quantities for U.

The next formula gives, in particular, the refined Kato inequality |VT|* > (5/3)|V|T||? for a
half-Weyl block. Gursky—LeBrun derive this estimate from the same irreducible Bianchi gradient
constraint [18, Lemma 4, equations (10)—(12)]; Calderbank—Gauduchon—Herzlich give its general
representation-theoretic setting [7, equation (7.1)]. We retain all three vector parameters: the excess
over the norm-gradient energy will be needed in the coupled estimate.

10



Lemma 2.5 (Parametrization of the Bianchi gradient space). There are unique vectors k,l such
that

Zii = sip — V35ik, Zik = —1; (l + sik + j%p) ; (4,5, k) eyclic,

e = gW + 5|k|2 + |12

More generally, for any fized normalized trace-free diagonal triple s, the same formulas parametrize
the entire algebraic space G by three arbitrary real four-vectors.

Proof. Write D; = Z;; and a; = I;Z;;,. Quaternion multiplication turns the three divergence
equations into D; + a; — ap = 0. Trace-freeness and the orthogonal basis s, s give uniquely

1 1
= - SiDi, k= ——— gz‘Di, Di = S;p — \/gglk

Since s; — s, = v/33; and Sj— 8k = —+/3 s;, the vectors s;k + Elp/\/g have exactly the differences
required of the a;. Their difference from a; is therefore a common vector [, proving the formulas
and their converse. This also establishes their full algebraic scope.

Orthogonality of s, s gives

D1 Zal* =6lp* +18JK%, 23| Z5f* = Alpl* + 120k[* + 61",
% i<k
The factor two in the second sum is the Hilbert—Schmidt multiplicity of off-diagonal entries. Division
by six proves the norm identity. For Z = VT, V|T|? = 2vY,5;Z;; = 12vp; comparison with
|T|? = 6v? identifies the parameter p with V. O

The pointwise norm equation alone is insufficient for integration: a Weyl block may vanish. We
next prove that its regularized Laplacians converge to an actual integrable density, so no measure
supported on the zero set is lost.

Proposition 2.6 (Weak norm equation, including the zero set). The function e/v, defined to be
zero on {v = 0}, belongs to L'(M), and

2
Av =6v(1 —ov) + e Il (3)

v

holds as an equality of distributions with an L' density. The quotient is zero almost everywhere on
the zero set. This identity may be tested against bounded Lipschitz functions. The corresponding
assertions hold for b.

Proof. On {v > 0}, pair the equation for AT with T to obtain
A(?) = 12(v? — o) + 2e.
This is globally an identity of smooth functions. Put v. = v/v2 + £2. Direct differentiation gives

6(v? — o’ e v2[p|?
Avszg‘i‘Qa Qe = — — p

Ve Ve v3

The refined derivative estimate in (2) yields

2 e
-— <@g < —.

9 Ve Ve

11



These assertions hold almost everywhere, including the zero set: every smooth component of 7" has
derivative zero almost everywhere on its zero set, hence Z = 0 almost everywhere on {I' = 0}. One
can see this elementary fact at density points of a level set; a nonzero derivative would instead make
that scalar level set a local hypersurface.

The first term in Awv,. is uniformly bounded in absolute value by 6(v + v?). Its integral is the
negative of the integral of g.. Consequently E(e/v.) is uniformly bounded. Monotone convergence
proves the asserted L' bound for e/v. Off the zero set, g. is dominated by e/v and tends to
(e — |p|?)/v; on the zero set both are zero almost everywhere. Dominated convergence therefore
gives an L' limit, rather than only a weak limit of measures. The zeroth-order term converges in L'
as well. Since v. — v uniformly, their Laplacians converge distributionally, proving (3) without a
residual singular measure.

Finally, approximate a bounded Lipschitz test function uniformly and in H' by smooth functions,
using local mollification and a partition of unity. Uniform convergence controls its pairing with the
L' right side, and H' convergence controls its gradient pairing with Vo. This proves the asserted
testing rule. O

3 Scalar estimates and the characteristic identities

This section supplies two kinds of global information: analytic bounds for the sizes of the Weyl
blocks, and integer identities relating their second moments to volume. The former will control
derivatives in the coupled inequality; the latter will restrict the possible imbalance between the two
blocks.

The standing setting is the closed, connected, oriented Einstein four-manifold with Ric = 3g
fixed in the introduction. Appendix A supplies the analytic foundations used here; its proofs depend
only on this setting and the curvature conventions of Section 2. We retain the weighted variance
argument and the complete Weyl-gap proof in the main text because their precise weights and
behavior at zeros are used in the two-block argument.

3.1 A strengthened scalar variance estimate

Proposition 3.1 (Weighted variance). For every real a € H'(M),

[Va/?
R

Var(a) := E[(a — Ea)?] <E K =4+ + b (4)

Proof. First let ¢ be smooth and write S = Hessg ¢. The integrated Bochner identity and Ric = 3¢
give

E[(80)°) = B (Vo + 3ISP).

Define operators on covariant two-tensors by
1
(Tp)ikjt = 5 > ol il ji, (Up)ikji = Zus s,ikJs
S

where ij is the row index and kl is the column index. These tensorial definitions may be evaluated
after pointwise diagonalization. They annihilate metric trace. On the symmetric trace-free tensors,
the nine matrices I;J; form an orthogonal basis, with Tp and Up eigenvalues ¢; and u;. For example,
Tp acts by —% Yo tsls(-)Is; the quaternion relations give the eigenvalue ¢; on I;J;. Thus

Tp+Up <2(x+y)ld < 41d

12



on this space.

The integrated curvature contraction has a useful sign and a precise coefficient. Since Tp
annihilates trace, replace S by Hess¢ in its quadratic form. Integrate the derivative k, use
Vi(Tp)irji = 0, and use skewness in ¢, k to obtain

E(TpS,S) = —E(Tp)ijd1ViVio;
1
= §E(TD)ikleikja¢a¢l-

In this contraction the minus curvature block is orthogonal to the plus block. Substituting their
expansions gives

1 1
3 Z(TD)ikleikja =5 Zts(l +5) Z I jils jo = 30014,
tkj s J

The final equality uses " ts = 0 and 3 ¢2 = 6v%. Consequently
E((Tp + Up)S, S) = 3E[(v* + b*)|Ve|*].

The pointwise upper operator bound, inserted into the positive |S|? term of the Bochner identity,
now yields
E[(A¢)’] > EK|Vg|*.

For smooth a, the closed-manifold Poisson statement in Appendix A.1 gives a unique smooth
zero-mean solution of A¢ = a — Ea. Integration by parts and Cauchy—Schwarz with the pointwise
weight K give

Var(a) = —E(Va, V¢)

1/2
Val? 1/2
< (E' i ) (EKIVoP?)

9\ 1/2
< <E|VI?| ) Var(a)'/2.

Division proves the assertion when the variance is nonzero; the zero case is immediate. Smooth
functions are dense in H' by the local mollification argument recalled in Appendix A.1. Since K is
bounded above and below by positive constants, this approximation also passes the weighted energy
to the limit and proves the assertion on H'. O

3.2 The sharp scalar inequality and the Weyl gap

The following is the four-dimensional Einstein case of Ilias’s sharp positive-Ricci Sobolev inequal-
ity [22, Theorem 3]. Its proof in the present normalization is given in Appendix A.2. The nonlinear
Hessian argument belongs to the Bochner approach to elliptic rigidity; compare the systematic
treatment in [4].

Proposition 3.2 (Normalized Sobolev inequality). For every real f € H*(M),
1/2 1
(Bl < B (7 +5197P).
The next proposition is the Weyl-norm gap established in Gursky-LeBrun [18, Theorem 1]; we

give the derivation in our normalization, including the equality case and the possible zeros of the
Weyl block.
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Proposition 3.3 (Weyl-norm gap). For either Weyl block,

v=0 or Ev? > 1. (5)
If T #0 and Ev? =1, then VT =0 and v = 0 = 1. The corresponding statements hold for U.
Proof. Put A. = v?> +¢2 and f. = ;/6. These are smooth functions. The equation for A(v?) and

(2) give

_ 1 59 _
Af. = A0 |20 — 00®) + 3¢~ §A—|p\2 > 2A7°/0(p? —0?).

Indeed, o < 1, v?/A. < 1, and e > 5|p|?/3. Multiply by f. and integrate:

’U3 — ’02
2/3
A%/

E|V/.|? <2E < 2E0°/5.
Their L? norms are uniformly bounded as well. Thus f. is bounded in H', and its uniform limit
f = v'/3 belongs to H' by weak compactness. This bound is obtained directly from the regularized
equation; it requires no positive lower bound on v.

Apply Proposition 3.2 to f. and use the preceding energy bound:

3 2

EHV<E

2 3
Az

The term &2 /Ag/ 3 is at most 2/ 3, while v3 /Ag/ 3 < v5/3. Dominated convergence therefore gives
(Ef4) 1/2 < E(fQ’U) < (Ef4)1/2 (EU2)1/2.

When T' # 0, the common factor is positive, proving (5).

If Ev? = 1, equality holds in Cauchy-Schwarz. Thus v = af? almost everywhere for a constant
a > 0. It follows that v takes only the values 0 and o almost everywhere, and hence everywhere by
continuity. Connectedness and T # 0 force the positive constant value on all of M. The moment
condition gives v = 1. Equation (3) then becomes 0 = 6(1 — o) + e. Both terms are nonnegative, so
o =1 and e = 0. Smoothness gives VI' = 0 everywhere. O

3.3 The Euler and signature formulas

Proposition 3.4 (Characteristic identities). Let ny and n_ be the finite nonnegative integer
dimensions of the spaces of harmonic self-dual and anti-self-dual two-forms. The Euler characteristic
and signature of M are, respectively,

X=2+ng+n_, T=n4y—nN_.
Then
872 = 6 Vol(M) (1 + E(v? + b?)),
127%7 = 6 Vol(M) E(v? — b%).
If U =0, then n_ = 0; likewise T = 0 implies ny = 0.

These are the Euler and signature formulas in the present curvature normalization. Appendix A.3
identifies the topological integers through Hodge theory and proves the formulas by the form-
complex heat-supertrace method of McKean—Singer [25]; compare the general formulations and local
coefficients in Gilkey [17, Theorems 1.7.6 and 4.8.16]. That appendix also proves the zero-block
kernel vanishing statements, which will be needed after one-block vanishing.

(6)
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4 Upper volume deficit and balanced Weyl moments

Write Vs = Vol(M, g) and sop = E(v? +b?). Our goal in this section is to prove that the two second
moments agree whenever neither Weyl block vanishes. The characteristic identities turn an upper
polar-volume deficit into an integer restriction; a weighted scalar variance estimate then excludes
the sole remaining unequal-moment case.

Radial comparison also plays a central role in Cheng’s classification under the additional
assumption y(M) < 3 [10, Proposition 3.1]. His Riccati argument does not require curvature
matrices at different times to commute. We use a discrete Jacobi determinant to retain their order
and obtain the following moment-dependent deficit.

Proposition 4.1 (Upper volume deficit). One has

Vi 3
ﬁ <1— 5so. (7)

Here is how the estimate will be used. If both blocks are nonzero, their gaps and v + b < 2
give 2 < sp < 4. Equations (6) and (7) then imply x < 7 and |7|/x < 4/15. The parity and
nonnegativity constraints from ny leave only (x,|7|) = (5,1) when 7 # 0. The last part of this
section rules out that case and proves Proposition 4.9. We first establish the upper deficit and the
common radial machinery; the conditional lower comparison needed after one-block vanishing is
proved in Section 8.

Along a unit-speed geodesic, choose a parallel orthonormal normal frame and let R(t) be the
normal Jacobi curvature matrix. Set

A(t) = R(t) — 1d, J"+RT =0, J(0)=0, J(0)=1Id, D(t) = det J(t).

Positive sectional curvature and Ric = 3g give 0 < R < 3Id and tr A = 0. Let £ denote integration
over the unit tangent bundle against normalized Riemannian measure on the base and normalized
spherical measure in the fibers.

Lemma 4.2 (Geodesic averages). At every time along the geodesic flow,

EIAR =35, EIAP < EIAP (s)
Proof. The indicated probability measure is invariant under geodesic flow. Indeed, in cotangent
coordinates the Hamiltonian flow of kinetic energy preserves canonical volume: its divergence
vanishes by equality of the mixed second derivatives of the Hamiltonian. Applying this observation
to energy shells gives invariance of the measure on the unit-energy level. In orthonormal fiber
coordinates this is precisely Riemannian base volume times spherical measure.

The plus and minus contributions to A are orthogonal conjugates of 7'/2 and U/2, using the
normal bases I3 and Js%. The same description applies to their derivatives in parallel frames. The
mixed contractions have zero spherical average: they are invariant bilinear pairings between the
inequivalent types (2,0) and (0, 2), or between (5/2,1/2) and (1/2,5/2). Consequently,

1 1
EIAP = JB(TP +[UP),  E[AT = [ LB(VTP + |[VUP).

Here the second factor 1/4 in the derivative identity is the spherical average of a squared directional
derivative in four dimensions. Integrating the equation for AT yields

Ee = 6E(0v® — v?) < 6Ev?,
since ¢ < 1 and v < 2. The exchanged identity gives the same bound for e. The stated formulas

follow. O

15



4.1 Minimizing geodesics and upper polar integration

The global input is the classical index-form and closed-geodesic argument of Myers, Synge, and
Klingenberg [27, 31, 23]; see also [1, Theorem 1.5 and Remark 1.2(ii)]. Its full proof is in Appendix B,
under all the standing oriented, closed, normalized positivity hypotheses.

Lemma 4.3 (Diameter, injectivity, and topology). The diameter of M is at most w, its injectivity
radius is at least ©/v/3, and M is simply connected. Every minimizing geodesic segment has no
point conjugate to its initial point in its interior.

The last assertion allows a conjugate endpoint. It is needed in the upper polar argument even
for segment lengths between m/v/3 and 7.
Put D.(t) = D(t) before the first conjugate time and D.(t) = 0 at and after it.

Lemma 4.4 (Upper polar bound). One has
Vi < 272 / ED,(t) dt.
0

Proof. Fix a center p and take all vectors of length less than m whose radial geodesics have no
conjugate point at or before their endpoints. This is an open set: the Jacobi determinant divided
by 3, continued as 1 at zero, has a positive minimum on each such radial interval. Every point is
the exponential image of a minimizing vector of length at most 7, by Lemma 4.3. A minimizing
vector is in this open set unless it is critical for exp,, has length 7, or is zero.

The exponential map is smooth with bounded derivative on the closed radius-m ball. The area
formula with multiplicity states that the integral of its absolute Jacobian over a measurable set
equals the integral of the number of preimages over its image. In particular, critical vectors and the
boundary sphere have images of zero four-dimensional volume: their respective Jacobian integral
and domain volume are zero. On the open preconjugate set the determinant is positive. The area
formula therefore bounds V3, by the integral of D over this set, with multiplicities only increasing
that integral. Nonconjugate cut vectors are included in the set; no identification of cut points with
conjugate points is used. Polar coordinates give the claimed bound at each center, since the area of
the unit three-sphere is 272. Average over centers and use Tonelli’s theorem.

O

4.2 Discrete determinant comparisons

The upper polar bound reduces the volume problem to estimates for a matrix Jacobi determinant.
We approximate the Jacobi equation by a finite Dirichlet matrix. Its Schur complements and
sine-mode compressions retain the order of matrix multiplication, without requiring simultaneous
diagonalization along the geodesic. The same discrete determinant will be used again for the
conditional lower comparison in Section 8.

Lemma 4.5 (The discrete Jacobi determinant). Fiz a smooth symmetric normal curvature matriz
on [0,t], put a = t/N, and let Ly be the block tridiagonal matriz on nodes 1, ..., N —1 with diagonal
blocks 21d — a*R(ia) and off-diagonal blocks —1d. Then

a®det Ly — D(t).

If t is before the first conjugate time, Ly is positive definite for all sufficiently large N. The Jacobi
convergence is uniform over families with uniformly bounded coefficients and first derivatives.
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Proof. Define matrices without using inverses by
Yo=0, Y1=Id, Yy = (2ld - a*R(ia))Y; — Yi_1.

The position aY; and backward velocity Y; — Y;_1 evolve by first changing velocity by —aR(ia)(aY;)
and then changing position by a times the new velocity. On the exact Jacobi solution one step has
error O(a?), while the update amplifies errors by at most 1 4 Ca. Iteration proves convergence of
position and velocity, uniformly on the fixed interval. The constants are uniform under the stated
coefficient bounds.

Suppose first that t is preconjugate. Away from zero the exact Jacobi matrix is invertible with
uniformly bounded inverse on compact time intervals, so the converging aY; are invertible there.
Near zero use the identity, still without inverses,

Vi =id—a*) (i —r)R(ra)Y;.

r<i

For sufficiently small fixed ia it gives max,<; |Y;| < Ci by absorbing the error, and then Y;/i =
Id + O((ia)?). Thus all the early matrices are invertible as well. All inverses needed for elimination
have now been obtained independently of that elimination.
The Schur blocks are
S; =YYy = 2Id — a*R(ia) — S; .

They are symmetric, starting with S; = 2Id — a>R(a). Near zero they differ from ((i + 1)/i)Id by
O((ia)? + a?); away from zero, convergence of position and velocity gives S; = Id+ O(a). Choose the
small initial interval first, and then N large. All Schur blocks are positive definite. Block elimination
proves positivity of Ly and gives

N—-1
det Ly = [] detS; = det Yy.
=1

The desired limit follows. The determinant identity holds for arbitrary coefficients by continuity,
since invertible Schur blocks form a dense set; convergence therefore gives the limit without the
preconjugacy assumption as well. O

Lemma 4.6 (Upper radial comparison). For 0 <t < m, set

t2
T2 — t2’

B = B = i/ot A(s)sin®(ms/t) ds.

Before conjugacy,
D(t) < sin®t det(Id — 8B), Id — 8B = 0.

At every time 0 <t <,

De(t) > 1 min{l,ﬁ2 max(1,3 — )} |B|2'

1— Z
sin®t — 6

Proof. Compare Ly with the matrix for R = Id, whose scalar sine-mode eigenvalues are 2 —
2cos(km/N) — a®. They are positive for large N because t < m. Normalize Ly by the inverse
square root of this comparison matrix. The resulting positive matrix has trace 3 on every diagonal
sine-mode block, since tr A(ia) = 0.
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Split off its first three-dimensional mode and write the normalized matrix as ( & g) Its Schur
complement is positive and bounded above by (. Thus

det ( L g) = det P det(@ — C"P7'C) < det P detQ < det P

The last inequality is arithmetic—geometric mean, since tr Q = dim Q). The first-mode compression
tends to Id — BB, because its normalized sine vector has entries /2/N sin(7i/N) and

a2

2 —2cos(m/N) — a?

— p.

Lemma 4.5 gives the determinant ratio limit D(¢)/sin®t. Positive compressions have a positive
semidefinite limit, and no inverse of that limiting compression is used. This proves the first
comparison.

The eigenvalues of B lie in [—1, 2] and sum to zero, so |B|? < 6. Before conjugacy the determinant
loss is

2
1 —det(Id — 3B) = %yBF + 33 det B.
Only det B < 0 is unfavorable. Write the eigenvalues then as —r, a1, as, where aj,a2 > 0 and

a1 + a2 = r. One has -
|det B| < 6;3\2, r<1,  pr<.

The first inequality follows from (a; — a2)? > 0; the last follows from Ba; < 1. These inequalities
give the displayed loss bound. If det B > 0 the same bound is immediate. After conjugacy its left
side is 1, so |B|? < 6 gives it directly. O

4.3 An exact constant for the upper deficit

We use one rational sine minorant for both the upper calculation here and the conditional lower
calculation in Section 8.

Lemma 4.7 (A rational sine minorant). Put

157 22 B (bo2)®  (agz)®  (bo2)"
500 o= Sk =az - et o =

ag =

The constants satisfy ag < m < by, and 0 < S(z) < sin(wz) for 0 < z < 1/2. Its coefficients are

157 5324 5 95388992557 5 155897368 -
S(z) = —2— z 2% — z".
50 1029 37500000000 259416045

Proof. The elementary bounds ag < 7 < bg and the alternating sine expansion through the negative
seventh-degree term give S(z) < sin(7z) on this interval. Also

S(z) >z a—@— b >gz>0
=7\ 24 322560 ) T 577
Expanding the four powers gives the displayed rational coefficients. O
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Define
Fu) ut(3 4+ 5u? 4+ 6ut), 0<u<5/8,
u) =
15/16, 5/8 <u<1.
The following strict rational lower bounds include the prefactor. The rows use the indicated
polynomial representatives up to their shared endpoints, which do not affect the integrals.

Integrand and prefactor Interval  Degree Lower bound
9

4%0 F)(1 —u2/2)S(min(u, 1 —u))® [0,1/2] 31 11869,/10°
same [1/2,5/8] 31 30175/109
same [5/8,1] 23 39518/10°

For a rational polynomial p(u) = 3" cju’ on [r,s], these values are obtained from [’ p(u)du =
S ej(s9tt —r7+1) /(i + 1). The three rows sum to more than 163/2000 > 2/25; the cubic power S3
is essential in each row.

Proof of Proposition 4.1. For the sine-squared probability weight defining B, its time variance is
t2(1/12 — 1/(27?%)). The variance identity and (8) give

elBP = &P (1- 52 (35 - 5 ) )

Indeed, parallel identification along a geodesic and Cauchy-Schwarz show £|A(s) — A(r)]? <

(s — 7)2€|A'|?. With u = t/7 the factor in parentheses is at least 1 — u?/2. For 0 < u < 1,

furthermore,
2

f(’LL) < min{lv ﬁQ max(1,3 - 6)}7 B =

At u =1 we give the capped comparison function its continuous value 1. For u < 5/8, comparison
with 3%(3 — ) reduces to 6 — 13u? + 6u* > 0. On this interval f is increasing and f(5/8) =
7511875/8388608 < 1, which also verifies the cap by 1. The comparison function min{1, 3% max(1,3—
B)}, as a function of u, is nondecreasing and remains 1 after it first reaches 1; at u = 5/8 its value
is 57500/59319 > 15/16, which handles the rest of the interval. Lemmas 4.4 and 4.6 therefore show
that the coefficient of sy saved from the round volume is at least

1—u?

0y = % /0 C () (1 = u2/2) sin® () ds

The first three rational bounds above give ny > 2/25 > 3/40, proving (7).

4.4 A moment obstruction

The upper volume deficit is proved. Together with the characteristic identities and the two norm
gaps, it leaves a single possible unequal-moment integer case when both blocks are nonzero, up to
exchanging the blocks. The next scalar lemma will exclude that case. Its proof reduces a constrained
probability measure to two support points; all numerical signs are established by explicit rational
coefficients.

For 0 < z < 2, define

22 2

H(z) = ‘/2<1+40 T 1152

) , () = 16H(2)* +92(1 — 2).

19



Lemma 4.8 (Two constrained moments). Every probability measure p on [0, 2] satisfying

/szuZ 1, /(28z+622)d,u,§25

16</Hd,u>2—/<1>du<0.

Proof. The feasible measures form a nonempty weakly compact convex set. Suppose the continuous
functional J(u) = 16(/ H du)? — [ ®dp has a nonnegative maximum, attained at p, and set
d= [ Hdu. First d > 11/20. Indeed,

satisfies

14 22/40 — 24 /1152 > 1 4 (31/1440)22,

and 31, 346 _ 17

SN2 T s < z<2).

5 it (0szs52

The last quadratic is decreasing on this interval and has the stated value at 2. It follows that
®(z) > 16(11/20)%22. The moment constraint and .J(u) > 0 now give the claim about d.

For another feasible measure v, direct expansion with £ = 32dH — ® gives

J((l—t)u+tu)—J(,u):t</€du—/€du> + 16t2 </Hd1/—d)2.

For t | 0, maximality shows that p maximizes the linear functional [ ¢. This conclusion does not
require concavity of J.

Put g1(2) = 282 + 622 — 25 and g2(z) = 1 — 22, The measure with mass 9/32 at 2 and the rest
at 0 has respective constraint expectations —5/2 and —1/8, so both constraints are strictly feasible.
The compact convex set of triples

{( / g1 dv, / go dv, / 14 du) : v a probability measure on [0, 2]}

is disjoint from the open set of triples with first two coordinates negative and third coordinate
greater than [¢du. Separation gives coefficients —a, —v, 8, with a,~, 5 > 0. The last coefficient
cannot be zero: otherwise the strictly feasible triple would violate separation. Normalize § = 1.
Evaluating on p and on point masses shows that u is supported on the global maxima of

25 +

Fy(z) = 32dH(z) — ®(2) — (282 + 622) — v(1 — 2%), a,y > 0.

For completeness, separation bounds [(¢ — ag; — vge) dv by [ £du for every v; for p the reverse
inequality follows from its nonpositive constraints. Equality and then point masses give precisely
the asserted support condition.

We next verify that F'(z) > 0 on (0,2]. Set

3 322 352 24 1622 T2t 720

L(z)= 24 22 _29% == =
@ =5+t 1020 V& +

Direct differentiation gives H”(z) = L(z)z~%/? and ®"(z) = V(z). For x = \/z/2, the polynomial
inequalities



are certified below. Since 32d > 88/5 and 4v/2 < 17/3, they imply 32dL(z) — 2°/2V(z) > 0 when
V(z) > 0; when V(z) < 0 it is immediate. The constraint polynomials have zero third derivative,
proving the claim.

Also F}j(0+) = +o0. Since F)/ is strictly increasing, F; can cross from positive to negative at
most once. There is at most one interior local maximum; an interval of maxima is impossible. The
endpoint 0 is not a maximum, so the support contains at most one interior point and the endpoint
2. A point mass is infeasible: its first moment condition would give z > 1, and then 28z + 622 > 34.
Thus the support is {w, 2}, with weight ¢ at 2. Necessarily 0 < w < 1, and the moment constraints

become
1—w? << ty(w) = 25—28w—6w2_
4—w? = =T 80 08w — 6u?
The denominators are positive. Nonemptiness reduces to (2—w)(10—37w) > 0, hence 0 < w < 10/37.
For fixed w, J is a convex quadratic in ¢, so it is bounded above by the larger of its two endpoint

values. Those values are negative:

t_(w):=

16t(1 — ) (H(2) — Hw))* > 9((1 — t)(w? —w) +2t)  (t =t_(w), ty(w)).

To verify these inequalities exactly, put

For each of
(AL,B))=(1-w*4—-w?), (Ay,By)=(25— 28w — 6w? 80 — 28w — 6w?), w = 222,
the required inequality, after multiplication by its positive B%, is Py(z) > 0, where
Pi(z) = 3244(Bs — A+)(R.(1) — 2R.(2))” — 9((B+ — Ax)(w® — w) + 2A1)Bx.

This uses H(2) — H(w) = v2(R«(1) — zR.(z)). The endpoint w = 10/37, at which the weight
interval can collapse, is included in the following strict certificates.
Here are all the coefficient bounds used in this proof. If p(r + (s — r)y) = 327 a;jy’, define

Binomial expansion gives p(r + (s — r)y) = >_; hi(})y*(1 — y)"~*; thus positive h; give positivity on
[, s]. If the original coefficients are p(z) = 3. prpx*, they are obtained explicitly from

0= (P> e @ e
k= \J

The degrees and strict lower bounds for the resulting coefficients are

Polynomial Degree Interval Lower bound
L(22?) 8 [0, 1] 1/100

D, (x) 17 [J/4 (G+1)/4],5=0,1,2,3 2/5

P_(x) 22 [0,37/100] 1

P, (x) 22 [0,37/100] 1
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For direct reproduction, the first two polynomial inputs are

3 24 64 7 7
2y 2y 2422 2y _ _ 4_ 18 12
L(2z%) = -+ —x x®, V(227) =Y 3% +18CC

For example the least coefficient of L(2x?) is 1/64; the least coefficient of D, over its four intervals
is 2459668689/5793382400 > 2/5. For P_ and Py the respective least coefficients are

58454914732902747377800095783827783501884053

50000000000000000000000000000000000000000000 -5
132428032291164570287168821949356607977047

770000000000000000000000000000000000000
All inputs and endpoints in these coefficient calculations are rational. This proves the derivative

and endpoint signs. The strict endpoint inequalities say exactly that J(t_(w)), J(t+(w)) < 0,
contradicting its assumed nonnegative maximum. O

Proposition 4.9 (Balanced Weyl moments). If neither Weyl block is identically zero, then 7 =0
and Ev? = Eb?.

Proof. By (5) and v+ b < 2, 2 < sg < 4. Equations (6) and (7) give

|T|_2|EU2—Eb2|<280—2 4
X 3 14+sy ~314+sy 15

X < 2(1 — 350/40)(1 + s0) < 7,

Here the first polynomial is increasing on [2,4] and equals 7 at 4. The integers x =2+ ny +n_
and 7 = ny — n_ have the same parity. If 7 # 0, the only possibility is x = 5, |7| = 1. Exchange
the blocks so that P = Eb? is the smaller moment. The ratio in (6) then gives

_13P+3
- ===

Ev?
Combining this with v? < (2 — b)? yields
P>1, 28Eb 4 6P < 25.

Integrating (3) for b, using & < 1 and € > 5|Vb|?/3, gives
4
P—Eb> §E|V\/5|2.

The integrability of /b proved with (3) implies ¢ = vb € H' by regularization. Put

e o

Glo)=c+ 5~ 152

The range of ¢ is bounded, and G has bounded derivative there, so the Sobolev chain rule applies,
including at ¢c=0. On 0 < b < 2,

b? b V4 -+ b2 VK
!/
— - _ 2 C Al
G'(c) 1—|—8 128€l07 5 0, 5

For the first upper bound, put z = b?/4 € [0,1] and square the positive quantity 1 + z/2 — 22/8;
its square is 1 + z — 23/8 + 21/64 < 1 + 2. The variance inequality (4), extended by Sobolev
approximation, therefore gives

9

1
Var(H (b)) < ZE|v\/512 <6

(P — Eb).
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Equivalently,
J:=16(EH(b))> —E®(b) >0,  ®(b) = 16H(b)* + 9b(1 — b). (9)

The distribution of b is a probability measure on [0, 2] satisfying the two moment constraints.
Lemma 4.8 contradicts (9). Thus 7 = 0, and (6) gives equality of the two second moments. O

5 A weighted Hessian inequality for the Weyl blocks

We continue the case in which neither Weyl block vanishes identically. The preceding argument
gives Ev? = Eb?. This equality will enter the coupling in Section 6; the weighted Hessian inequality
proved here does not itself require it. Our task is to extract a first-derivative inequality from the
Bianchi-constrained second derivatives. Unequal weights on the two blocks will create a useful
interaction, but their derivatives have costs that must be retained exactly. Set § = 2 — v — b,
and retain the notation Z = VT, p = Vv, ¢ = Vb, and e = |Z|?/6. The argument is stated for
T'; exchanging the two orientations gives its companion for U. All expectations use normalized
Riemannian volume. The local square will first be proved for an arbitrary global positive Lipschitz
weight. We will choose the two fixed weights only when their derivative costs enter.

5.1 The constrained Hessian and its curvature operator

Retain F' = Sym(A™") and the Bianchi gradient bundle G C T*M ® F from Section 2. Their
types are (2,0) and (5/2,1/2). The irreducible gradient constraint and the refined Kato coefficient
used below are established in Gursky—LeBrun [18, Lemma 4, equations (10)—(12)]; Calderbank—
Gauduchon—Herzlich [7] place them in the general generalized-gradient framework. We use the
parallel projector Pg = (6 — C')/10 and the compression identities already proved in Proposition 2.4.
They are pointwise tensor identities, including at repeated eigenvalues, and do not require a smoothly
chosen eigenbasis.

Lemma 5.1 (The two Hessian components). Let H = T*M ® G, and write X = VZ, so X;; =
ViV,;T. Then
X =Y + Dy, Y has type (3,1), Dy has type (2,0).

If Tr : H — F is contraction of the two derivative slots and Tr* its adjoint, then
12 5 5
TrTr* = —1Id, Dy = — Tr* AT, |Do|?> = —|ATJ2
5 12 12
All the type projections in this statement are parallel.
Proof. The product rule gives four inequivalent, multiplicity-one summands
H=(3,1)®3,0)®(2,1) ® (2,0).
Skewing the derivative slots takes values in
AN’T*M @ F = (3,0) ® (2,0) ® (1,0) @ (2,1).

For the actual Hessian X = VVT, its skew difference is [V;, V;]T = F;;T, where Fj; is the curvature
of the bundle F'. It is essential that the tensor on which this curvature acts is the same Weyl block T’
that occurs in Fj;. The minus rotation algebra acts trivially on F’, so there is no minus component.
The dependence on T' is an equivariant linear term and an equivariant term in its symmetric square.
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The latter has plus spins 4, 2, 0; its only common type with AT ® F = (3,0) @ (2,0) @ (1,0) is (2,0).
The linear term has that type as well. Thus the skew commutator has neither a (3,0) nor a (2, 1)
component. This conclusion is specific to the Hessian of T', not to the derivative of an arbitrary
section of G.

Skewing is injective on each of those two domain summands. The (3,0) summand is entirely
skew: its stretched plus coupling makes the two derivative plus spin halves symmetric, while their
minus coupling to spin zero is alternating. To treat (2, 1), suppose that a tensor of this type is
symmetric in its full derivative slots. Its derivative minus pair has spin 1 and is symmetric, so its
derivative plus pair must also be symmetric and have spin 1. The inner Bianchi constraint makes
the coupling operator Y I s(j )Es equal to —4. Symmetry in the derivative slots gives the same value
for > I@ES. The total plus Casimir would therefore be

—8 — 244 2(—4 —4) = —48,

whereas total spin 2 requires —24. This contradiction proves injectivity. Moreover, the two images
lie in distinct target isotypic components, so they cannot cancel one another. The corresponding
components of X must vanish separately.

For the trace calculation, let K : F — T*M @ T*M ® F be K(S);; = 0;;5. The adjoint of the
restricted trace is Tr* = Pg K , where the projector acts on the inner derivative and matrix slots.
Now

TrK =4ld, Tr(CYK(S)) = (L)u2:S = 0.
.8
Thus Tr Tr* = 12Id/5. By equivariance, trace vanishes on (3,1) and is supported on the unique
(2,0) summand. The displayed nonzero composition makes its restriction to that five-dimensional
summand an isomorphism onto F. It therefore determines the whole of Dy, including its skew
part, and gives both the formula and the norm identity. One can also see explicitly that the trace
component retains the curvature commutator. At a point, its adjoint is

3 1
=055 + 75 D Log BsS.
S

Tr* S); =
(rS)] 5

Hence 1 1
(Do)ij — (Do) ji = o D IS AT = 3 > (14 t6) I35 56T.
S

S
For the last equality use AT = 6(7' — N) and, in a pointwise diagonal frame, XN = —t;X,T. The
invariant version is X, N = — ) T,s3,T"; no eigenframe has been differentiated. Thus the displayed
skew difference is exactly the bundle-curvature action.
Finally, the type projections are invariant expressions in the combined Casimirs, and trace is a
metric contraction. They are parallel and do not depend on any curvature eigenframe. The spin
labels describe tensor representations of the oriented frame group; no spin structure is used. O

The derivative-slot operators Tp, Up were defined in the weighted variance proof, and Bp(T)
acts on the matrix slot. Compress all three orthogonally to H = T*M ® G. The useful combination
is visible before the quadratic form is chosen. Let X' be the total plus generator on H and put

A 1 tot ytot
Q = @;TTSETO Eso .
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Compressing the inner derivative generator to G gives I, S(j ) = ¢ /5: equivariance fixes the spin-one

family up to a scalar, and the highest weight gives (1/2)/(5/2) = 1/5. At a point where T is
diagonal, expansion of the total square therefore gives

1 ; ~
Tp = 15 DtV = 3Q = 2Qsa(T),  Br(T) = Qsya(T)

on the compressed inner factor. The inner square contributes 40Q)s5 /2 (T'), while the trace-free outer
half-spin square is zero. Consequently

Tp + 2Bp(T) = 3Q.

This combined identity cancels the inner curvature action. On the free (3,1) type, Q= Qs3(T) < 4z/5
and Up < 2y. Thus the choice

5 5~
P=4—6(TD—|—QBF(T))—UD:4—§Q—UD

has its plus and minus losses bounded by 2z and 2y, respectively. The scalar 4 then meets the
sectional boundary x 4+ y = 2. This explains the useful coefficients; no uniqueness of the choice is
asserted.

Lemma 5.2 (Positivity on the highest Hessian type). The combined compressed operator P preserves
all four types in H. It is positive definite on (3,1), and on the trace type it satisfies

PTr* = Tr*(4 — Bp(T)).
The individual derivative-slot and matriz-slot summands need not preserve the four types.

Proof. The total plus generators preserve each joint type. Similarly, > us(Jsi) + Jgj ))2 = 4Up, so
Up vanishes on minus spin zero and is Q1 (U) on minus spin one. Its latter spectrum is the spectrum
of U. The displayed combined formula for P therefore preserves the joint types. On (3, 1),

P>4—2x—2y>0.

On (2, 0) the denominator in Qs is 24, so under the trace identification Q = (2/5)Qa(T") = (2/5)Br(T)
and Up = 0. This proves the stated trace action. ]

5.2 The weighted square and its first-derivative form

The undetermined Hessian component Y is now isolated, and its curvature-weighted quadratic form
is positive. We complete its weighted square and integrate by parts to replace the Hessian by first
derivatives. The prescribed trace component must be subtracted in full.

Set

(Br(T)Z2, Z) Cn = (Br(N)Z, Z) By — |Qs/2(T)Z?

B = Y Y Y
6 6 6

N = (T?),.

For a scalar weight m, write L,, = dm ® Z, with no symmetrization, and let (L,,)y denote its (3, 1)
projection.
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Proposition 5.3 (Weighted Hessian inequality). For every global Lipschitz scalar weight
m > mg > 0,

0<E (10)

6 24m

mGo(p, k1) — % S (2% 23) | (P(Lm)y, (Lm)y>] |

where i, 7 in the middle term are derivative indices and

1 2 1
G, = (—42 — 30 — ;&) e+ 758 + ;CN - %EB + 50%[p|*.

Proof. By Lemma 5.2,

E {Tg <7> (Y+ (LQ”;zY> Y+ (gﬁiyﬂ > 0.

The last term in its expansion is the last term of (10). Since P preserves the type splitting and
X =Y + Dy, the other terms are

éE[m(PX, X) + (PX, L) — m{P Do, Do) — (PDo, Lm)].

We compute these terms for smooth m first. Compression may be omitted inside any of the displayed
inner products, because both arguments belong to H.

The identity term. Integration by parts and (1) give

éE w22+ mi(ViZ,2)| = —%E[m(AZ, 2)] = E[m(~13¢ + 20B)).

This will be multiplied by the coefficient 4 in P.

The derivative-slot curvature terms. Write A;j; = (Tp)ikji. The two terms to integrate are
E [mAikjl<viZja VkZl> + Aikﬂ<viZj, mel>] .

Integrate the derivative k on the second paired tensor. The derivative of m cancels the second term
exactly. Moreover Vi A5 = 0, by divergence freedom and skewness in ¢, k. The result is

1
—E[mAy((ViViZ;, Z))] = §E[mAikﬂ<[via VilZ;, 7).

This calculation uses neither symmetry of X nor parallelness of T, and the factor 1/2 comes only
from skewing the two covariant derivatives.
The curvature in the derivative slot has the contraction

1
i(TD)ikleikjh = 3020y,

To see its normalization, substitute the quaternion expansions: the contraction over i, k removes all
mixed plus/minus terms and gives %ZS ts(1 4 t5)n = 3028, The matrix-slot curvature gives the
quadratic form of

1
-3 Zts(l + t5) I Xs.
S
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Since tg = N, + 202, its compression is

1
—5(8Q5/2(T) +8Q5/2(N) + 20°C) = 40* — 4Q52(T) — 4Qs52(N).
After division by 6, the full Tp contribution is therefore
E[m(7v?e — 4B — 4Cy)].

For Up, the same integration gives 3E[mb?e]. Its matrix-slot curvature contraction is zero, because
the minus forms are orthogonal to the plus forms defining the curvature action on F.

The nonparallel matrix-slot coefficient. Put A = Bp(T') temporarily. One integration by
parts gives

E [m(AV,Z,V,Z) + mi(AV,Z, Z)| = —E[m(AAZ, Z)] — E[m((V;A)\V:Z, Z)].

The operator V;A is symmetric, so the last term is

g K (mM ¥ zimeA) z Z>] |

Here V;A = Bp(Z;) and AA = 6Bp(T) — 6Bpr(IN), since Bp is a linear parallel construction. Also,
pairing Br(T)Qs/2(T)Z with Z gives |Q5/2(T)Z\2, because the latter vector belongs to G. After
division by 6, the contribution is

1
E lm(—lOB — 30N +20ER) + 5 zi:mZ(BF(ZZ-)Z, Z>1 :

Since (Br(Z;)Z, Z) = tr(Z; 3_; Z3), multiplication by —5/3 produces exactly the middle term in
(10). In particular, the variation of Bp(T') has been retained explicitly; P is not assumed parallel.

The prescribed trace component. By Lemmas 5.1 and 5.2,

5
PDy = o5 T* (4= Bp(D)AT,  Tr Ly =Y miZ:

1

The characteristic polynomial of a trace-free 3 x 3 matrix gives Bp(T)T = N and Bp(T)N = v°T.
Thus

By = (4— Bp(T))(T — N) = (4 +v*)T — 5N.
Using AT = 6(T — N), the two trace subtractions, before division by 6, are

_gE |fn<B0, AT> + Zmi<Bo, Zﬁ] = gE[m<VBo, Z>] .

Since VN = 2Bp(T)Z and (T, Z;) = 6up;, their normalized contribution is
E {m ((10 + 21}2> e—25B+ 5v2|p]2)] :

Multiplying the preceding contributions by their coefficients in P and collecting gives G,, as stated.

Finally, a global Lipschitz weight m > mg > 0 can be approximated uniformly and in H' by
smooth positive weights with a common positive lower bound. The first derivatives converge in L?,
so their quadratic products in the square cost converge in L'; the uniformly bounded reciprocals
of the weights pass to the same limit. All other terms use only the weight and its first derivative.
Hence the identity and inequality extend to every weight in the stated class. O
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Lemma 5.4 (The quadratic-form matrices). At a point where v > 0, use the three vector parameters
p,k,l in (2). Then G, is the quadratic form, with scalar entries multiplying vector dot products,
whose matriz is

—70 — 5b% 4+ 1000v — 2502 —100v/3pv —35p02//3
—100+/3pv —210 — 15b% — 3000v — 19002  —75v — 35002 |.  (11)
—35002/V/3 —T75v — 35002 —42 — 3b% — 1002

Proof. Expanding the diagonal and off-diagonal matrix entries in (2) gives

40/3  —4p/V3 0 4/3 0 —p/V3
B Cn
— <+ | —-4p/V3 40 1], —5 0 -
Y 0 -1 0 v —p/V3 —a 0

Here one uses Y 8;5; = 0, Y. 57 = —6p, and N/v? = diag(os; + p3;). The energy metric in these
coordinates is H = diag(5/3,5,1). If B denotes the matrix of B, the matrix of E is BH 'B: Bp(T)
compressed to G is the self-adjoint operator whose quadratic form is B. Using 02 + p? = 1, this
gives

o 16/15 0 4p/(5V/3)

- . 0 21/5  40/5

v 4p/(5v/3) 4o/5  1/5

Substitution into the definition of G, gives (11) by matrix addition. The invariant expression for G,
is defined everywhere; on the zero set of T, all its derivative parameters vanish almost everywhere,
as established for the norm identity. O

5.3 The two costs of a variable weight

For the remaining argument choose the fixed positive weights

le—g(v—b), m= M?, le—g(b—v), m

I
<

(12)

They are one rational choice for the later coupling argument. Since v + b < 2, both M and M lie
between 1/4 and 7/4. Almost everywhere,

dm = —ZM(p —q), dm= —ZM(Q - p).
Proposition 5.3 applies to these global Lipschitz weights. Their derivatives produce the two costs
estimated next.

The Hessian has been eliminated from the integrated inequality. Two terms caused by the weight
remain: a cubic contraction multiplied by dm, and a projected quadratic form in dm ® Z. We now
bound both by first-derivative energies, while keeping the sign needed for the later scalar relaxation.

Lemma 5.5 (The cubic contraction). For every real tangent vector a, with Z, =", a; Z;,

t0(Za %, 22) 4\F ,

I T < 242 e 2, 13
5 < 5y 5 lale (13)

Proof. By homogeneity, assume |a| = 1; the case Z, = 0 is immediate. Put v = |Z,|/v/6, and
diagonalize the normalized matrix s = Z,/v. Apply the algebraic parametrization (2) with this s,
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rather than with 7'/v, and denote its vector parameters by p, E,ZA The diagonal entries of Z, = vs
imply p, = v and %a = 0. The part corresponding to the single component p,a has energy e; = 52 /3.
It is orthogonal in the energy metric to the remaining parameters. In the displayed matrix for
B/v, it has no cross term with those parameters, because k, = 0 and the ﬁ,lAentry is zero. Its
contribution to %Zj tr(sZ3) has absolute value at most 4e; /5.

For any symmetric trace-free 3 x 3 matrix S, its characteristic polynomial gives

_ st
- L

Since |s| = /6, Cauchy-Schwarz yields |tr(sS?)| < |S|2. Applied to the remaining tensor, this
bounds its contribution by e — e;. Therefore

LA (o) < Lo ()
- 5 5 e 5e )

6
For 0 < r <1, the function /r(1 — r/5) is increasing and has maximum 4/5. This proves (13). [

|(5%)ol?

Lemma 5.6 (Real-vector projection identities). Let Py be the projection in H onto total plus spin
3, retaining both possible minus spins. For any real tangent vector a and any Z € G,

7
|Pi(a® Z)|* = Elal2|Zl2,

(AP0 ® 2), Py(a® 2)) = Lal"(@5p(T) 2, 2).

Proof. Complexify at the point, writing the outer tangent representation as A ® B, with A, B the
plus and minus spin halves, and G¢ = Hy/y ® B’. For a real vector a, its reduced density on A is
%|a!21d 4. Indeed, the three traceless Hermitian operators on A are scalar multiples of —il,, and
each has zero expectation because a'I;a = 0. Its trace is |a|?, which fixes the scalar part.

The complete vector is a ® Z, a product between the outer factor and the entire inner factor.
Consequently, for every operator O acting only on A ® Hj s,

_JaP
T2
This partial trace retains every correlation of the inner plus factor with B’; neither a nor Z is
assumed to be a product within its own plus and minus factors.

The operator Try Py is scalar on the irreducible space Hy/o. Its trace is the dimension 7 of spin
3, whereas Hj /5 has dimension 6. Thus it equals 71d/6, proving the first identity.

(a® Z,0(a® Z)) (Z,((Trs O) ® Idp:) Z).

The family Tr A(P+©(T)P+) is equivariant and linear in the spin-2 variable T. Since spin
2 occurs once in End(Hj/5), it is a scalar multiple of @Q5/5(T). To determine the scalar, take
T = diag(—1,—1,2) and the inner highest weight 5/2. The outer weight 1/2 gives total weight 3
and Q3(T)-eigenvalue —1. The outer weight —1/2 projects to total weight 2, where that eigenvalue
is (12— 3-2%)/15 = 0. The normalized outer trace is therefore —1/2. Since Q5 5(T') has eigenvalue
—1 on its highest weight, the second identity has coefficient 1/2, as asserted. O

Proposition 5.7 (The projection cost). For the weight (12),

(P(Ln)y, (En)y) _ 9
24m ~ 64

7 5
J— 2 JR— —_—
»—q| 12(4+y)e 4B . (14)

The bracket on the right is nonnegative. Both assertions remain valid under the closed inequalities
v+b<2andz+y<2.
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Proof. Let P_ be the projection onto total minus spin 1, so the highest Hessian projection is P P_.
On that type, —Up < y, and hence P < A, where

5~
This operator acts only on the plus factors and commutes with P_. On the entire high-plus subspace,
A>4+y— 2z >0;

the last inequality follows from x 4+ y < 2. It follows in operator order that P_AP_ < A there.
Thus, for every real a,

7 5
(Pla® Z)y,(a® Z)y) < (AP (a® Z), P+ (a ® Z)) = 6|al” A tye— B,
where the last equality is Lemma 5.6. This operator argument is valid for arbitrary correlations
after the plus projection and does not discard a mixed minus-factor term.
Almost everywhere, dm = —%M (p — q). Substituting a = dm, dividing by 24m, and using
m = M? gives (14). Finally, for any unit real a, the same equality and the lower bound for A give

7 5 7

— (4 —-B>—(4 -2 > 0.

pdtye— B2 5 +y—2z)e 2

In particular, subsequent upper estimates may replace |p—q|? by (|p|+|q|)? in (14) without reversing
the inequality. O

6 Coupling the two Weyl blocks

Assume that neither Weyl block vanishes identically and that their second moments agree:
Ev® = Eb%.

We retain the notation

3
0=2—v-—0, K =440+ le—g(v—b), m = M?,

and place a bar over an expression to exchange the two blocks. In particular, M =1 — %(b —v) and
m = M?2.

The weights in (12) have opposite slopes along v + b = 2. Their derivatives introduce quartic
terms in the first derivatives of curvature. We combine the two Hessian inequalities with one identity
that controls those costs, the balanced variance defect, and tests of the weak norm equations. This
produces a single integrand with nonnegative mean. The task is then to bound its quartic, quadratic,
and potential parts by three expressions that complete one square.

6.1 The combined integral inequality

Start with the sum of the two integrands in (10). The three additions below are written explicitly
in (16)—(18). Here h > 0 is a scalar coefficient and « is a scalar multiplier, whose rational values are
specified below. Their roles and integral signs are as follows; the degrees refer to first derivatives of
curvature in the resulting integrand.

30



Added expression Integral and derivative degrees Purpose
h

AJ identity —E[5(|Y|? + |Y|?)] > 0; degrees 4,2,0 Controls the quartic weight
3 costs
Balanced variance defect =~ Nonnegative integral; degrees 2,0 Controls v—>b using moment
balance
K norm tests Zero integral; degrees 2,0 Adjusts the quadratic and

potential terms

We use the following verified rational choice for the constants and functions in this combination
and its final comparison. It is one sufficient choice; no optimality or uniqueness is asserted. Set

1 2 —
:—7, c:f—ivb, a=v—1, s=b-—1, n:é, t:U b.
10 5 10 2 2

Thus ¢ > 1/10 on v,b > 0, v + b < 2. Define

D=158, h

D 2D
k(v,b) = — E(a —8) + z10% + (60 9 + 22’1) as + 228

3 4
.y L
+ > z3pia T4 zrgalst T
=0 =0

A(z1,. .., 211) = (—43,—45, —63,21,183, 208, 61,46, 101, 79, —41),
40(v,b) = n*(1 — n)(105 + 5n) + t2(4 + 360n — 586n2) — 4t*,

_ 4(1+4v) R 414D

T 1+ 6v+02 T 146b+ b2

(

Here and below an exchanged expression is obtained by exchanging all block variables, and & = (b, v).
The multiplier £ changes the integrand through a zero-integral norm test. The functions ©, ¢, R,
and Ry enter only the comparison for the final square; they are not additional integrands. Neither &
nor © is required to have a sign.

The first addition is

h{(e +e) <)\ _C _U|p2 - é_b|q’2> +408(B + B)

(16)
— 30521}2(1 —20v + UQ):| ,
+

where
A = 6(cv® 4+ ab% — v — b) — 260.

The notation ), includes the displayed term and its exchange. To verify its sign, use
2 2
Ae:6|VZ| + 26e — 408

and (3) in
E[(e+¢e)Ad] = E[dA(e +¢€)].
The decomposition VZ =Y + Dy gives |Do|?> = (5/12)|AT|?. Moreover,

2| Dy|?
6

= 300%(1 — 200 + v?).
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Consequently the integral of (16) equals 2E[5(]Y'|> +|Y|?)], which is nonnegative.

The second addition is ) )
lp — ¢ J 2
D l % 1 1 (v—">0)%|. (17)

Indeed, the equality of the second moments implies
1
E(v—b) = JE[6(v — b))

and hence

(E(v—1b))* < JE[6*(v - )?].

=

Applying (4) to v — b proves that (17) has nonnegative integral. Finally add the zero-integral
expression

2
> [f@(v, b) {61}(1 —ov) + evlpl} + Vk(v,b) ‘pl : (18)
+

This is the weak identity (3) tested against (v, b).

Let Z denote the resulting total integrand. Thus EZ > 0. All these integrals are legitimate
without a positive lower bound for either norm: e/v and €/b are integrable by the regularization
proving (3), while the energies and all scalar coefficients are bounded. Bounded Lipschitz test
functions are admissible by smooth approximation, uniformly and in H'.

For the fixed weights in (12), dm is linear in p,q. Thus the cubic contraction multiplied by dm
and the quadratic form in L,, = dm ® Z have degree four in first derivatives of curvature. Grouping
the exact total integrand by this degree gives Z = 7, + Zo + Ty, where

Z4 - Z [_2 Zml tr(Zi Zj ZJQ) + <P(Lm)y) (Lm)Y>]

T 6 24m

]2 S 1412
Chet o) ( ot , 2=l )

2
ev‘p’ﬂLVﬁ(v,b)-p

D
Ty = Z lva+h/\e+40h5B+ﬁ(v,b) +?’p—q,2,

+

Ty = —D<1—(Z> (v — b)?
+ Z [6/-@(1), b)v(1 — ov) — 30hdv?(1 — 200 + 02)} .
+

Here A is the original symmetric expression in (16). The exchange in >, includes the operator, the
Y -projection, the weight, the multiplier and its arguments, and all derivative labels. On a block’s
zero set, only its corresponding derivative summands vanish almost everywhere; the exchanged
contributions remain. The quotients use the zero value assigned in (3), and G, uses its invariant
expression there. Products such as ov? use their continuous zero value; no continuity is asserted for

the singular coefficients.
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Proposition 6.1 (Three bounds for the combined integrand). For this decomposition, define

2 2
r=Rlpl* + Rplal®,  j=(p* +al*) (lv‘ + ‘b’> '

Then, almost everywhere,

@2
Iy < —cj, Iy < 20r, Iy < ——.
C

The corresponding derivative summands are assigned value zero on a zero set, as in (3). The total
integrand and the bounds are integrable, and EZ > 0.

Section 8 combines these estimates with 72 < j to obtain

(© — cr)?

< - —c(j —1?).

The strictness needed for vanishing is proved there. We prove the three estimates in turn. The
computations first take place on v,b > 0, v +b < 2, x + y < 2. The polynomial certificates used in
the proof are supplied in Section 7.

6.2 The quartic terms

Put 5
60:§\P’27 eqa=e—eg =0, z = |p[ + lq|-
Since dm = —3M(p — q), (13) bounds the cubic contraction multiplied by dm in (10) by
11/3/5 Mze3/2. The nonnegative bracket in (14) is bounded above by geg + Hgyeq, where
7 pv? 7 5
9= +y) —ovt——, a=5d+y)+ v+

In fact, the pure defect contribution to —5B8/4 is at most (5/4)veq, and its mixed contribution is
at most 2v|p|\/€peq. The latter is at most (p?v?/4)eq + 4e4. Nonnegativity of the original bracket
permits the replacement |p — ¢|?> < z2. We obtain

1 /3 9
Iy < zi: [2\/;2M€3/2 + azz(geo + Hded)]
(2/5)60 + eq (2/5)50 + éd:|
v + b '

We first show that this upper bound decreases when either defect increases, with p, ¢ fixed.
Denote the right-hand side by Q. For e > 0, direct differentiation gives

(19)

—h(e+e){

3 /3 9
aedQ:4\/;ZM\/E+MZ2Hd
_h[(2/5)€0—|—6d+(2/5)€0+6d+6+6}.
v b
Set u = y/e/e. The bounds

3 7 3 15 2
ZS\/;(\/E_‘_\/E)v MSZ_ZU7 HdS?"i_gv?

n >2 27+7>2, v> v

pOTCA=gS  FOT=FS p=5Ty



therefore imply

5

27 /15 2 9 /7 3
Ag= 2o (2 42 Lo= —v (L -24).
0 320”(2 +3”>’ 0= 50" (4 4”)

All substitutions in the negative bracket use lower bounds; thus they give the required upper bound
after multiplication by —h.
Write

gaedg < Aol +u)?* 4+ Lo(1 +u) —h [7 + (1 + 5(21))) uﬂ ,

where

7 2hv
=_-h—Ay—L Dy =h—Ay+ ——.
Co=¢ 0 — Lo, 0 0+5(2_v)

Lemma 7.2 gives Cp > 0 and
2
e ((h C A2 — ) + 5hv> (2 - v)(24p + L) > 0.

For 0 < v < 2 this says 4Co D > (240 + Lo)?; hence the homogenized quadratic
—Co + (2A0 + L())'LL - D(S)C’U,Z

is negative for every real u. No ordering of the two energies is needed. Before taking an endpoint
limit, write the derivative bound as

1
0e, Q< |~ Coe + (240 + Lo)Vee — Di‘e| .

It extends continuously to e = 0, where necessarily eg = e¢; = 0. At e = e = 0 its value is zero;
otherwise the derivative remains negative. The exchanged argument applies to 4. Decreasing the
defects one at a time consequently gives

Q(eo + eq, €0 + €q) < Q(eq, €0 + €q) < Qleo, €p).
We may therefore put both defects equal to zero. Write
V=x—v, W =y —0b, 0<V <y, 0<W<<bh V4+WL0.

We claim . .
gng::ﬁ(4+b+W)—v+2V, gb:ﬁ(4+v+V)—b+2W

For rg = z/v € [1,2], use

:37"0—7“3’ 1_02(7"0—1)2(7“0‘1'2) lto—

(2—70)(ro + 1)
2 ’ 2 ’ ’

g

Since rgv < 2,

< 2.

(ro — 1)2(7“0 +2) <1 n U(lz— U)>

After substituting v < 2/rg, the gap in this inequality is

2_(T0—1)(T0+2) <1+1+a)
2 27’0
2—’/“0

— 3 {47“0(7’0 +3) = (ro — 1)(ro + 2)(ro + 1)2} > 0.
70
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The bracket is concave on [1,2] and has endpoint values 16 and 4. This also covers ro = 2 without
division by 2 — rg. Multiplying the preceding bound by V' = v(rg — 1) proves the claim for g, using
p?=1-0o2.

Set P = \/eg and Q = \/ey. We will prove

67 27
(50 + 100vb) (P2 +Q*)(bP* +vQ?)
> 2T Ub(P+ QP (0uP” + 9iQ%) + Sb(P+ QMP® 4 NIQP),

(20)

At zero defects, z = /3/5(P 4+ Q). Thus the positive terms of (19) are at most 2/5 times the
right-hand side of (20), divided by vb. Since

1
10 <h—67—27vb> =c,
9 50 100

(20) gives the first estimate in Proposition 6.1; the factor 9/25 that remains is exactly the conversion
from (€0, é0) to (|pl2, |al?).

To prove (20), exchange the blocks, if necessary, so that P > 0 and 0 < u = Q/P < 1; the case
P = (@Q = 0 is immediate. In g, + gyu? the coefficients of V, W are nonnegative, and their difference
is (17/12)(1 — u?) > 0. Replacing (V,W) by (4,0) therefore enlarges this expression. This is a
relaxation, not an assertion that the new pair is geometrically attained. The enlarged values are

19 17 7 19

e W — L2,
=73 "o pbh w=54g

Put w = 27/128, = 9/32, and define

67 )
=21
27
G= m(l + u?)u? + 3w(l + u)? 4 p(1 +u)(1 —u?),
27 w
= (144 + —=(17+19u?)(1 + u)® — u(1 1—u
100( +u)+12(7+ 9u) (14 u)” — p(1+u)(1 —u?),
19 7 3
L=w(l+u)? (3 + 2u2> + (1 +u) + ).

Dividing the difference between the left and enlarged right sides of (20) by vbP* gives exactly

2
éwi%i+av+ﬂb—L
v

Here A, L > 0, and Lemma 7.2 gives G, H > 0. For
Z.=L*—4A(G +u*H)

the same lemma gives Z, < 0 on [0,1/16] and Z2? < 64A%u?GH on [1/16,1]. In the latter interval,
Z. < |Zi| < 8AuvGH. In both intervals it follows that

L <2VAWG +uVH).

Taking square roots is legitimate because both sides are nonnegative. The arithmetic—geometric
mean inequalities applied to A/v + Gv and Au?/b+ Hb finish the proof of (20).
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6.3 The quadratic terms

The quartic bound is established. We next bound the quadratic part by its azial value: the algebraic
comparison with c =6 =1, p=p=0,and k =1 = k = [ = 0, holding v, b,p, q fixed. The
corresponding spectral shapes are (—v, —v,2v) and (—b, —b, 2b). In the plus contribution, replacing
o by 1 raises the expression by 6h(1 — 7)b%e > 0. After this replacement, the shape-dependent
quadratic expression is

MGy + hAye + 40hS B + %(e ~1p) + (8ur)|pI? + (Br)p - g,

where )\, = 6(ov? +b?> — v — b) — 265. The last two terms and the separate variance term are
unchanged by the shape comparison. Define

Py = 300m + 30hv + 160h0, Py, = 300m + 160h6, P, = 35mu.

On the closed spectral triangle, m > 1/16 and h,d,v > 0; therefore Py = P, + 30hv > 0. This
supplies the positive denominator in the Schur comparison below. By (11) and (16), the loss in the
pp entry when o < 1 is (1 — o)vPy/3, and the mixed entries with (k,1) are —vp(Pg, P)/v/3. The
negative of the pure (k,[) matrix is exactly

[ K1 Ko Koo
DU_<K12 K2> " ding (5. 1),

where
Ky = m(42 4 3b* + 100%) — h\,,

K, = 5K5 + m(300vo + 1400%) + 160hdvo,
Ko = m(75v + 35v%0) + 40hév.

Thus the required completion of squares follows from
K 1 K 12 . 2 P k
- - = 0.
Py [v <K12 K2> r diag(5, 1)1 (14+o)v P (Pk Pl) =0 (21)
Let A, be this matrix and w = (Py, P;)T. The identity Py = Py 4 30hv gives

—9,A, = 02 [(30]“)) (30h0  —PB) + diag(0, 6hvPy) | = 0.

—B

Lemma 7.3 proves (21) at o = 1, and this matrix monotonicity proves it for every —1 < o < 1.
When o < 1, put £ = (1 — 0)vPy/3 > 0 and d = —vpw/+/3. The Schur complement is
dd” I+o)v 5 A
7 y4 7 Py ww Pyv —
At 0 =1, one has p =0 and
_ A + 202ww” =0,
Pyv -

so no division by 1 — ¢ is needed. No sign of k is assumed. Applying the exchanged argument
proves the announced axial reduction.

Dy
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At the axial comparison, (2) and the matrix for B/v give e,x = 5|p|?/3 and Bax = 4v|p|?/3. Put
Aax = 6(v2 + 1% —v —b) — 260. Since § = —a — s,

(hXe + 40h6B) = gh(/\ax + 3206) [p|?

ax

5
= gh(6(a2 + 52) 4 32a6) |p|*.

Together with the axial pp entry of (11), this gives X,|p|? for the axial part of mG,, + hAe + 40hd B,
where

X, = m(—70 4 100v — 2502 — 5b%) + gh(ﬁ(aQ +5%) +32a0), X = Xu(bv).

Collecting the remaining quadratic terms gives the desired estimate precisely when

<Q” / ) < 26 diag(Ry, R),

J Oy
D 2K D _ 2R (22)
v:XU - v 5 =X ¥ YR
Q +K+a:‘€+3v Qb b+K+abH+3b
J— 8b1€+8v/75_2
N 2 K’

The polynomial matrix certificate in Lemma 7.3 will prove this inequality.
The leading terms of k can now be read in their intended role. Along the formal axial boundary
v=14t, b=1—t, direct substitution in the displayed formulas gives

Qu, O, J =O0(t*) (t—0), O =1 —t4

Thus the constant and tangential linear terms cancel at the meeting point of the two axial blocks.
This explains the local shape of the rational choice; the certificate proves its inequality on the full
stated domain.

6.4 The potential and the zero sets

The quadratic estimate has been reduced to its explicit matrix certificate. It remains to bound the
derivative-free potential and to extend the three inequalities across the zero sets. The potential is
symmetric under exchanging the two blocks. For its pointwise estimate, suppose v > b and define

Ey=D (1 — f) (v — b)? + 30RS(v?a® + b*s?) + 6(avk + sbi),
F = cEy — 02, L, = 10hév — &, Ly = 10h6b — .
Direct collection from (16)—(18) gives
Ty = —Ey — 6v*(1 — o)L, — 6b*(1 — &) Ly,

Since y — b < § and rg = y/b < 2,

(1 - 5) = %bQ(m 1) 4 2) < 2%
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It therefore suffices to establish
L, >0, F >0, F +12¢5°Ly >0 (v >b). (23)
Indeed, if Ly > 0 then Ty < —FEy < —02%/c. If L, < 0, the displayed spectral bound instead gives
Ty < —Ey — 126°L, < —0?/c.

Lemmas 7.3 and 7.4 prove all three inequalities in (23).

The use of an ordering in (22) and (23) is purely algebraic. All weights and their derivatives
have already been formed from the fixed global labels of the two blocks. Their summed targets
are symmetric. At a point with v < b, apply the ordered inequality to (b,v) and exchange the two
vector entries. At v = b, either labeling gives the same conclusion. No maximum, minimum, or
selected label is differentiated.

Finally, on the actual zero set {v = 0}, one has z = 0 and y < 2 by strict sectional positivity,
and the components Z, p, k,l vanish almost everywhere. To pass the algebraic bounds to this set,
first set all plus derivative parameters p, k,[ to zero in the positive-variable inequalities. Then
e, B, Cn and every numerator divided by v are identically zero before taking any limit. Keep b > 0
and all minus spectral and derivative data fixed. Choose axial plus spectra (—v, —v,2v), for which
x = v, with 0 < v < min{2 — y,2 — b} tending to zero. This sequence remains in both required
spectral inequalities. The remaining quadratic inequality is the minus diagonal, whose denominator
bK (1 + 6b + b?) stays positive; the quartic bound becomes —c|qg|*/b. All cross terms with p vanish.
This argument does not assert continuity of the singular plus coefficients. The other zero set is
treated by exchange, and if both norms vanish all derivative components vanish. The potential
inequalities are polynomial and extend continuously. The quartic quotients are bounded in absolute
value by a constant times e/v + €/b, and are therefore integrable. This completes the proof of
Proposition 6.1, subject only to the explicit polynomial verifications in the next section.

7 Exact polynomial certificates

This section proves the finite polynomial inequalities used in Section 6. The coefficients are rational
throughout. We give the conversion formulas, domains, and coefficient bounds so that each sign
follows from a finite polynomial expansion. The method uses the nonnegative Bernstein basis on
intervals and simplices; see Boudaoud—Caruso—Roy [5] and Roy [30, Sections 1 and 4]. We prove the
conversion formulas and their matrix-valued consequence here. Positivity is verified for these specific
polynomials, with their boundary zeros retained. The accompanying standard-library Python
checker recomputes the saved exact coefficient data and checks the specified algebraic identities.
Its coverage record distinguishes those executed reconstructions from the collection identities and
geometric reductions proved in the text.
The source package accompanies this PDF under the stable article identifier

Positively-curved-Einstein-four-manifolds-September-23-2026
The arithmetic package is at verification/; from the paper directory, run
python3 -B verification/verify.py --check

The adjacent COVERAGE.md records the precise scope of that check. A detached copy of this PDF
does not contain the checker.
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7.1 Bernstein coefficients on intervals and triangles

Lemma 7.1 (Bernstein conversion). Let p be a polynomial of degree at most N on an interval [r, s],
and write

N .
p(r+(s—r)z) = Z a;z’.
=0

Its degree-N Bernstein expansion is

N i i
p(r—l—(s—'r)z):ZM(N)zi(l—z)N_i, hi:Zaj(JN).

i=0  \"
In particular, h; > n for all i implies p > n on [r,s].
For a polynomial on a triangle with ordered vertices py = (rg, S¢), set
V=rs+(r1 —r3)z+ (re — r3)w, W =s3+ (s1—s3)2+ (s2 — s3)w.
If P(z,w) =p(V,W) =324, Pyz%w® has degree at most N, then its normalized degree-N triangular

coefficients are

i i\ (J
Plij = si;(P) == )_ Y %Pde, i,j >0, i+j<N.
d=0e=0 (d—l—e)( d )
On z,w >0, z4+w < 1, the polynomial is the sum of these coefficients times the nonnegative basis
functions

N i .

2wl (1 =z — w)N 7,

ilgI(N — 1 — j)! ( )

These basis functions sum to one. The same expansion applies entrywise to a symmetric polyno-

mial matriz: positive semidefiniteness of every coefficient matrixz implies positive semidefiniteness
throughout the triangle.

Proof. For an interval, expand 2/ = 2/(z + (1 — 2))V~J and compare coefficients in the Bernstein
basis. On a triangle, expand

d

2w = 2l (z + w4+ (1 — 2 —w))V47e,

This gives the displayed factors after dividing each coefficient by the corresponding multinomial
coefficient. Equivalently, substitute

u1p1 + u2p2 + usps3
(vv b) =
Ul + u2 + ug

and multiply by (u1 + ug + u3)”™. The normalized coefficient of uﬁuguév_i_j is [plij. The positivity

statements follow from the nonnegative partition of unity, also for matrix quadratic forms. O

7.2 The quartic scalar certificates
Lemma 7.2 (Scalar certificates). For the polynomials in Section 6, the following bounds hold:
2
Cp > 0, 4C)y <(h —Ap)(2—v)+ 5hv> —(2-v)(240+ Lo)> >0 (0<w<2),
G,H>0 (0<u<1l), Z, <0 (0<u<1/16),
72 <64A%*GH (1/16 <u < 1).
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Proof. Apply the interval formula of Lemma 7.1 in the degrees and on the intervals indicated below.
Every coefficient has at least the displayed positive lower bound. In the first two rows the bound
applies on each of the two intervals separately.

Polynomial Degree Interval Lower bound
Co 2 [0,1], [1,2] 1/2
4Co((h — A)(2 = v) + 2hv) — (2 — v)(2A0 + Lo)? 5 [0,1], [1,2] 1/2

G 4 [0, 1] 9/10

H 4 [0,1] 1/4
—Zy 8 [0,1/16] 13/100
64A%u?GH — 72 16 [1/16,1] 12/100

For the first two rows the coefficients are in fact strictly greater than 1/2. For example, their
respective minima on the two intervals are

(3971 1063) (101027 283729)
32007 1600/’ 20000 * 400000/
All entries in this table are obtained by substituting the displayed formulas for Ay, Ly, Cy and for

A,G,H, L, Z, into the coefficient sum in Lemma 7.1. Thus each bound is an inequality between
rational coefficients. The lemma proves the required signs. O

7.3 The two matrix certificates

For the quadratic inequality (22), introduce
ry =14 6v+ 0%, rp =1+ 6b+ b%, a:;
H, =8vKO(1+v)—r, {’UD + K |:U(XU + Opk) + 2;} } ;
Hy, = Hy(b,v),
ab(l —v)? 4+ ato(l — b)?
5 .

The diagonal differences in (22) are H,/(vKr,) and Hy/(bKrp). Since r, = 8v + (1 — v)? and
rp = 8b + (1 — b)2, weighted arithmetic-geometric mean gives

S, = 4(a+a b+

abr, + a~tor,

5 S

vbr,ry <

It is therefore sufficient to prove

0, S.KJ
(S*KJ i, )io'

Indeed its diagonal entries are nonnegative and its determinant gives H,Hj, > S2K?J? > vbr,ry K2 J>.
Dividing by the positive denominators proves that the matrix of differences in (22) is positive
semidefinite. This argument uses J? and imposes no sign condition on .J.
For a symmetric 2 x 2 matrix, record its entries in the order (11,22,12) as a triple (r, /', s’). In
this notation the two triples to be certified are
A= Py(v(Ky, Ky, K1) — 1(5,1,0)) — 20*(PZ, P}, P P), o =1,
B = (Hy, Hy, S:KJ).

The first triple is precisely the matrix in (21) at o = 1.
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Lemma 7.3 (Matrix and boundary certificates). The symmetric matriz represented by A is positive
semidefinite on
D ={(v,b):v,b>0, v+b <2}

The symmetric matriz represented by B is positive semidefinite on
Dy ={(v,b) € D:v > b}.

On D4 one also has
L, >0, F +12¢6%Ly > 0.

Proof. Use the vertices

0=(0,0, S=(1,0), C=(1,1), U=(2,0), Wy=/(0,2),
A=(1/2,1/2), B=(3/2,1/2), E=(1,1/2).

A three-letter word specifies the vertices of an ordered triangle. The triangles OSC, OCWy, and
SCU cover D. The triangles OAS, ASE, ACE, SBE, CBE, and SUB cover D ; the latter is also
the single triangle OCU, or the union OSC U SCU. All edges are included. The two subdivisions
are shown below.

Wo
C C
A E B
(@) S U (0] S U
D: certificate A D_ : certificate B

Figure 2: The full and ordered curvature domains, with the subdivisions used in the triangular
coefficient table.

For a matrix row, the last two columns below bound, respectively,
min([r]ij, []ig),  [rli[B)i; — [8']3-

Thus the last column is the determinant of each coefficient matrix. For a scalar row, the first bound
applies directly to its coefficient. The bounds apply to every nonzero coefficient; a zero matrix
exception means that all three of its entries vanish.
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Diagonal or

Object Triangle N  Zeros scalar bound Determinant bound
A oscC 8 0 16000 53000000
oCWwW, 8 0 890 3900000
SCU 8 0 2400 3500000
B OAS 9 0 43 1050
ASE 9 0 43 490
ACE 10 1 2 21
SBE 9 0 43 1300
CBE 10 2 13/100 4
SUB 9 0 5 290
L, ocu 6 1 9/10 —
F 4+ 12¢6% Ly 0oscC 9 6 19/100 —
SCU 9 7 9/1000 —

Here are explicit expansion instructions for all entries of the table. They also fix the coeflicient
ordering. Write a =V — 1, s =W — 1 in (15) and form «(V, W) and its two partial derivatives. A
partial derivative is obtained by reducing the appropriate exponent of each monomial and multiplying
by that exponent. Differentiate before substituting the affine expressions V, W. Put

ks = (V. W), ke = (W, V).

For clarity, the derivative of the exchanged polynomial with respect to its first variable is (92k) (W, V),
and its derivative with respect to its second variable is (01x)(W, V).
Ordinary coefficient arrays are multiplied by convolution:

d e
(PQ)de = Z Z Pngdff,efg-
f=0g=0
Use
3 2
m*:(l—g(V—W)> , do=2-V W
P, . = 300m, + 160hdy, P, = 35m.V,

Y, = m. (42 + 3W2 + 10V?) — h[6(VE+ W2 —V — W) — 26dy].

For A, apply s;; from Lemma 7.1 to the three entries of
(th* + SOhv){V(Ala Y*) A12) - ﬁ*(57 17 0)}
- 2V2(P13,*7 *Pl?*? Pk,*]:)l,*)a

where

A1 = 5Y, +m.(300V + 140V?) 4+ 160hd,V, A1z = m(75V + 35V2) + 40hdyV.

These are the original entries of (21) at o = 1, expressed only in the affine polynomials V, .
For B, put

K,=44+V?4+W? 0, = 6O(V,W),
X = mu (=70 4+ 100V — 25V2 — 5W2) + gh(G(a2 + 5%) + 32ady),
H.=8VK.0,(1+V)

(14 6V V) {VD + K, [V(X* + (@) (V, W) + 2;"} } .
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Apply s;; to H,, to its exchange in V, W, and to
K,
S.(VW) {52 (@) (VW) + @) (W) - D

For example, on CBE the triples at (i,7) = (8,0), (8,1), (8,2) are

(11041 4063 60557) (4328 839 3977) (wl 191 _1189)
810 ' 810 " 16200/’ 405 74057 2700/ 817817 1350/ °

For the two scalar rows, apply s;; to 10hdgV — k4« and, respectively, to

2
c(V, W){D ( - Cﬁf) (V = W)? 4 30hdo(V?a? + W?2s?)

+ 6(Vaks + Wsky) + 12d3(10hdgW — Fa*)} - 02

Together with the coefficient-sum formula, these prescriptions produce the displayed rational bounds
by addition and multiplication of finite arrays.

The zero exceptions are as follows, with the third homogeneous index always N —i — j. For
B, they are the vertex C'in ACE and CBE, namely (0,10,0) and (10,0,0), and also (9,1,0) in
CBE. For L, the only zero is (0,6,0), the vertex C in OCU. For F + 12¢6%2L, on OSC, the zeros
are exactly i +j < 2. On SCU they are exactly 9 — j < 2, together with (,5) = (0,6). There are
no other exceptions.

Every nonzero matrix coefficient has positive diagonal entries and positive determinant, and
each exceptional matrix is zero. Thus all coefficient matrices are positive semidefinite. The scalar
coefficients are all nonnegative. Lemma 7.1 and the stated domain coverage prove the assertions. [J

7.4 The remaining potential polynomial

Lemma 7.4 (The polynomial F). The polynomial F = cEy — ©? is nonnegative on D.

Proof. Usev=1—-n+1t,b=1—n—t. The full domain becomes
0<n<l1, It| <1—n.

Write Fy(n,t) = F(1 —n+t,1 —n —t) for the pullback to these coordinates. It is even in ¢, and
direct expansion gives F, = Z?:o fi(n)t? where

240fo = n*(1 — n)(53511n* — 151593n + 222537n” — 83607n + 10256),
60f1 = n(19389n° — 418926n* 4 523719n> — 289776n> 4 67782n + 10564),

60fs = — 1260129n* 4 1370598n> — 451164n? + 23442n + 74,
23

10f3 = — 12200n2 + 2601n + 75, Ji= 5

For n < 1, put z = t?/(1 — n)? € [0,1]. The degree-four Bernstein coefficients in z are

hi(n):égiifj(n)(l—n)%, 0<i<4.
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Define
do(n) =n*(1 —n), di(n) =n(1 —n), da(n) = ds(n) =ds(n) =1—n.

Each quotient ¢; = h;/d; is a polynomial. Applying the interval conversion formula to it on each of
the four intervals
0,1/4], [1/4,1/2], [1/2,3/4], [3/4,1]

gives the following lower bounds for every coefficient:

Divisor d; Degree of ¢; Lower bound

~.

0 n3(1—n) 4 3
1 n(l-n) 6 31
2 1-n 7 1/5
3 1-n 7 12/5
4  1-n 7 9/5

The complete prescription for each entry is to insert the displayed f; into h;, cancel the indicated
polynomial factor, and apply the coefficient sum in Lemma 7.1 in the listed degree. In particular,
the identities h; = d;q; hold as polynomial identities, including at the endpoints.

Since every d; is nonnegative on [0, 1], every h; is nonnegative. Therefore

: 4\ 4—i
F*:Zhl(n)<>z(1—z) >0 (n<1).

1

At n = 0, the coordinate z = ¢ still covers the entire permitted interval |[t| < 1; the vanishing
of hg, hy causes no difficulty. At n = 1, the domain contains only ¢ = 0, and directly F,(1,0) =
F(0,0) = fo(1) = 0. Thus no numerical division by a vanishing factor is required, and all of D is
covered. O

Lemmas 7.2, 7.3, and 7.4 establish every polynomial inequality used in Section 6. Hence the three
estimates of Proposition 6.1 hold on the stated positive-variable spectral domain. The compatible
limit in Section 6 extends them to the zero sets of the standing strictly positive geometry.

8 Half-conformal flatness and the metric classification

The coupled estimates have been proved for the standing strictly positive geometry, including its
zero sets. Their strictness now rules out two nonzero Weyl blocks. We then isolate the remaining
harmonic alternative, exclude it by a conditional lower volume estimate, and identify the parallel
curvature tensor. The orientation-cover argument comes only after the oriented conclusion has been
established.

Proposition 8.1 (Half-conformal flatness). At least one of T, U wvanishes identically; equivalently,
the metric is half-conformally flat.

Proof. Suppose otherwise. Proposition 4.9 gives Ev? = Eb?, so Proposition 6.1 applies. Its integrable
total expression Z has nonnegative integral and satisfies

)2
T<—cj+20r—02%/c= Oz



where
r=Rylpl* + Relal®, i =(p* + |a|*)(Ip|*/v + |q|*/b).

The zero-set conventions established with (3) apply to the quotients. For v > 0,
14 6v+ 0% —4/0(1 +v) = (Vo —1)4,

so R, < 1/y/v, with equality only at v = 1. Cauchy-Schwarz therefore gives r2 < j.

This inequality is strict almost everywhere on the set where p or ¢ is nonzero. Indeed a Lipschitz
function has zero gradient almost everywhere on each of its level sets: at a differentiability and
density point of a level set, a nonzero differential would contradict density. Thus, outside a null set,
an active gradient p has v > 0 and v # 1, and similarly for ¢g. At such a point

r < Ipl*/Vu+g?/Vo < Vi

Terms with vanishing gradients are read as zero. It follows that Z < 0 almost everywhere, and that
7 < 0 almost everywhere where either gradient is nonzero. Since EZ > 0, both gradients vanish
almost everywhere. Connectedness and continuity make v, b constant. Both constants are positive,
so the separate gaps (5) imply v + b > 2, contradicting v +b < z +y < 2. O

Once one Weyl block vanishes, (M, g) belongs to the classically classified compact half-conformally
flat Einstein class with positive scalar curvature [21, 15, 28]. We retain the lower volume and parallel
curvature argument below as an independent proof of this final step under our standing hypothesis
of strictly positive sectional curvature.

8.1 The remaining harmonic alternatives

After reversing orientation if necessary, one-block vanishing leaves U = 0. If T' also vanishes, the
sectional curvature is constantly one. For a nonzero surviving block, the characteristic identities
reduce the possibilities to two integer values.

Lemma 8.2 (The one-block harmonic alternatives). Suppose U =0 and T # 0. Then

?:T’ so = Ev :4—n+’ ny =1 or2.
In the second case, so = 3 and Vs = 4772/3.
Proof. Proposition 3.4 gives n_ = 0 and x = 2+ ny, 7 = ny. Solving its two identities yields

the displayed volume and moment formulas. Positivity of volume gives n, < 4; the nonzero-block
gap gives sg > 1, while v < 2 gives sg < 4. The finite nonnegative integer n, is therefore 1 or 2.
Substitution gives the stated values in the second case. O

8.2 Excluding the exceptional harmonic count

The value ny = 2 would force exactly sg = 3 and Vi = e /3. We now prove a strict lower bound
under that same global moment hypothesis. The statement does not require one-block vanishing;
that conclusion is used only to produce the exceptional value to which the bound will be applied.

Proposition 8.3 (Conditional lower volume bound). If sg = E(v? + b?) = 3, then Vi > 472 /3.
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Recall from Section 4 that £ is expectation over the unit tangent bundle, and that R is the
normal Jacobi curvature matrix along its geodesics. With J” +RJ =0, J(0) =0 and J'(0) = Id,
put D(t) = det J(t). We use the topology statement in Lemma 4.3, the geodesic averages in
Lemma 4.2, and the discrete determinant in Lemma 4.5.

Lemma 8.4 (Lower polar bound). One has
7r/\/§
Var > 272 / ED(t)dt.
0

Proof. The open ball of radius 7/v/3 lies in the injectivity domain at every center by Lemma 4.3.
Its volume is the corresponding integral of D and is at most Vj;. Averaging over centers gives the
bound. Increasing open radii justify the endpoint; it does not change the integral. O

Lemma 8.5 (Lower radial comparison). If so = 3 and 0 < t < w/+/3, then, with 6 = \/3t,

ED(t) > 13 (Sin@>5/6 e 0?/36
—_— 0 .

1 (Sin9>_92>1<9>4+1<9)6
5\ 7y 6 =2 \x 3\x) "

Proof. For each integer N > 2, put a = t/N. Let Ly be the scalar Dirichlet tridiagonal matrix on
the interior nodes 1,..., N — 1, with diagonal entries 2 and adjacent off-diagonal entries —1. Put
G = a2L0_ . Tts entries are nonnegative; explicitly,

Moreover,

2min(, j) (N — max(i, j)) goo oW -1

Gij = N ’ 6 6

Write Ry for the block diagonal matrix with blocks R(ia) and define Hy = (G'/2@I1d)Rx (G2 @1d).
For fixed t < 7/+/3 and large N,

32
0<Hy=qld,  q<1l  [|Hy| < “ tr Hy = 3tr G.

2cos(w/N)’

In particular,
tr H% _ 3G

k" 1l-a

—logdet(Id — Hy) = Y _
k>1

This bound is uniform over all geodesics and large N at the fixed time. It justifies taking expectations
in the series and gives a uniform positive lower bound for the determinant ratios, independent of
their increasing matrix dimensions.

By (8), £|R|?> = 3 + 3s0/2 = 15/2. For any ordered product of k > 2 curvature matrices,

|tr(Ry- - Ry)| < 3F72Ry| Ryl

Cauchy-Schwarz and invariance of geodesic-flow measure bound its expectation by (5/6)3%. Neither
commutation nor independence of the matrices is needed. Expanding the block trace of ((G®Id)Ry)*,
its scalar coefficients are products of nonnegative entries of G. Their sum is tr(G*), so

£tr HE < %3’6 e(GY) (k> 2).
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The term k =1 is exactly 3tr G. Therefore
5 1
Elogdet(ld — Hy) > 5 log det(Id — 3G) — 5 trG.

Jensen’s inequality supplies a lower bound for the expected determinant by the exponential of this
expression.
The flat block determinant is N3, and the normalization is exactly

det £ N

N3
Since a = t/N, Lemma 4.5 gives det(Id — Hy) — D(t)/t3, uniformly over geodesics at this fixed
t: on the compact unit tangent bundle the curvature coefficients and their first derivatives are
uniformly bounded. The scalar version gives

det(Id — HN) =

sin 6
7
Passing to these limits proves the first assertion. Equivalently, the uniform logarithmic bound
permits passing averaged logarithms directly; applying Jensen before the limit already suffices.
Finally, in the scalar positive logarithmic series keep only the k = 2,3 terms and, in each, the
largest eigenvalue of G, which tends to ¢2/m2. Subtracting 3 tr G and passing to the limit yields the
second assertion. O

det(Id — 3G) —»

For the exact evaluation, use the new lower-comparison variable u = \/gt/ w. Lemma 4.7 gives
ap = 157/50 < 7 and

0 < S(min(u,1 —u)) < sin(mu) 0<u<l).

The two strict rational integral bounds below include the prefactor; the rows use their polynomial
representatives up to the shared endpoint.

Integrand and prefactor Interval Degree Lower bound
3

%u2(u4/2 +u%/3)S(min(u, 1 —u)) [0,1/2] 15 698/10°

same [1/2,1] 15 40554,/10°

They follow by the rational polynomial integration formula used in Section 4. Adding the base term
2(ak — 4)/9 = 4883/3750 gives a total greater than 1343/1000 > 4/3.

Proof of Proposition 8.3. Write the first bound in Lemma 8.5 relative to t3sin#/6. Its exponential

factor is
o ) L) )
R I W 6 )= T6|2\x 3\x) |

Integrate Lemma 8.4, first up to any 7' < 7/+/3 and then let T increase to the endpoint. All
integrands are nonnegative, so monotone convergence suffices; no uniform endpoint bound for a
logarithm is required. The changes of variable § = /3t, u = 0/7 give

Vi _ 2 2ot

W—AZ/[ > §(712 —4)+ % ; u?(ut /2 + ub/3) sin(7u) du.
The last two rational integral bounds and their constant term make this strictly greater than
1343/1000 > 4/3, proving the assertion. O

Lemma 8.2 makes the n, = 2 case equal to Vjy = 472/3 under so = 3, contrary to Proposition 8.3.
Hence only ny = 1 remains when exactly one block is nonzero.
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8.3 Parallel curvature and global identification

Proposition 8.6 (The remaining parallel tensors). Up to reversing orientation, either T =U =0,
or U =0 and T is parallel with eigenvalues 2, —1, —1.

Proof. In the nonzero one-block case, the preceding exclusion gives ny = 1, so Lemma 8.2 gives
Ev? = 1. The equality case of Proposition 3.3 yields VI' = 0 and v = ¢ = 1, hence eigenvalues
2,—1,—1. The exchanged orientation is identical. If both blocks vanish, the curvature-operator
decomposition gives constant sectional curvature one. O

The model calculation is the Hopf-submersion curvature computation, following the framework
of O’Neill [29]. We include it to fix the metric scaling precisely.

Lemma 8.7 (Curvature of the standard models). The two tensors in Proposition 8.6 are the
curvature tensors of the unit round sphere and of twice the Fubini-Study metric induced by the Hopf
quotient of the unit sphere S5 C C3.

Proof. The first assertion follows immediately from the curvature-operator decomposition. In the
second case choose at one point the orthogonal complex structure I corresponding to the eigenline
of T" with eigenvalue 2. On an orthonormal pair X, Y, the sectional curvature is

K(X,Y)=11+3(IXx,Y)?).

Sectional curvatures determine an algebraic curvature tensor by polarization. Only this choice at a
single tangent space is needed; no global complex structure is assumed.

For comparison, let gi be the quotient metric on S°/S! = CP? obtained by isometric horizontal
lift. At z € S°, the unit vertical field is iz. For horizontal lifts of base vector fields, the horizontal
part of the sphere connection is the lifted base connection by the metric formula, while

(VY = —(iX,Y)iz.
This follows by differentiating (Y, iz) = 0. Substitution in the curvature formula yields
Koy (X,Y) = 14 3(iX,Y)%

To track the factor three, the vertical bracket is [X, Y]¥'* = —2(i X, Y )iz and invariant horizontal
lifts satisfy V,;,Y = iY. The differentiated vertical term and the vertical bracket therefore contribute,
respectively, one and two copies of the same squared inner product. Equivalently, the extra horizontal
term in the sphere curvature expression is 3(iX,Y)iY, whose pairing with X is —3(i X, Y)? relative
to the base expression. Scaling g by two gives the required sectional curvatures.

The quotient metric has parallel curvature: a unitary transformation that fixes a complex line
and is minus the identity on its orthogonal complement induces an isometry fixing that point with
tangent differential —Id. It acts by —1 on the covariant five-tensor VR, so VR = 0. Transitivity
gives this conclusion at every point. The round sphere likewise has parallel curvature. O

Parallel curvature turns matching tensors at one point into matching Jacobi equations along paths.
This is the continuation principle behind curvature-based isometry results such as Ambrose’s [2].
We give the continuation and its inverse explicitly in the present compact, simply connected setting.

Lemma 8.8 (Global continuation of the model isometry). The local identifications furnished by
Lemma 8.7 extend to global isometries.
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Proof. Lemma 4.3 shows that M is simply connected. Both model spaces are simply connected as
well. For the Hopf quotient this can be seen directly: local sections lift any loop to a path in S°.
Join its endpoints in the circle fibre to close the path, contract the resulting loop in S°, and project
the contraction. The added fibre path projects to a constant, so the original loop contracts.

Choose a tangent-space isometry matching the full curvature tensor at one point. On sufficiently
small normal balls the exponential maps give an isometry: in parallel frames the Jacobi equations
have identical coefficients because both curvature tensors are parallel. At a new point, the differential
again matches curvature and defines the same construction on a new normal ball. Compactness
supplies a common positive radius for these local constructions on the two manifolds.

An isometry germ is determined by its value and differential through exponential maps. Hence
it continues uniquely along each path. Subdivide a homotopy square into small pieces lying in
normal balls; uniqueness on overlaps shows that continuation is invariant under homotopy. Simple
connectivity therefore gives a global local isometry. Continue the inverse germ in the same way
on the model. The two compositions agree with the identity near the original points and then
everywhere by continuation. They are inverse global isometries. O

Corollary 8.9 (The oriented classification). Ewvery connected oriented smooth closed Einstein
four-manifold with strictly positive sectional curvature is, after positive scaling, isometric to the
round S* or to CP? with its Fubini-Study metric.

Proof. Strict sectional positivity gives a positive Einstein constant, so the metric can be normalized
to Ric = 3¢g. Proposition 8.6 and Lemmas 8.7-8.8 identify that normalized metric with the unit
round sphere or twice the Hopf quotient metric. Undoing the positive normalization proves the
stated oriented conclusion. O

8.4 The orientation cover and the third model

Completion of Theorem 1.1. Strict sectional positivity makes the Ricci tensor positive definite, so
the Einstein constant is positive. If M is orientable, choose an orientation and apply Corollary 8.9.

Otherwise let p : M — M be the orientation double cover. It is connected, closed and oriented;
for the standard construction and connectedness see [20, Proposition 3.25]. The pulled-back metric
g = p*g has the same Einstein and strict sectional-positivity properties. The nontrivial deck map 7
switches the two local orientations over each point, so it is a free orientation-reversing involution,
and p o 7 = p makes it an isometry of g. After positive scaling, Corollary 8.9 identifies this cover
with one of its two standard models. Conjugating 7 by the model isometry preserves its freeness
and its orientation sign.

The CP? case is impossible. Its integral cohomology ring is Z[h]/(h) with |h| = 2, so h?
generates H*(CP?;Z) [20, Theorem 3.19]. Any self-diffeomorphism sends A to 4h and therefore
fixes h2. It has degree 41, contradicting the required orientation reversal.

On the unit round S* C R®, distance determines ambient inner products by (z,y) = cosd(x,y).
An isometry therefore preserves these inner products: its values on the five coordinate unit vectors
determine an A € O(5), and comparison with their images gives 7(z) = Az for every x € S*. Since
72 = id, we have A? = I. An orthogonal involution has an orthogonal decomposition into its 41
and —1 eigenspaces. A nonzero +1 eigenvector would give a fixed point on the sphere, so freeness
forces A = —I. The scaled base is consequently the round quotient S$*/{z ~ —z} = RP%.

The antipodal map has degree (—1)% = —1 on S*, so it reverses orientation [20, Section 2.2,
property (f)]. Its quotient is a closed connected smooth manifold and inherits the Einstein and
positive-sectional-curvature properties from the round sphere through the local isometry. Thus this
third model does occur, and it is the only nonorientable case. O
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A Analytic foundations and characteristic formulas

This appendix proves the analytic inputs stated in Section 3. Throughout, M is the standing closed,
connected, oriented four-manifold with Ric = 3¢ and strictly positive sectional curvature. Only
that normalized geometry and the conventions of Section 2 are used; none of the volume, Hessian,
coupling, or classification conclusions enters.

A.1 Elliptic facts, density, and Poisson solvability

We use the following basic analytic facts on a closed smooth four-manifold. The inclusion H' C L*
is continuous, and H' C L* is compact for 2 < s < 4. Smooth scalar and bundle operators with
Laplacian leading symbol satisfy the local W?2P estimates for 1 < p < oo, together with their iterated
Sobolev consequences. All operators below have these hypotheses, and all nonlinear terms are put on
the right side before applying the estimates. For scalar operators we use the strong interior estimates,
Dirichlet solvability, and improvement of strong-solution integrability in Gilbarg-Trudinger [16,
Theorem 9.11, pp. 235-236; Theorem 9.15 and Lemma 9.16, pp. 241-242]. The initial weak-to-strong
passage for the nonlinear minimizer is justified in the next subsection, rather than inferred from
an estimate for strong solutions. For a weak bundle equation with L? data, write the operator
in a smooth local frame: its principal part is scalar, while its first-order coupling applied to an
H?' section belongs to L?. A cutoff reduces each component to a scalar equation for Ay—Cona
smooth ball, with C' > 0. Strong zero-boundary solvability and coercive energy uniqueness identify
that component with its W22 solution. Once this initial regularity is established, componentwise
interior estimates and interpolation absorb the smooth first-order couplings; differentiation gives
the higher regularity used for Poisson solutions and eigenfunctions.

Smooth functions are dense in H'(M): use local mollification in a finite coordinate cover and
a smooth partition of unity. The same construction gives uniform and H'! approximation for a
Lipschitz function, as used in the weak norm testing rule.

For completeness, every smooth mean-zero function h has a unique smooth mean-zero solution
of A¢ = h. On the mean-zero subspace of H!, the Dirichlet energy is coercive. Indeed, otherwise a
sequence with unit L? norm and gradients tending to zero has, by compactness in L?, a mean-zero
limit with unit norm and zero weak gradient. On the connected manifold that limit is constant, a
contradiction. The variational equation

E(d¢, dy) = —E(hy)

therefore has a unique mean-zero weak solution by the Hilbert-space representation theorem. The
local regularity above makes it smooth. The same energy identity proves uniqueness. This is the
Poisson fact used in Proposition 3.1.

A.2 The sharp Sobolev inequality

We give the normalized four-dimensional Einstein case of Ilias’s inequality [22, Theorem 3]. Its
nonlinear Hessian proof belongs to the Bochner approach to elliptic rigidity; compare Bidaut-Véron—
Véron [4].

Proof of Proposition 3.2. Fix 2 < s < 4 and minimize

E(w? + %]VwP)

Ol0) =~ Eueere
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under E|w|® = 1. A minimizing sequence is bounded in H'; weak compactness, compact inclusion
into L?, and lower semicontinuity give a minimizer. Taking its absolute value does not increase the
energy, so choose w > 0. The ordinary Sobolev embedding makes the minimum mgs positive, and
the constant test function gives my < 1. The Euler equation is

—Aw + 2w = 2maw* .

1/(s=2)

After setting u = mg w, it becomes

—Au + 2u = 205" L

We record the regularity needed to use a negative power of u. We first pass from the weak
minimizer to a strong solution. Choose a smooth coordinate ball B and a cutoff n € C°(B). For
z = nu the weak equation gives

(Ay —2)z = —2nu*~t + 2(dn, du) + (Ayn)u =: F € L™(B), ro = min{2,4/(s — 1)} > 4/3.

The strong Dirichlet existence theorem [16, Theorem 9.15] gives a solution wp € W27 (B) ﬁVVO1 "(B)
with this right side. The domain and coefficients are smooth, the operator is uniformly elliptic, and
its zeroth-order coefficient is —2. In dimension four, 79 > 4/3 implies W27 C W14 for some ¢ > 2;
compatibility of Sobolev traces therefore gives wp € HE(B). The difference z — wp € Hi(B) solves
(Ay —2)(z —wp) = 0 weakly. Testing by z — wp shows that it vanishes. Thus u is locally W27,
and the strong interior estimates and integrability improvement now apply [16, Theorem 9.11 and
Lemma 9.16].

Initially v € L*, while u*~2 € L" with r = 4/(s — 2) > 2. If u € L9, the equation has right side
in LP with 1/p = 1/q + 1/r. The W?P estimate and Sobolev embedding improve 1/¢ by a fixed
positive amount smaller than 1/2 — 1/r. Initially p = 4/(s — 1) > 1. Iteration reaches p > 2, giving
boundedness; at a borderline exponent p = 2, use any finite larger ¢ before the next iteration.

After boundedness, the equation gives u € W?2P for every finite p. Since s —1 > 1, the derivative
of t*~1 is bounded on the bounded nonnegative range of u. Differentiating the equation once, and
applying the same local regularity argument to each first coordinate derivative, gives u € W3P for
every finite p. In particular, u € C*® for some o > 0. For C' > 2 we have

(=Ay+ C)u = (C —2)u+2u*"1 >0.

The classical strong maximum principle gives v > 0, since v > 0 and u # 0. A direct barrier proof
uses a positive exponential radial function on an annulus tangent to the zero set: the weak maximum
principle forces a nonzero inward derivative at the tangency point, contradicting nonnegativity and
differentiability. Compactness now gives a positive minimum. The nonlinearity is smooth on this
positive range, so further differentiation and elliptic regularity give smoothness of u.

Put F = u~'. Its equation is

FAF —2|VF|* 4 2F? = 215,
Since div(Hessy F)) = 3 d(AF + 4F), differentiation gives
3
div(F " Hesso F) = ZF~4[F dAF + (AF)AF — 4Hess F(VF, -) +4F dF]

= 3(4 —s)F717* dF.
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Pairing with dF' and integrating yields
3
—EF 3| Hesso F|* = S - sYEF~1=%|dF)?.

Both sides have opposite signs, so dF' = 0. The positive constant solution of the equation for u is
u = 1. The normalization of w then gives w =1 and ms = 1.

Thus the claimed inequality holds with 4 replaced by every s € (2,4) and outer exponent 2/s. For
fixed f € H', the ordinary inclusion H! C L* and dominated convergence give | f]| Lo(dv) = I fllzagan)
as s T 4. This proves the stated critical inequality. O

A.3 Harmonic forms and the characteristic identities

We derive the Euler and signature formulas using the complex of forms and an explicit signed heat
computation. This is the heat-supertrace method of McKean—Singer [25]; general formulations and
local coefficient calculations appear in Gilkey [17, Theorems 1.7.6 and 4.8.16].

We first record the spectral heat construction for a smooth symmetric Laplace-type operator
L =—A+ F on a Euclidean bundle over M. Adding a sufficiently large constant gives a coercive
quadratic form on H'. Its weak inverse is compact and self-adjoint on L? by compact embedding, and
elliptic regularity makes its eigenfunctions smooth. The spectrum is discrete with finite multiplicities
and tends to infinity. Spectral heat evolution is smoothing for every positive time: polynomial
powers of the shifted eigenvalue times e ** are bounded, and elliptic estimates for powers of L
identify the corresponding Sobolev bounds.

For completeness, these estimates also justify smooth kernel and trace expansions. For a
sufficiently large integer k, evaluation of any prescribed finite derivative after (L +C)~* is a bounded
functional on L?, uniformly in its base point. Applied to an orthonormal eigenbasis, the Riesz
representation theorem gives a uniform bound for the sum of the squared derivative values divided
by (A + C)%. Cauchy-Schwarz and the exponential factor then give uniform convergence of the
spectral kernel series and all its derivatives for ¢ in compact subintervals of (0,00). Integrating the
diagonal gives the usual heat trace. Uniqueness with prescribed initial point mass follows by testing
the kernel against the eigenfunctions.

Lemma A.1 (The form-complex Laplacians). Consider the elliptic complex
A0 DAt 2z P,

Its three Laplacians are the Hodge Laplacians on the indicated bundles. Written as —A + E, their
potentials are
Ey =0, FE, =31d, E, =41d-2T.

Its alternating heat trace is 1 4+ ny.
Proof. The middle complex Laplacian is
dd* +2(d")*d" = dd* + d*d + d*x d.

The last term is zero by d? = 0 and the formula for the codifferential. On self-dual two-forms, Hodge
star exchanges dd* and d*d, so 2P;dd* is their sum. This identifies the last Laplacian; the scalar
one is immediate. Their elliptic principal symbols are consequently those of the metric Laplacian.
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Commuting covariant derivatives in the one-form Hodge Laplacian gives the Ricci endomorphism,
equal to 31d. For the plus potential, write a self-dual form as n = 3", 7sI5/v/2. Its Hodge energy is
2E|d*n|?, which equals
2

1
B B (Vo + 5OV ).

Z IsVns

where C'= )" I ® X5 now uses the spin-one generators on the plus coefficients. The equality follows
by expanding the quaternion products. Integrating the C term and taking its skew derivative
commutator gives the potential

1
752(1 + )22,
S

In the spin-one representation, ¥2 = 4(ese] — Id). The potential is therefore 41d —27, as asserted.
The scalar kernel consists of the constants. A harmonic one-form satisfies

0=E(|Vn|* + 3n/*),

so the middle kernel vanishes. The last kernel has dimension n. On each positive eigenspace of the
complex Laplacian, the complex differential commutes with the Laplacian, and its adjoint divided
by the eigenvalue is a contracting homotopy. That finite-dimensional complex has zero alternating
dimension. Summing the heat factors over the positive spectrum leaves only the kernel contribution
1+ n,. O

Lemma A.2 (Local signed heat coefficient). For the three operators in Lemma A.1, let str denote
the trace on A minus that on A' plus that on A*. Write Q for their connection curvatures. The
constant local coefficient of their alternating heat trace, including the factor (47)~2, is

1 (1, 1 )
1671_2(2SJ51'E +128tr;§2k1)

Proof. Fix the source point of the kernel. In normal coordinates z around it, use radially parallel
orthonormal frames on each of the three bundles and set p = v/det g, h = /2. The ansatz

(4mt) "2 UD N iy (2)

>0

gives Uyp = h1d and the transport equations
1
<z -0+7+ 27" 6logu> Uj=—-LUj_.

Here the radial connection coefficient is zero. The scalar part follows also from A|z|? = 8+22-0log u.
Solving the radial equation gives

Uj(z) = —h(z) /01 s7 YW LU 1) (s2) ds.

These transport solutions compute the actual local asymptotics. Indeed, truncate at any large
N and apply a cutoff inside a normal ball. The resulting kernel has initial delta mass, and the
transport equations leave a residual uniformly O(t"¥~2); derivatives of the cutoff give exponentially
small terms. The heat evolution of a metric connection with bounded potential has a bounded
sup norm on bounded time intervals, by the maximum principle for the squared norm. Duhamel
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integration therefore makes the difference from the true kernel O(tV~1). Compactness permits a

uniform normal-ball radius and uniform constants in the source point. Taking N large justifies the
diagonal coefficient calculation below.

In these frames write the connection as 0; + A;. Every A; is skew-symmetric and radial gauge
gives

Ailz) = %szki(O) +O(2]2).

For example, the exact radlal gauge identity A;( fo 527 (s2) ds follows by contracting the
curvature equation with z* and integrating along the radius. The signed ranks and potentials satisfy,

at every point,
strld=1-443=0, str B = —12 4 tr(41d —2T") = 0.

In coordinate form, -
L=—g"[(8 + A4)(9; + 4)) = T5(0 + A)] + B

Apply this to Up = h1Id. All purely scalar terms have zero supertrace. Every term linear in A; or a
coordinate derivative of A; has zero ordinary trace in each bundle, by skewness. The potential has
zero supertrace pointwise. Thus the exact surviving expression is

str(LUp)(2) = —h(2)g" (2) str(Ai(2) A;(2)).

In particular, derivatives of the varying potential have already disappeared before the radial integral
is taken. The transport formula now gives

o
strUy(z) = h(z)/ g" (sz) str(A;(sz)A;(sz)) ds

z z strZQ;ﬂ )% (0) + O(|2]?).

The coefficient is % fol s2ds = % Scalar and metric corrections do not change this quadratic term.
At the center, 4;(0) = 0, I'(0) = 0, and 3>, 9;4;(0) = 1 3°,;;(0) = 0 as an endomorphism.
Consequently

U1(0) = ¢Id —E(0), (LUY)( Z d2U1(0) + E(0)UL(0),

where c is the same scalar for all three bundles. Thus there are no additional connection terms at
the center. Taking the Laplacian of the signed quadratic expression gives

1
strZ@fUl(O) = gstrZQ%i, str(EUL(0)) = — str E2.
i ki

Since the transport equation at the center gives Us(0) = —3(LU;)(0), we obtain

1
str Us(0) = istrEZ—l——strZQ

The lower coefficients have zero signed diagonal trace. Multiplication by the heat prefactor (4mt) =2
now proves the assertion. O
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Proof of Proposition 3.4. By Hodge theory, harmonic forms represent de Rham cohomology. The
scalar kernel is one-dimensional, and the one-form kernel vanishes by Lemma A.1. Hodge star gives
the corresponding dimensions in degrees four and three. On harmonic two-forms, the intersection
form is positive definite on the self-dual part and negative definite on the anti-self-dual part. Thus
its signature is n4 —n_, and the alternating sum of the Betti numbers is 2+ n4 +n_. This identifies
the integers in Proposition 3.4 with the topological signature and Euler characteristic without using
simple connectivity.
The potential-square supertrace is

str B2 = —tr(91dp1) + tr((41dy+ —27)%) = 12 + 2402

On one-forms, the connection curvature has plus and minus generators I, J;. Orthogonality of the
two-form bases, together with I? = J2 = —1d, gives

trar Y Q2 =—4 1+t5)% + (14 u)?) = —24(1 4+ 0% + b?).
ki
ki s

On plus two-forms only the plus generators act, and each speed-two spin-one generator has square
trace —8. Therefore

tras Y Q5 =—8) (1+1t,)* = —24(1 4 20%).
ki s

The scalar connection is flat. Hence strZQ%i = 24(b? — v?), and Lemma A.2 gives the signed
constant density
1
——(6+ 100 + 2b?).
1 67T2( + 10v° 4 2b7)
Integrate this against d vol, and compare with the constant alternating heat trace from Lemma A.1:

167%(1 + ny) = Vol(M) E(6 4 100> + 20%).

Reverse orientation to get the analogous formula with n_,b,v. Adding and subtracting the two
formulas gives exactly (6).

On anti-self-dual forms the potential is 4Id —2U. If U = 0, the energy of a harmonic anti-self-
dual form is the integral of |Vn|? + 4|n|?, so its kernel is zero. The assertion for T' = 0 follows in the
same way. O

B Minimizing geodesics and topology

We prove Lemma 4.3 in the standing setting: M is a closed, connected, oriented smooth four-
manifold with Ric = 3¢ and strictly positive sectional curvature. Along a unit-speed geodesic, let R
be the normal Jacobi curvature matrix in a parallel orthonormal frame. The hypotheses give

0<R<3Id, trR = 3.

The trace supplies the diameter estimate, the upper bound supplies the conjugate-radius estimate,
and strict positivity supplies the shortening variations. Orientation is used in the normal-holonomy
argument. These are the classical methods of Myers, Synge, and Klingenberg [27, 31, 23]; the proof
below retains the endpoint variations and proves simple connectivity independently of all volume
and classification conclusions.
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Proof of Lemma 4.3. For a unit-speed geodesic of length L, the index form on normal fields with
zero endpoint values is

L
I(Y,Y):/O ([Y'|? — (RY,Y)) dt.

It is nonnegative on a minimizing segment, by the second variation of energy. Summing it on three
parallel normal unit fields multiplied by sin(7t/L) gives

R 1
2 \ L2 ’

so a minimizing segment has length at most w. It cannot contain an interior conjugate point: a
nonzero Jacobi field vanishing at the initial point and that interior point, extended by zero, has
index zero but is not in the nullspace of the index form. The latter assertion follows by integration
by parts against a field whose value pairs nontrivially with the jump in its derivative. A nonnegative
quadratic form, however, pairs a zero-energy vector to zero against every vector, a contradiction.

The ordinary Dirichlet Poincaré inequality and R < 3Id show that a nonzero field with zero
endpoints has positive index when L < 7/+/3. Thus no conjugate point occurs at such a distance.
We show that no cut point occurs at a smaller distance either. Let ¢ be the infimum of all cut radii;
compactness and normal balls give ¢ > 0. Suppose ¢ < 7/ V'3 and choose cut segments with lengths
tending to ¢, all below the conjugate-radius bound. Each endpoint has two distinct minimizing
segments from its starting point. To see this, extend a cut segment a little and take limits of
minimizers to the extended endpoints. If the limiting minimizer were the original segment alone,
local invertibility of the exponential map would force the extended segment to remain minimizing,
contrary to its cut time.

After passing to a subsequence, compactness gives two length-c¢ minimizing segments with
common endpoints p, q. Their initial vectors cannot coalesce: the endpoint map

(p, w) — (p, exp, w)

is a local diffeomorphism at every vector in question, so two converging branches in the same
inverse-function neighborhood would coincide. This map also supplies two distinct smooth local
geodesic branches for nearby pairs of endpoints.

Their terminal unit velocities must be opposite. If these velocities are w1, uo with us # —uy, move
¢ initially in direction —(u; + u2). The first length variation of both branches is —(1 + (u1,u2)) < 0.
Both branches would then have length less than ¢. Every geodesic of length less than the global
cut infimum is minimizing and lies in the injectivity domain, so two distinct such branches are
impossible. Moving p instead proves that their initial velocities are opposite as well. The first
segment followed by the reverse of the second is therefore a smooth closed geodesic.

Parallel transport around this closed geodesic fixes the tangent and preserves orientation. Its
action on the three-dimensional normal space belongs to SO(3), and hence fixes a nonzero vector.
Let V' be the resulting periodic parallel normal field. Move both endpoints along geodesics with
initial velocities V' (p), V' (q), so their accelerations at the variation origin vanish. The local geodesic
branches vary smoothly. Their variation fields J are normal: their tangential components are affine
and have zero boundary values. For either branch, W = V — J has zero boundary values and
I(J,W) =0, while I(W, W) > 0 because the unvaried segment is minimizing. Thus

1(,0) < I(V,V) = — /(RV, V) <0,

The first length variations vanish, and these negative index values are the second length variations,
since there are no endpoint acceleration or tangential terms. Both branch lengths therefore become
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less than c¢. They remain distinct in their disjoint inverse-function neighborhoods, and lengths below
¢ force them to be minimizing. This is the same contradiction as above, proving the injectivity
bound.

Finally, a nontrivial free homotopy class would have a shortest representative. Indeed, constant-
speed minimizing sequences have a uniform Lipschitz bound; compactness gives a uniformly conver-
gent subsequence, and sufficiently close loops are freely homotopic by the short normal geodesics
between corresponding points. A uniform normal ball radius also gives a positive lower bound
on lengths of nontrivial loops. Local geodesic replacement shows that the minimizing loop is a
nonconstant smooth closed geodesic. Its normal holonomy again fixes a nonzero parallel field, whose
periodic variation has strictly negative second length variation. The variation preserves its free
homotopy class, a contradiction. Hence the fundamental group is trivial. O
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