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Abstract

We prove that every complete connected noncompact Kéhler manifold with strictly positive
holomorphic bisectional curvature is biholomorphic to complex Euclidean space. This resolves
Yau’s uniformization conjecture positively in every complex dimension.
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1 Introduction

In his 1982 problem survey, Yau asked whether a complete noncompact Kéhler manifold with
positive holomorphic bisectional curvature must be biholomorphic to complex Euclidean space [57,
§9(b), p. 45]. We prove the conjecture under its pointwise positivity hypothesis.

Theorem 1.1. Let M be a connected noncompact complex manifold of complex dimension n > 1. If
M admits a smooth complete Kdhler metric with strictly positive holomorphic bisectional curvature,
then M 1is biholomorphic to C™.

Strict positivity in Theorem 1.1 is pointwise. In particular, the theorem assumes neither a
uniform positive lower bound nor a finite upper bound for the curvature. No volume-growth,
noncollapsing, Ricci-pinching, or topological hypothesis is added. Its conclusion identifies the entire
complex manifold with C"; it does not assert that the given metric is Euclidean. In particular, M is
Stein and contractible. It resolves Yau’s uniformization conjecture for strictly positive holomorphic
bisectional curvature in every complex dimension.

1.1 Antecedents and the remaining analytic difficulties

The one-dimensional case belongs to the classical relation between curvature and conformal type. A
complete noncompact Riemann surface of positive Gaussian curvature is conformally the plane, by



Cohn-Vossen’s topology theorem and the parabolicity theorem of Blanc—Fiala—Huber [13, Satz 8][29,
Theorem 15]. In the compact setting, the Frankel conjecture was resolved by Mori and by Siu—Yau:
positive holomorphic bisectional curvature characterizes complex projective space [41, 51]. Yau’s
noncompact question asks for an analogous characterization of complex Euclidean space while
allowing unrestricted geometry at infinity [57, §9(b), p. 45].

One route to this problem studies holomorphic functions and algebraic embeddings. Greene—Wu
showed that positive real sectional curvature yields a smooth strictly convex exhaustion and hence
Steinness [25, Theorem 10]. Mok obtained an affine-algebraic embedding under positive bisectional
curvature, maximal volume growth, and quadratic scalar-curvature decay [40]. These results
connect curvature to global function theory while retaining hypotheses or conclusions different from
unrestricted uniformization. Chen—Zhu proved intrinsic growth and average-curvature estimates
under pointwise positive bisectional curvature [10]. In particular, their linear average-scalar-curvature
bound requires no upper curvature bound, but its constant may depend on the center. They also
pursued algebraic compactification under bounded positive sectional curvature and a finite top Ricci
integral [11]. Ni-Tam developed heat deformation of plurisubharmonic functions under nonnegative
bisectional curvature, without a global upper curvature bound [44]. Their smoothing theorem keeps
an explicit growth condition on the initial function.

A second route uses geometric flow to construct shrinking holomorphic charts and then assembles
those charts by complex dynamics. Cao’s differential Harnack estimates for Kéhler—Ricci flow [6]
are an analytic antecedent of this approach. Chau—Tam established uniformization under bounded
nonnegative bisectional curvature and maximal volume growth [7]. Their later work developed locally
biholomorphic charts, covering and pseudoconvex-domain conclusions, and soliton-limit methods
under additional curvature-decay or pinching conditions [9, 8]. The distinction between a covering, a
map onto a domain, and a biholomorphism onto all of C" is essential here. Liu proved uniformization
under nonnegative bisectional curvature and maximal volume growth, without an upper curvature
bound, using a Gromov-Hausdorff approach and retracting holomorphic vector fields [38]. Lee-Tam
subsequently obtained the same conclusion under these hypotheses by smoothing the metric and
applying the bounded-curvature theorem [34]. Both results retain maximal volume growth.

Recent work has removed assumptions at infinity in important special cases.! Datar, Pingali, and
Seshadri [17, Theorem 1] prove that every complete noncompact Kéhler surface with positive real
sectional curvature is biholomorphic to C?. Their method uses Lipschitz plurisubharmonic weights of
finite Monge—-Ampére mass and weighted holomorphic functions. For positive bisectional curvature,
their Theorem 2 gives the same conclusion under strong Steinness, contractibility, and simple
connectivity at infinity. Here strong Steinness means the existence of a smooth plurisubharmonic
exhaustion with bounded gradient. Wu [56, Corollaries 1.5-1.6] removes contractibility from this
criterion: strong Steinness and simple connectivity at infinity suffice. Wu also obtains the conclusion
under positive bisectional curvature when the latter topological condition holds and the real sectional
curvatures are nonnegative outside a compact set. These are surface results; positive real sectional
curvature is a stronger hypothesis than positive holomorphic bisectional curvature.

The finite-mass approach also leads to higher-dimensional results. Datar, Pingali, and Seshadri
[18, Theorem 1.1] prove finiteness of the integral of the top power of the Ricci form on complete
noncompact Kéhler manifolds with positive real sectional curvature. Their theorem also applies
under positive bisectional curvature when a smooth strictly plurisubharmonic exhaustion with

'The cited versions also record Al assistance. Datar, Pingali, and Seshadri credit ChatGPT pro 5.2 with the nor-
malization observation used in Lemma 5.13, as well as feedback and discussions [17, Section 1.1 and Acknowledgments].
Their later paper credits ChatGPT 5.5 Pro with the auxiliary function and induction for the Bézout estimates, and
ChatGPT 5.0 in thinking mode with the heat-comparison estimate recalled as Lemma 2.2 [18, Sections 1-3]. Wu reports
ChatGPT-6 assistance in developing the proofs and the author’s verification of the arguments [56, Acknowledgments].



uniformly bounded gradient is available; with positive bounded sectional curvature, they obtain
quasiprojectivity [18, Theorem 1.2]. Dat [16] develops an m-Hessian capacity approach to finite-
Monge—-Ampere weights in complex dimensions at least three; its proposed uniformization route
retains proper-map and multiplicity assumptions.

A complementary direction relates holomorphic growth to the asymptotic geometry of the
Kéahler—Ricci flow. Shi [50, Theorem 1.6] proves an identity between the minimal growth degree of
holomorphic volume forms and the refined minimal degrees of holomorphic functions for complete
noncompact Kahler manifolds with nonnegative bisectional curvature and nonsplitting universal
cover. Under maximal volume growth, the flow results and coordinates in [50, Theorem 1.7
and Corollary 1.12] connect these holomorphic degrees with Lyapunov exponents. This gives a
quantitative connection between the function-theoretic and flow approaches to uniformization in
that growth regime.

Two issues must be addressed in the unrestricted problem. First, the initial metric can have
unbounded curvature and arbitrarily collapsed regions. A complete bounded-curvature flow theorem
or a global tensor maximum principle cannot therefore be used without first establishing its
hypotheses. Second, shrinking charts alone can identify the manifold with a proper domain in
C". To obtain surjectivity, one needs quantitative control of their coordinate changes even when
contraction rates vary substantially.

1.2 Structure of the proof

Write g for the initial metric and fix o € M. We construct a global Kéhler—Ricci flow hy by complete
Hermitian approximations on exhausting domains. Estimates for the metric and its logarithmic
volume loss p(z,t) = log(det g(x)/det hy(x)) pass to the limit without global curvature control.
A spatial weight adapted to the nonnegative form g — h; then proves scalar comparison before
completeness of h; is known. This order is important: completeness is a later consequence of the
Harnack inequality.

The curvature argument takes place on the holomorphic cotangent bundle. We minimize the
boundary squared dual norm over holomorphic discs, with compact boundary walls and a vanishing
area penalty. The canonical symplectic bivector relates the complex Hessian of the norm to its
time derivative. A quantitative deformation lemma gives a viscosity inequality for the disc infimum;
optimizing a Hermitian ellipsoid in each fiber converts that inequality into the scalar comparison
already proved. The infimum therefore equals the evolving squared dual norm. This gives joint
positivity in space and logarithmic time, hence the matrix and scalar Harnack inequalities.

The proof uses three time parameters, each for a different estimate:

Clock Definition Role

Physical time t Kéhler—Ricci flow

Logarithmic time 7 = logt Joint positivity and Harnack estimates
Volume clock s = p(o,t) Chart contraction and polynomial degrees

The volume clock becomes strictly increasing by the Ricci positivity proved in Section 7. Sections 4-5
use s temporarily for the physical time at a disc center; from Section 7 onward it always denotes
the volume clock.

The volume clock measures contraction directly. For the transition Fj, from a centered unitary
chart at clock s to one at u > s,

| det F; ,(0)] = e~ (u=9)/2,



Writing R(x,t) for the scalar curvature of h;, the speed of the volume clock in logarithmic time is
q(s) =ds/dr =tR(o,t). A static logarithmic-norm estimate bounds the greatest singular length of
an h-unitary local chart, measured in the initial metric g, by a fixed power of its least singular length.
Together with the determinant loss, this controls contraction in every direction. Selected time
intervals with Ricci pinching then give a contraction argument for loops. Simple connectivity allows
the local inverse charts to continue coherently over exhausting compact sets, and a plurisubharmonic
Liouville argument gives one contraction exponent valid on every fixed compact set.

Finally, we normalize the volume jets of the transition maps and construct polynomial auto-
morphisms with constant Jacobian. The nonlinear shears used to realize normalized jets have
determinant one; the full models retain their contracting linear determinant. Intervals of nonuniform
contraction are allowed: their degree cost is charged to growth of ¢ in the volume clock. Inverse
iteration of these models makes the corrected inverse charts converge to an injective holomorphic
map M — C". A subsequential bound for the degree of the forward compositions, together with
smallness on compact subsets of the image and an inverse-ball inclusion, rules out a finite maximal
radius for centered balls in the image. This proves that the limiting coordinate map is onto all of C”.

These mechanisms are proved in the order in which they are used. Sections 2—-3 establish the
initial analytic data and scalar comparison. Sections 4-6 prove joint positivity by discs and ellipsoids.
Section 7 obtains completeness, simple connectivity, and quantitative shrinking charts. Sections 89
construct the biholomorphism. In particular, the disc-deformation estimate and the forward-degree
estimate are stated with the uniformities needed at their later applications.

1.3 Conventions

We use the real curvature convention in which Rm(a, b, b, a) is the sectional-curvature numerator of
the plane spanned by a,b. The hypothesis is

Rm(u,v,v,u) + Rm(u, Jv, Jv,u) >0

for every pair of real unit tangent vectors u,v at every point. By the Kéhler symmetries, this is
equivalent to Griffiths strict positivity of T5°M in complex notation. In complex dimension one
the displayed sum equals Gaussian curvature.

We identify a Hermitian tensor (aﬁ) with its real (1,1)-form, suppressing the factor v/—1 when

no confusion can result. Thus d9f denotes the complex Hessian of f, Ap,f = try d0f, and
dthy = —Ric(hs),  Ric(h) = —9dlogdet h.

All Laplacian, curvature, and volume conventions in the proof use this normalization. The dual of
a Hermitian metric includes the transpose dictated by the holomorphic cotangent pairing; matrix
contractions below retain it explicitly when necessary.

The initial complete metric is g, a fixed base point is o, and r(z) = dg4(o, z). Constants may change
between estimates. Subscripts indicate dependencies when those dependencies matter. For Hermitian
forms, A = O(b)h means —Cbh < A < Cbh. The abbreviation psh means plurisubharmonic. A
positive constant extracted from curvature on a specified compact set is never understood to be
uniform over all of M.

2 Functions, sections, and smoothing on the initial manifold

Throughout this Section, distances, balls, norms, and volume are those of the complete initial metric
g. Fix o € M and put r(z) = disty(0,2). Constants may depend on g and o. In particular, the
estimates below are not estimates uniform over all choices of center.



We prepare the functions and estimates used in the flow and disc arguments. Holomorphic
interpolation supplies global functions and tangent fields for controlling analytic discs, and canonical
sections with growth bounds for the flow’s potential barriers. Heat smoothing produces a smooth
exhaustion with controlled complex Hessian; combined with the canonical sections, its cutoffs yield
averaged curvature estimates.

Proposition 2.1 (Initial analytic data). The following objects and estimates are available.

(i) There is a smooth strictly plurisubharmonic function ¥ with ¢ < C(1+ 7).

(ii) Holomorphic functions and holomorphic tangent fields interpolate arbitrary finite jets at a finite
set of points. There are finitely many holomorphic functions defining an injective immersion
F: M — CN, and finitely many global holomorphic tangent fields spanning TYOM at every
point.

(iii) At every point x there is a global holomorphic canonical section S with S(z) # 0 and log \S]g <
Cs(1+41). There is also a smooth function Z such that

90Z > Ric(g), E<C+7r%?). (2.1)
(iv) There is a smooth exhaustion u > 1 such that
Cl1+r)<u<C+r), |Oul, < C, |00u|, < C/u. (2.2)

(v) If S(o) # 0 is chosen as in (iii), then, for L > 1,

1 ) 1
_ < _ < . .
Vol B(o, L) /B(o,L)|log |S|g’ dVy < CL, Vol B(o, L) /B(o,L) RgdVy < C/L (2:3)

Neither F' nor i is asserted to be proper. The exhaustion in (iv) has a two-sided complex Hessian
bound.

2.1 The weight and holomorphic interpolation

Let v be a unit-speed ray starting at o and let

ba) = lim {d,(0.7(7)) — dy (.7 ()}-
Jj—00
The triangle inequality gives monotonicity of the expressions in braces, their boundedness on compact
sets, and |b(z) — b(y)| < dgy(z,y). We recall the complex Hessian comparison that makes b strictly
plurisubharmonic; this is the Busemann input in the argument of Chen—Zhu [10, Section 2].

Take z in a fixed compact set and a minimizing segment of length [ from x to v(j). For an
initial vector X, use its parallel translate multiplied by 1 — ¢/l as a comparison variation field,
and use the same field construction for JX. The second variation of length is computed on their
perpendicular components. Its curvature contribution is the negative of

/Ol(1 — o /)*{Rm(¥, X, X, %) + Rm(¥, JX|, JX|,%)} do.

Removing radial components does not change this expression. It is a positive multiple of the
bisectional curvature before the minus sign. On a fixed short initial subsegment, positivity is
bounded below for all unit initial vectors and all unit initial directions based in the chosen compact.
The derivative term in the index form is O(I~!). Consequently the sum of the two second derivatives
of the distance is at most —cg|X|? + O(I71)| X |2, with cx > 0.



This comparison does not require a smooth distance function. Vary the initial endpoint along
a holomorphic germ and use the comparison paths to obtain smooth upper supports for distance.
The sum of the endpoint acceleration terms vanishes for the two real directions of that germ. Their
negatives give lower supports for the signed distance, with the same strict Levi lower bound. An
upper test for the signed distance also lies above its lower support and therefore has this Levi lower
bound. Local uniform passage to b gives the same viscosity inequality. Equivalently, testing on
complex lines gives the subharmonic inequality. Thus b is strictly plurisubharmonic, with a positive
Levi lower bound on each compact. Richberg approximation, with pointwise error less than one,
gives a smooth strictly plurisubharmonic ¢ with ¢) < 14 r after adding a constant [46][24, Section 4,
Corollary 2].

Here are the bundle choices for the interpolation step. Write K = A" T*(L0O A1 A function, a
canonical section, and a tangent field can be regarded respectively as a holomorphic top form with
coefficients in

K1, 1, TYOM @ KL, (2.4)

The first has nonnegative curvature, the second is flat, and the last has nonnegative Nakano
curvature: it is £ ® det F for the Griffiths-positive bundle E = TV9M, so the Demailly-Skoda
tensor-with-determinant theorem applies [19, Theorem 2.6]. These statements refer to the coefficient
bundles in (2.4); no Nakano positivity of E itself is being assumed.

For completeness, prescribe jets of order m at a finite set A. Choose disjoint coordinate balls
and local holomorphic sections with those jets, multiply them by cutoffs equal to one on smaller
balls, and call the resulting smooth section sg. Its  is supported in a compact set disjoint from A.
Use the weight

kv + Zcmﬁalog|zal2, Cm >N+ m,
acA
where each ¥, is one near a and supported in the chosen coordinate ball. The negative Hessian terms
of the cutoff logarithms are supported in a fixed compact. A sufficiently large k makes the total
weight strictly plurisubharmonic and dominates those terms. The inverse-curvature norm of dsg is
integrable, since its support avoids the poles. The complete Kéhler L? estimate for bundle-valued
top forms gives v with dv = Jsg and finite weighted norm [28][19, Theorem 5.1]. The singular-weight
statement follows by regularizing the logarithms, using uniform estimates, and taking a weak limit.
Near a point of A, v is holomorphic; integrability against |z,| 2" forces its Taylor coefficients
through order m to vanish. Hence sg — v has the prescribed jets. This also proves point separation
by including two points in A.
For a canonical section, the same construction gives

/ \S\f]e_kw dVy < oo.
M

The cutoff pole weights can be dropped in this estimate at the price of a constant. The function
|S \3 is subharmonic: away from its zeros, ddlog|S |§ = Ric(g), and its squared norm has the
same nonnegative distributional Laplacian across the zeros. The local mean-value inequality on a
radius-one ball [35, Theorem 2.1], together with the upper bound for v, yields

1S(2)]2 < Volg?:z,l) exp(Cs(1+ r(x))).

Nonnegative Ricci curvature gives Vol B(x,1) > ¢(1 + r(x))~2" by Bishop-Gromov relative volume
comparison with a fixed ball at o [26, §2.1]. Its polynomial loss is absorbed by the exponential.



This proves the growth assertion in Proposition 2.1; compare the canonical-section construction in
[10, Section 3.

We explain why finite tuples suffice, using the dimension-count argument underlying parametric
transversality. The compact-open spaces of holomorphic functions and sections are Fréchet and
hence Baire spaces. Fix a compact family of points, or of distinct pairs of points. Surjectivity of
finite-jet evaluation, openness of matrix rank, and a finite cover give a finite-dimensional space of
perturbations whose evaluation derivative is onto on a neighborhood of that compact family. This
derivative is independent of the perturbation parameter, since the evaluations are affine linear. Thus
the universal evaluation is a submersion there.

For each smooth stratum of the forbidden locus, its inverse image has real codimension equal
to that of the stratum. If this codimension exceeds the real dimension of the point or pair space,
the inverse image has dimension less than the perturbation space. Its projection to that space has
measure zero: cover it by countably many compact coordinate patches; on each patch the projection
is Lipschitz, and covering a d-dimensional cube by O((S‘d) cubes shows that its image in R?, p > d,
has volume at most C'6P~%. Consequently arbitrarily small perturbations avoid the forbidden strata
on the prescribed compact family.

For N functions, the rank-r stratum of NV x n derivative matrices has complex codimension
(N=r)(n—r) > N—n+1 when r < n. For N > 2n + 1 this exceeds n. The equal-values
condition on distinct pairs has complex codimension N > 2n. Avoidance on a compact is open in
the compact-open topology, using Cauchy estimates for derivatives. A countable exhaustion of M
and of M x M \ diag, followed by Baire intersection, therefore gives one finite injective immersion.
For m tangent sections the least deficient-rank codimension is m —n 4+ 1 > n when m > 2n. The
same zeroth-jet argument gives a finite spanning family. Neither conclusion asserts properness.

Choose countably many canonical sections S; with no common zero. Write a; = |SZ'|Z' The
bound a; < exp(C;(1 4+ r)) implies

a; < ePiexp(1 4 r3/?)

for a finite B;, because a linear function of r is bounded above by r%/2 plus a constant. Choose
¢; > 0 so small that ¢;ePi < 27% and that every derivative of ¢;a; of order at most ¢ has norm at
most 27 on the first ¢ exhaustion compacts. The sum 3 ¢;a; converges smoothly locally, is positive,
and is bounded above by exp(1 + 73/2). In a local canonical frame it is det(g)~! times a sum of
squares of holomorphic functions. Thus = = log >~ ci\Si|3 satisfies (2.1).

2.2 Hodge heat without a curvature upper bound

To smooth the distance truncations used below, we need to preserve an upper bound for their
complex Hessians. Scalar heat estimates will then control the trace and give the missing lower
Hessian bound. We also record how heat evolution of a bounded closed (1, 1)-form produces a scalar
potential for its change; this identity will be used again when constructing the flow comparison
cutoff.

Let H, denote scalar heat for A,. Normalize the Hodge heat operator H, on real (1, 1)-forms so
that it agrees with H, after taking the trace. The normalization is also chosen so that its generator
on closed real (1,1)-forms is A + 90 tr, A.

The scalar heat kernel has total mass one. Indeed, fix its pole y and let xp be a Lipschitz
distance cutoff equal to one on By(y, R), supported in By(y,2R), and satisfying |Vxgr| < C/R.
The Gaussian estimate of Li-Yau [36] and the kernel gradient estimate of Souplet-Zhang [52,



Theorem 1.3], together with Bishop—Gromov comparison [26, §2.1], give

J (Ve H(2,9) | dVy () < C5™V2(1+ R/ Nee0/s

R<dy4(z,y)<2R

for a fixed dimensional exponent N. Integrating the heat equation against xr from € to t <7 and
then letting € | 0 therefore yields

T 2
‘/ XR@)Ht(x’y)dV_q(w)—l‘sg/ s+ RYVs)Ne T ds.
M 0

The right side tends to zero as R — oo. Positivity and the sub-Markov property of the minimal
kernel allow passage to the total mass, proving Hy;1 = 1. The cutoffs here require only completeness
and the first derivative of distance; they precede the smooth exhaustion constructed below.

Lemma 2.2 (Heat order and commutation). For bounded real (1,1)-forms, Hodge heat is well
defined by cutoff limits of the complete L? semigroup. It preserves order and obeys

—Cg<A<Cg = -—-Cg<HALC(Cy, trg HoA = Hytrg A.

If A is also smooth and closed, then

HoA = A+ 00 / Hytr, Adb. (2.5)
0

If a Lipschitz function f is constant off a compact set and 00f < Cg as currents, then
Q0H,f <Cg  (a>0). (2.6)

Proof. First take smooth compactly supported data. On a relatively compact smooth domain use
the componentwise zero-Dirichlet realization of the Hodge heat equation. Its Weitzenbdck formula is
a connection Laplacian plus a zeroth-order curvature reaction. At a null vector X of a nonnegative
Hermitian form A, diagonalize A in a unitary frame. The reaction on (X, X) is a positive fixed
multiple of
Y Ry(X, X ej,e5)A; > 0;
J

the Ricci-times-A terms vanish there. The tensor maximum principle therefore preserves the
nonnegative cone. Applying the same argument to C'g — A, with nonnegative boundary data, proves
the upper bound by C'g. The trace satisfies the scalar heat equation, including the zero boundary
condition. This is the null-eigenvector mechanism in [44, Section 2.

We specify the complete realization and the exhaustion step. On compactly supported smooth
forms put D = d + d*. Completeness gives essential self-adjointness of D? and hence of D: a
deficiency vector for D would lie in the kernel of (D?)* + 1, which is zero [5, Corollary 2.10 and
Remark 2.12]. The closed quadratic form of the resulting Hodge Laplacian is

a(A) = A3 + A3, v = o ET
For a nested smooth exhaustion €25, let V; be the same closure of forms supported in {2, extended
by zero. On a fixed domain, local ellipticity identifies this with the full zero boundary-value section
domain. It is not an absolute or relative Hodge boundary condition. The spaces V; are nested
and their union is dense in V. For A > 0, the domain resolvent applied to an L? form, and
extended by zero, is the orthogonal projection of the complete resolvent onto V; for the inner product



g+ A(-,-): both satisfy the same variational identity against V;. The projections therefore converge
in that norm. Strong resolvent convergence and the common lower bound zero imply strong heat
convergence [54, Section 6.6, Theorem 6.31 and Corollary 6.33]. Here A; denotes the nonnegative
domain Hodge Laplacian. Zero extension of its heat means e =% Pj, where P; is restriction followed
by zero extension; it does not mean extending its generator by zero. The cone and trace assertions
pass to this limit and then to bounded data by cutoff and local regularity. More explicitly, the
complete Hodge semigroup has the off-diagonal estimate

115Ho1F|l2—2 < Cexp(—cdist(E, F)?/a). (2.7)

To see that this estimate needs no curvature upper bound, use the self-adjoint first-order operator
d 4+ d*. Its principal symbol has norm equal to the covector norm, so the wave evolution has
finite propagation speed [39, Theorem 1.1 and Section 4]. The Gaussian Fourier representation
of exp(—a(d + d*)?) then gives (2.7), with the inessential change of constants required by our
normalization [14, Theorem 3.4]. Since Vol B(o, R) < CR*", dyadic annular decomposition shows
that the cutoff evolutions of a bounded form are Cauchy in L? on each compact, uniformly for
bounded positive times. Interior parabolic estimates, whose coefficients are bounded on the compact
under consideration, give smooth convergence away from a = 0.
Closedness is proved using the complete semigroup, not the Dirichlet operators on domains. Let
Cr be a compactly supported Lipschitz cutoff equal to one on B(o, R), supported on B(o,2R), and
satisfying |d¢gr| < C/R. The complete Hodge semigroup commutes with d on the L? domains, by
the self-adjoint de Rham complex. The fixed time normalization does not affect the spectral identity
De—aD? = ¢=aD 2D, and projection to degree one higher gives the d identity. The data (rA used
here belong to the full D graph domain by compactly supported H' approximation. For bounded
closed A,
dHa(CRA) = HP (dCr A A).

The data on the right have L? norm at most CR"~! and support outside B(o, R). Estimate (2.7)
in degree three shows that they tend to zero on each fixed compact, uniformly for 0 < a < ag.
Distributional passage to the limit proves dH,A = 0. Local regularity also gives the initial value A
on each compact. Kéhler commutation on closed forms now gives

OaHaA = 00try HoA = O0H, try A.

Integration proves (2.5), first in distributions and then as an identity of smooth forms for a > 0.
The passage from closed form heat to a scalar potential by integrating its trace is also the
mechanism in [43, Lemma 2.1 and proof of Theorem 2.1].
Finally put fo = f — ¢, where c¢ is the constant value at infinity. This is a compactly supported
Lipschitz function. Complete L? Kéhler commutation, smooth approximation, and duality give, for
a compactly supported nonnegative Hermitian test form B,

(00H, fo, B) = (00 fo, HoB).

The metric pairing here identifies the cone of nonnegative Hermitian forms with its dual; equivalently
one pairs the current with the Hodge star of B. Choose 0 < ¢ <1 compactly supported and equal
to one near supp fo. Since 90 fy is supported there,

(00 f0, HaB) = (08 o, (HaB) < C’/Ctrg HaBdV, < c/trgdeg.

Positivity and scalar trace commutation justify the last two steps. Finally H,1 = 1 under nonnegative
Ricci curvature, so 00H, f = 00H, fy. This proves (2.6). d
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2.3 Dyadic smoothing and averaged curvature

For L = 27, j > 0, choose a fixed smooth nondecreasing scalar truncation of r2/L? which is zero
on r < L and one on r > 2L, and denote it by fr. It is Lipschitz, with constant C'/L. The paired
index-form comparison with linear parallel fields gives 99r? < C'g away from the cut locus and in
the upper-support sense at the cut locus. The derivative-square term introduced by the truncation
is bounded on its annulus. Hence

d0fr, < CL g

as currents. The word “smooth” here describes the scalar truncation; f;, itself need not be smooth
at the cut locus.

Let wr, = H,r2 fr, with a fixed sufficiently small € > 0. Gaussian heat bounds and the Lipschitz
estimate give

s = fille < (C/L)stp [ dyle,) Hora (@.9) dVy(y) < OV

Nonnegative Ricci curvature is sufficient for these scalar heat estimates. Applying the Li—Yau
gradient inequality to the positive heat solutions 1+ H, fr, and 2 — H, f1, gives, at a = eL?,

|Ang| < CGL_Q, |8wL|g < CGL_I.

Indeed the first translate bounds 0,H,f; from below, the second bounds it from above, and
substituting both time bounds in the same inequalities bounds the gradient; see [36, Theorem 1.3(i)].
Lemma 2.2 gives the upper bound for each complex Hessian eigenvalue, and the lower trace bound
then gives the lower bound for each eigenvalue. Thus [00wp|, < C.L™2.

Choose a fixed smooth nondecreasing step 6 which is zero near zero and one near one, with the
constant regions wide enough to contain the above heat error. Then vy, = 6(wy) is identically zero
on r < L and one on r > 2L, and

v, < C/L, |00vL|, < C/L2.

The locally finite sum
u=1+ Z 2909,
>0
is comparable to 14+7. At any point, only a bounded number of summands have nonzero derivatives;
their scales are comparable to 1 + r. This proves (2.2). In particular, scalar cutoffs p(u/L) have
gradient O(L~1) and absolute complex Hessian O(L~?2), with support and transition region in fixed
multiples of B(o, L).
Put w =log|S ]_(2] for a canonical section with S(0) # 0. The Poincaré-Lelong formula gives

20w > Ric(g) (2.8)

as currents. The truncations w,, = max(w, —m) are subharmonic. The heat submean inequality
and the linear upper growth give

Wi (0) < Hr2wp(0), Hi2(wy) (o) < CL.

One can justify the submean inequality first on exhaustion domains and then by Gaussian decay; the
positive part has at most linear growth. For m large, w,,(0) = w(0), so Hrz(w.,)~ (0) < CL+|w(o)|.
The heat-kernel lower bound on B(o, L) is ¢/ Vol B(o,L). Monotone convergence as m — o0
therefore proves the first estimate in (2.3).
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Take a nonnegative cutoff equal to one on B(o, L) and supported in B(o,CL) with absolute
Laplacian at most C'//L?, as just constructed. Integrating the trace of (2.8) against it and moving
A, onto the cutoff gives

c c
RdV<—/ 4V, < < Vol B(o, L).
Joony Ba o < g [ huldVy < VoL Blo, 1)

The last step uses volume doubling. This proves the second estimate and completes Proposition 2.1.
The average scalar-curvature conclusion is the estimate of [10, Theorem 2]; the details above record
the particular cutoffs and absolute logarithmic estimate needed below.

3 A global flow and scalar comparison by localization

We first construct the flow with estimates on fixed initial compact sets. Completeness of its
positive-time slices will be proved in Proposition 7.1.

Theorem 3.1 (Localized flow). There is a smooth Kahler—Ricci flow hy on M, for 0 <t < oo, with
ho = g. There are smooth real functions U, P and p such that

0<h <y, hi = g — t Ric(g) + 00U, U(-,0) =0,

det ht (31)

PZUt:lOgdetg’ p=—-P>0, Ry, =—-FP, > 0.

For each finite T', there is Cr such that

1
sup

o<t<T Volg By(o, L) /Bg(o,L) p(z,t) dVy(z) T ( ) (3.2)

At every fized x, p(x,t) < Cy(1+1t) for allt > 0. Furthermore, on each finite time interval there is
a smooth positive function @ and a constant ¢ > 0 with

Q > c(1+7r?), (0r — Ap,)Q > ctry, g. (3.3)

Smoothness at t = 0 means smoothness with all one-sided time derivatives.

3.1 Complete Hermitian approximations

Take regular values L — oo of the exhaustion u in Proposition 2.1, and put €, = {u < L}. Choose
a fixed smooth nonnegative function F' on [0,1), zero on [0,1/2], which equals —2log(1 — v) near
v=1. On Q, set

f=F(u/L), a=elg.

The estimates for u imply

0f|a < C/L, |00 f|, < C/L2. (3.4)

For example, near the boundary e/ = (1 — u/L)~2, so the factors (1 — u/L)~! and (1 — u/L)™?
in the first and second derivatives are canceled by the conformal norm. On the transition region
u < L, the bound [90u|, < C/u gives the same estimates.

The metric « is complete on 2;: approaching the regular boundary has infinite length for the
factor (1 —u/L)™!, and the closure of Qy is compact. For each fixed L it has bounded geometry of
every order in holomorphic charts. Indeed choose finitely many ordinary charts on the compact
closure and, near a point of boundary distance comparable to 1 — u/L, rescale their coordinate
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radii by a sufficiently small fixed multiple of 1 — u/L. In the rescaled charts a and its inverse are
uniformly bounded, and every derivative of its coefficients is bounded. The constants here are
allowed to depend on L and on each derivative order.

Run Chern—Ricci flow on this complete Hermitian background:

det K

K = a — tRi 3 =—P=1
a — tRic(a) + 90U, Uy 8 dota’

U(-,0) = 0. (3.5)

Until the passage to the local limit below, U, P refer to the approximating solution. Bounded-
geometry short-time existence is [34, Definition 2.1 and Lemma 2.1]. We establish estimates on
every closed bounded-geometry interval of this solution; the resulting continuation intervals increase
to infinity as L increases.

Write £k = 0 — Ag. Differentiation of (3.5) gives

L P = —trgRic(a),  ZxP; = —|Ric(K)|%,  Py(-,0)<C/L% (3.6)

The last inequality follows from Ric(c) = Ric(g) — nddf, initial Ricci positivity, and (3.4). In
particular,
P <C/L? ~ P<Ct/L?  U<Ct/(2L?. (3.7)

These are bounded maximum-principle estimates on an already existing bounded-geometry interval.
Fix a horizon D > 0. Suppose that ¢ < 0 is smooth and

a — DRic(a) + D3d¢ > ca (¢ > 0). (3.8)

Define
Q= (D—t)P+U—Dé+nt. (3.9)

Using ZxU = P — n + trg (o — t Ric(a)) gives the exact identity
Lk Q = trg{a — DRic(a) + DId¢} > ctrga, Q> 0. (3.10)

The initial value is —D¢ > 0. For bounded ¢, the maximum principle proves the last assertion
directly; adding a vanishing positive multiple of the proper function f is an equivalent localization.
The same proof applies to functions with downward logarithmic poles, since  — 400 at those
poles.

For a fixed L, choose finitely many canonical sections with no common zero on Q7. A constant
shift of log >, \S¢|§ is bounded, nonpositive, and has complex Hessian at least Ric(g). It satisfies

o — DRic(a) + DAd¢ > a+nD3df > (1 - CD/L*)a.

Thus for fixed D and sufficiently large L we may take ¢ = 1/2. Equations (3.7) and (3.10) give both
bounds for P on 0 <t < D/2: indeed (D —t)P > D¢ — U — nt. Integrating also gives both bounds
for U. These bounds may depend on L.

3.2 The largest metric eigenvalue

We next bound the largest eigenvalue of K relative to «. The bound will tend to one as L — oo
wherever () stays bounded independently of L. The local potential estimates below will supply this
control on each fixed compact set, yielding hy < g in the limit. At a point use g-normal holomorphic
coordinates diagonalizing K, write K;; = A;, and suppose that A1 is largest. Put ¢ = K7 and

W= fﬁ .
€' 911
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The Rayleigh quotient in this fixed coordinate direction is a smooth lower support for the largest
relative eigenvalue and agrees with it at the point. It therefore suffices for a maximum-principle test
of that eigenvalue. Wherever W > 1, direct differentiation gives

|81Ki5‘2

—— 1 |0logq|% + CL* trg . (3.11)
Aidj

1
L logW < —— Z
175
Here are the derivative exchanges in this formula. Since K — « is closed,

01Ky — 0i0;K,1 = 010105 — 0idu .

In the chosen coordinates the right side is (e/);; — (ef),;; the second derivatives of g cancel by
its Kéhler symmetries. Dividing their contraction by ¢ > e/ bounds the error by CL 2 trx a.
Differentiating the denominator g7 contributes — 3 ; A, 1Rg (i,4,1,1) < 0. The remaining conformal
derivatives have the same controlled size. These facts give (3.11).

For i # 1, the first-derivative exchange is
81Kﬁ = 6iq — effz-.

The terms with j = 1 in the negative square in (3.11) therefore dominate
2
dlogg— W1 Z fidz;
i#1 K
Expanding this square and using dlogq = dlogW + df at the point yields
ZLrlogW < CL 2 trg oo 4 2W 0 f| k|0 log W k. (3.12)

Set a = L~ and
J(v) = av +log(1 + av) (v>0).

At a positive maximum of log W — J(Q), one has

a?

W > eaQ(l _|_CLQ), dlog W = J/(Q)aQa J’ > a, J! < 2a, _J"= m

The chain rule, (3.10), and (3.12) give
Li(logW — J(Q)) < (CL™? = ca) trgc a4+ 2W LT 10 f | [0Q| k + J"[0Q%-

Young’s inequality absorbs the middle term into half of —J”|0Q|%: its remaining coefficient is
bounded by

W—2( J/)z
—
For sufficiently large L, this contradicts the maximum principle. To attain the maximum on 2y,
test first with the additional penalty —d f. Its Hessian term is controlled by C6L~2 trx a, and its
gradient terms have the same bound after Young’s inequality. Send ¢§ | 0 afterwards. At t = 0,
W =1 and @ > 0. We conclude

¢ 0f1% < Cloflk < CL? trg o

K <e!@aq. (3.13)

With the bounded choice of ¢, @ is bounded above by (3.7). Thus (3.13) gives an upper metric
bound. The lower bound for P, hence for det K/ det a;, then bounds the least eigenvalue below.
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We spell out the continuation implication in the uniform holomorphic charts. Let ¢ be the real
symmetric representation of a Hermitian matrix and write

F(B) = 1Llog det B, S(x,1) = (o — tRic(a)), T(D?U) = 1(8U).

Then U; — F(S + T(D?*U)) = —logdetc a. Two-sided metric equivalence puts the transformed
Hessian S + T(D?U) in a fixed compact convex positive matrix range. The function F is smooth,
concave and uniformly elliptic near this range. The map T is linear, preserves nonnegativity,
and has norm comparable to the original norm on nonnegative real symmetric matrices. The
smooth background coefficients have uniform local Hélder bounds. These are the hypotheses of
the transformed-Hessian parabolic estimate [12, Theorem 5.1]. Its bound for the spatial second
derivatives and first time derivative depends on ||U||» and these data, without a prior bound for
the full real Hessian. Schauder estimates then give higher derivatives and continuation on each fixed
approximating background, as in [34, proof of Theorem 4.1].

For initial estimates, extend U by zero to negative times and use S(x,t ), where t; = max(t,0).
Each fixed approximating solution is already smooth one-sided at zero by short-time existence. Since
U(-,0) = Us(+,0) = 0, its spatial second derivatives and first time derivative extend continuously by
zero. Thus the extension is C? in the parabolic sense required by Theorem 5.1 of [12] and solves
the extended equation also at zero. The time-Lipschitz background satisfies that theorem’s Holder
hypothesis, so the same estimate applies across the initial surface. Spatial differentiation and the
linear equation for P, with smooth one-sided coefficients and initial data, give successive initial
Schauder estimates. On each fixed compact these estimates are uniform in L once the local metric
bounds below hold and o = g there. Thus the approximating flows exist on [0, D/2] whenever L is
sufficiently large for the chosen D.

3.3 The local limit and its potential estimates

The bounds needed to pass to a limit use other choices of ¢. For any canonical section S from
Proposition 2.1, take

qﬁ:log\S\g—nf—euQ—Ae, 0<e<ey/D, Ac=C4(1+¢eh). (3.14)

The growth bound for S makes ¢ < 0 after choosing C%. Since |00u?|, < C, the canonical-current
inequality gives ~
a — DRic(a) + DOO¢ > o — CDeg > %oz

when ¢g is small. The comparison is made away from the zeros of S, where ¢ is smooth; the
downward poles localize it away from those zeros. Finite sums of squared norms may be used as
well.

Fix a compact set on which the chosen section does not vanish. For all sufficiently large L it
lies in {u < L/2}, where f = 0. Equation (3.7) bounds @ above there by a constant independent
of L. Equation (3.10) bounds P below there, and (3.13) gives a local upper metric bound with
e’(@ — 1. The determinant lower bound then gives a positive local lower metric bound. Finitely
many such nonvanishing sections cover an arbitrary compact set. Local parabolic estimates on
slightly larger compact sets give all derivatives, including the one-sided initial estimates, uniformly
in L. A diagonal subsequence over compacts and increasing horizons converges smoothly to U, P, h
with hg = g. The approximations have a = g on each fixed compact for large L, so (3.5) passes to
the Kéhler equation there. The limit of (3.13) is ht < g; the limits of (3.7) give P <0 and P; < 0.
This proves (3.1).
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The @ comparison also passes to the limit. For a weight ¢ = log|S |§ —eu? —Acand t < D/2, it
gives, using U < 0,

—D¢(z) +nt <9

D3 (= log|S(x)[; + eu(x)? + Ac +n). (3.15)

p(z,t) <
Take D = 2(T + 1) and, on a ball of large radius L, take e comparable to L~! and at most co/D.
Proposition 2.1 then bounds the average of the right side by CrL. Bounded radii are absorbed
into the constant. This proves (3.2). At a fixed z, choose S(z) # 0, put D = 2(¢ + 1), and take
€ = ¢p/D. The same inequality gives p(z,t) < Cy(1 +t).
Finally replace log|S |§ by 2. For every sufficiently small ¢ > 0, the smooth function ¢. =
E — eu? — A, is nonpositive after a finite constant shift and gives a smooth nonnegative Q. with the
differential inequality in (3.10), now with o = g. The difference

De
Qe = Qepp =4 u? + D(Ac = Aepo)

shows that Q. > cu? — C because Q. /2 > 0. Adding a constant gives a positive @ satisfying (3.3).
Theorem 3.1 is proved.

3.4 A cutoff adapted to the evolving metric

The comparison arguments below require a positive integrable weight x with 90y < Cxhs;. A

polynomial weight u=* gives only a Hessian bound by Cu~%72g, and h; need not be uniformly

comparable to g at infinity. We therefore construct a function H whose complex Hessian approaches

g — hy at infinity. The factor exp(—AH/u?), for a suitable A > 0, will contribute the term

—Au~2(g — hy) to the logarithmic Hessian, absorbing the errors measured in the initial metric.
Fix T < oo and work, if necessary, on a slightly larger finite time interval. Put

=g — ht, as = tl"g Mt -

The forms 7; are nonnegative, closed, and bounded by g; their traces satisfy 0 < a; < n. The
potential identity gives
ay = th - AgU

Integrate against a cutoff from Section 2 equal to one on B(o, L), and use —U = [3 p(-, s) ds, (2.3),
and (3.2). Moving the Laplacian onto the cutoff gives

1
- v, < t/L L>1 <t<T). 1
Vol B(o, L) /B(O,L)at Vo < Crt/ (Lz1,0st=T) (3.16)
For large dyadic L, define
L2
HL,t = — HbCLt db.
0
There are §, 8 > 0 such that, on B(o,CyL),
|Hp4| + L|I0HL |y < C7L*7t7, (3.17)
O0HL; =m +O(t/L)g, (3.18)
atHLﬂg > HLﬂg/t — CTL (t > 0). (3.19)

We give the heat estimates and the time identity separately.
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Gaussian upper bounds and relative volume comparison, combined with (3.16), give, for some
fixed p > 2,

t

L \P
Hya(z) < Crmin {1, 7 () } , x € B(o,CyL), 0<b< L% (3.20)

Vb

For clarity, when vb < L the ball B(z,v/b) may be small relative to B(o, L). Relative volume
comparison loses at most a fixed power of L/ V/b; outside B (0, CL), Gaussian annuli absorb both
that power and the polynomial volume growth. The estimate a; < n supplies the first term in the
minimum. For the gradient, use the heat-kernel estimate
2
Vo Hy(,9)| < \Cf exp(—cdy(z,y)°/b)
b \/Vol B(z,v/b) Vol B(y, V/b)

It follows from [52, Theorem 1.3, equation (1.6)] and the Gaussian upper bound in [36, Corollary 3.1],
absorbing the factor 1+ dy(z, y)?/b into the Gaussian. Integrating its absolute value against a; > 0
and using the same relative-volume and annular estimates as above gives Cpb~/2(t/L)(L/v/b)P;
increase the fixed p > 2 if needed. The separate bound a; < n gives Cb~1/2. Thus the gradient
obeys the minimum in (3.20), multiplied by C/+v/b. Splitting both integrals at b, = L2(t/L)%?
shows that their bounds are respectively

CTLQ*Q/ptZ/p, CTLlfl/ptl/p'
After increasing the finite-time constant, we can take 6 = f = 1/p in (3.17). Lemma 2.2 gives
BéHLyt =M — HLGt.

The last form is nonnegative, and its trace is bounded by Crt/L by (3.20). This proves (3.18).
The trace identity also gives

LQ
Hpy=—t | HyRydb+ H U —U. (3.21)
0

To justify it, insert initial-metric cutoffs in fOL2 HyAyUdb= Hp2U—U. Both U and AU =tRy—a
have polynomially bounded absolute ball integrals, by (3.2), (2.3), and 0 < a; < n. Gaussian
bounds for the scalar heat kernel and its gradient, together with the absolute Laplacian bounds for
the cutoffs, make the shell errors tend to zero. This proves the identity distributionally and then
smoothly locally. Differentiating it in ¢ is justified by the same ball-integral bounds on P = —p;
alternatively integrate the identity over a time interval and then differentiate locally. Subtracting
Hy ./t gives
O¢Hpy—Hp/t =Hp2(P-U/Jt)— (P —-U/t).

Since P, <0, P—U/t <0and 0 < U/t — P < p. Its heat average is at most CrL, by (3.2) and
Gaussian annular summation. The unaveraged term has the favorable sign. This proves (3.19).
Choose a nonnegative smooth dyadic partition of unity (z(u), with scales L < wu, and put
H =3, (r(u)Hp 4, using finitely many harmless initial scales on a fixed compact. The partition
derivatives have sizes O(u~!) and O(u~?) in gradient and complex Hessian. Equations (3.17)(3.19)
give
|H| < Cru®*°t%,  |0H|, < Cru~°t?,

) ) (3.22)
O0H = ny + O(u™t° +t/u)g, H; > H/t — Cru.
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These functions are smooth in space and continuously differentiable in time, one-sided at t = 0,
which is all that the integration below uses. In fact (3.21) gives their first time derivatives in terms of
H;2 P and local smooth functions. The uniform absolute ball-integral bounds for P give continuity
of that heat average, including at ¢t = 0, by local convergence and uniform Gaussian tail estimates.
Spatial regularity follows from the heat equation and (3.18).

Lemma 3.2 (Integrable comparison cutoff). For every sufficiently large fixed integer k, there is
a positive function x(x,t) on M x [0,T], smooth in space and continuously differentiable in time
one-sided at the initial surface, such that

C’leu_k g X g CTu_ka ’8X|g S CTX/“?

i} ; (3.23)
00x < Crxhy, Oix < Cr(1+17"")x  (t>0).

Proof. Take
x = u ¥ exp(—AH/u?).

For fixed A, (3.22) gives the two-sided size estimate and the gradient estimate. Expanding x 100y =
001log x + dlog x ® Olog x gives at infinity

X 00y < u?{—A(g — hy) + Crg + o(1)g},

uniformly on the fixed time interval. The terms containing H/u? or its gradient are o(u~2)g after A
is fixed. Choose A > C} + 1 and then take u sufficiently large. The negative multiple of g absorbs
the remaining error and leaves Y '99x < Au~2h;. On the remaining compact, smoothness and
positivity of h; give the asserted bound. Finally, x;/x = —AH;/u? and (3.22) give

Xt/ X < A‘H‘/(tUQ) +Cr/u < Cp(1+ tﬁfl).

The exponent 5 > 0 makes this time coefficient integrable at zero. O

3.5 Minimality and nonlinear scalar comparison

Proposition 3.3 (Scalar comparisons). Fiz a finite T > 0. The following conclusions hold for the
flow of Theorem 3.1.

(i) The function p is the minimal nonnegative solution with zero initial values of
(Or — Ap,)p = trp, Ric(g). (3.24)
There are nonnegative smooth supercaloric functions pj on M x [0,T] such that
0<p; <p, p; > p—Cj, p; — 0 locally uniformly on M x [0,T]. (3.25)

Each fized p; has all spatial and one-sided time derivatives smooth at t =0 and bounded on
compact spacetime sets.

(ii) Suppose v is upper semicontinuous, bounded on compact spacetime sets, 0 < v < p, and
satisfies, in the upper viscosity sense on 0 <t < T,

Ow < e "Ap,v+ (1 —e V)Ry,. (3.26)
Thenv =0 on M x [0,T).

Neither assertion requires completeness of hy.
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Before proving the proposition, we isolate the smooth majorant used in part (ii). Its construction
uses compact-domain parabolic theory and will be given immediately after the comparison proof.

Lemma 3.4 (Smooth majorant). Fiz T' > 0 and let v be upper semicontinuous, bounded on compact
spacetime sets, and satisfy 0 < v < p on M x [0,T]. Suppose that v satisfies (3.26) in the upper
viscosity sense for 0 < t < T. There is a function w, smooth on M x (0,T) and continuous on
M x [0,T), such that

v<w<p, wy=e “Apw+ (1 —e “)Rp,, w(-,0) = 0.

Proof of Proposition 3.3. The Ricci identity Ric(h¢) = Ric(g) + ddp, traced with hy, proves (3.24),
since py = Rp,. Its source is nonnegative. Solve the source equation with zero initial and lateral
boundary data on a smooth relatively compact exhaustion, first as a weak energy solution [32,
Chapter III, Theorem 4.1], and then use local parabolic regularity. A source need not vanish at the
initial lateral corner, so full corner compatibility is not asserted. This bounded-domain construction
and its energy estimates pass between a finite set of coordinate charts; it requires no completeness
of the evolving metric. Domain comparison makes these solutions increase, and comparison with p
bounds them above. Their limit pyi, is the minimal nonnegative potential. Local estimates give
a smooth solution for ¢ > 0 and continuous zero initial values, since it is bounded by the smooth
function p = Ok (t) on each compact. The difference z = p — ppin satisfies

0<z<p, 2z = Ap, 2, z(+,0) = 0.

Use x from Lemma 3.2, with k£ > 2n + 3, and a cutoff py = p(u/N) which is one on v < N and
zero on u > 2N. Set

In = [ 2xpydvi,.
M
Since 0;dV}, = —Ry,,dV}, and Ry, > 0, integration by parts on the compact support of py gives
Inv(t) < Cr(1+tP"YIn(t) + Ex(t), |En(t)] < CpN?—17k, (3.27)

Here the error contains the derivatives falling on py. Its complex Hessian, including the gradient
cross terms with y, has g-norm at most Cpr N k=2 on N <u < 2N. The pointwise cofactor identity
and 0 < hy < g imply, for any real (1,1)-form B,

|trhtB’tht < Cn|B|g d‘/g (3.28)

Indeed diagonalize h; relative to g; the coeflicient multiplying each diagonal entry of B is the product
of the other n — 1 eigenvalues, each at most one. This also covers n = 1. Equation (3.2) bounds the
integral of z on the shell by C7N?"t1, proving the error bound.

The mass I = [ zx dV}, is finite. Its tails tend to zero uniformly in ¢ by z < p, dV}, < dVj, and
the same dyadic shell estimate. Its initial limit is zero by local convergence and this tail control.
Integrating (3.27) from a positive initial time, sending N — oo, and then sending that time to zero
gives I(t) < f(f Cr(1 4 s%71)I(s)ds. Gronwall’s inequality gives I = 0, and positivity of x gives
z =10. Thus p = pmin-

For the tails, choose smooth spatial cutoffs 0 < 6; < 1 increasing to one, each compactly
supported and eventually equal to one near each fixed compact. Let p; be the minimal zero-data
potential of

Fy = (1 - ;) tny, Ric(g).
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It is nonnegative and supercaloric. Linearity on each exhaustion domain and monotone limits give
the decomposition of p into this exterior-source potential and the minimal potential of 8; try Ric(g).
The latter is at most T"sup ;. (o770 trs Ric(g) < oo by the scalar maximum principle on the domains.
This proves p; > p — Cj. Monotone convergence of the nonnegative Dirichlet Green integrals, first
in the domains and then for the source cutoffs, shows that p; | 0 pointwise.

We record the initial regularity needed later. On every fixed compact neighborhood the coefficients
of Ay, and the source Fj are smooth and uniformly parabolic through ¢ = 0. The domination
0 < pj < p = Og(t) supplies continuous zero initial values. For clarity, this initial regularity is
local in space. Extend the smooth coefficients and source from a coordinate neighborhood to a
smooth uniformly parabolic Cauchy problem, and solve it with zero initial data [32, Chapter IV,
Theorem 5.1]. Subtract this local particular solution from p; on a smaller neighborhood. The
difference is O(t) there and solves the homogeneous equation for ¢ > 0. A spatially localized energy
estimate from time § > 0, followed by § | 0, puts the difference in the local weak energy class
through zero; the squared L? norm of its initial value on the fixed compact is O(6?) and tends to
zero. Extend that difference by zero to negative times, and extend the coefficients smoothly. Its zero
initial trace removes a distributional boundary term, so it solves the homogeneous equation across
the initial surface. Interior regularity [32, Chapter III, Theorem 12.1] makes it smooth there. Adding
back the particular solution proves the claimed smooth one-sided jets. This argument extends the
homogeneous difference, not the forced potential, by zero. In particular,

atp](:E’O) = F’j(xv 0)7

and higher initial derivatives are determined recursively from (p;); = Ap,pj + Fj; they are smooth
functions of x. No regularity at a distant Dirichlet corner is used. Dini’s theorem on compact
spacetime sets now gives the local uniform convergence in (3.25). If an auxiliary smooth extension
across t = 0 is desired on a compact, it can be chosen to match these jets. Extension by zero to
negative time is not asserted.

For (ii), let w be the smooth majorant from Lemma 3.4. Thus v < w < p, and w solves equality
in (3.26). Multiplying its equation by e” gives the useful volume-form identity

Ai[(e” — 1)dVi,] = (Ap,w)dVi,. (3.29)

For example, the cancellation uses 0;dV}, = — R dV}, and e¥(1 — e )Ry, = (¥ — 1) Ry,.
Integrate (3.29) against ypy and move the Laplacian onto that compactly supported function.
Since w < e” — 1 and Apx < Cry, the interior term is bounded by a constant times

My(t) = [ (€ = xpw dVi.

The time derivative of x is bounded by C7(1 4 t?~1)y. The exterior error is again O(N?"~17F),
using w < p and (3.28). Moreover

0 < (e" = 1)dVy, < ePdVy, = dV,.

Thus the full weighted mass is finite, its tails are uniformly small, and its initial limit is zero by
dominated convergence on compacts and y =< u~*. The same limiting Gronwall argument as above
forces it to vanish. Hence w = 0, and 0 < v < w proves (ii). O
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3.6 Constructing the smooth majorant

Proof of Lemma 3.4. We construct the majorant on relatively compact domains and then pass to a
limit. On a smooth relatively compact domain €2 and for a fixed time less than T, consider equality
in (3.26). Zero and p are respectively a subsolution and a supersolution. To check the latter, use

Ry, — Ap,p = try, Ric(g) > 0.

The function p + 2« is also a supersolution for every constant o > 0.
Take constant initial data c. On 9 choose a smooth ¢ : [0,00) — [0, 1], equal to one near zero
and supported in [0, 1], and put

pla,t) = p(z,t) + o — e" " Ry(x)t((t/9).

For 6 supyq Ry < a/2 this lies between p+a/2 and p+a. It has ¢(-,0) = a and ¢(-,0) = (1—e™ )Ry,
which are exactly the value and first equation compatibility conditions.

We give the local existence and continuation argument on this fixed compact domain. We use
the compatible linear Dirichlet Schauder theorem [32, Chapter IV, Theorem 5.2] and its uniform
small-time inverse estimate [32, Chapter IV, Theorem 5.4]. These Euclidean-domain statements
have the same compact-manifold form by the following finite-chart construction for a smooth
uniformly parabolic linear operator L. Choose a partition of unity x; and cutoffs ¢); = 1 near
supp x; in finitely many interior and boundary charts. Local domains are smoothly capped outside
these supports, and ; vanishes near every artificial boundary. If E; is the local zero-data inverse,
then Sf =3, Ei(x:f) satisfies LSf = f 4+ Rf for the global linear operator L. The remainder
consists of first- and zeroth-order commutators [L, 1;] F;(x; f). On the source space f(-,0) = 0, the
local solutions have zero initial trace. Parabolic interpolation and the uniform inverse bounds give
(Rl 88720882 < Ce’ on a time interval of length €, with # > 0; for 0 < § < 1 one can take
§ = (1 — 8)/2. The remainder preserves this source space. Thus S(I + R)~! is the required global
inverse for small e. All constants here may depend on €.

Extend the boundary data to a smooth function p with

p(z,0) = «, pi(x,0) = c(x) := (1 —e “)Ry(x) throughout €.

For example, in a smooth boundary collar with projection 7w and cutoff ¢ = 1 near the boundary,
take

p(z,t) = a+te(z) + I(@){p(n(r),t) — a — te(n(x))},

and use a + tc(x) outside the collar. The bracket and its first time derivative vanish at zero. Set
L = 0y — e"PAj, and seek vg o = p + z, with zero initial and lateral data for z. Its equation is

Lz=N(z)=( P77 —eP)Ap(p+2)+(1—e P ?)Ry — Lp.

For every such z € C?T8:148/2 N(z)(x,0) = 0 throughout Q. The linear inverse is therefore applied
to compatible sources. If z(-,0) = 0, then ||z]|s < €]|2¢]|0; spatial interpolation and the time Holder
quotient give

|2l cmsre < Ce P2l parparsse:

On a fixed ball in the latter space, the product and composition estimates consequently give
IV (2) = N ()l gpsre < C 2|z = wl paspaiare.

The coefficient of every highest-derivative difference has this small factor. Also N(0) is smooth
and vanishes at t = 0, so its C?%/2 norm tends to zero with e. The linear inverse and the
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contraction theorem give a local Dirichlet solution. Classical comparison with the barriers gives
0<vga < p+20.
For continuation, write A;, = a% 0;0; + b’ 0; in fixed real coordinates and set ¢ = €">. Directly,

a'l b — 9;a"
gt — 0; <q 3jQ> = Tajq + (¢ — 1) Rp.

The barriers bound ¢ above and away from zero. The leading matrix is uniformly elliptic, and
the displayed drift and forcing are bounded independently of Vg on the fixed cylinder. Boundary
as well as interior Holder estimates therefore apply [32, Chapter III, Theorem 10.1]; the exterior-
measure condition there holds for the smooth compact boundary. Hence vq , is Holder up to the
parabolic boundary. Its original equation now has Hélder coefficients and source, so [32, Chapter IV,
Theorem 5.2] gives a controlled C2+7%:14+7/2 norm on the closed slab for some 0 < v < 1. In particular
its second spatial derivatives are bounded there. Only this finite corner regularity is asserted from
the first compatibility condition.

On slabs separated from the initial surface, differentiated boundary Schauder estimates give
all higher bounds, since the coefficients and lateral data are smooth. At a hypothetical positive
maximal time the solution thus has smooth limiting initial data satisfying the boundary equation
jets. The same local construction, with those data and their first equation jet in place of a and ¢,
restarts it. This proves existence up to the prescribed finite horizon. No constants near the remote
boundaries need be uniform as € exhausts M.

Viscosity comparison with this smooth solution gives v < v o. To see the only nonlinear point
in that comparison, at a positive interior maximum of e~¢*(v — v0,o) the test has the same spatial
Hessian as vg . The difference of the right sides is bounded by a constant times v — vq o, because
the derivative in the value variable is e7"(R}, — Apvq,o), bounded on the compact slab. Choose C
larger than this bound and use a strict increasing time penalty. The initial and lateral gaps are
positive, so no boundary maximum interferes. This proves the comparison directly, consistently
with the usual viscosity framework [15].

Exhaust M, let « | 0, and use local uniformly parabolic estimates to extract a smooth interior
limit w with

v<w<p, wy=¢e “Apw+ (1 —e )Ry, w(-,0) = 0.

The limit at the initial surface follows from the barriers on each compact; no uniform estimates
near the remote lateral boundaries are required. O

4 The cotangent envelope: compactness and frames

We study the flow through boundary averages of its dual squared norm on holomorphic cotangent
discs. Let A = {z € C: |z| < 1}, let dA denote Euclidean area on A, and write 7 : Y = T*LO A —
M. Put

Thus N(-,t) > N(-,0) by Theorem 3.1. The function N(-,0) is plurisubharmonic: the squared norm
on the total space of a Griffiths nonpositive bundle is plurisubharmonic, and the dual of 71°M has
this curvature sign.

Fix T' < 0o and denote physical time at a disc center by s. If y € Y and 0 < s < T, let v"™¥(y, s)
be the infimum of

(N(F(Q) 5O O)) . (7(0),w(0)) = (y,0), (4.1)
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over holomorphic discs f : A — Y and w : A — C, smooth on the closed unit disc, with se?T% < T
there. Brackets denote normalized circle average. Let v be the lower semicontinuous regularization
n (y,s). Constant discs, the plurisubharmonicity of N(-,0), and N(-,t) > N(-,0) give

N(y,0) <wv(y,s) <v™(y,s) < N(y,s). (4.2)

Multiplying the fiber component of every competing disc by a nonzero complex number shows that
v is homogeneous of degree two in the fiber. The assertion at the zero section follows from (4.2).

Minimizing boundary averages over discs with a prescribed center is the Poisson-envelope
construction in the theory of Poletsky and Rosay [45, 47]; see also [33, Sections 1-2] for the manifold
framework. Here we prove the differential inequality needed for the evolving norm directly, with the
compactness and quantitative deformation estimates specified below.

Our goal is to prove v = N. This equality will give the submean inequality for N(z,&, eV ™),
hence its joint plurisubharmonicity. The competitors in (4.1) have no common boundary compact
or area bound. In Section 5 we will localize almost minimizing discs by boundary walls and a
positive area penalty. The compact containing their full images may then depend on the penalty.
With centers in a fixed compact coordinate region, the frame estimates used in the differential
inequality must depend on boundary and center data, independently of the area bound and the
compact containing the interiors. This Section establishes these two kinds of control, together with
the cotangent evolution identity used in that estimate. All compactness arguments use the complete
initial metric g.

4.1 The symplectic Hessian operator

The canonical holomorphic bivector on Y is

=Y

We use column matrices for Hermitian forms, so a form with matrix W has quadratic value v*Ww.

In a frame eq,...,e2,, write J = > 4 JABe 4 A ep and define
W, J)= > JABIP(WacWpp — WapWae). (4.3)
A<B,C<D

This is the induced exterior-square squared norm when W is positive, and is a real polynomial for
every Hermitian W. The definition is independent of frame. In canonical cotangent coordinates we
abbreviate it to p(W); if W = ( 24 B), then

p(W) = tr(ACT) — Z B;;Bji. (4.4)

Here and below the transpose records the tangent—cotangent pairing. In particular, if tangent
coefficients have metric matrix h, the column matrix of the dual norm is b= h~".

Lemma 4.1 (Symplectic evolution). For the flow of Theorem 3.1,
N = p(ddy N). (4.5)
For every real smooth base function d = d(x,t), with t held fixed in the spatial Hessian,
p(00y (N +d)) = ON + Ap,d. (4.6)

These identities do not assume that hy is complete or has nonnegative curvature at positive time.
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Proof. Fix (z,t) and use Kéhler-normal coordinates for h; there. At that point hy = b = I, all first
spatial derivatives of b; vanish, and the Hessian of IV has blocks

= _[Re¢ O
s (7% ).

The horizontal form R is the bisectional curvature form of h; with one pair of indices contracted
against the metric dual of . Indeed differentiating b = h™T twice at a normal point gives the
negative second derivatives of h, transposed, which are precisely those curvature components. The
Kahler symmetries give

tr Re = £ Ric(he) €.

On the other hand 9;h = — Ric(h) implies 9;b = h~T Ric(h)Th~T. Equation (4.4) now proves (4.5).
Adding a base Hessian changes only the horizontal block. Its contribution to p is tr((90,d)b") =
tr(h; '90,d), proving (4.6). The calculation is tensorial, so the normal-coordinate verification proves
both identities everywhere. d

4.2 Compact boundary and bounded area

Proposition 4.2 (Compactness of discs). For each compact K C M and each Ag < oo, there is a
compact K' C M such that every holomorphic disc f : A — M, smooth up to the circle, satisfying

F(0A) C K, /A Frwg < Ag

has f(A) C K'. Every sequence of such discs has a subsequence converging holomorphically on
compact subsets of A.

The same statements hold for discs in' Y with compact boundary in'Y" and with [, (7o f)*wy < Ay.
The resulting compact may depend on K and Ay.

The area bound first places part of each disc in a fixed compact. An inverse-Jacobian estimate for
the global injective immersion then propagates this control away from isolated possible singularities
of a limit; properness of the immersion is not assumed. The following extra-integrability lemma
removes those punctures. A second lemma records the subharmonic compactness needed to propagate
the initial control.

The puncture estimate assumes no extension of the bundle or its metric across the puncture.

Lemma 4.3 (Extra integrability). Let (E,k) be a smooth Hermitian holomorphic vector bundle
on A* = {0 < |z| < 1}, with Griffiths nonnegative curvature. Suppose that A : E — A* x C? s
holomorphic, pointwise injective, and has bounded operator norm. If a is a holomorphic section with
Saxlalz dA < oo, then there are ro > 0 and o > 0 such that

/ laf2]2] 77 dA < oo. (4.7)
0<|z|<ro

The exponent may depend on the section and the bundle data.

Proof. Choose a fixed smooth function x : R — [0, 1] which is zero on (—oo, —2] and one on [—1, c0),
and set

_ 2 m
xm(2) = x(m~og 2]), ém(2) = ~logla] + |2V
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Writing r = |z, one has
|8Xm| < %a (¢m)z2 = L%rnzrl/m_z

On a complex curve Griffiths and Nakano nonnegativity coincide. Apply the bundle-valued Hor-
mander estimate to E-valued (1,0)-forms, with the metric ke=®" and source a dx,, A dz; see [28]
and [19, Theorem 5.1 and Remark 4.5]. One may use any complete auxiliary Kéhler metric on A*.
In dimension one its conformal factor cancels both from the norm of the unknown top form times
volume and from the curvature-inverse source pairing times volume. Dropping the nonnegative
curvature of k therefore gives a solution v, of Ov,, = a Ox,, satisfying

/ [Up |27 dA < C |a|ir_3/me_rl/m dA, (4.8)
A*

e 2mlr<emm

/A oalprmaa<co [ jaaa—o. (4.9)
For the second estimate we used 7—3/™ < €% on the source annulus and e~! < e < 1. The
constants are independent of m. The estimate concerns smooth metrics on the punctured domain;
it does not assert a curvature extension at zero.

The sections a,, = Xma — v, are holomorphic and converge to a in unweighted L?. Near zero
they equal —v,,, so each has a positive extra integrability exponent, namely 2/m. Since A is
bounded, Aa,, and Aa are ordinary L? holomorphic vector functions on the punctured disc. Their
negative Laurent coefficients vanish by L? integrability; hence they extend across zero. Their L?
convergence and the interior Cauchy estimates give convergence of every finite jet at zero.

Here is the closure argument that recovers a positive exponent for a itself. Let R = Oc, with
maximal ideal m = (z), and let S C R? consist of all germs Ab where b is holomorphic on some
punctured neighborhood and

/\b\%riﬁ dA < oo for some € > 0.

These images extend across zero by the same L? argument. The set S is an R-submodule: for a
sum take the smaller of the two positive exponents, and multiplication by a holomorphic germ is
bounded after shrinking the neighborhood. The ring R is Noetherian, so S is a submodule of a
finite free module and Q = R?/S is a finite module. For each k, the image of S in RY/m*R% is a
finite-dimensional vector subspace and is closed. Jet convergence of Aa,, € S consequently gives

Aa € S +mFRY for every k.

Krull’s intersection Theorem for the finite local module Q gives ), m*Q = 0 [53, Lemma 10.51.4].
Thus Aa € S. By definition it is the image of one section b with some positive extra exponent.
Pointwise injectivity of A implies a = b on a sufficiently small punctured neighborhood, proving
(4.7). No common exponent for a,, was used. O

Let F = (Fy,...,Fy) : M — CV be the global injective holomorphic immersion of Proposi-

tion 2.1. Set
p=log »  |dFy|2,  dFy=dF, A---NdF;,.
[I|=n

Immersivity makes ¥ smooth. Along any holomorphic disc, v is subharmonic: each dF7 is a
holomorphic canonical form, whose logarithmic squared norm is plurisubharmonic under the
curvature hypothesis, and the log-sum has the same property. Similarly |dF \3 =3 |dFZ-]§ is
plurisubharmonic.
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Lemma 4.4 (Compactness with a lower anchor). Let Q; be increasing open subsets exzhausting a
connected complex manifold X, and let u; be plurisubharmonic on Q;. Assume that for each compact
K C X, the functions u; are uniformly bounded above on K once K C ;. Every sequence has a
subsequence for which either u; tends to —oo locally uniformly from above, or u; converges in Llloc
to a plurisubharmonic function. A lower bound uj(z;) > —A at points zj in a fixed compact set
excludes the first alternative along that sequence. In particular, lower bounds on moving subsets of a

fized compact set of uniformly positive measure suffice. If the L . limit is the constant c, then

limsupsupu; < ¢
j K

for every compact K C X.

Proof. We explain the lower-anchor step rather than building it into the compactness theorem.
Pass to a subsequence with z; — 2, and work in a coordinate ball about z.. On a slightly larger
ball choose a common upper bound C' and set w; = C' — u;. These functions are nonnegative and
superharmonic. The supermean inequality at z; bounds their integrals on a ball of fixed radius
about z; by its volume times C' 4+ A. A fixed smaller ball about z, is eventually contained in those
balls, so the L' norms there are bounded.

Such a bound propagates along finite chains of overlapping coordinate balls. In a fixed overlap
of positive measure, the integral bound supplies a point at which w; is bounded by its average
over the overlap. Applying the supermean inequality on a larger ball centered at that point, still
contained in the coordinate neighborhood, bounds the integral on the next smaller ball. On each
fixed compact overlap, the Euclidean volume measures in the two coordinate charts are uniformly
comparable. Increasing the local upper bound C' when moving between charts only adds a fixed
constant. Connectedness and a finite covering therefore give L' bounds on every fixed compact
subset of X.

Families of subharmonic functions bounded in Llloc are relatively compact in that topology [20,
Chapter I, Proposition 4.21]. Apply this result in coordinate balls and take a diagonal subsequence.
Positivity of the complex Hessians passes to the distributional limit, so its upper semicontinuous
representative is plurisubharmonic. If no subsequence has a lower anchor in any fixed compact set,
then the suprema on each member of a compact exhaustion tend to —oo; this is the other alternative.
This also proves the assertion for exhausting domains, since each finite chain of balls is contained in
every sufficiently late €2;.

Finally suppose the limit is the constant c. In a coordinate ball whose concentric enlargement is
relatively compact, apply the submean inequality on a fixed-radius ball centered at each point of
the smaller ball. It bounds u; — ¢ from above by a fixed constant times the L' norm of uj —c on the
enlargement. This norm tends to zero. A finite covering proves the asserted upper bound on K. [

Proof of Proposition 4.2. We first control centers of discs f; in M. The maximum principle gives
uniform bounds

|F o fi| < Ck, |dF|4 0 f; < Ck, Y=o f; < Ck. (4.10)

The area bound controls the energy, with a fixed normalization constant. In particular, the functions

1 .
Ei(0) = /1 , 10, fi(rei®) 2 dr
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have uniformly bounded angular integrals. On a set of angles of measure bounded below, Ej(6) <
C(Ap + 1). For each such angle and every r € [1/2,3/4], Cauchy—Schwarz gives

‘ 1 g 1/2
disty (fy(re”), K) < Ey(0)Y/? </1 ) .

/2T

Completeness and Hopf-Rinow put these images in a fixed compact. Thus on a subset of the fixed
annulus of area bounded below, 1; has a fixed lower bound. Lemma 4.4, together with (4.10), now
gives a subsequence converging in LIIOC(A) to a subharmonic function 1.; the lower bounds on the
anchor subsets exclude collapse to —oo. We retain their positive-area property for the later step
that avoids neighborhoods of the possible atoms. Let p; = (271) "' Acuaty; and = (27) "t Acua¥oo-
Then p; — p weakly on compact subsets.

We spell out the required inverse-Jacobian estimate. Let Z = {z : u({z}) > 1}, a locally finite
subset of A. Near any point outside Z, choose a small disc D whose boundary has zero p-measure
and for which p(D) < b < 4/3. For large [, 1;(D) < b. The Riesz decomposition on D [20, Chapter I,
Proposition 4.22] is

Yy = hy + /Dlog|z — ¢l dui(Q).

On each smaller concentric disc the harmonic terms h; are bounded in absolute value: their L!
norms are bounded by L! convergence of 1;, the bounded masses, and local integrability of the
logarithmic kernel; harmonic interior estimates then apply. For a positive measure v of mass b; < b,
Jensen’s inequality gives, with the zero-mass case interpreted separately,

exp (p / 1ogz<|du<<>) Sbll [ l=dmane,  p=4

Integrating in z gives a uniform bound since pb < 2. Therefore e~%! is locally bounded in L3/2(A\ Z).
Let s1 < -+ < s, be the singular values of dI' measured from g to the Euclidean metric.
Cauchy-Binet and (4.10) imply

et = ]:[Si(fl)2a s1(f1) 7% < Oge .

Consequently
[f117 < Cre™"|(Fo fi)|*. (4.11)

The bounded holomorphic maps F o f; have uniformly bounded derivatives on smaller discs. Hence
dfy is locally bounded in L? off Z. For p € M the function v;,(z) = dist,(fi(2), p) has weak gradient
bounded by |dfi|,. Morrey’s local gradient-only estimate in real dimension two, with exponent
1 —2/3 = 1/3, therefore applies [21, Section 5.6.2, Theorem 4 and the Remark on p. 283]. Its
constant depends on the nested domain discs, not on p; no bound on the values of v;,, is needed.
Taking p = f;(w) gives the uniform local metric Holder estimate.

These local estimates propagate the compact anchors. Indeed, remove small neighborhoods
of the finitely many points of Z in the anchor annulus, with total area smaller than half the
anchor lower bound. Choose anchor points in the remaining compact set and pass to a convergent
subsequence of their domain positions. The local Hélder estimate puts their neighboring images in
a fixed bounded g-neighborhood of the anchor compact. Any compact subset of the connected set
A\ Z can be reached by finitely many overlapping small discs of this kind. Completeness makes
each successive bounded neighborhood compact. Arzela—Ascoli, local holomorphic coordinates, and
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diagonal extraction give a holomorphic limit f : A\ Z — M. Its area is finite by lower semicontinuity,
and dF remains uniformly bounded along it.

Fix a puncture of this limit and move its domain coordinate to zero. The bundle E = f*T*0M has
Griffiths nonnegative curvature, A = dF : E — C is bounded and injective, and the holomorphic
section a = f’ has finite L? norm. Lemma 4.3 applies. Fubini then gives an angle § with

/TO |a(rei9)\§r1_” dr < oo.
0

Since [;° r°~1dr < oo, the corresponding radial path has finite length and converges to a point

p € M. The bounded map F o f extends holomorphically to zero and its value there is F'(p). Choose
a relatively compact coordinate neighborhood U of p with compact boundary. Injectivity of F' gives

diSteucl(F(p)aF(aU)) > 0.

For small enough r, F o f on 0 < |z| < r avoids F'(OU), and the radial path supplies a point with
image in U. Connectedness traps the entire punctured image in U. Bounded coordinate functions
extend, so f extends holomorphically. This argument uses compactness of a local chart boundary
and global injectivity of F'; it does not require F' to be proper.

Off the puncture, ¥ = ¥ o f almost everywhere. The latter now extends smoothly across it, so
the two functions define the same distribution there and p has no atom at the puncture. Thus every
alleged point of Z is removable and has zero atomic mass. The preceding exponential-integrability
and Morrey estimates apply across it as well, and the original sequence converges on all compact
subsets of A. Since this applies to every sequence, the family of centers is relatively compact.

If complete images could escape every compact, choose an escaping interior point on each disc
and precompose with a disc automorphism sending zero to that point. Both the boundary compact
and the area bound are unchanged, contradicting the center conclusion. This proves the first
assertion.

For the cotangent assertion take global holomorphic fields X1, ..., X,, spanning T"°M, as
supplied by Proposition 2.1. The base images are compact by the first part. The functions
£(X;) along each disc are bounded by their boundary values. Over the resulting compact base the
evaluation map £ — (£(X;)); has a uniform positive least singular value. Its bounded values therefore
bound the cotangent vectors and put the images in a compact subset of Y. Local holomorphic
normal-family compactness proves the stated subsequence conclusion. O

4.3 Boundary factorization and holomorphic frames

We now construct frames normalized on the boundary of each disc. Their symplectic coefficients and
their values at a fixed compact set of centers must remain controlled when the disc area increases.
Fix the injective immersion

G:Y T Gl = (F@).£(X1 (@), &(Xm(@))). (4.12)

It is injective because its base entries separate base points and the fiber evaluations separate
covectors. It is immersive because dF' detects base tangent vectors and the evaluations detect
vertical ones. There is also a finite family of global holomorphic fields spanning TY: take the
cotangent lifts

Xi =3 X080, — > (0, X0)0,
a a,b
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and the vertical translations by dF}. The former span after projection to 7'M, and the latter span
the vertical tangent. Smooth coefficients on any fixed compact subset of Y can be represented by
smooth functions of G there, by local embedded coordinate neighborhoods and a finite partition of
unity.

For a vector or matrix function a on the circle, write

T t+9
D(a)* =Y [k|llax]F = //2 ol |€w 1’2( )HthdG (4.13)

kEZ

where aj, are Fourier coefficients and || - || is the Frobenius norm. For holomorphic a, this is
71 [y la'(2) 2 dA.

Lemma 4.5 (Disc frames and Gauss area). Let f be a holomorphic disc in'Y extending past the unit
circle. There is a holomorphic frame E; of f*T'Y, smooth on the closed disc, for which U = dG Ey
satisfies

UU =1 ondA, sup ||U]|op < 1. (4.14)
A

Letg:Y — Gr(2n,q) sendy to dG(T,Y), and normalize the Plicker form by wgy = 100 log det(V*V)
for a local holomorphic frame V of its tautological plane. Then

1

D(U)? = >

/ (g0 f) war. (4.15)
If f(0A) C K for a fized compact K C Y, the holomorphic component matrix Jg, of J in this
frame is bounded throughout A by a constant depending only on K and G. If also f(0) ranges in a
compact subset Ko of a fized coordinate chart, the frame matrix at zero and its inverse are bounded
by constants depending only on K, Ko, G and that chart. These constants do not depend on the
disc area or on an interior compact containing its image.

We will first trivialize f*T'Y and then normalize the boundary Gram matrix of that frame. For
the normalization we use the smooth Wiener-Masani factorization [55] in the Hardy-space form
described by Berndtsson—-Rosay [4, Theorem 2.1 and Section 6]. We include its construction and
the boundary half-Sobolev estimates that will control the later deformation error.

Lemma 4.6 (Boundary factorization). Let L be an r x r smooth Hermitian matriz on the circle
with mI < L < M1, where 0 <m < M < oco. There is a holomorphic invertible matric H on A,
smooth with smooth inverse on A, such that L = H*H on the circle. It satisfies

1 Hl[oo,0p < VM, HH_1||00,0p < m—1/27 (4.16)
1
—=D(L)>. (4.17)

2m

M
D(H)* < WD(L)Q, D(H 1Y) <

In particular the seminorm constants depend only on the boundary spectral bounds, independently of
higher derivatives of L.

Proof. Equip the vector Hardy space with |[v||2 = (v*Lv), where brackets denote normalized circle
average. This norm is equivalent to the ordinary Hardy norm. The shift v — zv is an isometry, its
range has codimension 7, and (> 2P H? = {0}. An orthonormal basis p1,...,p, of the orthogonal
complement of the range, followed by all its successive shifts, is therefore an orthonormal basis of
the weighted space. Indeed the orthogonal remainder after the first k shift levels is 2% H?, whose
intersection is zero.
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Let P be the holomorphic matrix with columns p;. Orthogonality of all their shifts says that
every Fourier coefficient of P*LP — I vanishes, so P*LP = I almost everywhere on the circle. Thus
P is bounded. Multiplication by P maps the ordinary Hardy space isometrically onto the weighted
space by the basis property. Apply this to constant target columns to obtain a holomorphic matrix
Q of Hardy functions with PQ = I. Consequently P is invertible everywhere, Q = P~!, and the
boundary identity gives L = Q*Q. It also bounds both P and @) in H* by their boundary values.
Taking H = @ proves (4.16).

For the seminorm estimate put Lg(z) = L(e"2) and Ag(z) = H(e"2)H(z)~'. This holomorphic
matrix has Ap(0) = I. Its mean is therefore I, and

= (|| 4g — I|I%) = (tr(LoeL™" — I)).
Changing variables in the expression for F_y gives

Eg+E_g= < (Lo = L)LY (Ly — L)Ly "))
2<||L(9 _L||F>

The identities
Hy—H=(Ag—DNH, Hy'-H'=HYI-A)

bound their squared differences by M Ey and m ™! Ey, respectively. Integrating against the symmetric
kernel in (4.13) proves (4.17).

It remains to justify smooth boundary regularity. The same difference inequality, divided by 62,
first gives one full L? tangential derivative of H and H~!. With prime denoting that derivative,
set B = H'H™!; this is the boundary value of izH,H ! and has zero constant Fourier coefficient.
Differentiating L = H*H gives

H™*L'H'= B+ B*.

The strictly positive Fourier projection recovers B. The one-dimensional Sobolev algebra property
now bootstraps: if H, H~' € W2, the displayed expression is in W¥*?2, hence so is B, and
H' = BH gives H € W*+12. The inverse derivative formula gives the same for H~!. For this
one-dimensional algebra assertion, Cauchy—Schwarz on Fourier coefficients and 3, (1 + k?)~! < oo
give W12(S1) ¢ L>°(S!). In each Leibniz term of total order at most k > 1, place a derivative of
order at most k — 1 in L™ and the other factor in L?; this gives the W*? product estimate. The
positive-frequency projection has norm at most one in every W¥2. Iterating the preceding identities
therefore gives all Sobolev orders, and the same Fourier estimate for derivatives proves smoothness
on the closure. O

Proof of Lemma 4.5. We first construct a preliminary frame on a neighborhood of the closed disc.
The bundle £ = f*TY is embedded by dG in a trivial bundle and is generated by the pullbacks of
the finite global spanning fields. Start on a disc of radius greater than one and choose a generator
not identically zero. On a slightly smaller disc, divide it by the finitely many common zero factors of
its ambient components, using at each zero the minimum component vanishing order. The resulting
section e is holomorphic, remains in £ by continuity, and is nowhere zero.

Write its ambient components as ey, ..., e, and put ¢; = &;/|e|*>. Thus >, ejl; = 1. The smooth
(0, 1)-forms

b = Ejéﬁk - Ekéﬁj

are antisymmetric and satisfy >_; e;bj, = 90y, Solve 5cjk = bji with ¢j, = —cg; on a further slightly
smaller disc. This scalar step follows directly by multiplying the coefficient of each (0, 1)-form by
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one common smooth compactly supported cutoff equal to one on that disc and convolving on C with
1/(mz); the distributional identity 0(1/(7wz)) = do gives a smooth solution for the smooth source. It
does not use a frame of E. The functions

ap = gk — Zejcjk
J

are holomorphic and obey )", exar = 1. The ambient row a restricts to a holomorphic dual of e on
E, so E = Ce @ kera. If s; are the current generators, then s; — ea(s;) generate kera. Thus the
kernel is again an ambiently embedded, finitely generated holomorphic bundle, now of rank one less.
Repeat the construction on a finite nested sequence of discs whose radii remain greater than one.
Induction gives a holomorphic frame of f*TY on a neighborhood of A.

Choose this preliminary frame and apply Lemma 4.6 to its dG Gram matrix on the circle.
Multiplication of the frame by H~! yields E;. The first identity in (4.14) follows immediately.
For each constant column v, the maximum principle applied to the holomorphic vector Uv gives
|Uv| < |vl|, proving the second.

Put Q = U*U. Since Q = I on the circle,

Ortr@Q = tr(0,Q) = Jr logdet Q  on JA.

Green’s formula and holomorphicity give
4 D(U)? = / Avnar tr Q dA = / Acnarlog det Q dA = 2 / (g0 f) war,
A A A

which proves (4.15).

On the boundary, E; is orthonormal for the metric G*geyel. Thus the components of J there
are bounded by its norm in that metric on K. They are holomorphic functions in the frame, so the
maximum principle gives the same bound inside. For the last assertion, write £y = 95 in the fixed
chart at the center, and let J be the invertible coordinate matrix of 7. Then

Jg, =871J57T, St =Jp ST

Let v > 0 be the infimum on Ky of the least singular value of dG in the coordinate Euclidean metric.
By (4.14), ||S(0)]lop < v~!. The preceding identity gives

1S(0) " llop < sup [|TE, llop ¥~ sup |77 lop-
A Ko

Every quantity on the right has the stated dependence. O

5 A differential inequality for the disc envelope

Let v be the lower semicontinuous envelope defined in (4.1)—(4.2), with its fixed horizon 7. We
continue to denote physical time at a disc center by s. The following inequality is the input to the
fiber optimization in Section 6.

Proposition 5.1 (Differential inequality for the envelope). Suppose that a smooth real function ¢
touches v from below at (yx, Sx), where 0 < s, < T. In holomorphic cotangent coordinates write

W = 85y<p(y*,s*) = (Z;l* g) , C > 0.
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There is a Hermitian form K on the horizontal coordinate space such that
K>0, K>A—-BC™'B*,  050(ys s:) > tr(CTK). (5.1)

The transpose is the tangent—cotangent contraction in these coordinates. In particular the statement
applies to lower tests translated in a fixed cotangent coordinate chart; its contraction has constant
coefficients.

We prove the Proposition through localized almost minimizing discs. The estimate on their
deformations will be stated with its constants: the compact set containing the interiors of the discs
is allowed to depend on the area penalty, whereas the coefficient multiplying that penalty will
depend only on boundary data. After this deformation estimate, we remove the negative part of the
boundary Hessian and factor the remaining positive form. A backward clock variation bounds its
symplectic cost. The final Schur-complement limit gives the asserted differential inequality.

5.1 Localization and the order of approximation

Subtracting a positive multiple of |y — y«|* + |s — s4|* from ¢ makes the contact strict on a compact
coordinate cylinder C € Y x (0,7") without changing the derivatives in (5.1). Thus v — ¢ > 0 on C,
with equality only at (y.,ss), and with a positive gap near its boundary. The definition of lower
semicontinuous regularization gives

inf (v"™*%(y,s) — ,8)) =0.
(w)ec( (y,5) = ¢(y,s))
On an interval slightly larger than [0, T, take @ and p; from Theorem 3.1 and Proposition 3.3,
and set
doj(w,t) = 57 Q(z,t) + pj(x.1). (5.2)
Thus do; > 0, (0; — Ap,)do; > 0, and dp; — 0 uniformly on compact space-time sets. Choose
increasing A; — oo so that

doj(z,t) > p(x,t) +j ifu(x) > A;/3. (5.3)

This is possible because p; > p — C; and @) has a positive quadratic lower bound. Choose fixed
smooth scalar profiles and set 01 = x(u/A;) and dy = X(IV (-, 0)/B]2-), with 0 < 6; <1, where §; > 0
exactly when u < A; and 6; = 1 when u < 2A4;/3, while §, > 0 exactly when N(y,0) < BJ2 and
92 =1 when N(y,0) < BJ2- /2. Here B; > j will be increased below. Smooth cutoffs flat at their zero
sets are permissible. On the open boundary region put

ki=07" =1 d(y.t,s) =doj(z.t) + (1+ 5)(ki () + ka(y)). (5-4)

Only the boundary of a competing disc is subject to these spatial restrictions. Their closed boundary
region is a compact set K; C Y. Each fixed dp ; is smooth one-sided at ¢ = 0, with all derivatives
bounded on compact sets. When needed, use a smooth extension matching these initial jets;
extending it by zero to negative time is unnecessary.

Use the boundary seminorm of Section 4,

D(a)* =) _ |kl ||ax|l?,

keZ
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and add the nonnegative energy

g(f, w) = A (x}wg + f*G*Weucl + (g © f)*wGr + W*weucl)

(5.5)
+ D(log(6182) o f)°.

Here xy = mo f, and g is the Gauss map of the immersion G from Lemma 4.5. Let p;. be the
infimum, over centers in C and discs with the stated boundary restrictions, of

Fielfw,s) = (N(f,t) +d(f.t,9)) +e(f,w) — o(f(0),5),  t=se""". (5.6)

Infima are sufficient; no minimizing disc is asserted to exist. Every fixed admissible smooth disc has
finite energy. Also every fixed disc in (4.1) eventually has d; = d3 = 1 on its boundary. Consequently

pio — 0, pie L pjo (e10). (5.7)

For a minimizing sequence indexed by v, at fixed j,e > 0, nonnegativity of the unpenalized excess
gives
limsupe&, < pje — 10, liffol limsupe(l+€&,) =0. (5.8)
v € v

As j — oo after these limits, the centers approach (y., s.) and

(d) — 0, (N(f,1) <C. (5.9)

Indeed each of v — ¢, the boundary cost d, and €€ is nonnegative and bounded by (5.6). The strict
contact and the boundary gap in C imply the assertion about centers. They therefore have a uniform
interior margin for large j, small €, and late terms of the sequences.

At fixed j,e the energies are bounded. Proposition 4.2 then confines all images of f to a
common compact K ;»’6. There is no claim that K 3’-75 is independent of €. One may require the initial
discs to extend holomorphically past the circle: replacing (f,w) by (f(r¢),w(r(¢)), r T 1, preserves
their centers and converges in every boundary norm used here. For each disc its strict boundary
inequalities persist for r close enough to one. Choosing the approximation separately for each term
preserves all infima and minimizing-sequence assertions above.

5.2 Boundary calculus and holomorphic deformations

We first give the boundary estimates used to distinguish the two kinds of constants. The difference-
quotient formula for D gives

D(a )Sllalloo (0) + [1blloc D(@),
D(¥(a)) < Lip(¥)D(a), (5.10)
(@, )| < D(a)D(b).

The last inequality follows directly from Fourier series; it is the pairing between H'/2 and H~1/2.
All three formulas hold componentwise for finite-dimensional vectors and matrices, with fixed
dimensional constants. Smooth functions of bounded data can therefore be composed and multiplied
with constants determined by their smooth bounds on the relevant compact sets. The circular
Hilbert transform preserves D on mean-zero functions.

For a disc let Ey be the frame in Lemma 4.5, and put

X =Gof, U =dG Ey, p = (8102) 0 f, q = logp.
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In the boundary estimates below, p, g denote these scalar functions. The symplectic polynomial
p(H) is distinguished by its matrix argument. For an integer a > 4, to be enlarged once below, let
m = p® and let h be the scalar outer function with boundary modulus m and h(0) > 0. Thus

h(0) = expllogm), hlloe <1, D(h) + D(h/m) < CuD(q). (5.11)
Here h/m denotes only its boundary phase. To verify the last bound, write that phase as exp(iH(aq));
both the exponential on the imaginary axis and ¢ — €% for ¢ < 0 are Lipschitz. The frame and
energy estimates give

Ulloo <1,  D(X)+ D)+ D(w) + D(q) < C(1 + VE). (5.12)

Constants absorbing fixed area normalizations are harmless. Since ¢t < T, the exponential restricted
to the range of 2Rw gives D(t) < CrD(w), even if some boundary times approach zero.
For t and s held fixed in the spatial Hessian, define

W, = 00y (N +d), T, = m*E;W,Ey. (5.13)
For sufficiently large fixed a,
ITyllo <Cj,  D(Ty)* < C;j(1+E). (5.14)

For example 09(671) = 207306 ® 06 — 6~2005. Multiplication by p?® clears all its denominators
and leaves smooth coefficients on the closed boundary region. Every other coefficient is smooth on
K; x[0,T] x Cs. Choose K; C W; € Y with compact closure. The injective immersion G restricted
to W; has a continuous inverse onto its image by compactness; thus Glw;, is an embedding. A
finite extension and partition construction from G(W;) near G(K) expresses these coefficients as
bounded smooth functions of X there. The same applies to tensor coefficients evaluated on U.
Equation (5.14) now follows from (5.10) and (5.12). These coefficient extensions are used only along

the embedded compact set; no properness of G is asserted.

Lemma 5.2 (Deformation estimate, with its uniformities). Use the preceding localization, with j
sufficiently large and € > 0 sufficiently small that the minimizing-sequence centers have a common
interior margin in C. Fiz a bound L < co and such a sequence for (5.6), with energy bounded by
Ey < o0. Letly, be any holomorphic columns, smooth on the closed disc, such that

lllo <L, D(l) < Do < oc.

They may depend on the disc. With o .= E(0)*00y¢(f(0),s)E;(0), one has

lim sup {1(0)%0.0(1(0), 1(0)) = (Ty(1, 1)) = C4(L)=(1 + £ + D(1)*) } < 0. (5.15)
1% o0

The constant Cj(L) depends only on L, the dimension, the chosen integer a, the fized time interval
and center cylinder, and smooth coefficient bounds for the metrics, immersion, Gauss map and
cutoffs on a fized neighborhood of the boundary compact K;. It is independent of €, Ey, Do, of the
interior compact KJ’-7€, and of the auxiliary loss introduced in the proof. In contrast, the existence
radius of the deformations, bounds on their full coefficients, and bounds on Taylor remainders may
depend on j, L, Ey, Do, K. _, that loss, the interior margin of the centers, and the fized smooth test .

j787
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Proof. We give the realization, Taylor justification, and actual mixed-derivative estimate separately.

Realization of the first field. Let Z1,...,Z, be the global holomorphic spanning fields on Y.
In the immersion G, let A be their column matrix along f. If r = dim¢ Y, enumerate all r-row,
r-column minors a; of A. On K J’»’E the sum of their squared moduli has a common positive lower
bound. Their sup norms and Dirichlet norms are bounded at the fixed parameters: the minors are
smooth holomorphic functions of X on this compact, and D(X) is bounded. Set

a _ _
0= ——— b, = 0,001 — 01,00;.

>k lal?’
These (0,1) coefficients have bounded L?(A) norm. Solve 0Qi, = by, skew-symmetrically, with
bounded W2 norm. Explicitly, if b;, = bir0d¢, take Qi = 48<A51bik.’0, with the convention
A = 48484—. Here ABI is the zero-Dirichlet inverse on the unit disc. The unit disc has smooth

boundary, the principal coefficients are the identity, and all lower coefficients vanish. The scalar
Dirichlet estimate therefore gives

(AN

w22(a) < Cllbikoll2(a)

[23, Theorem 9.15 and Lemma 9.17], proving the asserted W2 bound. Linearity preserves skew
symmetry. Smooth input on the closed disc gives smooth output there [23, Theorem 8.13].

Here is the precise boundary estimate. For a smooth function ¢ on the closed disc with boundary
Fourier coefficients ay, let h(re??) = >k a,r!Fle?t? be its harmonic extension. Integration by parts

gives
Jova = 1982+ [ 19 0E > 27 3 Kl
A A A k

If go(r) is the angular average, then for 1/2 <r <1

1
g0 (1) < 2lqo(r)[2 +2(1 — 7) / lah (s) [ ds.

Integrating in r and applying Jensen bounds the constant coefficient |ag|* by Cl|q|[F1.2 (a)- The

nonconstant L? Fourier sum is bounded by its |k|-weighted sum. Consequently
2 2 2
laloallzz + D(aloa)” < Cllallwrz(a)-

Applied entrywise to @1, this bounds its boundary D and L? norms. The operator constants are
fixed-disc constants; the input norms can still depend on K ]’E The functions

9i=0i+ Y Qiray
k

are holomorphic and >, g;a; = 1: differentiating uses >, axor =1 and ), ap0o), = 0, while skew
symmetry cancels the quadratic term in the sum.

A W12 trace need not be bounded. For a large number P let o be the scalar outer function
with positive center value and boundary modulus

ro = (1+|Q/P)

All norms and products involving @ in the following boundary estimates refer to its trace on the
circle. The maps Q + log(1 + |Q|2/P) have Lipschitz constant C/+/P, and their L? norms are at
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most C||Q|l2/vP. The maps Q — 7pQ have bounded Lipschitz constant and sup norm at most
C+/P. The phase of « is the Hilbert transform of logrp. Thus

loflse <1, D(e) < CD(Q)/VP, D(aQ) <CD(Q), |laQx < CVP.

In the third estimate the /P from the bounded product multiplies the P~/2 bound for the phase.
Moreover,
(1—laf) <ClQI3/P,  —loga(0) = (log(1 +|Q[*/P)) — 0.

Given n > 0, choose P uniformly for the sequence so that these last two quantities are at most 7 and
D(«a) < 1. The boundary estimates bound the sup norms and D norms of ag;. These functions are
holomorphic, so the maximum principle also bounds their interior sup norms at the fixed parameters;
it is not applied to the nonholomorphic products a@.

For each minor a;, Cramer’s rule supplies a vector ¢;, holomorphic in the disc, with Ac; = a;Ul.
Namely use the adjugate on its selected rows and columns and set the other coefficient entries
to zero. The identity follows by expanding the augmented determinants: every (r 4+ 1)-minor of
(A,Ul) is zero because this matrix still has rank r. This also treats selected minors that vanish
identically. Consequently ¢ =), ag;c; has bounded sup norm and D and obeys Ac = aUl. Write
¢ = (c1,...,0c) and compose the complex flows of Z1, ..., 7, with times zhcy, ..., zhcy, starting at
f. For a sufficiently small common complex parameter z this gives a holomorphic family f,, smooth
up to the circle, whose first field is

V = 0.f.|, = ahEl. (5.16)

The existence radius is uniform at the fixed parameters, since the initial images lie in K j’~76 and all
flow times are bounded. On the boundary the displacement is m times a uniformly bounded smooth
function. Because m < §¢, decreasing this radius makes each new d; comparable to its old value,
with constants between 1/2 and 3/2. Thus the spatial boundary restrictions persist. The variable
w and all times t are unchanged, so no uniform margin below the upper time boundary is needed.
The center stays in C by its already established margin.

Uniform Taylor remainders at the fixed parameters. We spell this out because smoothness of
individual discs does not by itself imply the uniform expansion needed for an infimum. On the
controlled interior compact the flow map and all its derivatives through any fixed finite order are
bounded. Differentiating in the disc variable introduces one derivative of f, h, or ¢. Their Dirichlet
norms are bounded; for f use local metric equivalence on K ]’.75 and (5.5). Hence the family and its
first three real parameter derivatives have bounded W2 norms, with bounded sup norms for their
values. Differentiating the area integrands through order three yields only bounded coefficients times
products of at most two such first disc derivatives. Cauchy—Schwarz supplies uniform integrable
bounds. The same reasoning applies to the Gauss map, whose derivatives are bounded on the
controlled compact.

At the boundary write § = h/m. The boundary values of f, can be written in ambient
coordinates as a smooth function of X, ¢, 8, and zm, on a fixed compact range. More precisely, for
either cutoff,

0i(f2) = 0i(f) + mRi(z, X, ¢, B), R;(0,-) =0,

where the real parameter derivatives through order three of R; have bounded sup and D norms at
the fixed parameters, by (5.10). Since m/§; = 69713 _, is smooth on the closed boundary region,
the function

log 0;(f-) — log 6;(f) = log(1 + (m/&;) R;)
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and its parameter derivatives through order three have uniformly bounded D norms. For reciprocal

walls, use
1 1 m RZ‘

5i(f:)  &(f) 67 1+ (m/o)R;

The prefactor is smooth and bounded when a > 2. Therefore all nonzero parameter derivatives of the
wall costs through order three are uniformly bounded, even when the unchanged wall cost is large.
The remaining boundary integrands IV, dy ; have bounded derivatives on K x [0,T]. Finally the
quadratic seminorm of the logarithmic wall has three bounded parameter derivatives by its Hilbert
space pairing formula. These observations prove a uniform O(|z|3) remainder after parameter-circle
averaging of the entire functional minus the test. The constants in this paragraph are allowed to
depend on the interior compact and on 7.

The actual mized energy derivative uses boundary constants only. Set V =dGV = ahUl on the
circle. Equations (5.10)—(5.16) imply

Vs < L, D(V)? < Ci(L)(1 + &€ + D(1)?). (5.17)

Here only ||aflcc <1 and D(«) < 1 were used; the corona coefficients have disappeared.

For clarity, consider any one of the closed (1,1) forms w in the three spatial area terms of (5.5).
It is a smooth closed form on Y after pullback. In ambient coordinates near the boundary write its
intrinsic tensor as ibg(X) dXP A dX 4, extending the coefficients smoothly from G(W;) near G(K)
as above. Deformed boundaries stay intrinsically in W; for a smaller parameter radius. Closure is
used intrinsically before this extension. Cartan’s formula and Stokes give

0.0 / frw
A

2m R [

=i bpa(X) VPOV

0 /0 [pq( ) 0 - (5.18)
+ (Drbpg) (X)VPVT 95X 19) df.

One can also verify the identity using local potentials: the mixed parameter derivative equals the
boundary normal derivative of w(V, V), with the corresponding Stokes normalization. In (5.18), the
holomorphic dependence of G f, eliminates a mixed second parameter field. The identity is global;
it does not require partitioning w into nonclosed forms.

The coefficient b has bounded C? norm determined only by K;. For B = 1V lloos

D(b(X)V) < C;(D(V) + BD(X)),

D((Ab)(X)VV) < C;(BD(V) + B2D(X)).

Pairing each angular derivative by (5.10) bounds the absolute value of (5.18) by C;(L) (D(X)? +

D(V)?). This proves the required estimate for all spatial areas. The w area is unchanged. In
particular for the Euclidean area the identity reduces, up to its fixed normalization, to D(V)2.

It remains to check the logarithmic seminorm; its unbounded argument cannot be handled by an
unweighted smooth-composition assertion. On the boundary put Z = aSUI, so that V = mZ. Then

1Zlle <L, D(2) < Ci(L)(1+ VE + D).
Regarding p = 4162 as a smooth ambient function, the tensors

mdlogp = p*~'Op,

_ _ _ 5.19
m2801ogp = p** 1adp — p**29p ® p (5.19)
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extend smoothly to the closed boundary region. For ¢, = logp(f.) their contractions against Z
and (Z, Z) are exactly 9.¢.|o and 0.0:q.|o, respectively. Consequently each has D bounded by
Ci(L)(1 + V& + D(1)). Write b = 9,q.|o and ¢ = 0,0:q|o, and let Bp be the sesquilinear pairing
Bp(u,v) = > |k|lugtg. Since g is real, differentiating this quadratic seminorm gives exactly

azagp(qz)2]0 = 2D(b)? + 2RBp (g, c). (5.20)
Since D(q)? < &, Cauchy—Schwarz proves
|0,0:E(f2,w)]o| < Cj(L)(1+ & + D(1)?). (5.21)

All constants in (5.21) use boundary coefficients only, independently of the realization and Taylor
constants.

Testing the infimum and removing the auziliary loss. Every deformed value of (5.6) is at least
e, while the values at z = 0 approach it. Average over |z| = r, subtract the value at zero, and
divide by 2. First take the minimizing-sequence limit with r fixed, and then r | 0. The uniform
remainder just proved yields a nonnegative lower limit for the mixed derivative of cost minus test.
Its nonpenalty terms are

([a*Th (L, 1)) = a(0)*h(0)* ¢ ,c(1(0), [(0)).

The center frames and their inverses are bounded independently of interior area by Lemma 4.5.
Thus the test term is bounded, as is the boundary symbol by (5.14). Removing « changes these
terms by at most Cj 1, ,n. Equation (5.21) has a coefficient independent of 1. Send 71 | 0 after the
sequence and radius limits. This proves (5.15) with the stated uniformities. In particular, none of
the constants controlling the shrinking realization radius multiplies the final €€ error. O

5.3 Removing the negative part and factoring the boundary form

The allowance for disc-dependent columns in Lemma 5.2 is essential here. Let S = (T;)_ be the
positive semidefinite negative part of T;. Matrix clipping is Lipschitz in the Frobenius norm, so
1S]loo < C; and D(S)? < Cj(1+ &). Let Sp be its Fejér mean of order P. Positivity of the Fejér
kernel preserves its sup bound, and its Fourier multipliers give

|Sp — S|3 < C;(1+&)/P. (5.22)
Each column /;(¢) = ¢F+1Sp(¢)e; is holomorphic, vanishes at zero, and has
llillo < Cj, D(l:)* < C3(P +1).

The frequency shift has modulus one on the circle, so summing (5.15) over these columns tests
tr(7,5%). In comparison, tr(7}5?) = — tr(S3). For fixed j, ¢, discard finitely many sequence terms
and let B; bound 1+ &, with eB. — 0 as € | 0, as permitted by (5.8). Choose an integer P = P,
fixed along this sequence, with

BE/P5—>O, €P€—>O;

for example round /B /e upward. The trace error is at most C}||Sp — S||2 by boundedness of both
matrices. Equations (5.15) and (5.22) therefore imply

lim lim sup(tr((73)%)) =0,  limlimsup ||(7)_||; = 0. (5.23)
EJ,O v E\LO v
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The second conclusion follows by Holder’s inequality in fixed dimension. This argument uses both
sides of the intermediate frequency choice; a bound merely of the form e£€ = O(1) would not suffice.

Fix 6 > 0. Apply the smooth scalar function A — § + (A + VA2 +62)/2 to T, and call the
resulting positive boundary matrix L. Then

L>Ty+0I, L>6I, |IL— (T4 <36

Functional calculus in fixed dimension gives D(L) < C; sD(T}). Lemma 4.6 gives L = H*H, with
H, H~! holomorphic and smooth on the closed disc; this is the smooth boundary factorization of [4,
Theorem 2.1], with the quantitative seminorm estimate established in Section 4. For every constant
unit column e,

I=He, |lle<d ™2 D)’ <Cs(1+8).

These are permissible disc-dependent tests at fixed j,e,d. Since T, < L, their boundary quadratic
costs are at most one. Equation (5.8) now gives

h(0)%¢r.. < (14 o(1))H(0)*H(0) (5.24)

as the sequence limit and then ¢ | 0 are taken at fixed j,d. To see that this is a matrix assertion, if
the largest violation did not tend to zero, choose its unit eigenvector separately for each disc. Those
columns satisfy exactly the same sup and D bounds, contradicting Lemma 5.2. Thus no fixed-test
assumption has entered either the Fejér test or the spectral-factor test.

5.4 The backward clock and the symplectic cost

Choose cutoffs 0 < x; < 1 which are one wherever d; differs, or starts to differ, from one. Require

supp x1 C {u > A;/3}, supp x2 C {N(y,0) > CQBJZ}

for a fixed co > 0. Before choosing B; we can choose C]’- > 1 depending on the base compact, do;
and the time interval, and a fixed integer c3, such that

‘p(Wb) — N — Aht (d(),j + (1 + S)kl)’ < le(l + Bj)c3 ((5152)7631{)@:1}. (5.25)

Indeed Lemma 4.1 gives the exact equality without the second wall. The remaining expression is a
polynomial of degree at most two in the Hessian entries. On a compact base, N(y,t) and N(y,0)
are quadratic in the fiber variables, and their fixed finite derivatives grow polynomially in those
variables. Differentiating the reciprocal cutoff twice introduces at most three inverse powers of do;
the analogous first-wall factors have at most three inverse powers of §;. Enlarging a fixed integer
c3 bounds all these finitely many terms. This proves (5.25), including that C’]’- is chosen before B;.
Also

|Ap k1| < CePo7%1p,, 1y (5.26)

Here the controlled gradient and complex Hessian of u bound |09k | g by Cor 3 uniformly in large
A;. Since 0 < hy < g, each inverse eigenvalue relative to g is at most e”, proving (5.26).
Fix integers a, c sufficiently large that 4a > c3+3 and ¢ > c3+ 3, retaining all earlier requirements
on a. Put
0 = m* exp[—x1(p + clog(j + 2))]
-exp[—x2(log Cj + clog(j +2) + clog(1 + By))], (5.27)

¥ ="0/(70)-
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Choose B; so large that log C’]’- / sz — 0. The preceding choice of C;- makes this noncircular. Since
—logd; < k4, (5.9) controls (—logm). On supp x1, (5.3) controls both p and j by dp ;. On supp xe,
the pointwise boundary inequality N(f,¢) > N(f,0) and (5.9) give (x2) < C/BJZ. It follows, in the
stated successive limits, that

(—log~o) — 0, () — 1, (log~y) — 0. (5.28)

For example, the second limit also follows from e{l°870) < () < 1.

The powers and exponentials in (5.27) bound the weighted errors in (5.25) and (5.26) by a quantity
tending to zero. On the support of each error its corresponding cutoff equals one, so the cancellation
is literal; m* clears the displayed inverse wall powers, e~ clears e, and (C’;)_l(l +Bj)“(j+2)°¢
clears the fiber error. The denominator () tends to one, and ¢/s is bounded because centers stay
in C. Since (0; — Ap,)do,; > 0, we obtain

(L1000 +audo) + b+ ) = (Sp(003)) = 1), (5.20)

Here 0j(1) tends to zero after the earlier limits.
The clock test giving the left side of (5.29) must run backward. At fixed j,

Ve <Cji D) < Ci(1+€).

These follow by (5.10) from the smooth coefficients in (5.27); the denominator has a positive lower
bound by Jensen and the bounded cost. For an explicit bound, let M bound the unpenalized
boundary cost along the fixed-j sequences. Then (k; + ko) < M, (—logp) < M, and (x1p) < M by
the tail wall. Hence

(—log7o) < (4a+ 1)M + 2clog(j + 2) + log C} + clog(1 + Bj),

and Jensen gives a positive lower bound for (yy) depending only on these fixed-j data. No lower
bound on the individual cutoffs or boundary times is used. Let I' be holomorphic with boundary
real part v — 1 and I'(0) = 0. For s’ < s set

w' = w+ §log(s'/s)L.

On the circle the new time is ¢(s’/s)7. In the interior its exponent is the positive harmonic extension
of . Hence every time decreases, including when the original disc has arbitrarily little margin below
T. The center of w' is still zero.

Comparing the perturbed functional with its infimum, first along the minimizing sequence and
then letting s’ 1 s, gives

95¢(f(0),s) = <27(8tN + Ordo j) + k1 + k‘2> —Cie(14+ &) —o(1). (5.30)

The sign follows because the quotient denominator s’ — s is negative. For the energy error only
the w area changes, and D(I') < C'D(v) gives its derivative bound by Cauchy—Schwarz. Its Taylor
expansion is quadratic in log(s’/s). For the boundary cost, derivatives of ¢(s’/s)? are uniformly
bounded at fixed j; IV, dp; are smooth down to t = 0 on K. The possibly unbounded unchanged
walls multiply 1 + s affinely and thus have no second time remainder. These facts justify the
sequence-then-difference limit in (5.30) without a bound on the imaginary part of T

Let Jg be the bivector components in Ey. Its holomorphic sup bound depends only on K; by
Lemma 4.5. Since p is quadratic in the Hermitian form, p(W;) = m~*p(T}, Jg). At fixed j, the
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factor ym~* is bounded. Therefore (5.23), the uniform symbol bounds, and L = (T3)+ + O() allow
the replacement

<i'yp(Wb)> = <2’ym_4p(L, jE)> + 0;(5) +o(1) (5.31)

after £ | 0. The vector ( N2 H )JE is holomorphic and nonzero. Logarithmic submean for its squared
norm, followed by scalar Jensen, gives

(Lym™p(L,T5) ) = expllog) h(0) p(H(0)" H(0), To(0)). (5:32)

Indeed (log(t/s)) = 2Rw(0) = 0 and log h(0) = (logm), which give precisely the factors in (5.32). If
desired, logarithmic submean follows by applying submean to log(|Z|? + 7) and then 1 | 0 for the
displayed holomorphic vector Z.

5.5 Passing from positive majorants to the required form

Lemma 5.3 (Symplectic cost and the Schur complement). In a cotangent vector space with canonical
bivector J =, ei A fi, let H > 0 be Hermitian, and suppose H > W, where the vertical block C of
W is positive. Then

S = Schur(#H) > 0, S > Schur(W), p(H) > tr(CTS). (5.33)

Proof. Write H = (é“* B), S =A4- BD7'B* and R = D 'B*. The complex-linear change
(z,y) — (x,y + Rz) makes the form block diagonal with blocks (S, D). It carries the canonical
bivector to

doeiNfit+ D> Ruifr A fi

Its cross and vertical components are orthogonal for the induced exterior-square form, whence

2

p(H) = tx(SDT) + > Ryifu A fi

ki

D

The shear need not be symplectic; its additional vertical term is retained and is nonnegative. Since
D > C and S > 0, the last identity gives p(H) > tr(SCT). Finally, for each horizontal z,

S(2,7) = it H((w, ), (2,v) = it W (z,), (@y)) = Schur(W) (z, 7).

The last infimum is finite and has the usual Schur expression because C' > 0. This proves the
Lemma. O]

Completion of the proof of Proposition 5.1. Combine (5.24), (5.29), (5.30), (5.31), and (5.32). More
explicitly, if » > 0 denotes the error tending to zero in (5.24), the form with frame matrix

He = (1+7r)h(0)"2H(0)*H(0)

is a positive majorant of the test Hessian at its center, after an arbitrarily small enlargement if
necessary. Transform it to the fixed cotangent coordinates. Its symplectic cost is

p(H) = (L +7)?h(0)~"p(H(0)* H(0), T&(0)).
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For fixed j, 0 first take the minimizing-sequence limits and ¢ | 0; then send ¢ | 0; finally let j — oo.
Equations (5.9) and (5.28) give a diagonal sequence of approaching centers and positive majorants
‘H such that

lim sup p(H) < 5@ (Ys, 54)-

No compactness of the complete matrices H is needed. Their test vertical blocks C. converge to
C > 0, so for late centers C. > cI with a fixed ¢ > 0. Lemma 5.3 bounds their positive Schur forms
Se by ctrS. < p(H). Pass to a convergent subsequence S, — K. The same Lemma and continuity
of the test Hessian and its Schur complement give

K >0, K > Schur(W), tr(CTK) < 050 (yx, 54).

This is (5.1) and proves the Proposition. O

6 Fiber ellipsoids and joint positivity

We turn the disc inequality into a scalar comparison by optimizing a Hermitian form in each
cotangent fiber. Throughout this Section, ¢ is physical time, and 0 < ¢ < T for a fixed finite T". Thus
t plays the role of the center-time parameter in Proposition 5.1. Let v be its lower semicontinuous
disc envelope. We use

N(z,£,0) <wv(z,&,t) < N(x,&,t), v(z,c,t) = ]c|2v(x,§,t). (6.1)

The matrices below represent Hermitian forms on cotangent columns by £*B§. Accordingly,
contraction against a horizontal Levi form H is tr(BTH); in particular, Ay, f = tr(bf 90, f).

6.1 The optimizer and its contacts

The optimizer/contact-resolution argument is a Hermitian adaptation of John’s optimal-ellipsoid
contact method [30]. The lower-semicontinuity details are proved here; the common-base product
support and the ensuing PDE comparison are further arguments below, not consequences imported
from the classical real convex-body theorem.

For each (z,t), let B(x,t) be the feasible matrix maximizing the determinant:

det B(z,t) = max{det D : D > 0, £*D¢ < v(x,&,t) for every £}, L = logdet B. (6.2)

The ellipsoid {£ : £*DE < 1} of a feasible matrix contains {¢ : v(z,§,t) < 1}. Maximizing det D
minimizes its Euclidean volume in these fiber coordinates.

Lemma 6.1. The mazimum in (6.2) exists and is unique. The function L is lower semicontinuous
in each holomorphic coordinate chart, and

Fy:=logdetby — L satisfies 0 < Fy < p. (6.3)

At any fixed point, choose linear cotangent coordinates in which B = I. There are finitely many
unit columns & and positive numbers a; such that

m m
v(x,&,t) =1, Zai&ﬁ;‘ =1, Zai =n. (6.4)
i=1 i=1
The largest weight can be made arbitrarily small by repeating columns.
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Proof. The initial cometric by is feasible by (6.1). Every feasible matrix satisfies D < b;. The
constraints therefore define a compact set if positive semidefinite matrices are temporarily admitted.
A determinant maximizer in that set has determinant at least det by > 0, so is positive definite. Strict
concavity of log det on the positive cone gives uniqueness. It also follows that det by < det B < det by,
which proves (6.3), since p = log det b, — log det by.

Fix a feasible positive matrix D at (xo,%p). For 0 < ¢ < 1, the candidate (1 —e)D has a strictly
positive margin on the unit fiber sphere. Lower semicontinuity of v and compactness of that sphere
preserve this margin for all nearby (x,t). Consequently

liminf L(x,t) > logdet D + nlog(l —¢).

(:L‘,t)%(xo,to)

Take D = B(xg,tp) and then € | 0. This proves the asserted semicontinuity without asserting
continuity of the optimizing matrix. Under a change of holomorphic base coordinates, both £ and
log det b; acquire the same time-independent pluriharmonic summand. Thus Fj is a globally defined
upper semicontinuous function.

Normalize B(xg,tg) = I, using a constant linear base-coordinate change and its induced cotangent
change. On the unit sphere put

E ={¢:v(xp,&,tg) = 1}.

This is compact, because v > [£|? at the chosen base point. Suppose that a Hermitian matrix H
is strictly negative on E. It is uniformly negative in a neighborhood of E on the sphere; on the
complementary compact set, v — 1 has a positive minimum. It follows that I + eH is feasible for all
sufficiently small € > 0. Optimality then implies tr H < 0.

The cone generated by ££%, & € F, is closed: its generators have trace one, so bounded trace
bounds the total coefficient in any conic combination. If I were outside this cone, finite-dimensional
separation would give H with tr H > 0 and £*H{ < 0 on E. Subtracting a sufficiently small
positive multiple of I contradicts the preceding paragraph. Hence I belongs to the cone. A finite
conic representation gives (6.4), after discarding zero coefficients. Taking its trace gives Y_; a; = n.
Replacing each pair (&;, ;) by 7 copies of (&;, a;/r) preserves every identity and divides the largest
weight by r. O

Proposition 6.2. For the optimizer in (6.2), every smooth lower test X of L at an interior point
(zo,to) satisfies
—F
Do, to) > e OLOIA, Nz, o). (6.5)

Thus L satisfies this inequality in the lower viscosity sense on M x (0,T).

To prove this scalar inequality, we construct simultaneous contact jets at a common base point
and time and transfer them to lower tests of v. The transferred tests must have positive vertical
Levi blocks, as required by Proposition 5.1. We first construct a support for the weighted sum of
the contact values, then obtain simultaneous contacts and add their Schur-complement inequalities.

6.2 A product support with positive vertical Levi form

Fix a smooth lower test A of £ at (zg, to), and choose the normalized contact list in that fiber. Allow
the columns to vary independently, and set

M. = (\/afly SR \/Ongm)a A= MCM: (66)
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Near the original tuple My, the matrix M. has rank n. Let II(M,) be its row plane in Gr(n,m).
For every nearby (z,t) and every full-rank tuple,

Zozw(a:,fi,t) > tr(B(x,t)A) > n+ L(x,t) + logdet A. (6.7)

Indeed apply a > 1 + loga to the positive eigenvalues of BY/2ABY2. Equality in the second
inequality holds exactly when BY/24BY2 = J.

Here is the Levi calculation that will control each separate fiber. For a full-rank complex n x m
matrix M, put A = M M?*. For a matrix variation Z, differentiating along M + zZ gives

dD0log det(MM™*)[Z, Z] = tr(A™1ZZ*) —tr(A~ ' ZM* A~ M Z*)
=tr(A™'Z(I - M*A™'M)Z*) > 0. (6.8)

The middle factor in the final expression is an orthogonal projection. This form is the pullback by
IT of the Grassmannian form induced by the Pliicker embedding. In particular, for a variation V; in
the ith unweighted column alone,

00, log det A[V;, Vi] = ai (1 — i A& VP ATV (6.9)

At any tuple with A = I and |¢;| = 1, the form after division by «; is therefore (1 — a;)I. Repeating
the contact columns leaves their matrix resolution unchanged and makes these normalized vertical
forms as close to I as needed.

Subtracting a small multiple of (|z — xg|? + |t — t9|?)? from A makes its contact strict on a
compact coordinate cylinder without changing its time derivative or spatial Levi form there. Choose
a smooth nonnegative function n on Gr(n, m), vanishing only at II(Mj), and scale it so that

d0(n o) < A0 logdet A. (6.10)

Such a function exists: the squared Euclidean distance from the orthogonal projector of a plane to
the projector of II(Mp) is smooth and vanishes at that plane alone, and its Levi form is bounded
above by a constant times the positive Grassmannian metric. Fix 0 < # < 1, and use the smooth
support

go(z,t,&1, ..., &m) = n+ Az, t) + logdet A — n(II). (6.11)

The difference between the left side of (6.7) and gy is nonnegative. At equality, strictness forces
(z,t) = (x0,t0), the trace inequality forces A = I, and the penalty forces II = II(Mp). Thus
M. = UM, for a unitary U € U(n). In particular each unweighted column still has norm one.
Equality also requires each column to remain a contact of v. The equality set is therefore a compact
subset of this unitary orbit. It is nonempty, since it contains the original contact tuple.

Choose a bounded open neighborhood O containing this equality set, with compact closure in
the base-time cylinder and in the full-rank matrix locus. Its boundary avoids the equality set. Lower
semicontinuity gives a positive gap on 90O between the sum and its support. All columns on O, and
their small neighborhoods, lie in one bounded cotangent-coordinate region.

6.3 Simultaneous contacts with a common base

We use Alexandrov’s almost-everywhere second-order differentiability theorem [1], in the form of [15,
Appendix A, Theorem A.2]. The contact-set and translated-test arguments below follow the Jensen
and inf-convolution framework of [15, Appendix A, Lemmas A.3—-A.5]. We give the local details
that retain one shared base and time and introduce no negative error in the vertical Levi form.
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Use the real coordinate vector ¢ = (Rz, Sz, t, RE, JE) and define, with sources restricted to a
fixed slightly larger compact coordinate region,

v*(g) = inf {v(z) + |qg:|2} (6.12)

The infimum is attained. On the region used here, v < v and any minimizing source satisfies

|z — q| < C/k, by the local upper bound and nonnegativity in (6.1). Sources are consequently
interior for small k. Moreover,

¢ —¢q k;j1L0 = liminfo"(g;) > v(q). (6.13)
J

This follows by applying lower semicontinuity to minimizing sources. The function v*(q) — |¢|?/(2k)
is concave, being an infimum of affine functions. Thus v" is semiconcave and has a full real
second-order expansion almost everywhere.

Let Q = (x,t,&1,...,&n) denote the product coordinates, understood as real coordinates when
differentiating in time, and put

1@) = 3 aw™(@,61) — 90(Q):

This function is semiconcave. The shared variables x, ¢ have not been duplicated. By (6.13), the
positive boundary gap on O persists for all sufficiently small k, whereas f, < 0 at the original
equality tuple. For any sequence d, | 0, all minima of f.(Q) —p-Q on O, |p| < d, are interior for
small k. Any limit of such minimizing points lies in the original equality set: the minimum values
have upper limit at most zero, and (6.13) gives the reverse inequality at each limit.

For completeness, these contacts form a set of positive Lebesgue measure for each fixed small
k and d, > 0. Let F, be the set of minimizers for all slopes in that closed ball. Continuity of fi
and the boundary gap make E, a compact subset of O. At a contact, its supporting lower affine
function and semiconcavity imply differentiability, with D f, = p. If z,y € E, are close and Cj is a
local semiconcavity constant, then

0 < fuly) = fu(x) = Dfulz) - (y — 2) < 3Cklz —y|*.

Combining the lower support at x with the upper quadratic bound based at y, evaluated at y + h,
gives

(Dfu(x) = Dfu(y)) - h < 5Cx(jz —yl* + |1[?).

Choose h of length |z — y| in the direction of the gradient difference. This proves that the gradient
restricted to the contact set is locally Lipschitz. Its image contains the entire slope ball, so that
contact set cannot have measure zero. Compact interior localization makes the preceding argument
valid in finitely many coordinate balls. Notice that no strictifying quadratic has been added to gy.

For each i, the exceptional set where v" lacks an Alexandrov expansion is null. The projection

Q — ($7t7£i)

is a surjective real linear map; its inverse image of that exceptional set is null by Fubini. A finite
union remains null. Hence we may choose a contact Q) € F\ at which every factor has a full real
second-order expansion simultaneously. Write

a,f;: = atvﬁ(xn,gf,tn)y W,L'H = aéx,gvﬁ(xﬁﬂgfvtﬂ)‘
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Differentiating the common-base minimum gives

Zaia? = 815)\(33&’ tn) + (pn)tv |pn| < 6, (614)
and, for every complex X, Vi,..., Vi,
> WX, V), (X, Vi)] > 00 A[X, X] + (1 — 0)0d log det A[V, V. (6.15)

Here the forms on the right are evaluated at Q). To justify the passage from real to complex
Hessians, if H is a real Hessian and Z is a complex spatial direction, its Levi quadratic form is

Y (H(Zr, Zg) + H[J Zr, J Zg)).

Apply the real Hessian inequality in both directions, with time component zero. The linear
perturbation has zero Hessian, and (6.10) gives (6.15). Thus this is an inequality of complex Levi
forms, rather than an identification of real and complex Schur complements.

Let C! denote the vertical block of W/. Take X = 0 and vary only the ith column in (6.15).
Equation (6.9) and convergence to the compact equality set give

cr>((1-6)1- m]axaj) —o(1))I. (6.16)
The o(1) tends to zero as x | 0, with the list and 6 fixed. Replicate the list beforehand so that
max; ; < 1; these vertical blocks are then uniformly positive.
We finally transfer these jets to the original envelope. Fix x and the chosen contact, and let
z; be a minimizing source in (6.12) for ¢; = (zy,tx,&Y). Subtract €|h|? from the real second-order
expansion of v"(¢; + h). For every ¢ > 0 this gives a smooth quadratic lower test ¢; . in a sufficiently
small neighborhood of ¢;. Since

— 2/{/ )
the translated function )
i — %
wi@(zi + h) = ¢i,a(%‘ + h) — |q?lﬁ;’ (6.17)

is a lower test of v at z;. Translation preserves its time derivative af and its Levi form W/ —el.

Apply Proposition 5.1. Its canonical cotangent contraction has constant coefficients in these
coordinates, so the possibly different source base points and times cause no coefficient error. If
CF > cl and 0 < € < ¢/2, it supplies K; . > 0 with

K; ¢ > Schur(Wf — el), af >tr((CF —e)TK; o) > (c—e) tr K; ..

In particular af > 0. At this fixed contact, let ¢ | 0 first. The displayed trace bound gives a
convergent subsequence, and continuity of the Schur complement on positive vertical blocks yields
matrices K[ satisfying

KF>0,  KF>Schur(Wr), o > tr((CH)TKF). (6.18)

The temporary Hessian decrease has thus disappeared before taking any limit in . In particular it
cannot be magnified by a later vertical minimization.

46



6.4 The scalar volume inequality

Completion of the proof of Proposition 6.2. Use the preceding construction at the lower contact,
with B = 1. Set K., = >, a; K[*. We first show

K. >0, K > 00\, tr)- (6.19)
For a Hermitian form with blocks W = (£ Z), C > 0, completing the square gives
W((X,V),(X,V)] = X*(H - DC™'D")X + (V +C7'D*X)*C(V + C™'D*X).

Its minimum over the complex vertical vector V is Schur(W)[X, X]. The extra term on the right of
(6.15) is nonnegative by (6.8). Minimizing the left side independently over every V; therefore proves

Zai Schur(W[) > 00\, ).
Equation (6.18) gives (6.19).
Write ¢p o = (1 — 0)(1 — max; o) > 0. Equations (6.14), (6.16), and (6.18) imply
O @, ) + (Pr)t > (co0 — 0(1)) tr K. (6.20)

The positive aggregate matrices are bounded. Let x | 0 and pass to a subsequence to obtain a
matrix Kp o such that

Koo >0, Ko,0 > 003\ (o, o), O A (o, t0) > o0 tr Ko o

Now let 6 | 0 and repeat the construction with increasingly replicated lists, so that max; a; | 0.
The aggregate matrices still act on the fixed n-dimensional horizontal space and have uniformly
bounded trace. Another subsequence gives

K >0, K > 00, Mo, to), Oe (o, t9) > tr K. (6.21)

This also specifies the parameter order: fix the list and 6; regularize and select simultaneous contacts;
remove the lower-test Hessian decrease at each fixed contact; let x and the slopes tend to zero;
finally let 6 and the maximum weight tend to zero. No bound uniform in the number of individual
contact jets is needed.

At the normalized point B = I < by, and Fp = logdet by,. All eigenvalues of by, are at least one,
so each is at most their product. Consequently

0<e oy, <T.
Using the two matrix inequalities in (6.21), in the indicated order, gives
OA > tr K > e o tr(bg K) > e tr(bg 00, A) = e O A, A

The positivity of K justifies the middle comparison even when 99, is indefinite. This proves
(6.5). O
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6.5 Equality of the envelope and the norm
Theorem 6.3. For the flow in Theorem 3.1, the function

(z,&w) — N(z,§,e"")

is plurisubharmonic on T*VOM x C. For every finite T, its disc envelope satisfies v = N on
T*OM % (0,T).

Proof. In any holomorphic base coordinates let ¢ = log det b;. The flow equation and the Ricci-form
identity give -
6755 = Rht, aﬁxf = Ric(ht), Aht€ = Rht'

If ¢ is an upper test of Fy = ¢ — L, then A = £ — ¢ is a lower test of L. Proposition 6.2 therefore says
drp < e TN, o+ (1 — e TRy, (6.22)

at contact. The coefficient Fy there equals the test value ¢. By (6.3), Fy is upper semicontinuous,
locally bounded, and between zero and p. Since p is smooth and vanishes initially, extending Fy by
zero at t = 0 preserves upper semicontinuity. Apply Proposition 3.3 to (6.22) on each interval [0, 7]
with 77 < T'. Since T" is arbitrary, Fy = 0 for every t < T. Its proof does not require completeness
of h; at positive time.

We have B < b; and det B = det b;. The positive matrix b, Y QBbt_ /2 < I has determinant one;
every one of its eigenvalues is therefore one. Hence B = by, and feasibility and (6.1) imply

N(x7€7t) = f*Bf < U(‘Tafvt) < N(xvéat)‘

This proves v = N.

For the raw disc infimum v™" of (4.1), we have v < v"™V, while constant discs give vV < N.
Thus v™" = N too, so N obeys the submean inequality for every admissible disc, not merely
for regularized centers. Given a holomorphic disc (f,W) in Y x C, put ty = eW(O+W(©) and
w =W — W(0). Choose T larger than the maximum of eV *"W on the closed disc. The defining disc
inequality then gives

T N (), W@
N(F(O) 1) < 5 [ N(f(e?).e ) do.
It suffices to use discs smooth past their boundary, including all sufficiently small coordinate discs.
Since the joint norm is smooth, these submean inequalities are precisely its plurisubharmonicity.
The horizon T was arbitrary. O

7 Harnack inequalities and shrinking holomorphic charts

The joint positivity of the cotangent norm will now give an exhausting system of inverse charts with
quantitative transition estimates. We first prove positive-time completeness and construct uniform
local charts. These charts may have several sheets, so continuing their inverse germs across compact
sets also requires a topological step: we will contract loops before constructing single-valued inverse
branches. For the quantitative estimates, volume loss must force contraction in every direction,
with an exponent common to all compact sets. The local chart and path-lifting constructions have
antecedents in Chau—Tam [8, Section 2|[9, Sections 2-3|. Throughout this Section, a metric on a
cotangent space is the Hermitian dual metric, including the transpose in its matrix representation.
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7.1 From joint positivity to completeness

The differential Harnack inequalities for Kéhler—Ricci flow have their classical antecedent in Cao’s
work [6]. Here we derive the needed inequalities from joint positivity before using them to prove
completeness of the evolving metric.

Proposition 7.1. The flow of Theorem 3.1 has nonnegative holomorphic bisectional curvature and
is complete at every positive time. Its Ricci tensor is positive definite. Writing A = Ric(h;) and
R =trp, A, one has, in fized holomorphic coordinates,

Ay + ArTA+ A >0, (7.1)
Ri+t'R+2RedxR+AX,X)>0 (X eT''M).

In particular hy < hy fort' > t, R(o,t) < C fort >0, and

4 <Cdistht (2,9)?

R(z,t) < R(y,t')? exp T ) 0<t<t). (7.3)

On each fixed compact set, hy < Cgt™ %K g fort > 1, with ax > 0.

Proof. By Theorem 6.3, the dual squared norm of the tangent metric pulled back to (z,w), where
t = e¥t? s plurisubharmonic. Completing the square in the free first derivative of a cotangent
section identifies this assertion with Griffiths nonnegativity of the pulled-back tangent metric. At a
spatially Kahler-normal point its curvature blocks are

(C) = Rmy;, 3, S

ij af ij

2 -1
wjaB = tVEAaB, Ouwp =tA+t (At—l—Aht A).
The spatial block gives nonnegative bisectional curvature and hence A > 0 and metric monotonicity.
The last block gives (7.1). Trace the curvature in its fiber indices and evaluate on the spacetime
direction (X,¢~1). The identities

try, Ay = Ry — |Al},,  ton,(AhyTA) = |A]7,,  tr,, VxA=0xR

give (7.2).
At a fixed point choose a moving unitary frame satisfying E; = %A#E7 where A" = h; LA.
Differentiation shows that

%[tA(E,E)] =t(A + Ah P A+ t7PA)(EVE) > 0.
Initial strict bisectional positivity and local smooth convergence give A > 0 at sufficiently small
positive times on any prescribed compact set. The preceding inequality propagates this positivity
and gives tA > axh: there for t > 1, after changing the compact constant. Integrating dhy = —A
proves the asserted power contraction. Applied to the trace, the same inequality gives monotonicity
of tR(0,t). The linear bound for p(o,t) in Theorem 3.1 implies, for ¢ > 1,

2t
tR(o0,t)log2 < R(o,v)dv = p(o,2t) — p(o,t) < C(1 + 2t).
t
Smoothness on compact time intervals supplies the remaining basepoint bound.
For clarity, the next integration precedes the completeness proof. Choose a piecewise smooth
path from x to y whose h; length is within € of their distance, and run it at constant h; speed on
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[t,]. Such paths exist by the definition of the distance. Along this path, (7.2), divided by R > 0,

and A < Rh, give
d

]. . 2
— P .
dvlogf%OYOO,v)._ » Cly ()|,

Since hy, < hy, its energy is at most (disty, (z,y) + €)?/(#' —t). Integrating and then letting e | 0
proves (7.3) without using a minimizing geodesic or completeness of h;.

Fix T < co. Put d = disty, (x,0) and apply (7.3) with y = 0 and ¥ =t + 1 + d?. The basepoint
bound gives
Cr(l+ dg)
— 4
Let Dy, = By(o, L), and let I1,(t) be the infimum of lengths of paths from o to first exit from Dy,
measured in h;. The initial metric is complete, so Dy, is compact. There is a minimizing segment
realizing [ (t), contained in Dy, and every initial part of it minimizes to its endpoint. On this
segment the distance in (7.4) is at most [1(t).

Write | = I1,(t). In the summed real index forms use perpendicular parallel fields times a cutoff
which rises from zero to one on an endpoint interval of width

i TR A

If 1 > 2y/t/(1 +1), the index inequality and the two endpoint curvature bounds imply

R(z,t) < 0<t<T. (7.4)

2
g+ Cr(1+1%)a < CT(1+Z).
a t - Vit
Here and below fixed real-versus-complex normalization factors are included in Cp. If I < 2v/t/(1+1),
use (7.4) on the whole segment to obtain the same bound. The function I, is locally Lipschitz
in time, since the metrics are smoothly equivalent on the compact closure. At a differentiability

time, compare a current minimizing segment with its length at a slightly earlier time. The metric
variation formula therefore gives

l
/ Ricn, (4, ) drr <
0

Cr(1+1.(1))
Vit

I (t) > — for almost every t € (0, 7T7.
Consequently
1+1,(t) > (14 L)e 207V, (7.5)

As L — o0, every divergent path has infinite h; length. Equivalently, each finite h; ball is trapped
in a compact initial ball; its closure is compact by local equivalence of the smooth metrics. This
proves completeness. O]

Lemma 7.2 (Uniform immersed charts). For every fixed compact K C M, there are ri, cx,Cx >0
such that, for sufficiently large t and every p € K, there is a holomorphic local biholomorphism

®: Ben(rg) — M, ®(0) = p, d®(0) unitary for hy,

With ¢x geuel < P*ht < Cx geucl- The pullback metrics have bounds of every fixed derivative order
on smaller balls. The corresponding local smooth compactness statement holds for rescaled flows
whenever curvature is uniformly bounded on fized-radius moving balls during a fized two-sided time
interval.
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Proof. For t > 1, (7.3), with a fixed future time increment, bounds R on every fixed-radius h; ball
about o. Nonnegative bisectional curvature gives | Rm| < C, R. Centers in K are handled by a
compact family of paths from o: their h; lengths are bounded, so balls about these centers lie in a
bounded-radius ball about o.

To apply local curvature derivative estimates, take a ball for the earliest time of a short time
interval. It remains inside the corresponding larger later-time balls because metrics decrease. The
curvature bound gives metric equivalence on this fixed region throughout the interval. A path
measured in the later metric cannot first exit the earlier ball at arbitrarily small length; thus a
smaller later-time ball is contained in this region. Local Ricci-flow derivative estimates [49][31,
Theorem 1.4] now give all curvature derivatives on smaller balls and inner time intervals. Here the
estimate is applied on shifted sufficiently short cylinders, with a time buffer before each observation
slice. Metric equivalence keeps the initial balls required by the local estimate compactly inside the
fixed region. This construction applies verbatim after a fixed rescaling.

Here is why no injectivity-radius hypothesis enters the chart statement; compare [8, Lemma 2.2].
Pull back by the exponential map on a small tangent ball. The curvature bound excludes conjugate
points at this scale, although the exponential map may identify distinct points. Jacobi-field estimates
and their differentiated equations give uniformly controlled pullback metrics and parallel complex
structures, with a fixed Euclidean lower metric bound. In particular any sequence has a smoothly
convergent subsequence on a smaller tangent ball. The identities J? = —Id and N; = 0 pass to the
smooth limit. The Newlander—Nirenberg theorem supplies local holomorphic coordinates for the
limit complex structure [42] [27, Theorem 1.1]. In the smooth case their components satisfy the
smooth elliptic equation 5}5 7f = 0, so interior elliptic regularity makes these coordinates smooth.
Restrict them to a still smaller ball. Their squared radius is uniformly strictly plurisubharmonic
for all sufficiently close complex structures. Solve the small d errors of these coordinate functions
on a smaller strictly pseudoconvex coordinate ball. One can use the weighted L? estimate [28, 19],
viewing scalar functions as top forms with values in the anticanonical bundle. Give this bundle the
metric induced by the original uniformly controlled pullback metric. A fixed large multiple of the
squared radius pays its uniformly bounded curvature, and the strictly plurisubharmonic exhaustion
of the ball supplies an auxiliary complete Kéhler metric. The source errors tend to zero smoothly,
so the correcting functions tend to zero in local L%. We first justify smoothness of each correction,
then obtain uniform estimates on a fixed smaller real ball. Write the corrections as u; and their
equations as 0 J;u; = ;. For each index separately, the existing complex structure J; has smooth
holomorphic coordinates, with no uniform radius asserted. In those coordinates,

Aeucluj =4 Z azanj,a
a

is an identity of distributions with smooth right side. A compactly supported smooth extension
of the right side, convolved with the Euclidean fundamental solution, gives a smooth particular
solution on a smaller ball. The remaining harmonic distribution is smooth: its mollifications
satisfy the mean-value identity against a fixed smooth radial unit-mass kernel, and passage to the
distributional limit identifies the distribution with its smooth convolution by that kernel. Thus each
u; is qualitatively smooth.

For uniform estimates return to the fixed real ball and use P; = 55;5 J; with the original
controlled pullback Kéahler metric, rather than the auxiliary weighted metric. The scalar Kéhler
identity identifies P;, up to a fixed sign and normalization, with the real Laplace-Beltrami operator.
Its coefficients have uniform bounds of every fixed order and a uniform ellipticity lower bound.
Moreover Pju; = 55;] n; =: I} tends smoothly to zero. Testing this equation with XQQTj and absorbing
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the cross term gives the Caccioppoli estimate

2 2 2 2
[evuE<e [ (uf+ 5P
Supp X
for a fixed interior cutoff. The qualitative smoothness just proved legitimizes this test. Uniform
metric equivalence gives a W12 bound in the fixed real coordinates. Interior elliptic estimates [23,
Theorems 8.8 and 8.10], on successively smaller fixed balls, now yield

luillgmizzy < Cm(llujll 2y + 15l mm(m))-

Choose m+2 > k+n and use Sobolev embedding in real dimension 2n [21, Section 5.6.3, Theorem 6].
This proves convergence to zero in every fixed C* norm on smaller balls. The corrected coordinate
maps are therefore C! close to the limiting coordinate map. On a sufficiently small fixed ball their
derivatives are uniformly close to its invertible center derivative. They are injective on that ball, and
their images contain a common ball about their center values, by the quantitative inverse function
theorem. Subtract the coordinate center values and invert on this common ball. Composing with
the exponential parametrization and making a bounded linear normalization, with one further fixed
reduction of radius, gives the required maps into M with unitary center derivative. If no common
radius and bounds existed for the original family, a sequence witnessing their failure would have a
smoothly convergent subsequence of pullbacks. The construction just given supplies common charts
on that subsequence, a contradiction. This proves the uniform chart assertion.

For a flow, use the exponential parametrization at its central time as a fixed parametrization.
The curvature bound controls the time derivative of the metric; the first Ricci derivative controls
that of its connection. Induction using the higher covariant derivative estimates gives ordinary
space-time derivative bounds for the metrics and their parallel complex structures. Arzela—Ascoli
on smaller balls gives the claimed local smooth limits. O

7.2 Total distortion in the initial metric

In an he-unitary chart at z, the product of the initial-metric singular lengths is e?(®1)/2_ This
determinant identity alone allows the growth to occur in only some directions. The next lemma
bounds the greatest singular length by a fixed power of the least, so volume loss will force contraction
in every direction.

Lemma 7.3 (Static distortion). Fiz r,c > 0 and a compact set K C M. Suppose ® : Ben(r) — M
is a holomorphic local biholomorphism, ®(0) € K, and § = ®*g > cgeuel- Let A and B be the least
and greatest singular lengths of d®(0), using the Euclidean metric in the domain and g in the target.
There are constants depending only on K, r,c and the initial geometry on a compact neighborhood of
K such that

B<C@1+ AC. (7.6)

In particular these constants are independent of the particular chart and its total distortion.

Proof. We construct a plurisubharmonic weight whose upper bound is of order log(1+ A) and whose
Levi form is strict near the center. Its moving-ball definition will also give a nonnegative lower
bound on the support of the weighted 9 construction. These bounds make the extension estimate
independent of the total distortion. We then extend a local function whose differential detects B;
its L? bound gives the required polynomial bound.

Choose a constant holomorphic covector a = df with |ot|euct = A and |a[5(0) = 1. The logarithmic
dual norm

1 = log \a% satisfies (0) =0, Y < C+2log A.
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For a tangent X, the curvature formula for this logarithmic norm is

Rm(X, X,v,0)  |DyalP|af - [(Dya,a)f
[o]? o ’

009(X, X) =

where v is the metric dual of o and all norms in this formula use g. The second summand is
nonnegative. Initial bisectional positivity therefore makes ) plurisubharmonic. On any region whose
target image lies in a prescribed compact neighborhood K+ of K, it gives

20y > kg (7.7)

with £ > 0 uniform. The normalization of « cancels from this estimate.

Shrink the Euclidean domain by a fixed factor. Choose rg > 0 so small that any path of g
length at most 3r starting in this smaller domain stays in B(r); the lower metric bound makes this
choice uniform. The small closed metric balls used below are compact there and their distances are
attained by minimizing segments. Put

U(z)= max Y(y). (7.8)

dist~(z,y)<ro
g

This function is continuous. Compactness gives upper semicontinuity. For lower semicontinuity,
move a maximizing endpoint a little towards the center along a minimizing segment; the resulting
endpoint is admissible for all nearby centers and its value tends to the maximum.

We verify the Levi inequality for this moving-ball maximum. Let ¢ be a smooth upper test at z,
let y realize the maximum, and prescribe a nonzero complex tangent V at z. Choose a holomorphic
center germ with this derivative. If distg(z, y) < 1o, any holomorphic endpoint germ with derivative
equal to the parallel translate of V' along a minimizing segment stays admissible for a sufficiently
small parameter. Suppose instead that the constraint is active. For two real parameter directions
corresponding to V' and JV, choose trial paths whose first variation fields are the parallel translates
along this segment. Their first length variations vanish. The trace of their second length variations
is

0
—/ Ru(T, VI, VI, T) + R(T, SV, VI, T)] dr < 0.
0

Tangential components make no curvature contribution, and holomorphic endpoint germs have
zero trace covariant acceleration, so there are no omitted trace boundary terms. The strict sign is
precisely the initial bisectional sign.

The trace inequality alone is insufficient to preserve a two-parameter length constraint. At the
far endpoint we may prescribe its holomorphic second jet freely while retaining its first derivative.
Changing that jet by a real tangent W (regarded as a complex tangent by J) changes the real length
Hessian by

(W, T) (JW,T)
(JW,T) —(W,T)

at the final endpoint. Vectors in the real span of T, JT realize every trace-free symmetric matrix of
size two. Choose the jet to remove the trace-free part of the length quadratic. The trace remains
strictly negative; hence the full quadratic is negative definite. Smooth trial paths joining these
holomorphic endpoint germs then have length less than ry for every sufficiently small nonzero
parameter. The actual distance is no greater than this trial length. This proves admissibility also at
an active constraint, without differentiating a possibly nonsmooth distance function.

On either kind of admissible endpoint germ y(a), ¢(z(a)) > ¥(z(a)) > 1(y(a)), with equality at

a = 0. Taking the parameter Levi derivative proves 0¥ > 0 in upper-test sense, and thus in the
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plurisubharmonic sense. If distfgv(O, z) < 19/4, all the relevant paths and endpoints map into a fixed
compact K; applying (7.7) to the transported tangent gives

90V > kg on By(0,70/4), >0 on By(0,7). (7.9)

The latter inequality uses the admissible endpoint 0. Throughout the fixed Euclidean domain,
U < C+2logA.

We next specify the weighted extension, including its support. A fixed small initial holomorphic
coordinate neighborhood U of p = ®(0) lifts to a single sheet through 0. Indeed its short radial
paths and their short homotopies lift by local inversion of ®, and their g lengths equal their initial
target lengths. The lower metric bound prevents escape from the coordinate domain. Uniqueness of
local lifts and the short homotopies make this an inverse branch on U. Choose U uniformly over
p € K, with the whole sheet inside B5(0,r0/4).

In these initial target coordinates w, centered at p, choose a linear holomorphic function ¢ whose
differential has target norm one and whose pullback differential at 0 has Euclidean norm B. Let
x be a fixed cutoff on this sheet, equal to one near 0 and zero near its boundary. The function
a = x/, extended by zero outside the sheet, is smooth and uniformly bounded. Its source § = da is
supported in a fixed target coordinate annulus and satisfies

Be<C [ dVaazen [ azc
supp 8 supp 8

The last integral is the volume of one initial target annulus, since the chosen sheet is injective.
These constants do not contain B.

On the same sheet choose a nonpositive logarithmic-pole weight ), equal to (n + 1) log(jw|?/6%)
near 0 and cut off to zero within the strict region. Its negative Hessian is bounded by C'g on the
cutoff annulus, uniformly also for smooth pole regularizations. Choose a fixed large k so that the
weight

x = kU + A+ |2

is plurisubharmonic and its Levi form dominates a positive multiple of g on supp 8. On that support,
¥ >0 and A is bounded below. The scalar weighted 0 estimate on the fixed Euclidean ball [28][19,
Theorem 5.1 and Remark 4.5] gives 0v = 8 with

J1oPe e aViua < [ 18255, 167 dVeua < C: (7.10)

For a smooth-weight justification, first convolve ¥ on a slightly larger Euclidean region and regularize
the pole. For each particular smooth g, the convolution scale can be chosen small enough to retain
half of (7.9) on the compact support regions. The estimates just obtained are independent of that
scale. Weak L? limits and Fatou’s lemma give (7.10) for the singular weight.

The correction v is holomorphic near 0. Integrability with the pole \w|f2(”+1) forces its constant
and linear terms to vanish. Thus a — v is holomorphic on the Euclidean ball and has the prescribed
differential of norm B at 0. Since A < 0 and sup ¥ < C + 2log A, dropping the weight in (7.10)
gives

la = vlZaay,,, < C(1+ A,

Interior differentiation of a holomorphic function bounds its center derivative by this norm, proving
(7.6). O
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7.3 The volume clock and selected Ricci windows

The letter s now denotes the volume clock, rather than the time variable used in the disc envelope.

Set J
T =logt, s = p(o,t), q(s) = d—s =tR(o,1). (7.11)
T

For all sufficiently large times this is a smooth increasing change of clock.

We need two kinds of control. Estimates valid at every sufficiently late clock will govern the
chart transitions and their polynomial models. We will also select late times at which the rescaled
Ricci tensor is uniformly pinched at o and the scalar Harnack inequality approaches equality. The
surrounding intervals provide compactness for the limits used to contract loops.

Proposition 7.4. The function q is nondecreasing, ¢ > ¢ > 0 for large s, and

s — 00, g < Cem, lim inf @ < 2. (7.12)
S§—00 S
Uniformly on every fized compact set, p(x,t)/s — 1, and there is cx > 0 such that, eventually on

that compact set,
e g < hy < e Koy, (7.13)

There are fived ag € (0,1) and by > 0 such that the least eigenvalue at o of t Ric(hy) relative to hy
satisfies
Amin(8) > boq(ags)  for all sufficiently large s. (7.14)

Moreover there are S; — oo and Ky < oo with
q(25;) < Koq(aoS;). (7.15)

One can choose s; € [55;/4,7S;/4] so that (logq)'(s;) — 0. If t; corresponds to s; and R; = R(o,t;),
the rescaled flows

9i(2) = Rihy 1 2/R, (7.16)

have uniform curvature and derivative bounds on each fixed-radius moving ball about o in a fixed
small two-sided time interval. At (0,0) their scalar curvature is one and their Ricci eigenvalues
have a fized positive lower bound.

Proof. Proposition 7.1 gives monotonicity and the positive lower bound for ¢, together with ¢ < Ce™.
Hence s — oo. If g(s) > 2s for every sufficiently large s, integration of ds/dr > 2s would give
s > ce?", contradicting the linear-in-t bound for p(o,t). This proves (7.12).

For a compact family of initial paths from o, the power contraction in Proposition 7.1 makes
their h; lengths tend uniformly to zero. The factor on the right of (7.3), with time increment one,
therefore tends uniformly to one on the compact set. Apply the inequality in both spatial directions
and integrate in time. More explicitly, for every € > 0 and all sufficiently large v, uniformly on the
compact set,

R(z,v) < (14+¢)R(o,v+1), R(o,v) < (1+¢)R(z,v+1).
The first inequality also bounds R(z,v) there. Shifting either integral endpoint by one costs a
bounded amount. After division by s — oo, and then letting € | 0, the two inequalities give
p(z,t)/s — 1. No integrability of the error factor is required.

Let A, ..., A, be the eigenvalues of h; relative to g at z. They lie in (0, 1], and their product is
e~ P@ . Thus every \; > e P! swhich proves the lower bound of (7.13). Choose the instantaneous

unitary chart of Lemma 7.2 at x. Its initial-metric singular lengths are )\j_l/ 2, whose product is
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eP@1/2 Temma 7.3 bounds their largest value by a fixed power of their smallest, uniformly for z in
the compact set. Since all these lengths are at least one, their product forces the smallest to be
at least C~1e(@!)  This proves the upper bound of (7.13), after reducing cx and increasing the
starting time.

(1,0)

For each fixed nonzero covector £ € T, "’ M, the function

LE(T) = 1Og |£|i;1

is convex. Indeed the logarithmic norm of a holomorphic dual section is plurisubharmonic for a
Griffiths-nonnegative tangent metric, and its restriction to complexified 7 is independent of the
imaginary part. Its derivative is the Rayleigh quotient of ¢ Ric on the dual unit vector. Normalize
|€l;-1 = 1. At o, (7.13) gives

Le(1(s)) — Le(1(ags)) > (co — 2ag)s.
Choose ag < ¢,/4, reducing it further to be less than one if needed. Monotonicity of ¢ gives

7(s) — rlags) = [ < 2

aos 4(v) ~ q(aos)’

The endpoint derivative of a convex function dominates its secant slope. Taking the minimum over
all covectors proves (7.14).

The estimates obtained so far hold at every sufficiently late clock. We now select intervals
on which the lower Ricci bound is comparable to the scalar curvature. Put L = 2/ap > 1 and
choose Ko > L2 If (7.15) failed for all large S, then q(Lr) > Koq(r) for all large r. Iteration and
monotonicity would give q(r) > erl°eKo/logL for every large r, contradicting (7.12). Thus such
windows occur arbitrarily far out. On their middle halves,

75; /4
/ (logq)'(s) ds < log K.
55, /4
Choose s; there with (logq)’(s;) < 2log K¢/S;.
Write ¢; = q(s;) = t;R;. On the rescaled clock of (7.16),
ds _ q(s) 5 R(o,ti+z/Ri) _ q(s)

R Ri(o0,2) = = ) 7.17
dz  qi+ 2 (0,2) R; ¢+ z (7.17)

Since ¢; > ¢ > 0, choose § < ¢/4. As long as s lies in the good window, |ds/dz| < 2K, for |z| < 4.
The chosen s; lie a distance at least S;/4 from its ends, so this estimate keeps the whole fixed
time interval in the window for large . Formula (7.17) then bounds the rescaled basepoint scalar
curvature above and below by fixed positive constants. Apply the rescaled (7.3), using a fixed
future-time buffer, to get a uniform scalar bound on every fixed-radius moving ball in a smaller
interval. Bisectional nonnegativity controls | Rm |, and Lemma 7.2 supplies the local higher bounds.
Finally (7.14) and (7.15) give at the central point

boq(aos;) S bo

—, R; 0,0) =1.
qi ~ Ko i(0,0)

Amin(Ric(gi)) =

56



7.4 Harnack equality and contraction of loops

The uniform charts are still only local biholomorphisms. To continue their inverse germs to single-
valued maps on compact subsets of M, we must remove possible monodromy. The selected windows
do this by producing equality in a limiting Harnack inequality. We will show that this equality
forces real strict concavity of the scalar curvature, then use its gradient flow to contract loops in the
corresponding small intrinsic balls.

Proposition 7.5. The manifold M is simply connected.

Proof. Take the rescaled flows in Proposition 7.4. Their pointed pullbacks on tangent balls have a
smooth local subsequential limit, denoted g(z). Pass to a further subsequence so that

1

= k k, = —k>.
P (2),

This includes £ = 0 when g; — oo. Denote the limit scalar curvature by R and its Ricci form by
A. At the central spacetime point, R =1 and A > bg with b > 0. Formula (7.17) gives the exact
identity
[@Ri + kiRz} (00)

The limit therefore has S := R, + kR = 0 at the central point.

The matrix Harnack inequality has the rescaled form A, + Ag~'A + kA > 0. Its trace is S,
because R, = try A, + \A|3. Thus this nonnegative matrix vanishes at the point in question. Also
A, = 9OR under Kéhler-Ricci flow. If H;; = V;V;R, then

H=-A%—FkA (7.18)

= (logq)'(s;) — 0.

there, writing endomorphism products in a unitary frame. On a small spacetime neighborhood, A
is positive definite. Minimizing the scalar Harnack inequality over X gives

Z=5-Q>0, Q = |0R|%-1. (7.19)

At the equality point S =0, so 0R =0 and Z = 0.

We give the scalar Hessian calculation, since a vanishing Harnack quantity by itself does not
supply real strict concavity. Use R, = AR+ |AJ]?, A, = O0R, and k, = —k2. The derivative of the
Laplacian on a scalar is (0.A)R = (A, 00R), while

0| A|> = 2(A, 00R) + 2tr(A®).

Consequently )
(9, — A)S = 3(A,00R) + 2tr(A®) + k|A]* — K*R. (7.20)

At the equality point, substitution of (7.18) reduces this to — tr(A(A + k1d)?). Diagonalize A there,
with eigenvalues \; > 0. Since R = 0, derivatives of the coefficients of A~! make no contribution
to AQ or @, and

Q:=0,  AQ= "N (IR + |Rul?).
4l
The first square sum is exactly tr(A(A + k1d)?) by (7.18). Hence at this point

(0: = AN)Z = X' Ry> > 0.
7,5l
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On the other hand Z > 0 has an interior spacetime zero, so Z, = 0 and AZ > 0 there. The displayed
sum must vanish. Thus the pure complex Hessian Rj; is zero, while the mixed Hessian is negative
definite by (7.18). The real Hessian of R is therefore negative definite at the center, with a definite
bound furnished by the positive lower bound for A.

This conclusion holds uniformly on actual small metric balls in the original rescaled manifolds,
not only on their immersed parametrizations. Smooth convergence gives the center Hessian bound
and |VR;|(0,0) — 0. The intrinsic third-derivative estimates from Proposition 7.4 allow one to
parallel transport the Hessian along any minimizing radial geodesic. Shrinking a fixed radius r, > 0,
independently of i, gives constants ¢ > 0 with

Hess, (o) R; < —agi(0) on By, 0)(0,2r4), IV R;|(0,0) —> 0. (7.21)

Indeed the change in the transported Hessian is bounded by Cr,, so one chooses 7, after the
uniform center bound. This argument uses intrinsic derivative estimates along actual geodesics and
is unaffected by multiple sheets of a local chart.

Hold the complete metric g;(0) fixed and flow by the real vector field Y; = VR;(-,0). Along a
minimizing radial geodesic of length r < 2r,,

(Yi, 0r) < [Yi(0)| —ar.

For large ¢ this is negative on r = r,. At cut points, first variation along any minimizing radial
segment gives the same upper bound for the upper directional derivative of distance. Thus the
closed ball of radius r, traps trajectories starting inside it. Completeness makes this closed ball
compact, so these trajectories exist for all positive flow time. For a carried tangent vector V, (7.21)
gives

d ~
%|V|§i(0) = 2Hess &;(V, V) < —2a|V [ ).

Every loop contained well inside the trapping ball consequently has carried length tending exponen-
tially to zero.

Let a fixed piecewise smooth loop in M be given. Its image and a finite collection of paths from
o lie in a fixed compact set. Their hy, lengths tend to zero by (7.13), and R; < C by Proposition 7.1.
Thus this loop lies inside By, g)(0,7./4) for sufficiently large 7. Fix one such i. The compact trapping
ball has a positive minimum injectivity radius for this one smooth metric. A sufficiently short
carried loop lies in a normal ball and is contractible. The gradient flow up to that finite time is a
homotopy from the original loop to it. Approximation of continuous loops by piecewise smooth
loops finishes the proof. O

7.5 Inverse charts and one contraction exponent

Simple connectivity permits continuation of the inverse germs, but their first contraction estimates
will depend on the compact set. The following Liouville principle, applied to limits of logarithmic
norms, will make the exponent common to all compact sets. We state it in the required regularity
class; it is also a special case of [37, Theorem 9.

Lemma 7.6. Every bounded-above plurisubharmonic function on M is constant, including a function
which is not assumed continuous.

Proof. Allow the constant —oo, and otherwise let v be such a function. The compact-ball maximum

m(r) = maxs v is finite and nondecreasing. It is convex as a function of logr. To see this, fix
Bg (077')
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0 < r; < rg and compare on the closed annulus with the logarithmic chord

m(ra) —m(r1)

H(r) =
(r) =m(r) + log ro — logry

(logr —logry).

If its slope is zero the desired comparison is immediate from the definition of m(ry). For positive
slope, a positive maximum of v — H(dist4(o, -)) would occur in the annulus interior. At such a point
choose a minimizing radial segment. The length index form with linear parallel test fields in the
J-radial direction gives an upper Hessian bound for distance. More explicitly, let T" be the final
radial unit vector, let T'(¢) denote its parallel extension, and let 7 be the length upper support
obtained from these trial paths. At the endpoint of a segment of length r the real Hessian satisfies

1 T
Hesslog 7(T,T) + Hesslog 7(JT, JT) < —— / CRm(T(0), JT (L), JT(£),T(£))dl < 0.
™ Jo

Indeed the radial term is —1/72, while the linear test field in the J7' direction gives 1/72? minus the
displayed curvature integral. This is the strictly negative Levi derivative on the radial complex line.

This support argument applies also at cut points: smoothly vary the endpoint and use trial
paths along the chosen minimizing segment. Their lengths give a smooth upper support with
the same index-form bound. Since H is increasing, it produces a smooth upper test for v at the
hypothetical positive maximum, with a negative Levi derivative. A plurisubharmonic function
admits no such upper test, whether or not it is continuous. Hence v < H on the annulus, proving
the claimed convexity. A nondecreasing convex function of logr € R which is bounded above must
be constant. Upper semicontinuity implies lim, o m(r) = v(0), so v attains its global maximum at o.
The plurisubharmonic maximum principle on connected M shows that v is constant. ]

Write J4F for the Taylor jet of F' through total degree d at zero, and fix a coefficient norm on
each finite-dimensional jet space.

Proposition 7.7. For every sufficiently large volume clock s, there is a holomorphic local biholo-
morphism ®g : Ben(rg) — M centered at o, with unitary center derivative for the metric at clock s,
and

C_l.geucl < (I):ht(s) < CYeucl- (7.22)
For fixed 0 < r1 <19, chosen sufficiently small, the transition germs F, = CDJHI’S, u > s, extend

to nonsingular holomorphic maps on B(ry) with a common bound. They fiz 0, compose as germs,
and satisfy

IFLOI <1, [det Fy,(0)) = e =972 |IFL,(0)7! ) < el (7.23)

There are coherent inverse branches fs on neighborhoods of any fized compact exhaustion set for all
sufficiently large s, satisfying fs(o) =0 and ®sfs =1d. A constant o > 0, common to all compact
sets, satisfies

gs

sup |fs| <e” for every fixed compact K and all sufficiently large s. (7.24)
K

For every fized jet order d there is Cy such that

|JgFs ] < Cqmin{1, efes=ou} (u > s sufficiently large). (7.25)
There are ¢,y > 0 such that, for each fixred 0 < v < 79, one has
sup |Fsu(2)| <e " for everyu > s> s,. (7.26)
|z|<e—7s

The constants in the last two estimates are independent of the later endpoint u; the starting threshold
in (7.24) may depend on K.
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Proof. Take the charts of Lemma 7.2 at 0. We use the elementary short-path lifting property of
these possibly noninjective charts; compare [9, Lemmas 2.2-2.3 and Corollary 2.2]. A path beginning
at the center and having sufficiently small current-metric length lifts from 0 by local inversion. The
lower bound in (7.22) bounds the Euclidean length of its lift. If the given length is smaller than
the fixed distance to the chart boundary, the lift cannot escape, and hence extends over the whole
path. The same reasoning applies to a homotopy all of whose paths obey this length bound. Local
uniqueness of lifts supplies uniqueness throughout the homotopy.

For u > s, the image under ®; of a short radial path has hy(, length at most its ;) length.
Lift it through ®,, from 0. Short radial homotopies give a well-defined map on a fixed ball B(r1);
locally this map is ®;'®,, so it is holomorphic with nonsingular derivative. Its lift has a fixed
Euclidean length bound, and therefore the maps are uniformly bounded on B(r;). They compose
wherever both sides are defined near 0 by uniqueness of local inverses. This is the local transition
construction of [9, Lemmas 3.1-3.2] with the metric bounds already established here.

Unitary center normalization and hy(,) < hy() give the first estimate in (7.23). Taking determi-
nants of these normalizations and using det hy(s)(0) = e~* det g(0) gives the determinant identity.
All singular values are at most one and their product is e~ (u=9)/2 5o the least is at least this product.
This proves the inverse estimate.

We now use simple connectivity to continue the inverse germs. Fix a connected relatively
compact neighborhood of a compact set and o. Cover its closure by finitely many small convex initial
target neighborhoods with connected pairwise intersections, enlarging the connected neighborhood
if necessary to include fixed paths from o to their centers. Choose one such path to each center.
On each target neighborhood it extends the inverse germ at o by path lifting. For each nonempty
overlap, use one point in the overlap to form the two-path loop. By Proposition 7.5 this loop bounds
a fixed piecewise smooth homotopy. There are only finitely many paths and homotopies; their
images lie in a fixed compact set and their initial lengths have a uniform bound. Equation (7.13)
makes every path in these homotopies sufficiently short in the current metric when s is large. All
lifts stay inside the chart. Thus the two inverse germs agree at the chosen overlap point, and
then throughout the connected overlap by analytic continuation. They patch to an inverse fs on a
neighborhood of the compact set.

Choose nested connected relatively compact open exhaustion sets D,,,, and choose nondecreasing
thresholds T,, > m so that all shortness conditions for D,, hold whenever s > T,,. At clock s,
use the construction on Dyax{m:T;,,<s}- On a smaller set, the branches obtained from two larger
constructions agree by continuation from o. This gives the stated coherent branches with domains
exhausting M. The length estimate for a lift, together with (7.13) on the finite path compact, gives
for each fixed K

sup | fs| < Cge 9K (7.27)
K

with ag > 0. It also gives f, = F,, o fs on any fixed compact set whenever s is sufficiently large
and u > s: both sides are the same continued inverse, and (7.27) keeps fs in the transition domain.
It remains to make the exponent independent of the compact. The functions vs = s~ !log | fs| are
plurisubharmonic on their exhausting domains and locally bounded above. For any sequence s — oo,
Lemma 4.4 and diagonal extraction give either convergence to —oo locally uniformly from above, or
local L' convergence to a plurisubharmonic function on M. In the second case the upper-regularized
limit is at most zero everywhere by (7.27). Lemma 7.6 makes it constant. On one fixed neighborhood
of o, (7.27) bounds this constant by a fixed negative number, say —a,. The constant-limit conclusion
of Lemma 4.4 then gives lim sup supy vs < —a, on every fixed compact along this subsequence. The
collapsing case gives the same conclusion with —oo. A sequence violating (7.24), with o = a,/2,
would contradict these alternatives. This proves a common exponent on the full family of clocks.
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For the two remaining transition estimates, transfer the common exponent from a fixed initial
neighborhood back to a small ball in the chart domain. Choose a fixed compact initial neighborhood
K of o with positive initial distance from o to its boundary. Until a path ®4(rz) first exits Kj,
(7.13) and (7.22) bound its initial length by Ce®|z|. It follows that, for a fixed Cy > 1 and all large
S?

®,(B(e” %)) C K.

For every u > s, the map f,®, on this ball is the same local inverse composition as Fj ,, near zero,
and hence everywhere there. Equation (7.24) therefore gives the bound

sup | Fsl <e 7 for all u > s and large s. (7.28)
B(efcos)

Cauchy’s estimates on this inner ball give the factor e?“0s=7% for derivatives of order at most d.
Cauchy’s estimates on a fixed transition ball give a uniform bound. Combining the two proves
(7.25).

For completeness, fix an outer radius R < r; and a common bound B, for the transitions there.
Euclidean three-circle interpolation, applied to their scalar linear projections and then taking the
supremum, gives at radius e~ 7®, for fixed small v > 0,

log(R/e™7%) gl
log su Fs.| < —0s0u—+ (1—0,)log B, 0, = >
gB(e—Pys) | ’ | ( ) & log(R/e*COS) 200

for all sufficiently large s. In this formula choose v9 < Cj, so the middle radius lies between the
inner and outer radii. Since u > s, the fixed term log B, is absorbed uniformly for every later
endpoint, giving (7.26) with, for example, ¢ = 0/(4Cp) and a threshold depending on . This proves
all the stated uniformities. O

8 Polynomial models with nonuniform contraction

We retain the volume clock s = p(o,t), its logarithmic-time speed ¢(s) = ds/dr = tR(o,t), and the
charts of Proposition 7.7. Polynomial normalization and inverse iteration are classical tools for
attracting basins, notably in Rosay—Rudin’s work [48, Appendix]; Chau-Tam brought this strategy
into Kahler uniformization [7, 9, 8]. The estimates proved here address the nonuniform contraction
permitted by Proposition 7.4. For sequences of holomorphic automorphisms of C", n > 2, fixing zero
and satisfying A|z| < |fj(2)| < Blz| on one fixed ball about zero, with 0 < A < B < 1 independent
of j, Bera—Verma prove that the attracting basin is biholomorphic to C" [3, Theorem 1.1]. The
chart transitions here require the variable-rate estimates below. In particular, we use only
. ) .

¢ nondecreasing, q>c>0, hsrgggf S <2, Amin (t Ric)(0) > bog(aps), (8.1)
where 0 < ag < 1 and by > 0 are fixed.

We continue to use Jy and the fixed coefficient norms introduced in Section 7. All maps and
jets in this Section fix zero. A coefficient bound exp(o(sy)) means an upper bound exp(nsx) with
nr — 0; its rate of convergence may depend on parameters already fixed. No assertion of uniformity
as those parameters vary is intended. For polynomial automorphisms put Gj; = Gj—10---0 Gy,
and Gy = Id.
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Proposition 8.1 (Polynomial models). Fiz an integer d > 2 and a macro width 0 < h < 1. After
starting at a sufficiently late macro endpoint, there is a grid s — oo with macro endpoints S; = ehi
and the following properties. Fach macro interval is either one bad step or is divided into reqular
steps of length comparable to \/S;. Thus, eventually,

Sk < Asg i= Spp1 — Sk < (eh — 1)sp. (8.2)

For Fy, = Fy, s, there are polynomial local coordinate changes Hy and polynomial automorphisms
G of C™ satisfying
Ja(Hy41 0 Fy) = Ja(Gy o Hy). (83)

The degrees of Hy, Gy, G;l are bounded independently of k. The coefficients of Hy and its inverse
jet are exp(o(sy)); H;.(0) and its inverse have polynomial bounds in si. For a constant Cy depending
only on the fized jet order and dimension,

HGkHcoeff + ”G];IHCOEH S eXP(CdASk + O(Sk))a (84)
IGHO) 7! < 5§ exp(Asy/2).

In particular, the coefficient Cq of Asy is independent of h. Finally, for some finite D,
deg Gor < Ds on an unbounded subsequence of macro endpoints. (8.6)

First we normalize the Jacobian jets coherently along the grid. On regular steps we then
construct polynomial models whose nonlinear terms and intervening linear changes preserve bounds
for the degree of each component. On bad steps, realization of the full normalized jet costs a fixed
degree factor. The last part of the proof charges these factors to growth of ¢ and obtains (8.6). The
distinction between the constant Cy in (8.4) and constants hidden in o(sj) will be used in Section 9.

8.1 Coherent volume jets

On the uniform transition ball, the germs F}, are nonsingular and have uniformly bounded derivatives
of each fixed order on a smaller ball. Their center derivatives are contractions, and chart normalization
gives

|det Ff(0)] = e 2K/, |[F(0)7]| < eB%+/2, (8.7)

The second inequality follows because every singular value is at most one and their product is

e~2sk/2 Choose the holomorphic logarithm vanishing at zero of

det F}(2)
Py(z) = log — ===
k(z) =log 3 FI(0)

The upper bound on its real part is C' 4+ Asg/2. The coefficient estimate for a holomorphic
function with bounded real part, applied on concentric balls and with Py (0) = 0, therefore gives
[Ja—1Pr|| < Ca(1+ Asy).

The volume correction uses only the spacing bounds (8.2), so it can be constructed before the
macro intervals are classified. On any such grid the jet series

by = Z del(Pl o Fsmsl) (88)
1>k

converges. Indeed Proposition 7.7 bounds each coefficient of the summand by

Cy(1 4 As;) min{1, exp(Cysx — os;) }-
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The absence of a constant term in P is essential here. For s; < Csj, the step lengths telescope and
the number of steps is polynomial in s;. Beyond that range the displayed exponential is summable,
since the grid eventually has spacing at least one and As; < (e? —1)s;. Thus ¢, has polynomial
coefficient bounds in sg. The composition identity for transitions yields

by = del(Pk + €k+1 o Fk) (8.9)

Let By = Jg_1exp({r) and define a polynomial change

Ar(z) = (zl,...,zn_l,/ozn Ex(z1,...,2n-1,() d() .

It is tangent to the identity, has degree at most d, and satisfies Jy_; logdet Aj = (). Its coefficients
and inverse jet have polynomial bounds in s;. In the new coordinates the normalized logarithmic
Jacobian jet of AkHFkA,;l is

Jd—1(€k+1 oFy+ P — fk) o Alzl =0.

This records the sign of the volume correction explicitly. We shall call a jet with Jacobian determinant
equal, through degree d — 1, to its center determinant a constant-volume jet.

Lemma 8.2 (Realization of constant-volume jets). For fized n,d, every invertible constant-volume
d-jet fizing zero is the d-jet of a polynomial automorphism of C". Its degree and inverse degree are
bounded by a constant Dy. Its coefficients and inverse coefficients are bounded polynomially in the
coefficients of the given jet and its inverse linear part. These bounds do not depend on the grid or
on h.

Proof. Normalize the derivative to the identity. If a volume-preserving polynomial automorphism
agrees with the required jet through degree m — 1, the first discrepancy is a homogeneous vector
polynomial X,, of degree m with div X,, = 0: this is the degree m — 1 part of the Jacobian
determinant condition.

The space of such fields is spanned by

X(z) =1U(2)"v, le(CY*, veC” Iv)=0. (8.10)

This is the divergence-free shear lemma of Andersén [2]; see also [22, proof of Theorem 3.1]. We
include the finite-dimensional proof to track the coefficient bounds. Pair a linear functional on
homogeneous vector polynomials with {™v. The result has the form A(l)(v), where A(l) is a covector-
valued homogeneous polynomial of degree m. If the functional annihilates all fields in (8.10), then
A(l) is proportional to [. The polynomial identities [;A;(l) = [;A;(l) show that A(l) = B(l)! for a
homogeneous polynomial B of degree m — 1. Such functionals are exactly the image of the transpose
of divergence, since div(I™v) = ml(v)I™~!. Taking annihilators proves the spanning assertion. In
dimension one the divergence kernel in these degrees is zero, so this argument also covers n = 1.
Select a finite spanning list of the fields (8.10), once for each 2 < m < d. The time-c map of
such a field is the polynomial shear z — z + ¢l(2)™v, whose inverse has the minus sign; both have
Jacobian determinant one. A fixed linear decomposition of X, therefore gives a finite composition
of shears correcting degree m without changing lower degrees. Induction through m = d, followed by
the original linear map, proves realization. There are a fixed number of shears, and each operation
on the truncated jets is polynomial in the preceding coefficients and the inverse linear part. This
proves all the coefficient and degree bounds, including those for the inverse. Restoring the original
linear map gives the realizing automorphism the determinant of that linear map; the correcting
shears have determinant one. O
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8.2 Rate order without commuting matrices

Consider one interval in logarithmic time, of length T' > 0. Singular-value decompositions in its
start and end unitary tangent coordinates give derivative

A
D =diag(e T2 e T2 0< < Sy, Y = 78 (8.11)
7

The volume changes Ay do not change these linear parts.

We need an order statement for the rate forms, and not merely their ordered eigenvalues.
Normalize the cometric at the start to I in a fixed covector basis. In the diagonalized basis its
value at the end is diag(e®”). On the complex strip 0 < Rz < T, the holomorphic covector with
components a;e /2 has squared norm |a|? on both boundary lines. Its squared norm is bounded
and subharmonic by Theorem 6.3, applied with ¢ = tstart € ; equivalently the complex time variable
there is shifted by z/2. The bounded subharmonic maximum principle on the strip gives the
same upper bound inside. Consequently the cometric is bounded above by the flat exponential
interpolation of its endpoint values. Differentiating this matrix inequality at the two ends gives

(tRic)start < diag(u;), diag(p;) < (tRic)end, (8.12)

where each matrix is expressed in the corresponding endpoint unitary covector coordinates. The
inequalities have opposite endpoint signs because the matrix difference vanishes at both ends and is
nonnegative inside.
At a shared endpoint of two steps, let Uy, send old tangent components to new tangent components.
It is unitary; a row covector v in the new coordinates has old row vUy. Combining the two inequalities
in (8.12) gives
S U < 3 e il (8.13)
l 7

This proof allows the instantaneous Ricci matrices to fail to commute. In particular, the sorted
rates are nondecreasing from step to step.

8.3 The macro grid and propagated weights

The positive weights below will bound ordinary polynomial degrees component by component. For
a polynomial map P = (P,...,P,) : C" — C™ with deg P, < wy, one has

deg(Py" -+ P) <> Brun.
1

Thus a nonlinear map preserves these degree bounds if every monomial z° in component i satisfies
> Biw < w;. A linear change between two weight systems preserves the bounds provided every
nonzero entry sends an old coordinate to a new coordinate of at least its weight. We shall enforce
both rules on regular steps. Bad steps may multiply degrees by a fixed factor; their defining rate
growth will pay for that factor.

Put Q; = ¢(S;) and choose an integer N > 1 with e "N < ag. A macro index j is flagged when

log Q11 —logQj—n > M, (8.14)

where the fixed threshold M will be chosen sufficiently large below. Declare bad the union of the
expanded flag intervals [j — N, j+ 1+ N) in the integer macro index line. Each bad macro is a single
step. Divide every remaining macro interval into equal steps whose lengths are comparable to /5,
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for example by taking the number of pieces to be the nearest larger integer to (S;+1 — S;)//S;.
Once j is large this gives (8.2).
If macro j is regular, it is not flagged. On each of its steps, (8.1) and (8.12) imply

b0Qj-N < i < Q1. bQ; < <bT'Q; (8.15)

for a fixed b > 0 depending on M, bg. These constants may depend on h after all parameter choices
have been made.
For a regular macro set 6; = Q;/ 42 and choose bounded increasing multipliers Aj on the whole
macro sequence by
Nj+1/A; =1+ Ko/j%.

Their product is bounded, since 3772 < oo; an overall constant factor is free. Choose 0 < € <
1/(10n). For each regular macro, form a finite directed graph whose vertices are the pairs (k, )
consisting of a step in that macro and one of its coordinates. Give this vertex raw weight \;(y; —0;),
where p; is its rate in step k. Draw an edge to a vertex in the same or the next step precisely when
the destination rate is at least the source rate minus €yf;. Define wy; as the maximum raw weight
among vertices from which (k, ) is reachable, allowing paths of length zero. This maximum exists
because the graph is finite, even when same-step edges form cycles. Assign the weight to both ends
of its diagonal step.

This propagation loses at most negf; in rates, independently of the number of steps. To verify
the assertion, follow any permitted chain and keep its successive lower records. Once a sorted index
has appeared, its rate at a later occurrence is at least its earlier rate, by (8.13). A new lower record
can therefore occur only on the first visit to an index; each such record lowers the previous record
by at most €pf;. There are at most n indices. It follows that

)\j(ﬂi - 9]) S WE i S Aj(/,l,z‘ - 099j) (816)

In particular, whenever a permitted passage is possible the weights do not decrease.

The same nondecrease can be required across adjacent regular macros. Indeed, write u’ for a
new rate and p for an old one, with p/ > 1 — €pf;. A lower bound on the new raw weight minus the
upper bound on the old propagated weight is

()‘j—i-l — )\j)ul — )\j+19j+1 + (0.9 — 60)/\j9j.

Since ¢ > bQj41, choosing K large in terms of b makes this expression nonnegative at every
sufficiently large index. Thus the passage rule is valid also at regular macro junctions. Increase the
overall scale of A so that all weights are at least one after the eventual starting index.

Call a nonlinear monomial z? in component ¢ allowed when ), Biwy; < wy;, and forbidden
otherwise. For a forbidden monomial of degree m > 2, (8.16) gives

ZBZMI — i > (0.9m - 1)9]' > 0.89]'. (8.17)
l

For an allowed monomial, every variable occurring in it has strictly smaller weight than its output:
the weights are positive and m > 2. Thus allowed nonlinear maps are triangular after ordering
coordinates by weight.
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8.4 Aligning the linear jumps

Lemma 8.3 (Linear alignment). On every run of regqular steps there are unipotent matrices L,
with off-diagonal entries only in rows of smaller weight than their columns, such that, on putting
L, = D;leDk, the diagonal step derivative remains Dy and every reqular jump becomes

Je =L Ue( L7, ()i =0 if wpp1; < wyy. (8.18)

The matrices L; and their inverses have polynomial bounds in the macro index j, while

S.
1Ly 1] < 5% exp (—cﬁ ) . (8.19)

j2

The estimates are uniform in finite terminal horizons, and hold on an infinite reqular run by a
coefficientwise limit.

Proof. Work backward, taking L; = I at the last step of a finite run or horizon. Suppose the next
small start adjustment is known and set B = L U. For a real threshold z, let A, be the span
of rows of B whose new weights are at most x, and let E, be the old coordinate row space with
weights at most x.

Projection Pg, : A, — E, is injective, and its inverse on its image has norm O(j). For the proof
assume A, # 0 and let r, be the largest new rate among its defining rows. Every old rate outside
E, exceeds r; + €9f;: otherwise the passage rule would make that old weight at most the weight of
a selected new row. For any unit a € A,, (8.13) and the small next adjustment imply that its old
rate Rayleigh quotient is at most 7, + 0(6;). To see the size of this error, express a as a combination
of the selected rows of L, Uy; its coefficient norm is 1 + o(1), and the error is bounded by the
operator norm of L, ; — I times the largest old or new rate. The regular rate bounds make that
error o(f;), also at a macro junction. Nonnegativity of all old rates now gives

(o + €06;)(1 = | Pp,al*) < 70 + o(6;).

As r, < CQ)j, this implies || Pg,al* > ¢/j2. Empty or full coordinate spaces give the same assertion
in its evident form.

We give the graph extension explicitly. List the distinct spaces E, increasingly. For each such
space retain the largest required A, with that E,, so that the required A, remain nested. Starting
with the full row space, descend through the list. Suppose the next larger space V, already projects
isomorphically to E4 and contains the current A = A,. Write T : E; — Vy for its inverse
projection, F = E,, Y = PgA, and Ry : Y — A for the inverse of Pg|4. Define

Tr(e) = Ra(Pyve) + T ((I — Py)e), ecE. (8.20)

Here orthogonal projection Py is taken in E. Both terms lie in V., projection to E is e, and the
range contains A. Moreover ||[Tg|| < [[Ra|l + ||T4||. There are at most n nontrivial stages, so the
resulting graph lifts have polynomial bounds in j.

For each coordinate row, take its lift at its own weight threshold. These rows form L:. The
rows up to every threshold span the corresponding nested graph: they lie there and their projections
form a triangular basis of its coordinate space. Each lifted row equals its coordinate row plus terms
of strictly higher weight. Hence L; = I + Nj, with Nj nilpotent, and (L)™' = Y7 (—Ny)" has
polynomial bounds. The inclusion A, (L)™' C E, is exactly the zero pattern in (8.18).
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For every nonzero off-diagonal entry in row i, column [, the within-step passage rule gives
py — pi > €oblj. Conjugation therefore gives

(D 'L Di)ir = (L )i exp(— (i — i) Aty /2).

By (8.15), 0;A1y, > ¢,/5;/42. This proves (8.19); its exponential absorbs every polynomial bound
needed in the preceding backward step. After a sufficiently late start the induction thus closes
uniformly in the horizon. A diagonal subsequence of finite-horizon matrices proves the assertion on
infinite runs; the zero conditions and all bounds are closed under that limit. O

8.5 Homological equations and polynomial automorphisms

Choose a single primary coordinate system at each grid endpoint. Use the adjusted start coordinates
if a regular step starts there; otherwise use the adjusted end coordinates of a regular step just ended,
if there is one; use the volume coordinates in all other cases. These choices are a linear change,
of polynomial size together with its inverse, following Aj. For a regular step, before the possible
jump to the next regular start, write the resulting transition as F L, with derivative Dj. Its actual
transition to the next primary coordinates is Jkﬁk, with Jp = I when the next step is bad. It has a
constant-volume d-jet and polynomially bounded coefficients. This follows by formal composition
and inversion of the primary coordinate jets; only their local germs are used.

We construct tangent-to-identity polynomial jets hj at regular starts, taking hy = I elsewhere.
For a regular step seek G = Jigi, where g, has linear part Dy and only allowed nonlinear terms,
satisfying

gL o hy = Jk_1 ohgy10Jgo ﬁ’k through degree d. (8.21)

In homogeneous degree m, once lower degrees have been fixed, this is
g™ 4 D™ = T, (JkDgz) + B (2), (8.22)

where B,g.m) contains only already known data. Put only forbidden coefficients into h,gm) and only

allowed coefficients into g,(gm). If II;, projects to the forbidden coefficients, the equation for hlgm) is a

backward affine recursion with linear operator
T X =1 [ DI X (e Dg2)| (8.23)

Conjugation by Ji has polynomial norm in j at each fixed degree. After it has been expanded, a
coefficient in output 7 and input S receives the diagonal factor exp[—(>"; By — i) A7k /2). Projection

and (8.17) consequently give
) VS
1Tkl < jEm exp (—c j2]> : (8.24)

This estimate holds for every incoming homogeneous polynomial X; no support restriction on X
has been imposed before conjugation.

Solve first on a finite regular horizon with terminal correction the identity, and proceed by
degree. Inductively the lower-layer forcing, including division by Dy, has coefficients bounded by
exp(Cl,\/3r): regular steps have Asy < /5t and ||D; '] < e®%+/2. The envelopes exp(Cp,\/5%)
have bounded consecutive ratios, because ,/sx11 — /5k is bounded on regular steps. Thus (8.24) is
eventually less than one half after weighting by these envelopes. The backward geometric series
solves (8.22) with

il + 1 Tahi 1+ llgill + g5, Hlcoerr < exp(Cay/si), (8.25)
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uniformly in the terminal horizon. Here C!, may depend on all fixed grid parameters. Taking
coefficientwise diagonal limits gives the same construction on an infinite regular run.

Each g is a triangular polynomial automorphism: all nonlinear inputs have smaller weights
than their output. Its inverse is found by successive substitution in increasing weight order. Its
degree and inverse degree are bounded in terms of n, d, and its determinant is the constant det Dy.

The coordinate jets hy also preserve volume through degree d —1. This is not a property assumed
of the forbidden projection. In a finite-horizon problem, differentiate the complete jet identity (8.21).
The determinant of ﬁ’,g has the same constant jet as det Dy, and g has that determinant exactly.
If det by, = 1 through degree d — 1, then the determinant identity forces the same statement for
hi. Backward induction from the identity terminal jet proves it, and it passes to the coefficientwise
limits.

At a bad macro step realize, by Lemma 8.2, the jet of the transition between the two primary
coordinate systems after their endpoint corrections hg, hgy1. It is a constant-volume jet by what
was just proved. Enlarge D; to bound the degrees and inverse degrees of these models and of the
regular models. Let Hj be the degree-d truncation of the total primary change followed by hy. It
has the required center derivative and inverse jet, and (8.3) follows.

For precision, on a bad step the realized input jet has coefficient bound exp(o(sg)), whereas its
inverse linear part is bounded by exp(Asy/2 + o(sg)), by (8.7). Lemma 8.2 costs a fixed polynomial
in these two quantities. Its polynomial exponent depends only on n,d. Therefore it gives (8.4)
with a coefficient Cy independent of h, N, M. All endpoint and regular costs exp(C(d, h, N, M),/si)
remain in exp(o(sx)). Finally the linear part of the jet conjugacy is GJ,(0) = Hj ,(0)F(0)H;(0)™!;
the polynomial bounds on the endpoint linear changes give (8.5).

8.6 Charging bad components to rate growth

Lemma 8.4 (Forward degree control). The flag threshold M can be chosen so that regular macro
starts occur arbitrarily late, and the polynomial models constructed above, initialized at any sufficiently
late such start, satisfy (8.6).

Proof. Set
W =2N +1, D, = Dy, B, = max{0,log(2/bg)}, oa=—.

Choose M so large that
a > log Dy + B, /W, a > h. (8.26)

A flag f has expanded interval Iy = [f — N, f+1+N), of length W, and growth interval [f — N, f+1],
on which log () increases by more than M.

Consider a full finite bad component [u,v). Choose a maximal disjoint collection of its expanded
flag intervals. Their concentric triples cover the component: any unselected equal-length interval
meets a selected one and is contained in its triple. Thus there are at least (v — u)/(3W) selected
intervals. Their growth intervals are disjoint up to endpoints and lie in [u,v — N]. Monotonicity
gives

> a(v —u). (8.27)

u

Every full component has length L = v —u > W, so (8.26) implies

DLQ, < e BLIWQ, N < (b6/2)Qu_n- (8.28)
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We now track the ordinary degree of each component of the accumulated forward polynomial.
At a regular start bound these degrees by the respective weights. Allowed nonlinear terms preserve
that bound under composition, and (8.18) preserves it at a regular jump. If the next macro is bad,
retain the last end weights; at entry to [u,v) their maximum is at most A\,_1Q,. Each bad map
multiplies maximum degree by at most D,. At the next regular macro v, its flag test fails, and
hence Q, < e™Q,_n. For sufficiently large v every new start weight is at least

)\v (bOQU—N - Qv/v2) > Av(b0/2)Qv—N'

As Ay > Ay—1, (8.28) resets all degree bounds exactly to the new weights. There is no multiplicative
loss for a completed bad component.

Prefixes require a separate estimate. For a bad prefix [u, j), the expanded flag intervals wholly
contained in the prefix cover [u, j — W), when this interval is nonempty. Indeed an expanded interval
covering a point before j — W ends before j, and none crosses the left endpoint u of the component.
The same disjoint selection gives

log(Q;/Qu) > a(j —u—W)y, DI Q. < DY Q. (8.29)

This proof also applies to a prefix of an infinite bad component. Such a component would give
log(Q;/Sj) > (e — h)j — O(1) — oo. It is impossible: choose continuous-clock points x, — oo with
q(z,) < 3x,, and let S;, <z, < S; 1. Then Q;, < 3e"S;,, contradicting that growth. Thus there
are regular macro starts arbitrarily far out.

Start at one of them, after every fixed-parameter threshold above, and label this grid point
k = 0, retaining the original large macro indices j. The accumulated map is initially the identity
and its component degrees are one, so the initial weight bound holds after the overall scaling already
allowed for A\. Regular propagation, the exact full-component reset, and the single prefix loss in
(8.29) give, at all macro endpoints,

deg Go r(j) < Cmax{e", D}V}Q;,

where C' can be taken to depend on the bounded supremum of the multipliers. On a regular macro
one uses Q41 < eM Q)j; inside a bad component one uses the prefix estimate. Applying the bound
at the endpoints j, just selected proves (8.6). This uses only a subsequence with Q; = O(S;), never
an all-time bound on ¢(s)/s. O

Lemmas 8.2, 8.3, and 8.4, together with the homological construction, complete the proof of
Proposition 8.1.
9 Convergence and surjectivity of the coordinates

We now pass from the polynomial models to a global map. The local errors must remain small
under backward polynomial iteration, and the subsequential forward degree bound must then rule
out a proper image. We give both steps with their domains and parameter choices.

9.1 Parameter order and local error estimates

Decrease the common chart exponent o of Proposition 7.7, if necessary, so that 0 < ¢ < 1. Choose

0 <~ <+ <min{o/2,1}, 0 < 10v < min{ey, 0,7, 1}, (9.1)
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with v in the range of its small-ball transition estimate; decrease its constant ¢ to at most one. Fix
the jet order so large that
(d+ 1)v > 30. (9.2)

Only after this choice fix a sufficiently small h > 0, as specified below. Then choose N, M, b, Ky, A as
in Section 8, and finally choose a sufficiently late regular macro start. The estimates in Proposition 8.1
hold for this choice.

On a fixed smaller raw transition ball, the jet conjugacy and Cauchy estimates give

|Hi11Fy(2) — GrHy(2)] < exp(AgQsy, + o(sk)) 2| (9.3)

Here Ay is independent of h. Indeed the degrees of the polynomials in this expression are fixed,
the F}, are uniformly bounded on a larger raw ball, and the coefficient estimates of Proposition 8.1
bound the two compositions there. They agree through degree d, so the Cauchy remainder has
the displayed factor. This argument uses Hy1Fy — Gy Hj, directly; it requires no uniform analytic
domain for H, L

We shall use two sequences of raw chart coordinates:

(i) zk = fs, (), uniformly for z in any fixed compact neighborhood in the exhaustion and all
sufficiently large k;
(ii) 2z = Fs, s, (2), uniformly for |z| < e™7%¢, for any sufficiently large a and all k& > a.
In the first case the threshold may depend on the compact; in the second it is uniform in a.

Continuation and composition of the transition germs give z;11 = F(2x) in both cases. The chart
estimates and (9.1) imply, eventually,

2] < ek, Gi= Hi(ze), |Gl < @72 (9.4)

In regime (ii), the case k = a uses Fj, 5, =Id and v > 10v.
Choose h so small that, with § = e — 1,

§ < 15, Agd < 1, Cqd < v/4, (9.5)

enlarging Ay, Cy first to cover the finitely many fixed-degree coefficient estimates used here. By
(9.2)-(9.4), after the late start the defect satisfies

7% = Chr1 — Gr(Cr), |rg| < e 105k, (9.6)

All constants dependent on h, N, M multiply o(sy) in this argument and are absorbed only by that
late start. In particular, (9.5) does not require choosing h using a constant which is itself determined
by M.

The inverse maps have the local Lipschitz bound

Lip (Gil ’B(e*”Skﬂ)) < B (9.7)

at all sufficiently large indices. To check it, the derivative of G,;l on this ball is bounded by the
sum of

skceASk/2 and  exp(CgAsy + o(sg) — VSkt1)-

The first term is at most e32%/4 eventually, since As; > ¢;,./Ss. The second tends to zero by

(9.5); their sum is at most e”%k after increasing the starting index. Integrating the derivative along
segments in this convex ball gives (9.7).
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9.2 Backward approximation inside valid tubes

Lemma 9.1 (Convergence of corrected coordinates). For either raw sequence above and every
sufficiently large k,
& = lim G ;¢
l—o0 ’

exists locally uniformly in the indicated variables. It is holomorphic and satisfies

|6k — il < €70, Ek+1 = Gré- (9.8)
All applications of (9.7) take place inside its stated balls.
Proof. For a terminal index [ put yl(l) = (; and ygl) =G, 1y§l+)1 for ¢ < [. Simultaneously establish,
by backward induction, that the comparison segments at step i lie in B(e~*+!) and that

-1

) — Gl <3 €10 exp(sicr — si). (9.9)
i=k
The terminal assertion is immediate. At a backward step compare G;lygl with G} GG = G.
Both arguments are close to (;41: the first by the inductive bound and the second by (9.6). Since
|Giv1| < e 2v%i+1 they and their joining segment lie in the required larger tube whenever the error
sum has the bound asserted below. Applying (9.7) then gives the next error sum.
Indeed s;+1 < (1 + 0)s; and the grid eventually has spacing at least one, so

Ze—losi—i—siﬂ—sk, S e—sk Ze—(g—(s)si S Ce—(lo—é)sk S 6_68k.
i>k i>k

As v < 1/10, this is much smaller than the difference between the two tube radii. The estimates
therefore close the simultaneous induction without evaluating an inverse outside its proved domain.

For completeness, consecutive terminal approximations are Cauchy by the same reasoning. At
level [ their difference is at most e®%1e~19% and propagation down to k bounds it by e~ 10s:+si+1-5k
These bounds are summable in [. They are uniform on the compact sets in either regime, so the
limits are holomorphic. The finite identities give k11 = Gi&k, and the infinite error sum proves
(9.8). O

9.3 A coherent injective map on the manifold
Proposition 9.2 (Global coordinates). The locally uniform limit on the exhaustion
¥(z) = lim Gy Hifs (2) (9.10)
—00 ’

defines an injective holomorphic map M — C™ with V(o) = 0. Its image Q is open, and ¥ : M — Q
1s a biholomorphism. Moreover, on every compact K C €2,

sup|Gop| < e /D% eventually, (9.11)
K

and, at every sufficiently large k,
Gy (B(e™7*F)) C Q. (9.12)

)

71



Proof. On a fixed exhaustion compact choose an index k after which regime (i) is available. Lemma 9.1
gives & there, and composing it with the single fixed polynomial automorphism GO_, ,1€ gives the limit
(9.10). On overlaps the inverse charts agree by continuation, and (9.8) makes the limits agree. Thus
these maps define a holomorphic ¥ on all of M. All maps fix zero in charts, so ¥(0) = 0.

Suppose ¥(x) = ¥(y) for two fixed points. For every large k, G ¥ = £, on a compact containing
them, and hence (9.8) implies

|Hy fs, () — Hy fs,, ()| < 2e70%%.

On the tiny raw-coordinate ball containing these points, write Hy(z) = Axz + Ei(z), where
Ar = H(0) has conorm at least S]:C and ||DEg| is bounded by exp(o(sx)) times the radius.
Integrating only DE}, along the segment and retaining the fixed linear term Ay gives

|Hi(2) — Hy(w)| > (s5¢ — sup|| DEg||)|z — w].
The nonlinear error is eventually less than slzc /2, so

|for (@) = o (y)] < e (9.13)

eventually.

If x # y, choose a small relatively compact initial metric ball about z whose closure excludes
y. Map the straight segment between the two raw coordinates by ®;, , obtaining a path from z to
y. The segment stays in the uniform chart ball. Up to its first exit from the fixed ball about z,
the compact metric comparison e~ g < hy(s,) from Proposition 7.4, and the uniform chart upper
bound @F Ay, ) < Cgguc, bound its initial-metric length by Ce®ke~5% . This tends to zero and
cannot reach the boundary of that fixed ball. The contradiction proves injectivity. This argument
uses immersed charts only on their indicated sheet; it requires no global injectivity of @, .

Nomnsingularity follows directly from the same quantitative estimates. Fix a point and two
coordinate neighborhoods U € V' whose closures lie in one compact exhaustion set. The estimates
of regime (i) hold uniformly on V for every sufficiently large k. Differentiating @, fs, = Id, and
using (7.13) and (7.22), gives

\dfs,, (V)| > ce”**|v]y on V.

The coefficient bounds on Hjy, its polynomially bounded inverse linear part, and |fs, | < e™7%
therefore imply
(A(Hyfo)(0)] = esgCe o,

On the other hand, the shadow bound |& — Hyfs,| < e %% on V and Cauchy’s estimate on the
fixed pair U € V bound its differential on U by Ce=%*|v|,. Thus

|dé(v)| > (cs;CeF — Ce %) v, >0 (v #0)

for all sufficiently large k. Since { = GoxV and Gpy, is a polynomial automorphism, d¥ is
nonsingular. The holomorphic inverse theorem now makes the image €2 open; the local inverses agree
by the proved injectivity, giving a holomorphic inverse on €. Consequently K’ = ¥~ (K) is compact
whenever K C  is compact. On K’, the common chart bound |fs, | < e~7%, the coefficient bound
on Hy, and (9.8) give

sup|Go k| < exp(—osi + o(sp)) + e °%*,
K

which proves (9.11).
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It remains to prove the ball inclusion. Fix a sufficiently large k& and use regime (ii) with a = k.
For large [, the inverse chart fs, is defined on the compact image under @, of the closed ball

B(e™7%k). The identity fs,®s, = Fs, s, holds first as a germ at zero and then throughout that ball
by holomorphic continuation. Therefore Lemma 9.1 gives

sup |Gorp¥®s, (2) — Hp(2)| < e 05k, (9.14)

|z|<e™ 7%k
Write A = H;(0), r = e”7*F, and
Tk = GO,k\I/q)ska Ek(z) = Tk(z) — Az.

The map T} is holomorphic on the fixed chart ball, and fixes zero. Its shadow estimate and the
coefficient bound on Hj, give

En(0)=0, (AT <st,  sup|Bi(z)| < exp(o(sy))r? + e %%,
|2|<r

Cauchy’s estimate on the smaller ball then gives

sup ||A_1DEk(z)|| < Cnsg(exp(o(sk))r + 6_68’“/7“) — 0.
|z|<r/2

For large k this supremum is at most 1/4. Moreover, 7/ > v implies |[A~'w| < r/4 whenever
lw| < e~ V'sk | after increasing the starting index once more. For such a target w, the map

zr— A7 — ATVE(2)

is 1/4-Lipschitz on B(r/2) and maps this closed ball into B(3r/8), because Ej(0) = 0. Its successive
iterates are Cauchy, stay in the closed ball, and converge to a fixed point z. The fixed-point identity
is Tj,(2) = w. Therefore B(e~™7"*%) C G 1(Q), which is precisely (9.12). O

9.4 The image is all of affine space

We first record the polynomial growth estimate used in the final step. For a vector polynomial P of
degree at most m and 0 < R; < Rao,

sup |P| < (Ra/R1)™ sup |P|. (9.15)
B(R2) B(R1)

To verify this, restrict each scalar dual pairing of P to a complex line through zero. The maximum
principle in the exterior of the radius-R; disc, applied to the polynomial divided by 2™ including its
removable value at infinity, gives the scalar bound. Taking the supremum over unit dual vectors
and lines proves (9.15).

Proof of Theorem 1.1. The preceding analytic and chart constructions, followed by Propositions 8.1
and 9.2, give a biholomorphism ¥ : M — () onto an open set containing zero, with the forward
smallness and inverse-ball inclusion proved above. It remains to show that Q = C™.

Suppose R, = sup{R > 0 : B(R) C Q} < oco. It is positive because 0 € £ and  is open.
By (8.6) there is an unbounded subsequence with deg Gy < Dsj, for some finite D. Choose
0 < R; < R. < Ry so close to R, that

Dlog(Rg/Rl) < 0'/2 — ’)//. (9.16)
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The closed smaller ball lies compactly in €2: it lies inside some still larger centered ball of radius
below R.. By (9.11), (9.15), and (9.16), the chosen subsequence satisfies

sup ’G07k| < exp —gsk + Ds; 10g(R2/R1) < e~V 5k
B(R) 2

for all sufficiently large indices. Equation (9.12) then implies B(R3) C £, contradicting the definition
of R,. Therefore R, = oo, and 2 = C".
The map ¥ in (9.10) is consequently a biholomorphism M — C™. O

The surjectivity step used the degrees of the forward compositions G on their available
subsequence; no degree estimate for their inverses, or uniform instantaneous contraction ratio, is
required.
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