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Abstract
Every compactly supported integral n-cycle, n ≥ 2, in a proper CAT(0) space bounds a

compactly supported integral current with the sharp Euclidean mass bound. The theorem
allows arbitrary integer multiplicities and unrestricted ambient dimension. In particular, we
prove the Euclidean Cartan–Hadamard isoperimetric conjecture in dimensions at least three.

1 Introduction
The Euclidean isoperimetric inequality bounds the volume enclosed by a boundary of prescribed
area. Its current-theoretic form asks for a filling of a cycle and permits singular supports, integer
multiplicities, and arbitrary codimension. We prove that the sharp Euclidean filling bound holds
in every proper CAT(0) space, in all cycle dimensions at least two.

Write Ij(X) for the integral j-currents of Ambrosio and Kirchheim [3], ∂ for current boundary,
and M for mass. An integral n-cycle is a current T ∈ In(X) with ∂T = 0; an integral filling is
a current S ∈ In+1(X) with ∂S = T . A metric space is proper if its closed bounded balls are
compact. A CAT(0) space is a geodesic metric space in which the distance between two points
on a geodesic triangle is at most the distance between the corresponding points of its Euclidean
comparison triangle.

Let ωj be the volume of the unit ball in Rj and put

sn = (n+ 1)ωn+1 = area(Sn), cn = 1
(n+ 1)s1/n

n

. (1.1)

Here and throughout the filling argument, n denotes the cycle dimension.

Theorem 1.1 (Sharp integral filling). Let X be a proper CAT(0) space and n ≥ 2 an integer.
Every compactly supported T ∈ In(X) with ∂T = 0 admits a compactly supported S ∈ In+1(X)
such that

∂S = T, M(S) ≤ cnM(T )(n+1)/n = M(T )(n+1)/n

(n+ 1)(n+1)/nω
1/n
n+1

. (1.2)

There is no restriction on the dimension of X or on the integer multiplicities of the currents. The
coefficient is optimal.

For the first two dimensions, s2 = 4π and s3 = 2π2, so

c2 = 1
6
√
π
, c3 = (128π2)−1/3.

Euclidean spheres attain the coefficient, as verified in Section 8.
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1.1 The Cartan–Hadamard consequence

A Cartan–Hadamard manifold is a complete, simply connected Riemannian manifold of nonpositive
sectional curvature. The Euclidean Cartan–Hadamard conjecture asks whether domains in such a
manifold satisfy the same volume–perimeter bound as Euclidean domains. Theorem 1.1, applied
to boundary currents, gives the following positive answer in dimensions at least three.

Corollary 1.2. Let M be a Cartan–Hadamard manifold of dimension d ≥ 3. For every bounded
domain Ω ⊂ M with smooth boundary,

area(∂Ω) ≥ dω
1/d
d vol(Ω)(d−1)/d. (1.3)

The same inequality holds for relatively compact sets of finite perimeter, with ambient perimeter
in place of boundary area.

The reduction uses the uniqueness of a compactly supported top-dimensional filling of a
prescribed boundary. Its proof, and the classical two-dimensional case, appear in Section 8.
Together they give the Euclidean inequality for bounded smooth domains in every ambient
dimension d ≥ 2.

The smooth domain problem has a long independent history. The surface inequality goes
back to Weil and Beckenbach–Radó [28, 5]; Kleiner proved the three-dimensional comparison [19],
and Croke proved the four-dimensional Euclidean inequality [12]. Ghomi and Spruck showed
that a corresponding total-curvature bound implies the domain inequality in every dimension [14,
Theorem 7.1].

Recent results extend these comparisons in several directions. Chen, Ghomi and Wang prove
the Euclidean comparison in dimensions three through nine [10, Theorem 1.1]. Wheeler proves
it in all dimensions under a controlled variation condition on the negative-curvature scale [31,
Theorem 1.1 and Definition 1.2]. Agnoletto, Da Silva, Nardulli and Resende prove small-volume
comparison with the constant-curvature model under a nonpositive sectional-curvature upper
bound and a Ricci lower bound, and reduce unrestricted-volume comparison to equality rigidity
in a class of Alexandrov spaces [1, Theorems 1.1 and 1.3; Assumption 1]. Our domain corollary
follows from the integral filling theorem and top-dimensional constancy; it requires no separate
smooth comparison argument or additional curvature hypothesis.

1.2 The filling problem and its predecessors

Almgren established the sharp isoperimetric inequality for integral currents in Euclidean space in
arbitrary dimension and codimension [2]. In a general metric space, a comparable statement first
requires notions of orientation, integer multiplicity, mass, and boundary that do not depend on
an ambient smooth structure. Ambrosio and Kirchheim supplied this theory, including rectifiable
representation, slicing, and compactness [3]. Kirchheim’s metric differentiation theorem [18]
provides the local normed geometry of its rectifiable charts. In CAT(0) spaces these chart norms
are Euclidean; we give the short comparison argument and the exact mass normalization in
Section 2.

For Lipschitz loops in complete CAT(0) spaces, Reshetnyak’s majorization theorem already
gives a Lipschitz disc whose parametrized Hausdorff area is at most the squared loop length
divided by 4π; see [21, Section 3.2, Lemma 3.2]. Wenger proved isoperimetric inequalities with
the Euclidean exponent in complete spaces with a convex geodesic bicombing, including CAT(0)
spaces [29]. His constant depends on the cycle dimension. He also established the relation
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between weak convergence and filling convergence used to obtain variational extremizers here [30].
Theorem 1.1 identifies the optimal coefficient. For two-cycles in smooth Cartan–Hadamard
manifolds, Schulze proved the sharp constant-curvature model comparison in every codimension,
together with equality rigidity [24, Theorems 1.2–1.3]. The present theorem extends the Euclidean
filling bound to all cycle dimensions n ≥ 2 and singular CAT(0) ambient spaces.

Recent work identifies geometric hypotheses under which fillings have smaller growth exponents
at large mass. In complete CAT(0) spaces of finite asymptotic Nagata dimension, Lang, Stadler
and Urech obtain almost-linear bounds for compact integral k-cycles, k ≥ 2, when the asymptotic
rank is at most two [20, Theorem 1.1]. With the same Nagata dimension hypothesis and finite
asymptotic rank k0, Peteranderl obtains linear bounds for integral k-cycles with k ≥ max{k0, 1},
and compact fillings for compact inputs [22, Theorem 1.2]. The constants depend on the space.
The estimate here fixes the universal Euclidean coefficient at every mass in an arbitrary proper
CAT(0) space.

The problem also belongs to the broader study of filling geometry developed by Gromov [15].
His sharp shrinking and filling formulation for CAT(0) targets asks for volume-controlled extensions
of maps on specified domains [16, Section 2.3]. Theorem 1.1 concerns integral-current fillings:
it does not prescribe the topology or parametrization of the filling. Those additional extension
requirements are not supplied by a mass and boundary estimate alone.

1.3 Main ideas and proof route

The extremizer/curvature-estimate strategy is motivated by Almgren [2, Section 0, p. 454], and
the two-dimensional curvature estimate also by Schulze [24, Theorem 1.4]. The singular CAT(0)
radial implementation is established here; these references are methodological motivation, not
imports of a smooth curvature theorem into the singular setting.

The proof proceeds by induction on n, with its two-dimensional case proved directly. A closed
convex ball containing the given compact support reduces the problem to a compact CAT(0)
space Y . For an integral cycle B in Y , let V (B) be its least integral filling mass. If the sharp
bound fails, compactness and filling continuity give a nonzero cycle A maximizing

V (B) − cM(B)(n+1)/n (c > cn).

A constant rescaling makes its mass m = M(A) smaller than sn. This is the small-mass inequality
that the rest of the proof contradicts.

The first step varies A inward along geodesics from a fixed center y. Write r(x) = d(y, x), and
let Dr denote the differential of r along the Euclidean current charts. Triangle comparison bounds
the deformation by a quadratic form in the time and chart variables. Its determinant retains the
factor

√
1 − |Dr|2 in the swept-mass bound. In a smooth Euclidean model this is the transverse

component of the radial unit direction. The argument needs neither an ambient normal bundle
nor normality of a separate chart restriction. Section 3 proves the resulting radial inequality.
For n = 2, an inverse-square cutoff and Euclidean lower density already force m ≥ 4π = s2,
establishing the base case.

For n > 2, the induction hypothesis fills the boundaries of small restrictions of A. Replacing
each restriction by such a filling gives an almost Euclidean small-set perimeter estimate. Intrinsic
coarea and rearrangement turn this into a critical Sobolev inequality in Section 4. The sharp
coefficient is the classical Aubin–Talenti coefficient [4, 27]; its radial form is proved here by the
mass-transport method of Cordero-Erausquin, Nazaret and Villani [11, Section 2].
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To use this estimate variationally, we close the chart gradient in L2(µ), where µ = ∥A∥ is
the mass measure. We prove compactness by first projecting whole weighted currents and then
isolating charts in total variation. With β = 1/(n − 2) and p = 2n/(n − 2), the almost sharp
inequality and Brézis–Lieb splitting [8] produce a nonnegative minimizer of

4β
∫

|Du|2 dµ+ n
∫
u2 dµ(∫

|u|p dµ
)2/p

on the completion for the norm (∥u∥2
2 +

∫
|Du|2 dµ)1/2. Section 5 normalizes this minimizer v so

that 0 < W :=
∫
vp dµ < sn, and establishes the moment estimates needed for its nonlinear tests.

The final comparison concerns the weighted chord

v(y)βd(y, x)v(x)β

and the probability measure dν = vp dµ/W . Radial variation and the minimizer equation control a
scalar transform of the chord distribution. Euclidean tangent density then bounds its mean square
by 2(W/sn)2/n < 2 for almost every center y. The actual composite tests remain differentiable at
v = 0, even when β < 1; no Sobolev regularity of vβ is presumed. Section 6 supplies this upper
bound. Section 7 uses CAT(0) variance to show that the average of the same squared chords is
at least 2. The contradiction completes the induction and yields attained, compactly supported
integral fillings.

2 Compact fillings and Euclidean current charts
We first reduce the filling problem to a compact ambient space. Standard compactness and filling
continuity then turn a hypothetical failure of the sharp bound into a normalized extremizing
cycle. To vary this cycle without losing the sharp coefficient, we derive exact Euclidean chart
mass and density formulas. These local formulas apply to every integral current. All current
dimensions in this section are finite positive integers; the ambient space has no dimension bound.

2.1 Reduction to a compact convex ball

Lemma 2.1 (Compact reduction). Suppose that the asserted filling inequality in a fixed cycle
dimension holds in every compact CAT(0) space. Then it holds for every compactly supported
integral cycle of that dimension in every proper CAT(0) space, with a compactly supported integral
filling.

Proof. Let T be the cycle in a proper CAT(0) space X. If T = 0, take the zero filling. Otherwise
choose a closed ball Y = B(o,R) whose interior contains sptT . Properness makes Y compact.
Triangle comparison implies that balls are convex, so the induced metric makes Y a compact
CAT(0) space.

For x ∈ X, let P (x) be the point of the segment [o, x] at distance min{R, d(o, x)} from o.
Geodesics in a CAT(0) space are unique. Comparing two such radial points with their counterparts
in the Euclidean comparison triangle, and then using nonexpansion of Euclidean radial projection
onto a closed ball, gives

d(P (x), P (x′)) ≤ d(x, x′).

One can also identify P (x) as the nearest point of Y : the triangle inequality bounds the distance
from x to Y below by max{0, d(o, x) −R}, and the radial point attains this bound.
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Lipschitz pushforward therefore gives an integral cycle P#T in Y with M(P#T ) ≤ M(T ).
If ι : Y ↪ X denotes inclusion, locality gives ι#P#T = T , because ι ◦ P is the identity on a
neighborhood of sptT . Apply the compact-space inequality to P#T and include its filling into X.
Its mass does not increase, its boundary is T , and its support is contained in the compact set
Y .

We work henceforth in a fixed compact CAT(0) space Y . The elementary comparison facts
just used, and the midpoint and geodesic contraction inequalities used below, follow from the
defining triangle comparison; see also [9, Chapter II.2].

For an integral k-cycle B in Y , define

V (B) = inf{M(S) : S ∈ Ik+1(Y ), ∂S = B}. (2.1)

The mass measure of a current C is denoted by ∥C∥, and its total mass by M(C). We use the
Ambrosio–Kirchheim convention for the action C(b, π1, . . . , πk): the first coefficient is bounded
Lipschitz, and the differentiated scalar coordinates are Lipschitz. The mass bound extends the
first coefficient to bounded Borel functions. In particular, if a finite Borel measure η satisfies

|C(b, π1, . . . , πk)| ≤
∫

|b| dη (2.2)

for every bounded Lipschitz b and every tuple of 1-Lipschitz coordinates, then ∥C∥ ≤ η. This is
the minimality property in the definition of mass.

2.2 The current-theoretic inputs

The following theorem records the standard foundations in the precise form used here. The current
representation, compactness, closure and slicing assertions are theorems of Ambrosio–Kirchheim;
the product and filling assertions use Wenger’s results. We include the verifications specific to
the present ambient space.

Theorem 2.2 (Current background in a compact CAT(0) space). Let Y be compact and CAT(0),
and let k ≥ 1. The following statements hold.

(i) Lipschitz pushforward preserves integral currents, commutes with boundary, and satisfies the
Lipschitz mass bound. Restrictions by bounded Borel coefficients have the usual mass-measure
bound; for a Borel set E ⊂ Y ,

∥C E∥ = ∥C∥ E.

The restricted current need not be normal. If u : Y → R is Lipschitz and C ∈ Ik(Y ),
then C {u > t} is integral for almost every t. In particular its boundary is an integral
(k − 1)-cycle.

(ii) If Cj ∈ Ik(Y ) and supj(M(Cj) + M(∂Cj)) < ∞, a subsequence converges weakly to an
integral current. Boundary commutes with weak convergence, and mass is lower semicontin-
uous.

(iii) Every C ∈ Ik(Y ) admits a representation by bi-Lipschitz maps ϕi : Ei → Y , where Ei ⊂ Rk
are bounded Borel sets and the images Zi = ϕi(Ei) are pairwise disjoint Borel sets, and by
signed integer multiplicities θi ∈ L1(Ei), such that

C(b, π1, . . . , πk) =
∑
i

∫
Ei

θi(z)b(ϕi(z)) detD
(
(π1, . . . , πk) ◦ ϕi

)
(z) dz. (2.3)
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The chart summands have summable masses. Zero multiplicities may be discarded. Scalar
functions on a Borel chart domain are differentiated by Lipschitz extension to Rk; their
derivatives are independent of that extension at almost every density point of the domain.

(iv) For h > 0, the whole-current product [0, h] × C, with the Euclidean product metric, is an
integral (k + 1)-current and obeys

∂([0, h] × C) = [h] × C − [0] × C − [0, h] × ∂C. (2.4)

Writing bt(x) = b(t, x) and πa,t(x) = πa(t, x), its action is

([0, h] × C)(b, π1, . . . , πk+1)

=
k+1∑
a=1

(−1)a+1
∫ h

0
C
(
bt ∂tπa(t, ·), π1,t, . . . , π̂a,t, . . . , πk+1,t

)
dt.

(2.5)

The hat indicates omission. The time derivative is interpreted almost everywhere and as a
bounded Borel first coefficient in the current action.

(v) There are finite constants Kk, Lk, independent of the cycle, such that every integral k-cycle
B in Y satisfies

V (B) ≤ KkM(B)(k+1)/k, V (B) ≤ LkM(B). (2.6)

Every such B has a mass-minimizing integral filling in Y . If integral k-cycles Bj have
bounded masses and converge weakly to an integral cycle B, then

V (Bj −B) ⟶ 0, V (Bj) ⟶ V (B). (2.7)

Proof. The pushforward and Borel-coefficient properties are part of the basic current calculus
of [3]. The exact restriction identity also follows from the restriction mass bound and the
decomposition C = C E + C (Y \E), using minimality of the mass measure in both directions.
The representation in (iii) is the integer-rectifiable representation [3, Lemma 4.1 and Theorem 4.5];
subdivision makes chart domains bounded and disjointification makes their images disjoint. The
slicing assertion is [3, Theorems 5.6–5.7]. The compactness and closure theorems [3, Theorems 5.2
and 8.5] give (ii): completeness is automatic, the bounded normal masses are assumed, and
compactness of Y supplies uniform tightness. The product statements, including the action
convention, are [30, Definition 3.1 and Theorem 3.2]. They apply because an integral current is
normal and its support in Y is bounded.

Here is the geometric verification of the filling hypotheses. Choose a point o in the support of
a nonzero cycle B, and let H(t, x) be the point at fraction t along [o, x]. Triangle comparison
gives

d(H(t, x),H(t, x′)) ≤ t d(x, x′), d(H(t, x), H(s, x)) = |t− s|d(o, x).

Thus H is jointly Lipschitz on [0, 1] × Y . On the support of B, its time speed is bounded by
D = diam(sptB), and its spatial Lipschitz constant is at most one. In each of the k + 1 terms of
(2.5), a 1-Lipschitz scalar test after composition with H has time derivative at most D, and the
remaining spatial derivatives have Lipschitz bounds at most one. The mass bound therefore gives

M
(
H#([0, 1] ×B)

)
≤ (k + 1)DM(B). (2.8)

The boundary is B: the terminal map is the identity, the initial map is constant and hence has
zero pushforward in positive dimension, and ∂B = 0. The filling is supported on segments from
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o to sptB, all lying within distance D of o. Consequently the space has local cone inequalities
in every positive current dimension. Taking D ≤ diamY gives the second estimate in (2.6), for
example with Lk = (k + 1) diamY .

The complete space Y has the convex geodesic bicombing given by its unique geodesics.
Wenger’s Euclidean-exponent isoperimetric theorem [29, Theorem 1.2 and Corollary 1.4], or its
cone-inequality form applied successively in dimension, gives the first estimate in (2.6) for every
k ≥ 1. No sharp value of Kk is used here.

For a fixed boundary B, the cone gives at least one filling. A minimizing sequence has
bounded mass and fixed boundary, so (ii) gives an integral weak limit with that boundary.
Lower semicontinuity proves attainment. Finally, Y is complete and geodesic, hence quasiconvex,
and it has the local cone inequalities in dimensions 1, . . . , k just verified. The cycle assertion
in [30, Theorem 1.4] applies to the weakly convergent sequence Bj : its normal masses are
bounded because its boundary masses are zero. It gives V (Bj −B) → 0 directly. Finiteness and
subadditivity of filling volume imply

|V (Bj) − V (B)| ≤ V (Bj −B),

which proves the second limit.

2.3 An extremizing cycle and its normalization

Fix a cycle dimension n ≥ 2, and put q0 = (n+ 1)/n. The following variational device turns a
hypothetical violation of the sharp filling bound into a cycle with a controlled first variation.

Lemma 2.3 (Positive extremizer). Let c > 0. If the functional

B ⟼ V (B) − cM(B)q0

is positive on some integral n-cycle in Y , it attains a positive maximum on such cycles. A
maximizing cycle A, with m = M(A) > 0, satisfies

c
(
mq0 − M(B)q0

)
≤ V (A−B) for every integral n-cycle B in Y. (2.9)

Proof. The linear bound in (2.6) implies

V (B) − cM(B)q0 ≤ LnM(B) − cM(B)q0 .

The right side has finite supremum, and positivity implies M(B) < (Ln/c)n. A positive maximizing
sequence therefore has uniformly bounded masses and zero boundaries. By Theorem 2.2, a
subsequence converges weakly to an integral cycle A. Filling continuity and lower semicontinuity
of mass give

V (A) − cM(A)q0 ≥ lim sup
j

(
V (Bj) − cM(Bj)q0

)
.

Thus A attains the positive supremum, and in particular M(A) > 0. Maximality and subadditivity
now give

c
(
M(A)q0 − M(B)q0

)
≤ V (A) − V (B) ≤ V (A−B),

which is (2.9).
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Suppose that the desired sharp inequality fails in dimension n in a compact CAT(0) space.
Attainment in Theorem 2.2 makes the failure a strict inequality V (B) > cnM(B)q0 for some
nonzero cycle. Choose c > cn below this ratio, and apply Lemma 2.3. We write µ = ∥A∥ and
m = M(A).

Multiplication of all distances by a positive factor a multiplies the mass of a j-current by
exactly aj . The upper bound follows from Lipschitz pushforward under the identity map, and the
reverse bound follows by applying the same estimate to its inverse. This identifies the integral
chain groups before and after scaling and gives the same scaling law for filling volume. Both
terms of the maximizing functional therefore scale by an+1, so maximality is preserved. Choose
the factor to arrange

m = ((n+ 1)c)−n < sn, cq0m
1/n = 1

n
. (2.10)

The strict inequality follows from c > cn = 1/((n+ 1)s1/n
n ). We retain the notation Y,A, µ,m for

these rescaled objects. The space is still compact and CAT(0), and the current-theoretic inputs
remain applicable.

2.4 Metric differentiation and Euclidean chart norms

The contradiction now rests on an extremizing cycle of mass m < sn. To compare its mass loss
under radial variation with the mass swept out, we need chart formulas with their exact Euclidean
coefficients. We prove these formulas for a general integral current C: first identify the metric
differential, then recover the mass by scalar current tests, and finally use integer multiplicity to
obtain a lower density.

Fix C ∈ Ik(Y ) and charts as in Theorem 2.2. Kirchheim’s metric differentiation theorem [18,
Theorem 2], in the two-moving-point formulation [13, Definition (1.3) and Theorem 1.1], gives at
almost every chart point z a seminorm Nz such that

d
(
ϕi(z + w), ϕi(z + w′)

)
= Nz(w − w′) + o(|w| + |w′|) (2.11)

as the two domain points tend to z within Ei.
To apply the Euclidean-domain statement to a Borel domain, first embed Y isometrically into

ℓ∞(Y ). More explicitly, choose z∗ ∈ Ei and use the coordinates

z ⟼ d(ϕi(z), y) − d(ϕi(z∗), y), y ∈ Y.

Each coordinate is L-Lipschitz for L = Lip(ϕi) and vanishes at z∗. By McShane’s scalar extension
theorem, extend each separately to Rk with the same Lipschitz constant; see [23, Theorem 2.1 and
Proposition 2.2] for the scalar and coordinatewise formulations. These extensions have absolute
value at most L|z − z∗|, uniformly over the coordinates, so together they define an ℓ∞(Y )-valued
Lipschitz map. Metric differentiation of this extension gives (2.11) on the original domain. This
auxiliary extension is used only for differentiation; all curvature comparisons below concern
original image points in Y .

Lemma 2.4 (Euclidean chart metrics). For almost every density point z ∈ Ei, the seminorm in
(2.11) is a Euclidean norm. Thus there is a measurable positive definite matrix Gi(z) with

Nz(w)2 = wTGi(z)w, Ji(z) =
√

detGi(z). (2.12)

In particular,
d(ϕi(z + w), ϕi(z)) = |w|Gi(z) + o(|w|) (z + w ∈ Ei). (2.13)
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Proof. At a density-one point z of Ei, every fixed finite configuration in Rk can be approximated
by points of (Ei − z)/t as t ↓ 0. Indeed, a point of such a configuration that stayed a positive
distance from (Ei − z)/t along a sequence of scales would give a missing Euclidean ball of radius
comparable to t at distance O(t) from z, contradicting density one. Applying this observation to a
single direction and using the bi-Lipschitz lower bound for ϕi shows that Nz(w) ≥ Lip(ϕ−1

i )−1|w|.
The upper Lipschitz bound gives Nz(w) ≤ Lip(ϕi)|w|. Thus Nz is a norm.

For any four points a, b, c, d of a CAT(0) space,

d(a, c)2 + d(b, d)2 ≤ d(a, b)2 + d(b, c)2 + d(c, d)2 + d(d, a)2. (2.14)

To verify this, let m be the midpoint of [a, c]. Midpoint comparison bounds d(b,m)2 and d(d,m)2

by the corresponding average squared distances to a, c, minus d(a, c)2/4. Combine these bounds
with d(b, d)2 ≤ 2d(b,m)2 + 2d(d,m)2 to obtain (2.14).

Approximate the four Euclidean domain points 0, u, u+ v, v by scaled points of Ei − z. Apply
(2.14) to their images, divide by t2, and use the two-point differential (2.11). It follows that

Nz(u+ v)2 +Nz(u− v)2 ≤ 2Nz(u)2 + 2Nz(v)2.

Apply the same inequality to (u+ v)/2 and (u− v)/2, and use homogeneity, to obtain the reverse
inequality. The parallelogram law therefore holds. Polarization produces a positive definite inner
product and the matrix Gi(z) in (2.12). Its entries are measurable, since they are finite linear
combinations of squared metric differentials in fixed rational directions. Setting w′ = 0 proves
(2.13).

The same bounds give, on each chart separately,

Lip(ϕ−1
i )−2I ≤ Gi(z) ≤ Lip(ϕi)2I, Lip(ϕ−1

i )−k ≤ Ji(z) ≤ Lip(ϕi)k. (2.15)

These constants may depend on the chart; no uniform bound across the chart family will be
needed.

For a Lipschitz scalar function u on Y , define its chart covector Du by differentiating u ◦ ϕi
and transporting that covector to Zi. Norms and inner products of these covectors use the dual
matrix G−1

i . Differentiating the scalar Lipschitz inequality at density points gives

|Du| ≤ Lip(u). (2.16)

Indeed, the derivative in every direction is bounded by Lip(u)Nz, which is exactly the dual-
norm bound. The chart covectors obey the linear and product rules and the usual chain rule
for continuously differentiable scalar compositions. A scalar Lipschitz function has zero chart
derivative almost everywhere on any fixed level set: differentiate at density points of that level
set. These statements initially hold almost everywhere in each Euclidean chart. Proposition 2.6
below identifies the same exceptional sets as mass-null sets.

2.5 Quadratic mass bounds and exact chart mass

The chart differential is Euclidean. The next two statements convert that infinitesimal geometry
into mass estimates with no dimensional loss: a quadratic upper form controls mass from above,
and inverse chart coordinates recover the matching lower bound.
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Lemma 2.5 (A quadratic majorant for mass). Suppose that a finite-mass d-current C has a
representation by countably many determinant integrals with Lipschitz maps ψi : Fi → Y , Borel
sets Fi ⊂ Rd, and real signed weights ϑi. Suppose that, at almost every point carrying these
weights, there is a measurable nonnegative quadratic form Pi(z) such that

d(ψi(z + w), ψi(z))2 ≤ Pi(z)[w,w] + o(|w|2), z + w ∈ Fi. (2.17)

If the measure
η =

∑
i

(ψi)#
(
|ϑi|

√
detPi dz

)
(2.18)

is finite, then ∥C∥ ≤ η. No normality of the separate chart currents is required.

Proof. Fix a tuple of d scalar 1-Lipschitz tests. Almost everywhere on each domain their
compositions with ψi are differentiable in the sense of scalar Lipschitz extensions. If ℓ is one of
the resulting derivative rows, (2.17) gives

|ℓ(w)| ≤
√
Pi(z)[w,w] (w ∈ Rd).

To see the bound in an arbitrary direction, approximate that direction by rescaled domain points
at a density-one point, and then use differentiability and (2.17). If Pi is positive definite, transform
it to the identity and apply Hadamard’s inequality to the rows. Their absolute determinant is at
most

√
detPi. If Pi is singular, all rows vanish on its kernel; the full determinant and detPi both

vanish, giving the same bound. Substitution in the representation yields (2.2) with the measure η.
The exceptional set is allowed to depend on the fixed test tuple. The measure η is independent

of that tuple and controls every tuple separately; this is precisely what the definition of mass
requires.

Proposition 2.6 (Exact chart mass). For the representation (2.3), let Gi, Ji be as in (2.12).
Then

∥C∥ =
∑
i

(ϕi)#
(
|θi|Ji dz

)
. (2.19)

Thus, with ρi = |θi|Ji, integration against the current mass is integration against ρi dz on the
disjoint charts.

Proof. Denote the right side of (2.19) by η, initially allowing η(Y ) = ∞. We first prove η ≤ ∥C∥;
this will also establish finiteness before we apply the preceding lemma.

Fix 0 < ε < 1. Each chart domain, up to a Lebesgue-null set, has a countable Borel partition
into pieces E on which there is a fixed positive definite matrix Q, depending on the piece, satisfying

(1 − ε)|z − z′|Q ≤ d(ϕi(z), ϕi(z′)) ≤ (1 + ε)|z − z′|Q, z, z′ ∈ E. (2.20)

Here is a construction. Approximate the measurable matrix Gi(z) by an element of a countable
dense family of positive definite matrices, with a sufficiently small relative error. The centered
estimate (2.13) then gives a radius 1/l, depending on the point, on which the two inequalities
with this fixed matrix and the prescribed ε hold against every other point of the original chart
domain. Group points according to the matrix and l, subdivide into sets of diameter less than
1/l, and disjointify. These sets can be chosen Borel. Indeed, for any fixed matrix and radius, the
non-strict distance inequalities against all domain points with 0 < |z − z′| < 1/l can be tested on
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a fixed countable dense subset of the domain, using continuity in z′. All metric differentiability
points are covered by this countable construction.

At almost every density point of a piece E, differentiation of (2.20) in domain directions gives

|w|Gi(z) ≤ (1 + ε)|w|Q, Ji(z) ≤ (1 + ε)k
√

detQ.

On ϕi(E), every scalar coordinate of Q1/2ϕ−1
i is (1 − ε)−1-Lipschitz by the lower inequality in

(2.20). By McShane’s theorem [23, Theorem 2.1], extend these coordinates separately to all of Y ,
preserving that Lipschitz constant, and call the resulting tuple π.

For any Borel subset D ⊂ E, choose the bounded Borel first coefficient supported on ϕi(D)
and equal there to sgn(θi) ◦ ϕ−1

i . At density points of E, the extended coordinates have the same
derivatives as Q1/2z, since they agree with them on the piece. The images of all original charts
are disjoint. Hence (2.3), applied to this coefficient and tuple, gives exactly∫

D
|θi|
√

detQdz = C(b, π1, . . . , πk) ≤ (1 − ε)−k∥C∥(ϕi(D)).

The mass bound is legitimate for this Borel coefficient by its standard extension from the first
slot. Combining the last two estimates gives∫

D
|θi|Ji dz ≤

(1 + ε

1 − ε

)k
∥C∥(ϕi(D)).

For a Borel set B ⊂ Y , take D = E ∩ϕ−1
i (B) and sum over all pieces and all charts. Their images

are disjoint, while discarded Lebesgue-null sets make no contribution to η. Thus

η(B) ≤
(1 + ε

1 − ε

)k
∥C∥(B).

This proves that η is finite; letting ε ↓ 0 gives η ≤ ∥C∥.
Conversely, (2.13) gives the quadratic majorant Pi = Gi for every chart. Its measure (2.18) is

exactly the now finite measure η. Lemma 2.5 yields ∥C∥ ≤ η, which completes the proof of the
equality.

We have established the exact mass formula, including arbitrary signed integer multiplicities.
Its next consequence is a lower density with the Euclidean unit-ball coefficient; this is where
integrality will enter the sharp radial contradiction quantitatively.

Lemma 2.7 (Euclidean lower density). For an integral k-current C in Y ,

lim inf
ρ↓0

ρ−k∥C∥(B(y, ρ)) ≥ ωk for ∥C∥-almost every y. (2.21)

The balls in this statement are open.

Proof. By Proposition 2.6, it suffices to take y = ϕi(z), where z is a density-one point of Ei,
the metric differential exists, z is a Lebesgue point of ρi = |θi|Ji extended by zero off Ei, and
|θi(z)| ≥ 1. These conditions hold at almost every point carrying chart mass. Fix ε > 0. For all
sufficiently small ρ, the domain points in the ellipsoid

{z + w : |w|Gi(z) < ρ/(1 + ε)}

11



map into B(y, ρ), by (2.13). This ellipsoid has volume

ωkρ
k

(1 + ε)kJi(z)
.

Lebesgue differentiation on dilates of this fixed ellipsoid shows that the contribution of this
chart to ρ−k∥C∥(B(y, ρ)) has lower limit at least ωk|θi(z)|/(1 + ε)k. Other charts contribute
nonnegative mass. Letting ε ↓ 0 and using |θi(z)| ≥ 1 proves (2.21).

All subsequent chart covectors and their inner products are understood with these metrics
and the exact mass formula. In particular (2.16) holds ∥C∥-almost everywhere. For a cycle C,
the boundary action and the product rule give

C(b, u, π1, . . . , πk−1) = −C(u, b, π1, . . . , πk−1) (2.22)

for Lipschitz scalar tests. Indeed, the sum of the two sides before moving a term is C(1, bu, π) =
∂C(bu, π) = 0. These identities concern the whole cycle. None of the preceding arguments asserts
that the separate restrictions to Borel chart images have finite boundary mass.

The normalized cycle A has all the chart formulas just proved. In the next section we apply
them to its radial deformation and to the swept current, and compare the two masses through
(2.9).

3 Radial variation and the two-dimensional base case
Fix a dimension n ≥ 2 and suppose that the sharp filling inequality fails in a compact CAT(0)
space. Let Y , A, µ = ∥A∥, m, and c > cn be the rescaled space, cycle, mass measure, mass,
and constant provided by Lemma 2.3. Thus (2.9) and (2.10) hold, with q0 = (n + 1)/n. The
differential notation throughout this section is that of Proposition 2.6; in particular, norms and
inner products of spatial covectors use the inverse chart metric.

Proposition 3.1 (Radial first variation). For every center y ∈ Y , write r(x) = d(y, x). Every
nonnegative Lipschitz function g : Y → R satisfies∫

Y

(
ng + r Dr ·Dg

)
dµ ≤ n

∫
Y
rg
√

1 − |Dr|2 dµ. (3.1)

The square root is defined µ-almost everywhere by |Dr| ≤ 1.

Proof. Fix y and g. Put R = diamY and Mg = ∥g∥∞, and choose h > 0 small enough that
hMg ≤ 1/2. For 0 ≤ t ≤ h, let

λ(t, x) = 1 − tg(x), F (t, x) = [y, x]λ(t,x), Ft(x) = F (t, x),

where [y, x]a denotes the point at fraction a along the geodesic from y to x. In particular, F0
is the identity and 1/2 ≤ λ ≤ 1. Equal-fraction CAT(0) comparison and the constant-speed
parametrization of a geodesic give

d(F (t, x), F (t′, x′)) ≤ d(x, x′) +R |tg(x) − t′g(x′)|
≤
(
1 + hRLip(g)

)
d(x, x′) +RMg|t− t′|.

12



Thus F is jointly Lipschitz. The currents

Bh = (Fh)#A ∈ In(Y ), Dh = F#([0, h] ×A) ∈ In+1(Y )

are integral by Theorem 2.2. Their boundaries are ∂Bh = 0 and ∂Dh = Bh −A.
Comparison forms. We first establish precise differential upper bounds for these maps. For

x, x′ ∈ Y and two fractions λ, λ′ ∈ [0, 1], Euclidean comparison for the triangle with vertices
y, x, x′ gives

d([y, x]λ, [y, x′]λ′)2 ≤ (λr − λ′r′)2 + λλ′(d(x, x′)2 − (r − r′)2), (3.2)

where r = d(y, x) and r′ = d(y, x′). Indeed, the expression on the right is exactly the squared
distance between the corresponding points in the Euclidean comparison triangle. This remains
valid for degenerate triangles.

Take the disjoint charts ϕi : Ei → Y from Proposition 2.6, with metric matrices Gi, Ji =√
detGi, and signed multiplicities θi. At almost every density point z ∈ Ei, the metric differential

(2.12) and the derivatives of r ◦ ϕi and g ◦ ϕi exist. At such a point write

α = D(r ◦ ϕi)(z), γ = D(g ◦ ϕi)(z),

and abbreviate r = r(ϕi(z)), g = g(ϕi(z)), and λ = 1 − tg. Thus α and γ represent Dr and Dg
in this chart. Equation (2.16) yields |α|G−1

i
≤ 1 and |γ|G−1

i
≤ Lip(g).

Set Fi(t, z) = F (t, ϕi(z)). The quadratic forms

Ptot = λ2(Gi − α⊗ α) + (λα− trγ − rg dt) ⊗ (λα− trγ − rg dt), (3.3)
Psp = λ2(Gi − α⊗ α) + (λα− trγ) ⊗ (λα− trγ) (3.4)

are nonnegative. In the first expression, the first summand acts only on spatial vectors. For
increments (s, w) for which (t+ s, z + w) ∈ [0, h] × Ei, they satisfy

d(Fi(t+ s, z + w), Fi(t, z))2 ≤ Ptot((s, w), (s, w)) + o(|s|2 + |w|2). (3.5)

To see this, the derivative of (1 − tg)r is λα− trγ − rg dt, while

d(ϕi(z + w), ϕi(z))2 − (r(ϕi(z + w)) − r(ϕi(z)))2 = (Gi − α⊗ α)(w,w) + o(|w|2).

Substitution into (3.2) proves (3.5); changing the factor λλ′ to λ2 contributes only a higher-order
error. Taking s = 0 gives the corresponding upper bound with Psp for the fixed-time map. These
statements are needed separately for each fixed y and g; no common exceptional set for all centers
or all functions is required.

Determinants of the upper forms. We next compute the determinants. At the point under
consideration choose spatial coordinates orthonormal for Gi. In these coordinates (3.4) becomes

Psp = λ2I − λtr(αγ⊤ + γα⊤) + t2r2γγ⊤

= I − t
(
2gI + r(αγ⊤ + γα⊤)

)
+O(t2).

The derivative at the identity of H ↦
√

detH is H ′ ↦ 1
2 trH ′. Returning to the original chart

coordinates therefore gives√
detPsp
Ji

= 1 − t
(
ng + r Dr ·Dg

)
+O(t2). (3.6)
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After decreasing h if necessary, the remainder is bounded in absolute value by Ct2, where C
depends only on n,R,Mg, and Lip(g). In particular it is independent of the chart and the base
point: all the matrix entries in the orthonormal coordinates are controlled by these bounds.

For the full form, put H = λ2(I −αα⊤) in the same coordinates and u = λα− trγ. Its matrix
in time-first coordinates is (

0 0
0 H

)
+
(

−rg
u

)(
−rg u⊤

)
.

Its determinant is (rg)2 detH. For positive definite H this follows directly by subtracting suitable
multiples of the first row and column, or by a block determinant calculation; replacing H by
H+εI and letting ε ↓ 0 proves the identity for every nonnegative H. Since det(I−αα⊤) = 1−|α|2,
we obtain the exact identity √

detPtot
Ji

= rgλn
√

1 − |Dr|2. (3.7)

Here r, g, λ are nonnegative. In particular, the formula also covers rg = 0 and |Dr| = 1.
Figure 1 separates the fixed-time current from the swept current and illustrates the unequal-

fraction comparison. The forms above are upper bounds for the deformed metric; the exact
identity is the determinant calculation for the comparison form.

(a) Slice and sweep
t

0

h
product

[0, h] ×A

{t} ×A

{t} ×A ↦ (Ft)#A

Bh = (Fh)#A

Dh = F#([0, h] ×A)
∂Dh = Bh −A

(b) Unequal fractions

ȳ x̄

x̄′

p

p′

λr

λ′r′

λ = 1 − tg(x), λ′ = 1 − tg(x′)
d(Ft(x), Ft(x′)) ≤ |p− p′|

Figure 1: Radial variation in the whole-current product and its Euclidean comparison triangle.
Panel (a) distinguishes a fixed-time slice from the swept current; the stack is symbolic and makes
no regularity or injectivity assertion about its image in Y . In panel (b), the barred vertices
correspond to y, x, x′; p and p′ lie at fractions λ and λ′ on their radial sides. The fractions may
differ even at the same time because g varies with the point. The comparison distance gives the
upper bound (3.2). The exact determinant in (3.7) belongs to the quadratic upper form, rather
than an asserted exact differential of the deformed map.

From whole-current products to mass. The spatial determinant will bound the endpoint cycle
mass; the full determinant will bound the swept filling mass. We now pass from the comparison
forms to these two current bounds. The chart formula (2.3) gives, for a bounded Lipschitz
coefficient b and Lipschitz functions π1, . . . , πn on Y ,

Bh(b, π1, . . . , πn) =
∑
i

∫
Ei

θi(z)b(Fi(h, z))

· detDz(π1 ◦ Fi(h, ·), . . . , πn ◦ Fi(h, ·))(z) dz.
(3.8)

14



For the homotopy current, the corresponding formula is

Dh(b, π1, . . . , πn+1) =
∑
i

∫ h

0

∫
Ei

θi(z)b(Fi(t, z))

· detD(t,z)(π1 ◦ Fi, . . . , πn+1 ◦ Fi)(t, z) dz dt.
(3.9)

To obtain this formula, apply the interval product to the whole current A. Write ψa(t, x) =
πa(F (t, x)) and b̃(t, x) = b(F (t, x)). Inserting these functions into (2.5) expresses the left side as∫ h

0

n+1∑
a=1

(−1)a+1A
(
b̃t ∂tψa(t, ·), ψ1(t, ·), . . . , ψ̂a(t, ·), . . . , ψn+1(t, ·)

)
dt.

The time derivatives admit bounded Borel versions and exist for dt dµ-almost every (t, x). For a
fixed test tuple they have uniform bounds, as do the spatial chart-covector norms of the ψa(t, ·).
Inserting (2.3), every cofactor in the resulting expansion is bounded by a constant times Ji,
by Euclidean determinant bounds. The sum of the absolute integrals is consequently bounded
by Ch

∑
i

∫
Ei

|θi|Ji dz = Chm. Fubini’s theorem therefore permits both the insertion and the
interchange of the sum and integrals. Expansion in the time column gives exactly (3.9). The
separate derivatives agree almost everywhere with the joint derivatives of the Lipschitz scalar
compositions on [0, h] × Ei. This proves the formula without assigning a boundary to any
individual chart piece.

The two action formulas are determinant representations of the finite-mass currents Bh and Dh.
Their maps have the respective quadratic majorants Psp(h, z) and Ptot(t, z) from (3.5). Consider
the measures obtained by pushing forward

|θi(z)|
√

detPsp(h, z) dz and |θi(z)|
√

detPtot(t, z) dt dz

under Fi(h, ·) and Fi, respectively, and summing over i. They are finite: (3.6) bounds the spatial
density by a uniform multiple of |θi|Ji, while (3.7) bounds the product density by RMg|θi|Ji.
Their integrals are therefore controlled by m and hm, using (2.19). Lemma 2.5 now bounds the
two current mass measures by these measures. That lemma includes singular quadratic forms
and permits differentiation null sets to depend on the fixed test tuple.

Combining these bounds with (2.19), (3.6), and (3.7), and using λn ≤ 1, gives

M(Bh) ≤ m− h

∫
Y

(ng + r Dr ·Dg) dµ+O(h2), (3.10)

M(Dh) ≤ h

∫
Y
rg
√

1 − |Dr|2 dµ. (3.11)

The constant in the first remainder is finite because the pointwise remainder was uniform and
µ(Y ) = m < ∞.

Using maximality. The spatial mass decrease and the swept filling mass are now controlled by
the same radial test. We apply the extremizer inequality to compare them. Set

Ig =
∫
Y

(ng + r Dr ·Dg) dµ, Hg =
∫
Y
rg
√

1 − |Dr|2 dµ.

Choose a constant C so that M(Bh) ≤ Uh := m−hIg +Ch2 for all sufficiently small h > 0. Since
m > 0, also Uh > 0 for such h. The current −Dh fills A−Bh, so (2.9) and the monotonicity of
s ↦ sq0 give

c(mq0 − U q0
h ) ≤ c(mq0 − M(Bh)q0) ≤ V (A−Bh) ≤ M(Dh) ≤ hHg.
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Dividing by h and letting h ↓ 0 yields cq0m
1/nIg ≤ Hg. The normalization cq0m

1/n = 1/n in
(2.10) is precisely (3.1).

The radial inequality already settles the first dimension of the induction. An inverse-square
cutoff isolates the Euclidean density at one center and recovers exactly the sphere area 4π.

Proposition 3.2 (Sharp filling in cycle dimension two). Let Y be a compact CAT(0) space.
Every integral two-cycle T ∈ I2(Y ) admits S ∈ I3(Y ) with

∂S = T, M(S) ≤ c2M(T )3/2 = M(T )3/2

6
√
π

.

Proof. If this inequality failed, Lemma 2.3 in dimension n = 2 would produce a normalized
nonzero cycle A as above with

m < s2 = 4π. (3.12)

Choose a center y for which Lemma 2.7 gives

lim inf
ε↓0

ε−2µ(B(y, ε)) ≥ ω2 = π. (3.13)

Such a center exists because the density statement holds µ-almost everywhere and m > 0.
Let r = d(y, ·). For 0 < ε < 1 such that µ{r = ε} = 0, the function

gε(x) = max{r(x), ε}−2

is a nonnegative Lipschitz function on Y , so it is admissible in Proposition 3.1. On {r < ε} its
gradient is zero and

2gε + r Dr ·Dgε = 2ε−2, 2rgε
√

1 − |Dr|2 ≤ 2ε−1.

On {r > ε} the chain rule gives Dgε = −2r−3Dr. Writing b = r−1√1 − |Dr|2 there, the same
two integrands are 2b2 and 2b, respectively. The separating level has zero µ-measure by our choice
of ε. Therefore (3.1) implies

(2 − 2ε)ε−2µ(B(y, ε)) ≤
∫

{r>ε}
(2b− 2b2) dµ (3.14)

≤ m

2 , (3.15)

where the last inequality is the elementary bound 2b− 2b2 = 1
2 − 2(b− 1

2)2 ≤ 1
2 .

Only countably many levels of a real function can carry positive mass under a finite measure,
so eligible ε tend to zero. Taking the lower limit of (3.15) along such radii and using (3.13)
yields 2π ≤ m/2, or m ≥ 4π. This contradicts (3.12). The least filling mass is therefore at most
c2M(T )3/2, and attainment from Theorem 2.2 supplies the required integral filling. The zero
cycle is filled by the zero current.

The induction is now initialized, with an attained integral filling in dimension two. In the
remaining sections n > 2, and the only sharp lower-dimensional input is the theorem in dimension
n− 1, applied to boundaries of small restrictions of the extremizing n-cycle.
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4 An almost Euclidean critical Sobolev inequality
Throughout this section, n > 2, and the sharp filling theorem in dimension n− 1 is assumed. We
work with the extremizing cycle A ∈ In(Y ) of Lemma 2.3, normalized as in (2.10). In particular,
Y is compact and CAT(0), µ = ∥A∥, m = M(A) > 0, and

q0 = n+ 1
n

, cq0m
1/n = 1

n
.

The covectors Du and their norms are those of Proposition 2.6. Set

β = 1
n− 2 , p = 2n

n− 2 , S∗ = ns2/n
n , E(u) =

∫
Y

|Du|2 dµ. (4.1)

Unless another measure is specified, function norms in this section are taken with respect to µ.
Our objective is an almost sharp critical estimate

(S∗ − ϵ)∥u∥2
p ≤ 4βE(u) + Cϵ∥u∥2

2

uniformly over Lipschitz u. We first use the dimension n − 1 filling theorem to control the
boundary mass of small restrictions of A. Coarea and rearrangement transfer this estimate to
functions with small support; a level truncation then gives the displayed bound for every u.

4.1 Small sets and intrinsic coarea

Proposition 4.1 (Uniform small-set isoperimetry). For every η ∈ (0, 1) there is a number
δ ∈ (0,m/2), independent of the Lipschitz function u : Y → R, with the following property. Put

a(t) = µ{u > t}, Ut = A {u > t}, P (t) = M(∂Ut),

where Ut and its boundary are integral for almost every t. At almost every level for which a(t) ≤ δ,

P (t) ≥ (1 − η)nω1/n
n a(t)(n−1)/n. (4.2)

Proof. Fix a level at which Ut is integral, and write a = a(t) and P = P (t). Its boundary is an
integral (n− 1)-cycle. By the induction hypothesis there is an integral n-current R in Y satisfying

∂R = ∂Ut, d := M(R) ≤
(

P

nω
1/n
n

)n/(n−1)

.

Indeed, the coefficient on the right is the sharp filling coefficient in dimension n− 1. The currents
B = A − Ut + R and A − B = Ut − R are integral cycles. Restriction decomposes the mass
measure exactly, so

M(B) ≤ m− a+ d, M(A−B) ≤ a+ d.

No disjointness involving R is needed for these upper bounds.
Suppose first that d < a ≤ m/2. The extremizer inequality (2.9) and the coarse filling estimate

in Theorem 2.2 give

cq0(m/2)1/n(a− d) ≤ c
(
mq0 − (m− a+ d)q0

)
≤ V (A−B) ≤ Kn(a+ d)q0 ≤ Kn(2a)q0 .
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The first inequality follows by integrating the derivative of sq0 over [m− a+ d,m] ⊂ [m/2,m].
Thus

d ≥ a− Ca1+1/n, C = Kn2q0

cq0(m/2)1/n = nKn21+2/n. (4.3)

If d ≥ a, the same lower bound holds automatically. Choose 0 < δ < m/2 so small that

Cδ1/n ≤ 1 − (1 − η)n/(n−1).

For 0 < a ≤ δ, combining (4.3) with the upper bound for d yields

P ≥ nω1/n
n a(n−1)/n(1 − Ca1/n)(n−1)/n ≥ (1 − η)nω1/n

n a(n−1)/n.

The case a = 0 is immediate. All constants used to choose δ depend only on the fixed extremizer,
the dimension, and η.

We now have the Euclidean perimeter coefficient, up to an arbitrarily small loss, for every
sufficiently small superlevel restriction. To turn this into an energy inequality, coarea must retain
the chart derivative |Du|. Its uniform upper bound Lip(u) would lose the required Dirichlet
energy. The next lemma recovers each slice’s total mass from countably many scalar evaluations,
so that the integrated cycle identity can be used at almost every level.

Lemma 4.2 (A countable family of mass tests). Let Z be a nonempty compact metric space and
let k ≥ 1. There is a countable collection Tk(Z) of finite lists(

(b1, π
1), . . . , (bN , πN )

)
,

where the bj are Lipschitz,
∑
j |bj | ≤ 1 pointwise, and each πj is a k-tuple of 1-Lipschitz functions,

such that every k-current C of finite mass on Z satisfies

M(C) = sup
T ∈Tk(Z)

∑
(b,π)∈T

C(b, π). (4.4)

The collection is independent of C.

Proof. Fix a point z0 ∈ Z and normalize each differentiated test by πi(z0) = 0; adding constants
does not change its current evaluation. The normalized 1-Lipschitz functions form a compact
metric space in the uniform topology, by the Arzelà–Ascoli theorem. Choose a countable dense
family of normalized k-tuples (πj)j≥1.

Write λ = ∥C∥. For each tuple π, the first-slot extension to bounded Borel functions gives a
finite signed measure b ↦ C(b, π) with density ρπ relative to λ, where |ρπ| ≤ 1 almost everywhere.
Choose measurable versions for the countable family and put

ρ(z) = sup
j≥1

|ρπj (z)|.

This satisfies 0 ≤ ρ ≤ 1. If a normalized tuple π is approximated uniformly by tuples in the
family, current continuity, with their common Lipschitz bound, shows for every Lipschitz b that

|C(b, π)| ≤
∫
Z

|b|ρ dλ.
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Thus ρλ is a mass-controlling measure for all normalized 1-Lipschitz tuples and hence, by rescaling
the differentiated slots, for all tests. Minimality of the mass measure gives λ ≤ ρλ. It follows that
ρ = 1 almost everywhere.

For any finite set of the tuples, select at each point the first index where the largest |ρπj | is
attained and select its sign. This produces bounded Borel functions bj with

∑
j |bj | ≤ 1 and∑

j

C(bj , πj) =
∫
Z

max
j

|ρπj | dλ.

These coefficients can be replaced, with an arbitrarily small error in the displayed sum, by
Lipschitz coefficients satisfying the same constraint. To see this, regularity of the finite Borel
measure λ gives Lipschitz approximations to each bj in L1(λ). For example, an indicator is
approximated between a compact set and an open neighborhood by a Lipschitz function obtained
from distances to those sets, and simple functions suffice for the general case. Apply to the vector
of approximations the Lipschitz map

(v1, . . . , vN ) ⟼ (v1, . . . , vN )
max{1,

∑
j |vj |}

.

This retains L1 convergence and enforces the constraint. Monotone convergence of the finite
maxima to ρ = 1 now proves that the supremum over all admissible finite Lipschitz lists equals
M(C); the reverse inequality follows directly from the mass bound.

It remains to make the lists countable without depending on C. For each fixed list length,
the admissible lists of coefficients and normalized tuples form a separable metric space in the
uniform topology: they are a subspace of a finite product of C(Z), which is separable because Z
is compact metric. Choose a countable dense subset within that admissible space and take the
union over list lengths. An admissible list can be approximated by these lists with its constraint
and differentiated Lipschitz bounds preserved. The first-slot errors are controlled by their uniform
norms times M(C), and convergence in the differentiated slots follows from current continuity.
Hence the countable collection has the same supremum. A common Lipschitz bound on the first
coefficients is neither asserted nor needed.

Lemma 4.3 (Intrinsic coarea inequalities). For a real Lipschitz function u on Y , put

a(t) = µ{u > t}, e(t) =
∫

{u>t}
|Du|2 dµ, P (t) = M

(
∂(A {u > t})

)
at the almost every level where the restriction is integral. Then

P (t)2 ≤ (−a′(t))(−e′(t)), P (t) ≤ Lip(u)(−a′(t)) for almost every t. (4.5)

The derivatives are the densities of the absolutely continuous parts of the corresponding distribution
measures; neither distribution function is assumed absolutely continuous.

Proof. For a bounded open interval I, define the bounded Lipschitz function

H(s) =
∫
I

1{t<s} dt.

Let b be Lipschitz and let π be an (n− 1)-tuple of 1-Lipschitz functions. Restriction, the chart
representation, and Fubini give∫

I
∂Ut(b, π) dt = A(H(u), b, π) = −A(b,H(u), π). (4.6)
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For the first equality, the boundary evaluation has the measurable representative Ut(1, b, π),
obtained by integrating the chart determinants with the factor 1{u>t}. It is integrable on bounded
intervals. The second equality is the product rule applied to the cycle identity ∂A = 0.

The chain rule in the charts gives

D(H(u)) = 1{u∈I}Du µ-almost everywhere.

There is no ambiguity at the two endpoints of I: the differential of a Lipschitz scalar function van-
ishes almost everywhere on each fixed level set. This follows by applying Euclidean differentiation
at density points of that level set in each chart. At points of the charts the other differentiated
covectors have norm at most one, so the Euclidean determinant bound in Proposition 2.6 applies.

In particular, for an admissible finite list T as in Lemma 4.2, (4.6) yields||||||
∫
I

∑
(b,π)∈T

∂Ut(b, π) dt

|||||| ≤
∫

{u∈I}
|Du| dµ. (4.7)

Let γ = u#(|Du|µ). Lebesgue differentiation of (4.7), simultaneously for the countable collection
of lists on Y , gives

P (t) ≤ dγac
dt

(t) for almost every t.

Here we used (4.4) for each integral slice. Thus the passage from a signed integrated evaluation
to total slice mass excludes only a countable union of null sets.

Set λ = u#µ and ζ = u#(|Du|2µ). For every interval I, Cauchy–Schwarz on u−1(I) and the
bound |Du| ≤ Lip(u) imply

γ(I)2 ≤ λ(I)ζ(I), γ(I) ≤ Lip(u)λ(I).

Divide by the appropriate powers of the interval length and let symmetric intervals shrink to an
almost every point. The densities of λac and ζac are respectively −a′ and −e′. Combining the
resulting inequalities with the bound for P proves (4.5).

4.2 Rearrangement with an arbitrary distribution function

The small-set perimeter bound and intrinsic coarea now have their Euclidean coefficients up
to the prescribed loss. We construct a radial Euclidean function with the same distribution of
values and controlled energy. The distribution may have atoms or a singular continuous part; the
generalized inverse below includes both.

Lemma 4.4 (Rearranged energy). Fix η ∈ (0, 1) and the corresponding δ from Proposition 4.1.
If u ≥ 0 is Lipschitz and µ{u > 0} ≤ δ, there is a nonnegative, radial nonincreasing, compactly
supported Lipschitz function u∗ on Rn such that∫

Rn
(u∗)q dx =

∫
Y
uq dµ (q > 0),

∫
Rn

|∇u∗|2 dx ≤ (1 − η)−2E(u). (4.8)

Proof. If u = 0 almost everywhere, take u∗ = 0. Otherwise let L = Lip(u) and U = ess supµ u.
Then U > 0 and L > 0: a function with Lipschitz constant zero is constant, and a positive
constant would have positivity set of mass m > δ. For 0 ≤ t ≤ U , define

a(t) = µ{u > t}, R(t) =
(
a(t)
ωn

)1/n
.
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The function R is nonincreasing and right-continuous, R(t) > 0 for t < U , and R(U) = 0. For
almost every t ∈ (0, U), Proposition 4.1 and Lemma 4.3 give

−R′(t) = −a′(t)
nωnR(t)n−1 ≥ c0, c0 = 1 − η

L
> 0. (4.9)

This estimate also controls finite differences, even if R has a singular part. Indeed, on every
compact subinterval of (0, U), the nonnegative measure −dR has absolutely continuous density
−R′ ≥ c0 and a nonnegative singular part. Therefore

R(s) −R(t) ≥ c0(t− s) (0 < s < t < U). (4.10)

Define the generalized inverse for ρ ≥ 0 by

h(ρ) = sup{0 ≤ t < U : ρ < R(t)}, sup∅ := 0. (4.11)

It is nonincreasing, h(0) = U , and h(ρ) = 0 for ρ ≥ R(0). It is also c−1
0 -Lipschitz. To check the

latter claim, let ρ1 < ρ2 with h(ρ1) > h(ρ2) and choose

h(ρ2) < s < t < h(ρ1).

The definition and monotonicity imply R(s) ≤ ρ2 and R(t) > ρ1, whence c0(t−s) ≤ R(s)−R(t) ≤
ρ2 − ρ1. Letting s and t approach the two inverse values proves the claim.

For 0 < t < U , right continuity of R implies

h(ρ) > t ⟺ ρ < R(t). (4.12)

In the reverse implication, if ρ < R(t), right continuity supplies some s > t with ρ < R(s);
the other implication follows from monotonicity. Consequently u∗(x) = h(|x|) is Lipschitz and
compactly supported, and its superlevel sets have Euclidean volume a(t). The layer-cake formula
proves the asserted equality of all positive power integrals.

We give the exact energy substitution, including possible atoms and singular continuous parts
of a. Strict decrease in (4.10) implies

h(R(t)) = t (0 < t < U). (4.13)

Indeed, all levels s < t satisfy R(s) > R(t), while no s ≥ t is eligible in (4.11) with ρ = R(t). If R
is continuous at t, (4.12) and this continuity show that the entire fiber h−1({t}) is the singleton
{R(t)}.

The monotone function R is continuous except at countably many points and differentiable
with finite derivative almost everywhere. Its derivative, wherever it is relevant to (4.9), is nonzero.
Let N be the null set where the Lipschitz function h is not differentiable. The set h(N) is null
because Lipschitz functions map Lebesgue null sets to null sets. By (4.13), every level t with
R(t) ∈ N lies in h(N). It follows that for almost every t ∈ (0, U) both derivatives needed below
exist, and differentiating the inverse identity gives

h′(R(t)) = 1
R′(t) . (4.14)

For example, this follows directly by letting s → t in h(R(s)) − h(R(t)) = s− t at a continuity
and differentiability point of R.
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Since h is absolutely continuous and nonincreasing on [0, R(0)], the measure |h′(ρ)| dρ pushes
forward under h to Lebesgue measure on (0, U). One may verify this first on an interval
(a, b) ⊂ (0, U): integration of −h′ over its inverse image equals b− a by the fundamental theorem
of calculus; constant portions have zero derivative. Intervals determine the measure. At almost
every target level the fiber consists of the single point R(t), so this substitution and (4.14) give∫

Rn
|∇u∗|2 dx = nωn

∫ R(0)

0
ρn−1|h′(ρ)|2 dρ

=
∫ U

0

nωnR(t)n−1

−R′(t) dt

=
∫ U

0

(
nωnR(t)n−1)2

−a′(t) dt. (4.15)

The denominators are positive and finite almost everywhere by (4.9). The preceding substitution
also justifies the equality for a nonnegative integrand before its finiteness is known.

For clarity, a jump of R produces an interval on which h is constant. In particular, an atom
at U produces a central constant part of u∗. Such intervals contribute no energy. A singular
continuous decrease causes no additional term either: the exact substitution uses the absolutely
continuous measure |h′| dρ, and the inverse image of any null set of levels has zero measure for
this measure. Thus no absolute-continuity assumption on a has entered (4.15).

Finally, (4.2) gives (
nωnR(t)n−1)2 ≤ (1 − η)−2P (t)2.

Using (4.5) in (4.15) therefore yields∫
Rn

|∇u∗|2 dx ≤ (1 − η)−2
∫ U

0
(−e′(t)) dt ≤ (1 − η)−2E(u).

The last inequality only uses monotonicity of e and remains true if its distributional derivative
has a singular part.

4.3 The sharp radial Euclidean inequality

Rearrangement reduces the small-support estimate to a radial function on Rn. The next lemma
identifies its sharp energy coefficient; afterwards only the truncation to arbitrary functions remains.
This is the radial case of the sharp Sobolev inequality of Aubin and Talenti [4, 27]. Its proof is
an explicit radial version of the mass-transport argument of Cordero-Erausquin, Nazaret and
Villani [11, Section 2]: cumulative masses determine the transport, and determinant comparison
followed by integration by parts recovers the sharp coefficient.

Lemma 4.5 (Sharp radial Sobolev inequality). For every nonnegative, radial nonincreasing,
compactly supported Lipschitz function f on Rn, where n > 2,

ns2/n
n

(∫
Rn
fp dx

)2/p
≤ 4
n− 2

∫
Rn

|∇f |2 dx. (4.16)

Proof. The assertion is immediate for f = 0. By homogeneity, assume
∫
fp dx = 1. Write

f = f(r), r = |x|. Continuity and radial monotonicity give a finite r0 > 0 such that f > 0 on
[0, r0) and f = 0 on [r0,∞). For D > 0 define

gD(r) = AD(1 + r2)−(n−2)/2 (0 ≤ r < D), gD(r) = 0 (r ≥ D),
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where AD > 0 is chosen so that
∫
gpD dx = 1. For 0 < r < r0 match the cumulative radial masses

by

nωn

∫ r

0
sn−1f(s)p ds = nωn

∫ t(r)

0
sn−1gD(s)p ds. (4.17)

Both cumulative functions are C1 with strictly positive derivative on their open radial intervals.
Their inverse composition t is therefore C1 on (0, r0), strictly increasing, and satisfies t(0+) = 0
and t(r0−) = D. Differentiation gives

dT := t′(r)
(
t(r)
r

)n−1
= f(r)p

gD(t(r))p . (4.18)

The radial map T (x) = t(|x|)x/|x| has positive eigenvalues t′ and n − 1 copies of t/r and
transports fp dx to gpD dx. This follows either from (4.17) by radial integration, or from the
change of variables and (4.18). The jump of gD at D is harmless: the calculation uses its positive
continuous interior profile and never differentiates the cutoff.

Let
ℓ = p

(
1 − 1

n

)
= 2(n− 1)

n− 2 , ℓ− 1 = p

2 .

Change of variables, the arithmetic–geometric mean inequality for the positive eigenvalues of DT ,
and radial integration by parts give

n

∫
Rn
gℓD dx = n

∫
|x|<r0

f ℓd
1/n
T dx

≤
∫

|x|<r0
f ℓ
(
t′ + (n− 1) t

r

)
dx

= −ℓ
∫

|x|<r0
fp/2f ′t dx

≤ ℓ

(∫
Rn

|∇f |2 dx
)1/2 (∫

Rn
|x|2gpD dx

)1/2
. (4.19)

The last equality needed for Cauchy–Schwarz is the transport identity
∫
fpt2 dx =

∫
|x|2gpD dx.

To justify the integration by parts, first integrate over ε < r < R < r0. The boundary term is
nωn[rn−1tf ℓ]Rε . It tends to zero at r0 because f(r0) = 0 and t ≤ D, and at zero because n > 1
and t, f are bounded. The resulting derivative integral is absolutely integrable: f ′ is essentially
bounded, t is bounded, and the source ball is bounded. The source profile is Lipschitz, so its
radial integration by parts is justified by absolute continuity.

Now put

I0 =
∫
Rn

(1 + |x|2)−n dx, A∞ = I
−1/p
0 , g(r) = A∞(1 + r2)−(n−2)/2.

The normalizing constants AD converge to A∞ as D → ∞. Moreover,∫
gℓD dx ⟶

∫
gℓ dx,

∫
|x|2gpD dx ⟶

∫
|x|2gp dx.

For both integrals the unnormalized radial integrand is of order r1−n at infinity. Thus both are
finite for every n > 2, and the convergence follows by monotone convergence for the unnormalized
integrals and convergence of AD. In particular, no limit of the transport maps is required.
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The ratio on the limiting left side of (4.19) can be evaluated from g itself. Direct differentiation
shows that

−g′(r) = Krg(r)p/2, K = (n− 2)A−2/(n−2)
∞ > 0.

If J =
∫
gℓ dx and M2 =

∫
|x|2gp dx, radial integration by parts with the vector field x gives

nJ = −ℓ
∫
gp/2g′r dx = ℓKM2,

∫
|∇g|2 dx = K2M2.

Its boundary term rng(r)ℓ vanishes at zero and is O(r2−n) at infinity. Therefore

nJ

ℓM
1/2
2

=
(∫

|∇g|2 dx
)1/2

. (4.20)

Taking D → ∞ in (4.19) proves
∫

|∇f |2 dx ≥
∫

|∇g|2 dx.
The transport argument has reduced the lower energy bound to the single comparison profile

g. It remains to compute this energy and thus fix the threshold used in the current’s critical
minimization. The inverse stereographic map

x ⟼ (2x, |x|2 − 1)
1 + |x|2

∈ Sn

pulls the sphere metric back to 4(1 + |x|2)−2 times the Euclidean metric. Its volume Jacobian is
2n(1 + |x|2)−n, so

I0 = 2−nsn. (4.21)

For w(r) = (1 + r2)−(n−2)/2, direct differentiation gives

−∆w = n(n− 2)(1 + r2)−(n+2)/2.

Integration by parts consequently yields∫
Rn

|∇g|2 dx = n(n− 2)A2
∞I0

= n(n− 2)I1−2/p
0 = n(n− 2)

4 s2/n
n .

Here the boundary term rn−1g(r)g′(r) vanishes at zero and is O(r2−n) at infinity; also 1 − 2/p =
2/n. Multiplying the energy lower bound by 4/(n− 2) proves (4.16) for the normalized f , and
homogeneity proves the general statement. All moments and boundary limits used above remain
valid when n = 3 or n = 4; no L2 integrability of the full profile g is needed.

The coefficient is also optimal within the class in the statement. Indeed, choose a nonnegative
nonincreasing Lipschitz cutoff χ equal to one on [0, 1] and zero on [2,∞), and set gR(x) =
g(x)χ(|x|/R). Then gR → g in Lp, and ∇gR → ∇g in L2: the tail of ∇g tends to zero, while the
extra cutoff energy is bounded by

Lip(χ)2

R2

∫
R<|x|<2R

g(x)2 dx = O(R2−n) ⟶ 0.

Each gR is admissible, and its Sobolev quotient tends to the computed value for g.
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4.4 Globalization

The preceding two lemmas give the sharp coefficient, with an arbitrarily small loss, for functions
supported on a small amount of current mass. Truncation at a level controlled by ∥u∥2 yields the
section’s asserted inequality for every Lipschitz function.

Proposition 4.6 (Almost Euclidean critical Sobolev bound). For every ϵ ∈ (0, S∗) there is a
finite constant Cϵ ≥ 0 such that every real Lipschitz function u on Y satisfies

(S∗ − ϵ)∥u∥2
p ≤ 4βE(u) + Cϵ∥u∥2

2. (4.22)

The constant is independent of u.

Proof. Fix temporarily η ∈ (0, 1) and its corresponding δ. Combining Lemmas 4.4 and 4.5 gives

S∗(1 − η)2∥z∥2
p ≤ 4βE(z) if z ≥ 0 is Lipschitz and µ{z > 0} ≤ δ. (4.23)

This also holds when z = 0 almost everywhere.
For a general Lipschitz u with ∥u∥2 > 0, set

τ = ∥u∥2√
δ
, z = (|u| − τ)+.

Chebyshev’s inequality gives µ{z > 0} ≤ δ. Scalar Lipschitz composition in the charts gives
E(z) ≤ E(u); at the finitely many corner levels the gradient vanishes almost everywhere on
the corresponding level sets, so the usual almost-everywhere chain rule applies. In addition,
0 ≤ |u| − z ≤ τ , whence

∥|u| − z∥p ≤ m1/pτ.

For every ξ > 0, the triangle inequality followed by (b+ d)2 ≤ (1 + ξ)b2 + (1 + ξ−1)d2 now yields

S∗(1 − η)2

1 + ξ
∥u∥2

p ≤ S∗(1 − η)2∥z∥2
p + S∗(1 − η)2

ξ
m2/pτ2

≤ 4βE(u) + S∗(1 − η)2m2/p

ξδ
∥u∥2

2.

Choose η > 0 and ξ > 0 sufficiently small that S∗(1 − η)2/(1 + ξ) ≥ S∗ − ϵ, and then fix the
associated δ. The last display proves the assertion with, for example,

Cϵ = S∗(1 − η)2m2/p

ξδ
.

If ∥u∥2 = 0, then ∥u∥p = 0 and the asserted inequality is immediate.

5 A subthreshold minimizer on the cycle
Throughout this section, n > 2 and A is the extremizing cycle constructed in Lemma 2.3, with
the normalization (2.10). Thus µ = ∥A∥ is a finite measure on the compact space Y , and

0 < m := µ(Y ) < sn.
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We use the charts, multiplicities, and covector norms of Proposition 2.6. In particular, the chart
images Zi are pairwise disjoint, their multiplicities θi are nonzero signed integers, and

µ =
∑
i

(ϕi)#
(
|θi|Ji dz

)
, Ji =

√
detGi.

Set, as in Section 4,

β = 1
n− 2 , p = 2n

n− 2 , S∗ = ns2/n
n , E(u) =

∫
Y

|Du|2 dµ.

All function norms in this section are taken with respect to µ. We use the almost sharp estimate
(4.22); in particular, its constant Cϵ is independent of the Lipschitz function to which it is applied.

We seek a nonnegative minimizer of

4βE(u) + n∥u∥2
2

∥u∥2
p

,

initially defined for Lipschitz functions with ∥u∥p > 0. To pass to a minimizing limit, we first
close the chart gradient and prove compactness in L2. The almost sharp inequality from Section 4
then prevents loss of critical Lp mass below S∗.

5.1 The closed gradient and calculus

Proposition 5.1 (The Sobolev space and its calculus). Identify real Lipschitz functions on Y
that agree µ-almost everywhere. Their completion in the norm

∥u∥2
H = ∥u∥2

2 + E(u)

is a Hilbert space H of functions in L2(µ). Its gradient is a well-defined closed operator with
values in the Hilbert space of square-integrable chart covectors. The inclusion H ⟶ Lp(µ) is
continuous, and (4.22) holds for all u ∈ H.

The following calculus properties hold.
(i) If u1, . . . , uk ∈ H and Φ ∈ C1(Rk) has bounded first derivatives, then Φ(u1, . . . , uk) ∈ H and

DΦ(u1, . . . , uk) =
k∑
a=1

∂aΦ(u1, . . . , uk)Dua.

(ii) For every u ∈ H and every fixed t ∈ R, Du = 0 almost everywhere on {u = t}. Consequently,
the scalar chain rule also holds for Lipschitz, piecewise C1 functions with finitely many
corners, with any derivative values assigned at the corners.

(iii) The map u ↦ u+ is continuous from H to itself. Every nonnegative element of H has
nonnegative Lipschitz approximants converging in H.

(iv) For each fixed center y ∈ Y , the radial inequality (3.1) holds for every nonnegative g ∈ H,
with r = d(y, ·) and its chart gradient Dr.

Proof. Let L2 denote the Hilbert space of chart covector fields L with
∫

|L|2 dµ < ∞. The
Lipschitz level-set property from Section 2, applied to the difference of two representatives, shows
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that their gradients agree whenever the functions agree µ-almost everywhere. We first prove that
the graph of the Lipschitz gradient in L2(µ) × L2 is closable. Suppose that uj are Lipschitz,

uj ⟶ 0 in L2(µ), Duj ⟶ L in L2.

For a Lipschitz scalar function b and a Lipschitz (n− 1)-tuple π, the identity ∂A = 0 gives

A(b, uj , π) = −A(uj , b, π). (5.1)

The right-hand side tends to zero by the mass bound and ∥uj∥1 ≤ m1/2∥uj∥2. For the fixed tuple
π, the limit of the left-hand side is integration of b against the signed measure

νπ(B) =
∑
i

∫
ϕ−1

i (B∩Zi)
θi det

(
Li, D(π ◦ ϕi)

)
dz, B ⊂ Y Borel.

Here Li is the row of coordinate components of L in the ith chart. The determinant estimate of
Proposition 2.6 shows that this is a finite signed measure and that

∥νπ∥TV ≤
(
n−1∏
a=1

Lip(πa)
)∫

|L| dµ.

The same estimate applied to Duj − L justifies the asserted limit. Thus
∫
b dνπ = 0 for every

Lipschitz b on Y . Lipschitz functions are uniformly dense in C(Y ), so they determine finite signed
measures on the compact metric space Y . It follows that νπ = 0 as a measure.

Fix a chart i. Extend each coordinate of ϕ−1
i : Zi → Rn to a Lipschitz scalar function F a on

Y . At almost every density point of Ei,

D(F a ◦ ϕi) = e∗
a.

Take for π each of the n tuples obtained by omitting one member of (F 1, . . . , Fn). Restricting
the corresponding zero measures νπ to Zi shows, component by component, that θiLi = 0 almost
everywhere on Ei. The multiplicity is nonzero, so Li = 0. There are only countably many charts
and finitely many tuples per chart; hence L = 0 in L2. Notice the order of this argument: we first
obtained zero signed measures by testing on the whole cycle, and then localized those measures.
No boundary or normality property of a chart restriction is used.

The closure of the graph is therefore the graph of an operator D, and, with its graph norm, it
is the asserted Hilbert space H. In particular, functions that agree almost everywhere have the
same gradient. Applying (4.22) to differences of Lipschitz approximants shows that a graph-norm
Cauchy sequence is Cauchy in Lp. Its Lp limit agrees with its L2 limit, and passing to the limit
proves both the continuous inclusion and the extension of (4.22).

To prove the first calculus assertion, choose Lipschitz approximants ua,j → ua in H, and
pass to a common subsequence converging almost everywhere. Write Uj = (u1,j , . . . , uk,j) and
U = (u1, . . . , uk). Bounded first derivatives give Φ(Uj) → Φ(U) in L2. The constant Φ(0) is
harmless because µ is finite. The chart chain rule gives

DΦ(Uj) =
∑
a

∂aΦ(Uj)Dua,j .

For each summand, subtract the proposed limit by writing

∂aΦ(Uj)(Dua,j −Dua) +
(
∂aΦ(Uj) − ∂aΦ(U)

)
Dua.
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The first term tends to zero in L2 by the derivative bound; the second does so by dominated
convergence. Closedness proves assertion (i).

For assertion (ii), fix a level t and choose η ∈ C∞
c ((−1, 1)) with 0 ≤ η ≤ 1 and η(0) = 1. The

functions
Φϵ(s) =

∫ s

−∞
η
(
(a− t)/ϵ

)
da

converge uniformly to zero, their derivatives are bounded by one, and Φ′
ϵ(s) → 1{t}(s). Assertion (i)

and dominated convergence give

Φϵ(u) ⟶ 0 in L2, DΦϵ(u) ⟶ 1{u=t}Du in L2.

Closedness forces the latter limit to be zero. A Lipschitz, piecewise C1 scalar function with
finitely many corners can now be smoothed by convolution. The smoothed functions converge
uniformly, their derivatives have a common bound, and the derivatives converge at every point
other than the corners. The level-set conclusion removes the contribution of those corners, so
dominated convergence and closedness give the claimed chain rule.

In particular, D(u+) = 1{u>0}Du. If uj → u in H, the positive parts converge in L2, and
their gradient difference is

1{uj>0}(Duj −Du) +
(
1{uj>0} − 1{u>0}

)
Du.

Along any subsequence with almost-everywhere convergence, the second term tends to zero in L2

by the level-set conclusion at zero and dominated convergence. The first term is bounded in norm
by ∥Duj −Du∥2. Applying this observation to subsequences proves continuity for the original
sequence. Taking positive parts of Lipschitz approximants proves assertion (iii).

Finally fix y ∈ Y . The distance r = d(y, ·) is bounded, |Dr| ≤ 1 almost everywhere, and µ is
finite. Each term of (3.1) is therefore continuous as a linear functional of g in the graph norm.
Approximate a nonnegative g ∈ H by the nonnegative Lipschitz functions just constructed and
pass to the limit. This proves assertion (iv).

5.2 Compactness

The gradient is now defined on the completed space, and its critical embedding is continuous.
We still need strong L2 convergence for bounded sequences. The proof obtains compactness for
projections of whole weighted currents, then isolates charts in total variation.

Proposition 5.2 (Compact inclusion). The inclusion H ⟶ L2(µ) is compact.

Proof. Projecting the whole weighted current. First consider Lipschitz functions uj with
supj ∥uj∥H ≤ M0 < ∞. Fix a chart i, extend its inverse coordinates to a Lipschitz map
F = (F 1, . . . , Fn) : Y → Rn, and fix a Lipschitz function χ on Y . Define finite signed measures
λj,χ on Rn by ∫

h dλj,χ = A
(
(h ◦ F )χuj , F 1, . . . , Fn

)
(5.2)

for bounded Borel h. The chart representation defines these measures directly. They are supported
in the fixed compact set F (Y ), and the current mass bound gives

sup
j

∥λj,χ∥TV ≤
(

n∏
a=1

Lip(F a)
)

∥χ∥∞m
1/2M0.
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For h ∈ C∞
c (Rn), expanding the row D(h ◦ F ) =

∑
a(∂ah ◦ F )DF a in a determinant shows

that ∫
∂lh dλj,χ = A

(
χuj , F

1, . . . , F l−1, h ◦ F, F l+1, . . . , Fn
)
.

All terms except a = l in the row expansion vanish because they have a repeated row. Apply the
cycle identity (5.1), with a permutation of rows if necessary, to move h ◦ F to the first coefficient.
The intrinsic determinant bound then gives||||∫ ∂lh dλj,χ

|||| ≤ CF ∥h∥∞

∫
|D(χuj)| dµ ≤ Cχ∥h∥∞, (5.3)

uniformly in j and l. Indeed,∫
|D(χuj)| dµ ≤ m1/2(∥χ∥∞∥Duj∥2 + Lip(χ)∥uj∥2

)
.

Constants here may depend on the fixed chart, χ, and M0.
Translation compactness. We give the compactness consequence of (5.3) in detail. This

is the usual translation and mollification proof of Euclidean BV compactness [25, Chapter 2,
Theorem 2.6], expressed directly for the projected signed measures. Let τw(x) = x+ w. For a
smooth compactly supported test h, the fundamental theorem of calculus along x+ tw and (5.3)
imply ||||∫ h d

(
(τw)#λj,χ − λj,χ

)|||| ≤ Cχ∥h∥∞

n∑
l=1

|wl|.

Smooth compactly supported tests recover the total variation of finite signed Radon measures, by
regularity and approximation of continuous tests. After changing the constant, we obtain

∥(τw)#λj,χ − λj,χ∥TV ≤ Cχ|w|. (5.4)

Choose a nonnegative smooth convolution kernel ρϵ of integral one supported in the ball of radius
ϵ. Averaging (5.4) gives

∥λj,χ − (ρϵ ∗ λj,χ) dx∥TV ≤ Cχϵ.

For fixed ϵ, the densities ρϵ ∗ λj,χ have a common compact support and uniform bounds on their
values and first derivatives. The Arzelà–Ascoli theorem makes them precompact in the uniform
norm on that support and hence in L1(Rn). Approximation by these families, first fixing ϵ and
then letting it decrease to zero, proves that {λj,χ : j ≥ 1} is totally bounded in total variation.
The space of finite signed measures is complete in that norm, so this family is precompact.

Isolating a chart in total variation. We now isolate the chart. Formula (5.2) also defines
λj,1Zi

, using the bounded Borel coefficient 1Zi . By regularity of µ and distance cutoffs on the
compact metric space Y , choose Lipschitz χk with

∥χk − 1Zi∥2 ⟶ 0.

The mass bound and Cauchy–Schwarz give, uniformly in j,

∥λj,χk
− λj,1Zi

∥TV ≤
(

n∏
a=1

Lip(F a)
)∫

|χk − 1Zi | |uj | dµ

≤ CFM0∥χk − 1Zi∥2. (5.5)
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For each fixed k the family on the left with coefficient χk is precompact by the preceding argument.
Uniform approximation (5.5) therefore makes {λj,1Zi

: j ≥ 1} precompact as well. There is no
need for the Lipschitz constants of χk to remain bounded.

Since F ◦ ϕi is the identity on Ei, the density of the isolated measure is exactly

dλj,1Zi
(z) = 1Ei(z)θi(z)(uj ◦ ϕi)(z) dz.

Consequently, for any j, k,

∥uj − uk∥L1(Zi,µ) =
∫
Ei

|θi|Ji|(uj − uk) ◦ ϕi| dz

≤ Lip(ϕi)n∥λj,1Zi
− λk,1Zi

∥TV.

Here Ji ≤ Lip(ϕi)n. This calculation allows arbitrary signed, unbounded integer multiplicities:
the fixed θi appears as |θi| in the total variation of a difference. Likewise, (5.5) already uses
the full mass measure |θi|Ji dz, so it requires no bound or regularity of the multiplicities. All
integrations by parts above concerned the whole cycle A with a Lipschitz coefficient. None
concerned a restriction to one chart.

Assembling the charts. We may now take a diagonal subsequence that is Cauchy in L1(Zi, µ)
for every i. The omitted charts have uniformly small contributions, because∫⋃

i>N
Zi

|uj | dµ ≤ M0 µ

( ⋃
i>N

Zi

)1/2

⟶ 0

uniformly in j. The chart images cover µ up to a null set, and µ is finite. The subsequence is
thus Cauchy in L1(µ). Proposition 5.1 supplies a uniform Lp bound. Since p > 2, interpolation
with α = (p− 2)/(2(p− 1)) > 0 gives

∥uj − uk∥2 ≤ ∥uj − uk∥α1 ∥uj − uk∥1−α
p ⟶ 0.

Finally, approximate the jth member of an arbitrary bounded sequence in H by a Lipschitz
function with graph-norm error at most 1/j. The result just proved for those approximants proves
compactness for the original sequence.

5.3 A minimizer and its powers

We now have weak compactness in H and strong compactness in L2. These do not alone give
strong convergence at the critical exponent p. The strict inequality m < sn places the quotient
infimum below S∗; the almost sharp estimate will exclude any missing Lp mass.

Define the quadratic functional and its critical constrained infimum by

Q(u) = 4βE(u) + n∥u∥2
2, Λ = inf{Q(u) : u ∈ H, ∥u∥p = 1}. (5.6)

Proposition 5.3 (Existence and normalization of the minimizer). One has 0 < Λ < S∗. There
exists a nonzero nonnegative v ∈ H minimizing Q(u)/∥u∥2

p over nonzero u ∈ H and satisfying

0 < W :=
∫
vp dµ =

(Λ
n

)n/2
< sn, Q(v) = nW. (5.7)

For every ψ ∈ H it satisfies the weak equation

4β
∫
Dv ·Dψ dµ+ n

∫
vψ dµ = n

∫
vp−1ψ dµ. (5.8)
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Proof. Taking ϵ = S∗/2 in (4.22) shows that

S∗
2 ∥u∥2

p ≤ 4βE(u) + CS∗/2∥u∥2
2 ≤ max{1, CS∗/2/n}Q(u).

Thus Λ > 0. The constant function m−1/p has Lp norm one, so

Λ ≤ nm1−2/p = nm2/n < ns2/n
n = S∗. (5.9)

Let uj be an Lp-normalized minimizing sequence. It is bounded in H, since Q is a positive
definite quadratic form equivalent to the squared graph norm. By weak compactness in a Hilbert
space and Proposition 5.2, after taking a subsequence we have

uj ⇀ u in H, uj → u in L2(µ) and almost everywhere.

Put zj = uj − u and t =
∫

|u|p dµ. Fatou’s lemma gives 0 ≤ t ≤ 1. We give the Brézis–Lieb
splitting [8, Theorem 1] in the form needed here:∫

|zj |p dµ ⟶ 1 − t. (5.10)

For every ϵ > 0, the mean-value theorem and Young’s inequality give a finite Cϵ such that, for
real a, b, |||a+ b|p − |a|p

|| ≤ ϵ|a|p + Cϵ|b|p.

Apply this with a = zj and b = u, and set Rj = |uj |p − |zj |p − |u|p. The functions(
|Rj | − ϵ|zj |p

)
+

converge to zero almost everywhere and are bounded by (Cϵ + 1)|u|p. Dominated convergence,
followed by ϵ ↓ 0, shows that Rj → 0 in L1, since the Lp norms of zj are bounded. This proves
(5.10).

Weak convergence in H also gives the quadratic splitting

Q(uj) = Q(u) +Q(zj) + o(1).

The definition of Λ gives Q(u) ≥ Λt2/p, with the same conclusion if u = 0. For fixed ϵ > 0, apply
(4.22) to zj and use ∥zj∥2 → 0 to obtain

lim inf
j

Q(zj) ≥ (S∗ − ϵ)(1 − t)2/p.

Letting ϵ ↓ 0 therefore yields
Λ ≥ Λt2/p + S∗(1 − t)2/p. (5.11)

If t < 1, the inequalities a2/p ≥ a for 0 ≤ a ≤ 1 and S∗ > Λ make the right-hand side strictly
larger than Λ: indeed it is at least Λt+ S∗(1 − t) > Λ. Thus t = 1. Weak lower semicontinuity
now gives Q(u) ≤ Λ, so u is a minimizer with ∥u∥p = 1. Replacing it by |u| preserves both its Lp
norm and its energy, by Proposition 5.1. We take u ≥ 0.

For each ψ ∈ H, differentiate the quotient Q(u+ sψ)/∥u+ sψ∥2
p at s = 0. Its denominator is

nonzero for sufficiently small s, and Hölder’s inequality justifies the derivative of the Lp integral:

31



for |s| ≤ 1 the derivative integrand is bounded by p(|u| + |ψ|)p−1|ψ| ∈ L1. Since u is a minimizer
and ∥u∥p = 1, this gives

4β
∫
Du ·Dψ dµ+ n

∫
uψ dµ = Λ

∫
up−1ψ dµ.

Set

v =
(Λ
n

)1/(p−2)
u.

Homogeneity preserves the quotient minimum, and Λ(Λ/n)−1 = n gives (5.8). Since p/(p− 2) =
n/2, its pth moment is W = (Λ/n)n/2 < sn by (5.9). Testing (5.8) with ψ = v gives Q(v) = nW ,
completing (5.7).

The normalized minimizer has the strict weighted mass bound W < sn needed for the
contradiction. The remaining task is to justify nonlinear tests in its weak equation and radial first
variation. The following moment and weighted-energy estimates do so without assuming that v
is positive everywhere, smooth, or essentially bounded. The proof adapts the critical-potential
absorption method of Brézis and Kato [7] to the closed chart gradient. For the truncated-power
formulation, see also [6, Lemma 6, p. 178]. The adaptation is given in full, without invoking a
Euclidean regularity theorem in the present Sobolev space.

Lemma 5.4 (Powers of the minimizer). For every real γ ≥ 1,

vγ ∈ H ∩ Lp(µ), D(vγ) = γvγ−1Dv.

Moreover,
∫
vq dµ < ∞ for every finite q > 0, and∫

vq|Dv|2 dµ < ∞ for every finite q ≥ 0. (5.12)

Proof. We first prove the power assertion under the additional assumption v ∈ L2γ . It is immediate
for γ = 1, so suppose γ > 1. For N ≥ 1 define

wN = vmin(v,N)γ−1, ψN = vmin(v,N)2γ−2, dγ = 2γ − 1
γ2 .

The scalar functions in these definitions, extended by zero for negative arguments, are Lipschitz
and piecewise C1. Thus both compositions belong to H. Their derivatives show that

Dv ·DψN ≥ dγ |DwN |2.

Indeed there is equality below N , while above N the ratio of the coefficients is one and 0 < dγ ≤ 1.
The gradient vanishes on the level set {v = N}, so no value at the corner matters. Testing (5.8)
with ψN is legitimate; for example, vp−1ψN ≤ N2γ−2vp is integrable. Dropping the nonnegative
term n

∫
vψN dµ gives

4βdγE(wN ) ≤ n

∫
vp−2w2

N dµ. (5.13)

Apply (4.22) to wN with ϵ = S∗/2 and multiply by dγ . By (5.13),

dγS∗
2 ∥wN∥2

p ≤ n

∫
vp−2w2

N dµ+ dγCS∗/2∥wN∥2
2.
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Hölder’s inequality with conjugate exponents p/(p− 2) and p/2 gives

n

∫
{v>K}

vp−2w2
N dµ ≤ n

(∫
{v>K}

vp dµ

)(p−2)/p

∥wN∥2
p.

Since v ∈ Lp, choose K ≥ 1, depending on γ but not N , so that the coefficient on the right is at
most dγS∗/4. The contribution of {v ≤ K} is at most nKp−2∥wN∥2

2. Absorbing the tail yields

dγS∗
4 ∥wN∥2

p ≤
(
nKp−2 + dγCS∗/2

)
∥wN∥2

2.

The assumed L2γ moment bounds the right-hand side uniformly in N , because wN ≤ vγ . Thus
∥wN∥p is uniformly bounded. Equation (5.13), with another application of Hölder, then uniformly
bounds E(wN ).

On {v < N} the gradient of wN is γvγ−1Dv. Monotone convergence in these sets shows that
γvγ−1Dv belongs to L2. At every truncation level the formulas and the level-set property give

|wN | ≤ vγ , |DwN | ≤ γvγ−1|Dv|.

The values and gradients converge almost everywhere to vγ and γvγ−1Dv, respectively. The
displayed bounds give strong L2 convergence of both by dominated convergence. Closedness
proves vγ ∈ H with the asserted gradient, and the continuous inclusion into Lp gives vγ ∈ Lp.

Starting with v ∈ Lp, set ℓj = p(p/2)j for j ≥ 0. The conditional assertion just proved, with
γ = ℓj/2, shows

v ∈ Lℓj ⟹ v ∈ Lℓj+1 .

Since p/2 > 1, these exponents tend to infinity. Finiteness of µ then gives every finite positive
moment of v. The conditional assertion therefore applies to every γ ≥ 1. Finally, for q ≥ 0 take
γ = 1 + q/2 to obtain ∫

vq|Dv|2 dµ = γ−2E(vγ) < ∞,

which is (5.12).

All positive moments and polynomially weighted energies are now finite. We next turn those
integrability statements into an admissible chain rule for the actual two-variable tests used in the
chord comparison.

Lemma 5.5 (Compositions with polynomial growth). Let r ∈ H satisfy 0 ≤ r ≤ R < ∞ almost
everywhere and |Dr| ∈ L∞(µ). Suppose that F is C1 on an open neighborhood of [0, R] × [0,∞)
and that, on this strip,

|F (a, t)| + |∂1F (a, t)| + |∂2F (a, t)| ≤ C(1 + t)M

for some finite C and nonnegative integer M . Then F (r, v) ∈ H and

D(F (r, v)) = ∂1F (r, v)Dr + ∂2F (r, v)Dv. (5.14)

In particular, this applies with r = d(y, ·) for each fixed y ∈ Y .
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Proof. Let tN = min(v,N). The scalar calculus in Proposition 5.1 gives tN ∈ H and DtN =
1{v<N}Dv, where the level-set property handles v = N . For each N , choose a smooth, compactly
supported cutoff in the given open neighborhood and equal to one on a neighborhood of the
compact rectangle [0, R] × [0, N ]. Multiply F by this cutoff and extend by zero to obtain a global
C1 function with bounded first derivatives. It agrees with F and its first derivatives on the
rectangle. The bounded-derivative calculus consequently gives F (r, tN ) ∈ H and

D(F (r, tN )) = ∂1F (r, tN )Dr + ∂2F (r, tN )1{v<N}Dv.

Writing L = ∥ |Dr| ∥∞, the growth assumption gives bounds independent of N ,

|F (r, tN )| ≤ C(1 + v)M , |D(F (r, tN ))| ≤ C(1 + v)M (L+ |Dv|).

The squares of these bounds are integrable by Lemma 5.4: they are bounded by a constant times
(1 + v2M )(1 + |Dv|2). Since v is finite almost everywhere, the values and the displayed gradient
formulas converge almost everywhere to the values and right-hand side in (5.14). Dominated
convergence gives strong convergence in the two L2 spaces, and closedness proves the result. A
distance function has bounded values and |Dr| ≤ 1, so it satisfies the hypotheses.

6 Conformally weighted chords
Throughout this section, n > 2 and the normalized extremizing cycle A is as in Section 3. We
assume the sharp filling inequality in dimension n− 1, so that Sections 4 and 5 apply. Keep the
notation

β = 1
n− 2 , p = 2n

n− 2 , Q(u) = 4βE(u) + n∥u∥2
2.

Let v ≥ 0 be the quotient minimizer from Proposition 5.3. In particular,

0 < W :=
∫
Y
vp dµ < sn, Q(v) = nW, dν = vp

W
dµ. (6.1)

The last expression defines a probability measure. By Lemma 5.4, v has all finite positive moments
and ∫

Y
vq|Dv|2 dµ < ∞ (q ≥ 0). (6.2)

Choose a finite nonnegative Borel representative of v; changing it on a µ-null set has no effect on
these assertions.

For a fixed center y ∈ Y with v(y) > 0, set

κ = v(y)β, r(x) = d(y, x), s(x) = κr(x)v(x)β, Ly =
∫
Y
s2 dν. (6.3)

These are finite Borel functions or numbers. In particular, with D = diamY ,

Ly ≤ κ2D2

W

∫
Y
vp+2β dµ < ∞.

We study the chord distribution through the transform

Jy(a) =
∫
Y

(1 + as2)−n dν (a ≥ 0). (6.4)
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Our first comparison will give Jy(a) ≤ (1 + 2aLy)−n/2 for every center with v(y) > 0. Euclidean
tangent density will then give a lower bound for lim infa→∞ an/2Jy(a) at almost every center,
forcing

Ly ≤ 2(W/sn)2/n < 2 for ν-almost every center y.

Section 7 will show that the average of these same moments is at least 2.
Every chart derivative in this section is taken in the variable x, at this fixed center y. We

shall not require s ∈ H. Instead, define the square-integrable chart covector field

ξ = κ
(
v1+βDr + βrvβDv

)
. (6.5)

Its square integrability follows from |Dr| ≤ 1, boundedness of r, the moments of v, and (6.2) with
q = 2β. On {v > 0} it is the formal expression vDs; the explicit formula (6.5) defines it also on
{v = 0}.

6.1 Admissible chord tests

For a > 0, the profile w(t) = (1 + at2)−(n−2)/2 is the rescaled Euclidean Sobolev profile used in
Lemma 4.5. Its exponent is suited to the transform because w(s)p = (1+as2)−n. We will compare
the quotient of vw(s) with that of v, using vw(s)2 in the minimizer equation. The following
lemma first justifies these tests and the radial tests needed to control their energy, including at
points where v = 0.

Lemma 6.1 (Admissibility of the chord tests). Fix a > 0 and put

w(t) = (1 + at2)−(n−2)/2 (t ∈ R).

Then vw(s) and vw(s)2 belong to H, and

D(vw(s)) = w(s)Dv + w′(s)ξ,
D(vw(s)2) = w(s)2Dv + 2w(s)w′(s)ξ.

(6.6)

If f : R → [0,∞) is smooth with bounded value and bounded first derivative, then

g = κ2v2+2βf(s), ψ = βκ2r2v1+2βf(s) (6.7)

also belong to H. In particular, g is an admissible nonnegative test in the extended radial inequality,
and ψ is an admissible test in (5.8).

Proof. We verify the hypotheses of Lemma 5.5 for the actual functions of (r, v) that occur here.
This is necessary when β < 1, since the scalar function vβ itself is not C1 at zero.

For j = 1, 2 and z > 0, define

Fj(r, z) = z w(κrzβ)j , t = κrzβ.

On this half-plane,

∂zFj = w(t)j + jβtw(t)j−1w′(t), ∂rFj = jκz1+βw(t)j−1w′(t).

As z ↓ 0, uniformly for r in bounded intervals, w(t) = 1 +O(t2) and w′(t) = O(t). Thus

Fj(r, z) = z +O(z1+2β), ∂zFj(r, z) ⟶ 1, ∂rFj(r, z) ⟶ 0.
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Extension by Fj(r, z) = z on z ≤ 0 is therefore jointly C1. The functions and their first derivatives
have polynomial growth in z ≥ 0 on bounded r intervals.

For the other tests, write

Fg(r, z) = κ2z2+2βf(κrzβ), Fψ(r, z) = βκ2r2z1+2βf(κrzβ) (z > 0).

Their partial derivatives are

∂zFg = κ2z1+2β((2 + 2β)f(t) + βtf ′(t)
)
,

∂rFg = κ3z2+3βf ′(t),
∂zFψ = βκ2r2((1 + 2β)z2βf(t) + βκrz3βf ′(t)

)
,

∂rFψ = βκ2(2rz1+2βf(t) + κr2z1+3βf ′(t)
)
.

Their values and all these derivatives tend to zero as z ↓ 0, uniformly for bounded r. The smallest
power of z in the derivative formulas is 2β > 0. Consequently, extension by zero on z ≤ 0 makes
both functions jointly C1, even if f(0) or f ′(0) is nonzero. Their values and first derivatives again
have polynomial growth on the range of r.

These C1 extensions and polynomial bounds satisfy all the hypotheses of Lemma 5.5. That
lemma gives membership in H and the chain rules without a boundedness assumption on v. On
{v > 0}, differentiation gives (6.6). On {v = 0}, Proposition 5.1 gives Dv = 0 almost everywhere,
while (6.5) gives ξ = 0. Thus these formulas hold µ-almost everywhere on all of Y .

Lemma 6.2 (A consequence of the radial inequality). For every center y ∈ Y , with r = d(y, ·),
and every nonnegative g ∈ H,∫

Y

(
ng|Dr|2 + r⟨Dr,Dg⟩

)
dµ ≤ n

4

∫
Y
r2g dµ. (6.8)

Proof. The extension of (3.1) to these tests is part of Proposition 5.1. Pointwise, with b =√
1 − |Dr|2,

1 − rb− |Dr|2 + r2

4 =
(
b− r

2

)2
≥ 0.

Multiply by ng ≥ 0 and combine this inequality with (3.1). All terms are integrable by boundedness
of r, |Dr| ≤ 1, finite µ, and g ∈ H.

6.2 Distribution comparison

All required composite tests are now admissible, including on the zero set of v. We combine
quotient minimality with radial variation to control the chord transform. Once the integral
estimate is obtained, the remaining comparison is a scalar differential inequality.

Proposition 6.3 (Distribution comparison). For every center y with v(y) > 0, and every a ≥ 0,

Jy(a) =
∫
Y

(1 + as2)−n dν ≤ (1 + 2aLy)−n/2, (6.9)

where s and Ly are defined in (6.3).
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Proof. Fix the center and suppress its subscript on J . For a > 0 let w(t) = (1 + at2)−(n−2)/2 as
in Lemma 6.1. Since p(n− 2)/2 = n, ∫

Y
w(s)p dν = J(a).

Testing (5.8) with vw(s)2 and using the two product formulas (6.6) gives

Q(vw(s)) = n

∫
Y
vpw(s)2 dµ+ 4β

∫
Y
w′(s)2|ξ|2 dµ. (6.10)

Indeed the terms w2|Dv|2+2ww′⟨Dv, ξ⟩ in |D(vw)|2 equal ⟨Dv,D(vw2)⟩. The quotient minimality
of v gives, on the other hand,

Q(vw(s)) ≥ Q(v)
∥v∥2

p

∥vw(s)∥2
p = nWJ(a)(n−2)/n. (6.11)

The test vw(s) is nonzero because w is strictly positive and W > 0.
We next control the last integral in (6.10). Let f be smooth, bounded and nonnegative with

bounded derivative, and use g, ψ from (6.7). Add (6.8) to (5.8) divided by 4β, with test ψ. The
identity vψ = βr2g cancels the two undifferentiated terms and yields∫

Y

(
ng|Dr|2 + r⟨Dr,Dg⟩ + ⟨Dv,Dψ⟩

)
dµ ≤ n

4

∫
Y
s2f(s)vp dµ. (6.12)

Here we used vp−1ψ = βs2f(s)vp. For completeness, after removing the common factor κ2, the
coefficients of |Dr|2, ⟨Dr,Dv⟩, and |Dv|2 in the left integrand are respectively

v2+2β(nf + sf ′),
rv1+2β((2 + 4β)f + 2βsf ′),
βr2v2β((1 + 2β)f + βsf ′).

The scalar functions f, f ′ in this display are evaluated at s. Since

1 + 2β = nβ, 2 + 4β = 2nβ = p, (6.13)

these are precisely the coefficients of (nf(s) + sf ′(s))|ξ|2/κ2. Thus∫
Y

(
nf(s) + sf ′(s)

)
|ξ|2 dµ ≤ n

4

∫
Y
s2f(s)vp dµ. (6.14)

To bound the energy term in (6.10), we want nf(t) + tf ′(t) = w′(t)2 in (6.14). Integrating
this first-order equation leads to the choice

f(t) =
∫ 1

0
τn−1w′(τt)2 dτ (t ∈ R). (6.15)

This is smooth and nonnegative. Both w′ and w′′ are bounded on R, so f and f ′(t) =
2
∫ 1

0 τ
nw′(τt)w′′(τt) dτ are bounded. Integrating the derivative of τnw′(τt)2 gives

nf(t) + tf ′(t) = w′(t)2. (6.16)
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The boundary term at τ = 0 is zero. Combining (6.10), (6.11), (6.14), and (6.16), and dividing
by nW , we obtain

J(a)(n−2)/n ≤
∫
Y

(
w(s)2 + βs2f(s)

)
dν. (6.17)

The current and variational estimates have now reduced the comparison to (6.17). We
evaluate its scalar right side and solve the resulting differential inequality for the transform. Put
b = as2 ≥ 0 and q = (n− 2)/2 > 0. Since

w′(t)2 = (n− 2)2a2t2(1 + at2)−n,

the substitution u = τ2 in (6.15) gives

w(s)2 + βs2f(s) = (1 + b)−(n−2) + qb2
∫ 1

0

un/2

(1 + bu)n du.

The exact derivative identity
d

du

(
uq

(1 + bu)n−2

)
= q

uq−1(1 − b2u2)
(1 + bu)n

has an integrable right side on (0, 1); this includes n = 3, when q − 1 = −1/2. Integrating it
shows that

w(s)2 + βs2f(s) = q

∫ 1

0

uq−1

(1 + as2u)n du. (6.18)

In particular this expression lies in (0, 1]. Tonelli’s theorem therefore turns (6.17) into

J(a)(n−2)/n ≤ G(a), G(a) = q

∫ 1

0
J(au)uq−1 du. (6.19)

We have G(0) = 1 and G(a) > 0. For a > 0, changing variable t = au gives

G(a) = qa−q
∫ a

0
J(t)tq−1 dt, aG′(a) = q

(
J(a) −G(a)

)
.

Continuity of J suffices for this differentiation. The finite second moment in (6.3) also allows
differentiation at zero from the right, because|||| ∂∂a(1 + as2)−n

|||| ≤ ns2 (a ≥ 0).

Consequently
J ′(0+) = −nLy, G′(0+) = q

q + 1J
′(0+) = −(n− 2)Ly. (6.20)

Set h = G−1/q = G−2/(n−2). For a > 0,

ah′ = h− JG−n/(n−2) ≥ h− 1,

where the last step follows from (6.19). Thus(
h(a) − 1

a

)′
= ah′(a) − h(a) + 1

a2 ≥ 0.

By (6.20), the quotient on the left has limit 2Ly at zero. It follows that h(a) ≥ 1 + 2aLy.
Finally (6.19) gives

J(a) ≤ G(a)n/(n−2) = h(a)−n/2 ≤ (1 + 2aLy)−n/2.

At a = 0 both sides equal one. If Ly = 0, then s = 0 ν-almost everywhere, so J = G = h = 1 and
the same conclusion holds. No higher chord moment is needed in the scalar comparison.
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6.3 Tangent density

The transform estimate bounds Jy in terms of its second moment Ly, but does not yet bound that
moment. At almost every center, integer Euclidean tangent density supplies a lower coefficient
for Jy at large parameter. Combining the two estimates gives the required strict bound on Ly.

Lemma 6.4 (Tangent density of the chord transform). For ν-almost every center y,

lim inf
a→∞

an/2Jy(a) ≥ sn
2nW . (6.21)

Consequently,

Ly ≤ 2
(
W

sn

)2/n
< 2 for ν-almost every y. (6.22)

Proof. Use the disjoint chart representation of Proposition 2.6. For one chart ϕi : Ei → Zi ⊂ Y ,
write

ui = v ◦ ϕi, ρi = |θi|Ji, Ji =
√

detGi,

and extend ui and ρi by zero to Rn. The bi-Lipschitz bounds give a positive lower bound for
Ji on this chart almost everywhere. Since |θi| ≥ 1, v ∈ Lp(µ) and µ(Y ) < ∞, ui is Lebesgue
integrable. The function ρi is integrable as well, by the mass representation. Thus ordinary
Lebesgue differentiation applies to both functions and to 1Ei .

For ν-almost every y = ϕi(z), we may therefore require all of the following: z is a density
point of Ei; the centered metric differential is the Euclidean norm |·|G0 , with G0 = Gi(z) > 0;
and ui, ρi have Lebesgue values

v0 = v(y) > 0, ρ0 = |θi(z)|
√

detG0 > 0. (6.23)

Indeed the exceptional coordinate sets are Lebesgue-null and therefore have zero chart mass,
while {v = 0} has zero ν-mass. There are only countably many charts. The representative of v
agrees with its Lebesgue value at almost every such point. Fix a center with these properties.

Let ℓ = lim infa→∞ an/2Jy(a). If ℓ = ∞, the desired lower bound is automatic. Otherwise,
choose aj → ∞ realizing this lower limit and put εj = a

−1/2
j . On every bounded set of h ∈ Rn,

the functions
ui(z + εjh), ρi(z + εjh), 1Ei(z + εjh)

converge in measure to v0, ρ0, 1, respectively. For example, this follows by changing variables in
the defining mean convergence at the Lebesgue point z. A diagonal subsequence over bounded
balls makes all three convergences hold almost everywhere in Rn. The subsequence still realizes ℓ.

At almost every h, the points z + εjh consequently belong to Ei for all sufficiently large j.
The centered metric differential then gives

Rj(h) := ε−1
j d

(
y, ϕi(z + εjh)

)
⟶ |h|G0 . (6.24)

When the chart point is absent, define the integrand below to be zero. Restricting the nonnegative
integral defining Jy to this chart and changing variables gives, for every fixed bounded ball
DR ⊂ Rn centered at zero,

Wa
n/2
j Jy(aj) ≥

∫
DR

1Ei(z + εjh)ui(z + εjh)pρi(z + εjh)(
1 + κ2Rj(h)2ui(z + εjh)2β)n dh.
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The factor an/2
j has canceled the Jacobian εnj . Fatou’s lemma, (6.23), and (6.24) now imply

Wℓ ≥ vp0ρ0

∫
DR

(
1 + v4β

0 |h|2G0

)−n
dh.

This step uses no uniform integrability of the rescaled densities. Letting R → ∞ and applying
monotone convergence gives the same bound with DR replaced by Rn.

The linear substitution H = v2β
0 G

1/2
0 h has Jacobian v2nβ

0
√

detG0. Since 2nβ = p, we obtain

Wℓ ≥ |θi(z)|
∫
Rn

(1 + |H|2)−n dH

= |θi(z)| 2−nsn ≥ 2−nsn.

The middle equality is the stereographic integral (4.21). The final inequality uses the nonzero
integer multiplicity |θi(z)| ≥ 1. This proves (6.21) without a bound on the multiplicity.

If Ly > 0, Proposition 6.3 and (6.21) give

sn
2nW ≤ (2Ly)−n/2.

Rearranging yields (6.22). If Ly = 0, that upper bound is immediate. Its strict inequality follows
from W < sn.

Remark 6.5 (The round sphere). The constants can be checked simultaneously in every dimension
on the unit round Sn ⊂ Rn+1 with v = 1. Here W = sn, ν is normalized area, and Ly = 2 by
rotational symmetry. In stereographic coordinates chosen so that |x− y|2 = 4|z|2/(1 + |z|2),

Jy(a) = 2n

sn

∫
Rn

(
1 + (1 + 4a)|z|2

)−n
dz = (1 + 4a)−n/2.

Thus the transform estimate is an equality, and its limiting coefficient is 2−n, exactly the value in
(6.21) when W = sn.

Only the scalar values v(y), v(x) and the distance d(y, x) occur in (6.22). The kernel

(y, x) ⟼ v(y)2βd(y, x)2v(x)2β

is Borel and is integrable against ν⊗ν, since Y has finite diameter and vp+2β ∈ L1(µ). Accordingly,
the almost-everywhere upper bound can be averaged without any jointly measurable choice of
the covectors Dxd(y, x).

7 Averaging and completion of the proof
We first derive the lower bound that contradicts the chord estimate of Section 6. Throughout
this argument, n > 2, and we retain the normalized extremizing cycle A, its mass measure µ, and
the nonnegative minimizer v of Proposition 5.3. Thus

β = 1
n− 2 , p = 2n

n− 2 = 2 + 4β, W =
∫
Y
vp dµ > 0, dν = vp

W
dµ.

We use the same finite, nonnegative Borel representative of v as in Section 6.
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Lemma 7.1 (Opposite averaged chord bound). Define

B∗ :=
∫
Y
vp+2β dµ, I(y) :=

∫
Y
d(y, x)2v(x)p+2β dµ(x). (7.1)

Then 0 < B∗ < ∞, the function I is finite and continuous on Y , and

W 2 ≤ B∗I(y) for every y ∈ Y. (7.2)

In particular, for the chord moments

Ly =
∫
Y

[
v(y)βd(y, x)v(x)β

]2
dν(x),

one has ∫
Y
Ly dν(y) ≥ 2. (7.3)

Proof. Lemma 5.4 gives all finite moments of v, so B∗ is finite. It is positive because W > 0.
Write DY = diamY . Then 0 ≤ I(y) ≤ D2

YB∗, and the triangle inequality gives

|I(y) − I(z)| ≤ 2DYB∗d(y, z) (y, z ∈ Y ).

This proves the stated continuity.
Fix any y ∈ Y and put r = d(y, ·). By Lemma 5.4, the nonnegative function g = vp belongs to

H, and Dg = pvp−1Dv. The extension of the radial inequality (3.1) furnished by Proposition 5.1
therefore applies to this g. Dividing by n and using p/n = 2β gives

W ≤
∫
Y
r

(
vp
√

1 − |Dr|2 − 2βvp−1⟨Dr,Dv⟩
)
dµ. (7.4)

At almost every point of each current chart, take the direct sum of its cotangent inner-product
space with R. The vector (√

1 − |Dr|2, Dr
)

has norm one. Moreover, the identities
p

2 + β + 1 + β = p,
p

2 + β + β = p− 1

give the factorization

vp
√

1 − |Dr|2 − 2βvp−1⟨Dr,Dv⟩

= vp/2+β
⟨(√

1 − |Dr|2, Dr
)
,
(
v1+β,−2βvβDv

)⟩
≤ vp/2+β

(
v2+2β + 4β2v2β|Dv|2

)1/2
.

All powers in this formula are nonnegative powers of v, and the identity also holds on {v = 0}.
Applying the integral Cauchy–Schwarz inequality to (7.4) now yields

W 2 ≤ I(y)
∫
Y

(
v2+2β + 4β2v2β|Dv|2

)
dµ. (7.5)
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Both factors are finite: the first was bounded above, and the second is finite by the moment
estimates and the Sobolev power v1+β in Lemma 5.4.

To identify the last integral, use ψ = v1+2β ∈ H in the Euler equation (5.8). Its gradient is
Dψ = (1 + 2β)v2βDv. Thus

4β(1 + 2β)
∫
Y
v2β|Dv|2 dµ+ n

∫
Y
v2+2β dµ = n

∫
Y
vp+2β dµ.

Since 1 + 2β = nβ, division by n proves∫
Y

(
v2+2β + 4β2v2β|Dv|2

)
dµ = B∗. (7.6)

Equations (7.5) and (7.6) prove (7.2). The argument fixed an arbitrary center before taking chart
derivatives. Hence its conclusion holds for every center, although the null set on which Dr is
undefined may depend on that center.

We have proved the all-center estimate W 2 ≤ B∗I(y). It remains to combine it with the
CAT(0) variance inequality [26, Proposition 4.4], which doubles this lower contribution when we
average over centers. We recall its proof for the finite measure vp+2βµ. Compactness of Y and
continuity of I provide a minimizer o ∈ Y . This is a barycenter of the finite measure vp+2βµ.
For y ∈ Y , let ot be the point at fraction t ∈ (0, 1) on the segment from o to y. The CAT(0)
squared-distance inequality, integrated against v(x)p+2β dµ(x), gives

I(o) ≤ I(ot) ≤ (1 − t)I(o) + tI(y) − t(1 − t)B∗d(o, y)2.

Subtracting (1 − t)I(o), dividing by t, and letting t ↓ 0 proves the variance inequality

I(y) ≥ I(o) +B∗d(o, y)2 (y ∈ Y ). (7.7)

This uses only the segment from o to y.
The chord kernel is a nonnegative Borel function on Y × Y . Its integral is finite, since its

expression below is bounded above by D2
YB

2
∗/W

2. Tonelli’s theorem and (7.1) give∫
Y
Ly dν(y) =

∫∫
Y×Y

[
v(y)βd(y, x)v(x)β

]2
dν(x) dν(y)

= 1
W 2

∫
Y
I(y)v(y)p+2β dµ(y)

≥ 1
W 2

(
B∗I(o) +B∗

∫
Y
d(o, y)2v(y)p+2β dµ(y)

)
= 2B∗I(o)

W 2 ≥ 2.

(7.8)

Here the first inequality is (7.7), and the last is (7.2) at y = o. The averaged expressions contain
only distances and values of the Borel representative of v; the proof requires no joint choice of
the derivatives of distance functions. This proves (7.3).

Proof of Theorem 1.1. We first prove the statement in every compact CAT(0) space by induction
on the cycle dimension n ≥ 2. For such a space Y , let V (T ) denote the infimum of the masses of
integral fillings of an integral n-cycle T in Y . Theorem 2.2 ensures that this infimum is finite and
attained. It therefore suffices in each dimension to prove

V (T ) ≤ cnM(T )(n+1)/n for every integral n-cycle T in Y. (7.9)
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The zero cycle has the zero current as a filling.
In dimension n = 2, a violation of (7.9) would, by Lemma 2.3, produce a nonzero extremizing

cycle that can be rescaled to satisfy (2.10). Proposition 3.2 excludes this cycle: its radial inequality
and Euclidean lower density force M(A) ≥ s2, whereas the normalization requires M(A) < s2.
Thus (7.9) holds in dimension two, and attainment gives an integral filling with that mass bound.

Now let n > 2, and assume the asserted existence of sharp integral fillings in dimension n− 1
in every compact CAT(0) space. Suppose that (7.9) fails for a cycle T in a compact CAT(0)
space Y . Since T ̸= 0, we may choose

cn < c <
V (T )

M(T )(n+1)/n .

Lemma 2.3 produces a nonzero cycle A maximizing V (B) − cM(B)(n+1)/n over integral n-cycles.
After a constant rescaling of the metric it satisfies (2.9) and (2.10), in particular

m := M(A) = ((n+ 1)c)−n < sn.

The rescaled space remains compact and CAT(0), so the induction hypothesis continues to apply
there.

Proposition 3.1 gives (3.1) for this cycle. The sharp filling statement in dimension n− 1 is
exactly the induction input to Proposition 4.1. Consequently Section 4, and in particular the
almost sharp Sobolev inequality of Proposition 4.6, applies. Propositions 5.1 and 5.2 supply the
completed calculus and compactness used in Proposition 5.3. We therefore obtain a nonnegative
minimizer v satisfying (5.8) and (5.7), with

0 < W =
∫
Y
vp dµ < sn.

Lemmas 5.4 and 5.5 justify the powers and nonlinear tests used in Section 6 and in Lemma 7.1.
For the probability measure ν = vpµ/W , the chord upper bound (6.22) holds for ν-almost

every center. Integrating that bound and using Lemma 7.1 gives

2 ≤
∫
Y
Ly dν(y) ≤ 2

(
W

sn

)2/n
< 2,

a contradiction. Hence no violating cycle T exists, and (7.9) holds in dimension n. By attainment
in Theorem 2.2, every integral n-cycle has an integral filling realizing V (T ), with the required
mass bound. Its support is compact because it is a closed subset of Y . This completes the
induction for every n ≥ 2.

Lemma 2.1 now transfers this bound to every compactly supported integral cycle T ∈ In(X)
in a proper CAT(0) space. It supplies a compactly supported integral filling S with

∂S = T, M(S) ≤ cnM(T )(n+1)/n = M(T )(n+1)/n

(n+ 1)(n+1)/nω
1/n
n+1

.

The zero cycle has the zero filling. This proves the theorem.
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8 The classical domain inequality and sharpness
We prove Corollary 1.2 and verify the optimality of the filling coefficient. Both conclusions use
the absence of compactly supported top-dimensional cycles in a connected noncompact oriented
manifold.

Lemma 8.1. Let M be a connected, noncompact, oriented Riemannian manifold of dimension d.
If C ∈ Id(M) has compact support and ∂C = 0, then C = 0.

Proof. In a relatively compact oriented coordinate ball, the top-dimensional representation of an
integral current is integration against an integer-valued locally integrable coefficient θ. Testing
∂C = 0 with compactly supported smooth (d− 1)-forms shows that every distributional partial
derivative of θ is zero. Thus θ is constant almost everywhere on that ball. For completeness,
convolution with a smooth kernel gives functions with zero ordinary gradient on each smaller ball;
passing to the local L1 limit proves the assertion. Compatibility on overlaps and connectedness
give one constant on M . Some nonempty open set lies outside the compact support, so this
constant is zero.

Proof of Corollary 1.2. By the Cartan–Hadamard theorem and Hopf–Rinow, M is a proper
CAT(0) space and is diffeomorphic to Rd; in particular it is oriented and noncompact. See [9,
Sections I.3, II.1A and II.4] for the metric comparison and completeness statements. Let [[Ω]] be
its integration current. Its mass is vol(Ω), and the mass of T = ∂[[Ω]] is area(∂Ω). Theorem 1.1,
with n = d− 1, gives a compactly supported S ∈ Id(M) with ∂S = T and

M(S) ≤ area(∂Ω)d/(d−1)

dd/(d−1)ω
1/(d−1)
d

.

Lemma 8.1 applies to S − [[Ω]], so S = [[Ω]]. Rearranging its mass bound proves (1.3).
For a relatively compact set Ω of finite perimeter, the standard representation of its integration

current gives [[Ω]] ∈ Id(M), with mass vol(Ω) and boundary mass equal to its perimeter; see [25,
Chapter 3, Section 4, Theorem 4.3; Chapter 6, Section 3, Remark 3.15]. The same argument
applies verbatim.

For d = 2, the classical disk inequality gives L(∂D)2 ≥ 4π area(D) for a smooth Riemannian
disk of Gaussian curvature at most zero; see [17, Section 1.2, Theorem 3] for this formulation.
Filling the holes in a bounded smooth domain on a Cartan–Hadamard surface increases area
and decreases boundary length. Applying the disk inequality to each resulting component, and
then summing, proves the same bound for the domain because (

∑
j Lj)2 ≥

∑
j L

2
j . Together

with Corollary 1.2, this establishes the Euclidean Cartan–Hadamard domain inequality in every
ambient dimension.

To see that the coefficient in Theorem 1.1 is optimal, take X = Rn+1 and let T be the oriented
boundary of the Euclidean ball BR. Its mass is snRn, while

M([[BR]]) = ωn+1R
n+1 = cn(snRn)(n+1)/n.

Any compactly supported integral filling of T equals [[BR]] by Lemma 8.1. Hence equality occurs
and no smaller universal coefficient is possible.
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