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Abstract
Every closed smooth Riemannian surface admits a smooth isometric immersion into Euclidean

four-space, without an orientability assumption. This resolves the closed-surface form of the
classical four-dimensional isometric-immersion problem.
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1 Introduction
Let M be a closed smooth surface: a compact smooth two-dimensional manifold without boundary.
We do not assume that M is orientable or connected. For a smooth positive definite metric g on M ,
an isometric immersion into Euclidean four-space is a smooth map F : M → R4 satisfying

⟨dFp(v), dFp(w)⟩ = gp(v, w) (p ∈ M, v,w ∈ TpM).

Positive definiteness then makes dFp injective at every point. The question is whether every such
metric can be realized in this dimension.

Theorem 1.1. Every closed smooth Riemannian surface (M, g) admits a C∞ isometric immersion
into (R4, δ4), where δ4 =

∑4
i=1 dx

2
i .

The result concerns immersion; self-intersections are allowed. There is no restriction on Gaussian
curvature or on the topology of the closed surface. In particular, the construction applies directly
to nonorientable surfaces.

1.1 Context

Gromov explicitly recorded the question of smooth isometric immersion of arbitrary smooth
Riemannian surfaces into R4 [4, §I, Remark (d), p. 3 of the author version]. He later attributed
the four-space surface question to Chern around 1950, while expressing uncertainty about the
compactness qualification [5, p. 4, footnote 6]. Theorem 1.1 concerns the compact boundaryless
case of this question.

Nash’s smooth embedding theorem gives a global realization of a compact n-dimensional
Riemannian manifold in dimension n(3n+ 11)/2, which is 17 for surfaces [13, Theorem 2, p. 59]. A
closer surface comparison is Gromov’s construction of smooth isometric immersions of closed surfaces
into R5: his retrospective explicitly recalls this result and refers to §3.2.4 of Partial Differential
Relations [5, p. 59][3]. Theorem 1.1 lowers this immersion dimension to four.

The local analytic theory reaches a smaller dimension. The theorem of Janet and Cartan places
an analytic Riemannian surface locally and isometrically in R3 [7, 1]; see also the formulation in
[5, §1.2]. Both the analytic hypothesis and the local conclusion matter here. For comparison, the
companion [14, Theorem A] constructs a smooth positive definite metric on (−1, 1)2 for which no
neighborhood of the origin admits a smooth isometric immersion into R3.

There is also a smooth four-dimensional theory on planar domains. Poznyak proved that C3,α

data admit C2,α isometric immersions into R4 on compact portions of a simply connected planar
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domain with regular boundary [15, Theorem 4, p. 67]. The smooth version of this construction
is stated and explained in Lewicka’s modern account [10, Theorem 9.1, p. 57]. Passing from
planar domains to a closed surface requires the corrections to remain compatible through a global
construction. Here we achieve this by preserving the normal geometry needed for successive local
metric corrections.

Regularity gives a second distinction. An immersion is strictly short if the prescribed metric minus
its induced metric is positive definite. Nash’s oscillatory construction and Kuiper’s codimension-
one refinement show that a strictly short immersion in positive codimension can be uniformly
approximated by C1 isometric immersions [12, 9]; the contemporaneous account [2, Theorems 1–2]
states the immersion form explicitly. Lewicka proves a finer flexibility theorem in R4 for metrics of
low Hölder regularity. In the August 2026 version, the domain is bounded, planar, and diffeomorphic
to a disk, the metric is Cr,β on its closure with 0 < r + β ≤ 2, and strictly short C1 immersions
admit uniform approximation by C1,α isometric immersions for 0 < α < min{(r + β)/2, 1} [10,
Theorem 1.1, p. 2]. These domain and regularity hypotheses differ from the smooth closed-surface
statement of Theorem 1.1.

The proof uses the established ideas of positive rank-one metric decomposition, oscillatory metric
correction, and smoothing to control derivative loss. We give the corresponding attribution where
these ideas enter the construction. The mode equations, finite correctors, smooth convergence
argument, and propagation of the normal geometry are proved below. Whitney’s ordinary immersion
theorem supplies the starting map [17, Theorem 8, p. 274]; Sard’s equal-dimensional critical-value
theorem is used to choose the support boundaries and phases [16, Theorem 4.1, p. 885].

1.2 The construction

The proof has four stages. First prepare a smooth immersion into a small round three-sphere in R4

together with a finite decomposition of its metric deficit. Its induced metric g0 is strictly below g,
and the negative radial direction is a globally defined normal, including when M is nonorientable.
The decomposition has the form

g − g0 =
J0∑

j=1
a2

j dx
2
j , (1.1)

where each xj is a coordinate function on a disk and aj is smooth, positive in that disk, and zero
outside it. The decomposition is arranged so that each phase has a positive transverse Hessian for
the metric immediately preceding its addition.

Second, let F be the current immersion and consider one addition a2dx2. Write y for a
complementary coordinate. The relevant plane is perpendicular to both Fy and Fyy. A periodic
path on a circle in this plane has the prescribed average and adds a2dx2 to the leading metric.
Orthogonality to Fyy removes the first transverse metric error. A finite expansion then cancels
the oscillatory errors to an arbitrarily prescribed order. Its remaining mean terms form a finite
differential perturbation of the induced-metric map. Small corrections on a slower scale reduce this
perturbed map’s error to the required finite accuracy.

Third, turn the resulting approximate metric into an exact one. We prove a smooth correction
theorem under the pointwise hypothesis that the vector-valued second fundamental form is nonzero.
A finite construction solves the linearized equation on individual oscillatory modes to arbitrarily
high finite accuracy, with suitably chosen phase directions. Smoothing between successive steps
controls the lost derivatives; increasing the accuracy in successive blocks gives convergence in every
smooth norm. No global inverse of the linearized metric map is required.
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Finally, retain the geometric conditions needed for the remaining disks. The large oscillation may
rotate the second fundamental form. Conditions on the later boundary curves, and a choice of large
transverse derivatives at the turns of the velocity loop, prevent its relevant normal directions from
vanishing or becoming opposite to the preferred normal. The small C2 exact correction preserves
the required derivative asymptotics. Together with the exact Gauss equation, these asymptotics
establish the strict boundary and crossing conditions. After the finite list of additions, the induced
metric is g by (1.1).

The two analytical devices used here have separate roles. The small-mode construction supplies
high-order metric accuracy while its displacement is small in C2. The large circle construction
changes the metric by a prescribed positive primitive tensor while retaining selected second-derivative
information. Their combination is what permits a finite global construction in codimension two. The
number of global primitive additions is finite; within each addition, however, the exact correction
uses an infinite smoothing iteration converging to one map in every Cm norm.

1.3 Organization

Section 2 sets up normal geometry and admissible phases. Section 3 states the primitive-addition
theorem, including the boundary conditions it preserves. Sections 4 and 5 prove the small increment
and exact correction results. Sections 6 and 7 construct the velocity loop and realize the primitive
metric. Section 8 completes the primitive-addition proof. Section 9 prepares the finite list and
proves Theorem 1.1.

2 Normal geometry and admissible phases
We begin with the geometric information used by both corrections. A nonzero second fundamental
form supplies enough directions for the small oscillations; it need not satisfy any rank condition
beyond being nonzero as a tensor.

Fix a smooth background metric and a finite collection of precompact coordinate patches on
M . All Cm norms and unmarked tangent norms use these fixed data. For a smooth immersion
F : M → R4, write

γ(F ) = F ∗δ4, NF = (dF (TM))⊥, BF (V,W ) = projNF
DV (dF (W )).

The last expression is tensorial; in coordinates BF,ij is the normal projection of Fij . Let Kγ denote
the Gaussian curvature of γ = γ(F ). Our sign convention for the Gauss equation is

⟨BF (V, V ), BF (W,W )⟩ − |BF (V,W )|2 = Kγ |V ∧W |2γ . (2.1)

In coordinates x, y, the right side is Kγ det γ for V = ∂x,W = ∂y. The Hessian convention gives
Hessγ x(∂y, ∂y) = −Γx

yy. To check (2.1), choose Riemannian normal coordinates for γ, orthonormal
at the point under consideration. There Γ = 0, so Fxx, Fxy, Fyy are normal vectors, and the
coordinate curvature formula is

Kγ = ∂xyγxy − 1
2
(
∂xxγyy + ∂yyγxx

)
.

Substituting γij = ⟨Fi, Fj⟩ cancels the third derivatives and gives Kγ = ⟨Fxx, Fyy⟩ − |Fxy|2 at that
point. Tensoriality gives (2.1) for arbitrary V,W .

A preferred normal is a smooth unit section of NF . This is less than a normal frame: we
will use complementary normal vectors only within coordinate disks. None of the following local
constructions requires an orientation of M .
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Definition 2.1. A nonzero covector ξ ∈ T ∗
pM is good for F if BF (Y, Y ) ̸= 0 for a nonzero vector

Y ∈ ker ξ. This condition is independent of the choice of Y in that line.

If BF (p) ̸= 0, there are only finitely many bad projective covectors at p. Indeed, take a normal
component of BF (p) that is a nonzero scalar quadratic form. Its zeros in the projective tangent line
are finite, and a zero of the vector-valued quadratic form must be one of these zeros.

We choose these good directions for the small oscillatory corrections. They need not be the
phases xj of the prescribed primitive additions in (1.1): those phases will satisfy a transverse Hessian
condition, and their transverse second fundamental form may vanish in the interior of the support
disk.

Writing a positive metric as a sum of positive rank-one forms is a basic part of Nash’s construction
[12]; see [5, §3.5.4, p. 32 and footnote 30] and [8, Lemmas 2.2–2.3] for related decompositions. Here
the individual phases and their relevant pairwise combinations must also be good for the current
second fundamental form. The following construction supplies those additional conditions.

Lemma 2.2 (Positive phase decompositions). Let F : M → R4 be a smooth immersion with
BF (p) ̸= 0 for every p, and let h0 be a smooth positive definite tensor. There are finitely many
functions ϕν defined on coordinate patches, smooth cutoffs ψν supported compactly in those patches,
and smooth fiberwise linear forms qν on symmetric tensors, such that

H =
∑

ν

bν(H)2 dϕ2
ν , bν(H) = ψν

√
qν(H) (2.2)

whenever H is sufficiently close to h0 in C0. Every square root has a strict positive lower bound before
multiplication by the cutoff. On the appropriate supports the differentials of ϕν , 2ϕν , and ϕν ± ϕµ

for ν ̸= µ are nonzero and good. These conclusions persist for immersions in a sufficiently small
C2 neighborhood of F . Each phase or phase combination has a smooth complementary coordinate
coframe on the support where it is used.

Proof. At a point choose an h0-orthonormal coframe and three covectors with angles 0, π/3, 2π/3,
rotated by a common angle. Their squares form a basis of the three-dimensional space of symmetric
tensors, and h0 is a positive linear combination of them. A rotation avoids the finite bad set
simultaneously for all three directions. Extend the covectors as differentials of coordinate-linear
functions on a small patch. The basis, positivity, and goodness conditions persist after shrinking
the patch. The three coefficient forms in this basis are smooth in position. A finite such cover and a
partition

∑
α ψ

2
α = 1, with each cutoff supported in its patch, give (2.2), using three indices over

each patch.
It remains to control combinations from different indices. Multiply successive phases by suffi-

ciently rapidly increasing positive constants, and divide their coefficient forms by the squares of
those constants. For two intersecting supports, the differential of either sum or difference, after
normalization, is arbitrarily close to that of the member with the larger weight. There are only
finitely many supports, and goodness has a positive angular margin on their compact closures.
Inductively chosen weights therefore make every required combination good and nonzero. Doubles
and signs change no kernel line. A coordinate complementary to the dominant phase remains
complementary to the combination. All conditions are strict conditions on the first two jets of the
immersion; compactness gives their persistence.

The small-oscillation argument is local on these coframes. If a combination is not globally
injective as a coordinate function, the dual coordinate vector fields still make sense where its
differential and the chosen complement are independent. Subdivision gives actual coordinate
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neighborhoods when necessary. Amplitudes are compactly supported there, so extension by zero is
smooth.

For the exact correction, the phase data must also be controlled when the input immersion
varies with a small parameter. We record this quantitative version separately. In the statement, a
quantity is polynomially bounded if its absolute value is at most Cz−A for some finite A ≥ 0; the
exponent may depend on a specified finite derivative order, but not on z.

Lemma 2.3 (Phase data for a varying family). Fix a metric h∗ and suppose that fz, 0 < z < z0,
are smooth immersions satisfying uniform upper and positive lower metric bounds,

∥fz∥Cj = O(z−j) (0 ≤ j ≤ 3), inf
p∈M

max
|Y |=1

|Bfz (Y, Y )| ≥ c > 0.

Then the phase data of Lemma 2.2, with h0 = h∗, can be chosen on cells of diameter comparable to
z6. The number of cells and all fixed-order derivatives of their cutoff and phase data are polynomially
bounded. The good-direction estimates and metric nondegeneracy persist throughout the C2 ball of
radius z4 about fz, for all sufficiently small z.

No regularity with respect to z is required. The construction uses a bounded number of phase
weights, independent of the number of cells. The inverse coframes and the reciprocals of the relevant
second-form lengths have polynomial bounds. Consequently every fixed finite differential construction
formed from these data by sums, products, derivatives, metric inversion, normal projection, and
division by the stated nonzero quantities has polynomial bounds, provided its input has the required
finite polynomial derivative bounds. Its exponents depend only on the derivative orders and on the
input exponents, not on their implicit constants.

Proof. Metric bounds imply dfz = O(1). Differentiating the formula for normal projection gives

Bfz = O(z−2), DBfz = O(z−4).

For example, D projNfz
= O(z−2) and multiplication by D2fz = O(z−2) gives the latter exponent;

the D3fz term is smaller. The constants depend only on the fixed background data, metric bounds,
and specified family bounds.

At each cell center normalize the second fundamental form to have norm one. The space of
normalized normal-valued symmetric forms, in background orthonormal frames, is compact. For
each such form a rotated positive triple avoids all its bad directions. Thus the maximum, over
rotations, of the least of the three second-form lengths has a strictly positive lower bound over this
compact set. Shrinking a uniform angular neighborhood preserves a fixed fraction of this bound.
This supplies a uniform angular margin and an estimate

|Bfz (Y, Y )| ≥ κ|Bfz |

for normalized kernel vectors in the selected directions, with κ > 0 independent of the cell. Fixed
coordinate-frame comparisons only alter κ by a uniform factor.

Use grids of mesh z6 in the fixed charts, restricted to fixed compact subpatches covering M .
Smooth cutoffs equal to one on the covering cells and supported in their fixed enlargements have
derivatives O(z−6j) of order j. Divide them by the square root of their sum of squares. This gives
a partition by squares with the same type of bounds. A fixed lattice coloring, combined with the
finite chart index, gives a bounded number of colors such that enlarged supports of the same color
are disjoint. The number of cells is O(z−12).

On an enlarged cell the second form varies by O(z2); its nonzero lower bound makes this variation
small relative to its length. The center’s phase triple therefore stays good. The fixed smooth tensor
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h∗ varies by O(z6), so the positive basis decomposition has a uniform positivity margin. Assign one
successive weight to each color and each place in the triple. Intersecting supports have different
such labels. Since the angular margins are uniform, a fixed finite sequence of dominant weights
makes every pairwise combination good. Derivatives of the resulting coframes and their inverses are
bounded at every fixed order by the fixed charts and these weights. No weight depends on the total
number of cells.

If ∥G− fz∥C2 ≤ z4, projection onto the tangent and normal spaces changes by O(z4). Hence

|BG −Bfz | ≤ Cz4(1 + z−2) = O(z2),

so the direction and metric margins persist. Local unit normals used in mode solves are obtained by
normalizing a perpendicular product of two tangent vectors and a nonzero vector BG(Y, Y ). Their
denominators are bounded below by the metric and direction margins. The coefficient forms in
(2.2) retain positive arguments for their square roots on a fixed C0 neighborhood of h∗. Product
and chain rules now prove the last assertion: finitely many inversions and differentiations multiply
only finitely many polynomial bounds. The polynomial number of summands can be absorbed in
another finite exponent.

3 The primitive metric addition
The global construction will add finitely many positive tensors of rank one. We first state the local
step, including the boundary conditions that allow one step to be followed by the next. Only a
preferred unit normal is propagated; a full normal frame is chosen locally when needed.

Let F : M → R4 be a smooth immersion, and write γ = γ(F ). Suppose C0, . . . , Cm are smooth
embedded closed curves with nonzero smooth vector fields Yi defined on neighborhoods of Ci. The
fields Yi are not required to be tangent to the curves; in the application they are the transverse
coordinate directions of later phases. Set

Ai(F ) = BF (Yi, Yi) on Ci.

For i ̸= l, wherever the curves intersect and Ai(F ) ̸= 0, define

Qil(F ) =
〈
BF (Yi, Yl),

Ai(F )
|Ai(F )|

〉2
+Kγ |Yi ∧ Yl|2γ . (3.1)

Here Kγ is Gauss curvature, and |u ∧ v|2γ = γ(u, u)γ(v, v) − γ(u, v)2. The Gauss equation gives a
useful interpretation. With Âi = Ai(F )/|Ai(F )| and Zil = BF (Yi, Yl),

Qil(F ) = ⟨Ai(F ), Al(F )⟩ −
∣∣Zil − ⟨Zil, Âi⟩Âi

∣∣2. (3.2)

Thus Qil > 0 forces the two pure second-form vectors to have positive inner product. It also shows
that Qil depends continuously on the 2-jet of F wherever Ai ̸= 0, despite its curvature expression
in (3.1). Both observations will be used when the preferred normal is joined across the support
boundary. For a preferred normal n, the conditions to be preserved are

Ai(F ) ̸= 0, Ai(F )/|Ai(F )| ≠ −n on Ci,

⟨Ai(F ), n⟩ > 0, Qil(F ) > 0 on Ci ∩ Cl (i ̸= l).
(3.3)

The crossing conditions are imposed in both orders. In particular they require positivity of the dot
product with n for each of the two pure second-form vectors. The numbers Qil do not depend on
the chosen preferred normal.
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Proposition 3.1 (Primitive addition with preserved boundary conditions). Let M be a closed
smooth surface and F : M → R4 a smooth immersion whose second fundamental form is nonzero as
a tensor at every point. Assume F has a preferred normal n. Let D be a disk with smooth boundary
C0 and coordinates (x, y) on a neighborhood of D. Let a ∈ C∞(M) be nonnegative, positive exactly
on D, and put Y0 = ∂y. Suppose

Hessγ(F ) x(∂y, ∂y) > 0 on D. (3.4)

Let C1, . . . , Cm be finitely many later curves with nonzero smooth vector fields Yi on their neighbor-
hoods. Assume the following:

1. All curves C0, . . . , Cm are pairwise transverse and have no triple intersection.

2. On the portion of each later curve Ci, 1 ≤ i ≤ m, in D, the vector ∂y is tangent to Ci at only
finitely many points.

3. At every Ci ∩ Cl ∩D with distinct i, l > 0, dx(Yi) ̸= 0 and dx(Yl) ̸= 0.

4. Conditions (3.3) hold for all indices 0, . . . ,m.
Then, for every ε > 0, there are a smooth immersion F+ : M → R4 and a preferred normal n+ such
that

γ(F+) = γ+ := γ(F ) + a2 dx2, BF+ ̸= 0 at every point,

conditions (3.3) hold for (F+, n+) and all later indices 1, . . . ,m, and

∥F+ − F∥C2(M\D) < ε.

The tensor a2dx2 is extended by zero outside the coordinate neighborhood.

Because a is smooth and vanishes outside D, it and all its derivatives vanish on C0. This makes
the extended tensor smooth. The proposition allows the map itself to change on the exterior; the
stated C2 control is what will preserve the boundary data of the later steps.

The hypotheses have different roles. Table 1 records how they are established initially and
passed to the next primitive step. In particular, the phase-Hessian condition depends on the current
metric, whereas the boundary conditions also depend on the immersion and normal.

We prove the proposition in three parts. After the analytic correction results, Section 6
constructs a periodic velocity whose averaged displacement is zero and whose leading metric adds
a2dx2. Section 7 realizes this velocity by exact smooth immersions with controlled derivatives.
Section 8 proves the boundary conditions and constructs the new global preferred normal.

4 Small oscillatory metric increments
We first construct a correction whose amplitude and wavelength are both small. A good phase, in
the sense of Section 2, permits an oscillation in the normal direction perpendicular to its transverse
second form. Finite differential corrections make this oscillation solve the homogeneous linearized
equation to high order. Its leading quadratic mean is a positive rank-one tensor. Combining finitely
many such oscillations will add a prescribed positive tensor to finite accuracy while changing the
map by a quantity small in C2.

We carry out the construction for the metric map and for a finite polynomial differential
perturbation of it. In Section 7, removing the large velocity loop’s oscillating errors leaves mean
terms that are differential operators of the slow map, multiplied by powers of the fast scale. Here
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Condition Initial construction Use Preservation

BF ̸= 0 everywhere Radial component of a
spherical immersion

Good phases and exact
correction

Nonzero transverse
second form on the disk;
exterior C2 control

Global unit normal n Negative radial section Choice of velocity-plane
frame and boundary
directions

Local adjustments,
projection and
normalized interpolation

Positive transverse
phase Hessian

Convex phases and
sufficiently many finite
cycles

Independence of Fy, Fyy Each actual partial
metric is prescribed in
advance

Ai ̸= 0 and
Ai/|Ai| ≠ −n

Positive radial projection Velocity frame near each
later support boundary

Gauss identity and the
turn construction

Positive normal
projections and both
ordered Qil > 0 at
crossings

Second form in S3 made
zero at the finite crossing
set

Collar estimates and
successive boundary
control

Mixed–pure comparison
and local normal
adjustments

Table 1: The geometric data carried through the finite construction. Section 9 supplies the initial
data and verifies the phase-Hessian condition for every prescribed partial metric. Sections 6–8
preserve the immersion and normal conditions. A single unit normal suffices.

we allow those terms as part of the operator being corrected. The perturbation changes the required
relation between scales. We will bound it using a power of the short scale that is independent of the
requested finite accuracy.

4.1 Weighted bounds and the increment statement

For a smooth function, vector field, or tensor on the fixed coordinate atlas, set

|f |m,s =
m∑

j=0
sj∥f∥Cj , 0 < s ≤ 1.

For a map G, the notation |j2G|m,s means
∑m

j=0 s
j∥G∥Cj+2 . We write f = Os(b) if, for every

fixed m, |f |m,s ≤ Cmb. In statements concerning a family of inputs, the constants may depend on
its indicated weighted bounds and on the fixed coordinate data. Product estimates and smooth
composition estimates hold in these norms by the product and chain rules. In particular,

|∂rG|m,s ≤ Cms
2−r (r ≥ 2), if j2G = Os(1). (4.1)

Fix positive phase data from Lemma 2.2: phases ϕν , cutoffs ψν , and linear forms qν . Choose
concentric C0 balls U0,U1 about a metric h0, with radii 0 < r0 < r1, so that for A ∈ U1,

bν(A) = ψν

√
qν(A), A =

∑
ν

bν(A)2 dϕ2
ν . (4.2)

All square-root arguments have a uniform positive lower bound for A ∈ U1 on their coordinate
neighborhoods. The prescribed tensor belongs to U0; the larger ball allows the finite intermediate
tensor adjustments below. The differentials of ϕν , 2ϕν , and ϕν ± ϕµ are good wherever the
corresponding supports meet. For each such phase choose local coordinates with that phase as the
first coordinate. All these finitely many coframes and their inverses have fixed bounds. We require
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the relevant immersion 2-jets to remain in a compact subset of the open set where these conditions
hold.

A differential operator is called polynomial above order two if each of its coordinate components
is a finite sum of terms

c(x, j2G)
d∏

ℓ=1
∂αℓGkℓ , |αℓ| > 2, (4.3)

where c is smooth; the empty product is allowed. This definition permits arbitrary smooth
dependence on the low jets within the prescribed open set.

Proposition 4.1 (Small increment). Let the phase data above be fixed. Let P1, . . . , Pd be fixed
smooth tensor-valued differential operators polynomial above order two, and put

P(G) = γ(G) +
d∑

i=1
ϵiPi(G), 0 ≤ ϵ ≤ 1.

There is a finite exponent p, depending on these operators and independent of the integer q below,
with the following property. Suppose G is an immersion whose 2-jets satisfy the stated compact
margins, H ∈ U0, and

j2G = Os(1), H = Os(1).

For every positive integer q, every δ > 0, and scales 0 < τ ≤ s ≤ 1, define

η = τ

s
+ ϵτ−p.

If η and δ/τ are sufficiently small, there is a smooth displacement U such that

U = Oτ (δτ), P(G+ U) − P(G) − δ2H = Oτ

(
δηq + δ3

τ

)
. (4.4)

The smallness thresholds and every fixed output norm use only finitely many weighted input bounds.
Their required orders may increase with q. Each local summand of U is supported in an original
phase support or an intersection of two such supports. If the perturbation sum is absent, take
η = τ/s.

The proof has three finite steps: solve the nonzero linear modes to high order, adjust their
quadratic mean, and cancel the remaining quadratic modes. There is no infinite series of differential
operators in this construction.

4.2 The conjugated linearized equation

Fix one permitted phase and call its coordinates x, y. Complexify all vector spaces linearly. Let
g = γ(G) and DG = γ′(G). Decompose a complex amplitude Z as

Z = Gkg
kℓuℓ + v, ui = ⟨Gi, Z⟩, v ⊥ span(Gx, Gy).

Since Gij = Γk
ijGk +Bij , direct differentiation gives

(DGZ)ij = ∂iuj + ∂jui − 2Γk
ijuk − 2⟨Bij , v⟩.
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Here and in this subsection B = BG. This identity already accounts for the normal component; no
derivative of the normal frame is omitted. Conjugating by eix/τ gives

(Dx
GZ)ij = ∂iuj + ∂jui − 2Γk

ijuk + i

τ
(δixuj + δjxui) − 2⟨Bij , v⟩. (4.5)

The good-phase condition says that b = Byy does not vanish. Given a target amplitude h and a
normal amplitude v0 perpendicular to b, define

cij = ⟨Bij , b⟩
|b|2

, v = v0 + b

|b|2
(
∂yuy − Γk

yyuk − hyy

2

)
. (4.6)

The yy equation in Dx
GZ = h is then exact. The xx equation, divided by 2, and the xy equation

become

i

τ
ux + ∂xux − Γk

xxuk − cxx(∂yuy − Γk
yyuk) = hxx

2 + ⟨Bxx, v0⟩ − cxxhyy

2 , (4.7)
i

τ
uy + ∂xuy + ∂yux − 2Γk

xyuk − 2cxy(∂yuy − Γk
yyuk) = hxy + 2⟨Bxy, v0⟩ − cxyhyy. (4.8)

Thus the remaining system is
i

τ
u+ Lu = k(h, v0),

where L is first order and k is algebraic and linear. All coefficients are smooth functions of the 2-jet
of G on the permitted compact set.

Define S(h, v0) by taking u = (τ/i)k(h, v0) and reconstructing v, Z from (4.6). Weighted
differentiation gives

|S(h, v0)|m,s ≤ Cm
(
|h|m+1,s + |v0|m+1,s

)
, (4.9)

|Dx
GS(h, v0) − h|m,s ≤ Cm

τ

s

(
|h|m+1,s + |v0|m+1,s

)
. (4.10)

Indeed the residual is Lu, and the reconstructed normal component contains at most one derivative
of u. In the homogeneous case the leading term is exactly the chosen normal amplitude:

|S(0, v0) − v0|m,s ≤ Cm
τ

s
|v0|m+1,s. (4.11)

These are differential formulas, so they preserve supports.

4.3 A fixed exponent for polynomial perturbations

We next quantify the effect of the operators Pi. This is the point at which independence from the
approximation order q is needed.

For a monomial (4.3), let

Eα =
d∑

ℓ=1
(|αℓ| − 2), E = maxEα,

where the maximum runs over all monomials of all Pi. For an empty collection take E = 0. A
permissible choice will be

p = E + 6. (4.12)

11



To verify this, consider a variation of order k ≤ 3. Suppose h arguments replace higher-jet
factors of orders r1, . . . , rh and the other k−h arguments differentiate the smooth low-jet coefficient.
The unvaried factors have excess weight Eα −

∑h
j=1(rj − 2). The variation arguments carry at most∑

j rj + 2(k − h) derivatives. The total short-scale power is therefore at most

Eα −
h∑

j=1
(rj − 2) +

h∑
j=1

rj + 2(k − h) = Eα + 2k ≤ E + 6.

Weighted differentiation does not increase this exponent: (4.1) controls each differentiated higher-jet
factor, and the chain rule controls the smooth low-jet coefficient. For conjugated amplitudes, each
derivative of an exponential costs a power of τ−1, while a slow derivative costs s−1 ≤ τ−1.

Put R = P − γ. For 1 ≤ k ≤ 3, this proves, with a fixed finite derivative loss ℓ, the bounds∣∣∣e−i(ϕ1+···+ϕk)/τ R(k)(G)
(
eiϕ1/τZ1, . . . , e

iϕk/τZk

)∣∣∣
m,s

≤ Cmϵτ
−p

k∏
j=1

|Zj |m+ℓ,s. (4.13)

The phases in this estimate belong to the fixed finite collection. At scale τ , the same estimate
without exponentials holds for arbitrary variations at every map K with j2K = Oτ (1) in the
permitted low-jet domain. The constants use finitely many corresponding weighted bounds. The
inequality ϵi ≤ ϵ handles all the perturbation coefficients.

Let L = (P ′(G))x and S0(h) = S(h, 0). Combining (4.9)–(4.10) with (4.13) gives

|LS(h, v0) − h|m,s ≤ Cmη
(
|h|m+ℓ,s + |v0|m+ℓ,s

)
,

after increasing ℓ. Starting with Z0 = S(h, v0), define

rj = LZj − h, Zj+1 = Zj − S0(rj).

The exact identity
rj+1 = −(LS0 − Id)rj

shows by finite induction that, for any integer q, the resulting amplitude Z satisfies

|Z|m,s ≤ Cm,q
(
|h|m+ℓq ,s + |v0|m+ℓq ,s

)
, (4.14)

|LZ − h|m,s ≤ Cm,qη
q(|h|m+ℓq ,s + |v0|m+ℓq ,s

)
. (4.15)

For h = 0 it also satisfies
|Z − v0|m,s ≤ Cm,qη|v0|m+ℓq ,s. (4.16)

The integer ℓq and the constants may increase with q, but the exponent p in (4.12) has already been
fixed. Every step is differential and support preserving.

We have now solved every allowed nonzero mode to any fixed power of η. It remains to select the
free amplitudes so that their quadratic mean is the desired tensor and then remove the oscillatory
quadratic error.
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4.4 The quadratic mean and its finite adjustment

Finite inner corrections to oscillatory amplitudes also occur in Källén’s low-regularity embedding
construction [8, Lemma 3.3 and its proof]. We derive the mean equation and its finite substitution
estimates for the differential operators considered here.

In a phase chart choose a smooth unit normal nν perpendicular to (BG)yy. One explicit choice
is the normalized ambient perpendicular product of Gx, Gy, (BG)yy. The vectors in this product are
independent. The choice depends smoothly on the 2-jet and uses only the orientation of this chart
and of R4.

For a trial tensor A ∈ U1, use

v0,ν =
√

2 δτbν(A)nν , h = 0,

in the finite mode construction, and denote its amplitude by Zν(A). Define the real displacement

U1(A) =
∑

ν

Re
(
eiϕν/τZν(A)

)
.

Then U1 = Oτ (δτ). Before multiplication by the exponential, the leading complex amplitude of
dU1/δ in the νth mode is

i
√

2 bν(A)nν dϕν ,

with error Os(η). This follows from (4.16); a slow derivative of the leading amplitude contributes
Os(τ/s). Furthermore,

P ′(G)U1 = Oτ (δτηq). (4.17)

Expand the quadratic tensor

Q(A) = 1
2P ′′(G)(U1(A), U1(A))

using the positive and negative mode labels. Its zero-phase part, denoted Q0(A), consists of a mode
paired with its own complex conjugate. All other terms have phases ±2ϕν or ±ϕν ± ϕµ with ν ̸= µ.
The latter phases have nonzero differentials on their supports, by hypothesis; in particular they do
not contribute another zero-phase term. Repeated nonzero phases may simply be grouped.

For one leading real mode, the metric quadratic term is

2δ2bν(A)2 sin2(ϕν/τ) dϕ2
ν = δ2bν(A)2(1 − cos(2ϕν/τ)

)
dϕ2

ν .

Its zero-phase term is δ2bν(A)2dϕ2
ν . Thus (4.2) and the amplitude error give

δ−2Q0(A) = A+ T (A), T (A) = Os(η). (4.18)

The contribution of R′′ has the same bound, since (4.13) bounds it by Cϵτ−p(δτ)2 ≤ Cδ2η. Every
nonzero-mode coefficient of Q is Os(δ2).

The map T has a finite derivative-loss difference estimate:

|T (A) − T (Ā)|m,s ≤ Cmη|A− Ā|m+Lq ,s (4.19)

on bounded sets of weighted norms in U1. To see this, the square roots in bν have positive lower
bounds, so their chain-rule difference estimates apply. The finite mode construction is linear in
bν(A)nν . In the difference of the two sides of (4.18), the leading contribution A− Ā cancels exactly.
Every remaining bilinear term contains either one Os(η) mode error or the factor ϵτ−p from the
perturbation. The product rule then gives (4.19) with a finite Lq.
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Set A0 = H and successively define

Aj+1 = H − T (Aj).

For any fixed number of substitutions, all these tensors remain in U1 and have bounded weighted
norms when η is sufficiently small. The positive gap r1 − r0 and the estimate T (Aj) = Os(η) give
this domain condition using only finitely many input derivatives: for a fixed number of substitutions,
work backward through their finite derivative losses to obtain the required C0 bounds. Once all
iterates lie in U1, the finite formulas give bounds in each higher weighted norm by the chain rule,
without a further domain restriction. Their successive differences gain one power of η by (4.19).
More explicitly, for j ≥ 1,

Aj + T (Aj) −H = T (Aj) − T (Aj−1) = Os(ηj+1).

After finitely many substitutions, choose the resulting A so that

Q0(A) = δ2H +Os(δ2ηq). (4.20)

This is a finite algebraic procedure on smooth tensors, not a contraction argument in a function
space with derivative loss.

4.5 Cancellation and the cubic remainder

Use the amplitude A just obtained. On each nonzero quadratic phase, apply (4.14)–(4.15) with
target the negative corresponding coefficient of Q−Q0 and with v0 = 0. Taking real parts gives U2
such that

U2 = Oτ (δ2), P ′(G)U2 + (Q−Q0) = Oτ (δ2ηq). (4.21)

The supports are intersections of the original supports, or original supports for doubled phases.
Since δ/τ is small,

U = U1 + U2 = Oτ (δτ), dU1 = Oτ (δ), dU2 = Oτ (δ2/τ).

The metric quadratic terms involving U2 are bounded by

Cm

(
δ3

τ
+ δ4

τ2

)
≤ Cm

δ3

τ
.

The corresponding terms from R′′ are, by (4.13) at scale τ , bounded by

Cmϵτ
−p(δ3τ + δ4) ≤ Cm

δ3

τ
.

Here ϵτ−p ≤ η ≤ 1 and δ/τ ≤ 1 suffice.
For completeness, the third-order Taylor estimate is uniform along the whole segment G+ tU ,

0 ≤ t ≤ 1. Indeed

|j2U |m,τ ≤ Cm

(
δ

τ
+ δ2

τ2

)
,

so smallness of δ/τ keeps the low jets inside the permitted domain. Also j2(G+ tU) = Oτ (1), since
τ ≤ s. The arbitrary-variation version of (4.13) therefore bounds the integral Taylor remainder of
R by

Cmϵτ
−p(δτ)3 ≤ Cm

δ3

τ
.
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There is no third-order remainder for γ itself.
Finally combine (4.17), (4.20), and (4.21). Their errors are bounded by Cmδη

q, because δ, τ ≤ 1.
The remaining terms have just been bounded by Cmδ

3/τ . This proves (4.4) and Proposition 4.1.
Every local formula is smooth and differential in cutoff amplitudes, so extension by zero gives the
asserted global smooth displacement and support properties. None of the local normal choices
requires orientability of M .
Remark 4.2 (Dependence on geometric bounds). For P = γ, the constants and inverse smallness
thresholds at any fixed accuracy and fixed output order can be bounded polynomially in finitely
many input and phase-data bounds and reciprocal nondegeneracy margins. Indeed the coordinate
construction uses metric inversion, contractions, division by |Byy|2, and normalized perpendicular
products. Derivatives of these expressions have polynomial bounds in their entries, derivatives,
and reciprocal denominators. The square roots in (4.2) have the same property on a positive
input interval. The finite residual corrections and mean substitutions use only a fixed number of
these operations. Summing over a varying finite phase collection adds a polynomial dependence on
its cardinality. This observation will allow the geometric bounds to depend polynomially on the
parameter of an approximate immersion family.

5 An exact smooth correction
The small increment of Proposition 4.1 leaves a metric error. We now remove that error while
keeping the immersion close in C2. Smoothing is used only to construct each increment; the current
map itself is never replaced by its smoothing. This preserves its higher derivatives until a sufficiently
late stage can control them.

Smoothing in an iteration with derivative loss originates in Nash’s smooth embedding argument
[13, Part A] and was developed by Moser [11, Chapter I, §§1 and 5]; Hamilton gives a systematic
inverse-function formulation [6, Part III]. Here we establish the correction estimates and the passage
through the derivative orders directly, without assuming a smooth family of inverses of the full
linearized metric map.

Proposition 5.1 (Exact correction). Let M be a closed smooth surface, and let h∗ be a smooth
Riemannian metric on M . Fix background norms. There are positive integers R,N with the following
property. Suppose that fz : M → R4 are smooth immersions for sufficiently small z > 0, and that

∥fz∥Cm = O(z−m) (0 ≤ m ≤ R+ 2), (5.1)
∥γ(fz) − h∗∥CR = O(zN ), (5.2)

min
p∈M

max
|u|=1

|Bfz (u, u)| ≥ c > 0. (5.3)

Then, for all sufficiently small z, there is a smooth immersion f̃z : M → R4 such that

γ(f̃z) = h∗, ∥f̃z − fz∥C2 = o(1).

The integers R,N do not depend on the constants in (5.1)–(5.3). The threshold on z may depend
on them. No regularity of the family with respect to z is required or asserted.

The proof has two parts. First we obtain a recurrence valid in every fixed derivative order, from
a bound in only one finite order. We then let that controlled order increase, waiting a finite number
of steps whenever necessary. The distinction between these two orders is what gives a smooth limit
from the finite assumptions above.
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5.1 Smoothing with a finite input bound

We use the weighted norms introduced in the preceding section. The following elementary smoothing
facts also apply to tensor fields.

Lemma 5.2. For each positive integer r, there are linear smoothing operators Ss, 0 < s ≤ s0, on
smooth sections of any fixed smooth vector bundle over M , with the following properties. For fixed
nonnegative integers q,m, and 0 ≤ j ≤ r,

∥Ssu∥Cq+m ≤ Cq,m,rs
−m∥u∥Cq , (5.4)

∥u− Ssu∥Cq+j ≤ Cq,j,rs
r−j∥u∥Cq+r , (5.5)

∥Ssu∥Cm ≤ Cm,r∥u∥Cm . (5.6)

The constants use only the fixed atlas, bundle, and displayed orders.

Proof. Choose a compactly supported smooth kernel K on R2 with integral one. A finite linear
combination of its distinct dilates can be chosen to have integral one and all moments of degrees
1, . . . , r equal to zero. Indeed, if the dilation factors are distinct positive numbers b0, . . . , br, choose
their coefficients ci by

r∑
i=0

cib
d
i =

{
1, d = 0,
0, 1 ≤ d ≤ r.

The coefficient matrix is a Vandermonde matrix. Every moment of multi-degree α scales by b|α|
i , so

these equations cancel all the required moments. The resulting kernel need not be positive.
Take a finite coordinate and bundle atlas with a subordinate smooth partition of unity. Extend

each localized component by zero in its coordinate chart, convolve at scale s, and multiply by a second
cutoff equal to one near the original support. For sufficiently small fixed s0, all these operations
occur within the charts. Sum the resulting sections. At scale zero this sum is exactly u. Taylor’s
formula and the moment conditions give (5.5). Moving derivatives between the localized component
and the kernel gives (5.4); moving all derivatives onto the component gives (5.6). Derivatives of the
fixed cutoffs and bundle frames introduce only lower derivatives with fixed coefficients. This proves
all three bounds.

We record how these facts will be used. Let G : M → R4 be smooth, let H be a smooth
symmetric tensor, and define

Sm(t;G,H) =
m∑

j=0
tj
(
∥G∥Cj+2 + ∥H∥Cj

)
. (5.7)

Suppose Sr(t;G,H) ≤ B, and let 0 < τ ≤ s ≤ t ≤ 1. Set Gs = SsG and Hs = SsH using Lemma 5.2.
Then, for every fixed m,

|j2Gs|m,s + |Hs|m,s ≤ Cm,rB, (5.8)
|j2(G−Gs)|m,τ + |H −Hs|m,τ ≤ Cm,r [B(s/t)r + Sm(t;G,H)(τ/t)r] . (5.9)

For the first inequality use (5.4) with q = 2 and q = 0, respectively. To prove the second, split the
derivatives at r. A derivative of order j ≤ r of j2G or H contributes at most

CBt−rsr−jτ j = CB(s/t)r(τ/s)j ≤ CB(s/t)r.
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For j > r, boundedness of smoothing in the original derivative norm gives a contribution at most

Cm(τ/t)jSm(t;G,H) ≤ Cm(τ/t)rSm(t;G,H).

In particular, the constants in (5.8) do not use any derivative of the true input above order r + 2;
the possibly large higher derivatives occur only linearly in (5.9).

5.2 A recurrence at every derivative order

Fix a small z for the moment. Lemma 2.3 provides phase data for fz with reference metric h∗. They
remain admissible in the C2 ball of radius

ρz = z4

about fz. Their bounds in every fixed order are polynomial in z−1. Put B = z−4. The current
integer k ≥ 10 controls the amplitude and the number of derivatives to be retained. We use

β = 6
5 , λ = 11

10 , τ = tβ, s = tλ, δ = tk, r(k) = q(k) = 40(k + 1). (5.10)

Here q(k) is the accuracy order in Proposition 4.1. The integer r(k) is the order controlled at the
current step; the estimates below will also hold at every fixed observation order m > r(k), without
assuming a bound there.

For a current map G, define the normalized defect

H = δ−2(h∗ − γ(G)), Sm = Sm(t;G,H). (5.11)

The step will be applied under the finite-order hypotheses

∥G− fz∥C2 ≤ ρz/2, ∥H − h∗∥C0 < ε∗, Sr(k) ≤ B, (5.12)

where ε∗ > 0 is a fixed sufficiently small radius for the positive tensor decompositions.

Lemma 5.3 (One smoothing step). Under (5.12), take either δ′ = τk or δ′ = τk+1. For sufficiently
small t, there is a smooth increment U such that, with

G′ = G+ U, H ′ = δ′−2(h∗ − γ(G′)), S ′
m = Sm(τ ;G′, H ′),

for every fixed m ≥ 0,

|U |m,τ ≤ Cm(z, k)δτ, (5.13)
S ′

m ≤ ∥G∥C2 + ∥h∗∥C0 + Cm(z, k)t1/5(1 + Sm). (5.14)

The scale threshold and the constants are independent of derivatives of the true inputs G,H above
the controlled orders r(k) + 2, r(k). For fixed k, the inverse threshold is polynomially bounded in
z−1; for fixed k,m, the constants have the same property.

The same construction therefore has two different uses. At the controlled order r(k), a small
scale preserves its bound. At any higher fixed order, the current norm may be large, but it is
multiplied by a coefficient that tends to zero. The latter fact will let us increase k after a finite
number of steps.

17



Proof. Smooth with moment order r(k). By (5.9), Gs belongs to the admissible C2 ball for small t.
The tensor

Hs − (δ′/δ)2h∗

belongs to the required neighborhood of h∗: the smoothing tail tends to zero, and δ′/δ → 0. Apply
Proposition 4.1 in its unperturbed case to this tensor at Gs, with amplitude δ and accuracy q(k).
Write the resulting increment as U . The proposition gives (5.13) and

|E|m,τ ≤ Cm(z, k)
[
δ(τ/s)q(k) + δ3/τ

]
, (5.15)

where
E = γ(Gs + U) − γ(Gs) − δ2[Hs − (δ′/δ)2h∗

]
.

The constants have the stated independence from higher true-input norms because (5.8) bounds
every required weighted derivative of Gs, Hs. For fixed orders they are bounded by fixed powers of
z−1, by the polynomial phase bounds and the polynomial dependence in Remark 4.2.

The increment was constructed using Gs, Hs, but we add it to the unsmoothed map G. To
compare the two metric increments, define the symmetric tensor

C(V,W )ij = ⟨∂iV, ∂jW ⟩ + ⟨∂jV, ∂iW ⟩.

Since the induced metric is quadratic in the first derivatives,

δ′2(H ′ − h∗) = δ2(H −Hs) − E − C(G−Gs, U). (5.16)

In particular, there is no square of the smoothing tail. From (5.13), |dU |m,τ ≤ Cm(z, k)δ; (5.9)
bounds the other factor in the last term. Hence the high derivatives of the true input enter the new
defect only linearly.

For completeness, the powers needed to divide (5.16) by δ′2 are displayed below. The smaller
choice δ′ = τk+1 is the more demanding one. Using (5.10), the respective exponents of t are

term exponent after division by δ′2

δ(τ/s)q(k) (13k + 8)/5
δ3/τ (3k − 18)/5

δ2B(s/t)r(k) (18k + 8)/5
δ2Sm(τ/t)r(k) (38k + 28)/5
δB(s/t)r(k) (13k + 8)/5
δSm(τ/t)r(k) (33k + 28)/5.

(5.17)

The factors B are included in the constants for fixed z. Every exponent is positive for k ≥ 10. We
obtain, in particular,

|H ′ − h∗|m,τ ≤ Cm(z, k)t1/5(1 + Sm) (m ≥ 0). (5.18)

This weaker common exponent will also control the map derivatives. Indeed, inherited derivatives
of G of positive weighted order gain at least τ/t = t1/5, while

|j2U |m,τ ≤ Cm(z, k)δ/τ = Cm(z, k)tk−6/5.

The fixed tensor satisfies |h∗|m,τ ≤ ∥h∗∥C0 +Cmτ . Together these estimates give (5.14). Its constants
use only the smoothed-input bounds, while all higher true-input derivatives have remained in the
displayed linear term Sm. The polynomial bounds already noted for the phase data and finite mode
formulas, with the strict positive powers of t in (5.17), give the stated polynomial thresholds.

It remains to initialize this step from the finite assumptions of Proposition 5.1, keep the maps in
the allowed C2 ball, and schedule increases of k.
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5.3 Initialization and passage through the derivative orders

Because ∥fz∥C2 = O(z−2), for small z the distance condition in (5.12) implies

∥G∥C2 + ∥h∗∥C0 < B/4. (5.19)

For each fixed z, k, choose a positive scale threshold that makes Lemma 5.3 applicable, preserves
the defect neighborhood, and, by (5.14) with m = r(k), preserves Sr(k) ≤ B. Impose also

∥U∥C⌊k/2⌋ ≤ ρzt. (5.20)

This last threshold is available because (5.13) gives the upper bound

C(z, k)tk+(6/5)(1−⌊k/2⌋),

and its exponent is greater than one for every k ≥ 10. The thresholds can cover both choices of δ′

at once.
For the initial block k = 10, only finitely many orders and inequalities have been used. Their

constants are polynomial in z−1, and every smallness condition has a strict positive power of t.
Therefore there is a fixed µ > 1 such that all these conditions hold for t ≤ zµ and sufficiently small
z. Enlarge µ if necessary, and set

R = r(10) = 440, N > 20µ+ 1,

with N an integer. These choices use polynomial exponents, not the implicit constants in the
assumptions of the proposition.

Start at t = zµ, k = 10, δ = t10, and

G =
√

1 − δ2 fz.

Its normalized defect has the exact form

H = h∗ + (1 − δ−2)(γ(fz) − h∗).

It therefore tends to h∗ in CR. The weighted derivatives of G through the required order are
bounded by

Cz−2
R∑

j=0
z(µ−1)j ,

so SR < B/2 for small z. The initial displacement is O(z20µ−2), which is at most ρz/4 for sufficiently
small z, since µ > 1 and 20µ− 2 > 4. This verifies all the initial conditions.

At every subsequent step replace t by t6/5. Thus, if tn is the scale at step n,

tn = t
(6/5)n

0 ,
∞∑

n=0
tn < 1/4

for small enough t0. Equations (5.20) and the initial displacement keep all maps within ρz/2 of fz

in C2. Hence the phase data and (5.19) remain valid.
We explain why no derivative order prevents the construction from advancing. Suppose that k

is held fixed and let m be any fixed integer. Apply Lemma 5.3 repeatedly with δ′ = τk. Its all-order
recurrence says that the numbers xn = Sm(tn;Gn, Hn) satisfy

xn+1 ≤ B/4 + cn(1 + xn), cn = Cm(z, k)t1/5
n −→ 0.
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Every xn is finite because all finite-stage maps are smooth. Once cn ≤ 1/4, this recurrence first
bounds the sequence; subsequently cn → 0 gives lim supxn ≤ B/4. In particular, after finitely many
further steps xn ≤ B.

Apply this observation with m = r(k + 1). Wait in the block with integer k until that higher
bound holds and the scale is below the threshold for the block with integer k + 1. Wait also until

Cr(k+1)(z, k)t1/5(1 +B) ≤ B/2,

where the constant is the one for the current block in (5.14). All three conditions hold after
finitely many steps. Now choose δ′ = τk+1. That recurrence, already proved for this smaller target
amplitude, bounds the new higher norm by B/4 +B/2 < B. The new scale τ < t also satisfies the
next block’s threshold. Thus each block has finite length and k tends to infinity.

For every fixed m, all sufficiently late blocks satisfy ⌊k/2⌋ ≥ m. Equation (5.20) then makes the
tail of the increments absolutely summable in Cm. The maps converge in every Cm to a smooth
map f̃z. Their defects tend to zero in C0, since δ = tk → 0 and H stays in a fixed C0 neighborhood
of h∗. Continuity of the induced metric in C1 yields γ(f̃z) = h∗. Finally,

∥f̃z − fz∥C2 ≤ ρz/4 + ρz

∞∑
n=0

tn ≤ ρz/2 −→ 0.

This proves Proposition 5.1.
Remark 5.4. The finite assumptions control the first block uniformly by powers of z. Derivatives
above order R+ 2 may be arbitrarily large; at a fixed z they affect only the finite waiting times in
later blocks. The construction gives C2 proximity on the whole surface. It does not assert that the
exact correction vanishes outside a prescribed support.

6 A velocity circle with controlled turns
We now construct the leading oscillation for Proposition 3.1. Throughout this section its data
F,D, a, x, y, n and the later curves are fixed. The basic choice is to oscillate in the plane perpendicular
to both Gy and Gyy, for a slow map G near F . Orthogonality to the second derivative will remove
the first error in the yy metric coefficient. A separate choice at the two turning points of the
velocity path will preserve the later boundary conditions. For a 2π-periodic function b we write
avg b = (2π)−1 ∫ 2π

0 b(θ) dθ. For a nonzero vector b, write b̂ = b/|b|.
The use of a periodic velocity to add a rank-one metric tensor belongs to the oscillatory

constructions of Nash and Kuiper [12, 9]; see also [2, §4] and [5, §§3.2–3.3]. The second-derivative
constraint on the velocity plane and the behavior prescribed at its turns are part of the construction
proved here.

6.1 The plane and the leading metric

For a 2-jet near that of F , define

Y = Gy, C = Gyy, P = span(Y,C)⊥, v = PGx, R0 = (|v|2 + a2)1/2. (6.1)

We use P also for orthogonal projection to this plane. The following facts justify these definitions
and the frame we will use.
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Lemma 6.1. On a neighborhood of D and a sufficiently small neighborhood of the 2-jet section of
F , the vectors Y,C are independent, P is a smooth 2-plane, and R0 is bounded below by a positive
constant. Projection to P restricts to an isomorphism on the normal plane of G. There is a smooth
orthonormal frame (e1, e2) of P , depending smoothly on these jets, such that e1 = v/|v| on a collar
of C0.

Proof. In the coordinates (x, y),

Hessγ(G) x(∂y, ∂y) = −Γx
yy, C = Γx

yyGx + Γy
yyGy +BG(∂y, ∂y).

By (3.4), Γx
yy < 0 at F on D, and this inequality persists on the indicated neighborhoods. The

tangential projections of Y,C are therefore independent. If a normal vector belongs to span(Y,C),
its zero tangential projection forces both coefficients to vanish. Projection from the normal plane to
P is consequently an isomorphism. Projecting the displayed decomposition of C gives

PBG(∂y, ∂y) = −Γx
yyv. (6.2)

At F , A0 ̸= 0 on C0, so v ̸= 0 on a collar. Moreover v and Pn are not opposite rays there, by (3.3),
(6.2), and the injectivity of projection on the old normal plane.

The vector Pn is nonzero over the whole disk at F , and remains so for nearby jets. On a smaller
collar set e1 = v̂, and in the interior set e1 = P̂ n. In the intervening collar, normalize a smooth
convex interpolation of these two non-antipodal vectors. Orient P using the ordered pair (Y,C) and
the orientation of R4, and complete e1 to e2 with that orientation. These choices are local to this
coordinate disk.

Finally R0 > 0 because a > 0 in D and v ̸= 0 near its boundary. Compactness gives a positive
lower bound, which persists after shrinking the jet neighborhood and the exterior neighborhood.

For an angular function α to be chosen, set

p = cosα e1 + sinα e2, V = R0p, w = V − v, X = Gx + w. (6.3)

Since Gx − v ∈ span(Y,C) and V, v ∈ P ,

|X|2 = |Gx|2 + a2, X · Y = Gx ·Gy. (6.4)

Thus the pair (X,Y ) has exactly the required leading metric. What remains is to make the periodic
mean of w zero, while controlling the places where the velocity stops along its circle.

6.2 A prescribed mean and smooth vanishing

Initially use an angular parameter t ∈ R/(2πZ) and angles

α = hturn +A cos t. (6.5)

Here hturn will be a smooth function supported in a fixed compact subset of D and small in value.
We first choose A, independently of that function.

On a sufficiently small collar, e1 = v̂ and a/|v| is small. There is a nonnegative smooth amplitude
Asm satisfying

1
2π

∫ 2π

0
cos(Asm cos t) dt = |v|

R0
. (6.6)

21



Indeed the left side is 1 −A2
sm/4 +O(A4

sm). The implicit function theorem applied to the squared
amplitude gives

Asm = a

|v|
c

(
a2

|v|2

)
, c(0) =

√
2, (6.7)

where c is positive and smooth. Thus Asm is smooth and flat on C0, and it is zero on the exterior.
When hturn = 0, the sine average vanishes as well, so the unweighted mean of R0p is exactly v on
this collar.

Farther inward, while still in a region where e1 = v̂ and the small formula is defined, interpolate
A from Asm to a fixed number larger than π, keeping A ≥ Asm. Use that constant on the remaining
interior. For a > 0 the point v/R0 lies strictly inside the convex hull of the path p when hturn = 0.
On the small arc this follows because its unweighted mean lies strictly between the endpoint chord
and the point (1, 0) in the (e1, e2) coordinates. Increasing A retains this arc; when A > π the path
covers the circle and |v|/R0 < 1. On any fixed compact subset of the interior, this strict membership
persists for sufficiently small ∥hturn∥C0 , uniformly on a compact neighborhood of the permitted jet
data.

We use the following elementary fact to adjust the mean.

Lemma 6.2 (Smooth densities for interior averages). Let a smooth family of circle-valued paths
pb(t) ∈ R2 and targets cb ∈ R2 be parametrized by a finite-dimensional parameter b. On a compact
parameter set, suppose each cb lies in the interior of the convex hull of pb. Then, on a neighborhood
of that set, there are smoothly varying strictly positive densities ρb(t) such that

avgt ρb = 1, avgt(ρbpb) = cb.

These densities may be patched with any already prescribed positive solutions on an overlapping
parameter neighborhood.

Proof. At a fixed parameter choose finitely many path values whose convex hull contains the target
in its interior. Choose strictly positive weights with this barycenter and total mass one. Replacing
the point masses by sufficiently narrow smooth bumps, and adding a sufficiently small positive
constant density, preserves the interior condition. The three linear constraints, for mass and the two
coordinates, have rank three. A fixed right inverse of their coefficient matrix gives nearby positive
weights solving the constraints smoothly as the parameter varies. A finite parameter cover and
a smooth partition of unity patch these local solutions: the constraints are linear in the density
and positivity is preserved by convex combinations. The same argument patches with an already
prescribed solution.

Apply the lemma in the frame (e1, e2), with c = v/R0, and use ρ = 1 on a smaller collar where
(6.6) applies and hturn = 0. Here the parameters are position and the 2-jet of G. The frame identifies
all the velocity planes with R2, and the remaining parameter set is compact and lies in a > 0. The
interior hypothesis therefore has the required uniform margin, and the lemma patches a smooth
density with the prescribed collar solution. Put

θ =
∫ t

0
ρ(s) ds

and replace t by the smooth inverse of this orientation-preserving circle diffeomorphism. We
henceforth use θ as periodic parameter. Its uniform mean satisfies

avgθ V = v, avgθ w = 0. (6.8)
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All data are smooth functions of position and the 2-jet of G. On the exterior A = 0, hturn = 0, and
ρ = 1, so V = v. Equations (6.7) and (6.6) show that w is smooth across C0 and vanishes there
with every spatial derivative.

In the interior A > 0. There are exactly two zeros of αθ, corresponding to t = 0, π. At these
turns,

α = hturn ±A, αy = (hturn)y ±Ay. (6.9)

In this formula spatial differentiation holds the new parameter θ fixed. The additional chain-rule
term from the inverse reparametrization is zero because it is multiplied by sin t. Figure 1 separates
the velocity circle from its angular parametrization. The two stationary angles persist under the
positive reparametrization; their transverse derivatives are the quantities we will prescribe along the
later curves.

0 v

R0 V − v

V

Velocity circle

α

t

hturn +A

hturn

hturn −A

turn

turn

0 π 2π

Angle before reparametrization

Ci

Cl

C0

collar

D

Support collar

Figure 1: Velocity circle, its angular parametrization, and the support collar. The circle in
P = span(Y,C)⊥ has radius R0 = (|v|2 + a2)1/2; V − v is the correction vector. The middle panel
plots α = hturn +A cos t before the positive reparametrization that gives mean velocity v. It has two
turns per period, at t = 0 ≡ 2π and t = π. There αy = (hturn)y ±Ay, even after reparametrization,
so a large transverse derivative can control both turns. The angle graph also applies when A > π
and the velocity path wraps around the circle. As a vanishes at C0, the path contracts smoothly to
v, while the circle retains radius |v| > 0. The exact immersions approach the old map in C2 outside
D as the fast scale tends to zero.

6.3 A small function with a prescribed transverse derivative

We will need a large value of (hturn)y along the later curves away from the boundary, while keeping
hturn small in value. The finite-tangency hypothesis of Proposition 3.1 gives exactly this freedom.

Lemma 6.3. Let K be a compact subset of a finite union of smooth embedded curves in the interior
of a coordinate disk. Suppose the curves have only finitely many intersections and only finitely many
tangencies to ∂y near K, with no shared curve arcs. Given B > 0 and ϵ > 0, there is h ∈ C∞

c (D)
such that

∥h∥C0 < ϵ, hy = B on K.

The support may be kept in any fixed precompact open neighborhood of K.

Proof. Place the finitely many intersections and vertical tangencies in pairwise disjoint small disks
centered at points p. Choose bumps χp equal to one on smaller disks and supported in the larger
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ones. The function
hpre =

∑
p

χpB(y − y(p))

has arbitrarily small sup norm when the disks are sufficiently small, and (hpre)y = B on the smaller
disks. Choose still smaller cores. Outside those cores, the relevant compact curve set is covered by
finitely many patches containing just one curve. In such a patch choose a defining function fj with
(fj)y ̸= 0; the latter condition expresses transversality to ∂y. Choose smooth patch cutoffs χj whose
sum is one on the part of K where (hpre)y ̸= B. Add the functions

hj = χjfj
B − (hpre)y

(fj)y
ηj(fj/δj),

where ηj is one near zero and has compact support. On the curve fj = 0, differentiation gives
exactly

(hj)y = χj
(
B − (hpre)y

)
.

All derivatives of the cutoffs in this identity have a factor fj and therefore vanish there. Thus
h = hpre +

∑
j hj has hy = B on K, including the transition annuli of the special-point bumps. Each

quotient is bounded on its fixed patch, so taking the finitely many δj sufficiently small makes the
additional sup norms as small as desired. The supports stay within the prescribed neighborhood.

6.4 Uniform normal bounds and the choice at turns

For the rest of this section evaluate the slow data at G = F . Let S0 be the length of the projection
of C to span(X,Y )⊥, and let n∗

0 be its unit direction. This projection never vanishes: if C belonged
to span(X,Y ), applying P would force its X coefficient to be zero since PX = V ̸= 0, contradicting
independence of C, Y . Compactness gives positive lower and upper bounds for S0, uniformly over
all angular values. A complementary unit normal is

m∗
0 = − sinα e1 + cosα e2.

It is perpendicular to X,Y,C, and hence also to n∗
0. Set

D∗
0 = ⟨Xy, n

∗
0⟩, N∗

0 = ⟨Xy,m
∗
0⟩. (6.10)

The derivative here holds the periodic parameter fixed. Directly,

Xy = (Fx − v)y + (R0)yp+R0
(
cosα(e1)y + sinα(e2)y + αym

∗
0
)
.

The term containing αy drops out of D∗
0, so

|D∗
0| ≤ C0, N∗

0 = R0αy + E0, |E0| ≤ C0, (6.11)

where C0 is independent of hturn, its derivatives, and the reparametrization. These estimates hold
over all angular values. The same independence holds for the bounds on S0 and 1/S0.

Write
k+ = Kγ+ det(γ+)

with determinant in (x, y) coordinates, and write Yi = bi∂x + ci∂y on the disk. At a crossing Ci ∩C0,
the loop is constant and X = Fx. Since a is flat, the prescribed metric γ+ has the old curvature
there. Consequently the strict condition Q0i(F ) > 0 is exactly

(D∗
0bi + S0ci)2 + k+b

2
i > 0. (6.12)
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It remains valid on the later curves in a sufficiently thin collar for all path angles. Indeed Asm
tends to zero at the boundary, and D∗

0 contains no angular derivative. Compactness confines the
later curve portions of a thin collar to neighborhoods of their finitely many crossings with C0. The
collar can also avoid every later mutual crossing, because there are no triple intersections. The
same inequality holds if the path angles are translated by any sufficiently small value of hturn. Thus
this collar estimate remains available even if the eventual interior support neighborhood of hturn
overlaps its inner part.

Let K be the compact union of the later curve portions in the disk outside this collar. By
Lemma 6.3, we may prescribe (hturn)y = B∗ on K with arbitrarily small values of hturn. The support
can lie in a fixed compact neighborhood of K inside D, while a smaller boundary collar remains
unchanged. On any overlap with the collar estimate, smallness in value preserves that estimate. For
any fixed threshold T , choose

B∗ > ∥Ay∥C0 + T + C0 + 1
minR0

. (6.13)

Equations (6.9) and (6.11) then give N∗
0 > T + 1 at both turns on K. After making the values of

hturn small enough to retain convex-hull membership, choose the positive density as above. That
reparametrization does not change the turn derivative identity.

We summarize the construction in the form needed by the next section.

Lemma 6.4 (Velocity loop). Under the hypotheses of Proposition 3.1, fix any finite threshold T .
There is a neighborhood of the 2-jet section of F over D and a small exterior neighborhood, on which
one can choose smooth 2π-periodic vectors V,w as in (6.1)–(6.3), with

|V | = R0 > 0, avg V = v, avgw = 0.

They depend smoothly on position and the 2-jet; w extends smoothly by zero outside D. The leading
derivatives (X,Y ) have metric γ(G) + a2dx2. At G = F , the limiting normal data defined in (6.10)
have uniform bounds (6.11), a positive lower bound for S0, and the collar inequality (6.12). On the
remaining compact portions of the later curves, the only zeros of αθ are the two turns, and there
|N∗

0 | > T . The bounds for S0, 1/S0, D
∗
0 and the error E0 can be fixed before choosing T and B∗.

All choices in this section are now fixed before the fast oscillation scale is sent to zero. In
particular their higher derivatives may be large but are finite. The next section will use this fixed
smooth loop to produce exact immersions. We will choose T from explicit crossing bounds in
Section 8; those bounds use only the quantities just shown to be independent of T .

7 Realizing the primitive metric addition
The velocity loop gives the desired metric at leading order. We now remove its oscillating errors
to arbitrarily high finite order, correct the remaining mean error by small increments, and apply
Proposition 5.1. The resulting exact immersions retain the first and second derivatives needed to
control the later boundary curves.

Proposition 7.1 (Realization of a velocity loop). Let M be a closed smooth surface and let
F : M → R4 be a smooth immersion whose second fundamental form is nonzero at every point. Let
D be a disk with coordinates x, y on a neighborhood of its closure, and let a be a smooth nonnegative
function, positive on D and zero on its exterior. Suppose the following data are defined smoothly on
a neighborhood of the 2-jets of F over D and a collar. For a map G with jets in that neighborhood,
set

Y = Gy, C = Gyy, P = span(Y,C)⊥, v = PGx, R0 = (|v|2 + a2)1/2.
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Assume that Y,C are independent and R0 > 0. Suppose there is a smooth 2π-periodic vector
V = V (G; θ), depending only on position and the 2-jet of G, such that

V ∈ P, |V | = R0, avgθ V = v.

Assume also that V − v extends smoothly by zero across the boundary of D. These hypotheses hold
for the loop of Lemma 6.4.

Put h∗ = γ(F ) + a2dx2, extending the added tensor by zero. For all sufficiently small z > 0
there is a smooth immersion f̃z : M → R4 with γ(f̃z) = h∗. To state its derivatives, evaluate the
preceding quantities at G = F and write X = Fx − v+ V . Uniformly on D, with periodic arguments
evaluated at θ = x/z,

(f̃z)x = X + o(1), (f̃z)y = Y + o(1),
(f̃z)yy = C + o(1), (f̃z)xy = Xy + o(1),
z(f̃z)xx = Vθ + o(1).

(7.1)

Here Xy means differentiation with θ held fixed. On the exterior of D, f̃z converges to F in C2.
There is a constant c > 0, independent of sufficiently small z, such that

min
p∈M

max
|u|=1

|B
f̃z

(u, u)| ≥ c,

where the unit vectors use the fixed background tangent norm.

All compact neighborhoods of jets used below are chosen inside the open sets in this statement.
Thus the stated nondegeneracies have positive uniform margins. Derivatives of periodic coefficients
in x, y will always hold θ fixed. We write bz = os(cz) when |bz|k,s/cz → 0 for every fixed weighted
differentiation order k.

7.1 Removing the oscillating coefficients

Finite-order asymptotic isometric constructions also occur in Poznyak’s planar immersion problem
in R3 [15, §2.3, Theorem 5]. For the present velocity loop, we give the periodic correctors and their
support properties by an explicit recursion.

For a periodic scalar or vector b, define

avg b = 1
2π

∫ 2π

0
b(θ) dθ, Πb = b− avg b.

For avg b = 0, let Ib be its unique periodic primitive with mean zero. These operations commute
with differentiation in the slow variables x, y.

Lemma 7.2 (Finite periodic expansion). Under the hypotheses of Proposition 7.1, for each integer
L ≥ 2 there are periodic differential operators U1, . . . , UL with values in R4, and symmetric tensor
differential operators E1, . . . , EL−1, for which

fz[G] = G+
L∑

j=1
zjUj(G;x/z) (7.2)

has the exact expansion

γ(fz[G]) = a2dx2 + Pz(G) +
2L∑

r=L

zrRr(G;x/z), Pz(G) = γ(G) +
L−1∑
r=1

zrEr(G). (7.3)
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Each Uj has mean zero. The operators Uj , Er,Rr are smooth, supported on D, and polynomial in
jets above order two, with smooth coefficients in the 2-jet and position, and, where appropriate, θ.
One may take the differential orders of Uj and Er to be at most 2j and 2r + 2, respectively.

Proof. Put w = V − v and X = Gx + w, and take U1 = Iw. Orthogonal decomposition into P and
P⊥ gives

|X|2 = |Gx − v|2 +R2
0 = |Gx|2 + a2, X · Y = Gx ·Gy.

Thus X,Y induce exactly the leading metric γ(G) + a2dx2. Moreover Y · U1 = C · U1 = 0, so

Y · U1,y = (Y · U1)y − C · U1 = 0. (7.4)

This cancels the yy coefficient at order z before any higher corrector is introduced.
We construct Ur+1 from U1, . . . , Ur. In the formal first derivatives of (7.2), write

fx = X +
∑
i≥1

ziAi, fy = Y +
∑
i≥1

ziBi, Ai = Ui,x + Ui+1,θ, Bi = Ui,y.

Absent terms are set to zero; in particular AL = UL,x. At step r, all Ai with i < r and all Bi with
i ≤ r are already known. The new U = Ur+1 occurs in the xx, xy coefficients at order zr, and in
the yy coefficient at order zr+1. Removing their fluctuations requires

Y · Uθ = h, Y · Uy = j, Π(X · Uθ) = e, (7.5)

where

h = −Π
(
X · Br + Y · Ur,x +

r−1∑
i=1

Ai · Br−i

)
, (7.6)

e = −Π
(
X · Ur,x + 1

2

r−1∑
i=1

Ai · Ar−i

)
, (7.7)

j = −1
2Π

r∑
i=1

Bi · Br+1−i. (7.8)

For example, at r = 1 these are

h = −Π(X · U1,y + Y · U1,x), e = −Π(X · U1,x), j = −1
2Π|U1,y|2.

Thus the first correction removes the xx, xy fluctuations at order z and the yy fluctuation at order
z2. Every right side has mean zero. This is precisely the compatibility required by the first two
equations of (7.5) when avgU = 0.

Set H = Ih. There is a unique T ∈ span(Y,C) satisfying

Y · T = H, C · T = Hy − j. (7.9)

It is obtained by inverting the Gram matrix of Y,C, and has mean zero. Since Yy = C, these
equations imply

Y · Tθ = h, Y · Ty = j.

If Z ∈ P , then Y · Z = C · Z = 0 and hence Y · Zy = 0. The remaining part of U can therefore be
written Z = IW , where W ∈ P has mean zero and must solve

Π(V ·W ) = r0, r0 = e− Π(X · Tθ). (7.10)
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Here is an explicit solution which remains regular at a = 0. Regard the following matrices as
operators on the Euclidean plane P :

Σ = avg
(
(V − v) ⊗ (V − v)

)
, M = IdP − Σ

R2
0
.

For a unit vector q ∈ P ,

R2
0⟨Mq, q⟩ = avg

(
R2

0 − (q · V )2)+ (q · v)2. (7.11)

Both terms are nonnegative. Equality would force V to take values only in {R0q,−R0q}. Continuity
on the period circle would make V constant, contrary to the additional equality q·v = 0. Consequently
M is positive definite. Its inverse is smooth and uniformly bounded on the compact family under
consideration. At a = 0, the loop is constant, V = v, and M = IdP .

Define
m = M−1 avg(V r0),

h1 = r0 + (V − v) ·m
R2

0
,

W = V h1 −m

R2
0

.

(7.12)

Then avg h1 = 0 and
avg(V h1) = avg(V r0) + Σm

R2
0

= m.

Hence avgW = 0, and |V |2 = R2
0 gives

Π(V ·W ) = h1 − (V − v) ·m
R2

0
= r0.

Thus Ur+1 = T + IW solves (7.5) with mean zero.
This construction is triangular: it changes no previously fixed lower coefficient. Induction through

r = L− 1, together with (7.4), makes every metric coefficient of orders 1, . . . , L− 1 independent of
θ. Define Er to be that coefficient. The remaining finite coefficients give RL, . . . ,R2L in (7.3).

It remains to check the regularity properties needed for the next stage. The initial coefficient U1
is a smooth function of the 2-jet. Differentiation preserves the class of polynomials in higher jets
with smooth low-jet coefficients, as do multiplication, averaging and I. The Gram and covariance
inverses depend only on the 2-jet. Equations (7.6)–(7.12) therefore preserve this class. If Ui has
order at most 2i for i ≤ r, the right side h has order at most 2r+ 1; the derivative Hy raises this by
at most one. All other terms have order at most 2r+ 2. This proves the asserted order of Ur+1, and
the same coefficient formulas give order at most 2r + 2 for Er.

Finally, w is smoothly zero on the exterior, so U1 is as well. If the previous correctors vanish
there, all right sides in (7.6)–(7.8) vanish there and the linear construction gives Ur+1 = 0. The
formulas are smooth on the collar, including its boundary, so this is smooth extension by zero to
every order. The same reasoning applies to Er and Rr.

7.2 Correcting the mean and selecting the scales

The preceding lemma leaves two errors: a finite mean operator Pz − γ, and a remainder beginning
at zL. We first record how the latter behaves when the slow map depends on z. Suppose

G −→ F in C3, j2G = Os(1), s = zσ, 0 < σ < 1. (7.13)
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A jet of order k > 2 is Os(s2−k). Since the expansion has finitely many coefficients, Lemma 7.2
supplies an integer p1 ≥ 0 such that they and their required periodic derivatives are all Os(s−p1).
This exponent is independent of the weighted differentiation order; the constants may depend on
that order. Indeed each higher-jet monomial loses the sum of the quantities k − 2 for its factors,
while weighted differentiation of its coefficients loses no additional power of s.

Substitution of θ = x/z changes these estimates to Oz(s−p1): a derivative in θ costs z−1, and a
slow derivative costs s−1 ≤ z−1. In particular,

γ(fz[G]) − a2dx2 − Pz(G) = Oz(zLs−p1). (7.14)

For later use, differentiating the finite ansatz gives

fx = X +
L∑

j=1
zjUj,x +

L∑
j=2

zj−1Uj,θ,

fy = Y +
L∑

j=1
zjUj,y, fyy = C +

L∑
j=1

zjUj,yy,

fxy = Xy +
L∑

j=1
zjUj,xy +

L∑
j=2

zj−1Uj,θy,

zfxx = Vθ + zGxx +
L∑

j=1
zj+1Uj,xx + 2

L∑
j=1

zjUj,xθ +
L∑

j=2
zj−1Uj,θθ.

All coefficients on these right sides are evaluated at G and θ = x/z. Each error contains a positive
power of z and at most two further slow derivatives. Thus

σ(p1 + 2) < 1 (7.15)

makes these errors uniformly small. The leading terms converge uniformly to their values at F ,
including Xy, because of the C3 convergence in (7.13). The same estimates show ∥fz[G]∥Ck = O(z−k)
for each fixed k.

We now construct a slow map satisfying (7.13) for which the mean error is small enough for
exact correction.

Proof of Proposition 7.1. Choose the integers R,N in Proposition 5.1 for the fixed positive metric
h∗. Fix an integer

L > N +R+ 1

and construct the operators in Lemma 7.2. Obtain p1 as above and let p be the exponent in
Proposition 4.1 for Pz, with its perturbation parameter equal to z. These exponents may depend
on L. The exponent p is independent of the accuracy parameter in that proposition.

Define
d1 = 1

4 , dl+1 = 6
5dl,

and choose a finite m ≥ 2 with 2dm > N +R+ 1. Next choose σ > 0 so small that

σ < 1, σ(p1 + 2) < 1, σp < 1
2 , σ < 1

4d1, L−R− σp1 > N. (7.16)

Set
σl = lσ

m− 1 (0 ≤ l ≤ m− 1), sl = zσl−1 , δl = zdl (1 ≤ l ≤ m).
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Thus s1 = 1 and sm = zσ. Fix phase data for F from Lemma 2.2, with reference tensor h0 = γ(F ).
Start with

G1 = (1 − δ2
1)1/2F, Hl = δ−2

l

(
γ(F ) − Pz(Gl)

)
.

The family G1 is uniformly smooth and Pz − γ begins with z, whereas δ2
1 = z1/2. Hence H1 → h0

in every smooth norm. We inductively construct Gl so that

j2Gl, Hl = Osl
(1), Gl → F in C3, Hl → h0 in C0. (7.17)

For l < m, apply Proposition 4.1 at Gl with amplitude δl, scales sl and τ = sl+1, and input
tensor

Hl − (δl+1/δl)2h0.

This tensor lies in the allowed neighborhood for small z. If

κ = min
{

σ

m− 1 ,
1
2

}
> 0,

the smallness parameter of that proposition satisfies

η = sl+1
sl

+ zs−p
l+1 = O(zκ).

Only now choose its finite accuracy ql so large that

dl + κql > 2dl+1.

The other error exponent is positive as well:

3dl − σl − 2dl+1 = 3
5dl − σl > 0.

Thus the increment U supplied by that proposition gives

Pz(Gl + U) = γ(F ) − δ2
l+1h0 + osl+1(δ2

l+1).

Set Gl+1 = Gl + U . Then Hl+1 = h0 + osl+1(1). Furthermore

|j2U |k,sl+1 ≤ Ckz
dl−σl −→ 0, ∥U∥C3 ≤ Czdl−2σl −→ 0.

Bounds on the old terms improve when the weighted scale decreases, so (7.17) is preserved. All
choices are finite. The choice of ql affects only the eventual threshold on z; it does not change p or
the already fixed scales.

Take G = Gm and s = sm. The construction gives

Pz(G) − γ(F ) = Os(z2dm).

With fz = fz[G], equation (7.14) now yields

∥γ(fz) − h∗∥CR ≤ C
(
z2dm−σR + zL−R−σp1

)
= O(zN ). (7.18)

The first exponent exceeds N because 2dm > N + R + 1 and σ < 1; the second was imposed in
(7.16). We also have ∥fz∥Ck = O(z−k) through k = R + 2, and the displayed derivative formulas
prove (7.1) for fz before exact correction. On the exterior fz = G, so fz → F in C3 there. Moreover,
(7.18) and positivity of h∗ guarantee that fz is immersive for small z.
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To check the remaining hypothesis of Proposition 5.1, project C = Fyy to the orthogonal
complement of span(X,Y ). This projection never vanishes: if C = bX + cY , projection to P gives
0 = bV , hence b = 0, contrary to the independence of C, Y . Its length consequently has a positive
minimum on the compact position–phase set. The convergence of (fz)x, (fz)y, (fz)yy implies a
uniform positive lower bound for |Bfz (∂y, ∂y)| on D. The fixed upper bound on the background
length of ∂y converts this to the unit-vector bound. On the exterior the same bound follows from
C2 convergence to F and the nonvanishing of BF .

Proposition 5.1 therefore gives smooth f̃z inducing h∗ with ∥f̃z − fz∥C2 = o(1). This preserves
all the derivative asymptotics, including the scaled xx derivative, and gives the stated exterior C2

convergence. The same argument using the yy component on the disk, and convergence to F on the
exterior, gives the positive second-form lower bound for f̃z.

The primitive metric is now realized exactly. The next section uses the unscaled yy and xy
limits together with the exact Gauss equation to determine the component of Bxx along Byy. The
scaled xx limit controls the complementary normal component. These are precisely the second-form
data needed to preserve the normal and crossing conditions for the remaining disks.

8 Preserving the later boundary conditions
We complete Proposition 3.1. The analytic construction in Proposition 7.1 supplies exact immersions
for γ+ with the leading derivatives of the chosen loop. We must show that their second forms
preserve the later curve conditions and that their preferred normals extend globally. The crossing
calculation below also specifies a turn threshold using only the bounds that were fixed before the
loop’s large derivative.

8.1 The exact second form

Choose the loop of Lemma 6.4, with the turn threshold to be specified below, and let f̃z be
the resulting exact immersions from Proposition 7.1. On the disk their yy second form has the
representation

B
f̃z

(∂y, ∂y) = Sn∗, |n∗| = 1, S > 0,

for all sufficiently small z. Indeed its limiting value is S0n
∗
0 and S0 has a positive minimum. Project

m∗
0 to the line in the new normal plane perpendicular to n∗ and normalize; the resulting m∗ is well

defined and close to m∗
0. Write

B
f̃z

(∂x, ∂y) = D∗n∗ +N∗m∗, k = Kγ+ det(γ+).

The determinant is in the (x, y) coordinates. The Gauss equation gives

Byy = (S, 0), Bxy = (D∗, N∗), Bxx =
(
k + (D∗)2 + (N∗)2

S
, L∗

)
(8.1)

in the orthonormal frame (n∗,m∗). We have used ⟨Bxx, Byy⟩ − |Bxy|2 = k. Thus the exact metric
determines the first component of Bxx from the unscaled yy and xy data. Only its second component,
L∗, requires the scaled xx asymptotic from the realization theorem. The derivative asymptotics of
the exact realization imply, uniformly on D,

S = S0 + o(1), n∗ = n∗
0 + o(1), D∗ = D∗

0 + o(1), N∗ = N∗
0 + o(1),

zL∗ = R0αθ + o(1).
(8.2)
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The final identity follows because Vθ = R0αθm
∗
0 is already normal to the limiting pair (X,Y ).

For later use, write Yi = bi∂x + ci∂y. Formula (8.1) gives the exact identities

S⟨B(Yi, Yi), n∗⟩ = (D∗bi + Sci)2 + (k + (N∗)2)b2
i ,

⟨B(Yi, Yi),m∗⟩ = L∗b2
i + 2N∗bici.

(8.3)

These two expressions separate the two mechanisms of the construction: a large angular velocity
gives a large L∗, whereas at a turn a large transverse derivative gives a large N∗.

8.2 Crossing thresholds without circular choices

At a mutual later crossing inside D, both bi, bl are nonzero. Put

ui = ∂x + ti∂y, ul = ∂x + tl∂y, ti = ci/bi, tl = cl/bl.

The finitely many slopes are bounded. From (8.1), the pure and mixed vectors are

Pi := B(ui, ui) =
(

(N∗)2 + k + (D∗ + Sti)2

S
, L∗ + 2N∗ti

)
,

Pl := B(ul, ul) =
(

(N∗)2 + k + (D∗ + Stl)2

S
, L∗ + 2N∗tl

)
,

Zil := B(ui, ul) =
(

(N∗)2 + k + (D∗ + Sti)(D∗ + Stl)
S

, L∗ +N∗(ti + tl)
)
.

(8.4)

In particular
Zil − Pi = (tl − ti)(D∗ + Sti, N

∗). (8.5)

Choose bounds 0 < s− ≤ S ≤ s+, |D∗| ≤ d+, and |k| ≤ K0 on the entire closed disk and over all
angular values, together with a fixed bound on the finitely many crossing slopes. They can be chosen
before the turn derivative: the limiting bounds for S0, 1/S0, D

∗
0 are independent of that derivative,

and after the loop is fixed, (8.2) transfers slightly enlarged bounds to the exact immersions for
sufficiently small z. There are constants C1, C2 depending only on these bounds such that

⟨Pj , n
∗⟩ ≥ (N∗)2/s+ − C1,〈

Zil,
Pj

|Pj |

〉
≥ (N∗)2/s+ − C2(1 + |N∗|), j = i, l,

(8.6)

whenever the right side of the first line is positive. To see the second line, use ⟨Zil, P̂j⟩ ≥ |Pj | −
|Zil − Pj | and (8.5). In particular these estimates do not depend on L∗.

Also
Kγ+ |ui ∧ ul|2γ+ = k(ti − tl)2.

We can therefore fix a finite threshold T so large that T 2 > K0 + 1 and, when |N∗| > T , both pure
vectors have positive dot with n∗ and both mixed projections in (8.6) exceed√

max{0,−k(ti − tl)2} + 1

at every crossing. Use a margin, for example T + 2, as the turn threshold in Lemma 6.4, and then fix
the loop. No constant used to select this threshold depends on the resulting large value of (hturn)y.
The sufficiently small choice of z may depend on this now fixed loop.
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We next show positivity of both ordered crossing invariants for all small z. If a sequence of
crossing phases tends to a turn, (8.2) gives |N∗| > T , so the preceding estimate applies. If its
limiting phase is not a turn, then |L∗| → ∞, while N∗ stays bounded for the fixed loop. All three
vectors in (8.4) have the same leading second component L∗; hence〈

Zil, P̂i

〉
→ +∞,

〈
Zil, P̂l

〉
→ +∞.

These two cases and compactness of the phase circle give positivity at the finitely many crossings
uniformly for small z. Returning to the original directions changes each ordered invariant by the
positive factor b2

i b
2
l . Indeed pure second forms scale by squares, so their unit directions do not

change even if either b is negative. We have proved

Qil(f̃z) > 0, Qli(f̃z) > 0 at all later mutual crossings in D. (8.7)

8.3 Avoidance along the full curves

We now prove that on every later curve inside the disk, B(Yi, Yi) is nonzero and its unit direction is
not −n∗. Suppose otherwise along a sequence z ↓ 0. At a point of failure the second component in
(8.3) is zero and the first is nonpositive, so

(D∗bi + Sci)2 + (k + (N∗)2)b2
i ≤ 0, L∗b2

i + 2N∗bici = 0. (8.8)

Take a subsequence with limiting position and periodic phase. The limiting bi cannot be zero: the
vector field Yi is nonzero, so then ci ̸= 0 and the first inequality would give S2

0c
2
i ≤ 0. Multiplying

the second equality by z and using (8.2) now forces αθ = 0 at the limiting phase.
In the boundary collar, (6.12) rules out the first inequality of (8.8), even without its nonnegative

(N∗)2b2
i term. On the remaining compact curve portions, the limiting phase must be one of the two

turns and k + (N∗
0 )2 > 0 by the threshold just chosen. This again contradicts the first inequality.

Therefore, for all sufficiently small z,

B(Yi, Yi) ̸= 0, B(Yi, Yi)
|B(Yi, Yi)|

̸= −n∗ on Ci ∩D. (8.9)

This argument needs boundedness of N∗ only for the fixed loop while z tends to zero. Such a bound
may depend on the chosen turn size; it is distinct from the derivative-independent bounds used to
choose that size.

8.4 Adjusting the normal at crossings

It remains to give both pure vectors positive dot product with a preferred normal at each crossing.
If their dots with n∗ are already positive, no change is needed. At each crossing, choose small
neighborhoods of the two turning phases on which |N∗

0 | > T + 1. The uniform limits and (8.6) make
both dot products positive on these neighborhoods for small z. Consequently any crossing requiring
adjustment has phase in their compact complement, where |αθ| has a positive lower bound. There
|L∗| → ∞ uniformly, and the two pure unit vectors are arbitrarily close to the same sign of m∗. For
small z, denote this sign by m and use the path

nt = (1 − t)n∗ + tP̂i

|(1 − t)n∗ + tP̂i|
, 0 ≤ t ≤ 1. (8.10)

This path is defined and avoids the opposite of either pure unit vector. Its numerator has nonnegative
m component, strictly positive for t > 0, whereas the opposite pure vectors have negative m
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component. At t = 0, use n∗ ⊥ m. At the endpoint both required dot products are positive because
P̂i and P̂l are close.

The vectors in this construction extend smoothly to a neighborhood of the crossing. Strictness,
together with compactness of [0, 1], gives a neighborhood on which the whole path remains defined
and avoids the opposite pure directions. Replacing t by a smooth spatial cutoff, equal to one at
the crossing, makes a smooth local normal adjustment. Since there are no triple intersections, its
support can avoid every other curve. The finitely many crossing neighborhoods can be chosen
pairwise disjoint and disjoint from the boundary collar. These changes preserve (8.9); they do not
affect (8.7), whose quantities are independent of the preferred normal.

8.5 Extension through the exterior collar

We finish with a global preferred normal. The exact realization converges to F in C2 on the exterior
of D. Thus the normalized projection of the old normal n to the new normal bundle defines a
smooth unit normal nout there for small z. On a thin exterior collar, the new yy second form
is nonzero and its unit direction n∗ is close to the old direction Â0. By (3.3), Â0 and n are not
antipodal on C0. After narrowing the collar, the normalized convex interpolation between n∗ and
nout is consequently defined. Use it to match the unchanged n∗ near the disk boundary to nout
farther outside.

We check the later curves during this interpolation. At an old crossing Ci ∩ C0, the Gauss
interpretation (3.2) gives

⟨A0(F ), Ai(F )⟩ = |BF (Y0, Yi)|2 +Kγ |Y0 ∧ Yi|2γ ≥ Q0i(F ) > 0. (8.11)

Thus both old endpoint normals have positive dot product with the later pure vector: one by this
inequality, and the other by (3.3). Continuity and exterior C2 convergence retain positivity near
these crossings for the new immersion, and convex interpolation preserves it. A sufficiently thin
collar meets later curves only in these crossing neighborhoods. It can avoid all later mutual crossings.
Away from the disk and collar, every old strict condition persists by exterior C2 convergence and
compactness. The resulting normal n+ is global and satisfies all of (3.3) for the later indices.

The second fundamental form is nonzero on the disk because S > 0, and it is nonzero on the
exterior by C2 convergence to F . Choose z small enough for these properties, all the finite crossing
conditions, and the prescribed exterior error ε. The exact metric is γ+ by Proposition 7.1. This
completes the proof of Proposition 3.1.

All frame orientations in this argument were chosen inside a coordinate disk. The global object
carried from one step to the next is only the unit section n+ of the normal bundle. The construction
therefore applies equally to orientable and nonorientable surfaces.

9 Global preparation and finite assembly
We now arrange a finite sequence of primitive additions to which Proposition 3.1 applies. The
main point is the order of the choices. The initial immersion will be modified at the crossings of
the support boundaries, although those boundaries depend on the number of primitive additions.
Uniform second-derivative bounds for the initial modification allow us to choose the number of
additions first.

The assertion is immediate if M is empty. The connected components of a smooth manifold
are open. Compactness therefore implies that M has only finitely many components. It suffices
to carry out the construction on each component: the resulting maps together define one smooth
isometric immersion on M . We may thus assume in this section that M is connected.
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9.1 A spherical starting immersion

Every closed smooth surface admits an ordinary smooth immersion into S3. Indeed, the two-
dimensional case of Whitney’s immersion theorem gives a C1 immersion into R3 [17, Theorem 8,
p. 274]. Approximation in C1 by a smooth map preserves injectivity of the differential on a compact
domain. Such an approximation can be obtained by mollifying in finitely many charts and combining
the approximations with a smooth partition of unity. Finally, inverse stereographic projection is a
diffeomorphism from R3 onto a punctured S3. Neither step requires an orientation of the surface.

For an immersion I : M → S3, denote its second fundamental form in S3 by BS3
I , regarded as

an R4-valued tensor. This notation avoids any choice of unit normal to the surface in S3.

Lemma 9.1 (Finite-point spherical preparation). Let M be a closed smooth surface and let
I : M → S3 be a smooth immersion. There are constants C, c > 0 and ε0 > 0 with the following
property. For every finite set P ⊂ M and every 0 < ε < ε0, there is a smooth immersion
IP : M → S3 such that

BS3
IP

(p) = 0 (p ∈ P ), ∥IP − I∥C1 < ε, ∥IP ∥C2 ≤ C, I∗
P δ4 ≥ c gbg,

where gbg is the fixed background metric. The constants are independent of the number and separation
of the points of P .

Proof. Choose a finite atlas with precompact smaller charts covering M . For each p ∈ P , use
one of these charts, translated so that p has coordinates u = 0. Choose radii rp > 0 so that the
corresponding coordinate balls have pairwise disjoint closures and lie in the larger charts. Let χ be
a fixed smooth bump, equal to one near zero and supported in the unit ball. In the chart at p, put

Qp(u) = −1
2χ(u/rp)

2∑
i,j=1

BS3
I (∂i, ∂j)(p)uiuj ,

and extend this function by zero. Set

J = I +
∑
p∈P

Qp, IP = J

|J |
.

For sufficiently small radii, |J | stays uniformly away from zero.
At p, the value and first derivative of Qp vanish and ∂i∂jQp = −BS3

I (∂i, ∂j)(p). The latter vector
is tangent to S3 at I(p) and normal to dI(TpM). The derivative of v 7→ v/|v| at I(p) is projection
to TI(p)S

3. Comparing its second-derivative chain rule for J and for I therefore gives

dIP (p) = dI(p), ∂i∂jIP (p) = ∂i∂jI(p) −BS3
I (∂i, ∂j)(p).

Thus the spherical normal part of the second derivative vanishes at p.
The C0, C1, C2 norms of Qp are bounded respectively by C0r

2
p, C0rp, C0, with C0 uniform in p.

Since the supports are disjoint, the corresponding norms of the sum are bounded by the maximum
of these bounds, up to the fixed atlas constants. Normalization has uniformly bounded derivatives
on the range in question. Taking the radii small gives the prescribed C1 closeness and a uniform
C2 bound. Compactness and the immersion property of I then give the metric lower bound and
preserve immersion, after fixing ε0 sufficiently small.
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Only the first two derivatives are controlled uniformly in this lemma. Higher derivatives may
grow when the points are close together. The preparation below uses only the stated bounds;
constants requiring higher derivatives will be chosen after the finite set has been fixed.

For later use, consider F 0 = λIP , where λ > 0, and write γ0 = γ(F 0). The vector field n0 = −IP

is a global unit normal in R4. The second fundamental forms satisfy

BF 0(v, w) = λBS3
IP

(v, w) + λ−1γ0(v, w)n0. (9.1)

In particular, ⟨BF 0(v, v), n0⟩ > 0 for v ̸= 0. At each point of P , the first term vanishes and the
Gauss equation gives Kγ0 = λ−2. For any nonzero vectors Yi, Yl at such a point, the quantity in (3.3)
is consequently

Qil = λ−2(γ0(Yi, Yl)2 + |Yi ∧ Yl|2γ0
)

= λ−2γ0(Yi, Yi)γ0(Yl, Yl) > 0. (9.2)

This identity also holds when the two vectors are proportional.

9.2 A finite list with prescribed intermediate metrics

Lemma 9.2 (Global primitive preparation). Let (M, g) be a closed smooth Riemannian surface.
There exist a smooth immersion F 0 : M → R4, a smooth unit normal n0, and a finite list

(Dj , xj , yj , aj), 1 ≤ j ≤ K,

with the following properties. Each Dj is a coordinate disk with smooth boundary Cj; (xj , yj) are
coordinates on a neighborhood of Dj; and aj is smooth, positive on Dj, and zero on its exterior. Set
Yj = ∂yj and

γj = γ(F 0) +
j∑

i=1
a2

i (dxi)2, γ0 = γ(F 0).

Then:
1. γK = g, and Hessγj−1 xj(Yj , Yj) > 0 on Dj.

2. The boundaries are pairwise transverse and have no triple intersection. For i ̸= j, Yj is tangent
to Ci at only finitely many points of Dj. At Ci ∩Cl ∩Dj, with i, l, j distinct, both dxj(Yi) and
dxj(Yl) are nonzero.

3. BF 0 is nowhere the zero tensor, and F 0, n0 satisfy all boundary conditions (3.3) for this list.

Proof. Fix a spherical immersion I and the uniform family of modifications in Lemma 9.1, without
yet specifying the finite set. We make the choices below uniformly for this family.

Metric and cone margins. At any point, take a g-orthonormal coframe e1, e2 and the covectors

ℓ1 = e1, ℓ2 = −1
2e

1 +
√

3
2 e

2, ℓ3 = −1
2e

1 −
√

3
2 e

2.

Their squares form a basis of symmetric tensors and g = 2
3
∑

r ℓ
2
r at that point. On the compact

sets in the fixed atlas, these triples have uniform bounds, inverse-basis bounds, and a uniform
neighborhood in which all three coefficients remain positive. Choose λ > 0 sufficiently small that,
for every allowed modification Ī, the metrics

γ0
Ī

= λ2Ī∗δ4, hĪ = g − γ0
Ī
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are positive, and hĪ lies within this fixed cone margin around g. This one scaling works for all
centers subsequently chosen. The paths

γĪ,s = γ0
Ī

+ shĪ , 0 ≤ s ≤ 1,

have uniform positive metric lower bounds and uniform C1 bounds. Their Christoffel symbols in
the fixed atlas are therefore uniformly bounded.

Convex phases and disks. In background coordinates u centered at a disk center, replace the
linear phases by

xr(u) = ℓr · u+ 1
2L|u|2.

For every metric in the above family,

(Hessγ xr)ab = Lδab − Γc
ab(γ)(ℓr,c + Luc).

Choose L large using the uniform connection and covector bounds, and then choose radii so small
that L|u| is small on the enlarged disks. The displayed Hessians are uniformly positive definite
there. Shrinking further preserves the positive basis decompositions of hĪ and the nonvanishing of
dxr. A linear complementary coordinate yr makes (xr, yr) a chart: along each line slice with fixed
yr, the derivative of xr in the ℓr direction is strictly positive. Take finitely many such disks Dν

covering M , with their closures inside the enlarged charts.
Let q0

νr be the smooth linear coefficient forms determined by the three unperturbed phase squares
on the enlarged disk. Thus

H =
3∑

r=1
q0

νr(H)(dxνr)2

for every symmetric tensor there, and the coefficients of every hĪ have a uniform positive lower
bound. Choose smooth nonnegative functions ψν , positive exactly on Dν , with

∑
ν ψ

2
ν = 1. To

obtain them, take flat positive bumps on the disks and divide by the square root of the sum of their
squares. The sum is positive because the disks cover M .

Perturbed cycles and their exact amplitudes. One cycle consists of the finite disk/triple
list. Permit small independent changes of each disk radius and of each phase’s linear part, leaving
its quadratic part fixed. A small dilation gives a cutoff ψj positive exactly on the changed disk
and close to the old cutoff in C1. Restrict the perturbations so that the charts, cone margins and
positive phase Hessians for all path metrics retain uniform strict margins. For each perturbed cycle,
indexed by c starting at zero, define its own bundle endomorphism of Sym2 T ∗M by

Ac(H) =
∑

j=(ν,r) in cycle c

ψ2
j q

0
νr(H)(dxj)2.

The terms extend smoothly by zero. At zero perturbation, Ac = Id. Hence, in a sufficiently
small fixed perturbation neighborhood, Ac is invertible with a uniformly bounded C1 inverse. For
example, the derivative bound follows in local frames from d(A−1

c ) = −A−1
c (dAc)A−1

c . Shrinking
that neighborhood preserves a uniform positive lower bound for q0

νr(A−1
c hĪ).

If there are Nc cycles, define the amplitudes for j in cycle c by

aj = N−1/2
c ψj

√
q0

νr(A−1
c hĪ). (9.3)
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The square root is smooth on a neighborhood of the cutoff support. Thus aj extends smoothly by
zero and is positive exactly on its disk. The defining endomorphism gives the exact identity∑

j in cycle c

a2
j (dxj)2 = N−1

c Ac(A−1
c hĪ) = N−1

c hĪ . (9.4)

Every tensor on the left has C1 norm at most C/Nc, uniformly over allowed starting modifications
and all permitted perturbations. The number of terms in one cycle is fixed. Consequently every
partial cycle differs from its starting path metric γ0

Ī
+ (c/Nc)hĪ by at most C ′/Nc in C1, where c is

the number of completed cycles. All partial metrics are uniformly positive. On this bounded set,
the Christoffel symbols are Lipschitz functions of the metric coefficients and their first derivatives.
Choose Nc large enough that the Hessian change caused by a partial cycle is less than half the fixed
positive margin. Every phase then has positive Hessian for the metric immediately before its own
addition. This choice does not depend on the crossing set.

At this stage the number of terms and the admissible perturbation neighborhoods are fixed.
It remains to choose the perturbations and the particular starting map; all of the estimates just
proved hold for those choices.

Boundary and phase transversality. Write ρi for the squared coordinate radius defining the
ith disk. For each pair of disks, apply Sard’s theorem [16, Theorem 4.1, p. 885] to (ρi, ρl) on the
overlap of their enlarged charts. Outside a null set of level pairs, the boundary curves intersect
transversely. For each triple, the image of (ρi, ρl, ρj) has three-dimensional measure zero. Indeed,
on a compact coordinate box this smooth map has bounded derivative; a cover by O(ϵ−2) squares
of side ϵ gives an image cover by cubes of total volume O(ϵ). Countable compact exhaustion proves
the assertion on the overlap. Squaring the positive radii is a smooth change of parameters with a
locally Lipschitz inverse. Each exceptional set remains null when lifted to the finite product of the
other allowed radius intervals. There are only finitely many pairs and triples, so their exceptions
can be avoided simultaneously in every permitted open parameter box. Repeated copies of the same
disk cause no difficulty: distinct nearby radii give disjoint boundaries. The resulting boundaries are
compact embedded circles, and their transverse pairwise intersections are finite.

Keep these boundaries fixed and vary the phase linear parts. On a regular parametrized boundary
arc u(t) in the enlarged phase chart Uj , put

H(t, ℓ) = d

dt
xℓ(u(t)) = (ℓ+ Lu(t)) · u′(t).

Since ∂ℓH = u′(t) ̸= 0, the set Z = {H = 0} is a smooth two-dimensional surface in the three
variables (t, ℓ). Its tangent equation

Ht ṫ+ ∂ℓH · ℓ̇ = 0

shows that the projection Z → R2
ℓ is singular precisely when Ht = 0. Sard’s theorem in countably

many coordinate charts of Z therefore excludes a null set of linear-phase parameters, outside which
every critical point of the restricted phase is nondegenerate. Use a countable collection of boundary
arcs covering the entire open set Ci ∩ Uj . The set Ci ∩Dj is compact and lies inside Uj ; an infinite
sequence of critical points there would accumulate at another critical point and contradict its
nondegeneracy. Thus there are only finitely many tangencies of ker dxj , equivalently Yj , to Ci on
this compact portion.

At each already fixed crossing p ∈ Ci ∩ Cl ∩Dj , require dxj(p) to be nonproportional to both
dxi(p) and dxl(p). Holding the other phase parameters fixed, each forbidden choice of ℓj lies on a
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proper affine line: varying ℓj varies dxj(p) arbitrarily, and all phase covectors remain nonzero in the
allowed neighborhood. Fubini’s theorem makes these exceptions null in the full phase parameter
space. The preceding single-phase exceptions remain null there as well. Since there are finitely many
index pairs and crossings, all these requirements can be satisfied simultaneously in every permitted
open parameter box. In two dimensions the determinant conditions say exactly dxj(Yi) ̸= 0 and
dxj(Yl) ̸= 0 at these crossings.

The final choice of the starting map. Let P be the finite set of all boundary crossings just
selected. Apply Lemma 9.1 to this set, and set F 0 = λIP , n0 = −IP and h = g − γ(F 0). Use this
actual h in (9.3). The uniform family bounds ensure that all previous cone, cycle and Hessian
estimates remain valid. Summing (9.4) over the Nc cycles gives γK = γ0 + h = g.

Equation (9.1) gives a positive dot product with n0 for every pure second-form direction,
everywhere on M . It implies nonvanishing of BF 0 and the non-antipodality conditions on all the
boundaries. At every crossing, (9.2) gives both ordered inequalities Qil > 0 and Qli > 0. This
proves all the assertions.

9.3 Completion of the global construction

Proof of Theorem 1.1. Take the finite list supplied by Lemma 9.2. Starting from F 0, n0, apply
Proposition 3.1 to D1, x1, y1, a1, with the remaining boundaries as the later curves. The proposition
produces a smooth immersion with metric γ1, a global preferred unit normal, a nowhere-zero
second-form tensor, and the boundary conditions for all remaining indices.

Inductively, before step j, the current metric is exactly γj−1. Its required phase-Hessian
inequality was established in Lemma 9.2; the curve and direction conditions are fixed throughout
the construction. The previous primitive step supplies the other hypotheses. Thus the proposition
applies at each of the finitely many steps. Its constants and oscillation parameters are chosen for
the current fixed smooth data; no uniform higher-derivative bounds over different steps are needed.

The resulting smooth map FK has

(FK)∗δ4 = γK = g.

Since g is positive definite, dFK is injective at every point. This is the required isometric immersion.
All maps and corrections were constructed on M . The starting normal was the radial section

−IP , and Proposition 3.1 propagates a single global normal section using local disk constructions
and exterior C2 closeness. It does not require the new map to equal the old map on the exterior.
Neither a global oriented normal frame nor an orientation of M was used, so the argument includes
nonorientable surfaces.

39



References
[1] Élie Cartan. Sur la possibilité de plonger un espace riemannien donné dans un espace euclidien.

Annales de la Société Polonaise de Mathématique, 6:1–7, 1927. Volume year 1927; volume
imprint 1928. https://mccuan.math.gatech.edu/courses/6455/Cartan1927.pdf.

[2] Gustave Choquet. Les travaux de Nash et Kuiper sur le plongement isométrique des C1-
variétés riemanniennes dans l’espace euclidien. In Séminaire Bourbaki, 1956–1958, volume 4,
pages 139–149. Société Mathématique de France, 1958. Exposé no. 147, May 1957. https:
//www.numdam.org/item/SB_1956-1958__4__139_0/.

[3] Mikhael Gromov. Partial Differential Relations, volume 9 of Ergebnisse der Mathematik und
ihrer Grenzgebiete (3). Springer-Verlag, Berlin–Heidelberg, 1986. https://doi.org/10.1007/
978-3-662-02267-2.

[4] Misha Gromov. Spaces and questions. Geometric and Functional Analysis, Special Volume,
Part I:118–161, 2000. Author manuscript, November 1999: https://www.ihes.fr/~gromov/
wp-content/uploads/2018/08/SpacesandQuestions.pdf.

[5] Misha Gromov. Geometric, algebraic and analytic descendants of Nash isometric embedding
theorems. Author manuscript, October 9, 2015, 2015. https://www.ihes.fr/~gromov/
wp-content/uploads/2018/08/nash-copy-Oct9.pdf.

[6] Richard S. Hamilton. The inverse function theorem of Nash and Moser. Bulletin of the
American Mathematical Society (New Series), 7(1):65–222, 1982. https://doi.org/10.1090/
S0273-0979-1982-15004-2.

[7] Maurice Janet. Sur la possibilité de plonger un espace riemannien donné dans un espace
euclidien. Annales de la Société Polonaise de Mathématique, 5:38–43, 1926. Volume year 1926;
catalog imprint 1927. https://rcin.org.pl/dlibra/publication/31746/edition/15034.

[8] Anders Källén. Isometric embedding of a smooth compact manifold with a metric of low
regularity. Arkiv för Matematik, 16(1):29–50, 1978. https://doi.org/10.1007/BF02385981.

[9] N. H. Kuiper. On C1-isometric imbeddings. I. Nederl. Akad. Wetensch. Proc. Ser. A, 58:545–556,
1955. Also Indagationes Mathematicae 17 (1955).

[10] Marta Lewicka. Full flexibility of isometric immersions of metrics with low Hölder regularity in
Poznyak theorem’s dimension, 2026. Version 3, submitted August 14, 2026; manuscript dated
August 17, 2026. https://arxiv.org/abs/2511.16305v3.

[11] Jürgen Moser. A rapidly convergent iteration method and non-linear partial differential
equations—I. Annali della Scuola Normale Superiore di Pisa, Classe di Scienze, 20(2):265–315,
1966. https://numdam.org/item/ASNSP_1966_3_20_2_265_0/.

[12] John Nash. C1-isometric imbeddings. Annals of Mathematics. Second Series, 60(3):383–396,
1954. https://doi.org/10.2307/1969840.

[13] John Nash. The imbedding problem for Riemannian manifolds. Annals of Mathematics. Second
Series, 63(1):20–63, 1956. https://doi.org/10.2307/1969989.

40

https://mccuan.math.gatech.edu/courses/6455/Cartan1927.pdf
https://www.numdam.org/item/SB_1956-1958__4__139_0/
https://www.numdam.org/item/SB_1956-1958__4__139_0/
https://doi.org/10.1007/978-3-662-02267-2
https://doi.org/10.1007/978-3-662-02267-2
https://www.ihes.fr/~gromov/wp-content/uploads/2018/08/SpacesandQuestions.pdf
https://www.ihes.fr/~gromov/wp-content/uploads/2018/08/SpacesandQuestions.pdf
https://www.ihes.fr/~gromov/wp-content/uploads/2018/08/nash-copy-Oct9.pdf
https://www.ihes.fr/~gromov/wp-content/uploads/2018/08/nash-copy-Oct9.pdf
https://doi.org/10.1090/S0273-0979-1982-15004-2
https://doi.org/10.1090/S0273-0979-1982-15004-2
https://rcin.org.pl/dlibra/publication/31746/edition/15034
https://doi.org/10.1007/BF02385981
https://arxiv.org/abs/2511.16305v3
https://numdam.org/item/ASNSP_1966_3_20_2_265_0/
https://doi.org/10.2307/1969840
https://doi.org/10.2307/1969989


[14] OpenAI. A Smooth Metric with No Local Isometric Immersion into Three-Space. OpenAI
Math Release preprint OAI:A-Smooth-Metric-with-No-Local-Isometric-Immersion-into-Three-
Space-September-24-2026, 2026.

[15] E. G. Poznyak. Isometric immersions of two-dimensional Riemannian metrics in euclidean
space. Russian Mathematical Surveys, 28(4):47–77, 1973. https://doi.org/10.1070/
RM1973v028n04ABEH001591.

[16] Arthur Sard. The measure of the critical values of differentiable maps. Bulletin of
the American Mathematical Society, 48(12):883–890, 1942. https://doi.org/10.1090/
S0002-9904-1942-07811-6.

[17] Hassler Whitney. The singularities of a smooth n-manifold in (2n − 1)-space. Annals of
Mathematics. Second Series, 45(2):247–293, 1944. https://doi.org/10.2307/1969266.

41

https://github.com/openai/math/blob/main/preprints/A-Smooth-Metric-with-No-Local-Isometric-Immersion-into-Three-Space-September-24-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/A-Smooth-Metric-with-No-Local-Isometric-Immersion-into-Three-Space-September-24-2026/paper.pdf
https://doi.org/10.1070/RM1973v028n04ABEH001591
https://doi.org/10.1070/RM1973v028n04ABEH001591
https://doi.org/10.1090/S0002-9904-1942-07811-6
https://doi.org/10.1090/S0002-9904-1942-07811-6
https://doi.org/10.2307/1969266

	Introduction
	Context
	The construction
	Organization

	Normal geometry and admissible phases
	The primitive metric addition
	Small oscillatory metric increments
	Weighted bounds and the increment statement
	The conjugated linearized equation
	A fixed exponent for polynomial perturbations
	The quadratic mean and its finite adjustment
	Cancellation and the cubic remainder

	An exact smooth correction
	Smoothing with a finite input bound
	A recurrence at every derivative order
	Initialization and passage through the derivative orders

	A velocity circle with controlled turns
	The plane and the leading metric
	A prescribed mean and smooth vanishing
	A small function with a prescribed transverse derivative
	Uniform normal bounds and the choice at turns

	Realizing the primitive metric addition
	Removing the oscillating coefficients
	Correcting the mean and selecting the scales

	Preserving the later boundary conditions
	The exact second form
	Crossing thresholds without circular choices
	Avoidance along the full curves
	Adjusting the normal at crossings
	Extension through the exterior collar

	Global preparation and finite assembly
	A spherical starting immersion
	A finite list with prescribed intermediate metrics
	Completion of the global construction


