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Abstract
Every nonexpansive selfmap of a nonempty closed bounded convex subset of a real reflexive

Banach space has a fixed point. This resolves the reflexive-space fixed point problem for the
given norm.

1 Introduction
A Banach space has the fixed point property for nonexpansive maps if every nonexpansive selfmap of
each nonempty closed bounded convex subset has a fixed point. Here nonexpansiveness is measured
in the given norm. We prove the following theorem.

Theorem 1.1. Let X be a real reflexive Banach space, and let C ⊆ X be nonempty, norm closed,
bounded, and convex. If F : C → C satisfies

∥F (a) − F (b)∥ ≤ ∥a − b∥ (a, b ∈ C),

then F has a fixed point.

Theorem 1.1 establishes the positive assertion in the reflexive-space fixed point problem for the
given norm.

Bruck’s theorem for commuting families gives a further consequence.

Corollary 1.2 (Commuting families). Let X be a real reflexive Banach space, and let C ⊆ X be
nonempty, norm closed, bounded, and convex. For any pairwise commuting family S of nonexpansive
selfmaps of C, the common fixed set

Fix(S) = {x ∈ C : T (x) = x for every T ∈ S}

is nonempty and is a nonexpansive retract of C. That is, there is a nonexpansive map R : C → Fix(S)
that is the identity on Fix(S).

Proof. For the empty family, take R = idC . Otherwise, Theorem 1.1 applies to every nonempty
closed bounded convex subset D of C, since a relatively norm-closed subset of the norm-closed set
C is norm closed in X. Thus C has Bruck’s hereditary fixed point property and, by taking D = C,
the fixed point property. If f : C → C is nonexpansive and such a subset D is f -invariant, the same
theorem applied to f |D gives a fixed point in D. Hence C also has Bruck’s conditional fixed point
property. The ordinary fixed point and conditional fixed point properties just proved, together with
weak compactness of C by reflexivity, satisfy the corresponding hypotheses of Bruck [3, Theorem 1].
That theorem gives the claimed nonempty nonexpansive retract.
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The classical results of Browder and Göhde prove the fixed point property for uniformly convex
spaces [2, 10]. Kirk’s theorem applies when the closed bounded convex domain C in a reflexive
space has normal structure [14]: every convex subset D ⊆ C with more than one point must contain
a point a with supz∈D∥a − z∥ < diam D. Kirk’s proof uses the minimal invariant set reduction
employed below, with the normal-structure and center ideas of Brodskĭı and Milman credited there
[14, p. 1004]. Karlovitz subsequently proved the fixed point property for a particular norm on ℓ2
without normal structure [13]. Thus these geometric conditions give sufficient criteria, but normal
structure is not necessary for the property.

Further results established the property for substantial classes beyond the uniformly convex case.
Maurey proved it for reflexive subspaces of L1 in the inherited norm [16, Theorem 1]. Lin proved
the weak fixed point property for spaces with a 1-unconditional basis, meaning that changing signs
of basis coefficients preserves the norm [15, Theorem 1]. Here the weak fixed point property restricts
the domains to weakly compact convex sets; in a reflexive space it is equivalent to the property
considered here. García-Falset, Llorens-Fuster, and Mazcuñán-Navarro proved the property for
uniformly nonsquare spaces [8]; see also the proof of Dowling et al. [6]. This condition requires a
uniform gap below 1 in at least one of ∥(a + b)/2∥ and ∥(a − b)/2∥ for every pair a, b in the unit
ball. These theorems concern the specified norm, with additional structure.

Two other results distinguish the hypotheses of Theorem 1.1. Alspach constructed a weakly
compact convex subset of L1[0, 1] with a fixed-point-free nonexpansive selfmap [1]. Weak compactness
of the domain in an arbitrary Banach space is therefore insufficient. Domínguez Benavides proved
that every reflexive Banach space admits an equivalent norm with the fixed point property [5,
Corollary 1]. A change of norm can change which maps are nonexpansive; the theorem here concerns
the original norm.

Hanebaly previously proposed a proof of this same original-norm assertion [11, Theorem 1], and
subsequently announced a further proof [12]. More recent discussion of the general question appears
in Nourouzi [17, Section 1], who records it as unresolved. These statements of the literature are
distinct from the argument given here. Our proof proceeds through an adaptive anchor, compact
families of predicted outputs, and weighted switching on a tree.

The argument. Suppose a counterexample exists. The classical minimal invariant set method
reduces the problem to a separable weakly compact convex set K of diameter one. Approximate
fixed points in K become asymptotically diametral: their distance from every prescribed point of K
tends to one. This is the Goebel–Karlovitz lemma [9, 13], proved in Lemma 2.3 below.

The proof uses this diametral behavior through two constructions. First, a compact semigroup of
nonexpansive maps provides an anchor x ∈ K. Finite convex combinations of increasingly accurate
approximate fixed point images of x can return arbitrarily close to x, even when the accuracy
required at each choice depends on all previous choices. Second, these images label an ordered
tree. At each node, a compact family contains the required weak limits of ideal root outputs, with
parameters for the convex coefficients still to be chosen. These outputs model the state after a
prescribed block of leaves has been replaced by a common approximate fixed point.

Replacing the leaves from right to left gives a sequence of actual root outputs. Their consecutive
differences telescope, although the maps defining the tree are nonlinear. Weighted estimates for
these differences produce, at every finite depth, one vector detected by all the functionals along a
branch. A summable error budget controls the total weighted deficit without a lower bound on the
individual branch weights. Finally, weak compactness of the unit ball of span(K − K) gives one
vector detected along an infinite branch, while the same functionals tend pointwise to zero on that
space.
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The adaptive choice of the anchor images, the compact families of predicted outputs, and the
weighted telescoping estimate are the parts of the argument that go beyond the classical diametral
reduction. They are formulated separately so that their dependence on convexity, nonexpansiveness,
and compactness is explicit. Section 2 supplies the compactness and separation facts used throughout,
with their proofs in Appendix A; Sections 3 and 4 construct the anchor and tree; Section 5 proves
the switching estimate and completes the contradiction.

2 Weak compactness and a minimal invariant set
We first record the functional-analytic facts needed below, including their compactness ingredients.
The weak topology of a normed space is the topology generated by its continuous linear functionals.
Its continuous dual X∗ carries the operator norm, and X∗∗ = (X∗)∗. Reflexivity means that the
canonical map JX : X → X∗∗, defined by (JXx)(f) = f(x), is onto. We write convA for the
norm-closed convex hull of A.

Lemma 2.1. Let X be a real normed space.
1. Every v ∈ X has a norming functional: there is f ∈ X∗ with ∥f∥ ≤ 1 and f(v) = ∥v∥. Every

norm-closed convex set is weakly closed, and the norm is weakly lower semicontinuous.
2. On a finite Cartesian power of X, the weak topology is the product weak topology. The norm

and weak closures of a convex set coincide.
3. If X is reflexive and complete, every norm-closed bounded convex subset of X is weakly compact.

Arbitrary products of compact Hausdorff spaces are compact.

The proof, including the compactness details, is given in Appendix A.
Throughout, N = {1, 2, . . .}. We use the following limit convention. A proper filter is a family

of subsets closed under finite intersections and supersets, containing the whole set but not the
empty set. An ultrafilter is maximal under inclusion among proper filters. Fix an ultrafilter U on N
extending the filter of cofinite sets. It contains no finite set and is therefore free. For a sequence
(aj), the notation a = limj→U aj means that {j : aj ∈ V } ∈ U for every neighborhood V of a. The
existence of such U , and existence and uniqueness of these limits in compact Hausdorff spaces, are
proved in Appendix A.

Lemma 2.2. If Theorem 1.1 fails, there are a nonempty separable, weakly compact convex set K
and a nonexpansive map T : K → K without a fixed point such that K has no proper nonempty
norm-closed convex T -invariant subset. We may take diam K = 1 by scalar normalization. Moreover,
the weak topology on K is metrizable. For

Y = span(K − K), BY = {y ∈ Y : ∥y∥ ≤ 1},

the ball BY is weakly compact, and Y is separable.

Proof. Start with a fixed-point-free map F : C → C as in the theorem and a point a ∈ C. Set
C0 = {a} and Cn+1 = conv(Cn ∪ F (Cn)). These sets are increasing and separable: continuous
images of separable sets are separable, and rational convex combinations of a countable dense set
are dense in its convex hull. Hence C ′ =

⋃
n Cn is separable, bounded, closed, and convex. Norm

continuity of F gives F (C ′) ⊆ C ′, and Lemma 2.1 makes C ′ weakly compact.
Every decreasing chain of nonempty norm-closed convex invariant subsets of C ′ has a nonempty

intersection, by weak compactness and the finite intersection property. The intersection is again
closed, convex, and invariant. Zorn’s Lemma, with inclusion reversed, therefore supplies a minimal
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such set K. Put T = F |K . Its diameter d is positive, since a singleton invariant set would give a
fixed point. From now on express distances in units of d, writing ∥·∥ for the original norm divided
by d. This scalar normalization preserves the topologies, nonexpansiveness, and fixed points; it
makes diam K = 1.

Choose a norm-dense sequence (zi)i≥1 in K. Its pairwise differences have dense linear span in
Y , so Y is separable. Choose a dense sequence (uj) in the unit sphere of Y and norming functionals
gj ∈ X∗ for these vectors. They separate points of Y : if ∥v∥ = 1 and ∥v − uj∥ < 1/2, then
gj(v) > 1/2. Thus the map a ↦ (gj(a))j≥1 continuously injects weakly compact K into RN. The
latter is metrizable, for example by

∑
j 2−j min{1, |sj − tj |}. The injection is a homeomorphism

onto its image, since compact subsets of a Hausdorff space are closed. Hence the weak topology on
K is metrizable. Finally BY is a norm-closed bounded convex subset of X, so is weakly compact by
Lemma 2.1. Its inherited weak topology equals its intrinsic weak topology: restriction gives one
inclusion of continuous functionals, and the extension argument in Lemma 2.1 gives the other.

We argue by contradiction for the remainder of the proof and fix K, T, Y , and (zi) as in
Lemma 2.2. A sequence (uj) in K is an approximate fixed point sequence if ∥Tuj − uj∥ → 0. The
next lemma is the diameter lemma of Goebel and Karlovitz [9, 13]; we include its proof. Karlovitz
also records independent development of this lemma by P. M. Fitzpatrick [13, p. 159].

Lemma 2.3. Every approximate fixed point sequence (uj) satisfies

lim
j→∞

∥uj − z∥ = 1 (z ∈ K).

Proof. First K = convT (K): this hull is nonempty and contained in K, and its image under T is
contained in T (K) and hence in the hull. Minimality applies. Consider on K the functions

s(z) = sup
w∈K

∥z − w∥, r(z) = lim sup
j

∥z − uj∥.

Both are convex and 1-Lipschitz. For a fixed center, the distance function is convex and continuous,
so its supremum is unchanged on passing to a norm-closed convex hull. The hull identity and
nonexpansiveness give

s(Tz) = sup
w∈K

∥Tz − Tw∥ ≤ s(z), r(Tz) ≤ r(z),

where the second inequality also uses ∥Tuj − uj∥ → 0. Every nonempty sublevel set of either
function is norm closed, convex, and invariant. If the function had two different values, a sublevel
strictly between them would contradict minimality. Both functions are therefore constant, and s = 1
because its supremum is diam K. Write r = R ≤ 1.

Take the weak U-limit a ∈ K of (uj). For every z ∈ K and η > 0, all sufficiently large j satisfy
∥z − uj∥ ≤ R + η. The corresponding closed ball is weakly closed and the cofinite sets belong to U ,
so ∥z − a∥ ≤ R + η. Letting η decrease to zero and taking the supremum over z gives 1 = s(a) ≤ R,
hence R = 1. This argument applies to every subsequence of (uj), since each is again an approximate
fixed point sequence. As all distances are at most 1, a failure of the asserted limit would give a
subsequence bounded above by 1 − η for some η > 0, contradicting its limsup of 1.

Lemma 2.4. For every nonempty norm-compact set E ⊆ K and every ε > 0, there exists δ > 0
such that each y ∈ K with ∥Ty − y∥ ≤ δ admits a single f ∈ X∗, ∥f∥ ≤ 1, satisfying

f(y − z) ≥ 1 − ε (z ∈ E).
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Proof. Choose an ε/2-net a1, . . . , am in E and set a = m−1 ∑m
i=1 ai ∈ K. Lemma 2.3 implies that,

for some δ > 0,
∥Ty − y∥ ≤ δ =⇒ ∥y − a∥ ≥ 1 − ε

2m
.

Indeed, otherwise choosing a violating point with defect at most 1/j for each j would contradict
that lemma. Choose a norming functional f for y − a. The numbers f(y − ai) are all at most 1,
whereas their sum is mf(y − a) ≥ m − ε/2. Each is therefore at least 1 − ε/2. For z ∈ E, take ai

with ∥z − ai∥ < ε/2 and use ∥f∥ ≤ 1 to obtain the claimed bound.

3 An anchor for successive choices
We construct a point x ∈ K and a family of nonexpansive maps whose images of x have two
useful properties. Their fixed point defects can be made arbitrarily small, even after additional
requirements have been imposed by earlier choices, and finite convex combinations of these images
can return arbitrarily close to x in norm. The construction uses compactness in a space of maps;
finite simultaneous approximation in norm will justify the compositions that occur there.

3.1 Resolvents and displacement estimates

We begin with the classical resolvent construction; see Goebel [9, pp. 75–76].

Lemma 3.1 (Resolvents). For every n ≥ 1 and a ∈ K, there is a unique point Rn(a) ∈ K satisfying

Rn(a) = a

n
+

(
1 − 1

n

)
TRn(a). (3.1)

The map Rn : K → K is nonexpansive, and

∥TRn(a) − Rn(a)∥ ≤ 1
n

, ∥Rn(a) − a∥ ≤ (n − 1)∥Ta − a∥ (a ∈ K). (3.2)

Proof. For n = 1, the defining equation gives R1(a) = a. For n > 1, the map

u ⟼ a

n
+

(
1 − 1

n

)
Tu

takes the complete set K into itself and has Lipschitz constant q = 1 − 1/n < 1. Starting from any
point of K, its iterates have successive displacements bounded by qr times the first displacement.
The geometric series shows that the iterates are Cauchy. Their limit solves (3.1) by norm continuity.
Two solutions have distance at most q times their distance and therefore coincide.

For u = Rn(a) and v = Rn(b), comparison of their equations gives

∥u − v∥ ≤ 1
n

∥a − b∥ +
(

1 − 1
n

)
∥u − v∥,

which proves nonexpansiveness. The identity Tu − u = (Tu − a)/n and diam K = 1 give the first
estimate in (3.2). For the second, the defining equation and nonexpansiveness of T give

∥u − a∥ ≤
(

1 − 1
n

) (
∥u − a∥ + ∥Ta − a∥

)
.

Rearranging proves the claim.
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Let G be the family generated by the identity map and the maps Rn using finitely many
compositions and pointwise finite convex combinations. Every member of G is a nonexpansive
selfmap of K. Moreover, for each G ∈ G there is a finite constant cG ≥ 0 such that

∥G(a) − a∥ ≤ cG∥Ta − a∥ (a ∈ K). (3.3)

For the generators, take cId = 0 and cRn = n − 1. Convex combinations preserve the estimate with
the same convex combination of the constants. For compositions, nonexpansiveness gives

∥G1(G2(a)) − a∥ ≤ ∥G1(G2(a)) − G1(a)∥ + ∥G1(a) − a∥
≤ ∥G2(a) − a∥ + ∥G1(a) − a∥
≤ (cG2 + cG1)∥Ta − a∥.

This proves (3.3) throughout G. The same composition estimate underlies Bruck’s semigroup of
maps asymptotically fixing a common approximate fixed point sequence [4, p. 115].

For m ≥ 1, define the tail family

Hm = {Rn ◦ G : n ≥ m, G ∈ G}. (3.4)

These families are nonempty, contained in G, and decreasing with m. Their outer resolvents give
the uniform bound

∥Th(a) − h(a)∥ ≤ 1
m

(h ∈ Hm, a ∈ K). (3.5)

3.2 A compact semigroup of maps

Convex semigroups of nonexpansive maps, with the topology of pointwise weak convergence, were
studied by Bruck [4]. His common-fixed-point theorem assumes strict convexity and pairwise
intersection of the closed convex hulls of the ranges of the maps. Here the semigroup will supply an
idempotent anchor, through Ellis’s lemma; the tree and switching arguments will then produce the
fixed point. The composition estimates below keep the needed continuity properties explicit.

Give KK , the set of all maps from K into itself, the topology of pointwise weak convergence. It
is a compact Hausdorff space by the product compactness in Lemma 2.1. We write B pw for closure
in this space.

Lemma 3.2 (Finite simultaneous approximation). Let B ⊆ KK be a nonempty convex family
of nonexpansive maps. Every map h ∈ B pw is nonexpansive. For any integer q ≥ 1, points
a1, . . . , aq ∈ K, and δ > 0, there is a single g ∈ B such that

max
1≤i≤q

∥g(ai) − h(ai)∥ < δ.

Proof. For each fixed pair a, b ∈ K, the condition ∥h(a) − h(b)∥ ≤ ∥a − b∥ is closed in the pointwise
weak topology: evaluation at a, b and subtraction are weakly continuous, and norm balls are weakly
closed. Intersecting these conditions over all pairs proves the first assertion.

For the second, consider the convex subset

V = {(g(a1), . . . , g(aq)) : g ∈ B} ⊆ Xq.

The tuple (h(a1), . . . , h(aq)) belongs to its weak closure, by continuity of evaluation. The weak
topology of the finite Banach product Xq is the product of its coordinate weak topologies: each
continuous linear functional on Xq is the sum of its coordinate restrictions. By separation, the weak
and norm closures of a convex subset of Xq agree. Applying this fact with the maximum coordinate
norm gives one element of V satisfying all the desired inequalities.
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We will also use the following elementary compact semigroup argument, the right-translation
version of Ellis [7, Lemma 1, p. 402]. Ellis uses the opposite convention for composition. Here a
semigroup is a set with an associative multiplication.

Lemma 3.3 (Idempotent in a compact semigroup). Let S be a nonempty compact Hausdorff
semigroup. Suppose that, for each p ∈ S, the right translation h ↦ hp is continuous. Then S
contains an idempotent: an element p with p2 = p.

Proof. The intersection of a chain of nonempty compact subsemigroups of S is nonempty by
compactness and is again a compact subsemigroup. Zorn’s lemma therefore gives a minimal
nonempty compact subsemigroup S′ ⊆ S. Fix p ∈ S′. The set S′p is a nonempty compact subset of
S′ by continuity of right translation. It is a subsemigroup because

(ap)(bp) = (apb)p ∈ S′p (a, b ∈ S′).

Minimality gives S′p = S′, so in particular there is an h ∈ S′ with hp = p. The set

E = {h ∈ S′ : hp = p}

is thus nonempty. It is compact by continuity of right translation and is a subsemigroup, since
hp = kp = p implies (hk)p = h(kp) = hp = p. Minimality gives E = S′, and p ∈ E proves
p2 = p.

Set
Am = conv Hm

pw
, A =

⋂
m≥1

Am. (3.6)

Proposition 3.4 (An anchor point). The set A is a nonempty compact semigroup of nonexpansive
selfmaps of K and contains an idempotent P . There is a point x ∈ K with P (x) = x such that the
nonempty weakly compact set

Dx =
⋂

m≥1
{h(x) : h ∈ Hm} weak (3.7)

satisfies
x ∈ conv Dx

∥·∥
. (3.8)

Proof. The sets Am are nonempty, compact, and decreasing. Every member is nonexpansive by
Lemma 3.2.

First, conv Hm is closed under composition. Indeed, if

g =
s∑

r=1
λr(Rnr ◦ Gr) ∈ conv Hm, k ∈ conv Hm,

then k ∈ G and

g ◦ k =
s∑

r=1
λr

(
Rnr ◦ (Gr ◦ k)

)
∈ conv Hm.

This identity distributes precomposition over the outer convex combination.
To pass to Am, fix h, k ∈ Am, arguments a1, . . . , aq ∈ K, and δ > 0. Lemma 3.2 gives

kδ, hδ ∈ conv Hm with

max
i

∥kδ(ai) − k(ai)∥ < δ, max
i

∥hδ(k(ai)) − h(k(ai))∥ < δ.
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The second application uses the fixed arguments k(ai). Nonexpansiveness of hδ then gives

∥hδ(kδ(ai)) − h(k(ai))∥
≤ ∥hδ(kδ(ai)) − hδ(k(ai))∥ + ∥hδ(k(ai)) − h(k(ai))∥
≤ ∥kδ(ai) − k(ai)∥ + ∥hδ(k(ai)) − h(k(ai))∥ < 2δ.

The composition hδ ◦ kδ belongs to conv Hm. Since the finite arguments and δ were arbitrary, these
simultaneous norm approximations imply h ◦ k ∈ Am.

Thus A is a nonempty compact semigroup, by the nested intersection property. For fixed k ∈ A,
the right translation h ↦ h◦k is continuous in the pointwise weak topology: its value at an argument
a is the evaluation of h at the fixed argument k(a). Lemma 3.3 supplies P ∈ A with P ◦ P = P .
Choose any a ∈ K and set x = P (a); then P (x) = x.

Write
Bm = {h(x) : h ∈ Hm} weak

.

These are nonempty nested weakly compact subsets of K, so Dx =
⋂

m Bm is nonempty and weakly
compact. Since P ∈ Am, Lemma 3.2 at the single argument x shows that

x = P (x) ∈ conv{h(x) : h ∈ Hm} ∥·∥ ⊆ conv Bm
∥·∥

.

Consequently, for each ℓ ∈ X∗,
max
z∈Bm

ℓ(z) ≥ ℓ(x).

The maximum exists because Bm is weakly compact. The sets Bm ∩ {z : ℓ(z) ≥ ℓ(x)} are nonempty
nested compact sets; their intersection gives a point of Dx at which ℓ ≥ ℓ(x). Hence

sup
z∈Dx

ℓ(z) ≥ ℓ(x) (ℓ ∈ X∗).

If (3.8) failed, separation from the norm-closed convex hull of Dx would give a functional violating
this inequality. This proves the proposition.

3.3 Successive choices with prescribed thresholds

Fix the point x supplied by Proposition 3.4. Its convex-hull property permits each new map to be
selected at a scale that depends on all preceding choices.

Lemma 3.5 (Adaptive finite selection). Let τ > 0. There is a successive selection procedure with
the following property. Before the ith map is chosen, prescribe any finite integer mi ≥ 1, allowing
this prescription to depend on the entire previous history and on any auxiliary data already fixed at
that stage. The procedure chooses Gi ∈ Hmi and terminates after finitely many steps, say M , with
nonnegative coefficients β1, . . . , βM such that

M∑
i=1

βi = 1,

‖‖‖‖‖
M∑

i=1
βiGi(x) − x

‖‖‖‖‖ < τ. (3.9)

The coefficients are assigned on termination. Removing zero coefficients gives a nonempty list with
positive coefficients, in the original order of selection.
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Proof. Choose d1, . . . , dq ∈ Dx and nonnegative coefficients λ1, . . . , λq summing to 1 such that‖‖‖‖‖
q∑

r=1
λrdr − x

‖‖‖‖‖ <
τ

2 .

Fix a metric ρ inducing the weak topology on K. Cycle through the targets d1, . . . , dq: at step
i, let r(i) be the member of {1, . . . , q} congruent to i modulo q. Once the threshold mi has been
prescribed, the membership

dr(i) ∈ {h(x) : h ∈ Hmi}
weak

allows a choice Gi ∈ Hmi with
ρ

(
Gi(x), dr(i)

)
<

1
i
.

Any auxiliary choices associated with this map may now be made before the next threshold is
prescribed. Stop as soon as the convex hull of the selected images comes within distance τ of x.

Suppose that the procedure never stops, and let

C0 = conv{Gi(x) : i ≥ 1} ∥·∥
.

For each r, the subsequence assigned to target dr converges weakly to dr. The set C0 is weakly closed
by separation, so it contains every dr and their convex combination

∑
r λrdr. By the definition of

C0, a finite convex combination of the selected images is within τ/2 of this last point. It is therefore
within τ of x. All its indices occur in some finite prefix of the selection, contradicting the stopping
rule. The procedure thus terminates, and a convex combination at the stopping step supplies (3.9).
Deleting its zero coefficients leaves the stated positive list.

By (3.5), the threshold at each selection may impose any positive upper bound on the defect of
that individual image. The convex coefficients in Lemma 3.5 provide the return to x in norm.

Finally, fix once and for all the sequence

bj = Rj(x) (j ≥ 1). (3.10)

Lemma 3.1 and (3.3) give

∥Tbj − bj∥ ≤ 1
j

, ∥G(bj) − bj∥ ≤ cG

j
(G ∈ G). (3.11)

Thus every fixed finite family of maps in G acts arbitrarily close to the identity at a common
sufficiently late bj . This sequence will be used throughout the remaining construction.

4 A tree of maps and separating functionals
Fix the point x supplied by Proposition 3.4 and the sequence bj = Rj(x) from Section 3. We
construct a single infinite tree. Each node carries a map in G, and each nonroot node also carries
a functional. The maps will allow a subtree to approximate its prescribed label or to transmit
a common point bj . Each functional must be chosen before the weights in its own sibling group
are assigned. A family of possible root outputs parameterized by a compact finite-dimensional set
makes this order of choices possible.
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4.1 Evaluation on an ordered tree

The root is denoted by r, and Lk denotes the finite, nonempty level of depth k, with L0 = {r}.
Every node has a finite, nonempty ordered list of children. The order on Lk+1 is obtained by placing
these lists consecutively in the order of their parents in Lk. Write v̂ for the parent of v, and p ≺ v
when p is a proper ancestor of v. In particular, ≺ does not denote the order within a level.

Each node v is assigned a map Gv ∈ G and the point yv = Gv(x). At the root, Gr = IdK and
yr = x. Each nonroot node has a weight αv > 0, with∑

v̂=u

αv = 1 for every node u.

Given outputs at the children of u, the output at u is

Hu = Gu

⎛⎝∑
v̂=u

αvHv

⎞⎠ . (4.1)

Every output belongs to K. If outputs (Hv)v∈Lk
are prescribed at a cutoff level, let Φk((Hv)v∈Lk

)
be the root output obtained by applying this rule strictly above that level. Thus Φ0(Hr) = Hr; a
map at the cutoff itself is not applied again.

Define the path weights by

Wr = 1, Wv = Wv̂αv (v ̸= r).

An induction gives
∑

v∈Lk
Wv = 1. More generally, the sum of the weights at any later level below a

given node is the weight of that node. Nonexpansiveness and the triangle inequality also give, by
induction up the tree,

∥Φk((Hv)) − Φk((H ′
v))∥ ≤

∑
v∈Lk

Wv∥Hv − H ′
v∥. (4.2)

Indeed, at each parent the difference is at most the weighted sum of the child differences. Iterating
multiplies the weights along each path. Consequently the root error is at most the largest cutoff
error, and changing only the output at v ∈ Lk changes the root by at most Wv times the change at
v.

4.2 Predictions using earlier candidates

We first describe the information associated with a candidate node v of depth k ≥ 1 during
construction. At this stage, all levels of depth less than k, including their maps and weights, have
already been fixed. Candidates at depth k are selected one parent group at a time, from left to
right, and within each group in their order of selection. Let Iv be the finite list of earlier depth-k
candidates. We retain their points yh and parent labels even if some of these candidates have already
been discarded from the tree. The map Gv and point yv have not yet been chosen.

The later switching experiment replaces leaf outputs from right to left. If v is retained, then just
after its block has switched, the ideal cutoff state uses yh at nodes strictly left of v and a common
point b at v and to its right. The actual subtree outputs will approximate these prescribed values.
We must describe the root outputs of this ideal state before the current level’s weights and later
children are known.
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Put

Θv =

⎧⎪⎪⎪⎨⎪⎪⎪⎩(θh)h∈Iv : θh ≥ 0,
∑
h∈Iv

ĥ=p

θh ≤ 1 (p ∈ Lk−1)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

This is a compact subset of a finite-dimensional space. If Iv is empty, it consists of the single empty
tuple. For b ∈ K and θ ∈ Θv, set

av,p(b; θ) = b +
∑
h∈Iv

ĥ=p

θh(yh − b), p ∈ Lk−1,

Qv(b; θ) = Φk−1
(
(Gp(av,p(b; θ)))p∈Lk−1

)
.

(4.3)

Each av,p is a convex combination of b and the earlier candidates belonging to p, so it lies in K. The
residual coefficient of b represents all children whose outputs are to be replaced by that common
point. Only maps and weights at depths less than k enter the evaluation of Qv.

For fixed v, the map θ ↦ Qv(b; θ) is norm Lipschitz, uniformly over b ∈ K. In fact, since
diam K = 1,

∥av,p(b; θ) − av,p(b; η)∥ ≤
∑
h∈Iv

ĥ=p

|θh − ηh|.

Applying the nonexpansive maps Gp and Equation (4.2) gives

∥Qv(b; θ) − Qv(b; η)∥ ≤
∑
h∈Iv

|θh − ηh|. (4.4)

For each θ, weak compactness of K gives the limit

Zv(θ) = w-lim
j→U

Qv(bj ; θ) ∈ K.

The difference of the two sequences at θ and η converges weakly along U to Zv(θ) − Zv(η). The
norm ball of radius

∑
h∈Iv

|θh − ηh| is weakly closed, so Equation (4.4) implies the same bound for
∥Zv(θ) − Zv(η)∥. Thus Zv is continuous into the norm topology, and

Ev = {z1, . . . , zk} ∪ Zv(Θv) (4.5)

is a nonempty norm-compact subset of K. It is completely determined before Gv is selected. The
dense test points will force the branch functionals to tend to zero on the differences zi − zj , and
hence on Y ; the compact prediction image provides comparison limits for block detection. This
argument takes weak limits of the already evaluated root outputs; it does not pass a weak limit
through a nonlinear map.

4.3 The inductive construction

Proposition 4.1 (Tree data). There is an infinite ordered tree with the maps, points, and positive
weights described above. Each nonroot node v also has a budget ev > 0, a functional fv ∈ X∗ with
∥fv∥ ≤ 1, and the finite earlier-candidate list and predictions just defined. These data have the
following properties:
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1. The budgets satisfy ∑
v ̸=r

ev ≤ 1
128 . (4.6)

Define
τ0 = 1

2 , τk = 2−k−1 min{eu : u ∈ Li, 1 ≤ i ≤ k} (k ≥ 1). (4.7)

Every node u ∈ Lk satisfies
∥

∑
v̂=u

αvyv − x∥ ≤ τk. (4.8)

2. For every nonroot node v,∑
p≺v

∥Gp(yv) − yv∥ ≤ ev, fv(yv − z) ≥ 1 − ev (z ∈ Ev). (4.9)

In particular, the second inequality holds at every zi with i ≤ k when v ∈ Lk.
The budgets, functionals, and prediction sets assigned to retained nodes remain fixed when the
remaining weights at their level and all later levels are chosen.

Proof. Start with the root and τ0 = 1/2. Number all candidate selections throughout the construction
by ℓ = 1, 2, . . ., including candidates later discarded. At selection number ℓ, assign the budget

ev = 2−ℓ−8

before choosing the candidate’s map. The sum of all such budgets is at most 1/256, which is more
than sufficient for Equation (4.6) after discarding any candidates.

Suppose the finite levels through Lk−1 have been constructed and τk−1 has been fixed. Visit
the parents in Lk−1 from left to right. For a given parent, apply Lemma 3.5 with tolerance τk−1.
Its successive map choices will be the candidates for this parent’s children. We now specify the
threshold to be imposed at every one of these choices.

Let v be the next candidate. Its budget has just been assigned. Using all earlier candidates at
the present level, form Iv, Θv, Qv, and Ev as above. The ancestor maps are fixed, so the number

Cv =
∑
p≺v

cGp

is finite; take cGr = 0. By Lemma 2.4, there is δv > 0 such that any y ∈ K with ∥Ty − y∥ < δv

admits a functional f ∈ X∗, ∥f∥ ≤ 1, satisfying f(y − z) ≥ 1 − ev for every z ∈ Ev. Choose the
integer threshold m so large that

1
m

< δv,
Cv

m
≤ ev.

This choice uses only data already available, and is made before selecting Gv.
Require the next map in the adaptive selection to belong to Hm. Every such choice has

∥Tyv − yv∥ ≤ 1/m by Equation (3.5). Equation (3.3) then gives∑
p≺v

∥Gp(yv) − yv∥ ≤ Cv∥Tyv − yv∥ ≤ ev.

After selecting Gv, choose the functional fv given by the compact detector. Both requirements
in Equation (4.9) now hold. In particular, they hold for every map choice allowed by this step’s
threshold, so they are compatible with the weak-neighborhood choices used in Lemma 3.5.
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That lemma terminates after finitely many candidates for the parent under consideration. Only
then choose the convex coefficients whose average of the points yv lies within τk−1 of x. Discard
the candidates with zero coefficient and retain the others, in their original order, as this parent’s
children; their positive coefficients are the weights αv. The retained list is nonempty, and its weights
sum to one. Keep the labels of discarded candidates in the finite lists used to form subsequent
predictions. Thus no already defined prediction or functional changes when zero coefficients are
discarded.

There are only finitely many parents, so this completes a finite, nonempty level Lk. Every parent
in Lk−1 now satisfies Equation (4.8). Define τk by Equation (4.7); its defining minimum is over a
nonempty finite set of positive numbers. Proceed to the next level. This constructs the entire tree
and proves the stated properties.

Once level Lk is complete, each retained v ∈ Lk has a particular parameter θv ∈ Θv: for h ∈ Iv,
set θv

h = αh if h was retained, and set θv
h = 0 otherwise. The parent-group sums are at most one, as

required. Write h <k v for the left-to-right order on the retained level. For b ∈ K, prescribe the
ideal cutoff outputs

H̃v,b
h =

{
yh, h <k v,

b, h = v or v <k h.

For every parent p ∈ Lk−1, their weighted average is exactly∑
ĥ=p

αhH̃v,b
h = b +

∑
h∈Iv

ĥ=p

θv
h(yh − b).

Consequently
Φk((H̃v,b

h )h∈Lk
) = Qv(b; θv). (4.10)

In a parent group earlier than that of v, all retained children contribute their yh and their weights
sum to one. In the group containing v, the residual coefficient of b collects v and all later children. In
every later parent group, all ideal outputs are b, so their average is b regardless of how many children
were eventually selected or what their weights are. This explains why the prediction required no
information about those future children. Figure 1 illustrates this cutoff state. The actual parameters
θv are used only after the weights are fixed; the compact sets Ev were chosen to cover all their
possible values.

5 Switching leaves and completing the proof
Fix the tree supplied by Proposition 4.1. Write v ⪯ s when v = s or v ≺ s. For N ≥ 1, set

TN =
N⋃

k=0
Lk, BN (v) = {s ∈ LN : v ⪯ s} (v ∈ TN ).

The set BN (v) is a consecutive block in the ordering of LN , and∑
s∈BN (v)

Ws = Wv.

We first show that some path in each finite truncation has all its functionals large on one vector.
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r

p1 p2 p3

yh1 yh2 yh3 b b b

v

cutoff Lk

order of switching

Figure 1: An ideal cutoff state immediately after the block below v has switched. Earlier nodes
retain their labels; v and the nodes to its right have output b. Each parent applies its map to the
weighted average of its children. The diagram displays a two-level example of this rule; in a deeper
tree the same evaluation continues up to the root. The coefficients on the earlier labels specify θv,
and their residual mass multiplies b.

Proposition 5.1 (A finite witness). For every N ≥ 1, there are a leaf s ∈ LN and a vector d ∈ BY

such that
fv(d) ≥ 1

2 (r ̸= v ⪯ s).

Proof. Fix N . All the maps, weights, functionals, and budgets in TN are already fixed. Put

Mk = min{ev : v ∈ L1 ∪ · · · ∪ Lk} (1 ≤ k ≤ N).

Choosing a common terminal point. For each v ∈ TN \ {r}, use the parameter θv ∈ Θv from
Section 4: it assigns the actual weight αh to each earlier retained candidate h ∈ Iv, and zero to each
earlier discarded candidate. The point

qv = Zv(θv) = w-lim
j→U

Qv(bj ; θv)

belongs to Ev by (4.5). By (4.9), fv(yv − qv) ≥ 1 − ev. The definition of this weak ultrafilter limit
therefore gives {

j ∈ N : fv
(
yv − Qv(bj ; θv)

)
≥ 1 − 2ev

}
∈ U .

There are only finitely many such conditions. Moreover, (3.3) and the approximate fixed point
property of (bj) give ∑

u∈TN

∥Gu(bj) − bj∥ −→ 0.

Intersecting the finitely many ultrafilter members above with a suitable cofinite set, choose one j
and write b = bj so that

fv
(
yv − Qv(b; θv)

)
≥ 1 − 2ev (v ∈ TN \ {r}), (5.1)

DN :=
∑

u∈TN

∥Gu(b) − b∥ ≤ MN . (5.2)

The switching experiment. Initially assign the output Hs = ys to each leaf s ∈ LN . Switch these
outputs one at a time to Hs = b, proceeding from right to left. At each stage calculate every other
output by (4.1). All outputs belong to K. For v ∈ TN \ {r}, let Uv and Vv be the root outputs
immediately before and immediately after the whole block BN (v) is switched.
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We need two estimates for subtrees whose leaves are all in the same state. If none of the leaves
below h ∈ Lk have switched, then

∥Hh − yh∥ ≤ εk,N :=
N−1∑
d=k

τd. (5.3)

Here and below an empty sum is zero. At a leaf this is an equality. For an internal node,
nonexpansiveness and (4.8) give the induction step

∥Hh − yh∥ ≤

‖‖‖‖‖‖
∑
û=h

αuHu − x

‖‖‖‖‖‖
≤

∑
û=h

αu∥Hu − yu∥ +

‖‖‖‖‖‖
∑
û=h

αuyu − x

‖‖‖‖‖‖ ≤ εk+1,N + τk.

The tolerance schedule (4.7) yields, for k ≥ 1 and every v ∈ Lk,

εk,N ≤ Mk

∞∑
d=k

2−d−1 = 2−kMk ≤ ev. (5.4)

Thus the error in (5.3) is at most ev for every unchanged node at depth k, regardless of which
v ∈ Lk is used in the comparison.

If all the leaves below h have switched, put δu = ∥Gu(b) − b∥. At each internal node of that
subtree,

∥Hu − b∥ ≤
∑
ŵ=u

αw∥Hw − b∥ + δu.

The error at each leaf is zero. Iteration gives

∥Hh − b∥ ≤
∑

u∈TN \LN
h⪯u

Wu

Wh
δu ≤ DN ≤ MN . (5.5)

The coefficients Wu/Wh are products of weights below h and are at most one.
Detection of an entire block. Fix v ∈ Lk, where 1 ≤ k ≤ N , and consider the stage immediately

before its block switches. Its output is within ev of yv by (5.3)–(5.4). Let p0 = r, p1, . . . , pk = v be
the path to v, and put Ai = ∥Hpi − yv∥ at this stage. Since every off-path child output and yv lie in
the diameter-one set K, nonexpansiveness gives

Ai ≤ αpi+1Ai+1 + (1 − αpi+1) + ∥Gpi(yv) − yv∥ (0 ≤ i < k).

The off-path contributions telescope:

k−1∑
i=0

Wpi(1 − αpi+1) =
k−1∑
i=0

(Wpi − Wpi+1) = 1 − Wv.

Unwinding the recurrence and using (4.9), we obtain

∥Uv − yv∥ ≤ Wvev + (1 − Wv) +
k−1∑
i=0

Wpi∥Gpi(yv) − yv∥

≤ 1 − Wv + 2ev. (5.6)
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Immediately after the block has switched, precisely the level-k nodes strictly to the left of v
have unchanged leaf blocks. By (5.4), their outputs are within ev of their labels yh. The outputs at
all the other level-k nodes are within MN ≤ ev of b by (5.5). The ideal level-k assignment consisting
of these yh on the left and b elsewhere has root output Qv(b; θv) by (4.10). The sensitivity estimate
(4.2) and

∑
h∈Lk

Wh = 1 therefore imply

∥Vv − Qv(b; θv)∥ ≤ ev. (5.7)

Together, (5.1), (5.6), and (5.7) give

fv(Uv − Vv) ≥ fv
(
yv − Qv(b; θv)

)
− ∥Uv − yv∥ − ∥Vv − Qv(b; θv)∥

≥ (1 − 2ev) − (1 − Wv + 2ev) − ev = Wv − 5ev. (5.8)

A common witness along one path. For a single leaf s, only its output changes during its switch.
By (4.2),

∥Us − Vs∥ ≤ Ws∥ys − b∥ ≤ Ws.

Since Ws > 0 and both root outputs belong to K, the vector

ds = Us − Vs

Ws

belongs to BY . The successive root differences over a consecutive block telescope, so∑
s∈BN (v)

Wsds = Uv − Vv.

Applying fv to this identity and using (5.8) yields∑
s∈BN (v)

Ws
(
1 − fv(ds)

)
= Wv − fv(Uv − Vv) ≤ 5ev. (5.9)

Each summand is nonnegative, because ∥fv∥ ≤ 1 and ∥ds∥ ≤ 1. Summing over the non-root nodes
and interchanging the two finite sums gives∑

s∈LN

Ws

∑
r ̸=v⪯s

(
1 − fv(ds)

)
≤ 5

∑
v∈TN \{r}

ev ≤ 5
128 . (5.10)

If a leaf s has fv(ds) ≤ 1/2 for any non-root node v on its path, its inner sum in (5.10) is at least 1/2.
Consequently, the total weight of all such leaves is at most 5/64. Since the leaf weights sum to one,
some leaf has fv(ds) > 1/2 for every non-root node v on its path. This proves the proposition.

Proof of Theorem 1.1. Suppose a counterexample exists. The reduction and constructions in Sec-
tions 2–4 give the fixed infinite tree to which Proposition 5.1 applies. Call a node v feasible if some
d ∈ BY satisfies

fu(d) ≥ 1
2 (r ̸= u ⪯ v).

The root is feasible, and every ancestor of a feasible node is feasible. Proposition 5.1 gives a feasible
node at every depth. These nodes therefore form a finitely branching tree with arbitrarily great
depth. Starting from the root, choose a child having feasible descendants at arbitrarily great depths,
and repeat. Such a child always exists because each node has finitely many children. This produces
a branch r, v1, v2, . . ., with vk ∈ Lk, all of whose nodes are feasible.
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For each k ≥ 1, the set

Ck = {d ∈ BY : fvi(d) ≥ 1/2 for 1 ≤ i ≤ k}

is nonempty and weakly closed in BY , and Ck+1 ⊆ Ck. The normalized differences used in
Proposition 5.1 are controlled in the whole unit ball BY . Reflexivity supplies weak compactness of
this ball, as established in Section 2. It follows that there is one vector

d ∈
∞⋂

k=1
Ck, fvk

(d) ≥ 1
2 (k ≥ 1). (5.11)

On the other hand, the functionals on every branch converge pointwise to zero on Y . Indeed,
for fixed i, j and k ≥ max{i, j}, (4.9) and diam K = 1 give

1 − evk
≤ fvk

(yvk
− zi) ≤ 1, 1 − evk

≤ fvk
(yvk

− zj) ≤ 1.

Subtracting these inequalities yields

|fvk
(zi − zj)| ≤ evk

−→ 0,

where the convergence follows from the summability of the budgets. The linear span of the differences
zi − zj is dense in Y = span(K − K). Hence the bound ∥fvk

∥ ≤ 1 extends this convergence to every
d′ ∈ Y : for any vector a in that span,

|fvk
(d′)| ≤ ∥d′ − a∥ + |fvk

(a)|,

and one first lets k tend to infinity and then lets a approach d′. In particular fvk
(d) → 0, contradicting

(5.11). The assumed counterexample cannot exist.

A Separation and compactness
Here X is a general real normed space, as in Lemma 2.1.

Proof of Lemma 2.1. We begin with the Hahn–Banach extension argument underlying the first
two assertions. Suppose that a linear functional ℓ on a subspace M is dominated by a continuous
sublinear function p on X. To extend it to M + Rb, where b /∈ M , choose its value at b in the
interval

sup
a∈M

(
ℓ(a) − p(a − b)

)
≤ ℓ(b) ≤ inf

c∈M

(
p(c + b) − ℓ(c)

)
.

This interval is nonempty because ℓ(a) + ℓ(c) ≤ p(a + c) ≤ p(a − b) + p(c + b). Its endpoints are
finite, as is seen by setting a = 0 or c = 0 in this inequality. The displayed bounds give domination
on a + b and a − b; positive homogeneity then gives domination on a + tb for every real t. Unions of
chains of dominated extensions remain dominated extensions, so Zorn’s Lemma gives an extension
to X. It is continuous because domination of both v and −v bounds its absolute value near zero.
Applying this construction with p = ∥·∥ and ℓ(tv) = t∥v∥ gives a norming functional (use the zero
functional when v = 0). In particular,

∥v∥ = sup
f∈X∗, ∥f∥≤1

f(v).
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For separation, let q lie outside a nonempty norm-closed convex set D. Choose ρ > 0 such that
the open convex set U = D + {v : ∥v∥ < ρ} still excludes q, and fix u ∈ U . The gauge

p(v) = inf{t > 0 : v ∈ t(U − u)}

is finite, nonnegative, positively homogeneous, and subadditive. For the last property, if v ∈ s(U −u)
and w ∈ t(U − u), convexity gives v + w ∈ (s + t)(U − u), and one takes infima. Since U − u is
open, convex, and contains zero, {v : p(v) < 1} = U − u: one inclusion follows from convexity, and
the other by extending a little past a given point along its ray using openness. A ball about zero
contained in U − u gives p(v) ≤ c∥v∥ for some c; subadditivity then makes p continuous. On the
line through q − u, the functional taking the value p(q − u) at q − u is dominated by p; for negative
multiples this follows from −p(q − u) ≤ p(u − q). Its extension f therefore satisfies

f(z − u) < 1 ≤ f(q − u) (z ∈ U).

In particular f ̸= 0, and taking the supremum over the ball of radius ρ added to any d ∈ D gives
f(d) + ρ∥f∥ ≤ f(q). Thus f separates q from D with a positive gap. This proves weak closedness of
D. Applied to closed balls it proves weak lower semicontinuity of the norm. Separation also shows
that the weak closure of a convex set equals its norm closure. On Xr, equipped with the maximum
norm, every continuous linear functional has the form

∑r
i=1 fi(xi), with fi ∈ X∗, by restriction to

the coordinate subspaces. This proves the assertion about the finite-product topology and allows
the same separation argument there.

Here are the compactness details. A proper filter is a family of subsets closed under finite
intersections and supersets, containing the whole space but not the empty set. By Zorn’s Lemma it
extends to a maximal proper filter, called an ultrafilter. For every subset an ultrafilter contains
either that subset or its complement: if the subset cannot be added while preserving the filter
property, an existing filter member misses it. An ultrafilter converges to a point when it contains
every neighborhood of that point. In a compact space it converges: the closures of its members
have the finite intersection property, and any point in their intersection is a limit by the preceding
either-or property. Limits are unique in a Hausdorff space. Conversely, if every ultrafilter converges,
extend any family of closed sets with the finite intersection property to an ultrafilter; its limit belongs
to all those sets. This is the closed-set criterion for compactness. An ultrafilter on a product of
compact spaces has a limit in each coordinate, and the tuple of these limits is its limit, since a basic
product neighborhood restricts only finitely many coordinates. This proves product compactness.

Now let D ⊆ X be bounded, norm closed, and convex, with X reflexive. Given an ultrafilter V
on D, each bounded real evaluation has a limit in a compact interval, and

L(f) = lim
V

f(d) (f ∈ X∗)

defines a linear functional with |L(f)| ≤ M∥f∥, where M = supd∈D∥d∥. Linearity follows by
intersecting the filter members on which each of two evaluations is close to its limit. Reflexivity
supplies a ∈ X with L(f) = f(a) for every f . Thus V converges weakly to a, and weak closedness
gives a ∈ D. The ultrafilter criterion proves weak compactness.
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