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Abstract

We solve the Kervaire invariant problem at the prime three for the standard Kervaire classes
in the mod-three Adams spectral sequence. These classes survive precisely at indices 0, 2, and 3,
and each surviving detection coset contains an element of additive order three. In particular,
there is an order-three Kervaire element in stem 322.

1 Introduction
The odd-primary Kervaire invariant problem asks which distinguished classes on the Adams two-line
represent stable homotopy classes of spheres. Its strong form asks for representatives killed by the
prime. These are different questions: permanence determines an associated-graded class, while the
order of a representative also depends on an extension in actual homotopy. We solve both questions
for the standard family at the prime three.

Write
Es,t

2 = Exts,t
A3

(F3, F3) =⇒ (πS
t−s)∧

3 , bj ∈ E2, 4·3j+1

2 (j ≥ 0),

where A3 is the mod-three Steenrod algebra and bj is the standard Kervaire class. The spectral-
sequence and family conventions are those of [32, Theorems 2.1.1 and 3.4.4]. Define

K = {j ≥ 0 : bj survives nontrivially to E∞},
K3 = {j ∈ K : some class detected by bj has additive order 3}.

The second definition concerns existence within a detection coset. It does not require every
representative of that coset to have the same additive order.

Theorem 1.1. At the prime three,

K = K3 = {0, 2, 3}.

Thus the surviving classes occur in stems 10, 106, and 322, and each admits an additive-order-three
representative. The class b1 and every bj with j ≥ 4 fail to survive.

Positive stable stems are finite [32, Theorem 1.1.8]. Consequently, the assertion is unchanged
if the sphere is taken to be 3-local instead of 3-complete. We use the local sphere for the Moore-
spectrum construction and complete coefficient rings for Morava E-theory. The problem here is
the standard odd-primary Adams-family problem; the classical prime-two Kervaire invariant one
problem has a different family and dimension convention.
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1.1 Unstable consequences

Throughout this subsection all spaces, maps, fibres, and homotopy equivalences are localized at
three. For n ≥ 1, write S2n+1{3} for the homotopy fibre of the degree-three self-map of S2n+1, and
write E2 : S2n−1 → Ω2S2n+1 for the double suspension. In Amelotte’s notation, the Anick H-space
T 2n+1(3) fits into a fibration sequence

Ω2S2n+1 φ−→ S2n−1 −→ T 2n+1(3) −→ ΩS2n+1,

where E2 ◦ φ is homotopic to the third-power map on Ω2S2n+1 [1, Section 1]. Let Wn be the
homotopy fibre of E2, and let BWn be Gray’s classifying space, so that ΩBWn ≃Wn.

Corollary 1.2. (i) There are homotopy equivalences of H-spaces

ΩS163{3} ≃ T 163(3)× ΩT 487(3), BW81 ≃ ΩT 487(3).

Consequently, W81 ≃ Ω2T 487(3).

(ii) For every integer n > 1, the underlying space ΩS2n+1{3} has a nontrivial product decom-
position if and only if n ∈ {3, 27, 81}. For every other n > 1 it is mod-three atomic, hence
indecomposable. Here a product is nontrivial when both factors are noncontractible.

(iii) For every integer n > 1, the homotopy type T 2n+1(3) admits a homotopy-associative H-space
multiplication if and only if n ∈ {3, 27, 81}. The multiplication on T 163(3) supplied by the
displayed product is homotopy associative and homotopy commutative. For this multiplication,
the third-power map on T 163(3) is null-homotopic, as is the third-power map on the loop
H-space ΩT 487(3).

Proof. For n = 3r with r ≥ 1, the strong Kervaire condition in stem 4n− 2 asks for an order-three
representative detected by br−1; such a representative is Amelotte’s θr. This is the index change
in Lemma 6.2. Theorem 1.1 therefore gives this condition exactly for r = 1, 3, 4, or n = 3, 27, 81.
Amelotte’s Theorem 1.1 [1] supplies a nontrivial H-space product at each of these indices, with
Anick dimensions 2 · 3r + 1 and 2 · 3r+1 + 1. At r = 4 these dimensions are 163 and 487, and the
same theorem gives the displayed BW81 equivalence. Looping that equivalence gives the assertion
about W81.

In the n > 1 setting of Selick’s Theorem 3.3, his Corollary 3.4 [35] makes ΩS2n+1{3} mod-three
atomic when the strong Kervaire condition in stem 4n− 2 fails; this includes every n that is not a
power of three. For the remaining powers, Theorem 1.1 excludes r = 2 and all r ≥ 5. Atomicity
excludes any product with two noncontractible factors, not only a product of the displayed Anick
form; see [35, Definition 3.1 and its discussion]. This proves (ii). Amelotte’s Theorem 1.4 and its
proof [1] identify, for every n > 1, the existence of a homotopy-associative multiplication with the
same order-three strong Kervaire condition in stem 4n− 2; its necessity also forces n = 3r. This
proves the classification in (iii).

Finally, the proof of Amelotte’s Corollary 3.3 [1] uses that the loop H-space ΩS2n+1{3} is
homotopy associative and homotopy commutative and has null third-power map. These properties
pass to H-space retracts. Repeating that argument for the r = 4 product proves the stated
commutativity and power-map assertions. The multiplication assertion is existential, and no
conclusion about power maps or loop-space structures on other BWn is asserted at the remaining
indices.
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1.2 Prior work and the prime-three obstruction

The name reflects an analogy on the Adams two-line. Browder identified the classical framed
Kervaire invariant one problem with the permanence of the squares h2

j [7, Theorem 7.1]; at an
odd prime, the distinguished classes bj are associated with Adem relations among reduced powers
[31, Section 1]. Toda proved the first exclusion in the odd-primary family: b1 supports a nonzero
differential at every odd prime [38].

The Adams–Novikov spectral sequence brings the formal-group structure of complex cobordism
into the calculation of stable stems. Quillen identified its universal formal group and the p-typical
Brown–Peterson summand [29]; the one- and two-line calculations of Miller, Ravenel, and Wilson
then described the alpha and beta families and their images under Thom reduction [26]. Ravenel’s
proof of odd-primary nonexistence uses Morava’s formal-group viewpoint and restriction to a cyclic
subgroup of a stabilizer group. For every odd prime p ≥ 5, it excludes all standard Kervaire classes
bj with j ≥ 1 [31, Theorem 17].

At three, the same conclusion fails. Toda’s classical fifth differential kills β3/3, but the next
candidate encounters a different phenomenon: the fate of one Adams–Novikov beta representative
need not determine the fate of its mod-three Adams image. The classical survivor in stem 106 is
detected by a corrected combination of β9/9 and β7, although β9/9 itself supports a differential.
This distinction is already present in Ravenel’s discussion of the prime-three case [31]; see also
[32, Theorem 3.4.4(c) and the discussion after Proposition 6.4.11]. We use the beta-family and
Thom-reduction calculations of Miller–Ravenel–Wilson [26, Theorems 2.2, 2.6, and 9.4], together
with the classical fifth and ninth differentials in the form recorded by Belmont–Shimomura [5,
Lemma 2.5]. Our detection argument retains every two-line preimage of the Adams class, including
these corrections.

The order refinement has its own geometric meaning. Selick’s strong odd-primary criterion
identifies an order-p Kervaire representative with a stable Moore-to-sphere map whose cone has a
specified nonzero primary reduced power [35]. Amelotte relates this criterion to product decom-
positions of looped degree-p sphere fibres and records the order-three representative in stem 106
[1, Theorem 1.1 and the proof of Corollary 1.2]. His class θr is detected by br−1; thus b2 here
corresponds to θ3, and the new b3 class corresponds to θ4. In the positive branch of our proof, the
Moore cofibre sequence is retained through the final correction, so it supplies the additive order in
actual sphere homotopy.

An antecedent for the subgroup calculation appears in Hill’s report on joint work with Hopkins
and Ravenel [14, Conjecture 1 and Propositions 2–3]. Assuming Hopkins’s coefficient-action
conjecture, that report sketches the Cp homotopy fixed point calculation at heights (p − 1)f for
f ≥ 1, using formal-module deformations and norm classes. Section 4 establishes the finite-page
statements needed here from the completed coefficient model, fixed geometry, and Euler bound
proved in the preceding sections.

Hill, Hopkins, and Ravenel proposed using the action of C9 on height-six Morava E-theory at
three [15]. Their published norm and geometric-fixed-point machinery [16] supplies tools for this
approach, separately from its prime-two application. Subsequent odd-primary developments include
the µp orientations at height p− 1 of Hahn–Senger–Wilson [13], and the combination of skeletal
Borel and Adams–Novikov filtrations in Angelini-Knoll–Behrens–Belmont–Kong [2]. These provide
context for the equivariant and filtered methods; neither gives a height-six prime-three classification.

For the height-six action itself, Belmont–Ray prove detection [4, Proposition 0.2] and, assuming
an explicit coefficient-action model, calculate the relevant positive-degree group cohomology [4,
Theorem 0.6]. Their detection follows the cyclotomic formal-module evaluation in the proposed
Hill–Hopkins–Ravenel program. We use that mechanism with an integral target and a finite-layer
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argument for the image of an actual sphere class. Section 3 proves the specific completed coefficient
model proposed in [4, Conjecture 0.3], including the nonreduced fixed geometry needed for the
differential constraints.

The proposed route also included 972-periodicity and a literal vanishing assertion in degree −2
[4, Conjecture 0.1]. The latter assertion is false. Proposition 2.10 proves that an additive semilinear
trace lifts through the actual homotopy transfer to an infinite-order element of π2n(EhC9

6 ) for every
integer n. This refutes the full-gap clause of that conjecture. It leaves the separate periodicity
and torsion questions untouched. Theorem 1.1 instead uses finite-page outgoing differentials and
requires neither of those assertions.

1.3 Ideas and proof structure

The proof has two independent branches beyond the classical endpoints. One excludes all indices at
least four by examining their images in the height-six detector. The other constructs the stem-322
class, starting from the known order-three class in stem 106.

For the first branch, let E = E6 be height-six Morava E-theory, let G = C9 be its chosen
stabilizer subgroup, and let H = C3 ⊂ G. Section 2 first proves that an actual sphere class detected
by bj , j ≥ 2, has a nonzero finite-order image in EhG. It also uses a coefficient of a strict coordinate
change, a genuine equivariant norm, and geometric fixed points to prove finite Euler-class bounds
for both groups. These give deadlines by which the unit must be hit in the Euler-localized spectral
sequences. No infinite Tate convergence assertion is needed.

The coefficient geometry makes those deadlines effective. Section 3 constructs an actual trace-
zero period whose G-orbit presents the complete coefficient ring. The fixed deformation problem is
a strict formal-module problem. Its Hasse sections, centralizer action, and determinant character
constrain equivariant maps between the scalar and exterior parts of coefficient cohomology. These
constraints exclude maps that could otherwise occur as differentials. Section 4 combines those
restrictions with classical differentials and the finite Euler bound to force the needed H-differentials.
Section 5 then retains the integral restriction kernels while passing to G.

The final exclusion depends on the direction of a differential. An actual sphere class can acquire
an incoming differential after passage from ordinary homotopy fixed points to Tate localization.
Vanishing of the localized pages alone would therefore not exclude it. We show instead that
the detector for every j ≥ 4 must support a nonzero outgoing differential. A finite array of
one-dimensional groups records all remaining degree- and character-compatible differentials. Its
translation units are proved to survive before they are used. The known b2 survivor fixes an incoming
pairing in this array; that pairing forces an outgoing differential on the entire lattice containing the
higher detectors.

The positive branch adapts Toda’s cone construction for extended powers [37, Section 1,
Theorem 2], within the broader framework of primary operations developed by May [24, Sections 2–
3], and uses Selick’s primary-operation criterion. Section 6 forms a truncated extended cube of a
Moore-spectrum map representing the order-three stem-106 class. The cube maps into a four-cell
spectrum T containing the Moore spectrum M = S/3, with quotient Σ4M , and has a nonzero P81

in its cone. Vanishing of two obstruction components produces a map of Adams–Novikov filtration
at least two with the same image in that quotient. Subtracting it gives a map that lifts to M and
preserves the primary operation. The remaining actual Moore boundary is the required sphere
element killed by three.

Section 7 supplies precisely the finite Adams–Novikov information needed for those corrections.
It proves a cubic boundary, a zero multiplication map on the sixth page, and vanishing on the
tenth page in the higher obstruction filtrations. The fifth differential is constrained by affine linear
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equations, then by linear consequences of its square-zero identity. Universal kernel and image bounds
apply to every differential satisfying those necessary conditions; the argument does not select an
unproved differential from that family. A weight estimate covers every remaining higher filtration.
Appendix A gives the integral structure formulas, terminating resolution, cobar comparison, signed
products, and elimination procedures defining all finite tables.

1.4 Reduction to the main arguments

We record the classical endpoints, including the order convention, before organizing the remaining
proof.

Lemma 1.3. One has 0, 2 ∈ K3 and 1 /∈ K.

Proof. The class β1 ∈ πS
10 has order three and is detected by b0. The classical stem-106 Kervaire

element has an order-three representative detected by b2; see [32, Theorem 3.4.4(c), discussion after
Proposition 6.4.11, and Table A3.4] and [1, Theorem 1.1 and Corollary 1.2]. This is the surviving
corrected beta combination, not an assertion of survival for β9/9 alone.

If b1 survived, Lemma 2.1 would give a permanent Adams–Novikov two-line class in internal degree
36 with that Thom reduction. The Miller–Ravenel–Wilson two-line calculation [26, Theorem 2.6]
identifies this group with the order-three group generated by β3/3; see also [32, Lemma 6.4.12(i)].
The classical Toda differential

d5(β3/3) = ±α1β3
1 ̸= 0

excludes such a permanent class; see [5, Lemma 2.5].

Proof of Theorem 1.1. Lemma 1.3 settles the indices 0, 1, and 2. Theorem 5.1, proved in Section 5,
excludes every index j ≥ 4. Theorem 6.1, proved in Section 6 using the finite algebra of Sec-
tion 7, constructs an exact-order-three representative detected by b3. These assertions exhaust all
nonnegative indices. Since K3 ⊆ K by definition, both sets are as stated.

1.5 Conventions and organization

Spectral-sequence degrees are written (s, t), with differentials of degree (r, r − 1), unless a rescaled
weight is explicitly introduced. All homotopy-theoretic constructions are at the prime three. The
word “Tate” refers to Euler localization; it does not mean rationalization. We distinguish the
algebraic spectral sequences used to calculate group cohomology from the topological spectral
sequences whose differentials constrain homotopy.

Sections 2–5 use G = C9 and its subgroup H = C3. Section 6 begins the independent stable
Moore-spectrum argument. Section 7 resets the algebraic notation and uses (f, d) = (s, t/4). Every
invocation of a Laurent generator as a translation is restricted to pages on which it and its inverse
are cycles.
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2 The detector and a finite Euler bound
This section establishes the detection statement needed for the tail argument. Its conclusion concerns
actual sphere classes, including their finite additive order. We also prove a bound on the length of
the Euler-localized homotopy fixed point spectral sequences. Neither argument requires an explicit
presentation of the stabilizer action on the deformation parameters.

2.1 The action and grading conventions

Let k = F36 , and let E = E6 be Morava E-theory for the Honda formal group of height six over k,
with its coherent stabilizer action. We use the standard Lubin–Tate and Goerss–Hopkins–Miller
constructions; see [22, 11]. Write

E∗ = R[u±1], R = W (k)[[u1, . . . , u5]], |u| = −2, m = (3, u1, . . . , u5). (2.1)

The cotangent line of the universal formal group is E2: it is obtained by restricting the augmentation
ideal of E0(CP∞) to CP1. Its dual, the Lie line, is therefore E−2. The choice of u trivializes this
line nonequivariantly.

The height classification and stabilizer description originate in the work of Lazard, Dieudonné,
Honda, and Lubin; see [20, Theorem IV] and [17, Theorem 1]. We use the finite-field presentation in
[32, Appendix A2.2.12 and A2.2.17–18]. Let D be the central division algebra over Q3 of invariant
1/6, with maximal order

OD = W (k)⟨S⟩/(S6 = 3, Sa = aφS),
where φ is Witt Frobenius. Passing to the opposite algebra, if required by the action convention,
changes none of the arguments below. Normalize its valuation by vS(S) = 1. The degree-six
extension Q3(ζ9) splits D and embeds as a maximal subfield. Its ring of integers embeds in OD.
For the splitting criterion, centralizer dimensions, and Skolem–Noether conjugacy used here and
below, see [27, Chapter IV, Theorems 2.10 and 3.1, Corollary 3.7, and Remark 4.4(c)]. We fix the
resulting subgroups

G = ⟨g⟩ ∼= C9, H = ⟨σ⟩ ∼= C3, σ = g3. (2.2)
The cyclotomic uniformizer gives

vS(g − 1) = 1, vS(σ − 1) = 3. (2.3)

For example, if π = g − 1, then σ − 1 = 3π + 3π2 + π3, whose last term has strictly smallest
S-valuation. These are subgroups of the nonextended stabilizer: their actions on R fix W (k).

Choose a homotopy multiplicative, unital 3-typical complex orientation, normalized to the Honda
coordinate on the special fibre. For 1 ≤ i ≤ 5, the elements

ui = viu
3i−1

give deformation parameters. We use Hazewinkel generators when an integral cobar calculation is
required. With right-unit conventions, the first strict coordinate-change coefficients satisfy

ηR(v1) = v1 + 3t1, ηR(v2) ≡ v2 + v1t3
1 − v3

1t1 (mod 3). (2.4)

In particular, t1, of internal degree 4, is a one-cocycle. Evaluation of the cobar complex on the
action uses these strict changes of the chosen graded coordinate.

All cohomological spectral sequences have bidegrees (s, t), with

dr : Es,t
r −→ Es+r,t+r−1

r .

Thus t− s is the homotopy degree. Representation suspensions will be specified separately below.
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2.2 Comparison of filtrations

Write
N s,t

2 = Exts,t
BP∗BP(BP∗, BP∗)

for the ordinary 3-local Adams–Novikov E2-term. The Thom reduction is denoted

Φ : N s,t
2 −→ Exts,t

A3
(F3, F3).

Lemma 2.1 (Comparison). There are augmented comparisons from the ordinary Adams–Novikov
spectral sequence to the mod-3 Adams spectral sequence and to the homotopy fixed point spectral
sequences for EhG and EhH . If a sphere class α is detected by bj, then α has Adams–Novikov
filtration exactly two. It admits a permanent representative

x ∈ N 2, 4·3j+1

2 , Φ(x) ∈ F×
3 bj .

Proof. The unit-preserving map BP→ HF3 induces a map between the unit fibres and their smash
powers. Consequently the filtrations on sphere homotopy satisfy

F s
ANπ∗S ⊆ F s

Adamsπ∗S. (2.5)

In particular, a class of Adams filtration exactly two has Adams–Novikov filtration at most two.
The connective Adams–Novikov spectral sequence converges to 3-local sphere homotopy [32, Theo-
rems 2.2.3 and 2.2.13–14]; see also [26, p. 475, after Equation (1.10)]. These positive stable stems
are finite, so their 3-local and 3-complete groups agree. Its E2-term has internal degree divisible
by 4. In the stem 4 · 3j+1 − 2, filtration zero or one is therefore impossible. Thus the filtration is
exactly two. The induced map on E2 is Thom reduction. There is no incoming Adams differential
in the bidegree of bj : the potential length-two source has filtration zero and positive odd internal
degree, and longer sources have negative filtration. The associated-graded image of the chosen class
consequently gives the asserted nonzero multiple of bj .

For completeness, the comparison with group cochains can be constructed without requiring an
equivariant chosen orientation. Use the semicosimplicial Amitsur object with level MU∧(s+1)

(3) . For
K = G or H, apply the translated orientation to the ℓ-th factor at gℓ, and multiply in E:

(a0, . . . , as) ↦−→
[︁
(g0, . . . , gs) ↦−→

s∏︂
ℓ=0

gℓf(aℓ)
]︁
. (2.6)

The target is the spectrum of equivariant homogeneous group cochains. Deleting a group entry
corresponds to inserting the unit in the indicated source factor. The orientation is a map under the
unit; its translates form a coherent family under that unit. Their exterior powers, followed by the
coherent commutative multiplication in E, thus make (2.6) compatible with all cofaces and with
the augmentation from the sphere. Only unit insertions occur here, so no E∞ refinement of the
orientation is required.

Forgetting degeneracies gives the unnormalized rather than the normalized cochain complex;
the degenerate subcomplex is contractible. It therefore leaves the comparison unchanged from
E2 onward. The finite-stage comparison also respects actual filtration-two lifts. The ordinary
totalization tower maps under the augmentation to its fat tower. In the target, s0 : C1 → C0 has
section d0, and d1 − d0 lands in N1 = ker s0. Hence

Totfat
1 C• ≃ Tot1 C• ⊕ ΩC0,
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with an augmentation-compatible projection onto the first summand. Composing the fat group-
cochain comparison with this projection therefore gives an actual ordinary filtration-two lift, whose
H2-symbol is the normalized comparison class. Quillen’s 3-typical splitting [29, Theorems 4–5]
identifies the MU(3) and BP descriptions of the ordinary Adams–Novikov spectral sequence. On
the BP cobar, the comparison is precisely substitution of the chosen coordinates and their strict
coordinate changes. The augmentations ensure that it sends actual filtered sphere classes to the
corresponding filtered homotopy fixed point classes.

2.3 The Adams–Novikov two-line in the detector degree

Let δ3 denote the integral connecting homomorphism for multiplication by 3, and let δvd
1

denote the
connecting homomorphism over BP∗/3 for multiplication by vd

1 . In the following lemma the prime
indicates an uncorrected representative; it does not assert an identification with every conventional
choice of a Greek-letter generator.

Lemma 2.2. Fix j ≥ 0. For

n ∈ {j, j − 2, . . . , j mod 2}, d = 3n, L = 3j+1−n + 1
4 ,

the classes
β′

Ld/d = δ3δvd
1
(vLd

2 ) (2.7)

form an F3-basis of N 2, 4·3j+1

2 . Every member with L > 1 has zero Thom image.

Proof. The two-line theorem of Miller–Ravenel–Wilson [26, Theorem 2.6], also stated in [32, Corol-
lary 5.4.5(a)], describes a direct sum of cyclic groups with parameters m = L3n, 3 ∤ L, denominator
vd

1 , and order 3i+1. The internal degree is 4(4m− d). Its restrictions include

0 ≤ i ≤ n, 1 ≤ d ≤ an−i, a0 = 1, ar = 3r + 3r−1 − 1 (r ≥ 1).

In particular d < 2 · 3n. In the desired degree the equation is

4L3n − d = 3j+1.

If n ≥ j + 1, it gives d ≥ 3 · 3n, a contradiction. For n ≤ j, division by 3n shows that the positive
integer 4L−3j+1−n is less than 2, hence is 1. Thus d = 3n, L has the displayed value, and integrality
forces n ≡ j (mod 2). For n = 0, the bound i ≤ n gives i = 0; for n ≥ 1, the inequality an−1 < 3n

again forces i = 0. This bounds the dimension by the number of classes in (2.7), and shows that the
group has exponent 3. The remaining index restrictions are satisfied by all these candidates: 3i | d
is automatic, the special bound d ≤ 3n when L = 1 is an equality, and maximality of i follows from
an−1 < 3n for n ≥ 1, while 3 ∤ d when n = 0.

We next prove independence of these uncorrected classes. Equation (2.4) and the Frobenius
identity in characteristic 3 show that vLd

2 is primitive modulo (3, vd
1), so its inner connecting class

cn = δvd
1
(vLd

2 ) ∈ Ext1, 4·3j+1

BP∗BP (BP∗, BP∗/3)

is defined. Its exact v1-annihilator exponent is d. Indeed vd
1cn = 0, whereas the connecting-sequence

comparison gives
vd−1

1 cn = δv1(vLd
2 ) ̸= 0.

10



For the last assertion, the primitives of BP∗/3 are F3[v1]. One can see this directly: if a primitive
polynomial depends on a highest variable vs, s ≥ 2, set all positive ti except ts−1 to zero. The lower
vi are fixed, while the right unit sends

vs ↦−→ vs + v1t3
s−1 − v3s−1

1 ts−1.

Comparing the highest power of ts−1 in a polynomial depending nontrivially on vs contradicts
invariance. The image of the primitives in BP∗/(3, v1) is therefore constant, and does not contain
vLd

2 . This proves the nonzero connecting class. Since the d’s are distinct, multiplication by vdmax−1
1

in a proposed relation isolates its largest-exponent summand. Hence the cn’s are independent.
It remains to exclude relations created by δ3. Set N = 3j+1. The integral alpha-line calculation

[26, Theorem 2.2] says that the image of integral Ext1 in this internal degree is spanned, after
reduction modulo 3, by

vN−1
1 t1. (2.8)

Explicitly, an integral representative is the differential of vN
1 divided by 31+ν3(N). Expanding

(v1 + 3t1)N − vN
1 , its linear term reduces to (2.8); its k-th term for k ≥ 2 has 3-adic valuation

k − 1− ν3(k) > 0. The class (2.8) is not v1-torsion. Evaluate it on the height-one Honda formal
group in characteristic 3 at the strict automorphism 1 + 3. The coefficient v1 is then invertible, the
coefficient action is trivial, and the first strict coefficient is nonzero. Evaluation of a one-coboundary
at that automorphism is zero, whereas every v1-multiple of (2.8) evaluates nontrivially. The kernel
of δ3 consequently meets the v1-torsion span of the cn’s trivially. Their images are independent and
attain the previously established dimension bound.

To compute the Thom image, put I = (3, v1, v2, . . .) in the left coefficient ring of the cobar
complex. Modulo 3, write

A1 = t3
1 − v2

1t1, cn = (vd
2 + vd

1Ad
1)L − vLd

2
vd

1
.

Every term of this polynomial has at least (L− 1)d positive coefficient factors. It therefore admits
an integral lift in I(L−1)d. The ideal I is invariant, so the cobar differential preserves its powers.
Moreover, on each free left coefficient module,

(Iq : 3) = Iq−1 (q ≥ 1);

this follows, for example, because the initial form of 3 is a non-zero-divisor in the I-graded polynomial
ring. The integral differential of the lift is divisible by 3; after division it still lies in I(L−1)d−1. When
L > 1, we have (L− 1)d ≥ 2, so reduction of this representative under Thom reduction is zero.

Remark 2.3. The degree calculation uses the restrictions in the full two-line theorem, while the
independence argument provides the specified uncorrected basis. Thus correction terms in the
Miller–Ravenel–Wilson representatives have not been suppressed. For example, the two basis
directions in the degree of b2 are the uncorrected classes β′

9/9 and β′
7; a permanent combination

need not be the conventional β9/9 alone.

2.4 Integral CM detection and the actual image

Lemma 2.4 (Integral CM evaluation). For j ≥ 2, every

x ∈ N 2, 4·3j+1

2 with Φ(x) ∈ F×
3 bj

has nonzero image in H2(G; E4·3j+1).

11



Proof. We use a fixed Lubin–Tate deformation to evaluate the comparison of Lemma 2.1. Let ζ
be a primitive ninth root of unity, and let O = W (k)[ζ], allowing a residue extension if necessary.
The Lubin–Tate construction for Z3[ζ] [21, Theorem 1] gives a height-one formal Z3[ζ]-module over
O. Its underlying special fibre has height six. After residue extension it can be identified with
the chosen Honda formal group. The embedding of Q3(ζ) in its rational endomorphism algebra
is conjugate to our chosen embedding by Skolem–Noether. The conjugator can be made a unit:
multiply it by an element of the centralizing cyclotomic field whose S-valuation cancels its own,
using vS(ζ − 1) = 1. This gives a framing identifying the ninth-root action with G.

We obtain a G-equivariant evaluation of graded coefficient rings

E∗ −→ O[w±1], |w| = −2.

The group fixes O, and acts on w by ζ or its inverse, according to the action convention. The
elements v1, v2 have zero residue modulo π = ζ − 1. By (2.3), the first strict coefficient t1(g) has
nonzero residue. The latter statement concerns the strict coordinate change after grading: its
residual automorphism has linear coefficient 1, and g − 1 first occurs at the third power of the
coordinate.

Put T = 4 · 3j+1. The degree-T line has character ζ±2·3j+1 = 1, hence trivial G-action. After
trivializing this line, the periodic cyclic cochain complex is

O 0−→ O 9−→ O 0−→ O 9−→ · · · .

Its reduction modulo 3 has zero differentials. The connecting homomorphism for multiplication by
3 is therefore

δ3 : H1(G;O/3) −→ H2(G;O), c̄ ↦−→ 3c (mod 9). (2.9)

This formula follows by lifting the one-cochain c, taking its differential 9c, and dividing by 3. The
inner connecting homomorphism δvd

1
is formed in the BP cobar complex before evaluation. We

evaluate its already formed polynomial one-cocycle; we do not form a connecting homomorphism for
multiplication by the evaluated vd

1 on O/3. The comparison from the bar resolution to the cyclic
resolution evaluates a one-cocycle at g, so it computes the image of the inner connecting class in
(2.7).

Express x in the basis of Lemma 2.2. Every summand with L > 1 has zero Thom image;
therefore the coefficient of the n = j, L = 1 summand is nonzero. The residue of the inner cocycle
at g is

L v
(L−1)d
2 t1(g)3d.

For L > 1 it is zero, whereas for L = 1 it is a unit. Thus the inner cocycle of the entire combination
evaluates to an element c ∈ O/3 with unit residue. Equation (2.9) sends it to 3c ≠ 0 in O/9. The
integral coefficient modules and their cochain complexes are 3-torsion-free, so evaluation commutes
with the outer connecting homomorphism δ3. This naturality proves nonvanishing in H2(G; ET ).

Remark 2.5. This is the CM detection mechanism used in [4, Section 6], with the integral target
retained. The further reduction O/9→ O/3 kills 3c. Consequently one must test nonvanishing in
H2(G;O) before making that reduction. No coefficient-action presentation is used in Lemma 2.4.

Lemma 2.6 (A filtration-two symbol detects its lift). Let a finite group J act on an even spectrum
Z, and put Y = ZhJ . Let F s = fib(Y → Tots−1 C•) be the decreasing tower of its group-cochain
resolution. If a class in πT −2F 2, with T even, has nonzero symbol in H2(J ; πT Z), its image in
πT −2Y is nonzero.

12



Proof. If the image were zero, the class would lie in the image of πT −1(Y/F 2), and Y/F 2 ≃ Tot1 C•.
In the fibre sequence

ΩN1C• −→ Tot1 C• −→ C0,

the degree-(T − 1) group of C0 vanishes by evenness. Every such element therefore comes from
πT N1C•. Its boundary in the second layer is the cochain differential from degree one to degree two.
The given symbol would thus be a d1-boundary, contrary to its nonzero class in H2. Equivalently,
after E2 the only possible ordinary incoming differential has length two and starts in odd internal
degree; larger incoming lengths start in negative filtration. The finite two-layer argument proves the
assertion directly, without a convergence assertion for any localized tower.

Theorem 2.7 (Detection of actual sphere classes). Let j ≥ 2, and let α ∈ π4·3j+1−2S(3) be detected
by bj in the mod-3 Adams spectral sequence. Its image under the unit

π4·3j+1−2S(3) −→ π4·3j+1−2(EhG)

is nonzero and has finite additive order. Its filtration-two symbol is the nonzero image of the
Adams–Novikov representative in Lemma 2.1.

Proof. Choose the actual Adams–Novikov filtration-two lift of α given by Lemma 2.1. The augmented
comparison sends it to a class in π4·3j+1−2F 2. Its symbol is nonzero by Lemma 2.4. Lemma 2.6
proves that its image in EhG is nonzero. Finally, a positive stable sphere stem is finite, and a
homomorphism preserves finite additive order.

2.5 The full-gap assertion and its torsion-free repair

The detection theorem produces a nonzero finite-order image from a sphere class detected by bj ,
j ≥ 2. The proposed full gap in degree minus two cannot hold: we now construct infinite-order
classes in every even degree. Under the proposed 972-periodicity, however, torsion-freeness in degree
minus two would still exclude the higher detectors. We prove the full-gap failure using independence
of field automorphisms and the additive transfer, retaining the actual homotopy class supplied by
the transfer rather than only an invariant coefficient.

Lemma 2.8 (Semilinear trace). Let a finite group J act on a characteristic-zero domain A and
semilinearly on a free rank-one module Ae. Suppose the kernel of J → Aut(A) acts trivially on Ae.
Then the additive trace

TrJ : Ae −→ (Ae)J , z ↦−→
∑︂
γ∈J

γz

is nonzero.

Proof. Put F = Frac(A), let α1, . . . , αm be the distinct automorphisms of F induced by J , and
choose representatives γi. Write γi(e) = cie, where ci ∈ A×, and let h be the order of the kernel.
On Fe the trace is

fe ↦−→ h
m∑︂

i=1
ciαi(f)e.

Distinct field automorphisms are linearly independent over F . Indeed, from a nonzero relation
with the fewest terms, evaluating at af and subtracting αm(a) times the relation at f removes
its last term. Choosing a on which another αi differs from αm gives a shorter nonzero relation, a
contradiction. Since hci ̸= 0, the displayed trace is nonzero.

Choose f ∈ F on which it is nonzero, and write f = a/b. The nonzero invariant
∏︁

γ∈J γ(b) clears
the denominator of f . Multiplication by this invariant commutes with the trace, and therefore gives
a nonzero trace of an element of Ae.
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Lemma 2.9 (Homotopy transfer). Let a finite group J act coherently on a spectrum Z. For every
integer d, the additive trace on πdZ factors as

πdZ −→ πd(ZhJ) −→ πdZ.

Proof. Work in the category of spectra with coherent J-action. Induction and coinduction from the
trivial subgroup agree: their underlying objects are the finite coproduct and finite product of |J |
copies of a spectrum, which agree naturally in a stable category. A map f : Sd → Z therefore gives
a composite

triv(Sd) diag−−→ coIndJ
e Sd ≃ IndJ

e Sd −→ Z.

The last map is adjoint to f ; on the summand indexed by γ, it is γf . The underlying composite
is consequently

∑︁
γ∈J γf . Maps from a trivial-action sphere to Z are maps from that sphere to

ZhJ , proving the assertion. For a finite group the continuous cochain construction gives the same
homotopy limit.

Proposition 2.10. For every n ∈ Z, the group π−2n(EhG) contains an element of infinite additive
order. In particular, π−2(EhG) ̸= 0.

Proof. Each Run is a semilinear R-line. We check the kernel hypothesis in Lemma 2.8. There is no
nontrivial ninth root of unity in W (k). To see this first for a cube root, its residue is 1, so write it
as 1 + 3c. The equation

(1 + 3c)3 − 1 = 9c(1 + 3c + 3c2) = 0

forces c = 0. Applying this twice handles ninth roots. If q9 = 1 in the power-series domain R, its
constant term is therefore 1, and

(q − 1)(1 + q + · · ·+ q8) = 0

forces q = 1, since the second factor has nonzero constant term 9.
Now suppose γ ∈ G acts trivially on R, and write γ(u) = qγu. The group relation gives q9

γ = 1,
hence qγ = 1. It acts trivially on every Run. Lemma 2.8 gives a nonzero integral trace in Run, and
Lemma 2.9 lifts it to π−2n(EhG). Its restriction has infinite order because R is a characteristic-zero
domain. The lifted class has infinite order as well.

This proposition uses additive traces, which vanish in ˆ︁H0(G; E∗). It asserts neither torsion-
freeness of a homotopy group nor periodicity.

Corollary 2.11 (The torsion-free repair). Suppose that the graded groups π∗(EhG) are 972-periodic
and that π−2(EhG) is torsion-free. Then bj does not survive for any j ≥ 4.

Proof. For j ≥ 4,
4 · 3j+1 − 2 = 972 · 3j−4 − 2.

A survivor would give a nonzero finite-order element of the group in this degree by Theorem 2.7.
Periodicity would identify it with a nonzero torsion element in degree −2, a contradiction.

The hypotheses of Corollary 2.11 are not assumed in the sequel. Instead we determine enough
outgoing differentials to exclude the detected classes directly.
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2.6 Euler localization and finite-page conventions

For K = G, H, let λ be its faithful complex one-dimensional representation, compatible under
restriction. We also write λ for its underlying real plane. Use the cofree genuine K-spectrum
associated to the given coherent action on E. Representation-suspended group cochains give an
RO(K)-graded homotopy fixed point spectral sequence. If V ∈ RO(K), its total homotopy degree
is V − s, and a differential changes (s, V ) by (r, r − 1).

The orientation of a complex representation sphere has trivial determinant character. It supplies
an invertible symbol

uλ, |uλ| = (0, 2− λ),

on E2. This is an orientation symbol in the layers, not a claimed permanent homotopy orientation.
Let b denote cyclic cohomological periodicity, with |b| = (2, 0). The Euler symbol is

aλ = b uλ, |aλ| = (2, 2− λ). (2.10)

It represents the actual representation Euler map, of total degree −λ.
Inverting aλ makes the E2-groups the ordinary Tate cohomology groups, with the additional

orientation variables. We call the resulting spectral sequence the Tate pages. Only their finite pages
will be used. The Euler symbol has no outgoing differential as long as it remains present: the
actual Euler map has a filtration-two lift, obtained from a nonvanishing section of the associated
line bundle on the 1-skeleton. Its first obstruction cocycle is exactly (2.10). Localization therefore
commutes inductively with differentials and passage to the next page; if an Euler power is hit, the
localized next page is zero.

Restriction and additive transfer are compatible with these pages. To see this without choosing
incompatible filtrations, use the same free G-space EG and its skeletons for both groups. Restriction
is then levelwise, and transfer is the finite sum over cosets. The cochain maps satisfy the projection
formula and commute with the differentials. Cellular comparisons with other free models induce
the usual isomorphisms from E2. Since the faithful Euler classes restrict compatibly, the same
statements hold after localization.

Only lengths r ≡ 1 (mod 4) can occur in the computations below. Evenness first excludes even
r. The commuting central automorphism −1 of the formal group acts trivially on R, since it lifts to
every deformation, and by −1 on its Lie line. Thus it acts on internal degree t = dimR V by (−1)t/2,
while it fixes the orientation symbols, whose representation shifts have dimension zero. Equivariance
of dr then requires (−1)(r−1)/2 = 1, giving the stated congruence.

Lemma 2.12 (A null lift gives a bounded incoming differential). Let F s+1 → F s, s ≥ 0, be a
decreasing tower of spectra, or of genuine spectra for a finite group. If α ∈ πV F s maps to zero in
πV F 0, its layer symbol is zero by Es+1. If that symbol is initially nonzero, its first disappearance is
an incoming differential of length at most s.

Proof. Put Cq = F q/F q+1, and let i, j, k be the exact-couple maps obtained from the fibre sequences
for these layers. The cumulative boundary group on Er in filtration s is

Bs
r = js ker

(︁
πV F s −→ πV F s−r+1)︁, 1 ≤ r ≤ s + 1.

This is the usual exact-couple formula Br = j(ker ir−1): for r = 1 it is zero, and deriving the exact
couple once adds the images of elements killed by the next iterate of i. Induction gives the displayed
expression. The symbol jsα has zero image under k, so it has no outgoing differential on any page
where it is nonzero. The hypothesis puts it in Bs

s+1, proving the assertion. Equivalently, α comes
from πV +1(F 0/F s); this finite quotient involves exactly the intervening s layers.
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Proposition 2.13 (Finite Euler bound). In the cofree genuine spectra associated to E, the actual
faithful Euler classes satisfy

a79
λ|H = 0, a235

λ = 0.

Consequently, the H-Tate pages kill the unit by a differential of length at most 157, and the G-Tate
pages kill it by a differential of length at most 469.

Proof. We give the construction for K = H, G simultaneously, retaining H = ⟨σ⟩ and writing
Q = K/H. Let

RN = NK
e MU, ρK = the real regular representation of K.

We use the derived genuine norm and its commutative-ring counit; their indexed multiplication and
geometric fixed point formulas are recalled in [16, Section 2 and Appendix B]. Nonequivariantly,
RN is a smash of |K| copies of MU, labelled by K. Let

c ∈ π52 Rese RN

be the coefficient of x27 in the strict change between the orientations labelled e and σ. Norming
this class and then applying the counit gives

z ∈ πK
52ρK

RN . (2.11)

Geometric fixed points. We claim that ΦHz = 0 as a genuine Q-class. The geometric fixed points
of a free indexed norm descend to the norm indexed by the orbit set, with its residual group action;
see [25, Corollary 2.11]. After applying ΦH , the factors in the domain of

NK
e Rese RN −→ RN

are labelled by Q×K, the target factors by Q, and the multiplication folds them by

Q×K −→ Q, (aH, c) ↦−→ acH.

This follows equally by viewing the counit on each free norm factor as right translation of its labels.
The displayed map factors, equivariantly for Q, as

Q×K −→ Q×Q −→ Q.

The first stage is the Q-norm of the multiplication MU∧K → MU∧Q that identifies labels in each
H-coset. Under that multiplication the e and σ orientations coincide. Their strict coordinate change
is the identity, so c maps to zero before the remaining Q-norm. This proves the claim with the
residual equivariance retained.

An Euler multiple vanishes in the norm spectrum. Every nontrivial subgroup of K contains H.
The family of subgroups not containing H is therefore just the trivial subgroup. Isotropy separation
gives

EK+ ∧RN −→ RN −→ ˜︃EK ∧RN .

For a spectrum concentrated over H, geometric H-fixed points identify its maps from SV with
genuine Q-maps from SV H ; see [12, Section 2.4]. Apply this also after smashing with S−52ρK . The
obstruction to lifting (2.11) through the first term is precisely its image

ΦHz ∈ πQ
(52ρK)H ΦHRN ,

16



which is zero. Thus z has such a lift.
The group

πK
52ρK−dλ(EK+ ∧RN )

vanishes if 52|K| − 2d < 0. Indeed, EK has free cells in nonnegative dimensions. A free q-cell
contributes an induced spectrum, whose group in representation degree 52ρK − dλ is the underlying
group of RN in degree 52|K|−2d−q. It is zero because Rese RN = MU∧|K| is connective. Induction
over finite skeleta, followed by compactness of a representation sphere, proves the vanishing.
Multiplication of the lifted class by ad

λ therefore gives

ad
λz = 0 when 52|K| − 2d < 0. (2.12)

The least such exponents are d = 79 for H and d = 235 for G.
The image of z is invertible. Let EBor denote the cofree genuine K-spectrum associated to the

given action. There is a map
RN −→ EBor

obtained on underlying spectra with action by applying the translated orientation in each factor
and multiplying:

(aγ)γ∈K ↦−→
∏︂

γ∈K

γf(aγ).

The coherent action and the E∞-multiplication make this a map with coherent action; cofree
adjunction gives the genuine map. Its underlying map is homotopy multiplicative, which is all that
will be needed. In particular, an E∞ refinement of the orientation has not been assumed.

Let cE be the underlying image of c. On the special fibre, σ − 1 has S-valuation 3, so its first
nonzero nonlinear strict coefficient occurs at x27. Hence cE has unit residue and is a homogeneous
unit in E∗. The underlying image of z is the product of its K-conjugates, and is again a unit.
Multiplication by zE is thus an underlying equivalence

S52ρK ∧ EBor −→ EBor.

Both spectra are cofree, since a finite representation sphere preserves cofreeness. An underlying
equivalence between cofree spectra is a genuine equivalence. Transport (2.12) along the map of
spectra and cancel multiplication by zE . This proves the asserted vanishing of the actual Euler
powers.

The finite-page bound. The Tate E2-unit is nonzero: the equivariant residue map R→ k takes
every additive trace to zero, since K acts trivially on k and |K| = 0 there. Cyclic periodicity therefore
makes every Euler-power symbol nonzero on the ordinary E2-page. The skeletal filtration-two
lift of aλ has symbol (2.10). Multiplying these lifts with a cellular diagonal gives a lift of ad

λ in
filtration 2d, with the corresponding power as symbol. It maps to zero in filtration zero by the
result just proved. Lemma 2.12 therefore makes the symbol an incoming boundary by length 2d.
Its representation internal degree is d(2− λ), of underlying dimension zero. An incoming dr has
source internal dimension 1− r, so evenness forces r odd. The bounds improve to 2d− 1, namely
157 and 469. After inverting the Euler symbol, a boundary on its power is a boundary on the unit.
This proves the claim entirely on finite pages.

3 The coefficient action and its fixed geometry
The coefficient ring and its fixed deformation geometry supply two inputs to the topological
differential calculation. The ring model gives the coefficient cohomology, while the fixed geometry
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constrains equivariant maps between its scalar and exterior parts. We first determine the actual
action: the model in Theorem 3.4 below is an isomorphism of completed graded rings with their
actual C9-actions. It is the height-six, prime-three case of the model proposed in [4, Conjecture 0.3];
that conjecture is not an input to the proof. Related geometric descriptions at height p− 1 are given
by Ray [33, Theorem C and Section 10.5]; at the prime three that height is two. The height-six
model and its fixed deformation geometry are established here from the formal-group action.

Retain the Honda formal group, the chosen subgroup G = ⟨g⟩ = C9, and H = ⟨σ⟩, where σ = g3,
from Section 2. Put

k = F36 , R = W (k)[[u1, . . . , u5]], m = (3, u1, . . . , u5), E∗ = R[u±1], |u| = −2.

All completions of graded rings in this section are taken degree by degree. The coefficient line E−2 is
the Lie line of the universal formal group: its dual E2 is the cotangent line, identified by restriction
from CP∞ to CP1. We use the right-unit convention for the strict coordinate-change coefficients ti.
Thus t1 represents the usual integral one-cocycle of internal degree four.

Write
C = CO×

D
(H), OD = W (k)⟨S⟩/(S6 = 3, Sa = aφS).

The action of C considered here fixes W (k). The centralizer algebra of Q3(ζ3) is a division algebra
of degree three over that field. It contains its unramified cubic extension. Skolem–Noether, followed
by adjustment of the valuation of a conjugator by a normalizing power of S, allows us to arrange
that

T = F×
27 ⊆ C

consists of Teichmüller units. We index its characters modulo 26, with the residual character on the
Lie line assigned weight one. Since 26 is invertible in W (k), character projections may be applied to
lifts in all the complete modules below.

3.1 The tangent action

To obtain the cyclic presentation, we will construct a period x0 ∈ E−2 with TrH(x0) = 0 and show
that its G-orbit generates the completed coefficient ring. The tangent calculation gives the required
independent coordinates. The following complete-local calculation then lifts the residual period to
one with exactly zero trace.

For an element e acting on coefficients, let De = e− 1. Choose Araki generators temporarily, so
that [3](x) =

∑︁F
i vix

3i , and normalize the period by v6 = u1−36 . This normalization is possible by
Hensel’s lemma. The elements ui = viu

3i−1, 1 ≤ i ≤ 5, are regular parameters. Set

P0 = [3], Pi = [ui] (1 ≤ i ≤ 5)

in m/m2.

Lemma 3.1 (Tangent action). For 1 ≤ i ≤ 5, the operator Dg sends Pi into the span of P0, . . . , Pi−1,
with a nonzero coefficient of Pi−1. The operator Dσ lowers the index by at least three, and its
coefficient at Pi−3, for i ≥ 3, is a3i−3, where

a a27 = −1.

Moreover, Dgu/u has a nonzero P5-term and Dσu/u has leading term a27P3. One may choose a
weight-one period u and linear coordinates

y0 = [Dσu/u], y1 = P4, y2 = P5, li = Dσyi
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such that

l0 = −P0, grm E∗ = k[u±1, y0, l0, y1, l1, y2, l2], σyi = yi + li, σli = li, σu = u.

The weights of y0, y1, y2 are 0, 2, 8, respectively.

Proof. For e = g, σ, comparison of the two 3-series under the strict coordinate change gives, through
index six,

evi ≡ vi +
∑︂
l<i

vl ti−l(e)3l (mod m2). (3.1)

Here and below an expression involving a graded coefficient is read after multiplication by the
appropriate power of the period. To justify the truncation, in f ◦ [3]eF = [3]F ◦ f all coefficients
vl, evl for l < 6 belong to m. Terms containing two such coefficients vanish modulo m2. Inside a
term already multiplied by vl one may work in characteristic three. The special-fibre Honda law is
additive below total degree 36, and terms involving the index-six summand together with a positive
nonlinear power exceed the degree under consideration. These observations leave precisely (3.1).

The S-valuations of g−1 and σ−1 are one and three. Consequently their first residual nonlinear
strict coefficients have indices one and three, respectively. The identity (σ − 1)2 = −3σ in the
endomorphism algebra implies a a27 = −1 for the latter coefficient. Equation (3.1) gives the asserted
descending terms. At index six the equation v6 = u−728, together with −728 ≡ 1 (mod 3), gives the
period formulas.

For Teichmüller elements the lower strict coefficients vanish on the special fibre. It follows that
Pi has weight 3i − 1. Projecting a period to weight one preserves its residual generator and the
leading terms just calculated. In particular

Dσy0 = a27aP0 = −P0.

The six displayed coordinates are independent: the three yi have leading indices 3, 4, 5, and the three
li have leading indices 0, 1, 2. Their asserted action follows either from this triangular calculation or
from D2

σ = 0 on m/m2.

3.2 A complete-local coefficient calculation

For this subsection only, use Er for the spectral sequence of the m-adic filtration on the coefficient
Tate complex. This auxiliary spectral sequence is distinct from the topological homotopy-fixed-point
spectral sequence. On Er, the differential increases the m-filtration by r, increases cohomological
degree by one, and preserves internal degree.

The complete cyclic Tate complex in a fixed internal degree alternates Dσ and TrH = 1 + σ + σ2.
Let b denote its periodicity class of cohomological degree two and internal degree zero. Set

Ni = y3
i − yil

2
i .

The letters Ni initially denote elements of the associated graded; their multiplicative orbit norms
will provide lifts.

Lemma 3.2 (The first coefficient page). There is an isomorphism of trigraded algebras

E1 = k[b±1, u±1, N0, N1, N2]⊗ Λ(e, z0, z1, z2). (3.2)

Here e, zi have cohomological degree one and internal degree zero. Their cyclic cocycle values at σ
are 1, yi, respectively. Their m-filtrations are 0, 1, and Ni has filtration three. The classes b±1, Ni,
and the class denoted u3 lift to cycles of the complete coefficient complex.
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Proof. For one pair k[y, l] with σy = y + l, the orbit norm is N = y3 − yl2, and the ring is free over
k[N, l] on 1, y, y2. After removing powers of N , its homogeneous part of degree d ≥ 2 has basis

ld, yld−1, y2ld−2.

The action on this three-dimensional space is a single unipotent block of length three; it is a free
k[H]-module. Degree zero is trivial, and degree one is the two-dimensional indecomposable module,
a suspension of the trivial module in the stable category.

Tensor the three decompositions. Terms having a free factor have zero Tate cohomology. The
stable suspension class of each degree-one factor is represented by its value yi, and cup product
with that class identifies the corresponding shifted Tate groups. This gives (3.2) as a module, and
also identifies products on distinct factors. Odd anticommutation and the vanishing of odd squares
give the displayed exterior algebra.

The elements Ni lift by taking multiplicative orbit norms of lifts of yi; the norm of a period has
initial term u3. The periodicity operator b and its inverse act on the actual cyclic complex. These
are therefore coefficient cycles.

Proposition 3.3 (Integral obstruction calculation). After compatible nonzero scalar normalizations,
the auxiliary coefficient spectral sequence has

d1(u) = uz0, d1(e) = ez0, d1(zi) = ziz0 (i = 1, 2), d1(z0) = 0.

Consequently
E2 = k[b±1, u±3, N0, N1, N2]⊗ Λ(eu, z1u, z2u, z0). (3.3)

Its only nonzero differential on these generators is

d2(z0) = c bN0, c ∈ k×.

There are no further differentials. In particular the leading cohomology class eu is represented by an
actual element x0 ∈ E−2 satisfying

x0/u ≡ 1 (mod m), TrH(x0) = 0.

The element x0 may be chosen of T -weight one.

Proof. The definition of y0 gives d1(u) = uz0. The linear part of TrH(u)/u is P0 + l0 = 0, so
d1(eu) = 0. In the cyclic cup-product convention this is equivalently d1(e) = ez0.

We need the same trace assertion to one further order. The trace of the chosen period now
lies in m2E−2. It is invariant, so its leading term defines an even Tate class in filtration two. The
only classes there with the required internal degree are the shifts of uzizj , i < j, by powers of b.
None has T -weight one: the added weights are 2, 8, 10. The leading trace class is therefore zero.
Subtracting the trace of an element of m2E−2 corrects u so that

TrH(u) ∈ m3E−2.

Since g commutes with H, the elements Dgu, D2
gu, Dσu satisfy the same trace condition. By

Lemma 3.1 their first terms span uz2, uz1, uz0, in triangular order, modulo li-terms. Those li-terms
are boundaries in the odd cyclic group. Thus d1(z1u) = d1(z2u) = 0. The equation d2

1(u) = 0 also
gives d1(z0) = 0. Leibniz yields the asserted formulas on e, z1, z2. Taking cohomology, a monomial
survives precisely when its power of u is congruent modulo three to its number of factors among
e, z1, z2; this gives (3.3).
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The three generators eu, z1u, z2u all have period exponent one modulo three. An even target
at that exponent must contain exactly one of these generators and also z0. For a d2 from z1u or
z2u this is impossible in filtration three; for a d2 from eu, the filtration-two candidates have the
wrong weight. For z0, a target has period exponent zero and filtration three. The norms N1, N2
have weights 6, 24, whereas N0 has weight zero. The remaining possible four-exterior-factor target,
with its period corrected by u−3, has weight 10. Thus the only possible differential is d2z0 = c bN0.

To determine c, let L = Q3(ζ3) and take a height-one Lubin–Tate formal module for the
unramified cubic extension of L. Its underlying formal group has height six. After a residue-field
extension, choose a framing identifying the action of ζ3 with the prescribed H-action. Skolem–
Noether gives such a framing rationally; it can be made integral because the centralizer division
algebra contains an element of S-valuation one. This construction uses formal-module deformation
theory and the given stabilizer embedding, not the coefficient model being proved.

On this fixed lift the ungraded coefficients have trivial H-action and the Lie period has character
ζ3, or its inverse if the opposite action convention is chosen. Put π = ζ3 − 1. Filter the target cyclic
complex by powers of π. The class z0 maps to a nonzero multiple of πe. Since 3 is a unit times π2,
the norm differential on this internal-degree-zero class sends πe to a nonzero multiple of π3b. This
is its d2, and N0 maps to π3 up to a unit. Naturality proves c ̸= 0.

The resulting page is
k[b±1, u±3, N1, N2]⊗ Λ(eu, z1u, z2u). (3.4)

Its three odd generators have no even target of period exponent one modulo three. Its even
generators already lift to coefficient cycles. Hence all subsequent differentials vanish.

We finally justify passage to the complete complex. In each fixed internal and cohomological
degree its terms are compact: their m-adic quotients are finite because k is finite. Survival to every
page means that every prescribed finite accuracy admits a lift with the given leading cohomology
class. A boundary correction in the leading quotient permits us to fix a representative of that class.
The sets of such lifts whose differentials vanish to accuracy N are nonempty nested closed subsets
of a compact module. Their intersection supplies an exact cycle. Images of the differential, and
images of deeper filtration pieces, are closed for the same reason. Thus the final page really is the
associated graded of the coefficient Tate cohomology; no inverse-limit extension is being suppressed.

Apply this argument to eu. An odd cyclic cocycle is precisely an element in the kernel of TrH ,
so it gives the claimed x0. Projection to the weight-one character commutes with TrH , preserves
the residual period, and gives the last assertion.

Theorem 3.4 (The exact cyclic coefficient model). Set xi = gix0, with indices read modulo nine.
Then (︄

W (k)[x0, . . . , x8, (x0 · · ·x8)−1]
(xi + xi+3 + xi+6 : 0 ≤ i < 3)

)︄∧

(3,xi/x0−1)

∼=−−→ E∗ (3.5)

is an isomorphism of W (k)-linear graded G-rings, with |xi| = −2 and g(xi) = xi+1.

Proof. The actual trace equation of Proposition 3.3 and its first two g-translates give the three
relations. All xi/x0 reduce to one, so the product being inverted is a unit.

Eliminate x6, x7, x8, and use x0 and the five ratios xi/x0, 1 ≤ i ≤ 5, as coordinates. The degree-
zero part of the source is a power-series ring in five variables over W (k); the remaining variable is an
invertible period. The tangent map is invertible. Indeed the first five positive differences Dj

gx0/x0
have leading terms in P6−j , respectively, with nonzero coefficients. Any first-order correction from u
to the weight-one x0, after division by u, has weight zero and lies in the span of P0, P3. Its positive
Dg-differences only change lower terms in this triangular calculation. Together with 3, the five
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displayed differences therefore give all six cotangent directions. The passage from these differences
to the five ratio coordinates is an invertible triangular binomial change of variables. Formal inversion
over W (k) proves that the degree-zero map is an isomorphism, and adjoining the period proves
(3.5). Its equivariance holds by the definition xi = gix0.

3.3 Coefficient cohomology and its scalar classes

Return now to the bidegree convention (s, t), with group cohomological degree first and internal
homotopy degree second. The following is the coefficient algebra that forms the topological E2-page
after Euler localization.

Proposition 3.5. Put qi = NH(xi), q = q0. There are norm parameters n1, n2 such that, with
K = k[[n1, n2]],

ˆ︁H∗(H; E∗) = K[q±1, b±1]⊗K ΛK(V ), |q| = (0,−6), |b| = (2, 0), |V | = (1, 4). (3.6)

The module V is free of rank three, with cyclic-cocycle basis

ai = xi/qi, 0 ≤ i < 3.

The group g cyclically permutes this basis semilinearly over K. Equivalently, qi/q − 1, i = 1, 2, are
regular parameters of K. For n = (n1, n2), the weights on n/n2 are 6,−2, and V/nV is a single
three-term Jordan block for g.

Proof. Lift the norm classes N1, N2 in (3.4), choosing weight 2, 8 lifts before taking norms. Their
norms have weights 6, 24. The trace-zero xi give odd cocycles, and division by qi places them in
internal degree four. The first two g-differences yield the z2u, z1u terms of (3.4); together with
x0, they give the three odd generators. One may first use a common denominator q to verify this
associated-graded assertion.

Tate cohomology is killed by three, so it is a k-algebra. All the power series in the positive-
filtration norm parameters converge in its complete filtration. The proposed generators account for
the entire associated graded. Their only proposed relations are the exterior relations, which hold
in cohomology by graded commutativity and invertibility of two. The complete associated-graded
comparison therefore proves (3.6).

For the alternative parameters, the identity

NH(a + b)−NH(a)−NH(b) ∈ im(TrH)

holds in every commutative H-ring: the mixed terms in the triple product are the two complete
cyclic orbits. Apply it to a = 1, b = xi/x0 − 1. Modulo additive traces, qi/q − 1 is the norm of that
ratio difference. The first two ratio differences span the y1, y2 directions modulo the y0, li directions,
by the triangular tangent calculation; the norms of the latter directions vanish on (3.4). Thus these
two norm functions are another regular parameter system.

Finally qi+3 = qi, and xi+3 − xi = Dσxi is an odd cyclic boundary. Hence g(a2) = a0 in
cohomology. Modulo n, semilinearity disappears and the cyclic permutation of three basis elements
is a single Jordan block in characteristic three.

Lemma 3.6 (Scalar cycles). On every nonzero topological Tate page,

A = qb−2

is a permanent-cycle unit, and every element of K is a cycle.
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Proof. The representation-graded multiplicative norm of x0 is an actual class of degree minus twice
the real regular representation of H. Its symbol is qu2

λ. Division by the Euler square, whose symbol
is b2u2

λ, gives A. Both numerator and Euler class have actual filtered lifts. Their quotient is a unit
on each nonzero localized page and has no outgoing differential.

The ratios
qi/q = NH(xi/x0)

are norms of elements of π0E, so they have degree-zero homotopy lifts. The norm parameters used
in Proposition 3.5 have the same property. Constants are cycles: a Teichmüller constant satisfies
c729 = c, and Leibniz kills its differential on a characteristic-three page. For an arbitrary series use
the finite decomposition

f =
∑︂

0≤i,j<3
f 3

ijni
1nj

2, fij ∈ K.

Leibniz kills each cube and each parameter. This proves the assertion without a continuity assumption
on a spectral-sequence derivation.

3.4 The fixed formal-module deformation

We now study the centralizer action on the scalar and exterior modules in (3.6). To constrain
equivariant maps between them, we evaluate their classes on deformations fixed by H, and then on a
one-dimensional locus in that fixed space. This requires identifying the fixed functor on all Artinian
tests, including nonreduced ones. We begin with the finite-height rigidity underlying Lubin–Tate
deformation theory; compare [22, Proposition 2.4].

Lemma 3.7 (Rigidity of endomorphism lifts). Let B be an Artinian local ring with residue
characteristic three, and let F1, F2 be deformations over B of formal groups of finite height. A
homomorphism F1 → F2 is determined by its reduction. The same assertion holds over a complete
local base by passage to its Artinian quotients.

Proof. The formal-group difference of two homomorphisms with the same reduction is a homomor-
phism f whose coefficients lie in the maximal ideal b of B. Suppose inductively that they lie in bi,
i ≥ 1. In the equality

[3]F2 ◦ f = f ◦ [3]F1 ,

the left side is zero modulo bi+1: its linear term is 3f , and every nonlinear term has at least two
factors from bi. On the right, only substitution by the special-fibre 3-series matters. That series
has positive finite order, so substitution by it is injective on (bi/bi+1)[[x]]. Thus f vanishes modulo
bi+1. Induction proves f = 0.

Write
O = Z3[ζ], ζ = ζ3, π = ζ − 1.

A strict formal O-module means a formal group with O-action whose induced action on its Lie
line is the structural scalar action of O. For formal-module deformation theory we use the Lubin–
Tate–Drinfeld theorem: the framed deformation of a one-dimensional formal O-module of relative
height d is a formally smooth space of relative dimension d − 1 over the completed unramified
coefficient extension of O. This is the strict formal-module deformation problem; see [22, 9] and [30,
Theorem 8.4]. The normalization of the uniformizer coefficients will be used separately below, with
its own reference and coordinate comparison.

For a coefficient line we shall write wi for the i-th tensor power of the Lie line, retaining its
C-equivariant structure. Thus a section written fwi has scalar coefficient f only after a choice
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of the displayed period. Put Pn = Kqn; after a quotient of K, the same notation denotes the
corresponding scalar line over that quotient.

Theorem 3.8 (Fixed geometry and evaluation). The eigenvalue condition

σxi = ζxi

defines a framed strict formal O-module deformation space of relative height three. Its ungraded
base and Lie period are

D0 = W (k)[ζ][[r1, r2]], ri = xi/x0 − 1 (i = 1, 2), w = x0.

The full ungraded H-fixed base is equivalently

W (k)[[s, r1, r2]]/(s2 + 3s + 3), 1 + s = σx0/x0. (3.7)

In particular its characteristic-three fibre retains the relation s2 = 0.
Set D̄ = D0/(π). There is a C-invariant Hasse section h1 in the line w−2, given by the first

strict coefficient of σ. On its zero divisor there is a C-invariant Hasse section h in w−8, given by
the second strict coefficient. The ring

D′ = D̄/(h1)

is a formal disc with parameter hw8; here ideals generated by line sections are read after a period
trivialization.

Evaluation in cyclic cohomology and reduction modulo π identify

K ∼= D̄ 3, q ↦−→ w3.

The evaluated V is the D̄3-span of 1, x1/x0, x2/x0 in the line w−2. There is a C-fixed primitive
element θ ∈ V , the restriction of the class of t1, which evaluates to h1 up to a nonzero scalar.

One may choose a T -basis v, θ, y of V with weights −2, 0, 6, with v = x0/q. Modulo n,

gθ = θ, gy = y + c1θ, gv = v + c2y + c3θ, c1c2 ̸= 0. (3.8)

Using evaluation to identify cube sections with their unique preimages, put

J = h3
1 ∈ Kq−2, F = q2J, S0 = K/(F ) ∼= (D′)3, W = (V/Kθ)⊗K S0.

Then F is a regular parameter of K, and there is an injective C-equivariant evaluation

W −→ w−2 over D′.

After trivializing the line, the evaluations of v, y have orders zero and one, respectively.

Proof. We first compute the fixed equations, without passing to reduced points. In the model of
Theorem 3.4, put ai = xi/x0, so a0 = 1, and put r = a3. Fixation of the ungraded base by σ says

ai+3 = rai.

It follows that a4 = ra1, a5 = ra2, and a6 = r2. The first trace relation also gives a6 = −1− r. Thus
r2 + r + 1 = 0. Conversely, this equation and the displayed formulas impose all the base-fixation
equations, including the remaining two trace relations. Writing r = 1 + s gives (3.7). Fixing its
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structural root r = ζ gives precisely D0. The action of C preserves this locus because it centralizes
σ.

On an Artinian test ring, a fixed deformation carries the lift of the framed automorphism σ.
This lift is unique by Lemma 3.7. Its endomorphism 1 + σ + σ2 reduces to zero and is therefore zero.
It consequently extends the Z3-action to an O-action. The eigenvalue condition imposes exactly
the structural action on the Lie line. Conversely, such a strict formal-module deformation supplies
this lifted automorphism and the eigenvalue condition. This proves the claimed identification of
deformation functors on all Artinian tests. Since [O : Z3] = 2, its underlying height six is relative
height three.

On D̄ the structural uniformizer vanishes. The first nonlinear coefficient of the uniformizer
endomorphism is t1(σ), a section of w1−3 = w−2. After this coefficient is zero, its next leading
coefficient is t2(σ), a section of w1−9 = w−8. Subtracting the identity from σ gives these statements
successively modulo the previous leading coefficients. Leading coefficients of an endomorphism
transform in the indicated lines under coordinate change. They are therefore intrinsic C-invariant
sections, denoted h1, h. Here is the parameter comparison explicitly. After the faithfully flat
completed residue extension k ⊆ k̄, the universal formal-module deformation admits parameters
U1, U2 and a formal group coordinate z satisfying

[π](z) ≡ Uiz
3i (mod (π, U1, . . . , Ui−1, z3i+1)), i = 1, 2; (3.9)

this is [36, arXiv version, Section 1, Equation (1.1)], applied to the ramified local field Q3(ζ). If
z′ = cz + O(z2), with c a unit, conjugation sends a first nonzero coefficient λzN to c1−N λ. Thus
h1w2 is a unit times U1, and, on its zero divisor, hw8 is a unit times U2. Nonvanishing of these
successive cotangent classes descends along k ⊆ k̄. The formal inverse function theorem therefore
makes h1w2 a regular parameter of D̄, and identifies its zero curve with k[[hw8]]. This proves the
disc assertion over the original finite residue field; no descent of the chosen normal-form coordinate
is required.

At the fixed deformation, NH(xi) = x3
i , since 1 + ζ + ζ2 = 0 and ζ0+1+2 = 1. Hence

qi/q ↦−→ (xi/x0)3 = (1 + ri)3.

The parameter description of Proposition 3.5, and perfection of k, identify K with k[[r3
1, r3

2]] = D̄3.
Using the common denominator q, the values of the three odd generators are w−2, (1 + r1)w−2, and
(1 + r2)w−2. The alternative denominators qi multiply these by units from the cube subring, so give
the same span.

The class of t1 is the restriction of the integral Adams–Novikov one-cocycle and is fixed by the
centralizer. Its value is h1, up to the nonzero scalar determined by the cyclic generator convention.
Its evaluated first jet is nonzero, so its class θ is primitive in V . The residual weights of V , from
(3.4) after division by the norm period, are −2, 0, 6. Character projection gives a basis v, θ, y of
these weights. The tangent chain in Lemma 3.1 puts θ at the fixed end and gives (3.8), including
nonvanishing of c1, c2.

Under the identification K = D̄3, F = q2h3
1 is (h1w2)3; it is a parameter. This also gives

S0 ∼= (D′)3. The values and first derivatives of 1, r1, r2 span first jets. The class θ is transverse to
the curve, while v has nonzero constant value. The remaining class y has nonzero derivative along
the curve. Equivalently its scalar first jet has weight 8, whereas the transverse parameter has weight
2. Thus, on the curve, the evaluated v, y have orders zero and one.

For completeness, these orders prove the asserted injectivity over the smaller ring. Write
τ = hw8, so D′ = k[[τ ]] and S0 = k[[τ3]]. A nonzero cube-series multiple of the value of v has order
0 (mod 3), and one of the value of y has order 1 (mod 3). They cannot cancel. Evaluation of W
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is therefore injective. All constructions used to define it are functorial for the centralizer action,
proving equivariance.

3.5 Centralizer rigidity on the curve

Lemma 3.9. Every open subgroup of C has infinite image on D′. Its invariant Laurent functions
are constants. These assertions remain valid after a finite extension of the residue field, with the
group acting trivially on the extended constants.

Proof. Suppose an open subgroup U fixed the curve. Its elements would lift to automorphisms of
the formal O-module over D′, with their given special fibres. The relative height at the generic
point is two: the first height parameter is zero and the second is nonzero. After extending the
fraction field to an algebraic closure, the centralizer of Q3(ζ) in the rational endomorphism algebra
therefore has dimension four over Q3(ζ).

At the closed point the corresponding centralizer is a division algebra of degree three, hence
dimension nine over Q3(ζ). An open subgroup of its units spans this algebra: differences of elements
in a sufficiently small neighborhood of one contain a nonzero multiple of its full integral lattice.
Choose nine members of U linearly independent over Q3(ζ). Their generic lifts would satisfy a
nontrivial linear relation over that field of operators. Clear its denominators using the structural
O-action. The resulting sum is an integral formal-module endomorphism; if it vanishes generically,
all its power-series coefficients vanish over the domain D′. Specialization gives the same forbidden
relation at the closed point. This proves that no open subgroup fixes the curve. A finite image
would have an open kernel, since distinct automorphisms of a formal disc are distinguished on finite
jets. Thus every open subgroup has infinite image.

If a Laurent function is nonconstant, subtract its constant term when necessary and invert it
when it has a pole. Its leading order shows that the Laurent-series field of the disc is finite over the
one-variable Laurent-series field it generates. A group of field automorphisms fixing that function is
consequently finite. It cannot contain the image of an open subgroup of C. The same argument and
the same dimension contradiction apply after a finite extension of constants.

Lemma 3.10 (Invariant meromorphic sections). A nonzero invariant meromorphic section of wi is
a constant multiple of hd, where 8d = −i and d ∈ Z. If it is integral, then d ≥ 0. There is no nonzero
invariant meromorphic section of wiχ for any nontrivial constant sign character χ : C → {±1}.

Proof. Let z be such a section. Since h is invariant in w−8, the product z8hi is an invariant Laurent
function. It is a nonzero constant by Lemma 3.9. In a period trivialization, h has order one.
Valuation therefore gives 8 ord(z) + i = 0. Put d = ord(z); then i = −8d, and z/hd has eighth power
constant. After a finite extension of constants it is itself constant. This proves the first assertion
and its integral variant.

For a sign twist the same eighth-power calculation applies. The resulting constant z/hd would
have to transform by the nontrivial character χ, although the group fixes constants. It must therefore
vanish, a contradiction.

3.6 The determinant character

The next calculation is over the reduced ring D̄, not over the nonreduced characteristic-three fibre
in (3.7). This distinction is needed when dividing the determinant of a crystalline operator. The
use of Kodaira–Spencer theory to express an equivariant canonical line in terms of a Lie line and
a determinant character has a close antecedent in the Lubin–Tate calculation of Hopkins–Gross
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[18, Section 1.2 and Corollary 3]. Here the strict O-action and the quotient by the invariant Hasse
direction require the following calculation on the curve.

Lemma 3.11 (The determinant line). After a finite extension of constants there is an equivariant
isomorphism

det(D′ ⊗S0 W ) ∼= w−9χ, (3.10)

where χ : C → {±1} is a sign character whose restriction to T has weight 13, and is therefore
nontrivial.

Proof. Write A0 = D̄, and let X/A0 be its universal strict formal O-module. Let M denote
the covariant de Rham Dieudonné module of its underlying 3-divisible group. Our convention is
M = D(XD), where D is the contravariant crystal and XD is the Cartier dual. The crystal and its
duality are provided by [6, Section 2.2, Theorem 2, and Section 5.2, Theorem 5(i)]. It is free of rank
six over A0. The uniformizer endomorphism acts on M by an operator ϵ with ϵ2 = −3(1 + ϵ) = 0.
We first show that

M is free of rank three over B0 = A0[ϵ]/(ϵ2).

At the closed point, the integral Dieudonné lattice is torsion-free over W (k)⊗Z3 O = W (k)[ζ].
Indeed multiplication by three is injective, and the relation π2 = −3(1+π) implies that multiplication
by π is injective as well. This coefficient ring is a discrete valuation ring, so the lattice is free of
rank three over it. Reduction modulo three gives a rank-three free module over k[ϵ]/(ϵ2). Lift such
a basis to M. The resulting B0-linear map B3

0 →M is a map of free A0-modules of rank six which
is an isomorphism at the closed point. Its determinant is a unit, proving the assertion.

Set M0 =M/ϵM, and let L be the Lie line, denoted w. The Hodge quotient factors through
M0 because the structural uniformizer acts as zero on L. Write

0 −→ N −→M0 −→ L −→ 0. (3.11)

Here M0 has rank three and N has rank two.
We make the tangent identification on arbitrary Artinian tests. For a continuous map A0 → R0

to an Artinian local k-algebra and a finite R0-module I, use the split square-zero extension R0 ⊕ I.
Give I the divided powers γ1(x) = x and γj(x) = 0 for j ≥ 2. Grothendieck–Messing applies
to this nilpotent divided-power thickening. The splitting provides a distinguished pullback lift;
the crystal evaluated on the thickening is the base change of the de Rham module of that lift.
The theorem identifies deformations with lifts of the Hodge quotient, and its full-faithfulness
assertion identifies lifted endomorphisms with operators preserving that quotient [8, Remark 2.3(iii),
Theorem 2.4(ii),(iv)]. Thus the strict O-module lifts are exactly the quotient lifts on which ϵ acts
by zero, or equivalently lifts of the quotient M0 → L in (3.11). Relative to the split lift these
are parametrized by Hom(N, L⊗ I). The representing deformation functor parametrizes them by
continuous derivations of A0 into I. Naturality on all these tests, and passage to the inverse limit,
give equivariantly

TA0/k
∼= HomA0(N, L), Ω1

A0/k
∼= N ⊗ L−1.

In particular
det Ω1

A0/k
∼= (det M0)L−3. (3.12)

This is the operator-compatible version of the usual Kodaira–Spencer calculation.
Let ϕ be absolute Frobenius of A0. Functoriality and crystalline base change give A0-linear

maps between ϕ∗M and M induced by relative Frobenius and Verschiebung, with both composites
multiplication by three and hence zero [6, Section 2.2, Equation (2.4), pp. 24–25]. At the closed point
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the integral covariant Lie quotient has dimension one, so the corresponding operator has elementary
divisors five units and one factor three. The relation FV = V F = 3 gives the complementary
operator one unit and five factors three; see [8, Theorem 4.33(3) and Remark 4.34(2)]. Thus one of
the reduced maps, say U , has rank five, and its complement has rank one. Their corresponding
minors remain units. Over the fraction field of A0 the ranks are therefore at least five and one, and
their zero composition forces the first rank to be exactly five.

Both source and target of U are free rank-three modules over B0. On the Frobenius twist the
operator is the pullback of the endomorphism ϵM. Naturality of the crystalline maps makes U linear
for these operators: in one direction the identity is Uϕ∗(ϵM) = ϵMU , and in the other direction it
is the reversed identity. These identities follow on every Artinian test from functoriality for the
endomorphism [π], and pass to the formal base by compatible inverse limits. This statement does
not apply absolute Frobenius to the dual-number algebra, which would send its scalar ϵ to zero.

In B0-bases write
U = U0 + ϵU1, det

B0
(U) = a + ϵb.

Its underlying A0-linear matrix has block form(︄
U0 0
U1 U0

)︄
.

Consequently 0 = detA0(U) = a2. The ring A0 is reduced, so a = 0. At the closed point, rank five
forces elementary divisors 1, 1, ϵ over k[ϵ]/(ϵ2). Thus b is a unit.

This division of the determinant is intrinsic. For a free rank-one B0-module, multiplication
by ϵ identifies its reduction modulo ϵ with its submodule multiplied by ϵ. The determinant map
just obtained has image in that submodule and kills ϵ times its source. Dividing and reducing
therefore gives an isomorphism of the reduced determinant lines. Reversing it if necessary, we obtain
a C-equivariant isomorphism

ϕ∗(det M0)
∼=−−→ det M0.

Choose a generator e, with image of 1 ⊗ e equal to a0e, a0 ∈ A×
0 . After a finite extension of k,

Hensel’s lemma gives a unit b0 with b2
0 = a−1

0 . Replacing e by b0e makes it Frobenius-fixed. For
c ∈ C, write c(e) = λce. Equivariance gives λ3

c = λc, and a unit satisfying this identity in the local
ring is 1 or −1. These scalars define a sign character χ. The cotangent weights in (3.12) are 2, 8
and the Lie weight is one. Hence

wtT (det M0) = 2 + 8 + 3 = 13 (mod 26).

It remains to relate M0 to V . Use the first principal-parts module of L−2, with its exact sequence

0 −→ Ω1
A0/k ⊗ L−2 −→ P 1

A0/k(L−2) −→ L−2 −→ 0.

The jet map is linear over cubes, since d(f3) = 0. Thus coefficient evaluation induces an A0-linear,
C-equivariant map

A0 ⊗K V −→ P 1
A0/k(L−2).

Functoriality of principal parts includes simultaneous changes of the base and the line trivialization,
so the asserted equivariance is independent of the chosen period. Using the basis whose scalar
evaluations are 1, r1, r2, its matrix of values and derivatives is⎛⎜⎝1 r1 r2

0 1 0
0 0 1

⎞⎟⎠ .

28



It is therefore an isomorphism. Taking determinants and using (3.12) gives

det(A0 ⊗K V ) ∼= L−6 det Ω1
A0/k

∼= L−9χ.

Finally restrict to D′. The invariant element θ is primitive and gives a trivial subline; in principal
parts its transverse derivative is nonzero even though its value on the curve is zero. Taking the
quotient by this subline gives D′ ⊗S0 W . Its determinant is unchanged, proving (3.10).

Theorem 3.12 (Equivariant vanishing and invariant vectors). For every integer n, including after
meromorphic localization,

HomC,S0(W, Pn) = 0.

Every nonzero invariant integral vector in WPn evaluates as a constant multiple of hd, where

8d = 2− 3n, d ≥ 0.

If h occurs in WP−2, the corresponding line

ℓ = hP2 ⊂W

is primitive and stable. After extension to D′, its quotient has character w−15χ. More generally, if
h1+3k occurs in WP−2−8k, k ≥ 0, then h already occurs in WP−2.

Proof. For a rank-two module,
W ∨ ∼= W ⊗ (det W )−1.

An equivariant homomorphism W → Pn is an invariant vector in W ∨Pn. Extend its determinant
line to the curve and use Lemma 3.11, together with the injective evaluation of Theorem 3.8. The
vector then evaluates injectively in

w−2w9χ w3n = w7+3nχ.

Tensoring the evaluation by a line over the smaller cube ring preserves this injectivity: after extending
and trivializing the line, all values acquire the same nonzero factor. The argument does not assert
injectivity after arbitrary extension of coefficients in the two-dimensional source. Lemma 3.10 rules
out the resulting invariant section and proves the vanishing.

A vector in WPn evaluates in w3n−2. Lemma 3.10 gives exactly 8d = 2 − 3n, and integrality
gives d ≥ 0. If h occurs, the generator q2h of the indicated submodule of W has scalar valuation
one. It cannot be divisible by a nonunit of S0 = k[[τ3]], since such divisibility would raise both
coefficients in the valuation-zero/valuation-one basis by at least three. Thus the line is primitive.
The section h is invariant and P2 extends to w6. The line is consequently stable with extended
character w6; division of w−9χ by this character gives w−15χ for the quotient.

For the final assertion, multiply the vector by q2+8k to regard it as an element of W . Its
evaluation is

(q2h) (q8h3)k.

Here q8h3 is the scalar parameter τ3 of S0. The evaluation has order 1 + 3k. In the basis of values of
orders zero and one, distinct residue classes modulo three prevent leading-term cancellation. Both
coefficients are therefore divisible by τ3k. Dividing within W gives the vector q2h, or equivalently
h ∈WP−2.
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4 The topological Tate calculation for the subgroup of order three
We now determine the part of the H-homotopy fixed point spectral sequence needed for ascent to
G, where

H = ⟨σ⟩ = C3 ⊂ G = ⟨g⟩ = C9, σ = g3.

Hill’s report on joint work with Hopkins and Ravenel [14, pp. 2699–2700, Propositions 2–3] sketches
the Cp calculation at heights (p− 1)f , conditional on Hopkins’s coefficient-action conjecture. Here
the required finite-page statements follow from the completed coefficient model and fixed geometry
of Section 3, together with the finite Euler bound of Section 2.

Throughout this section, Er(H) denotes the topological Euler-localized homotopy fixed point
spectral sequence. Its differentials have bidegree (r, r − 1) in cohomological filtration and internal
degree. The complete-local coefficient spectral sequence of Section 3 has already been evaluated;
none of its differentials is being relabelled as a differential of Er(H).

We recall the notation and consequences of Theorems 3.4, 3.8, and 3.12. We have

E2(H) = K[q±1, b±1]⊗K ΛK(V ), K = k[[n1, n2]], k = F36 , (4.1)

where
|q| = (0,−6), |b| = (2, 0), |V | = (1, 4).

The free K-module V of rank three has a T = F×
27-weight basis v, θ, y of weights −2, 0, 6, respectively.

The class θ is the restriction of the first strict coordinate-change cocycle, with a nonzero scalar
normalization permitted. In particular, it is fixed by the centralizer C = CO×

D
(H). Modulo

n = (n1, n2), the action of g on V is one Jordan block: θ is fixed, g(y)− y is a nonzero multiple of θ,
and g(v)− v has a nonzero y-coefficient. The tangent weights of K are 6 and −2.

The coefficient classes in K and the class

A = qb−2, |A| = (−4,−6), (4.2)

are cycles on every page on which they occur, by Lemma 3.6. Here A is a unit on the nonzero
localized pages. This assertion concerns the norm class divided by an Euler square; it does not
assert that q or b is separately a permanent cycle.

Let h1 be the first Hasse section on the fixed formal-module deformation. As in Section 3, put

J = h3
1 ∈ Kq−2, F = q2J ∈ K, S0 = K/(F ), W = (V/Kθ)⊗K S0. (4.3)

The element F is a regular parameter. Write Pn for the scalar line Kqn, or its base change to S0
when working on the curve. On the reduced height-two curve, whose ring is denoted by D′, the
second Hasse section h has Lie line w−8 and is a parameter after trivializing that line. The inclusion
S0 ≃ (D′)3 and the evaluation of W give the following rules:

(i) There is no C-equivariant S0-linear homomorphism W → Pn, even after passing to meromorphic
sections.

(ii) An invariant integral vector in WPn evaluates, if nonzero, to a constant multiple of hd, where

8d = 2− 3n, d ≥ 0. (4.4)

(iii) If h occurs primitively in WP−2, it defines a stable line ℓ = hP2 ⊂W . After extension to D′,
the quotient W/ℓ has character w−15χ, where χ is a nontrivial sign character. A meromorphic
invariant section with this sign twist does not exist.
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The two evaluated basis values of W , after the common Lie factor is removed, have orders 0 and 1.
Their coefficients lie in the cube ring, so their possible leading orders have different residues modulo
three. We will use this fact when dividing an invariant vector by a power of the curve parameter.

Only differential lengths congruent to 1 modulo 4 occur. Indeed, the central stabilizer element
−1 acts trivially on the ungraded deformation ring and by −1 on its Lie line. It therefore acts
on Et by (−1)t/2. Evenness first forces r odd, and naturality for this central action then forces
(−1)(r−1)/2 = 1 for a nonzero dr. Thus r ≡ 1 (mod 4). Moreover, Proposition 2.13 implies that the
unit of Er(H) is hit by a differential of length at most 157. Indeed, the actual Euler class has 79th
power zero, its power symbol has filtration 158, and the finite skeletal tower then gives an incoming
differential of length at most 158; the congruence on lengths improves this to 157. All uses of this
bound below are statements about finite pages.

4.1 The first two topological differentials

Lemma 4.1. With compatible nonzero scalar normalizations, the images of the indicated Greek-letter
classes are

α1 = θ, β1 = bJ, β3/3 = bJ3, β4 = ±bJ5.

In particular,
d5(b) = θb3, d5(θ) = 0. (4.5)

Proof. Evaluate the integral Bockstein representatives on the fixed deformation over D0 =
W (k)[ζ3][[r1, r2]]. The coefficient lines in the three even degrees under consideration have trivial
H-action. In the cyclic resolution, the connecting map for reduction modulo three is therefore b
times the value of the intermediate one-cocycle at σ. This is an integral connecting-map calculation
before reduction by the uniformizer ζ3 − 1.

Modulo that uniformizer, the formal-module relation (σ − 1)2 = −3σ gives

v1 = 0, v2 = −t1(σ)4.

The intermediate v1-Bocksteins for v2, v3
2, and v4

2 therefore have values, respectively,

t1(σ)3, t1(σ)9, ±t1(σ)15.

For example, the last value is the reduction of 4v3
2t1(σ)3, and the middle value follows by cubing

the right-unit difference before dividing by v3
1. These calculations can use Hazewinkel generators;

changing to the Araki parameters of the fixed-geometry calculation leaves these reductions unchanged.
The scalar-cohomology evaluation in Theorem 3.8 is injective, giving the asserted classes in (4.1).

We use the classical Adams–Novikov differentials

d5(β3/3) = unit · α1β3
1 , d9(α1β4) = unit · β6

1 , (4.6)

and the permanence of α1 and β1; see [5, Lemma 2.5 and Table 1]. The comparison of Section 2
carries these formulas to the present spectral sequence. Since β3/3 = b−2β3

1 , the first formula gives
d5(b) = θb3 after normalizing θ. Cancellation by β3

1 is valid on this page: its scalar factor is nonzero
in the domain K[q±1, b±1], and the exterior algebra is free over that domain. Permanence of α1
gives d5(θ) = 0.

We first determine d5 on the remaining exterior classes without assuming its value. Write

d5(z) = b2Φ(z), Φ : V −→ Λ2V.
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The map is K-linear because K consists of cycles. Modulo n, the T -weights allow only v ↦→ λvθv
and y ↦→ λyθy. Equivariance for the residual Jordan action of g gives λv = λy. There are no linear
coefficient corrections: comparing the weights of v, y with those of θv, θy, vy shows that none of the
required additional weights is 6 or −2. Thus

Φ ≡ λ0 θ ∧ (−) (mod n2), λ0 ∈ k. (4.7)

Set ˆ︁V = b−1V, Θ = b−1θ, µ = λ0 − 1.

On K[A±1, b±1]⊗ Λ(ˆ︁V ), the normalized derivation d = b−3d5 satisfies

db = bΘ, dΘ = 0, d|ˆ︁V = Ψ, Ψ ≡ µΘ ∧ (−) (mod n2). (4.8)

Here Ψ extends as an exterior derivation, and Ψ2 = 0. In a fixed b-exponent sector i, the exterior
complex is therefore (︁

Λ(ˆ︁V ), Ψ + iΘ ∧ (−)
)︁
. (4.9)

Lemma 4.2. On the cohomology of (4.9), the operation κ = A2d9 preserves both the A- and
b-exponents and lowers exterior degree by one. It is a derivation and satisfies

κ(Θ) = cF, c ∈ k×. (4.10)

Proof. The bidegree of κ is (1,−4). A monomial AabiΛj ˆ︁V has bidegree (−4a + 2i− j,−6a + 4j). If
∆a, ∆i, ∆j are the changes under κ, then

−4∆a + 2∆i−∆j = 1, −6∆a + 4∆j = −4.

The first equation makes ∆j odd; the second makes ∆j ≡ −1 (mod 3). Since 0 ≤ j ≤ 3, the
only possibility is ∆j = −1, and then ∆a = ∆i = 0. Multiplication by the cycle A2 preserves the
derivation rule.

The scalar cohomology of d5 is K[A±1, B±1], where B = b3, and it has no incoming d5 boundaries.
In particular,

β1 = A−2B−1F

is a non-zero-divisor on this scalar cohomology. The image of α1β4 is, up to scalar, B−1Θβ5
1 . The

second formula of (4.6), and the absence of a d9 target for B, therefore give

B−1d9(Θ)β5
1 = unit · β6

1 .

Cancelling the regular scalar factor proves d9(Θ) = cA−2F .

Lemma 4.3. One has µ ∈ F×
3 ; in integer exponents we use its representative 1 or −1. Moreover,

Ψ = µΘ ∧ (−)

on the complementary two-plane, and

E6(H) = K[A±1, B±1]⊗ Λ
(︁
Θ, b−1−µ(V/Kθ)

)︁
, (4.11)

E10(H) = S0[A±1, B±1]⊗ Λ
(︁
b−1−µW

)︁
. (4.12)

The d9 is the Koszul differential on Θ, F and is zero on the other displayed generators.
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Proof. Suppose first that µ = 0, and put z = Θv̂ŷ in exponent sector zero. Every boundary in this
sector lies in n2. Since Θz = 0, the derivation rule and (4.10) give

Θκ(z) = cFz (4.13)

in cohomology. Choose a T -weight representative for κ(z). Its weight is 10: z has weight 4 and
multiplication by A2 adds weight 6. The exterior-two basis weights are

basis vector Θv̂ Θŷ v̂ŷ
weight −2 6 4.

There is no constant term of weight 10, and the only possible linear term is a multiple of F v̂ŷ,
because the coefficient tangent weights are 6,−2. Equation (4.13) fixes its coefficient, so

κ(z) ≡ cF v̂ŷ (mod n2).

Both gA/A and the determinant of g on ˆ︁V are 1 modulo n, and gF ≡ F (mod n2). Equivariance of
d9 therefore makes this representative g-fixed modulo n2. On the other hand, the residual Jordan
action makes g(v̂ŷ)− v̂ŷ have a nonzero Θv̂-coefficient. Since F is a parameter, this is a contradiction.
Thus µ ̸= 0.

Choose a complement to KΘ and write

Ψ(z′) = ΘM0(z′) + c0(z′)v̂ŷ

on that complement, with M0 ≡ µI (mod n2). The exterior-three component of Ψ2(z′) = 0 is

c0
(︁
(tr M0 −M0)z′)︁ = 0.

The matrix tr M0 −M0 has invertible reduction µI, so c0 = 0.
If µ /∈ F3, the complementary exterior-one and exterior-two terms in every sector are paired

with their Θ-multiples by invertible matrices: their reductions are i + µ and i + 2µ, for i ∈ F3. Only
the scalar and Θ terms in sector zero remain. The differential (4.10) then leaves only the even
algebra S0[A±1, B±1]. It has no odd class capable of hitting the unit on a later page, contradicting
the Euler bound. Hence µ ∈ F×

3 .
It remains to remove possible higher coefficient corrections to M0. In sector i = −µ put

N = M0 − µI. The complementary exterior-one and exterior-two cohomology groups are ker N
and coker N , respectively; multiplication by Θ is the natural map ker N → coker N . For a class
α ∈ coker N , one has Θα = 0. Applying κ shows that cFα lies in the image of this natural map. In
particular, the two standard cokernel generators have lifts k1, k2 ∈ ker N such that

kj ≡ cFej (mod im N).

Every entry of N lies in n2, so the matrix with columns k1, k2 is cFI modulo n2. Its determinant
has nonzero initial form c2F 2. The two columns thus have full rank over Frac K, and N = 0.

The cohomology of (4.9) now gives (4.11). The quotient notation V/Kθ is independent of
the chosen complement: changing a lift by a multiple of Θ changes the corresponding cycle by a
boundary in its nonzero sector. The operation κ vanishes on the two complementary generators
because it preserves their nonzero exponent sector, where no scalar cohomology occurs. It also
vanishes on A and B. Finally, F is regular, so taking the Koszul cohomology of d9(Θ) = cA−2F
proves (4.12).
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4.2 Degree restrictions on the remaining plane

For a component of exterior degree j ∈ {0, 1, 2}, introduce raw coordinates

m = s− j

2 , n = 4j − t

6 . (4.14)

Thus its underlying form is bmPnΛjW . It occurs on (4.12) precisely when

3p = m + 2n + (1 + µ)j, p ∈ Z. (4.15)

Here p is the exponent of B after extracting the indicated A and exterior factors. It is not a prime
or a Kervaire index.

An increasing differential must have ∆j = 1, and a decreasing one must have ∆j = −1. Solving
the two degree equations gives

r ∆j ∆n ∆p

12l + 5 1 −2l (2l + 3 + µ)/3
12l + 9 −1 −2l − 2 (2l − µ)/3.

(4.16)

The integrality condition in the first row is 2l + µ ≡ 0 (mod 3), and in the second it is 2l − µ ≡ 0
(mod 3). These exhaust the possibilities: an odd filtration change makes ∆j odd, and the exterior
degree is between zero and two. In the interval 9 < r ≤ 157 the raw lists are

µ increasing decreasing
1 17, 53, 89, 125 33, 69, 105, 141
−1 29, 65, 101, 137 21, 57, 93, 129.

(4.17)

Before the first further change, decreasing maps are excluded by the no-homomorphism rule for
W . This also excludes a map from the exterior square to the plane, since Hom(det W, WPn) ≃W ∨Pn.
An increasing map from scalars to the plane requires an invariant vector in WP−2l. The same
condition governs maps from the plane to its determinant, by wedge pairing. Equation (4.4) therefore
requires

8d = 2 + 6l, l = 1 + 4k0, d = 1 + 3k0. (4.18)

Combining this with (4.17) and the Euler bound shows that the first nonzero change is d17 for
µ = 1, or d65 for µ = −1.

In either case a primitive vector representing h exists in WP−2, by Theorem 3.12. Indeed, the
nonzero differential supplies a vector evaluating to h1+3k0 . After multiplication by the appropriate
power of the unit q, express it in the two evaluation basis values of orders zero and one. The
coefficients are cube series. Since the two possible leading orders are distinct modulo three, a value
of order 1 + 3k0 forces both coefficients to be divisible by the k0th power of the scalar parameter
cube. Dividing gives a vector evaluating to h, and its order one makes it primitive.

Consequently define

ℓ = hP2 ⊂W, Z = q8h3 ∈ S0, Y = b−1−µq2h, X = b−1−µv. (4.19)

The scalar Z is a parameter of S0. In this notation h denotes the invariant vector just constructed,
whereas h3 denotes the scalar Hasse section in P−8; these are compatible evaluations, not an exterior
cube of a vector.
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Invariant meromorphic functions on the curve are constant. Therefore the first nonzero differential,
with the common factor A−2lB∆p suppressed, has the form

dB

B
= ϵZk0Y, dX = ηZk0Y X, dY = 0, ϵ, η ∈ k, (4.20)

with ϵ, η not both zero. The exterior-square formula is the wedge pairing with the same invariant
line. In exponent p, the scalar-to-Y and X-to-Y X coefficients are thus

pϵZk0 , (pϵ + η)Zk0 . (4.21)

Lemma 4.4. The case µ = −1 is impossible.

Proof. In this case the first change has length 65 and k0 = 1. The only later possible lengths up
to the bound are 93, 101, 129, 137. The coefficients in (4.21) are constants times Z. Hence every
E66(H) component is a direct sum of free S0-modules and modules killed by Z, and the scalar
components are free. Generically the plane component in a sector is the whole plane W , the line ℓ,
the quotient W/ℓ, or zero.

At length 93, the plane-to-scalar map is zero. For the whole plane this follows from the no-
homomorphism rule; for the quotient it follows from the sign obstruction. For the line, l = 7 in
(4.16), so a contraction would require a meromorphic invariant in

Hom(P2, P−16) = P−18.

Its Lie exponent is −54, which is not divisible by eight. Thus the map is zero generically, and it is
zero integrally because its scalar target is torsion-free.

Only a decreasing differential can hit the unit, so it would have to be d129. Its source has
exterior degree one and n = 22. We may choose a T -invariant source representative, since |T | = 26
is invertible in k. The two coefficient weights before quotienting are 3n− 2 and 3n + 6, while Z has
weight −2. Consequently the orders of invariant coefficients at n = 22 satisfy

66− 2− 2a ≡ 0 (mod 26) or 66 + 6− 2a ≡ 0 (mod 26).

They are respectively 6 and 10 modulo 13. Thus every such representative on E66(H) is divisible by
Z6 within its component. This statement also holds for subquotient components: averaging lifts an
invariant class to an invariant representative, and the displayed orders give the divisibility before
passage to the quotient.

There is no outgoing d93 on a plane component. Therefore the E94(H) plane is a quotient of
the preceding plane, and every potential unit source still has a representative Z6e. There may
be incoming d93 maps from exterior degree two; their images do not affect this conclusion. The
exterior-two group, in contrast, is a submodule of its E66(H) predecessor, since no exterior-three
group can map into it. Its torsion is consequently still killed by Z.

Suppose that Z6e is a d101-cycle. Then Z6d101(e) = 0, and the preceding torsion statement gives
Zd101(e) = 0. Hence Ze is also a cycle, and on E102(H)

[Z6e] = Z5[Ze].

There is no change between this page and E129(H). The scalar groups have received no d93 and
have only been replaced by submodules under d101; their unit is not divisible by Z. Since Z is a
cycle, a Z-divisible source cannot map to that unit. Thus d129 cannot hit it. The increasing length
137 cannot do so either, contradicting the bound 157.
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4.3 The forced contractions and the last differential

We henceforth have µ = 1, so the first change is at length 17, k0 = 0, and |X| = |Y | = (−3, 4).

Lemma 4.5. One has ϵ ≠ 0 and η/ϵ = 2. After rescaling h, the d17 coefficients in (4.21) are p and
p− 1. The next nonzero change is d33, which contracts the surviving ℓ-generator by a unit times Z.
Its cohomology is

E34(H) = k[A±1, C±1]⊗ Λ(U), C = B3 = b9, U = BX. (4.22)

Proof. All nonzero coefficients of d17 in (4.21) are units, so its cohomology is torsion-free over
S0. If ϵ = 0, then η ̸= 0 and the X, Y X terms disappear, leaving the exterior algebra on Y over
S0[A±1, B±1]. If ϵ ̸= 0 but η/ϵ /∈ F3, the X, Y X terms again disappear; the surviving algebra is
exterior on B2Y over S0[A±1, B±3].

In the remaining cases let px ∈ {0, 1, 2} represent −η/ϵ ∈ F3 and set C = B3. The cohomology
is

S0[A±1, C±1]⊗ Λ(B2Y, BpxX). (4.23)

Its scalar, line, quotient, and product supports in the p coordinate are respectively

0, 2, px, px + 2 (mod 3). (4.24)

If px = 2, the two plane columns align and together carry the corresponding shifted W -action. If
px ̸= 2, the second column carries the quotient W/ℓ: the ℓ component of a changed lift lies in a
sector killed by the preceding differential.

We check all further operations before any other change. An increasing map involving the line is
the invariant-vector problem for ℓP−2l; after evaluation it has the same condition l ≡ 1 (mod 4)
as (4.18). This also governs maps from the quotient to the determinant. Increasing maps to the
quotient, or from the line to the determinant, have the nontrivial sign twist and vanish. The
full-plane case has the original invariant-vector condition. None of the remaining increasing lengths
53, 89, 125 satisfies it.

For a decreasing map, contraction on ℓ = hP2 has coefficient line

Hom(P2, P−2l−2) = P−2l−4. (4.25)

The Hasse rule makes l ≡ 2 (mod 4); among the decreasing lengths in (4.17), only 33 meets this
condition. The same condition governs contraction from the determinant to the quotient. The other
two line/quotient possibilities have the sign obstruction, and the aligned full-plane possibilities
vanish by the no-homomorphism rule. Thus the aligned case px = 2 admits no further differential
within the bound and is impossible.

The d33 must therefore occur. Its coefficient is a nonzero constant times h3, by (4.25) with l = 2.
In the algebra (4.23), this says

d33(B2Y ) = aA−6CZ, d33(BpxX) = 0, a ∈ k×, (4.26)

for px = 0 or 1. The map on the product follows by the derivation rule. The factors A−6 and C
are surviving units. In the ϵ = 0 case the corresponding formula is d33(Y ) = aA−6BZ; in the other
one-generator case it is the first formula of (4.26). Either one-generator case would consequently
leave only an even scalar algebra, incapable of killing the unit later. This excludes both of those
cases and proves ϵ ̸= 0 and px ∈ {0, 1}.
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Taking cohomology of (4.26) gives

k[A±1, C±1]⊗ Λ(BpxX).

The remaining odd coefficient has residual T -weight −2 in the W line. An increasing map now
requires

3n ≡ 3(n− 2l)− 2 (mod 26), equivalently 6l + 2 ≡ 0 (mod 26),

and a decreasing map requires

3n− 2 ≡ 3(n− 2l − 2) (mod 26), equivalently 6l + 4 ≡ 0 (mod 26).

Within the bound, these leave only lengths 53 and 105, respectively. Only the latter can hit the unit.
At length 105 the shift is ∆p = 5, so a source in the odd support px can land in scalar support zero
only if px = 1. Thus η/ϵ = 2, and setting U = BX gives (4.22). Rescale h to absorb ϵ in (4.20);
then the two d17 coefficients become p and p + 2 = p− 1.

Proposition 4.6. The only possible differential between E34(H) and E105(H) is

d53(C) = e53A−8C2U, d53(U) = 0, e53 ∈ k. (4.27)

The class A18C−2U survives to E105(H), and

d105(A18C−2U) ∈ k×. (4.28)

In particular, E106(H) = 0.

Proof. The possible lengths were determined in the proof of Lemma 4.5. Since

|C| = (18, 0), |U | = (3, 4), |A| = (−4,−6),

the increasing length 53, together with the derivation rule, has exactly the form (4.27). Its scalar is
an element of k, and there is no exterior-two group to receive d53(U).

If e53 = 0, the algebra (4.22) persists until length 105. If e53 ̸= 0, then

d53(Ca) = ae53A−8Ca+1U.

The surviving scalar exponents are a ≡ 0 (mod 3), and the surviving odd exponents are a ≡ 1
(mod 3). Thus

E54(H) = k[A±1, C±3]⊗ Λ(CU) (e53 ̸= 0). (4.29)

In particular, the notation C−2U still denotes a well-defined surviving class: in (4.29) it means
(C3)−1(CU). Only the surviving Laurent unit C3 is inverted in this expression.

The bidegree of A18C−2U is (−105,−104), exactly the bidegree of a possible d105 source for
the unit. In either case its source group is one-dimensional. There is no other length after 33 and
at most 157 that can hit the unit. The Euler bound therefore forces (4.28). Since every nonzero
scalar is a unit, the derivation rule makes the cohomology after this differential zero. Equivalently,
if e53 = 0 it pairs all odd and even Laurent slots, while if e53 ̸= 0 it pairs the odd and even slots of
(4.29).
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4.4 The form used in ascent to the group of order nine

We collect the calculation in raw coordinates so that restriction and transfer do not require a new
choice of generators. On the initial page allow j = 0, 1, 2, 3 and set

w0 = m + 2n + 2j. (4.30)

After d5, the complementary slots have w0 = 3p and their Θ-multiples have w0 = 3p + 1. After d9,
only the former remain, modulo F .

Theorem 4.7. The H-Tate calculation has the following properties.
(1) The first differential is

d5(bmqnξ) = (m + 2n + 2j)bm+2qnθ ∧ ξ, ξ ∈ ΛjV,

up to a single nonzero scalar normalization. Its cohomology has generators A, B = b3, Θ = b−1θ
and b−2(V/Kθ) as in (4.11), with µ = 1. For a fixed c ∈ k×, the next differential is

d9(Θ) = cA−2F = cb4J.

Equivalently, on surviving Θ-containing representatives,

d9
(︁
[bmqnθ ∧ ξ]

)︁
= c[bm+5qnJξ],

where ξ is a complementary exterior monomial. These raw products are interpreted in the
A, B normal form: A−2 is a surviving unit, while b4 and J need not survive separately. Its
cohomology is (4.12).

(2) The d17 is wedge multiplication by the invariant Hasse vector h, with common unit shifts and
coefficients p on exterior degree zero and p − 1 on exterior degree one. Its survivors have
supports

component p (mod 3)
scalars 0

ℓ 2
W/ℓ 1

det W 0.

(3) The nonzero d33 contracts ℓ to scalars and det W to W/ℓ. Under the identifications by h and
h ∧ (−), respectively, these maps are multiplication by h3, up to nonzero scalar units and the
prescribed degree shifts. Only scalars at p ≡ 0 and quotient classes at p ≡ 1 remain, now over
S0/(Z) = k.

(4) The remaining algebra and differentials are (4.22), (4.27), and (4.28). The coefficient e53 has
not been asserted nonzero in this subgroup calculation.

Proof. The preceding lemmas show that the exact normalized d5 has µ = 1. Thus d5(z) = 2b2θ ∧ z
for z ∈ V . Since A = qb−2 is a cycle, d5(q) = 2qb2θ. The derivation rule gives the coefficient
m + 2n + 2j in part (1). In raw coordinates, the contraction d9(Θ) = cA−2F is multiplication by
J = q−2F after restoring the corresponding b-shifts.

Parts (2) and (3) are Lemma 4.5, with the supports read from (4.24) at px = 1. For the
product-to-quotient map, apply the derivation rule to the nonzero line contraction; it becomes
multiplication by the same scalar Hasse cube after using h ∧ (−) to identify the quotient with the
determinant. Part (4) is Proposition 4.6.
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Two consequences specify the interface with the next section. First, for a Kervaire index ν ≥ 2,
a scalar class in the detector bidegree has m = 1 and n = −2 · 3ν . Its d5 coefficient is 1− 4 · 3ν ≡ 1
(mod 3). A nonzero such scalar cannot be the restriction of a permanent detector. Second, the unit
source in (4.28) has raw coordinates

(j, m, n, w0) = (1,−53, 18,−15). (4.31)

The index n is divisible by three. These coordinates will locate its transfer in the G calculation,
where the extra integral restriction kernels must be retained.

5 Ascent to the group of order nine
We now use the subgroup calculation to determine the fate of the height-six detectors. The argument
takes place on finitely many pages of the Euler-localized spectral sequence. Its translation classes
are units on those pages; no integer-graded periodicity assertion about the abutment is required.

Theorem 5.1. For every ȷ ≥ 4, the class bȷ ∈ Ext2,4·3ȷ+1

A3
(F3, F3) does not survive the classical

Adams spectral sequence.

The proof will occupy this section. The classical survivor b2, recalled in [1, Corollary 1.2], will
be used to force an outgoing differential on an entire lattice of scalar classes. All the detectors with
ȷ ≥ 4 belong to that lattice, whereas the detector for b3 does not.

5.1 Coordinates, twists, and translation classes

Retain G = ⟨g⟩ = C9, H = ⟨g3⟩ = C3, and the coefficient notation of Sections 3 and 4. Put
Q = G/H. On Q-modules write

D = g − 1, N = 1 + g + g2.

Thus D here is a difference operator, not a deformation ring. The coefficient-field notation is
k = F36 . Restriction and additive transfer between the localized spectral sequences will be denoted
res and tr.

Keep the initial H exterior-degree coordinate j ∈ {0, 1, 2, 3}. The other coordinates are
determined by

s = 2m + j, tint = 4j − 6n, w0 = m + 2n + 2j, r0 = w0 − j (mod 3). (5.1)

Here s is cohomological filtration and tint is internal degree. The parity of s and the residue of tint
modulo six determine j uniquely among 0, 1, 2, 3. Consequently the coordinates distinguish all the
types that occur. We reserve ȷ for a Kervaire index.

Besides faithful Euler localization, include all powers of u′ = uλ′ , where λ′ = λ3 and λ is
the faithful complex G-character used earlier. The variable u′ is the orientation symbol for the
dimension-zero shift 2− λ′. Its restriction to H is the trivial orientation. We write i ∈ Z for the
total exponent of u′ in a homogeneous symbol. Write

B = b3, C = b9, ∆ =
8∏︂

a=0
xa.

In particular res(∆) = q0q1q2 on cohomology.

39



Lemma 5.2. On every nonzero page the class

D = ∆b−6u′2 (5.2)

is a cycle and a unit. Constants from W (k) act by cycles. There is also a semilinear symmetry
commuting with G, inducing Witt Frobenius on k and fixing b and u′.

Proof. The multiplicative norm of the underlying class x0 is an actual representation-graded
homotopy class. In the real regular representation of G, three of the nontrivial line pairs are faithful,
and the fourth is λ′. A power map of complex lines of degree prime to three gives an equivalence of
their one-point compactifications after three-localization. Thus the three faithful line pairs may all
be identified with λ, with unit changes of orientation. The norm symbol is consequently ∆u6

λu′2.
Division by the sixth power of the faithful Euler symbol aλ = buλ gives (5.2). Its norm coefficient is
invertible. The derivation rule shows that the inverse of a cycle unit is again a cycle for as long as
the page is nonzero.

All the Tate groups are annihilated by nine. A Teichmüller constant c satisfies c36 = c; applying
any differential gives dc = 36c36−1dc = 0. Every Witt constant modulo nine is a sum of a Teichmüller
constant and three times one, proving the assertion about constants.

Finally, Witt Frobenius on the maximal order is inner, implemented by S, up to the chosen
opposite-group convention. A uniformizer in the maximal subfield Q3(ζ9) has the same valuation.
Multiplying S by a unit therefore makes its conjugation agree with conjugation by an element
of that subfield. The resulting extended-stabilizer symmetry commutes with G. It induces Witt
Frobenius on constants and preserves the ordinary cyclic and representation-orientation symbols
b, u′.

When two differential coefficients occur in the same residue-field target and their sources are
fixed by this symmetry, their ratio, if defined, belongs to F3. We will use this elementary descent
observation repeatedly.

5.2 The integral Mackey calculation

Write Pn = Kqn for the scalar line on the initial H page. A cyclic basis ai = gia0 of V can be
chosen with

θ = a0 + a1 + a2.

Indeed V has a semilinearly permuted basis, while θ is invariant and primitive modulo the maximal
ideal. An invariant primitive vector in that basis is a trace of a vector whose coefficient is a unit,
and its three translates form a basis by Nakayama’s lemma. Set

M = k[Q]/(1 + g + g2).

Thus V/Kθ = K ⊗M , with its semilinear action, and
⋀︁2 M ∼= k.

Lemma 5.3. Suppressing powers of b and the orientation twist u′, the scalar and exterior-degree-
three groups at G have a common description ˜︁Pn. Restriction fits into

0 −→ kn −→ ˜︁Pn
res−−→ P Q

n −→ 0, kn =
{︄

k, 3 | n,

0, 3 ∤ n.

Transfer embeds (Pn)Q in ˜︁Pn, with cokernel kn. Moreover

ˆ︁Hd(Q; Pn) = kn (d ∈ Z). (5.3)
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For 3 | n, the exceptional class is represented by ∆n/3; its transfer is the nonzero three-multiple in
the restriction kernel. There is a class cG restricting to a0a1a2, and multiplication by cG identifies
the scalar and volume descriptions, including their exceptional kernels.

In exterior degrees one and two, restriction is injective onto all invariants. These groups are
parametrized by transfer of Pna0 and Pna0a1, respectively.

Proof. We first work in the polynomial coefficient model of Theorem 3.4, before localization and
completion. Group monomials by their three degrees in the trace-zero blocks. A triplet whose
entries are not all equal has a three-element orbit; the corresponding module is induced from H. The
standard restriction and transfer for an induced module give precisely its invariant and coinvariant
descriptions.

Consider an equal triplet (d, d, d). The module is tensor induction of Symd L, where

L = W (k)[H]/(NH), NH = 1 + σ + σ2.

To compute its stable type, use the exact multiplication sequence obtained by quotienting the
polynomial permutation representation by its invariant linear sum. In degree d the polynomial
permutation module has Tate cohomology only from the monomial with three equal exponents, and
that occurs precisely when 3 | d. The long exact Tate sequence therefore gives one k in even degrees,
one k in odd degrees, or zero, according as d ≡ 0, 1, 2 (mod 3).

These Tate patterns determine the nonprojective lattice summands. For completeness, a torsion-
free W (k)[H]-lattice is a sum of trivial, cyclotomic, and free lattices. Map it by (NH , σ − 1) into
its invariant and trace-zero lattices. These are free over W (k) and W (k)[ζ3], respectively. Modulo
their maximal ideals, the image glues two subspaces by an isomorphism. Choosing bases adapted to
those subspaces splits the gluing into paired one-dimensional graphs and unpaired summands. The
paired graph is W (k)[H], since

W (k)[H] = W (k)×k W (k)[ζ3].

This gives the asserted three lattice types. Accordingly, Symd L is stably W (k), L, or zero in the
three residue classes of d.

Terms containing a free summand contribute nothing after tensor induction. For a nonconstant
choice of factors this follows by induction from H. For repeated free factors, the diagonal H-action
on a tensor permutation basis is free; its G-action is then free too, because every nontrivial subgroup
of G contains H.

Tensor induction of L is stably the third suspension of the trivial G-lattice. To see this without
losing the integral extension, tensor the three short exact quotient sequences defining L. Every
intermediate term is projective by the preceding observation. The cyclic permutation of the three
suspended factors has positive sign. The two surviving ends thus give a threefold stable suspension,
whose odd Tate group is W (k)/9. Tensor induction of the trivial lattice gives the corresponding
even W (k)/9. Restriction to H is reduction modulo three, and transfer is multiplication by three.
In particular the exceptional transfer is nonzero; replacing these groups by k prematurely would
lose the restriction kernel.

Here is the degree identification. At H, degree 3e + ϵ in block i, with ϵ = 0, 1, contributes qe
i xϵ

i ;
the odd case is interpreted as a cyclic one-cocycle value. After allowing ∆−1, use xi/qi for the odd
generator. Then j counts odd factors and n =

∑︁
i(ei + ϵi). An equal triplet has 3 | n and j = 0 or

3, giving exactly the exceptional terms above. The odd equal-triplet generator supplies cG. The
remaining triplets give all the degree-one and degree-two invariants by transfer. The same monomial
calculation, now on the three qi, proves (5.3).
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These calculations survive localization and completion. After inverting ∆, the degree-zero
coefficient ring is finite over its Noetherian invariant subring, and every graded piece is a finite
module there. Completion on the invariant side at the image of the residue point is flat and gives
the desired completion, since the primes in the fibre constitute one orbit. The exceptional terms
are supported at that point: invariant ratios act on them by their values at xi/x0 = 1 in k. Flat
completion of the periodic cyclic complexes therefore preserves the computed groups and maps.
Finally, multiplication by cG identifies their scalar and volume parts; on the exceptional kernels this
follows from the nonzero transfer pairing, and on induced summands from restriction.

5.3 The pages through length nine

Lemma 5.4. At fixed r0, n, the d5 complex in increasing exterior degree is

˜︁Pn
r0 res−−−−→ Pn

±(r0+1)D−−−−−−−−→ Pn
(r0+2) tr−−−−−−−→ ˜︁Pn. (5.4)

Consequently the E6 page has the following rows:

r0 j = 0 j = 1 j = 2 j = 3
0 ˜︁Pn P Q

n 0 kn

2 kn Pn/P Q
n DPn kn

1 kn 0 (Pn)Q
˜︁Pn.

(5.5)

The orientation u′ has zero d5 and d9.

Proof. Theorem 4.7 gives the H formula w0θ ∧ (−). On successive exterior degrees in a row of (5.4),
its coefficient is r0 + j. Restriction determines the first arrow. Writing the cyclic basis modulo θ
identifies the middle arrow with D, up to an invertible translate and sign. Transfer determines the
last arrow by the projection formula. Lemma 5.3 then gives (5.5): in each of the three residue cases
one coefficient vanishes and the other two are units. Restriction of u′ is the trivial orientation; its
possible d5 target has injective restriction. At length nine it has no target.

At H, the corresponding E6 row has Pn, θPn in row zero, the plane Pn ⊗M and its θ-multiple
in row two, and its determinant and θ-multiple in row one. Identify that determinant with k using
a0a1 mod θ, which is fixed by Q. The d9 preserves r0, decreases j by one, and replaces n by n− 2;
its nonzero H maps multiply a θ-multiple by J .

Proposition 5.5. Put
Sn = Pn/JPn+2, Wn = Sn ⊗M.

The main H groups on E10 are Sn, Wn, Sn in exterior degrees 0, 1, 2, respectively, at w0 ≡ 0 (mod 3).
Define transfer modules

Tn =
{︄

(Sn)Q, n ≡ 0, 2 (mod 3),
NSn, n ≡ 1 (mod 3),

(5.6)

Wn =
{︄

(Wn)Q, n ≡ 1, 2 (mod 3),
NWn, n ≡ 0 (mod 3).

(5.7)

At G the main groups are:
1. in degree zero, a scalar group Sn with transfer part Tn and one additional restriction generator

when 3 | n;

42



2. in degree one, the transfer group Wn;

3. in degree two, the transfer group Tn.
On these transfer groups restriction is norm and transfer is the displayed projection. The additional
groups are one k each, only when 3 | n: scalar restriction kernels at w0 ≡ 1, 2 (mod 3), and volume
groups at every w0. The volume is of 3cG kernel type when w0 ≡ 1, and of reduced cG type when
w0 ≡ 0, 2.

Proof. In row zero of (5.5), the degree-one d9 is injective by restriction. When its invariant source is
a norm, the map is also specified by transfer. In row two both middle groups inject under restriction,
so the degree-two map is injective. Its entire source is transferred from θ-multiples, represented by
DPn; the degree-one outgoing is therefore zero by transfer.

For row one, choose L1 with NL1 = J . Such an element exists by (5.3), since J has index −2.
The top arrow sends the invariant restriction value f to [L1f ] in (Pn−2)Q, up to a common nonzero
scalar. Restriction proves this except when the target index is divisible by three. In that case all
the sources are transfers, and

[L1Nf ′] = [Jf ′]

in coinvariants gives the same formula. All remaining arrows vanish by degree or by restriction.
Take the quotients row by row. In degree zero, when n ≡ 0, every incoming invariant multiplier

lifts by a norm, so the transfer still embeds after passage to (Sn)Q. When n ≡ 1, restriction was
injective on the whole transfer target; quotienting its invariant J-image leaves exactly NSn. The
n ≡ 2 case has no additional Tate quotient and gives (Sn)Q. In degree one, restriction was injective
before d9; the quotient is (Wn)Q divided by the reduction of ˆ︁H−1(Q; Pn ⊗M). This removes the
norm kernel exactly for n ≡ 0. In degree two, the additional quotient is by L1P Q

n+2; when n ≡ 1 it
removes precisely the newly appearing norm kernel.

For these assertions, the long exact Tate sequence of multiplication by J gives

ˆ︁Hd(Q; Sn) ∼= ˆ︁Hd(Q; Wn) ∼=
{︄

k, n ≡ 0, 1 (mod 3),
0, n ≡ 2 (mod 3),

as statements about dimensions in every degree. The plane statement uses the stable suspension
represented by M . The same exact sequences identify the norm kernels just used. Finally, the
endpoint kernels and cokernels left in (5.5) give the additional scalar and volume lines stated in the
proposition.

5.4 Restriction-zero corrections at lengths thirteen and seventeen

Restriction does not determine a differential whose target is a norm kernel. We keep all such
coefficients until naturality or multiplication forces them.

Lemma 5.6. Put T0 = b5cG on E13. After a nonzero normalization,

d13B/B = εT0, d13u′/u′ = 0, ε ̸= 0.

There is a residue ρ ∈ {2, 5, 8} (mod 9) such that the extra scalar families surviving d13 occur in
the two families w0 ≡ 1 (mod 3) or w0 ≡ ρ (mod 9). The extra volume families occur in the three
residue families

w0 ≡ 0 (mod 3), 2 (mod 9), ρ + 2 (mod 9).

Scalar generators outside the transfer part survive precisely at w0 = 9t and 3 | n.
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Proof. At length thirteen only the exterior-degree change 0→ 3 can be nonzero. For the reverse
change, the target index is n− 4, where there is no restriction kernel. The main scalar-to-volume
map is necessarily zero on transfers, by its H counterpart. Write its two unit coefficients as

d13B/B = εT0, d13u′/u′ = ε′T0.

For w0 = 3p and 3 | n, a scalar lift has symbol

Dn/3Bpu′ i−2n/3,

and its logarithmic coefficient is pε + (i − 2n/3)ε′. If this vanished with p ̸≡ 0 (mod 3), the
restriction would survive to d17, where Theorem 4.7 gives a nonzero primitive h term. But the
available restriction image in the G target is NWn−2, which is zero modulo the curve parameter Z:
the residual plane is a two-term Jordan block. Naturality gives a contradiction. Lemma 5.2 makes
the ratio ε′/ε Frobenius-fixed when defined. If ε = 0, take p = 1 and i− 2n/3 = 0; if ε′ ̸= 0, choose
i− 2n/3 in F3 to cancel the coefficient with p = 1. Both are impossible. Thus ε ̸= 0 and ε′ = 0.

On the two extra scalar families, the actual quotient Euler symbol 3bu′ gives d13(3b) = 0. The
product 3b2T0 is nonzero in its 3cG target. Hence we must allow

d13(3b2) = ηε 3b2T0, η ∈ F3.

At w0 ≡ 1 (mod 3), multiplication by T0 vanishes, so the extra scalar remains. At w0 ≡ 2 (mod 3),
the derivation rule for B makes the scalar remain exactly when w0 ≡ ρ = 2− 3η (mod 9). Taking
the cokernels in the volume groups gives the three stated families. Finally the scalar lift coefficient
is pε, so lifts outside transfers remain exactly when w0 = 3p ≡ 0 (mod 9).

Lemma 5.7. On transfers, the length-seventeen chain anchored at a scalar with w0 = 3p is

0 −→ Tn
h−−−−→Wn−2

h∧−−−−−→ Tn−4 −→ 0, (5.8)

with its arrows scaled by p and p + 1, respectively, up to nonzero units. The degree-two term has
zero outgoing.

For a scalar lift at w0 = 9t, 3 | n, the only possible additional coefficient is

V (t, i− 2n/3) = tν + (i− 2n/3)ν ′ (5.9)

into a one-dimensional restriction kernel in the plane. The ratio of ν, ν ′ is Frobenius-fixed whenever
defined.

Proof. At H, the invariant line generated by h and its wedge quotient give

0 −→ Sn −→Wn−2 −→ Sn−4 −→ 0.

Apply coinvariants and their long exact Tate sequence. When n ≡ 0, the last Tate group is zero,
giving (5.8) directly. When n ≡ 1, the middle Tate group is zero and exactness requires dividing
the first coinvariant group by its norm kernel, exactly as in (5.6). When n ≡ 2, the first Tate group
is zero, and the corresponding norm kernels in the middle and last coinvariants are both divided
out. These are all the cases. Equivalently the obstruction is

ker(N : MQ −→M) = ˆ︁H−1(Q; M),
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which has the dimensions already calculated. Transferring the H differentials now gives the two
coefficients in (5.8); the shift between the two source coordinates changes p− 1 in the H formula to
p + 1 in this anchored chain. The top outgoing is zero by transfer.

On scalar unit lifts the restriction of a possible extra map is zero. Its target is the single norm
kernel in the first unscaled image of (5.8), occurring when p ≡ 0 and 3 | n. Derivation on C, u′ and
translation by D give exactly (5.9). There is no other kernel target. The Frobenius assertion follows
from Lemma 5.2.

For later use we record the full E18 description. The extra scalar and volume families of
Lemma 5.6 are unchanged. The main terms are

j w0 mod 9 group
0 0 Tn, together with the extra lift when 3 | n and V (t, i−

2n/3) = 0;
1 6 Tn+2, identified by h; divide out its norm kernel if

3 | n + 2 and V (t, i− 2(n + 2)/3) ̸= 0;
1 3 Tn−2, identified by h∧;
2 0 Tn.

(5.10)

Here and below residues are represented by 0, . . . , 8, and t = (w0 − (w0 mod 9))/9. This table
follows from (5.8): for p ≡ 0 its scalar and first image remain; for p ≡ 1 the complex is acyclic; for
p ≡ 2 its quotient and square remain. The correction (5.9) removes exactly the stated norm kernel.
The maps called restriction and transfer remain the norm and projection maps in these descriptions.

5.5 Reduction to a finite array

The main length-thirty-three contractions remove the curve parameter from the surviving transfer
modules. Some restriction-zero arrows of length at most thirty-three remain undetermined. The
finite array below therefore retains their possible endpoints, subject to the constraints derived later.

The degree changes needed below follow immediately from (5.1). They are displayed together so
that all exclusions can be checked without an implicit chart:

∆j length ∆w0 ∆n

1 12l + 5 2l + 4 −2l
−1 12l + 9 2l − 1 −2l − 2
3 12l + 1 2l + 9 2− 2l
−3 12l + 1 2l − 8 −2− 2l.

(5.11)

They exhaust the possibilities because a differential changes the parity of exterior degree, and
0 ≤ j ≤ 3.

Lemma 5.8. After the main length-thirty-three maps, the only potential groups are those in Table 1
below, subject to the qualifications following the table.

Proof. First consider the possible intervening lengths in (5.10). At length twenty-one, the degree-one
sources are transfers and their H differential is zero; the other arrows are excluded by (5.11). At
twenty-five the possible volume-to-scalar arrows have source residues

2, ρ + 4, ρ + 2

and target residues 7, ρ, ρ − 2, respectively. The last target occurs only if ρ = 2. Any degree-
compatible scalar-to-volume alternative has transfer source and is zero. At twenty-nine only the
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extra scalar at residue 4 can hit a restriction kernel in degree one at residue 3: the other candidate
has target with injective restriction and is zero. At thirty-three the H contractions give the main
transfer maps, and there may additionally be a volume arrow from residue 6 to the restriction kernel
in degree two at residue 0.

It remains to compute the kernels and cokernels of the main contractions. Set L = h3, an
invariant scalar section of index −8 and valuation one in the curve ring S0 = k[[Z]]. The Q-action
on this disc is nontrivial: otherwise its action on the scalar lines would also be trivial, since a
scalar of order three in the unit group of the characteristic-three disc is one. This contradicts their
calculated Tate dimensions. Thus its invariant fraction field has degree three, and the complete disc
extension is totally ramified. For example the orbit product of a parameter generates an invariant
disc over which the original disc has rank three. Valuations of invariant functions are consequently
multiples of three.

The section L shifts index by −8 ≡ 1 (mod 3), while ∆ shifts it by three and is an invariant
unit. These sections realize minimal invariant valuations 0, 1, 2 at indices n ≡ 0, 1, 2, respectively.
Any ratio of two invariant sections of one index is an invariant function, so there can be no smaller
nonnegative valuation in that index. The Tate dimensions of Proposition 5.5 then show that the
corresponding norm images begin at valuations 3, 4, 2.

It follows that multiplication by L on Tn → Tn−8 has the three effects

n mod 3 effect
0 surjective, with the whole norm kernel as kernel;
1 injective, with cokernel k;
2 injective, with cokernel the target norm kernel k.

(5.12)

Indeed multiplication shifts each free invariant lattice by one valuation, and comparison with the
minima 3, 4, 2 gives the stated free cokernels; the remaining kernel or cokernel is the explicit norm
kernel in (5.6). Dividing a norm kernel out at length seventeen simply removes that kernel or
cokernel from this list.

More precisely, the degree-one line at index n is identified by h with Tn+2, and its contraction is

L : Tn+2 −→ Tn−6.

The degree-two group at index n contracts to the degree-one quotient identified by h∧, by

L : Tn −→ Tn−8.

These formulas are transfers of the nonzero H length-thirty-three maps. Applying (5.12) to each
index gives exactly the finite table. The extra volume arrow identified above is the only additional
incoming on the residual degree-two kernel.

We use sans-serif names for entries of the finite array, to distinguish them from the Laurent
classes A, B, C. Put n0 = n mod 3 and w∗ = w0 mod 9.

Here A contains its transfer kernel unless it was hit at twenty-five, and independently contains a
restriction lift when V = 0. We do not split that extension. The groups R, x, X are one k each, are
transfers, and have zero restriction; X is absent if hit at twenty-nine. The group y is the residual
line kernel just when the indicated V = 0; M is the residual square kernel unless hit at thirty-three.
The remaining entries are the extra scalar and volume lines, with the endpoints of any nonzero
twenty-five, twenty-nine, or thirty-three arrows removed. Every individual entry except the possible
extension A is one-dimensional over k.
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label j n0 w∗

A, R 0 0,2 0
p, q, r 0 0 1,4,7

v 0 0 ρ
x, X 1 1,2 3

y 1 1 6
M 2 0 0

a, b, c 3 0 0,3,6
d, f 3 0 2, ρ + 2

Table 1: Potential finite groups after the main d33. Paired lists are read entry by entry. The residue
ρ + 2 is reduced modulo nine.

Transfers of the H constants generate the transfer parts of A, R, x, X whenever present. This
follows from the cokernels in (5.12), where transfer still surjects from constants modulo Z. Restriction
is zero because the norm images have positive valuation. The lift in A, when present, restricts to
a nonzero constant. For y, M, the relevant norm kernel before d33 is represented by a constant in
(Se)Q with e ≡ 0 (mod 3), using ∆ to shift indices. Reduction at Z = 0 shows that this coinvariant
constant is nonzero.

We shall also use products on the finite array. The extra scalar classes are shifts of three, and
the volume classes are shifts of the same odd class cG. Therefore products of two extra scalars or
two volumes are zero. Their mixed products retain the nonzero raw three-multiple pairing whenever
the factors and the target 3cG line f are still present. This follows already on E2 from Lemma 5.3
and continues to hold on each page on which those classes remain.

Index all copies of a label by

t = (w0 − w∗)/9, u = i− 2⌊n/3⌋. (5.13)

Together with (j, n0, w∗), these indices determine its position modulo the permanent translation D.

5.6 The normalizer character and an exhaustive degree rule

Lemma 5.9. On every residue-field entry of Table 1, including both subquotients of A, a normalizing
symmetry acts by

d 2m+3n+ϕ
0 , d2

0 = −1, (5.14)

up to the same orientation-twist factor at fixed i, where

ϕ = 0 on scalar labels and x, X, ϕ = 2 on all other labels.

Consequently a differential of length R can join a source and target only if

R−∆j + 3∆n + ϕtarget − ϕsource ≡ 0 (mod 4). (5.15)

Proof. By Skolem–Noether choose a stabilizer unit δ conjugating g to g−1; a conjugator is made
a unit by adjusting its valuation in the ramified centralizing field. If d0 is its residual Lie scalar,
conjugation scales the first strict coefficient of g by d−2

0 , whereas inversion negates that coefficient.
Thus d2

0 = −1.
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A cyclic b-shift changes sign and contributes exponent two. A scalar qn has residual Lie exponent
3n. Let V = V/nV and let N0 = g − 1 on V . The quotient V /N0V is represented by x0/q0. Its
coefficient weight −2 and the cyclic one-cocycle inversion sign give total exponent zero. Since

δN0δ−1 = −N0 + N2
0 ,

δ preserves the canonical Jordan flag and its successive diagonal characters, starting at this quotient,
are 1,−1, 1. The last line is kθ = N2

0 V . Thus on W = V /kθ the quotient character is 1 and the
invariant-line character is −1. The primitive line generated by q2h reduces to this unique invariant
line, so its extra exponent is two. The plane and volume determinants likewise have character
−1 = d2

0.
Restriction and transfer preserve these characters on the finite quotients. In particular the

constants representing the norm kernels y, M have the indicated determinant character. Their
constant representatives inject into the residue at Z = 0, so higher-order semilinear terms do not
alter these characters. On A only its two subquotient characters are needed; no splitting of their
extension is asserted. Conjugation identifies the representation spheres with the same orientation
factor on source and target at fixed i. Finally 2∆m = R−∆j by (5.1), giving (5.15).

Here is a convenient complete arithmetic procedure for all the arrow tables that follow. For
d1 = ∆j, define

d1 1 −1 3 −3
c∗ 5 9 1 1
h∗ 4 −1 9 −8
k∗ 0 −2 2 −2.

(5.16)

Then R = 12l + c∗, ∆w0 = 2l + h∗, ∆n = −2l + k∗. For any ordered pair of labels, the necessary
and sufficient arithmetic tests are

l ≡ 5(w∗,target − w∗,source − h∗) (mod 9), (5.17)
n0,target ≡ n0,source − 2l + k∗ (mod 3), (5.18)

2l + c∗ − d1 + 3k∗ + ϕtarget − ϕsource ≡ 0 (mod 4). (5.19)

If they have a solution, they determine l modulo eighteen and therefore R modulo 216. They
determine the exact copy shifts by

∆t = w∗,source + ∆w0 − w∗,target
9 , ∆u = −2

⌊︃
n0,source + ∆n

3

⌋︃
. (5.20)

Adding 216 to a length adds (4, 24) to these shifts. In all tables an arrow is considered only when
both of its entries are still present.

5.7 Forcing the two length-fifty-three coefficients

Proposition 5.10. The residue in Lemma 5.6 is ρ = 8. The coefficient e53 of the H length-fifty-three
differential is nonzero. Moreover, in (5.9) one has ν ̸= 0 and ν ′ = 0.
Proof. Apply (5.17)–(5.19) to the scalar entry A. Its only incoming possibilities, modulo 216, are
from f at length 25, 169, 97 when ρ = 2, 5, 8, respectively. Its outgoing possibilities are at 13, 17, 53,
to d, y, x, respectively. For clarity the complete incoming list within the Euler bound is

ρ incoming lengths on A through 469
2 25, 241, 457
5 169, 385
8 97, 313.

(5.21)
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At length twenty-five this is a statement about the residual transfer kernel after the main length-
thirty-three quotient, and may equivalently be read on the early page. If ρ = 2, that arrow is zero.
Indeed f = vd up to shifts, v has no outgoing there, and the possible d differential lands in r, whose
product with v is zero.

Now take an A copy with e53t = 0. Its transfer-kernel generator is the transfer of an H scalar
that survives d53 and is a d105 target, by Proposition 4.6. The corresponding H source has exterior
degree one and index divisible by three. Its transfer is zero in Table 1. Naturality of d105 therefore
forces the transferred scalar to vanish before the G page E105: on that page its transfer would have
to equal d105(0) = 0. It cannot have an outgoing earlier, since it is transferred from an H cycle.
An incoming is thus necessary before length 105. The ρ = 5 row of (5.21) has none, and the ρ = 2
candidate is zero. Hence ρ = 8 and the required incoming has length 97.

If e53 = 0, this reasoning applies to every copy of the transfer kernel, and every f is consumed
at length 97. That differential cannot hit a restriction lift of the unit, since H restriction of the
target is nonzero. No source then remains for the only later possible unit incoming, at 313. This
contradicts the bound of Proposition 2.13. Therefore e53 ̸= 0.

An A restriction lift with V (t, u) = 0 survives to length fifty-three. If t ̸≡ 0 (mod 3), its
restriction has nonzero H differential, while the only G target is x, whose restriction is zero. Thus
V (t, u) = 0 implies t = 0 modulo three. The Frobenius ratio condition in Lemma 5.7 makes this a
linear equation over F3. Its kernel can be contained in t = 0 only if ν ̸= 0 and ν′ = 0.

It follows that the entry y occurs exactly when t ≡ 0 (mod 3). Through E53, multiplication by
C3 and u′ gives unit symmetries, so all previous removals are uniform for a fixed residue t mod 3.
Transfer of the H differential at length fifty-three has two more consequences:

1. the transfer kernel in A maps to x when t ̸≡ 0 (mod 3);

2. X can remain only at t ≡ 1 (mod 3). Indeed the H scalars with index n ≡ 1 have zero transfer,
while their nonzero length-fifty-three outgoing would otherwise transfer to that entry.

The only earlier possible removal of X was the length-twenty-nine arrow from q. Accordingly q and
X have a common survivor flag Q0 ∈ {0, 1}, at residues t = 0 and t = 1, respectively.

On scalar lifts with t = 3T , the remaining length-fifty-three coefficient into x has the form

Tω + uω′, (5.22)

by derivation on C3, u′ and translation by D. The ratio is again Frobenius-fixed. The nonvanishing
of ω requires a norm argument; restriction alone cannot prove it.

Lemma 5.11. On page ER, ordinary-to-Tate comparison is surjective in filtration s ≥ 0 and
injective in filtration s ≥ R − 1, in every representation twist used here. If a specified ordinary
filtration-zero symbol is a Tate cycle through length R− 1, then it extends as an ordinary class over
the (R− 1)-skeleton.

Proof. At E2 the comparison is the usual map from group cohomology to Tate cohomology: it is
surjective in filtration zero and an isomorphism in positive filtration. Suppose the stated ranges hold
on ER. Lift a Tate cycle of filtration s ≥ 0 to an ordinary class. Its differential maps to zero, and
the target has filtration s + R ≥ R, where comparison is injective. Thus the lift is an ordinary cycle.
For injectivity on the next page, an ordinary cycle in filtration s ≥ R that is a Tate boundary has a
Tate boundary source in filtration s−R ≥ 0. Lift that source by surjectivity and use injectivity on
ER at filtration s to identify its ordinary boundary with the given cycle. This proves the induction.

Apply it to a specified filtration-zero symbol. At each earlier length its ordinary differential
maps to zero, and comparison is injective at that target; thus that very symbol survives. The finite
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tower description of cycles supplies its lift over the stated skeleton. No identification of an infinite
Tate abutment enters this argument.

Lemma 5.12. In (5.22), one has ω ̸= 0.

Proof. Consider at H the ordinary orientation symbol

Y = u−9
λ|H .

On Tate pages it is C times an inverse faithful Euler power. By Proposition 5.10 its first nonzero
differential has length fifty-three. Lemma 5.11 supplies an actual H-equivariant representative on
the 52-skeleton of the chosen free G-model for EG. This is a lift of the specified filtration-zero
symbol: at each preceding length its ordinary differential vanishes because comparison is injective
at that outgoing target. We use this same skeleton for the pointwise norm, restriction, and transfer.

Take its pointwise multiplicative norm on that same skeleton. Explicitly, tensor-induce its map,
precompose with the diagonal of the skeleton, and use indexed multiplication into E. Include its
virtual sphere factor before taking the norm. This gives induced degree

9 IndG
H(λ|H)− 18(1 + λ′),

whose orientation symbol is
u−27

λ u′18

up to a constant unit. Here the three faithful lifts of λ|H have been identified by the prime-to-three
power equivalences used in Lemma 5.2.

We justify the first obstruction of this norm directly. On the boundary of a free 53-cell the partial
maps define a product over a 52-sphere. Stably, the disjoint-basepoint sphere splits into a constant
summand and a reduced sphere. The reduced diagonal into two or more reduced factors maps S52

into S104 or a higher-dimensional sphere, and is zero. Hence only terms with one reduced factor
contribute to the first obstruction. The other factors are their filtration-zero point values. Sum
these single-factor terms over the three H-cells: the result is precisely the additive transfer cochain
of the one-factor obstruction, multiplied by the other two translated symbols. All three partial
factors extend over the preceding skeleton, so this formula is valid modulo exactly the previous
obstruction indeterminacies. It is therefore a formula on E53:

d53 NmG
H(Y ) = trG

H

(︁
d53Y · gY · g2Y

)︁
. (5.23)

This local obstruction calculation is the filtration-zero instance of the general norm-transfer differen-
tial construction in [10, Theorem 4.6 and Proposition 5.4]. That construction is an antecedent for
the argument; its prime-two periodicity applications are not inputs here.

The translates must in general be retained in (5.23). In this application Y has coefficient one
and its H representation extends to G. Its cohomology symbol is thus fixed by Q, and its successive
surviving page classes are fixed as well. Consequently the right side is tr(Y 2d53Y ) here.

Multiply by the necessary faithful Euler power to remove the uλ shift. The source becomes
C3u′18, and the target becomes

tr
(︁
C2dH

53(C)
)︁
.

Before reduction of indices, this target has n = −8 and w0 = 39. It is the x entry; that entry has
no possible removal before length fifty-three and receives the H transfer isomorphically on this
page. Explicitly its exterior degree is one, its twist is i = 18, and (5.13) gives (t, u) = (4, 24). The
complete arrow rule gives no incoming to x before 53; the Mackey calculation and the main d33
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quotient identify the transferred H constant with its one-dimensional generator. This assertion is on
E53, before taking the cohomology of the differential now being computed. The target is therefore
nonzero. On the source C3u′18, formula (5.22) reads ω + 18ω′ = ω. This proves the lemma.

Put κ = ω′/ω ∈ F3 and define

L = {(t, u) ∈ Z2 : t + 3κu ≡ 0 (mod 9)}. (5.24)

The residual A restriction lifts and the x support after length fifty-three are, respectively,

L, (1, 6) + L. (5.25)

From now on a subscript on a finite label denotes t mod 3, not a power. A statement about such
a residue concerns every copy unless a particular copy is specified. The shift (1, 6) follows from
(5.20). For now all transfer kernels of A at t ≡ 0 (mod 3) remain independently of those lifts. The
length-105 argument in Proposition 5.10 forces every f at t ≡ 2 (mod 3) to survive until its nonzero
length-97 map onto one of these kernels; the shift there is (1, 12). We call these the required f2
copies.

5.8 Products and the first finite pairings

The complete possible arrows from lengths 25 through 97, apart from the main d33 already taken,
are

25 b −→ v, d −→ r
29 q −→ X
33 c −→ M
49 a −→ R
53 A −→ x
57 x −→ p
61 R −→ f
85 p −→ c, q −→ a, r −→ b
93 y −→ p
97 a −→ v, d −→ p, f −→ A.

(5.26)

This table is obtained by substituting the fifteen labels of Table 1, with ρ = 8, in (5.17)–(5.19); thus
it lists possibilities, not asserted nonzero maps. The length-fifty-seven arrow is zero by transfer: a
remaining x is transferred from the H slot that survives fifty-three, since its t residue is one.

The mixed products required below are

pa = f, qc = f, vd = f, rb = f, (5.27)

up to nonzero units and with aligned degree shifts. The t indices add in the first pairing. In each of
the other three pairings they add with an additional one, since the sum of their w∗ representatives
exceeds the target representative by nine. Products of two extra scalars, or of two volumes, are zero.

Lemma 5.13. Both length-twenty-five arrows in (5.26) are nonzero on every copy. Thus b, v, d, r
are all removed at that length.

Proof. Choose arbitrary copies z of b and z′ of d. Their product is zero, so

0 = d25(zz′) = d25(z)z′ − z d25(z′).
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Both arrows have shift (−1, 4) by (5.20). The two terms, when nonzero, belong to the same f copy,
at (tz + tz′ , uz + uz′ + 4), and the products in (5.27) are nonzero. Thus one coefficient vanishes if
and only if the other does. Because the two chosen copies were arbitrary, either both arrows vanish
everywhere or both are nonzero everywhere. This proves uniformity even before any smaller unit
lattice is used.

Suppose they vanish. Then all v, d copies persist to page 97: they have no intervening incoming,
v has no outgoing, and the only remaining possible outgoing of d is the length-97 map to p. Choose
their product in a required f2 copy. On that page,

d97(vd) = v d97(d) = 0,

because its possible value is the product of two extra scalars. This contradicts the required nonzero
differential on f2. Therefore both arrows are everywhere nonzero; their source and target groups are
one-dimensional, so all four labels disappear.

Two particular p copies have no outgoing while they remain. The first is the quotient Euler
symbol 3bu′ at

(t, u) = (0, 1). (5.28)

The second is the detector for the known surviving b2, at

(t, u) = (−4, 12). (5.29)

We denote them pE and p†, respectively; their t residues are zero and two.
Here is the detector coordinate calculation, including its cycle assertion. By Theorem 2.7, a

survivor bȷ, ȷ ≥ 2, has nonzero ordinary G detection in filtration two. At H its scalar coordinate
is m = 1, n = −2 · 3ȷ, so every nonzero main scalar restriction has a nonzero d5: coefficients in K
are cycles and multiplication by the primitive vector θ is injective, even for arbitrary completed
coefficients. Since a sphere lift is an ordinary cycle, its restriction must therefore vanish. The G
image is the generator of the extra scalar restriction kernel, with w0 = 1− 4 · 3ȷ ≡ 1 (mod 9). There
is no incoming in ordinary filtration two; its Tate image has zero outgoing on every page where it
has not yet been hit. Formula (5.13) now gives

(t, u) =
(︁
−4 · 3ȷ−2, 4 · 3ȷ−1)︁. (5.30)

This explains (5.29) and the two cycle assertions. It does not assert that a sphere detector cannot
be an incoming Tate boundary.

Lemma 5.14. The entries a0, a2 and their paired R0, R2 are removed at length forty-nine. Afterwards
a, R have a common survivor flag only at residue one.

Let Ct denote the common survivor flag of ct and Mt+1, paired at length thirty-three. Then

Q0 = 1 =⇒ C1 = 0. (5.31)

Proof. Suppose a copy of a2 survives forty-nine. The only possible subsequent incoming through
ninety-seven is the length-eighty-five arrow from q, with shift (3, 8). But q remains only at residue
zero, so it can hit only a0. The potential length-ninety-seven outgoing has target v, now absent.
Thus a2 is a cycle on page 97. The Euler copy pE is also still present: the length-fifty-seven arrow
is zero, and the possible length-ninety-three incoming from y0 has target residue two, not zero.
The product pEa2 is consequently a required f2 that is a product of two cycles at ninety-seven, a
contradiction.
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Suppose instead that a0 survives forty-nine. The detector p† is present on page 85; its only earlier
possible incoming was the zero length-fifty-seven map. If the hypothesized a0 were hit at eighty-five,
multiplying by this detector would make its nonzero f2 product an earlier boundary, contrary to the
requirement that every f2 remain until ninety-seven. Hence a0 remains to ninety-three. Nor can p†

be hit there under this hypothesis: if d93z = p†, then

d93(za0) = p†a0

would again make a required f2 an earlier boundary. Both factors therefore reach ninety-seven as
cycles, and their product gives the same contradiction. Thus a0 and a2 cannot survive forty-nine.
Their one-dimensional targets R0, R2 are removed with them. The common remaining flag at residue
one follows from the same pairing and the unit symmetries through fifty-three.

Finally suppose Q0 = 1. A remaining q0 stays to page 97: its potential eighty-five target a0 is
absent. If C1 = 1, an incoming on c1 after thirty-three and before ninety-seven, multiplied by q0,
would make the nonzero product q0c1 a required f2 that is an earlier boundary. Thus c1 must itself
remain to ninety-seven; then their product is a product of cycles there, also impossible. This proves
(5.31).

5.9 The last unit and the complete remaining arrow list

After removing r, v, b, d, the following table lists all candidate arrows modulo 216, before testing the
t residues of a proposed partner:

13 q −→ c
17 A −→ y, X −→ M
29 q −→ X
33 c −→ M
49 a −→ R
53 A −→ x
57 x −→ p
61 R −→ f
85 p −→ c, q −→ a
93 y −→ p
97 f −→ A
101 p −→ X
105 X −→ R
121 c −→ R
129 x −→ q
149 M −→ f
157 p −→ a
165 y −→ q
177 a −→ M.

(5.32)

The table follows from the three explicit congruences (5.17)–(5.19). For subsequent pages one
uses the positive representative of the length after the page in question, adding 216 and (4, 24) as
specified in (5.20). Thus the table includes all later repetitions within the bound, rather than only
the displayed small lengths.

Proposition 5.15. All translations in L are unit cycles through page E313. The unit is hit at length
313 from the f translate

(−5,−36) + L. (5.33)
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There are no other arrows on the remaining labels at that length, and the next page is zero.

Proof. We first make the units giving the translations explicit. On E53 put

Ω = (C3)−1d53(C3).

Equation (5.22) says that the logarithmic differentials of C3 and u′ are Ω and κΩ. Their common
target is a residue-field line, so 3Ω = 0. Hence the units

U0 = C9, U1 = C−3κu′ (5.34)

and their inverses are cycles. Choose any integer representative of κ; changing it by three changes
U1 by a power of U0. Their shifts (9, 0) and (−3κ, 1) generate L. Together with D, they realize
every required translation by actual multiplication on the page.

At the end of length ninety-seven, all transfer kernels of A have disappeared. Only its restriction
lifts at L remain. These are products of surviving units, and their inverses are cycles by derivation.
They have no outgoing between fifty-three and ninety-seven; the incoming at ninety-seven lands in
their transfer kernel, not in their nonzero restriction quotient. In particular, passing to this quotient
preserves the identities UiU

−1
i = 1: restriction sends these units to units on the still nonzero H

page, so 1 is not a length-ninety-seven boundary. No splitting of the earlier A extension is needed.
For a remaining A the only possible outgoing before 313 are to d, y, x at 229, 233, 269, respectively.

The first target has been removed. The second has t ≡ 1 (mod 3), whereas y occurs only at t ≡ 0.
The third has t ≡ 2 (mod 3), whereas x occurs only at t ≡ 1. Thus all those outgoing maps are
excluded. Formula (5.21) has no remaining incoming before 313 and no other one through the
bound 469. The bound in Proposition 2.13 forces a nonzero f → A at 313 hitting the unit. Its shift,
computed by (5.20), is (5, 36), giving (5.33).

No other arrow in (5.32) has length 313. A differential hitting one contracts the differential
graded algebra: if dz = 1 and dy = 0, then d(zy) = y up to the usual sign. Its cohomology is therefore
zero. This proves the proposition, including the actual page range of the unit symmetries.

Work from now on modulo L and the permanent D translation. Each fully present label of a
fixed residue t mod 3 has three copies. Apart from the distinguished f in (5.33), and the already
specified f2 pairings with transfer kernels, every copy must be removed by a nonzero arrow before
313. Each is one k. A nonzero arrow removes both endpoints, so neither can participate on a
later page. On the same page, two consecutive nonzero maps between one-dimensional entries are
excluded by d2

R = 0. Consequently the remaining problem is an ordinary matching of these copies,
uniform under the now established unit translations.

Lemma 5.16. One has C0 = 1. If C1 = 1, all c0, M2 copies pair at length 249, and all p1, c1 copies
pair at length 301. If C1 = 0, all p1, c0 copies pair at length 85, and neither c1 nor M2 is present.

Proof. There is no incoming to p1 in the remaining array. For explicit verification, the possible
incoming lengths from (5.32) are 57, 93, 273, 309: their sources have, respectively, residues x0, y2, x2, y1,
all absent. The first arrow is also zero by transfer. The removed label d would have supplied
incoming at 97 or 313, and supplies none now. Its possible outgoing partners through 313 are

85 c0
101 X0 (absent)
157 a2 (absent)
301 c1.

54



The potential removed-label target at 229 is b, also absent. Thus every p1 must pair with c0 at 85
or c1 at 301.

Similarly the remaining possibilities for M2 are an outgoing at 149 to f2, already consumed at
97, and incoming at 177, 233, 249 from a2, X0, c0, respectively. Only the last is present. The earlier
candidate at 105 came from the removed b label. This list is exhaustive by the same congruences.
Thus M2, if present, must be hit from c0 at 249.

If C1 = 1, the length-thirty-three pairing left both c1 and M2. The unique partner of every M2
forces C0 = 1 and reserves every c0 copy for length 249; the shift (5, 28) is a bijection on the copies.
Therefore all p1 must use c1 at 301. If C1 = 0, neither c1 nor M2 occurs, and every p1 must use
c0 at 85, again forcing C0 = 1. This proves both alternatives. In particular M1 was present after
length thirty-three in either case.

5.10 Three rows and one unmatched source

We now discard the pairs fixed in Lemma 5.16, the A transfer kernels and their required f2 partners,
and the unit targets themselves. Retain a mark on the distinguished f source that leaves to the unit
at 313. The remaining matching has three rows, indexed by

R = {(t, u) ∈ Z2 : 3 | t}/L.

For a row s ∈ R, place the remaining copies at the offsets displayed in Table 2. This is a list of their
occurrences immediately before processing the candidate pairings of lengths greater than fifty-three.
Thus a later pairing is recorded as a pair of entries even when it has already been logically forced.

label y p2 p0 M1 f0 f1
(t, u) (0, 0) (2, 10) (6, 34) (13, 70) (12, 62) (16, 86)

label q0 X1 c2 M0 a1 R1

(t, u) (3, 18) (4, 22) (8, 42) (9, 46) (10, 50) (10, 58)

Table 2: Offsets from the row index s. The first six entries occur in every row. The last six occur in
pairs, with flags Q0, C2, and the survivor flag of a1, respectively.

There is also the singleton x translate class. Assign it offset (1, 4). Its actual support is (1, 6) +L
by (5.25), so it belongs to row

sx = (0, 2) + L. (5.35)
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The complete arrow list between the entries of Table 2, and x, is

61 R1 −→ f0
85 p0 −→ c2
93 y −→ p2
101 p2 −→ X1
121 c2 −→ R1
129 x −→ q0
149 M0 −→ f0, M1 −→ f1
157 p0 −→ a1
165 y −→ q0
177 a1 −→ M1
229 q0 −→ c2
233 X1 −→ M0
249 c2 −→ M1
273 x −→ p0
277 R1 −→ f1
301 p2 −→ c2, q0 −→ a1
309 y −→ p0.

(5.36)

The length-fifty-seven map has already been proved zero. No other edge is suppressed in (5.36):
it is obtained from (5.32) by the residue conditions, removal of the pairs in Lemma 5.16, and the
established absent flags. In particular all repetitions with length less than 313 are included.

Every displayed arrow preserves the row. This can be checked directly by subtracting the source
offset in Table 2 from the target offset and applying (5.20). To make the entire finite calculation
explicit, the shifts are

R (∆t, ∆u) R (∆t, ∆u)
61 (2, 4) 85 (2, 8)
93 (2, 10) 101 (2, 12)
121 (2, 16) 129 (2, 14)
149 (3, 16) 157 (4, 16)
165 (3, 18) 177 (3, 20)
229 (5, 24) 233 (5, 24)
249 (5, 28) 273 (5, 30)
277 (6, 28) 301 (6, 32) or (7, 32)
309 (6, 34)

(5.37)

At 301 the shifts are (6, 32) for p2 → c2 and (7, 32) for q0 → a1; the two arrows at 149 have the
same shift. For example, x → p0 has difference (6, 34)− (1, 4) = (5, 30), and R1 → f1 has difference
(16, 86)− (10, 58) = (6, 28). Thus there is no possible differential between two distinct rows.

Proposition 5.17. The coefficient in (5.24) is κ = −1 ∈ F3. Equivalently,

L = {(t, u) : t− 3u ≡ 0 (mod 9)}.

Proof. Each row of Table 2 begins with six entries and then three optional pairs, so it has even
cardinality. The row sx has one additional entry, the singleton x. By Proposition 5.15, every entry
pairs within its row except the marked f that leaves to A at 313. Removing two endpoints preserves
parity. Therefore the marked f must belong to the same row as x.
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The marked source is (−5,−36) + L by (5.33). It is an f1, whose offset is (16, 86), so its row is

sf = (−21,−122) + L.

Equality with (5.35) says (−21,−124) ∈ L, or

−21− 372κ ≡ 0 (mod 9).

Since κ ∈ F3, this is equivalent to κ = 2 = −1. The conclusion follows.

5.11 The known survivor and every higher detector

Proof of Theorem 5.1. By Proposition 5.17, copies are distinguished by the key t− 3u modulo nine.
The three rows have keys 0, 3, 6. The exceptional x row sx = (0, 2) has key 3.

The detector p† for b2 has coordinates (−4, 12) and hence key 5. Its p2 offset (2, 10) in Table 2
has key 8, so this detector lies in row 5− 8 = 6. In that row the only available incoming on p2 is the
length-ninety-three arrow from y. The x arrows belong to row 3, and all other incoming labels have
been removed. Since b2 is known to survive, the detector cannot leave by an outgoing differential
while present. It must nevertheless disappear before 313 by Proposition 5.15. Consequently the y of
row 6 hits this p2 at length 93.

Consider now p0 in that same row. Its potential incoming from x at 273 belongs to row 3 and
cannot hit it. Its only other incoming is the length-309 map from the row’s y, already consumed
at 93. Thus this p0 has no incoming. It must disappear by an outgoing differential; the full table
permits its outgoing at 85 to c2 or at 157 to a1. The argument does not require a choice between
these two lengths. Figure 1 summarizes this constraint.

Row 6

y

p2
detector for b2

p0
detectors for bȷ, ȷ ≥ 4

one of
d85 : c2
d157 : a1

d93 forced

d309 unavailable

outgoing forced

Figure 1: The final constraint in row 6. The known survivor b2 forces the d93 pairing, so its source y
cannot also hit p0 at length 309. The possible x incoming at length 273 lies in row 3. Thus p0 must
support one of the two indicated outgoing differentials; the argument does not choose between them.
The diagram records logical constraints, not chronological order: length 85 precedes length 93.

The p0 offset (6, 34) has key 6− 3 · 34 = 3 modulo nine. In row 6 it therefore has total key zero.
Every detector with ȷ ≥ 4 in (5.30) has

t ≡ 0 (mod 3), t− 3u = −40 · 3ȷ−2 ≡ 0 (mod 9).

It is exactly a p0 copy of this key. The unit translations of Proposition 5.15 identify all such copies
through the relevant pages. In particular none can be an earlier incoming Tate boundary, and each
must have the forced outgoing just proved. This contradicts the cycle property of the image of any
surviving sphere class. Hence no bȷ with ȷ ≥ 4 survives.

For comparison, the ȷ = 3 detector has key 6, whereas the ȷ = 2 detector has key 5. Thus the
tail exclusion does not decide b3 by the same argument. Its survival and order-three representative
will be constructed separately in Section 6.
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6 An order-three element in the 322-stem
This section constructs the remaining positive class. The construction is independent of the height-
six detector. Its geometric input is the known order-three Kervaire element in the 106-stem; its
algebraic input is Lemma 7.2, proved in Section 7. A truncated extended cube first gives a map
into a four-cell spectrum T containing the Moore spectrum M = S/3, with quotient Σ4M . We
construct a map of Adams–Novikov filtration at least two with the same image in that quotient;
subtracting it gives a map that lifts to M . Keeping track of that correction is essential both for the
primary Steenrod operation and for the additive order of the resulting sphere element. Extended
powers have long connected primary operations with unstable and stable homotopy; see Toda [37]
and May [24, Sections 2–3]. The construction below specifies the finite lens-space truncation and
the two Moore-spectrum corrections needed in this dimension.

Theorem 6.1. There is an element θ ∈ π322S(3) detected by b3 in the mod-three Adams spectral
sequence such that 3θ = 0. In particular, θ has additive order exactly three.

6.1 The strong criterion and the filtration conventions

All spectra and maps in this section are localized at three. Write S for the localized sphere and let

S
3−→ S

i−→M
q−→ ΣS (6.1)

be the Moore cofibre sequence. A power of a sphere class always denotes its product in the stable
homotopy ring of S.

We use the following established form of the strong odd-primary Kervaire criterion. Our
statement includes the change of indices and the duality that will be needed below.

Lemma 6.2 (Strong Kervaire criterion). Let j ≥ 0 and m = 3j+1. The following conditions are
equivalent:

(i) The detection coset of bj contains an element of additive order three in π4m−2S.

(ii) There is a stable map
Σ4m−2M = P 4m−1(3) −→ S

whose cone has nonzero reduced power Pm.

(iii) There is a stable map a : S4m−1 →M for which

Pm : H0(Ca; F3) −→ H4m(Ca; F3)

is nonzero.
In condition (iii), if qa = Σϑ, then 3ϑ = 0 in actual sphere homotopy. The strong criterion identifies
ϑ, up to the usual nonzero scalar normalization, as a nonzero class detected by bj.

Proof. The equivalence of the first two conditions is Selick’s strong odd-primary criterion, in its
stable Moore-space formulation [35, Theorems 1.1 and 3.3]; see also the proof of [1, Theorem 1.1].
In the notation of that formulation the stem is 2m(p− 1)− 2, and the detecting Adams class is bk−1
when m = pk. Thus at p = 3 and k = j + 1 the stem is 4m− 2 and the class is precisely bj .

For completeness, Spanier–Whitehead duality gives the last equivalence without changing the
primary test. If g : Σ4m−2M → S, then DM ≃ Σ−1M and

a = Σ4m−1Dg : S4m−1 −→M, Ca ≃ Σ4mDCg.
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The cohomology degrees of Cg and Ca are, respectively, {0, 4m−1, 4m} and {0, 1, 4m}. Conjugation
in the Steenrod algebra sends Pm to −Pm modulo products of positive reduced powers [28, Section 7,
pp. 166–167]. Such products vanish on the two cones, because the necessary intermediate degrees
are absent. Consequently duality preserves nonvanishing of the indicated operation. Finally, 3ϑ = 0
follows directly from (6.1); the detection and nonvanishing are part of the strong criterion. Thus
the criterion concerns an actual order-three representative, rather than an order assertion about an
associated-graded group.

Put
I = fib(S −→ BP), Ff Z = I∧f ∧ Z, Lf Z = Ff Z/Ff+1Z.

The Adams–Novikov filtration of a homotopy group is

F f πkZ = im
(︁
πkFf Z −→ πkZ

)︁
.

We retain the usual indices

Ef,t
r (Z) =⇒ πt−f Z, dr : Ef,t

r (Z) −→ Ef+r,t+r−1
r (Z).

In particular Lf S ≃ BP ∧ I∧f . Flatness of BP∗BP identifies its homotopy groups with the
desuspended normalized cobar terms: they are torsion-free and supported in degrees −f mod 4.
The groups for Lf M are their reductions modulo three. It follows that

Ef,t
r (M) = 0 unless t ≡ 0 (mod 4), E2(M) = E5(M), E6(M) = E9(M). (6.2)

The tower description and its multiplicative pairings agree with the usual Adams–Novikov spectral
sequence; the unit-cube comparison and the pairing conventions are recalled in Lemma 7.1. The
orientation BP→ HF3 gives the comparison with the ordinary mod-three Adams tower.

These filtrations are finite in each fixed stem of a bounded-below spectrum. Indeed I is at least
3-connective: the unit is an isomorphism on π0, and the localized sphere has no homotopy in degrees
one and two. The connectivity of Ff Z therefore tends to infinity with f . We shall use this finiteness
when passing from vanishing associated-graded groups to vanishing homotopy classes.

We also recall explicitly the elementary property of the first Adams invariant that is used to
control the corrections.
Lemma 6.3. For a map u : A→ B inducing zero in mod-three homology, the short exact sequence
of Steenrod comodules

0 −→ H∗B −→ H∗Cu −→ ΣH∗A −→ 0
is its ordinary Adams filtration-one invariant. This invariant is natural and additive in u. It
vanishes for a composite of two maps that induce zero in mod-three homology, and hence for a map
of Adams–Novikov filtration at least two.
Proof. The first Adams obstruction measures whether the displayed comodule extension splits. Cone
maps give its naturality. To add two maps, first take their direct sum and then use the diagonal on
the source and the fold on the target; the corresponding pullback and pushout of extensions give
their Baer sum. If u = vw and both v∗ and w∗ vanish, the cone comparison from w to vw identifies
the extension of vw with the pushout of the extension of w along v∗ = 0. This pushout is split.

The maps between two successive stages of the mod-three Adams tower are homology-zero maps.
Thus a factorization through its second stage has zero invariant. The comparison BP → HF3
supplies this factorization for a map of Adams–Novikov filtration at least two.

Whenever the cone has no ambiguity in the bottom and tested top degrees, the coefficient of
a primary reduced power between those degrees is a component of this extension invariant. In
particular, subtracting a map as in the last assertion of Lemma 6.3 does not change that coefficient.
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6.2 A filtration-ten cube

Set
t = 108, n = t− 1 = 107, N = 3t− 2 = 322. (6.3)

The classical Kervaire detection coset in π106S contains an element of order three detected by b2;
see [1, Corollary 1.2 and its proof] and [32, Table A3.4]. By Lemma 6.2, choose

a0 : Sn −→M

with nonzero P27 from the bottom to the top of its cone, and write qa0 = Σx, where x ∈ π106S.

Proposition 6.4. The reduction of the cube satisfies

ix3 ∈ F 10π318M.

Proof. The class of a0 has Adams–Novikov filtration one. Filtration zero is excluded by the support
of π∗BPM , while filtration at least two is excluded by its nonzero primary test and Lemma 6.3. Let

z ∈ E1,108
2 (M)

be its permanent leading class.
We use the notation of Section 7: v = v1, a = [t1], B is the reduced integral 3-Bockstein, and

y = ηR(v9
2 − v8

1v7
2)− (v9

2 − v8
1v7

2)
v9

1
,

t′
7 = ηR(v7

2)− v7
2

v1
in the mod-three cobar complex.

By the unconditional basis calculation (7.5), write

z = λy + νt′
7 + µv26a, λ, ν, µ ∈ F3.

After setting all positive coefficient generators vi to zero, these representatives specialize to λt27
1 .

Every one-cobar boundary also specializes to zero, since the positive coefficient ideal is invariant.
The Thom comparison sends t1, up to a unit, to the first reduced-power dual generator; its conjugate
Milnor convention changes only this unit. Hence λ, up to a unit, is the P27 coefficient of Ca0 , and is
nonzero. Rescale a0 to make λ = 1. Lemma 7.2 then gives

z = y + µv26a, µ ∈ F3, B(y)3 = 0. (6.4)

The boundary along q increases Adams–Novikov filtration by one and induces the integral
3-Bockstein; this is the geometric boundary theorem [32, Theorem 2.3.4]. Here it can be seen
directly on two layers. Put X = F2S, Y = F1S, and Z = Y/X. A lift of a0 to Y/3 and an integral
lift to Z of its image in Z/3 give a class in

Q = (Y/3)×Z/3 Z.

The integral lift exists because the homotopy of Z is torsion-free. Comparing fibres over Z yields
the triangle

X
3ι−→ Y −→ Q −→ ΣX,

where ι : X → Y is the inclusion: the fibre of Y → Q identifies with the fibre of X → X/3,
and its map into Y is 3ι. Projection to Y/3 identifies the resulting boundary with a lift of x to
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F2S. Projection to Z says that three times its layer symbol is the d1 of the chosen integral lift.
Division by three in the torsion-free layer gives exactly the stated Bockstein, with a harmless
convention-dependent sign.

After reducing again by i, the filtration-two symbol is ±B(z) = ±B(y). Indeed the Bockstein is
a derivation,

B(v) = ±a, B(a) = 0, a2 = 0,

so B(v26a) = 0. Multiplicativity of the sphere tower and its pairing with the Moore tower puts ix3

in filtration at least six, with filtration-six symbol represented by ±B(y)3. This symbol is zero by
(6.4). Thus ix3 has filtration greater than six. Its stem is 318 ≡ 2 mod 4, so (6.2) makes ten the
next possible filtration.

6.3 The truncated extended cube

Write Σ3 = C3⋊C2, where the generator of C2 acts on C3 by inversion. Let ρ be the real permutation
representation on three letters and write

ρ = 1⊕ λ.

Here λ is a real two-plane. Restricted to C3 it is the faithful complex character, while C2 acts by
conjugation; in particular its orientation character is sgn.

Let L(2) = S1 ∪3 D2 be the two-skeleton of a lens-space model for BC3. A useful explicit cover
is the subspace ˜︁L(2) = {(z1, z2) ∈ S(C2) : z2 ∈

⋃︂
ζ3=1

ζR≥0}.

Scalar multiplication by a third root of unity and complex conjugation give the required C3 ⋊ C2-
action. This cover consists of three disks with their boundary circles identified. The C3-quotient is
L(2), with its degree-three attachment.

Take a free contractible C2-space EC2, let C3 act trivially on this extra factor, and put

B = (L(2))hC2 , P = ˜︁L(2) × EC2.

Thus P → B is a principal Σ3-bundle. A classifying map to BΣ3 gives a natural comparison between

D◦(X) = P+ ∧Σ3 X∧3, D3(X) = EΣ3+ ∧Σ3 X∧3. (6.5)

The permutation of smash factors is the usual permutation action in spectra, including its signs on
odd-dimensional spheres.

Lemma 6.5. The base B has cohomological dimension at most two for 3-local local coefficient
systems, and ˜︁H∗(B; A) = 0

for every constant 3-local abelian group A. Moreover,

D◦(S1) ≃ Σ4M, D◦(Sn) ≃ ΣN M. (6.6)

These identifications can be chosen so that

D◦(qa0) = x31M : ΣN M −→ Σ4M. (6.7)
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Proof. Since two is invertible, the spectral sequence for the homotopy orbits by C2 takes invariants
exactly. The cellular complex of L(2) has dimension two, proving the assertion about local coefficients.
With constant coefficients its possible reduced cohomology groups are ker(3 : A→ A) in degree one
and A/3A in degree two. Inversion acts by minus one on both, so neither has nonzero C2-invariants.
In particular the augmentation Σ∞B+ → S is a 3-local equivalence: its cofibre is bounded below
and has zero integral localized homology, hence is zero by the stable Hurewicz theorem.

The Thom spectrum of ρ over B is D◦(S1). Its orientation system is sgn. On the lens skeleton,
integral reduced homology is Z/3 in degree one, and inversion acts by minus one. Twisting by sgn
therefore retains that group and removes the degree-zero group. The Thom homology is consequently
just Z/3 in degree four. To identify the spectrum, realize its lowest homotopy generator by S4; it
has order three by the lowest-degree Hurewicz isomorphism and extends to Σ4M . The extension is
an integral homology equivalence and therefore a 3-local equivalence of bounded-below spectra.

The difference bundle (n− 1)ρ is oriented, since n− 1 = 106 is even, and is stably spherically
trivial after localization at three. Indeed its spherical classifying map lifts to the classifying space
of degree-one stable sphere equivalences. This space is simply connected and its second homotopy
group is π1S(3) = 0. The subsequent Postnikov obstructions vanish by the cohomological dimension
of B. There is no inverse-limit ambiguity: for a fixed homotopy degree of the mapping space, the
fibres of its Postnikov tower have zero homotopy in that degree once their Eilenberg–Mac Lane
degree exceeds it by more than two. Thus the required compatible nullhomotopies exist. Trivializing
this difference bundle identifies

D◦(Sn) ≃ Σ3(n−1)D◦(S1) ≃ Σ3n+1M = ΣN M.

Before taking Thom spectra, D◦(qa0) is a map from the sphere bundle Snρ to Sρ. After the
difference bundle is trivialized, its fibrewise mapping spectrum is the constant spectrum S−3(n−1):
endomorphisms of the remaining invertible sphere line identify canonically with scalars. Sections of
this constant spectrum are determined, on homotopy classes, by evaluation at one point, because
Σ∞B+ ≃ S. At that point the map is the ordinary smash cube of qa0, namely the suspension of x3

in the indicated degrees. This proves (6.7), up to a 3-local unit which is absorbed in the source
identification.

The same base calculation supplies the nonzero Euler pairing that will detect a primary reduced
power. Namely

e(λ) ⌢ − : H2(B; Fsgn
3 ) −→ H0(B; F3) (6.8)

is nonzero. On restricting to the lens skeleton, e(λ) is the mod-three first Chern class of the
faithful C3-line. It is the nonzero Bockstein of a fundamental-group character. Its evaluation on the
mod-three two-cell is a unit. The orientation twist cancels the inversion sign, so taking C2-invariants
preserves this pairing.

Lemma 6.6. There is a triangle

Σ3M
g−→M

jT−→ T
πT−−→ Σ4M (6.9)

and a map F : ΣN M → T such that
πT F = x31M .

Both jT and the natural map D◦M → T are isomorphisms on bottom mod-three homology.
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Proof. Filter D3M by the number of upper Moore cells in its three input factors. The four successive
layers, before simplification, have stabilizers Σ3−r × Σr, 0 ≤ r ≤ 3. The bottom layer is Σ∞BΣ3+.
For one upper cell, the Σ2-stabilizer acts trivially on its one-dimensional sphere; the layer is therefore
ΣS after localization at three. For two upper cells, interchanging the two odd spheres is the sign
action. Its Σ2-homotopy orbits are zero at three, so this layer disappears. The top layer is D3S1.

The attachment of the one-cell layer to the bottom is degree three. One can compute it in the
cellular complex of M∧3: a chosen one-upper-cell generator has boundary three times the bottom
generator. Passing to Σ3-coinvariants identifies the three choices of this generator; it does not
add their three boundaries. Thus the attachment has degree three, not nine. Since the reduced
suspension spectrum of the connected space BΣ3 has zero π0, this attachment has no reduced
component.

It follows that the part K below the top layer has a projection r : K → M inducing an
isomorphism on bottom homology; explicitly, K is the cofibre of the bottom degree-three map into
Σ∞BΣ3+, and the augmentation gives r. Pull back D3M → D3S1 along D◦S1 → D3S1, obtaining
U , and push out its fibre along r. These constructions give a diagram of triangles

K U D◦S1 ΣK

M T D◦S1 ΣM.

r Σr

jT
πT

Use (6.6) in the lower row and desuspend its boundary to define g. The natural comparison
square for D◦q gives D◦M → U → T ; composing it with D◦a0 gives F . Its quotient is (6.7). The
bottom-homology claims follow because the comparisons of base orbits preserve H0, the projection
r preserves the bottom generator, and the remaining quotient Σ4M has no homology near degree
zero.

Proposition 6.7. The cone of F : ΣN M → T has a nonzero operation

P81 : H0(CF ; F3) −→ HN+2(CF ; F3).

Proof. Throughout this proof homology has coefficients F3. We adapt Toda’s diagonal cone
construction [37, Section 1, Theorem 2] to the truncated functor D◦. Applying the diagonal cone
nullhomotopy gives a natural map

CD◦a0 −→ D◦(Ca0).
Compose it with the map D◦Ca0 → D◦St induced by Ca0 → St. This composite is zero on D◦M ,
and therefore factors through CD◦a0/D◦M ≃ ΣD◦Sn. The resulting map

ΣD◦Sn −→ D◦St (6.10)

comes from the diagonal trivial line in the permutation representation. More explicitly, use the same
interval parameter in the three cone factors and then collapse their ends. Its normal representation
is ρ− 1 = λ. The resulting Thom map is therefore the Euler map for λ. Since N + 2 = 3t = 324,
the map on the tested top homology is precisely the cap product (6.8); it is nonzero.

The spectrum D◦M has homology only in degrees at most five: its fibre M∧3 has homology in
degrees zero through three and its base has homological dimension two. Consequently the suspended
top class of D◦Sn ≃ ΣN M gives a class c ∈ H3t(CD◦a0). Let u ∈ Ht(Ca0) be the top generator.
In the homology spectral sequence over B, the fibre of D◦Ca0 has tensor-product homology with
degrees chosen from {0, 1, t}. In total degree 3t, the sole possible term is

H0
(︁
B; F3{u⊗3}

)︁
;
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the action is trivial since t is even. There is no possible differential into or out of this term, nor
another term in its total degree. Projection to D◦St identifies it with the fibre generator there. By
(6.10), the image of c is a nonzero multiple of u⊗3.

The bottom fibre class survives as well. The Cartan formula for reduced powers [28, Section 2,
Property 2.5] on the fibre gives

P81
∗ (u⊗3) = (P27

∗ u)⊗3 ̸= 0.

Indeed, to reach degree zero each tensor factor must be lowered from degree t = 108 by P27
∗ ; all

other Cartan terms have zero contribution to the bottom. Naturality shows that P81
∗ c is nonzero in

H0(CD◦a0).
Finally, the map D◦M → T and the identity on the source induce CD◦a0 → CF . It is an

isomorphism on the bottom and on the tested top homology. Applying naturality again proves the
assertion.

6.4 Endomorphisms and the two obstruction components

Lemma 6.8. There is a unital multiplication µ : M ∧M →M , and evaluation on the bottom cell
admits a splitting

E = F (M, M) ≃M ∨ Σ−1M. (6.11)

Write ε : E → M for evaluation, s : M → E for its section, and τ : E → Σ−1M for the other
projection. The second summand includes by precomposition with q : M → ΣS, and s(i) = 1M . No
associativity of µ is required.

Proof. The Moore sequence gives π1M = 0 and π0M = F3. Applying [−, M ] to that sequence shows
that restriction to the bottom identifies [M, M ] with π0M . In particular 3 1M = 0. The cofibre
sequence

M
3−→M −→M ∧M

then allows the identity of M to extend to a multiplication µ with one unit law. The other unit
composite has the same bottom restriction as the identity, so it is the identity by the same restriction
calculation.

Applying F (−, M) to (6.1) identifies the fibre of ε : F (M, M)→ F (S, M) = M with F (ΣS, M) =
Σ−1M . Adjunction applied to µ gives the section s. Its value on i is the identity by the unit law.
Splitting this fibre sequence proves the assertions.

The correction will be made inside F2T . It is important to distinguish its tower from the full
Adams–Novikov tower.

Lemma 6.9. Let ˜︁Er be the spectral sequence of

· · · −→ F4M −→ F3M −→ F2M,

with absolute filtration indices retained. Its comparison cr : ˜︁Ef,t
r → Ef,t

r (M) has the following
properties:

page surjective isomorphic
5 f ≥ 2 f > 2

6 = 9 f ≥ 2 f ≥ 7
10 f ≥ 2 f ≥ 11.

These assertions hold also for maps induced by fixed endomorphisms of M , with their appropriate
degree shifts.
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Proof. The layer complex agrees with the full E1-complex above filtration two. In filtration two it
has the same cycles but omits incoming d1-boundaries. This gives the stated comparison on E2,
hence on E5 by sparseness.

For clarity, a full dr-cycle lifts to a cycle whenever comparison is surjective in its slot and injective
in its outgoing slot: the differential of any lift maps to zero and must therefore vanish. Comparison
on the resulting homology is injective as well if it is injective in the current slot and surjective in
the incoming slot, because a full boundary can then be lifted.

Apply this first to d5. An outgoing slot from filtration f ≥ 2 has filtration at least seven, where
c5 is an isomorphism. Thus c6 is surjective for every f ≥ 2. If f ≥ 7, the incoming slot has filtration
f − 5 ≥ 2, so the same argument gives an isomorphism. Sparseness identifies this page with E9. For
d9, all outgoing slots again compare isomorphically. When f ≥ 11, the incoming filtration f − 9 is
at least two, proving the last row. Everything is natural in maps of the underlying tower.

Write the filtration of the abutment of this restricted tower as

Ff πkF2M = im
(︁
πkFf M −→ πkF2M

)︁
, f ≥ 2.

It is finite by connectivity, just as the full filtration.

Proposition 6.10. There is a map F ′ : ΣN M → F2T whose composite to T has the same quotient
under πT as F .

Proof. Choose a lift ˆ︁c ∈ π318F10M of ix3 using Proposition 6.4, and let c be its image in π318F2M .
Smash the section in Lemma 6.8 with I∧2 and put

w = s∗(c) ∈ π318F2E .

After forgetting filtration, w is exactly x31M , because s(i) = 1M .
Postcomposition with g : Σ3M →M defines

γ : Σ3E −→ E .

The obstruction to lifting w through the triangle (6.9) smashed with I∧2 is

γ∗(w) ∈ π321F2E .

We show separately that both components of this obstruction under (6.11) vanish.
The first component. Forgetting filtration makes the whole obstruction zero, since F is already

an actual lift of x31M . Its first component lies in π321F2M , and the map

π321F2M −→ π321M

is injective. To see this, the quotient M/F2M has its two layers L0M and L1M , both with
zero π322: their support degrees are, respectively, 0 and 3 modulo four, whereas 322 ≡ 2. Thus
π322(M/F2M) = 0, and the long exact sequence gives the injection. The first component is therefore
zero already in the restricted tower.

The second component. The fixed composite

Σ3M
Σ3s−−→ Σ3E γ−→ E τ−→ Σ−1M

suspends to a map h : Σ4M → M . Under the splitting, the second obstruction is precisely
h∗(c) ∈ π322F2M . The map h on BP∗-homology is multiplication by a scalar multiple of v1, since
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a BP∗-linear degree-four map BP∗M → BP∗M is determined by its value in BP4M = F3{v1}.
This is a comodule map: v1 is primitive modulo three, by ηR(v1) = v1 + 3t1. Functoriality of the
normalized cobar complex therefore identifies E2(h) with that literal coefficient multiplication. The
map of Adams towers passes this identification to E5 and E6; the coefficient v1 is permanent by the
target-vanishing argument in Section 7. No multiplicativity assumption on h is used. Its action on
the full E6-page in the relevant slots is consequently a scalar multiple of

v1 : E10,328
6 (M) −→ E10,332

6 (M), (6.12)

which is zero by Lemma 7.2. Lemma 6.9 is an isomorphism on both these E6-slots. Consequently
h induces zero on the filtration-ten associated-graded map of the restricted abutment. Since
c ∈ F10π318F2M , this proves

h∗(c) ∈ F11π322F2M = F14π322F2M.

The equality follows from sparseness: in stem 322 only filtrations congruent to two modulo four can
occur.

For every such filtration f ≥ 14, Lemma 7.2, including its high-filtration estimate, gives

Ef,322+f
10 (M) = 0.

The comparison of Lemma 6.9 is an isomorphism there, so the restricted E10-groups vanish as well.
Every associated-graded quotient of F14π322F2M is therefore zero. Increasing connectivity makes
this filtration finite, and hence F14π322F2M = 0. This proves that the second component vanishes.

Notice why the two page arguments were separated: an incoming full d9 at filtration ten may
start in filtration one, which the restricted tower omits. No E10-comparison in filtration ten was
asserted or used. The zero map (6.12) removes that filtration on E6 before the higher E10-vanishing
is applied.

We have now proved γ∗(w) = 0. The triangle (6.9) smashed with I∧2 supplies the desired lift.
More explicitly, M is dualizable, so

F (M, I∧2 ∧ Z) ≃ I∧2 ∧ F (M, Z).

The exact sequence obtained by applying F (M,−) to that triangle therefore identifies the vanishing
obstruction just calculated with the existence of F ′ : ΣN M → F2T . Its quotient represents w, whose
underlying map is x31M = πT F .

6.5 The sphere element and its order

Proof of Theorem 6.1. Let F
′ be the composite of the map in Proposition 6.10 with F2T → T . Its

quotient equals that of F , so the difference has a lift

Z : ΣN M −→M, jT Z = F − F
′
.

The map F
′ has Adams–Novikov filtration at least two. The maps F , F

′, and F −F
′ induce zero on

mod-three homology for degree reasons, so Lemma 6.3 and additivity show that the primary invariant
of F − F

′ equals that of F . Since jT is an isomorphism on bottom homology, the cone comparison
from Z to jT Z is an isomorphism on the bottom and on the tested top degrees. Proposition 6.7
thus gives a nonzero

P81 : H0(CZ ; F3) −→ H324(CZ ; F3).
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Use the splitting of Lemma 6.8 to write the class of Z as the sum of its section component and its
quotient-precomposition component. The section component is s∗(z0) for some z0 ∈ πN M = π322M .
This class has Adams–Novikov filtration at least two: the degree-322 homotopy of both L0M and
L1M is zero, so it lifts successively through F1M and F2M . Applying the section to that lift shows
that the corresponding map ΣN M →M also factors through F2M . It can therefore be subtracted
without altering the primary test.

The remaining component factors through the upper quotient of its source:

ΣN M
ΣN q−−−→ SN+1 a1−→M.

The cone comparison induced by ΣN q preserves the bottom class and the top class in degree
N + 2 = 324. Hence Ca1 has nonzero P81 from its bottom to its top. Apply Lemma 6.2 with
m = 81 = 34: the map a1 : S323 →M gives an element θ ∈ π322S detected by b3. The actual Moore
boundary satisfies

qa1 = Σθ, 3θ = 0.

Nonzero detection implies θ ̸= 0; therefore its additive order is exactly three.

Remark 6.11. The map into T and its nonzero primary operation are supplied directly by the
extended cube. The finite Adams–Novikov lemma is used to produce the correction inside F2T ,
thereby obtaining the map into M . This is the step that determines the additive order in the sphere,
and it does not follow merely from a differential-free associated-graded symbol.

7 The finite Adams–Novikov calculation
This section proves the Adams–Novikov assertions used in Section 6. The calculation determines
only the kernels, images, and products needed in stem 322; it does not require a complete description
of either adjacent stable stem. All vector spaces in this section are over F3.

7.1 The product and its algebraic conventions

Let M = S/3, put B = BP∗/3, and write

Df,d = Extf,4d
(B,BP∗BP/3)(B, B) = Ef,4d

2 (M).

Thus f is Adams–Novikov filtration, d is one quarter of internal degree, and the corresponding stable
stem is 4d− f . These groups vanish unless the internal degree is divisible by four. Consequently

E5 = D, E6 = E9 = H(D, d5), |d5| = J = (5, 1), |d9| = R = (9, 2).

When no confusion is possible, we abbreviate H(D, d5) to H. The signs in a Leibniz rule are (−1)f ,
since 4d− f has parity f .

We first give the tower comparison needed for the multiplicative spectral sequence. It also
identifies the totalization convention with the Adams stages used in Section 6.

Lemma 7.1 (Unit cubes and the pairing). Let I = fib(S −→ BP) and FqZ = I∧q ∧ Z. For the
augmented Amitsur cosimplicial spectrum

Xn(Z) = BP∧(n+1) ∧ Z
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there are natural equivalences

fib
(︁
Z −→ Totm X•(Z)

)︁
≃ Fm+1Z,

compatible with the maps as m varies. A unital binary multiplication µ : M ∧M −→ M induces
pairings on its Adams–Novikov spectral sequence with the Leibniz rule on every page. The pairing
on E2(M) is the ordinary graded-commutative Ext product. These statements do not require an
associative multiplication on M .

Proof. Let Pm be the poset of nonempty subsets of [m] = {0, . . . , m}. The functor

u : Pm −→ ∆≤m, S ↦−→ [|S| − 1]

sends an inclusion to the induced order-preserving injection. We show that u is homotopy initial.
For 0 ≤ k ≤ m, the category (u ↓ [k]) is the face poset of the simplicial complex Km,k whose
nonempty faces are weakly increasing partial maps [m] 99K [k]. Indeed, a face consists of a subset S
and an order-preserving map from its induced ordinal to [k].

The complex Km,k is contractible when k ≤ m. To see this, start with the subcomplex whose last
argument is either undefined or has value k. This is a cone on Km−1,k, with cone vertex (m, k). For
each a < k, the remaining faces with last value a form the cone with vertex (m, a) on Km−1,a. Its
intersection with the previously constructed complex is exactly that base. Since a ≤ m− 1, the base
is contractible by induction. Attaching a cone on a contractible subcomplex preserves contractibility.
The initial case m = k = 0 is a point. This proves the assertion, including the case k = m, where
the first cone is contractible without any assumption on its base. The homotopy-initiality criterion
therefore identifies Totm X with the homotopy limit of the nonempty unit cube indexed by Pm.
Including its empty vertex gives the cube with initial value Z and one unit insertion in each of its
m + 1 directions. Its total fibre is I∧(m+1) ∧ Z, because smash products of spectra preserve finite
fibres in each variable. This construction is compatible with restriction of cubes and hence with the
tower maps.

Choose the E4 structure on BP furnished by [3, Theorem 1.1]. In particular, its associative algebra
structure in associative algebras supplies coherent pointwise pairings of the Amitsur construction.
The external pairings, followed by µ, give the pairing of totalization spectral sequences, and thus of
the identified Adams towers. The boundary formula for a pairing of filtered objects is precisely the
Leibniz rule; it uses the binary pairing and its compatibility with the tower, not associativity of µ.
The required unital µ is provided by Lemma 6.8.

Finally, the sphere-input Amitsur levels have even, 3-torsion-free homotopy groups. Smashing
with M reduces these groups modulo 3. Unitality makes the resulting coefficient pairing B⊗BP∗ B −→
B ordinary multiplication. Since 3 is invariant in the Hopf algebroid, the normalized cobar complex
after this reduction computes D. Its induced cup product is the ordinary Ext product, proving the
last assertion. In particular, associativity and graded commutativity hold on E2 and pass to all
subsequent pages by taking homology.

We use Hazewinkel generators vi and coordinates ti, with |vi| = |ti| = 2(3i−1) in internal degree.
Thus their weight is (3i − 1)/2. The logarithm convention is

ηR(li) =
i∑︂

j=0
ljt3j

i−j , l0 = t0 = 1.

The integral recursions and their reductions are given in Appendix A. In characteristic three they
give

ηR(v1) = v1, ηR(v2) = v2 + v1(t3
1 − v2

1t1). (7.1)
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The primitive coefficient ring is exactly F3[v1]. For completeness, suppose a primitive polynomial
depends on vs, with s ≥ 2 maximal. Set all positive-index ti except ts−1 to zero. The recursion fixes
v1, . . . , vs−1 and sends

vs ↦−→ vs + v1t3
s−1 − v3s−1

1 ts−1.

If the degree of the polynomial in vs is N > 0, its transformed expression has a nonzero coefficient
on t3N

s−1: this coefficient is its leading coefficient in vs, multiplied by vN
1 . The coefficient ring is a

domain. This contradicts primitivity and proves the assertion by descent on s.
Put v = v1 and a = [t1]. For a coefficient q whose right-unit difference is divisible by vm

1 modulo
three, write

δm(q) = ηR(q)− q

vm
1

(mod 3).

Reduction precedes division. Equation (7.1) and the invariance of v1 show that the following
expressions are one-cocycles:

h = δ1(v2), r = δ3(v3
2), s′ = δ1(v2

2),
y = δ9(v9

2 − v8
1v7

2), t′
i = δ1(vi

2).

Their bidegrees are respectively

|v| = (0, 1), |a| = (1, 1), |h| = (1, 3), |r| = (1, 9),
|s′| = (1, 7), |y| = (1, 27), |t′

i| = (1, 4i− 1).

For example, if w = t3
1 − v2

1t1, then (v2 + v1w)9 − v9
2 = v9

1w9; the difference of the seventh powers is
divisible by v1. This proves the divisibility defining y and also the useful identity

δ9(v9
2) = y + t′

7. (7.2)

The notation B(x) denotes a Bockstein; the unadorned B still denotes the coefficient ring. For
a one-cocycle x define its algebraic Bockstein class by

B(x) = ∆˜︁x− ˜︁x⊗ 1− 1⊗ ˜︁x
3 (mod 3), (7.3)

where ˜︁x is an integral lift. Coefficients are written on the left: ∆ is left-linear, and moving coefficients
in the last term into this convention uses ηR. The numerator is divisible by 3 because x is a cocycle.
Changing the lift changes the result by a coboundary. With the usual normalized-cobar differential,
B is the negative of the reduced connecting homomorphism for multiplication by 3. Set

b = B(h), c′ = B(r), P = aB(t′
4), |b| = (2, 3), |c′| = (2, 9), |P | = (3, 16).

These classes are, up to units, the reductions of the sphere classes β1, β3/3, and α1β4. The beta
coboundaries defining them come respectively from v2 modulo (3, v1), v3

2 modulo (3, v3
1), and v4

2
modulo (3, v1). The classical Adams–Novikov differentials and naturality therefore give

d5(c′) = ϵab3, P ∈ E9(M), d9(P ) = ϵ′b6, ϵ, ϵ′ ∈ F×
3 . (7.4)

We use these classical results in the form recalled in [5, Lemma 2.5]; see also [32]. Their natural
images in the Moore spectral sequence are allowed to be zero or boundaries. No assertion that such
an image is nonzero is needed below. The classes a and b come from the permanent classes α1 and
β1.

Here is the conclusion of the section. The coefficient in its hypothesis means the coefficient in a
normalized one-cobar representative after setting all positive-degree coefficient generators vi to zero.
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Lemma 7.2 (Finite Adams–Novikov lemma). Suppose z ∈ E1,108
2 (M) = D1,27 is a permanent cycle

whose coefficient on t27
1 is 1. Then:

(i) z ≡ y (mod F3v26a) and B(y)3 = 0 in D;

(ii) multiplication by v is zero from E10,328
6 (M) to E10,332

6 (M). The same holds on E9 and E10;

(iii) Ef,322+f
10 (M) = 0 for every f ≡ 2 (mod 4) with f ≥ 14.

7.2 The finite affine family of possible differentials

The three rank calculations in Table 3 fix the low-dimensional classes and the cubic relation. In the
cochain complex of Appendix A, let n−, n, n+ be the dimensions of the three terms surrounding the
indicated bidegree. Let r− and r be the incoming and outgoing coboundary ranks. For a displayed
list C of cocycle representatives, let rC be the rank obtained by adjoining those columns to the
incoming coboundary matrix.

f d n− n n+ r− r rC C

1 27 12 49 94 11 35 14 v26a, y, t′
7

6 10 3 2 1 1 0 2 vb3

6 81 9301 11419 12864 5256 6156 5256 B(y)3

Table 3: Cochain ranks identifying the distinguished classes.

The construction and correctness of these matrices are proved in Proposition A.2; their finite
reduction, and those used below, are specified in Proposition A.6. In particular, the table is an exact
cochain calculation over F3, rather than a choice of names for classes in a chart. Since cohomology
has dimension n− r− − r, it proves

D1,27 = ⟨v26a, y, t′
7⟩, D6,10 = ⟨vb3⟩ ∼= F3, B(y)3 = 0. (7.5)

The three basis elements in D1,27 have t27
1 coefficients 0, 1, 0. The coefficient is unchanged by a

one-cobar boundary: specializing the positive coefficient generators to zero makes every right-unit
difference zero. Thus the hypothesized z has the form

z = y + e t′
7 + µv26a, e, µ ∈ F3. (7.6)

Write L = ϵ−1d5, in product coordinates normalized by (7.4). It is a square-zero derivation of
bidegree J . The elementary vanishing bound

Df,d = 0 if d <
3
2f − 1

2 (7.7)

follows from the additive-digit cobar filtration proved in Lemma 7.5 below: the only generator with
positive deficit 3

2f − d is the exterior class of weight one, with deficit 1/2. Applying this bound to
the targets, together with permanence of a and b, gives

L(v) = L(a) = L(b) = L(h) = L(s′) = 0, L(c′) = ab3.

Also D0,∗ = F3[v], so L vanishes in filtration zero. In fact v is permanent: each possible outgoing
differential has target (r, 1 + (r− 1)/4), which vanishes by (7.7) for r ≥ 2, and filtration zero admits
no incoming differential. Equation (7.5) implies

L(r) = k vb3 (k ∈ F3).

70



Since z is permanent and L(v26a) = 0, Equation (7.6) imposes L(y + e t′
7) = 0.

We now encode only necessary conditions on this actual differential. For a cutoff N , use the
finite grid

GN = {(f, d) : 0 ≤ d ≤ N, 0 ≤ f ≤ 32, 2d− 3f ≥ 0}. (7.8)

Put independent unknowns in every entry of LT : DT −→ DT +J for which both slots belong to the
grid. Impose its vanishing in filtration zero. For each

x ∈ {a, v, h, b, c′, r, s′, y + e t′
7},

impose, for every q ∈ DT , the Leibniz identity

L(xq) = L(x)q + (−1)fxxL(q) (7.9)

whenever the four slots T, T + J, T + |x|, T + |x|+ J are present. The known values of L(x) enter as
constants. For s′ and y + e t′

7, retain only multiplication maps whose output has weight at most 91.
This restriction deliberately permits unused slots and equations; every equation retained still holds
for the actual L. In particular, classes on the boundary line excluded by (7.8) are not assigned
additional unknown maps.

At cutoff 60, these are affine linear equations for each of the nine choices (k, e). Their coefficient
rank is 2667 in every case. The augmented rank is 2667 for (k, e) = (1, 0) and 2668 for each of the
other eight choices. Hence

k = 1, e = 0. (7.10)

This proves the first assertion about z in Lemma 7.2; the cubic assertion was already proved in
(7.5). Notice that the correction in (7.2) is essential to this statement.

At cutoff 92 keep (k, e) = (1, 0) and also impose the necessary linear consequences of L2 = 0.
More precisely, substitute the current affine parametrization in each available equation LT +JLT = 0.
Row-reduce the resulting polynomial equations with all quadratic monomials ordered before the
linear monomials and the constant. Rows in which every quadratic term vanishes give affine
equations satisfied by every square-zero point. Adjoin these rows to the linear system, parametrize
again, and repeat until no new linear condition appears. The resulting ranks are listed in Table 4.

N unknown entries initial affine rank new affine constraints final affine dimension
60 2779 2667 not imposed 112
92 23384 23119 38, 1, 0 226

Table 4: Necessary affine conditions on the normalized fifth differential.

The cutoff-92 affine family may contain nonsquare-zero maps. What has been proved, and
all that is needed, is that it contains the restriction of the actual d5 after normalization. Neither
uniqueness of d5 nor a choice among the remaining 226 parameters is assumed.
Remark 7.3 (Product signs). The products used to obtain these matrices are represented by signed
chain lifts ϕ with ∂ϕ = (−1)f ϕ∂ for a class of filtration f ; the fixed class is lifted first. As explained in
Appendix A, comparison with cobar cup products can use the opposite ordering of the factors, giving
the sign twist (−1)fg in filtrations f, g. The two conventions are identified by rescaling filtration f

by (−1)(
f
2). Transporting the differential through this identification gives the corresponding row

signs, and a further unit normalizes L(c′) = ab3. All displayed systems use this consistent convention.
Such changes preserve the kernels, images, ranks, and lines of possible d9 values used below.
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7.3 Universal bounds for kernels and images

For a projected matrix of the final affine family, write A(u) = A0 +
∑︁r

i=1 uiAi. Parameters may be
correlated across different matrices. Define

K− =
r⋂︂

i=0
ker Ai, K+ = A−1

0

(︄
r∑︂

i=1
im Ai

)︄
, (7.11)

I− = A0

(︄
r⋂︂

i=1
ker Ai

)︄
, I+ =

r∑︂
i=0

im Ai. (7.12)

For an empty set of parameter matrices, the intersection is the whole source and the sum is zero.

Lemma 7.4. For every parameter value u one has

K− ⊆ ker A(u) ⊆ K+, I− ⊆ im A(u) ⊆ I+.

Proof. Every Ai annihilates a vector in K−. If A(u)x = 0, then A0x = −
∑︁

i>0 uiAix, proving the
second kernel inclusion. If all Ai for i > 0 annihilate x, then A(u)x = A0x; this proves the first
image inclusion. The last follows directly from the formula for A(u). No independence assumption
on the parameters is used.

At a slot p, let K±
p denote these bounds for the map out of p, and I±

p the bounds for the map
into p. Negative filtration is zero. If an otherwise relevant pair is unavailable, use zero as a lower
bound and the whole source or target as the upper bound. Table 5 records the resulting dimensions;
its column D means dim Df,d.

f d D I− I+ K− K+ f d D I− I+ K− K+

4 69 7 0 0 4 4 13 71 7 3 3 3 4
12 76 9 4 5 6 6 21 78 4 2 2 2 2
5 82 5 0 0 4 4 10 82 8 1 5 6 6
9 83 6 1 1 2 2 10 83 6 1 1 2 4
14 84 7 4 4 5 5 7 85 11 0 2 8 9
18 85 8 3 4 5 5 22 86 4 2 2 2 2
23 86 7 3 3 3 4 16 87 5 2 2 3 3
27 87 4 2 2 2 2 15 92 6 2 6 0 6

Table 5: Universal lower and upper bounds for images and kernels.

The two additional span calculations are

dim
(︁
vK+

10,82 + I−
10,83

)︁
= 1, dim

(︁
K+

22,86 + I−
22,86

)︁
= 2. (7.13)

As the corresponding I− spaces have dimensions 1 and 2, these equations give(︁
v : H10,82 −→ H10,83

)︁
= 0, H22,86 = 0. (7.14)

Indeed, v sends every actual cycle in K+
10,82 into I−

10,83, an actual boundary; at (22, 86) every actual
cycle is already in the indicated lower bound for boundaries. The first identity denotes the zero
map, not a claim that H10,83 itself vanishes. Since v is permanent, this proves Lemma 7.2(ii) on all
the stated pages.
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7.4 A uniform estimate in high filtration

The next estimate supplies the two product maps that lie beyond the finite affine calculation and
handles the rest of the stem.

Lemma 7.5 (High-weight product bound). For k ≥ 1, multiplication by bk into Df,d is surjective if

d < Sk(f) := 9
2f + 1

2 − 6k, (7.15)

and injective if
d < Ik(f) := 9

2f − 4− 6k = Sk(f − 1). (7.16)

Proof. Use the ordinary normalized cobar complex. Order its monomials first by increasing number
of coefficient factors vi, counted with multiplicity; next by decreasing total coefficient weight; and
finally by the decreasing lexicographic order on the total ti exponent tuple, with the largest index
dominant. Filter by tails of this order. At a fixed internal weight this filtration is finite, including
across all cobar lengths.

The ideal generated by the positive-degree coefficients is invariant under the right unit. Thus a
right-unit correction cannot decrease the coefficient count. If it preserves that count and introduces
a nonconstant t monomial, it decreases the coefficient weight. After setting the coefficients to zero,
each nonadditive coproduct term of ti uses lower-index t’s and hence decreases the final tuple.
These assertions follow directly from the Hazewinkel recursion of Appendix A. They show that
the associated graded cobar differential is the one for ordinary additive coordinates with primitive
coefficients.

The cohomology of this associated graded complex is

F3[v1, v2, . . .]⊗
⨂︂

i≥1, j≥0

(︁
Λ(ei,j)⊗ F3[ci,j ]

)︁
, (7.17)

where, for wi,j = 3j(3i − 1)/2,

|ei,j | = (1, wi,j), |ci,j | = (2, 3wi,j).

One obtains this formula by writing each additive coordinate in base-three digits. Its graded dual is
a tensor product of truncated polynomial algebras F3[x]/(x3), with x of weight wi,j . The alternating
free resolution with maps x and x2 has one exterior Ext generator in degree (1, wi,j) and one
polynomial generator in degree (2, 3wi,j). Tensoring these resolutions gives (7.17); only finitely
many factors occur in any fixed weight.

The leading class of b on this page is c1,0. Indeed, h = t3
1 − v2

1t1, and its integral Bockstein has
coefficient-free part

t2
1 | t1 + t1 | t2

1,

the standard polynomial generator for the weight-one digit. All the other terms have positive
coefficient count.

For a monomial on (7.17) define its deficit to be 9
2f − d. Among exterior generators the only

positive deficits occur at weights 1, 3, 4, and they are respectively 7/2, 3/2, 1/2. As these generators
are exterior, their total contribution is at most 11/2. The polynomial generator b has deficit 6;
every other polynomial generator and every coefficient factor has nonpositive deficit. Consequently
a monomial not divisible by bk has deficit at most

11
2 + 6(k − 1) = 6k − 1

2 .
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It follows that the quotient of (7.17) by bk vanishes in bidegree (f, d) when d < Sk(f). Multiplication
by bk on that page is injective everywhere.

To transfer these assertions to D, take the filtered mapping cone Q of the cochain cup map

bk : C∗−2k,d−3k −→ C∗,d.

Shift the source filtration by the leading monomial of bk. The first cohomology page of the cone is
exactly the quotient just described, since its leading cup map is injective. The filtration is finite in
fixed weight, so Hf,d(Q) = 0 for d < Sk(f). The long exact sequence contains

Hf−1,d(Q) −→ Df−2k,d−3k
bk

−−→ Df,d −→ Hf,d(Q).

Vanishing of the right term proves surjectivity. Vanishing of the left term uses d < Sk(f − 1) and
proves injectivity, including the one-filtration shift in (7.16).

We spell out how ranks on D pass to its L-homology. Since b has even filtration and L(b) = 0,
every power q = bk is a map of the complexes defined by L.

Lemma 7.6 (Lifting cycles and boundaries). Let q = bk and let t be a target slot.
(i) If multiplication by q is surjective into Dt and injective into Dt+J , it is surjective into Ht.

(ii) If it is injective into Dt and surjective into Dt−J , it is injective into Ht.

Proof. For (i), lift a cycle c ∈ Dt to x with qx = c. Then qLx = Lc = 0, and injectivity into Dt+J

gives Lx = 0. For (ii), suppose x is a cycle and qx = Ly in Dt. Surjectivity into Dt−J gives y = qz.
Hence q(x− Lz) = 0; injectivity into Dt gives x = Lz.

7.5 Vanishing after the ninth differential

We now prove Lemma 7.2(iii). First, H22,86 = 0 by (7.14), so its d9-homology vanishes as well.
The remaining low-filtration vanishings will use d9(P ) = ϵ′b6 to turn cycles into boundaries. We

seek positive integers h0, ℓ with h0 + ℓ = 6 and classes [x], [w] in H such that a given d9-cycle c
satisfies

c = bh0 [x], P [x] = bℓ[w].

If multiplication by bh0 is injective from the slot of d9[x], then d9[x] = 0. Applying d9 to the second
factorization gives bℓd9[w] = ϵ′bℓc. A second injection, this time by bℓ on the slot containing c,
makes c a boundary. We first encode these factorizations using bounds valid for the actual L; the
required injection tests follow.

Addition and subtraction of slots always mean bidegree addition and subtraction; an element in
a subscript denotes its bidegree. For m = (14, 84) and (18, 85) respectively set

h0 = 5, 3, ℓ = 6− h0, u = m− h0|b|, p = u + |P |, z = p− ℓ|b|.

Thus the complete degree data are

m h0 ℓ u p z

(14, 84) 5 1 (4, 69) (7, 85) (5, 82)
(18, 85) 3 3 (12, 76) (15, 92) (9, 83).

For these choices define

A = {x ∈ K−
u : Px ∈ I−

p + bℓK−
z }, F = I−

m + bh0A. (7.18)
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m dim A dim F dim(F + K+
m)

(14, 84) 4 5 5
(18, 85) 6 5 5

Table 6: Dimensions of the cancellation subspaces.

The relevant dimensions are recorded in Table 6.
For the second row there is a useful simplification of the product calculation. Set W =

I−
15,92 + b3K−

9,83. The same column reductions give

dim W = 3, rank
(︁
a : D14,91 −→ D15,92

)︁
= 3, dim

(︁
W + aD14,91

)︁
= 3. (7.19)

Thus aD14,91 ⊆W . Since P = aB(t′
4), its entire image from D12,76 lies in W , and A = K−

12,76. The
first row uses the product P : D4,69 → D7,85 directly. This proves the second row without requiring
a separate matrix for B(t′

4) : D12,76 → D14,91.
Table 7 gives three tests for injectivity after taking L-homology.

f d n dim I−
f,d dim

(︂
I−

f,d + {x ∈ K+
f,d : bnx ∈ I+

(f,d)+n|b|}
)︂

13 71 5 3 3
21 78 3 2 2
14 84 1 4 4

Table 7: Enclosure tests for injectivity on fifth-differential homology.

In each row, an actual cycle whose product by bn is an actual boundary lies in the displayed
preimage. Equality of the two dimensions forces that cycle into I−

f,d, so it was already a boundary.
Hence the three displayed powers of b are injective on H from their indicated source slots.

Finally, Table 8 gives multiplication ranks on D itself. The slot (f, d) is the target; the source is
(f − 2n, d− 3n).

f d n dim source dim target rank(bn)
22 91 2 8 8 8
17 90 2 7 6 6
19 93 1 6 6 6
26 87 6 4 4 4
31 88 6 4 4 4

Table 8: Ranks of multiplication by powers of b on D.

All the displayed subspace calculations use kernels, images, preimages, and ranks of the specified
finite matrices. Proposition A.6 gives their construction and reduction over F3.

Consider m = (14, 84) or (18, 85) with the data in (7.18). We need two injections on H. First,
bh0 is injective from Hu+R: these are exactly the first two rows of Table 7, with sources (13, 71) and
(21, 78). Second, bℓ is injective from Hm. For m = (14, 84) this is the third row of that table. For
m = (18, 85), the first two rows of Table 8 and Lemma 7.6(ii) imply that b2 is injective from H18,85
into H22,91: it is injective into D22,91 and surjective into D17,90. Multiplication by one further b is
injective from H22,91 into H24,94. Indeed, it is surjective into D19,93 by the third product-rank row
and injective into D24,94 by Lemma 7.5, since

94 < I1(24) = 98.
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Their composite is the required injection by b3 from Hm.
Let c ∈ Hm be a d9-cycle. Equality of the last two dimensions in Table 6 gives K+

m ⊆ F . Any
representative of c is an actual L-cycle, hence belongs to K+

m; its component in I−
m is an actual

boundary. Thus
c = bh0 [x] for some x ∈ A ⊆ K−

u .

By the definition of A there is w ∈ K−
z with

P [x] = bℓ[w] in Hp.

Both x and w are actual L-cycles because they lie in lower kernel bounds. The first required injection
now gives

0 = d9c = bh0d9[x] =⇒ d9[x] = 0.

Apply d9 to the preceding product identity. Using (7.4), permanence of b, and the Leibniz rule
yields

bℓd9[w] = d9(P [x]) = ϵ′b6[x] = ϵ′bℓc.

Here z + R = m, since |P |+ R = 6|b|. The second required injection therefore implies d9[w] = ϵ′c.
Since ϵ′ is a unit, c is a boundary. This proves vanishing at m = (14, 84) and (18, 85).

At m = (26, 87), the last two rows of Table 8 and Lemma 7.6(i) show that b6 surjects onto Hm:
it surjects onto D26,87 and injects into D31,88. To see that b6 is injective on H into m + R = (35, 89),
apply Lemma 7.6(ii) and the strict inequalities

89 < I6(35) = 235
2 , 88 < S6(30) = 199

2 .

Thus a d9-cycle c ∈ Hm can be written c = b6x; its differential vanishes only if d9x = 0. Equation
(7.4) then gives d9(Px) = ϵ′c, proving vanishing at (26, 87).

It remains to treat f ≥ 30 with f ≡ 2 (mod 4) and m = (f, d), where d = (322 + f)/4.
Lemma 7.5 gives all four maps needed to repeat the same argument:

b6 surjects into Dm if 17f > 464,

b6 injects into Dm+J if 17f > 396,

b6 injects into Dm+R if 17f > 328,

b6 surjects into Dm+R−J if 17f > 396.

Each inequality holds for f ≥ 30. Hence b6 is surjective into Hm and injective into Hm+R by
Lemma 7.6. For any d9-cycle c = b6x, injectivity forces d9x = 0, and then d9(Px) = ϵ′c. This proves
the remaining vanishings and completes the proof of Lemma 7.2.

A A finite recurrence for the algebraic calculations
This appendix specifies the finite arithmetic behind the tables in Section 7. Its input is the
integral Brown–Peterson Hopf algebroid, and its operations are polynomial multiplication, coefficient
extraction, and elimination over F3. In particular, neither an Ext chart nor a choice of unlisted
Adams–Novikov differentials is an input. The distinction between a coboundary in the algebraic
complex and a topological spectral-sequence differential will be maintained throughout: we write ∂
for a resolution differential, dC for its cochain differential, and L for the normalized possible d5 of
Section 7.
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A.1 Integral structure constants and the algebra of operators

Divide internal degrees by four, and put

wi = 3i − 1
2 , |Q| =

∑︂
i≥1

Qiwi, B = F3[v1, v2, . . .], |vi| = |ti| = wi.

All multi-indices have nonnegative integer entries and finite support. The notation [tT ] means
coefficient extraction, leaving the coefficient polynomial in the vi. The same convention applies to
several successive sets of t variables.

Here is a recursive specification of all structure constants used below. Work first in
Q[v1, v2, . . . , t1, t2, . . .], put l0 = t0 = 1, and successively calculate

3ln =
n−1∑︂
j=0

ljv3j

n−j , ρn =
n∑︂

j=0
ljt3j

n−j , (A.1)

R0 = 1, Rn = 3ρn −
n−1∑︂
j=1

ρjR3j

n−j . (A.2)

Then Rn = ηR(vn) and ρn = ηR(ln). Introduce a second set si of strict-isomorphism coordinates,
with s0 = 1. With D0 = 1, define

Dn =
∑︂

j+k+h=n

ljt3j

k s3j+k

h −
n∑︂

j=1
ljD3j

n−j . (A.3)

Thus Dn = ∆(tn), with ti = ti ⊗ 1 and si = 1⊗ ti. These are the standard Hazewinkel coordinates
for the integral BP Hopf algebroid; in particular the rational expressions for Rn, Dn are integral at
three [32, Theorem A2.1.27, Equation (A2.2.1), and Theorem A2.2.3]. This use of the standard
presentation is the only structure theorem needed for the arithmetic. Formula (A.3) is equivalently
the identity obtained by composing two strict isomorphisms and comparing logarithms. Coefficients
in a tensor product are always written in the leftmost factor. Moving a coefficient from a later
factor to this form uses ηR, not the left unit.

For ordinary calculations reduce Rn, Dn modulo three after performing the integral divisions.
For a Bockstein, retain their values modulo nine until after division by three. Only 1 ≤ i ≤ 4 can
occur at any of our cutoffs, because w5 = 121 > 93. For example,

ηR(v1) = v1, ηR(v2) = v2 + v1t3
1 − v3

1t1 (mod 3),
ηR(v1) = v1 + 3t1, ηR(v2) = v2 + 3t2 + 5v3

1t1 + v1t3
1 (mod 9).

Exact rational polynomial arithmetic followed by integral reduction is one way to implement these
instructions; no division in F3 is intended.

Let PT be the operation dual to tT , and let P0 = 1. The left B-module of operations has basis
PT , with multiplication and action on B prescribed by

PSvQPT =
∑︂
I≤S

∑︂
U

[tI ]ηR(vQ) [tS−IsT ]∆(tU ) PU , (A.4)

PS(vQ) = [tS ]ηR(vQ). (A.5)

Denote this algebra by U . Its products are understood in the degreewise completion specified below.
Associativity and the module identity for (A.5) follow respectively by extracting coefficients from
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coassociativity and from the compatibility of ∆ with ηR. Alternatively, both identities follow directly
by evaluating a composite of three strict isomorphisms in either order. The coefficient subalgebra
B ⊂ U need not be central. The augmentation of its left module resolution is the U-linear map

ε : U −→ B, ε(u) = u(1), ε(vQPT ) =
{︄

vQ T = 0,

0 T ̸= 0.
(A.6)

It is not necessary, or correct in general, to treat this augmentation as an algebra homomorphism to
B.

A.2 The additive complex and its contraction

The use of an additive associated graded and a smaller resolution belongs to the filtered bar/cobar
method developed by May [23, Sections 4, 6–7]; the contraction, coefficient corrections, and cutoff
comparison needed here are given below.

A digit is a pair ν = (i, j) with i ≥ 1, j ≥ 0. Put mν = 3jei, where ei is the ith unit multi-index.
Order digits by decreasing i, then decreasing j. At cutoff N retain only digits with |mν | ≤ N . A
generator g = (eν) is a tuple of nonnegative integers; set

s(g) =
∑︂

ν

eν , C(g) =
∑︂

ν

(︃
3
⌊︃

eν

2

⌋︃
+ (eν mod 2)

)︃
mν , w(g) = |C(g)|. (A.7)

Write g−ν and g+ν for decrementing or incrementing eν . The free module Gs has these generators
with s(g) = s. The generator with all entries zero is denoted g0.

Temporarily replace the Hopf algebroid by the additive one, in which the ti are primitive and all
coefficients are invariant. Its dual multiplication is

PSPT =
∏︂

i

(︄
Si + Ti

Si

)︄
PS+T .

Lucas’s formula, or the coefficient identity (1 + z)3j = 1 + z3j in characteristic three, splits this
algebra into the tensor product of the algebras F3[xν ]/(x3

ν), where xν = Pmν and x2
ν = −P2mν . The

periodic resolution for one such factor alternates multiplication by xν and x2
ν . Its tensor product

has differential

∂0g =
∑︂

ν:eν>0
(−1)

∑︁
µ<ν

eµ

{︄
Pmν g−ν , eν odd,

−P2mν g−ν , eν even.
(A.8)

An explicit B-linear contraction, denoted H, will be useful; this operator is distinct from the
homology H(D, d5) used in Section 7. In a term vQPT g, let j0 ∈ {0, 1, 2} be the base-three digit of
Ti at the position ν = (i, j). Select the first digit for which either j0 ̸= 0 or eν ̸= 0. For this digit
put h′ = 1 + (eν mod 2), and define

H(vQPT g) =
{︄

j0! vQPT −h′mν g+ν , j0 ≥ h′,

0, j0 < h′,
(A.9)

with value zero if there is no active digit.

Lemma A.1. If ι : B → G0 sends b to bg0, then

∂0H + H∂0 = 1− ιε.

The map H preserves the coefficient vQ, the number |T |+ w(g), and the tuple T + C(g).
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Proof. For a single digit, let e be the resolution degree and let j0 = 0, 1, 2 be the operator digit.
If e is even, the next boundary multiplies by Pm. On the two terms for which H is nonzero its
coefficient is j0!j0 = 1 in F3. If e is odd, the only nonzero case has j0 = 2; the next boundary is
−P2m and the combined coefficient is −2 = 1. On the other terms H∂0 supplies the identity, except
at e = j0 = 0, which is the augmentation summand.

In the tensor product all factors before the first active one have operator digit and resolution
degree zero. Hence no additional tensor sign is required in (A.9). Terms differentiating a later factor
cancel between ∂0H and H∂0, because H changes the degree of the selected factor by one. Finally,
the increase of C(g) on incrementing this factor is exactly h′mν . This proves all the assertions.

A.3 Triangular deformation, finite cutoffs, and exactness

We now deform ∂0 to a differential for the actual operator algebra. We order terms so that correcting
the leading error leaves only larger terms; consequently only finitely many corrections affect a fixed
weight.

The passage from the additive contraction to a deformed resolution is a homological-perturbation
construction; see [19] for this method of constructing resolutions and [34, Section 4.8.3, Theorem 51]
for the basic perturbation lemma. The completed, semilinear Brown–Peterson implementation and
its finite-cutoff arguments are supplied below, rather than taken from those references.

Give a term vQPT g internal degree

|Q| − |T | − w(g) (A.10)

and pure weight |T |+ w(g). Within a fixed homogeneous degree, complete by allowing this pure
weight to tend to infinity. There are only finitely many terms at each fixed pure weight. Order terms
first by increasing pure weight and then by increasing tuple T + C(g), using lexicographic order in
which the largest index is most significant. Equal terms, including their coefficient monomials, are
always combined before a leading part is selected. At pure weight at most N the set of order values
is finite.

Two elementary triangularity properties of the structure constants are needed. Modulo three the
ideal (v1, v2, . . .) is invariant under ηR. To check this without interchanging division and reduction,
let ai = Ri|v1=v2=···=0 in the integral polynomial ring. Equations (A.1) and (A.2) give

ai = 3ti −
i−1∑︂
j=1

tja3j

i−j .

Induction gives ai ∈ 3Z(3)[t1, t2, . . .], proving the assertion. Multiplicativity then preserves every
power of this ideal. Also, after setting the vi to zero,

∆(ti) =
i∑︂

k=0
tk ⊗ t3k

i−k. (A.11)

Its two end terms are the primitive terms. Every other term replaces one occurrence of ti by
variables of strictly smaller index.

It follows that a product of pure operators has the additive product as its leading term. Every
further term with a positive-weight coefficient has larger pure weight, by homogeneity. Every
coefficient-free further term has larger output tuple: a nonprimitive term in the coproduct lowers
the input tuple relative to the tuple of the element whose coproduct is being taken. These assertions
continue to hold when correction terms are multiplied from the left. A preexisting left coefficient is
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unchanged, and a coefficient in the positive-degree coefficient ideal remains in that ideal when moved
past a left operator, by invariance of the coefficient ideal. For a coefficient-free correction, adding
the left operator tuple preserves a strict lexicographic inequality. Consequently any degree-zero
differential whose values on generators have leading part (A.8) acts on arbitrary module terms with
leading differential ∂0.

Here and below, truncation means deletion of all output terms of pure weight greater than the
stated cutoff. Suppose ∂r+1 is already defined and is exact onto cycles in degree r. Define Antr(z; N)
for a cycle z ∈ Gr by the following successive correction procedure. At r = 0, “cycle” means an
element of ker ε.

u← 0; e← z;
while e ̸= 0 :

p← the sum of terms at the least order occurring in e;
z1 ← H(p);
u← u + z1; e← e− ∂r+1(z1) (truncate at N);

return u.

(A.12)

The reference to exactness in this description is justified by the induction in the following proposition;
an implementation only needs the already constructed differential.

Proposition A.2. Starting with ∂1 = ∂0
1 and augmentation (A.6), the recursion

∂sg = p−Ants−2(∂s−1p; N), p = ∂0
s g, s ≥ 2, (A.13)

defines compatible finite truncations of a completed free resolution of the U-module B. Every call
to (A.12) terminates. Cochains of internal weight d ≤ N in this resolution calculate the ordinary
normalized-cobar cohomology Ds,d.

Proof. First consider a cycle e whose leading part is p. The leading part of its boundary is ∂0p, so
∂0p = 0. In degree zero there is no P0g0 term, because ε(e) = 0 and distinct coefficient monomials
are independent. Lemma A.1 therefore gives ∂0H(p) = p in every relevant degree. Subtracting
∂H(p) removes precisely the leading part and introduces only larger order values. It preserves the
cycle condition. Since only finitely many order values occur below N , the procedure terminates and
returns a preimage of e.

For the induction on s, ε∂1 = 0. The preceding argument with r = 0 proves exactness at
G0. Assume the differentials through ∂s−1 have been constructed, their successive composites
vanish, and cycles in Gs−2 can be lifted. The error ∂s−1p in (A.13) is such a cycle. Its additive
leading part vanishes because (∂0)2 = 0, so all corrections have order strictly larger than that of g.
Equation (A.13) gives ∂s−1∂sg = 0 and preserves the required leading part. The first paragraph now
lifts every cycle in Gs−1. This completes the induction and proves exactness at each finite cutoff.

We give the completion and comparison details to ensure that finite truncation has not changed
the invariant being calculated. From (A.4), an output operator PU in PSvQPT satisfies

|U | ≥ |T |. (A.14)

To see this, take a contributing coefficient of ∆(tU ). If its coefficient has weight c ≥ 0, homogeneity
gives |U | = |S− I|+ |T |+ c. Thus an output expansion on a free generator may be truncated before
acting on it from the left: discarded output terms cannot return below the cutoff. Input truncation
is justified separately. Degree-zero differentials preserve a coefficient already on the far left, and their
generator values have nonnegative new coefficient weight, so they do not decrease pure weight. The
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contraction preserves it. The constructions at successive cutoffs therefore agree under truncation.
Taking their compatible limits gives exact lifting in the completed modules, rather than relying on
an exactness theorem for an infinite dual.

For comparison use the normalized relative bar resolution of B over U relative to B. It is left
free on the words [PT1 | · · · |PTs ], Ti ̸= 0. This description remains valid for noncentral B: move
coefficient factors left by the balancing relation and (A.4). The differential multiplies successive
entries with the alternating bar signs, including the first left multiplication and the last action on
1 ∈ B; an entry in B at a normalized position is discarded. For example its degree-two boundary is

PS [PT ]− [PSPT ] + [PS ]PT (1),

with the middle term expanded and normalized. A B-linear contracting homotopy inserts the left
PT as the first word entry when T ̸= 0 and is zero when T = 0, while keeping its coefficient on the
far left. The usual adjacent terms in the two composites cancel; the sole uncancelled term is the
original word, with the augmentation term removed in degree zero. This verifies the contraction
directly. It preserves pure weight, where a word generator has weight

∑︁
|Ti|.

Construct a chain map from G to this bar resolution by sending g0 to the empty word and, on
each further generator, applying the bar contraction to the image of its boundary. Construct the
reverse map using (A.12). Their composites are homotopic to the identity: after the homotopy has
been defined in lower degrees, its next required value is a cycle, and the corresponding contraction
or antidifferential supplies a preimage. This also proves independence of all choices of lifts. Every
map and homotopy has the cutoff compatibility just proved.

Finally a cochain of weight d takes a generator of weight w(g) to a polynomial of weight d−w(g).
Evaluation of vQPT g uses PT on that polynomial, which is zero if |T |+w(g) > d. Only finitely many
terms of any comparison or homotopy can consequently be seen by such a cochain. Cochains on the
relative bar identify with the ordinary cobar by coefficient extraction: multiplying adjacent operators
is dual to inserting ∆, and balancing coefficients is dual to applying ηR. Thus the comparison is a
cochain homotopy equivalence in each weight d ≤ N , as asserted.

The same argument applies to a free-generator map of internal degree h: if the final cochain
weight is at most N , its output expansion needs only pure weight at most N − h. This is the shifted
cutoff in the product construction below. A common resolution through weight 93 and filtration 33
suffices for all the tables. Smaller cutoffs 60 and 92 suffice for their respective affine systems; the
cubic check alone needs weight 81 and filtration 7.

A.4 Cochain coordinates, Bocksteins, and products

At bidegree (s, d) the cochain basis is

Cs,d = {(Q, g) : s(g) = s, |Q|+ w(g) = d}. (A.15)

The basis vector (Q, g) has value vQ on g and zero on the other generators. If ∂s+1g′ =
∑︁

aU,T,gvU PT g,
the matrix entry of dC in its column (Q, g) and row (Q′, g′) is∑︂

U,T

aU,T,g[vQ′−U tT ]ηR(vQ). (A.16)

A coefficient with a negative exponent is zero. This formula is also a direct specification of every
scalar in the cochain matrices. The dimensions may be checked before any matrix calculation by∑︂

s,d

#Cs,d zstd =
∏︂
i≥1

1
1− twi

∏︂
ν

1 + zt|mν |

1− z2t3|mν | . (A.17)
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Write Ms,d for the matrix in (A.16). Choose independent incoming columns Bs,d of Ms−1,d.
Extend them, using a kernel basis of Ms,d, to a basis [Bs,d | Vs,d] of ker Ms,d. The columns of Vs,d

are representatives of the chosen basis of Ds,d. For a cycle z, solve

z = Bs,dλ + Vs,dµ; [z]←→ µ. (A.18)

This avoids making names for additional Ext generators.
For completeness, the required comparison of named cobar cocycles to these coordinates is

especially short. Denote this comparison by get. In filtrations zero and one,

get(q)(g0) = q, get(x)(gν) = [tmν ]x.

Here gν has its single nonzero entry eν = 1. For a normalized two-cocycle x, set

get(x)(g) =
∑︂

vQPT gν in ∂2g

aQ,T,ν vQ[tT ⊗ tmν ]x. (A.19)

This is the degree-two bar comparison in the proof of Proposition A.2: its contraction inserts
the first operator entry. The term with T = 0 has zero coefficient in a normalized two-cocycle.
Applying (A.18) gives the class of each named element.

Use the names of Section 7; explicitly, with v = v1,

a = [t1], h = δ1(v2), r = δ3(v3
2),

s′ = δ1(v2
2), y = δ9(v9

2 − v8v7
2), t′

i = δ1(vi
2),

where δm(q) = (ηR(q)− q)/vm is calculated after reduction modulo three. For these polynomials
divisibility follows directly from ηR(v2) − v2 = v(t3

1 − v2t1). Their cocycle identities follow by
applying the cochain differential to a coefficient coboundary and using invariance of v. Notice the
exact identity

δ9(v9
2) = y + t′

7. (A.20)

The notation B(x) below denotes a Bockstein cochain; the unadorned B still denotes the
coefficient ring. If x is a normalized one-cocycle modulo three, lift its coefficients integrally and set

B(x) = ∆˜︁x− ˜︁x⊗ 1− 1⊗ ˜︁x
3 (mod 3). (A.21)

The numerator is divisible by three because x is a cocycle. The last tensor uses the right unit on
every coefficient of ˜︁x. The identity d2

C = 0 proves that this is a two-cocycle, and changing the
lift changes it by a coboundary. With the convention dCx = 1⊗ x−∆x + x⊗ 1, it is minus the
mod-three reduction of the connecting homomorphism for multiplication by three. In particular

b = B(h) = t2
1 ⊗ t1 + t1 ⊗ t2

1 − v t1 ⊗ t1. (A.22)

Set c′ = B(r) and P = aB(t′
4). Equations (A.21) and (A.19) also specify B(y) without an integral

resolution: all integral arithmetic takes place in the ordinary cobar before the comparison.
Here is a complete product rule on the smaller resolution. If a cocycle p has bidegree (j, h),

construct U -linear maps Fs : Gs+j → Gs of internal degree h by

F0(g) = p(g)P0g0, (A.23)
Fs(g) = (−1)j Ants−1

(︁
Fs−1(∂s+jg); N − h

)︁
, s ≥ 1. (A.24)
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Whenever a map is extended to a term vQPT g, use (A.4), multiplying the preexisting vQ on the left
last. At s = 1 the required augmentation condition is exactly the cocycle condition for p. In higher
degrees the required cycle condition follows inductively from

∂Fs = (−1)jFs−1∂. (A.25)

Consequently, for a cocycle x of bidegree (f, d), the cochain

p ⋆ x = xFf (A.26)

is a cocycle of bidegree (f + j, d + h). Reduce it using (A.18). For a slot T = (f, d), write mult(p, T )
for the matrix whose columns are these coordinates as x ranges over the columns of Vf,d. Iterated
multiplication, in particular by bn, is composition of these matrices in the indicated successive slots.

There is a useful exact shortcut for a one-cocycle δm(q). Let Fq(g) = qg, extended U-linearly.
Since v is invariant, it is central in U modulo three. Thus

Fδm(q) = Fq∂ − ∂Fq

vm
(A.27)

is well defined, and its value is obtained by replacing each term vQPT g′ in ∂g by∑︂
0<I≤T

vQ[tI ]δm(q) PT −Ig′. (A.28)

Indeed this is precisely (A.4) for the commutator with q, with its I = 0 term cancelled. Its
augmentation in filtration one is the required digit coefficient of δm(q), and ∂Fδm(q) = −Fδm(q)∂
follows by expanding the commutator and using ∂2 = 0. The shortcut hence computes the same
products as (A.24).
Lemma A.3. The rule (A.26) calculates signed Yoneda products, with the first factor lifted first. It
is independent on cohomology of all choices of lifts and representatives. It agrees with the ordinary
Ext product with the corresponding ordering convention. If the cobar comparison instead uses the
ordinary opposite ordering of the two factors, graded commutativity changes the product formula by
(−1)jf for factors of filtrations j and f . This alternative does not alter the use of the affine systems
or of their kernel and image bounds.
Proof. The difference of two lifts with the same augmentation is null homotopic: in each successive
degree its uncancelled difference is a cycle, which is lifted by (A.12). The same argument applied to
a coboundary representative proves independence of that representative. Composition of such lifts
is the defining Yoneda composition.

One may also compare on the relative bar. An unsigned lift applies the cocycle to the last block
of entries and retains the first block; move the resulting coefficient left by the balancing relation
and discard scalar entries at normalized positions. The interior terms cancel in its chain identity,
and the terms crossing the division between blocks cancel by the cocycle equation. Multiplying
its component in degree s by (−1)js gives (A.25). Evaluation by the other cocycle is the bar, and
hence cobar, cup product, with the stated ordering sign.

To check the final assertion explicitly, suppose an odd-filtration differential D is a left derivation
for a product juxtaposed as xy, and change to x ⋆ y = (−1)fgxy, where x, y have filtrations f, g.
Then

D(x ⋆ y) = (−1)gD(x) ⋆ y + x ⋆ D(y).
The row rescaling L|Df,∗ = (−1)f D therefore obeys the left Leibniz rule for ⋆, and L2 = −D2 = 0.
Row rescaling preserves every kernel, image, and line of possible cycles. A further common unit puts
L(c′) = ab3 as in Section 7. The permitted unit in the d9 formula absorbs the analogous convention
change there.
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A.5 Elimination and the literal affine systems

We describe the elimination convention so the recipe specifies finite scalar operations throughout.
Choose any fixed total order of the monomials and generators extending their weights; for example
order generators by (w(g), C(g), (eν)) and then coefficient multi-indices lexicographically. Order
slots by (d, f) and matrix entries by row then column. Given a sequence of row vectors, maintain
a dictionary of rows with distinct first nonzero positions. For a row z, let i be its first nonzero
position and c = zi. If a stored row pi has pivot one at i, replace z by z − cpi and repeat at the
new first nonzero position until the row is zero or has an unused pivot. Discard a zero row. At an
unused pivot, store cz as pi and continue with the next input row. The normalization uses c−1 = c
for c = 1, 2 in F3. The number of stored rows is the rank. Recording the same operations on an
identity matrix gives witnesses for dependencies or for solutions.

To solve a homogeneous system, assign independent parameters to the nonpivot variables and
substitute the pivot equations in reverse order. For an affine system append a last constant column
and put its variable equal to one. A pivot in that last position is an inconsistency certificate;
otherwise the same substitution gives a constant solution plus a basis of homogeneous solutions.
Kernel, image, intersection, and quotient computations below use only this procedure. The ranks
and intrinsic subspaces are independent of the chosen orders and Ext representatives.

For n = 60 or 92, let

Gn = {(f, d) : 0 ≤ d ≤ n, 0 ≤ f ≤ 32, 2d− 3f ≥ 0}. (A.29)

For every pair T, T + J in this grid, J = (5, 1), introduce all scalar entries of a matrix LT : DT →
DT +J as independent unknowns. Slots of dimension zero contribute no entries. Put LT = 0 at
filtration zero. For each (k, e) ∈ F2

3 use the factors

x = a, v, h, b, c′, r, s′, y + et′
7.

For each complete square T, T + J, T + x, T + x + J in the grid, set

LT +x mult(x, T )− (−1)fx mult(x, T + J)LT = Zx,T , (A.30)

where

Zx,T =

⎧⎪⎪⎨⎪⎪⎩
mult(a, T + 3b) mult(b3, T ), x = c′,

k mult(v, T + 3b) mult(b3, T ), x = r,

0, otherwise.

(A.31)

For s′ and y + et′
7 omit the entire equation if either required factor multiplication has output

weight greater than 91. Include an equation only when every required matrix is available, including
intermediate matrices in the displayed successive products. In particular a target lying outside the
grid is not silently replaced by a known zero space. This is the literal finite system used in Table 4.

Every matrix equation here is a specified list of scalar affine equations. More explicitly its (α, β)
entry is∑︂

i

(LT +x)αi mult(x, T )iβ − (−1)fx
∑︂

j

mult(x, T + J)αj(LT )jβ − (Zx,T )αβ = 0. (A.32)

The named products and coefficients in this formula were fully specified above; in particular the
unknown differential is never used to supply an Ext product.
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For n = 60, solve these systems for all nine (k, e). For n = 92, use (k, e) = (1, 0) and refine its
affine solution space as follows. Express all entries as affine linear polynomials in its free parameters
u1, . . . , ua. For every complete triple T, T + J, T + 2J expand every entry of

LT +J(u)LT (u) (A.33)

as a polynomial of degree at most two. Collect the commutative monomials uiuj with i ≤ j, then ui,
then the constant monomial. Eliminate with all quadratic columns placed first. The rows remaining
with no quadratic term are affine linear equations; adjoin them to the system, reparameterize, and
repeat until no new restriction is obtained.

Lemma A.4. Every actual square-zero differential satisfying the imposed Leibniz equations remains
in the affine space at every refinement step. The refinement terminates. It makes no assertion that
every remaining point is square-zero.

Proof. Each row produced by elimination is an F3-linear combination of the entries of (A.33).
It therefore vanishes at each actual square-zero differential. Rows with no quadratic term are
valid affine restrictions on the present parameter space. Substitution of an affine parametrization
preserves all such points. Every nontrivial refinement decreases the finite affine dimension, which
proves termination. Retaining only the linear consequences uses no claim about all polynomial
consequences or about the full set of F3-points of the quadratic system.

A.6 Universal subspaces and the final rank tests

For an outgoing or incoming matrix obtained by projection from the final affine space, write its
parametrization as A(u) = A0 +

∑︁a
i=1 uiAi. Zero or redundant parameter matrices may be discarded.

For a column matrix X, let ⟨X⟩ denote its column span and let X⊥ denote a row matrix whose
kernel is ⟨X⟩. Such a matrix is obtained by computing ker Xt and transposing a basis. The following
formulas are explicit matrix versions of the enclosures in Section 7:

K− = ker

⎡⎢⎢⎢⎢⎣
A0
A1
...

Aa

⎤⎥⎥⎥⎥⎦ , K+ = ker
(︁
[A1| · · · |Aa]⊥A0

)︁
, (A.34)

I− =
⟨︄

A0 ker

⎡⎢⎣A1
...

Aa

⎤⎥⎦⟩︄ , I+ = ⟨[A0|A1| · · · |Aa]⟩. (A.35)

When a space appears as a matrix operand, take any column basis of it. An empty stack of
constraints has the full space as its kernel. Negative-filtration groups are zero. At other unavailable
incoming or outgoing pairs use the zero space for the lower bound and the entire relevant space for
the upper bound.

Lemma A.5. For every actual matrix A(u) in the affine family,

K− ⊆ ker A(u) ⊆ K+, I− ⊆ im A(u) ⊆ I+.

These inclusions remain valid when parameters shared with other matrices are correlated or satisfy
further equations.
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Proof. Every Ai kills K−. If A(u)x = 0, then A0x = −
∑︁

i>0 uiAix lies in
∑︁

i>0 im Ai, which is
the condition defining K+. On the common kernel of the Ai with i > 0, the map A(u) equals A0,
proving the lower image inclusion. The upper image inclusion follows by summing the images of
its summands. Each argument applies to every single parameter value, so restricting the allowed
parameter values cannot invalidate it.

Use outgoing matrices at a slot q for K±
q and incoming matrices for I±

q . Here are matrix recipes
for every further test; they also fix precisely which preimages and intersections are meant. For the
two sum dimensions in Section 7, compute the ranks of

[mult(v, (10, 82))K+
10,82 | I

−
10,83], [K+

22,86 | I
−
22,86].

For the cancellation test with m, h0, ℓ, u, p, z as specified there, form

Wp = [I−
p | mult(bℓ, z)K−

z ], (A.36)
A = K−

u ker
(︁
W ⊥

p mult(P, u)K−
u

)︁
, (A.37)

F = [I−
m | mult(bh0 , u)A]. (A.38)

Take column spans in the second and third lines when computing dimensions. The tested triple is
rank A, rank F, rank[F | K+

m]. For an injection test at q = (f, d) with exponent n, compute

rank
[︂
I−

q

⃓⃓⃓
K+

q ker
(︂
(I+

q+nb)
⊥ mult(bn, q)K+

q

)︂]︂
. (A.39)

Together with dim I−
q , this is exactly the pair recorded in Table 7. One can avoid annihilator

matrices altogether: the preimage of ⟨H⟩ under a matrix M is the projection to the source of
ker[M | −H]. This gives an equivalent elimination recipe for all the preimages above.

There is a shorter calculation for the second cancellation triple. Here

u = (12, 76), p = (15, 92), z = (9, 83), Wp = I−
15,92 + b3K−

9,83.

Compute the image of a : D14,91 → D15,92. The ranks of Wp, that image, and their sum are all
three. Hence

im(a : D14,91 → D15,92) ⊆Wp. (A.40)

Since P = aB(t′
4), every Px in this slot lies in this image. Equation (A.37) therefore has A = K−

12,76,
of dimension six. Only the a matrix and the b3 matrix are required for this containment calculation.
The first cancellation triple uses the actual P matrix from (4, 69) to (7, 85).

A.7 Arithmetic checkpoints and reproducibility

Proposition A.6. The recurrences and elimination instructions in this appendix give the low-
cohomology ranks, the affine ranks, the sixteen enclosure rows, the sum dimensions, the two cancel-
lation triples, the three injection tests, and the five ordinary product ranks displayed in Section 7. In
particular the weight-60 system is consistent exactly for (k, e) = (1, 0), the stable weight-92 affine
space has dimension 226, and B(y)3 = 0 in D6,81.

Finite calculation. The following intermediate outputs specify checks on the elimination at each
stage, in addition to the final tables. They can be reconstructed without any external list of Ext
groups.
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First enumerate (A.7) and (A.15), construct (A.13), and form (A.16). For (f, d) =
(1, 27), (6, 10), (6, 81) the dimensions of the three successive cochain terms are respectively

(12, 49, 94), (3, 2, 1), (9301, 11419, 12864).

Reducing the incoming and outgoing columns gives ranks

(11, 35), (1, 0), (5256, 6156).

For the first slot append, in order, the cochains v26a, y, t′
7; the rank becomes 14. For the second

append vb3; the rank becomes 2. For the third construct B(y) by (A.21), apply (A.19), and form its
cube using (A.24)–(A.26). Appending this cubic leaves the incoming rank 5256. Keeping witnesses
in column elimination expresses the cubic as a boundary. In these coordinates B(y) has eight
coefficient terms on six generators, the cubic has 76 terms, and the resulting preimage can be taken
to have 2642 terms. Substitution in (A.16) verifies its boundary directly. This proves the algebraic
zero in the statement.

For weight 60, the grid contains 1213 slots and its complete pairs have 2779 scalar unknowns.
Expanding the zero and Leibniz equations gives 15852 scalar equations. For each of the nine (k, e)
choices, the coefficient rank is 2667. The augmented rank is 2667 for (1, 0) and 2668 for each of the
other eight choices. These values are obtained from (A.32), including its constant column; the pivot
at the constant position is an explicit linear combination giving 1 = 0 in each inconsistent case.

At weight 92 there are 2269 slots, of total Ext dimension 6341, and 1820 differential pairs with
23384 entries. The Leibniz assembly uses 15453 factor multiplication matrices, including successive
factors in (A.31). There are 137471 scalar zero and Leibniz equations, 110060 of them having
nonzero augmented row. Coefficient and augmented ranks are both 23119. Thus the initial affine
dimension is 265. The successive square eliminations have the following checkpoints:

parameters scalar square equations polynomial row rank new affine restrictions
265 16412 72 38
227 16412 20 1
226 16412 19 0

In each row quadratic monomials precede linear ones, as specified after (A.33); after the final
refinement the affine rank is 23158. Apply (A.34) and (A.35) to its projected matrices. They give
the sixteen rows of Table 5. The two additional stacked ranks are 1 and 2. Equations (A.36)–
(A.38), using (A.40) in the second case, give (4, 5, 5) and (6, 5, 5). Equation (A.39) gives the pairs
(3, 3), (2, 2), (4, 4).

Finally compute the five iterated b maps of Table 8 with cutoff 93. As a check independent of
quotient-coordinate extraction, append the resulting product cochains to the incoming coboundary
columns in their target slots. In the order of that table, incoming ranks and ranks after appending
are

(4491, 4499), (7540, 7546), (7589, 7595), (1868, 1872), (1000, 1004).

Their differences are the product ranks 8, 6, 6, 4, 4. All these operations have been reduced to the
polynomial recursions, the terminating lifting recursion, and the explicitly stated elimination rules.
The equalities used to infer the spectral-sequence conclusions are therefore finite algebra calculations;
their use is proved in Section 7.

Remark A.7 (Distinct forms of computational checking). Reconstructing the larger tables by another
implementation of this same recurrence checks its arithmetic, while sharing the mathematical
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resolution construction. There are also ordinary normalized-cobar calculations which do not use the
smaller resolution. For example in weight 27 their dimensions in filtrations zero and one are 12 and
470, and their incoming and outgoing ranks at filtration one are 11 and 456. They give the same
three-dimensional group with the representatives v26a, y, t′

7. At (6, 10) their middle dimension is
253, the incoming and outgoing ranks are 162 and 90, and appending vb3 increases the incoming
rank by one. These different complex sizes distinguish the ordinary-cobar checks from a replay of
the smaller-resolution calculation. Verification of the cubic boundary, substitution into the affine
equations, and dense elimination for the final subspaces provide further arithmetic checks. None
replaces the resolution and comparison proof above or the topological arguments of Section 7.
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