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Abstract
We prove that every bounded Hochschild cocycle of degree at least two on a complex von

Neumann algebra, with values in the algebra itself, has a bounded primitive. Together with the
established degree-one inner-derivation theorem, this resolves the Kadison–Ringrose cohomology
conjecture positively.

1 Introduction
The continuous Hochschild cohomology of an operator algebra measures the obstruction to solving its
bounded cocycle equations. The theory also connects these equations with stability of multiplication
under small perturbations [SS95, Chapter 7]. For a von Neumann algebra acting on itself by
multiplication, the degree-one equation is the derivation equation, and its vanishing is the inner-
derivation theorem of Kadison and Sakai [Kad66, Sak66]. The higher-degree theory was developed
by Johnson, Kadison, and Ringrose [KR71a, KR71b, JKR72]. Throughout, boundedness means
ordinary operator-norm boundedness of a multilinear map. No complete-boundedness condition is
imposed.

For a complex von Neumann algebra M , let Ck
b (M,M) be the Banach space of bounded complex

k-linear maps Mk → M , with norm ∥f∥ = sup∥a1∥,...,∥ak∥≤1∥f(a1, . . . , ak)∥, and put C0
b (M,M) = M .

For k ≥ 1, the differential is

(df)(a1, . . . , ak+1) = a1f(a2, . . . , ak+1)

+
k∑

j=1
(−1)jf(a1, . . . , ajaj+1, . . . , ak+1)

+ (−1)k+1f(a1, . . . , ak)ak+1. (1.1)

In degree zero, (db)(a) = ab− ba. As usual, d2 = 0. We use the notation

Hk
b (M,M) = ker

(
d : Ck

b (M,M) → Ck+1
b (M,M)

)/
im
(
d : Ck−1

b (M,M) → Ck
b (M,M)

)
.

The denominator is the actual image, without a closure.
The Kadison–Ringrose cohomology conjecture asks whether Hk

b (M,M) = 0 for every complex
von Neumann algebra M and every positive integer k. Sinclair and Smith trace this self-coefficient
formulation to 1967 [SS98b, p. 3376]. Our main result settles the higher degrees.

Theorem 1.1. Let M be a complex von Neumann algebra and let k ≥ 2. Every f ∈ Ck
b (M,M)

satisfying df = 0 has the form f = dg for some g ∈ Ck−1
b (M,M). Consequently Hk

b (M,M) = 0.

Together with the inner-derivation theorem, Theorem 1.1 resolves the Kadison–Ringrose coho-
mology conjecture positively.
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1.1 Prior work

Kadison and Ringrose proved vanishing for type I and hyperfinite von Neumann algebras [KR71a,
Theorem 4.4] [KR71b, Theorem 3.1]. Their extended-cobounding theorem also gives a primitive for
an M -valued cocycle on a general concrete von Neumann algebra M ⊂ B(H) when the primitive
may take values in B(H) [KR71b, Theorem 2.4]; keeping the values in the original algebra is the
essential self-coefficient problem here. Johnson, Kadison, and Ringrose then identified continuous
cohomology with separately normal cohomology [JKR72, Theorem 5.6]. The completely bounded
methods of Christensen, Effros, and Sinclair [CES87] established vanishing whenever the type
II1 central summand absorbs the hyperfinite II1 factor, including all algebras without a type II1
summand; see the precise restatement in [CPSS03, p. 636, equation (1.1)].

The remaining finite-algebra problem has several substantial positive cases. Sinclair and Smith
proved vanishing for algebras with separable predual and a Cartan subalgebra [SS98a]; Cameron
removed the separability hypothesis for type II1 factors with a Cartan maximal abelian subalge-
bra [Cam09, Theorem 3.2]. Christensen, Pop, Sinclair, and Smith proved vanishing for all type II1
factors with property Γ, including nonseparable ones [CPSS03, Theorem 7.2]. Qian and Shen
extended this direction to type II1 algebras with separable predual and their generalized prop-
erty Γ [QS15, Theorem 6.4]. In degree two, Pop and Smith proved vanishing for the tensor product
of any two type II1 von Neumann algebras, with no separability assumption [PS10, Theorem 4.5].
Theorem 1.1 removes the structural restrictions on the finite algebra in every degree k ≥ 2.

The Cartan argument of Sinclair and Smith also provides a useful methodological comparison.
They show that complete boundedness in the last cocycle variable suffices. They use a projection
of Christensen and Sinclair [CS95] from completely bounded linear maps onto right module maps,
in the form recalled in [SS98b, Theorem 3.4], to obtain a primitive [SS98b, Section 4]. Thus the
passage from averaging one variable to a module identity already has a central role in the earlier
theory.

1.2 The new ingredients

We obtain the needed module identity by averaging over a single unitary random walk. Averaging
one cocycle input first gives only a harmonic map; the main new input is a Liouville theorem that
makes such a map commute with right multiplication. Suppose that M is a type II1 algebra with
separable predual and faithful normal tracial state τ , and write ∥x∥2 = τ(x∗x)1/2. Let U(M) denote
its unitary group. We construct a symmetric, countably supported probability measure μ on U(M),
with a 2-dense set of atoms, such that

T (x) = EU∼μ

[
T (xU)U∗] (x ∈ M) =⇒ T (x) = T (1)x. (1.2)

Here T : M → M is any bounded linear map that is 2-norm continuous on each operator-norm ball.
No positivity or complete-boundedness assumption is imposed. The measure is fixed before the
harmonic map is chosen.

For a separately normal cocycle, Akemann’s continuity theorem [Ake67, Corollary III.10] supplies
the stated continuity in the last input. A uniform continuity modulus survives the averaging limit,
even though that limit need not remain normal, and also passes to the tracial ultrapowers used in
the Liouville proof.

The proof of (1.2) combines probabilistic and algebraic arguments. The finite free configurations
come from Popa’s construction of free-independent sequences [Pop95], in the formulation of his later
ultraproduct independence theorem [Pop14]. These give finite unitary configurations with prescribed
small word traces. A hierarchy of increasingly rare, increasingly large sets of such unitaries gives a
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single random walk whose long independent products approach free Haar joint moments along a
subsequence. Only moment convergence is required.

Second, we use the classical harmonic-martingale construction [Fur63, p. 415] to obtain an
L2(M, τ)-valued martingale. A nonconstant limit would produce free Haar unitaries g1, g2, . . . in
a tracial ultrapower and distinct a, b ∈ M . The coordinatewise lift of T to that ultrapower sends
each nonempty signed word w with pairwise distinct unsigned indices to aw or bw, according to
the sign of its first letter; here a, b are identified with their constant images. We prove that these
identities are impossible for a bounded map with the stated continuity. The argument averages free
generators, discards repeated surviving indices using Haagerup’s free-group length estimate [Haa79],
and passes to a unitary polar part. Positive and negative powers of that unitary would then carry
different left multipliers. Uniformly bounded sine sums and a spectral partition force the multipliers
to agree. This rigidity statement, proved in Theorem 4.1, is independent of the cocycle problem.

Finally, in this tracial type II1 setting, for a separately normal cocycle f we take a pointwise
ultraweak cluster point of the Cesàro averages in its last input. The Liouville theorem identifies
the resulting fixed map as a right module map in that input. Averaging the original cocycle
equation then gives a primitive g with ∥g∥ ≤ ∥f∥. Together with compactness, this uniform estimate
removes the separability assumption. We then partition the type II1 summand into central pieces
admitting faithful normal tracial states. Lemma 5.4 corrects mixed inputs from distinct pieces, and
uniform bounds permit their assembly. The classical vanishing theorem handles the complementary
summand.

1.3 Conventions and classical reductions

All von Neumann algebras and maps are complex, and subalgebras are unital unless otherwise
stated. A finite algebra is called type II1 here when it has no nonzero type I central summand; its
center need not be trivial. A map f : Mk → M is separately normal if it is ultraweakly continuous
in each input with the others fixed. For a finite algebra with faithful normal tracial state, the
2-norm on bounded sets determines the strong-star topology. The inherited traces on subalgebras
and tracial ultrapowers will usually also be denoted by τ .

We use the following established cohomology results.

Proposition 1.2 (Classical reductions). Let M be a von Neumann algebra and k ≥ 2.

(i) If f ∈ Ck
b (M,M) is a cocycle, there are a separately normal bounded cocycle f0 and a bounded

(k − 1)-cochain b such that f = f0 + db.

(ii) If M has no type II1 central summand, then Hk
b (M,M) = 0.

Part (i) is the Johnson–Kadison–Ringrose normal-reduction theorem [JKR72, Lemma 5.4 and
Theorem 5.6]; its formulation for self-coefficients is recalled in [CPSS03, Section 2]. Part (ii) combines
the classical type I and properly infinite vanishing results; see [KR71a, Theorem 4.4], [CES87], and
[CPSS03, p. 636, equation (1.1)]. Both statements concern ordinary continuous cohomology and
the actual image of d. These are the only cohomological inputs in the proof.

Section 2 constructs the walk. Section 3 proves its Liouville property using Theorem 4.1, proved
in Section 4. Section 5 constructs bounded primitives and completes the reductions to arbitrary M .

2 A random walk with asymptotically free products
Throughout this section, (M, τ) is a finite von Neumann algebra of type II1 with separable predual
and faithful normal tracial state. In particular, M may have a nontrivial center. We construct a
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single symmetric probability measure on U(M) whose independent long products approach the joint
moments of free Haar unitaries along a subsequence. The construction combines finite approximation
to freeness with increasingly rare increments chosen at successive stages.

Recall that unital subalgebras of a tracial von Neumann algebra are free if every alternating
product of centered elements from successively different subalgebras has trace zero. Here centered
means having trace zero. A unitary u is Haar if τ(uk) = 0 for every k ∈ Z \ {0}. A free Haar family
(ui) is equivalently characterized by

τ
(
w(u1, . . . , ur)

)
= 0 (w ∈ Fr \ {e}),

for every finite subfamily, where Fr denotes the free group on r specified generators. The equivalence
follows by expanding centered Laurent polynomials and then taking bounded 2-norm approximations.
The length |w| is its reduced word length.

For a probability measure μ on U(M), let μ∗n be the law of the ordered product U1 · · ·Un of
independent increments of law μ. Symmetry means that U−1 has the same law as U .

Theorem 2.1. Let M be a finite type II1 von Neumann algebra with separable predual and faithful
normal tracial state τ . There exist a symmetric, countably supported probability measure μ on U(M)
and a strictly increasing sequence nℓ → ∞ with the following properties.

The positive-mass atoms of μ contain a countable 2-norm dense subset of U(M), and hence
generate M as a von Neumann algebra. For every r ∈ N, every nonempty finite set W ⊂ Fr \ {e},
and every η > 0, if G(ℓ)

1 , . . . , G
(ℓ)
r are independent with law μ∗nℓ, then

Pr
(

max
w∈W

⏐⏐⏐τ(w(G(ℓ)
1 , . . . , G(ℓ)

r )
)⏐⏐⏐ ≥ η

)
−→ 0.

Thus these products have joint free Haar moments in probability.

We first obtain finite unitary configurations for which prescribed words in path products have
small traces. We then place such configurations at increasingly rare levels of a single measure,
arranging that each finite moment test succeeds with probability tending to one.

2.1 Finite requirements from ultrapower freeness

The freeness input originates in Popa’s free-independent sequence construction [Pop95, Lemma 1.4
and Theorem 2.1]. We use the following special case of its later ultraproduct formulation [Pop14,
Theorem 0.1(a)].

For a tracial von Neumann algebra (P, τP ) and a free ultrafilter ω on N, its tracial ultrapower is

Pω = ℓ∞(N, P )/Iω, Iω = {(xm) : lim
m→ω

∥xm∥2 = 0}. (2.1)

It is a finite von Neumann algebra with faithful normal trace τω
P ((xm)ω) = limm→ω τP (xm). We

identify P with its constant sequences.

Lemma 2.2 (Popa’s ultrapower freeness). Let P be a II1 factor and let B ⊂ Pω be a unital von
Neumann subalgebra with separable predual. There is a diffuse abelian von Neumann subalgebra of
Pω free from B. Consequently, for every d ∈ N, there are Haar unitaries u1, . . . , ud ∈ Pω such that
B,W ∗(u1), . . . ,W ∗(ud) are free.

Proof. Apply Theorem 0.1(a) of [Pop14] with every coordinate algebra and every coordinate
subalgebra equal to P . The required non-intertwining condition holds: a nonzero corner of the
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diffuse factor P cannot embed in the scalar relative commutant, or in a finite matrix amplification
of it. Moreover, Pω is a factor, so the relative commutant of the full ultraproduct subalgebra is
C1. The conclusion for the separable centered subspace B ⊖ C1 is therefore ordinary scalar-trace
freeness. This is the case in which every coordinate subalgebra equals its ambient factor, discussed
after that theorem and in [Pop14, Sections 1.5–1.6].

A diffuse abelian tracial algebra contains a Haar unitary. Choose one, adjoin it to B, and repeat.
Finite adjunction preserves separable predual: a countable generating set gives a separable tracial
Hilbert space by polynomial approximation. Thus all d choices take place in the same ultrapower.
At each step the new algebra is free from the algebra generated at the preceding steps, giving the
asserted family.

We next record why a single fresh label in each path is sufficient. A path expression is a finite
ordered product of fixed unitary coefficients and formal letters U±1

j . Occurrences and labels in such
expressions are counted before any simplification.
Lemma 2.3 (Distinguished letters). Let B,W ∗(u1), . . . ,W ∗(ud) be free subalgebras of a tracial von
Neumann algebra, with each uj Haar. Let y1, . . . , yr be path expressions evaluated at these unitaries,
with coefficients in U(B). Suppose that for each i there is a label hi occurring exactly once in the
entire list of path expressions, and that its occurrence belongs to yi. Then

τ
(
w(y1, . . . , yr)

)
= 0 (w ∈ Fr \ {e}).

Proof. The labels h1, . . . , hr are distinct. Put all nondistinguished unitaries into the coefficient
algebra:

B0 = W ∗(B, uj : j /∈ {h1, . . . , hr}
)
, C = W ∗(uh1 , . . . , uhr ).

Then B0 and C are free. This grouping property follows directly by expanding centered polynomials
in a free family into alternating centered products; bounded approximation extends it to the
generated von Neumann algebras. Write

yi = Aiu
ϵi
hi
Bi, Ai, Bi ∈ U(B0), ϵi ∈ {−1, 1}.

If w = xσ1
i1

· · ·xσt
it

is nonempty and reduced, its evaluated product has the form

c0u
ϵi1 σ1
hi1

c1 · · ·uϵit σt

hit
ct, c0, . . . , ct ∈ U(B0).

The displayed distinguished-letter string is itself reduced. Indeed, an adjacent inverse pair would
require ij = ij+1 and σj = −σj+1, contrary to the reduction of w.

Expand every cj , including the two outside coefficients, as its scalar part plus its centered
part. In each resulting term, removing scalar coefficients joins distinguished letters into nonempty
contiguous subwords of that reduced string. Every such block is a centered element of C. The
remaining factors alternate between centered elements of B0 and centered elements of C, and there
is at least one C factor. Freeness makes the trace zero. If there are no centered coefficient factors,
the term is just a scalar multiple of a nonempty reduced Haar word and again has trace zero. This
proves the assertion, with no condition on the first and last indices of w.

Lemma 2.4 (Simultaneous finite path requirements). Fix a finite set F ⊂ U(M), an integer d ≥ 1,
and ε > 0. Consider a finite collection of tests. Each test consists of a finite list of path expressions
y1, . . . , yr in the alphabet F ∪ {U±1

j : 1 ≤ j ≤ d} and a nonidentity word w ∈ Fr. Assume that
each path in each test has a distinguished label occurring exactly once in that test’s entire list, as
in Lemma 2.3. The distinguished labels may differ between tests. There are u1, . . . , ud ∈ U(M) for
which all the tests satisfy ⏐⏐τ(w(y1(u), . . . , yr(u))

)⏐⏐ < ε.
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Proof. First suppose that M = P is a factor. The constant coefficient algebra W ∗(F ) ⊂ Pω has
separable predual. Apply Lemma 2.2 and then Lemma 2.3. The same free d-tuple makes every
prescribed trace exactly zero in Pω, even though different tests can designate different labels.

Every unitary of Pω has unitary representatives. To see this, take a bounded self-adjoint
logarithm there, lift it to a bounded sequence of self-adjoint elements of P , and exponentiate
coordinatewise. Choose such representatives for the d unitaries. Each test trace converges to zero
along ω. Since the family of tests is finite, the coordinate sets on which their absolute values are
less than ε have a common member. Its d coordinate unitaries solve all the requirements in P .

For general M , the factor case will give successful tuples in almost every fiber. The remaining
task is to choose them measurably. Use the central direct integral [Bla06, Sections III.1.6 and III.5.1]

M =
∫ ⊕

Ω
Ms dν(s), τ(x) =

∫
Ω
τs(x(s)) dν(s),

where (Ω, ν) is a probability space and, almost everywhere, Ms is a II1 factor with its normalized
trace τs. Standard separable direct-integral theory provides countably many bounded measurable
sections aj whose values generate Ms for almost every s. After removing one null set, all these
properties and the unitary identities for the finitely many coefficients hold simultaneously.

There is a countable family (vj) of measurable unitary sections which is dense in each fiber
unitary group for ∥·∥2,s. Here is an explicit construction. Enumerate the sections

exp(iq(a1, a2, . . .)),

where q ranges over self-adjoint ∗-polynomials in finitely many variables with coefficients in Q + iQ.
This includes symmetrizations of arbitrary rational ∗-polynomials. In a fixed fiber, any unitary
is exp(ih) for a bounded self-adjoint h. Kaplansky density and norm approximation by rational
polynomials approximate h in 2-norm by the indicated self-adjoint polynomials. For bounded
self-adjoint a, b, the integral identity

eia − eib = i

∫ 1

0
ei(1−t)a(a− b)eitb dt

implies ∥eia − eib∥2 ≤ ∥a− b∥2. Thus these sections have the required fiberwise density. Each section
is globally bounded, and exponentiation makes its norm one.

Enumerate all ordered d-tuples drawn from (vj) as v(1),v(2), . . .. Let Ek be the set of fibers
where candidate k satisfies every test with absolute trace less than ε/2. These sets are measurable,
since the traces of products of measurable sections are measurable. They cover almost every fiber.
Indeed, the factor case gives a successful tuple in each such fiber, and the requirements are open in
the product 2-norm topology. For this last assertion, telescoping products of unitaries gives

∥z1 · · · zL − z′
1 · · · z′

L∥2 ≤
L∑

j=1
∥zj − z′

j∥2, |τs(x)| ≤ ∥x∥2,s,

and inversion is also a 2-norm isometry on unitaries. The countable dense tuples therefore meet the
open set of successful choices.

Take the first successful tuple: on the disjoint measurable sets

Ek \
⋃
j<k

Ej

use v(k), and use the identity tuple on the null complement. The resulting sections u1, . . . , ud are
measurable and unitary, so belong to M . Each test has fiber trace of absolute value less than ε/2
almost everywhere. Integrating gives an absolute global trace at most ε/2 < ε, as required.
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2.2 One measure satisfying all moment tests

Proof of Theorem 2.1. Choose a 2-norm dense sequence (vj)j≥1 in U(M) and put

μ0 =
∑
j≥1

2−j−1(δvj + δv−1
j

).

For ℓ ≥ 1, fix the numerical parameters

pℓ = 2−2ℓ
, p0 = 1 −

∑
ℓ≥1

pℓ,

nℓ = p
−3/2
ℓ = 23·2ℓ−1

, Kℓ = ℓnℓ,

dℓ = K4
ℓ .

Here nℓ and dℓ are positive integers, and p0 > 0 because pℓ ≤ 4−ℓ. At time nℓ we will sample ℓ
paths, choosing level j with probability pj at each increment. These parameters make level ℓ appear
in every path with high probability while later levels remain unlikely. The much larger label count
dℓ makes repeated level-ℓ labels unlikely across the Kℓ increments. We construct finite symmetric
measures

μℓ = 1
2dℓ

dℓ∑
j=1

(δuℓ,j
+ δu−1

ℓ,j
)

successively, and finally set
μ = p0μ0 +

∑
ℓ≥1

pℓμℓ.

At stage ℓ, choose a finite symmetric set Fℓ of base atoms with μ0(Fℓ) > 1−K−2
ℓ . The coefficient

alphabet consists of Fℓ and all u±1
j,h from stages j < ℓ; it is finite. Introduce dℓ unknown unitary

labels. Consider every ordered list of ℓ paths of length nℓ in this alphabet and the signed unknown
labels such that:

1. each path contains at least one unknown label;

2. no unknown label occurs twice anywhere in the entire list, irrespective of sign.

For each such list and every nonempty reduced word of length at most ℓ on ℓ generators, require its
evaluated trace to have absolute value less than 1/ℓ. There are finitely many lists and finitely many
words: all alphabet sizes, path lengths, and word lengths have been fixed before making this choice.
Designating any one unknown occurrence in each path puts every test under Lemma 2.4. Apply
that lemma to choose uℓ,1, . . . , uℓ,dℓ

satisfying all these requirements simultaneously. This completes
the induction.

We estimate probabilities on a labeled sampling space. An increment first chooses a level j with
probability pj . At level zero it chooses an atom with law μ0; at level j ≥ 1 it chooses one of dj

labels uniformly and an independent uniform sign. Its value is then the corresponding unitary. This
description gives law μ even when distinct labels happen to represent the same element of M .

Sample ℓ independent paths of length nℓ, involving Kℓ increments in all. Let Bℓ be the union of
the following four events: a level greater than ℓ appears; a level-zero increment lies outside Fℓ; a
level-ℓ label is repeated; or some path has no level-ℓ increment. Union bounds give

Pr(Bℓ) ≤ Kℓ

∑
j>ℓ

pj +Kℓp0μ0(U(M) \ Fℓ)

+
(Kℓ

2
)

dℓ
+ ℓ(1 − pℓ)nℓ . (2.2)
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For the collision term, any specified pair of increments has probability p2
ℓ/dℓ ≤ 1/dℓ of using the

same level-ℓ label; the signs do not matter. For the last term, a specified path misses that level
with probability (1 − pℓ)nℓ .

Every term on the right of (2.2) tends to zero. Indeed, pℓ+1 = p2
ℓ and pℓ ≤ 1/4, so∑

j>ℓ

pj ≤ p2
ℓ

1 − p2
ℓ

≤ 16
15p

2
ℓ .

Consequently, the four terms admit the respective bounds
16
15ℓ

√
pℓ, K−1

ℓ ,
1

2K2
ℓ

, ℓ exp(−p−1/2
ℓ ),

all converging to zero.
Outside Bℓ, the sampled paths form exactly one of the lists tested at stage ℓ. All their earlier-level

factors belong to the coefficient alphabet, each path has a level-ℓ label, and all occurrences of
those labels are distinct. Thus, simultaneously for every w ∈ Fℓ with 1 ≤ |w| ≤ ℓ, the trace of the
evaluated word has absolute value less than 1/ℓ.

Now fix r, a nonempty finite W, and η > 0. For ℓ ≥ max{r,maxw∈W |w|}, append independent
paths to the given r paths to obtain ℓ paths. On the preceding good event every word in W has
absolute trace below 1/ℓ. Once 1/ℓ < η, the probability in the theorem is at most Pr(Bℓ) and
therefore tends to zero.

The measure μ is symmetric and countably supported by construction. Its base component has
positive weight, so each vj is a positive-mass atom. Since bounded 2-norm convergence implies
strong convergence in the tracial representation, the von Neumann algebra generated by these atoms
contains every unitary and hence is M . Finally, the identity group word always has trace one,
and every ∗-monomial in unitaries reduces to a group word. The asserted convergence therefore
describes all joint ∗-moments.

Remark 2.5. Theorem 2.1 asserts convergence of scalar moments. It does not assert convergence
of operator norms of polynomials in the sampled products. Its finite-family formulation permits
further conditions whose failure probabilities tend to zero to be imposed simultaneously at any fixed
stage of a later selection argument.

3 A Liouville theorem for the walk
We show that a bounded harmonic map for the walk of Theorem 2.1, subject to continuity on
bounded sets in the tracial 2-norm, is left multiplication by its value at 1. The probabilistic part of
the proof produces free Haar unitaries such that, on words with pairwise distinct unsigned indices, a
single map acts by one of two left multipliers according to the sign of the first letter. Theorem 4.1,
proved in Section 4, forces those multipliers to coincide for bounded linear maps with the same
continuity in any finite von Neumann algebra with a faithful normal tracial state.

3.1 Continuity and tracial ultrapowers

Definition 3.1. Let (N, ρ) be a finite von Neumann algebra with a faithful normal tracial state. A
linear map R : N → N is bounded-ball 2-continuous if

sup
j

∥xj∥ < ∞, ∥xj∥2 −→ 0 =⇒ ∥R(xj)∥2 −→ 0. (3.1)

Here and below ∥x∥2 = ρ(x∗x)1/2 when the ambient algebra is (N, ρ).
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The following lemma records the continuity needed after each of the two ultrapowers in the
argument. It applies without a separability assumption.

Lemma 3.2. Let (N, ρ) be as in Definition 3.1, and let R : N → N be bounded and linear.
Condition (3.1) is equivalent to the following uniform assertion: for every r < ∞ and ε > 0 there is
δ > 0 such that

∥x∥ ≤ r, ∥x∥2 < δ =⇒ ∥R(x)∥2 < ε. (3.2)
If this condition holds and ω is a free ultrafilter on N, then

Rω : Nω −→ Nω, Rω([(xj)]ω) = [(R(xj))]ω, (3.3)

is a well-defined bounded linear map with ∥Rω∥ ≤ ∥R∥. It is bounded-ball 2-continuous for the
ultrapower trace. In particular, for every free ultrafilter ν, the map (Rω)ν on (Nω)ν has the same
properties.

Proof. If (3.2) fails for some r, ε, choose xj with ∥xj∥ ≤ r, ∥xj∥2 < 1/j, and ∥R(xj)∥2 ≥ ε. This
contradicts (3.1); the converse is immediate. Applying the uniform assertion to differences gives
uniform 2-norm continuity on each fixed operator norm ball.

Use the tracial ultrapower and its ideal Iω from (2.1), now for (N, ρ). Its tracial norm is

∥[(xj)]ω∥2 = lim
j→ω

∥xj∥2.

By (3.2), the coordinate map induced by R preserves Iω. Applying this observation to the difference
of two bounded representatives proves that (3.3) is well-defined. The quotient norm gives

∥Rω(X)∥ ≤ ∥R∥ inf
[(xj)]ω=X

sup
j

∥xj∥ = ∥R∥∥X∥.

To transfer the modulus, fix r < ∞ and ε > 0, and choose δ in (3.2) for the radius r+ 1 and the
output tolerance ε/2. If ∥X∥ ≤ r, the quotient norm allows a representative with supj∥xj∥ ≤ r + 1.
When ∥X∥2 < δ/2, the set

{j : ∥xj∥2 < δ}
belongs to ω. Consequently

∥Rω(X)∥2 = lim
j→ω

∥R(xj)∥2 ≤ ε/2 < ε.

Thus δ/2 is a valid input tolerance for Rω on the radius-r ball. The proof used no separability of N
and applies again with Nω in its place, proving the last assertion.

3.2 The harmonic map and its martingale

The probabilistic step uses the classical passage from harmonic functions to martingales along random
products; see [Fur63, p. 415]. Here the function is D(g) = T (g)g∗ with values in L2(M, τ), and the
required convergence follows directly from orthogonality of Hilbert-space martingale increments.

Theorem 3.3. Let (M, τ) be a type II1 von Neumann algebra with separable predual and a faithful
normal tracial state, and let μ be the measure supplied by Theorem 2.1. Suppose that T : M → M is
bounded, linear, and bounded-ball 2-continuous, and that

T (x) = EU∼μ

[
T (xU)U∗] (x ∈ M). (3.4)

Then
T (x) = T (1)x (x ∈ M). (3.5)
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Proof. Write C = ∥T∥ and H = L2(M, τ). Expectations in (3.4) are norm-convergent sums, since μ
is countably supported and ∥T (xU)U∗∥ ≤ C∥x∥. For g ∈ U(M) put

D(g) = T (g)g∗.

Let U1, U2, . . . be independent with law μ, and set W0 = 1, Wn = U1 · · ·Un, and Fn = σ(U1, . . . , Un).
The H-valued random variables Zn = D(Wn) have countable range and satisfy ∥Zn∥2 ≤ ∥Zn∥ ≤ C.
Moreover,

E[Zn+1 | Fn] = E
[
T (WnUn+1)U∗

n+1W
∗
n | Fn

]
= T (Wn)W ∗

n = Zn.

Thus (Zn) is a martingale in L2(Ω;H). Its increments are orthogonal, and

∥Z0∥2
2 +

n−1∑
j=0

E∥Zj+1 − Zj∥2
2 = E∥Zn∥2

2 ≤ C2.

It follows that Zn converges in L2(Ω;H) to a random variable Z∞, and continuity of conditional
expectation gives Zn = E[Z∞ | Fn]. In particular, with

ek = E∥Z∞ − Zk∥2
2 −→ 0, (3.6)

orthogonality gives the uniform Cauchy estimate

E∥Zn − Zk∥2
2 = ek − en ≤ ek (n ≥ k). (3.7)

The operator norm ball KC = {x ∈ M : ∥x∥ ≤ C} is closed in H. Indeed, from a 2-norm-
convergent sequence in KC , ultraweak compactness provides an ultraweakly convergent subnet with
limit in KC . Testing against τ(y∗ ·), for y ∈ M , identifies this limit with the H-limit, since M is
dense in H. A subsequence of Zn converges almost surely in H, so Z∞ ∈ KC almost surely.

If Z∞ = c almost surely, conditional expectation gives Z0 = Z1 = c almost surely. Hence
c = T (1) and D(u) = c at every atom u of μ. These atoms contain a 2-norm-dense subset of U(M)
by Theorem 2.1. For any u ∈ U(M), choose atoms uj with ∥uj − u∥2 → 0. Bounded-ball continuity
gives T (uj) → T (u) in 2-norm, while ∥cuj − cu∥2 ≤ ∥c∥∥uj −u∥2 → 0. Since T (uj) = cuj , we obtain
T (u) = cu. Every element of a unital complex C∗-algebra is a finite linear combination of unitaries,
proving (3.5) in this case.

Suppose, for a contradiction, that Z∞ is not deterministic. Its law is a Borel probability measure
on the separable Hilbert space H, so its support contains two distinct points a, b. Because KC is
closed and has full measure, a, b ∈ KC ⊂ M .
Forward and reverse endpoints. We claim that, for every δ > 0, there are numbers ηδ > 0 and Nδ

such that, whenever n ≥ Nδ and G has law μ∗n,

Pr
(
∥D(G) − a∥2 < δ, ∥D(G−1) − b∥2 < δ

)
≥ ηδ. (3.8)

Realize G = U1 · · ·Un, let h = ⌊n/2⌋, and put

An = D(U1 · · ·Uh), Bn = D(U−1
n · · ·U−1

n−h+1).

The two variables use disjoint sets of increments and are independent. Symmetry of μ implies that
both have the law of Zh. Apply (3.7) to the forward string and separately to the reversed inverse
string, which is also a string of independent increments with law μ. It gives

E∥D(G) −An∥2
2 ≤ eh, E∥D(G−1) −Bn∥2

2 ≤ eh. (3.9)
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For fixed δ, the support property gives

pa = Pr(∥Z∞ − a∥2 < δ/3) > 0, pb = Pr(∥Z∞ − b∥2 < δ/3) > 0.

Mean-square convergence implies, for all sufficiently large h,

Pr(∥Zh − a∥2 < 2δ/3) ≥ pa/2, Pr(∥Zh − b∥2 < 2δ/3) ≥ pb/2.

Independence of An, Bn, the triangle inequality, and Markov’s inequality therefore bound the
probability in (3.8) from below by

papb

4 − 18eh

δ2 .

For large n this is at least papb/8, proving the claim. The independence used here is that of the
disjoint prefixes An, Bn; the variables G and G−1 remain dependent.

Concatenation of independent blocks. Let G1, . . . , Gm be independent with law μ∗n, and consider

v(G) = Gσ1
i1

· · ·Gσt
it
, σj ∈ {1,−1},

where i1, . . . , it are pairwise distinct. Each inverse block can be represented by reversing and
inverting its own increments. By symmetry, concatenating these distinct signed blocks is a length-tn
walk with independent increments of law μ. In particular,(

D(v(G)), D(Gσ1
i1

)
)

has the law of (Ztn, Zn).

Consequently
E∥D(v(G)) −D(Gσ1

i1
)∥2

2 ≤ en. (3.10)

The restriction is on unsigned indices: using both Gi and G−1
i would reuse a block and would not

justify this estimate.

Finite requirements and diagonal selection. Fix an integer m ≥ 1 first, and use tolerance 1/m in
(3.8). For m independent length-n products, let Em,n be the event

∥D(Gi) − a∥2 < 1/m, ∥D(G−1
i ) − b∥2 < 1/m (1 ≤ i ≤ m).

Independence between the paths gives numbers cm > 0 and Nm such that

Pr(Em,n) ≥ cm (n ≥ Nm). (3.11)

For example, one may take cm = (η1/m)m.
Let Qm be the finite set of nonidentity reduced words of length at most m on the symbols

x1, . . . , xm. Let Vm be the finite set of all nonempty signed words on these symbols with pairwise
distinct unsigned indices. Along the times nℓ in Theorem 2.1, the probability that any of the
requirements

|τ(q(G1, . . . , Gm))| < 1/m (q ∈ Qm), (3.12)
∥D(v(G)) −D(Gσ1

i1
)∥2 < 1/m

(
v = xσ1

i1
· · ·xσt

it
∈ Vm

)
(3.13)

fails tends to zero. For the first line, this is a finite union of the moment convergence statements in
Theorem 2.1. For the second line, the union bound and (3.10) give the upper bound |Vm|m2enℓ

.
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Choose ℓm > ℓm−1, after fixing m, so large that nℓm ≥ Nm and this combined failure probability
is less than cm/2. Then the intersection of Em,nℓm

with all the requirements (3.12)–(3.13) has
probability at least cm/2 > 0. Choose a deterministic tuple

(u(m)
1 , . . . , u(m)

m ) ∈ U(M)m

from that intersection. The constants cm may tend to zero as fast as they please: the choice of ℓm
is made separately for each fixed m, after the positive lower bound has been obtained.

Write a1 = a and a−1 = b. The endpoint conditions and (3.13) imply, for every v = xσ1
i1

· · ·xσt
it

∈
Vm,

∥T (v(u(m))) − aσ1v(u(m))∥2 = ∥D(v(u(m))) − aσ1∥2 < 2/m. (3.14)

The equality uses T (v) = D(v)v and the 2-norm isometry of right multiplication by the unitary v.

The exact family in the ultrapower. Fix a free ultrafilter ω1 on the tuple index m. Set u(m)
i = 1 when

m < i, and define

N = Mω1 , gi = [(u(m)
i )m≥1]ω1 (i ≥ 1), R = Tω1 .

Lemma 3.2 makes R a bounded linear map on N , with ∥R∥ ≤ C, and supplies its bounded-ball
2-continuity. Each gi is unitary. Every fixed nonidentity reduced word q lies in Qm for all sufficiently
large m, so (3.12) gives

τω1(q(g1, g2, . . .)) = 0. (3.15)

These are precisely the joint moments of a countable free Haar family: powers of one generator are
centered, and expansion of alternating centered Laurent polynomials in different generators reduces
to nonidentity words. The corresponding freeness of their generated von Neumann algebras follows
by bounded 2-norm approximation.

Identify a, b ∈ M with their constant images in N . For every nonempty word w = gσ1
i1

· · · gσt
it

with pairwise distinct unsigned indices, (3.14) holds for all sufficiently large tuple indices. Hence it
becomes the exact identity

R(w) =
{
aw, σ1 = 1,
bw, σ1 = −1.

(3.16)

These are all the hypotheses of Theorem 4.1, applied to (N, τω1) and R. That theorem yields a = b
in N . The constant embedding preserves the faithful trace, so this also means a = b in M , contrary
to their choice. Thus Z∞ is deterministic, and the earlier argument proves (3.5).

Only the scalar joint moments of the gi and the identities (3.16) enter the rigidity theorem.
Freeness of these unitaries from a or b is not asserted or needed.

4 Rigidity of the first-letter identities
The identities furnished by the walk concern words whose unsigned indices are pairwise distinct. We
prove that their two left multipliers must agree. This rules out the distinct martingale endpoints
constructed in Section 3.

Theorem 4.1. Let (N, τ) be a finite von Neumann algebra with a faithful normal tracial state. Let
R : N → N be bounded and complex linear, and suppose that

∥R(xn)∥2 −→ 0 whenever sup
n

∥xn∥ < ∞, ∥xn∥2 −→ 0. (4.1)
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Let (gj)j≥1 be a free Haar family in N , and let a, b ∈ N . Suppose that for every nonempty signed
word w = gε1

i1
· · · gεq

iq
with εj ∈ {1,−1} and pairwise distinct indices i1, . . . , iq,

R(w) =
{
aw, ε1 = 1,
bw, ε1 = −1.

(4.2)

Then a = b.

Here the free Haar condition means that the trace of every nonidentity reduced group word in
the gj is zero. In particular, distinct reduced words are orthonormal for the tracial 2-norm. The
coefficients a, b are arbitrary elements of the containing algebra.

The target is a unitary whose positive powers carry the multiplier a and whose negative powers
carry the multiplier b. A spectral argument will show that these identities force a = b for a bounded
map in a finite tracial algebra. Higher powers of any one gj repeat its unsigned index, so the
hypothesis does not give this target directly. Instead, we average many free generators, control
the repeated indices in suitable polynomial expressions, and pass to the polar part of the resulting
element in a further tracial ultrapower.

4.1 Norm control for free words

We use the following form of Haagerup’s length estimate [Haa79, Lemma 1.4]. We give the proof,
including the transfer from the regular representation to the containing tracial algebra.

Lemma 4.2. Let Fr be the free group on r generators and let λ be its left regular representation.
For a finitely supported family (cw)|w|=q on the reduced words of length q ≥ 0,

‖‖‖‖‖‖
∑

|w|=q

cwλ(w)

‖‖‖‖‖‖ ≤ (q + 1)

⎛⎝ ∑
|w|=q

|cw|2
⎞⎠1/2

. (4.3)

If g1, . . . , gr have free Haar joint moments in a faithfully tracial von Neumann algebra, every
scalar-coefficient word polynomial in them has the same norm as the corresponding polynomial in
the regular generators. Consequently, (4.3) also holds with λ(w) replaced by w(g), and its right-hand
side is (q + 1)∥

∑
|w|=q cww(g)∥2.

Proof. Write L =
∑

|w|=q cwλ(w). On the standard basis of ℓ2(Fr), separate each product wx
according to its exact number t ∈ {0, . . . , q} of cancellations at the joining boundary. This gives
L =

∑q
t=0 Lt on finitely supported vectors. Fix t. Such a product has the form

w = uv, x = v−1h, wx = uh, |u| = q − t, |v| = t,

where all three displayed concatenations uv, v−1h, and uh are reduced. Conversely, these conditions
describe exactly the products with t cancellations, allowing any of u, v, h to be empty when its
required length permits this. In particular, h may be empty when the input is exhausted.

For this fixed t, an input basis word of length at least t has a unique prefix of length t and hence
a unique suffix h. An output basis word of length at least q − t likewise determines h uniquely by
removing its prefix of length q − t. Thus the input spaces indexed by different h are orthogonal, as
are the corresponding output spaces. Relative to these two decompositions, Lt is a direct sum of
matrices Bh, with columns indexed by v and rows by u. An entry is cuv when the three reduction
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conditions hold and is zero otherwise. The fixed cutting length makes (u, v) |→ uv injective within
each matrix. Therefore

∥Bh∥ ≤ ∥Bh∥HS ≤

⎛⎝ ∑
|w|=q

|cw|2
⎞⎠1/2

.

Taking the direct-sum norm bounds Lt by the same quantity. Summing over the q + 1 possible
values of t proves (4.3).

For the norm transfer, recall that if A ≥ 0 belongs to a von Neumann algebra with faithful
tracial state ρ, then

∥A∥ = lim
n→∞

ρ(An)1/n. (4.4)

The upper bound is immediate. If 0 < c < ∥A∥, the spectral projection e = 1(c,∞)(A) is nonzero
and has positive trace, so ρ(An) ≥ cnρ(e). Taking roots and then letting c ↑ ∥A∥ proves the formula.
For a word polynomial p, the free Haar moments give, for every n ≥ 1,

τ
(
(p(g)∗p(g))n) = τFr

(
(p(λ)∗p(λ))n).

Both traces are faithful; here τFr is the canonical trace on the free group von Neumann algebra.
Applying (4.4) gives ∥p(g)∥ = ∥p(λ)∥. The asserted 2-norm formula follows from orthonormality of
reduced words.

Under the hypotheses of Theorem 4.1, set

sr = r−1/2
r∑

j=1
gj ∈ N. (4.5)

Lemma 4.2 gives ∥sr∥2 = 1 and ∥sr∥ ≤ 2 for every r. Fix a free ultrafilter ω2 on N and put

N̂ = Nω2 , τ̂ = τω2 , s = (sr)ω2 ∈ N̂ , S = Rω2 . (4.6)

Lemma 3.2 ensures that S is bounded and retains 2-norm continuity on operator norm balls. We
identify a, b with their constant images in N̂ .

In the application from Section 3, N = Mω1 and N̂ = (Mω1)ω2 . The first index m selects
increasingly accurate unitary tuples; the second index r increases the number of exact free generators
being averaged in N , where the bound ∥sr∥ ≤ 2 is already available. The hypotheses and notation
of Theorem 4.1 remain in force through the next two subsections.

Figure 1 locates the two ultrapowers in the Liouville argument and records the remaining passage
from these bounded sums to a polar unitary and then to a = b.

4.2 From distinct indices to ordered blocks

Polynomial expressions in sr may contain repeated indices, so their multiplier identities do not
follow directly from the hypothesis. For polar approximation we will need powers of sp(s∗s), where
p is a scalar polynomial. Expanding these powers without commuting any factors gives products of
the blocks Bd(z) = z(z∗z)d, d ≥ 0. We establish their identities by showing that repeated surviving
indices contribute an error tending to zero in operator norm.

Lemma 4.3. For every k ≥ 1 and d1, . . . , dk ≥ 0, let

P (z) = Bd1(z)Bd2(z) · · ·Bdk
(z).

Then
S(P (s)) = aP (s), S(P (s)∗) = bP (s)∗. (4.7)
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The fixed walk has asymptotically free moments.
A hypothetical nonconstant harmonic-map martingale has

distinct support points a, b ∈ M .
↓ finite selection and the first ultrapower

In N = Mω1 : exact free Haar unitaries g1, g2, . . .
and exact first-letter identities for R = Tω1 .

↓ free-group length estimate in N

sr = r−1/2∑r
j=1 gj satisfies ∥sr∥ ≤ 2.

In each fixed product of blocks sr(s∗
rsr)d, d ≥ 0,

terms with repeated surviving indices have total norm tending to zero.
↓ the second ultrapower and polar approximation

In N̂ = Nω2 : s = (sr)ω2 has a unitary polar part V ,
and S = Rω2 satisfies S(V k) = aV k, S(V −k) = bV −k.

↓ bounded sine sums and the finite faithful trace

a = b, a contradiction. Hence T (x) = T (1)x.
Last-input averaging then produces the tracial cocycle primitive.

Figure 1: The Liouville contradiction and its use for cocycles. The first ultrapower uses scalar
moment convergence; the norm bound is proved for the exact free family before the second ultrapower.
The constants a, b are carried through the trace-preserving constant embeddings, and the power
identities hold for every k ≥ 1.

Proof. Fix this product, and let L =
∑k

j=1(2dj + 1) be its degree. Every term in the expansion of
one block Bd(sr) has the odd alternating sign pattern

+,−,+,−, . . . ,+.

Deleting adjacent inverse letters deletes two consecutive opposite signs. The remaining pattern is
still alternating, begins and ends positively, and is nonempty: the excess of positive over negative
signs remains one. Hence the free reduction of each block is a nonempty word with positive endpoint
signs. After reducing the blocks internally, their boundaries join two positive letters and admit
no further cancellation. Every reduced word in P (sr) is therefore nonempty and begins and ends
positively. Taking adjoints reverses the block order and all signs, so the corresponding assertion for
P (sr)∗ has negative endpoint signs.

We next bound the coefficient of every possible reduced word, including words much shorter
than L. Write

P (sr) =
L∑

q=1

∑
|w|=q

cw(r)w(g).

For a fixed reduced word w of length q, record a free reduction of an original term by pairing its
original positions whenever their letters cancel. For definiteness, the reduction may be performed
by reading from left to right and canceling against the last surviving letter whenever possible. The
recorded pairs form a noncrossing partial matching of the L positions: there are (L− q)/2 pairs, and
the unmatched positions spell w in order. All nested and newly adjacent cancellations are included
in this record.

There are at most 3L noncrossing partial matchings of L positions. Indeed, mark each position
as an opening endpoint, a closing endpoint, or unmatched; noncrossing forces a closing endpoint to
pair with the last unpaired opening endpoint, so this encoding is injective. We may count every

15



such partial matching, including ones not realized by a reduction. For a fixed pattern and fixed w,
the labels at the unmatched positions are prescribed. Each canceled pair has equal unsigned labels
and opposite signs and hence has at most r label choices. Coincidences between different pairs or
with unmatched positions can only reduce the number of choices. Each original term has coefficient
r−L/2. Consequently, for every q and w,

|cw(r)| ≤ CLr
(L−q)/2r−L/2 = CLr

−q/2, CL = 3L. (4.8)

An impossible parity or reduction pattern contributes zero. The same bound applies to the adjoint
polynomial.

Let Er,q be the sum of those length-q terms whose surviving reduced word has a repeated unsigned
index. Original repetitions which disappear in the reduction remain included in the coefficients of
the retained words. For q = 1 this sum is zero. For q ≥ 2 the number of possible words in the sum
is at most

2q

(
q

2

)
rq−1 :

choose a pair of equal-index positions, choose their common label and the other q − 2 labels, and
choose all signs. Counting nonreduced strings here only enlarges the bound. By orthonormality and
(4.8),

∥Er,q∥2
2 ≤ C2

L2q

(
q

2

)
r−1 (2 ≤ q ≤ L). (4.9)

Lemma 4.2 now yields the aggregate operator norm estimate

Er =
L∑

q=1
Er,q, ∥Er∥ ≤

L∑
q=2

(q + 1)∥Er,q∥2 = OL(r−1/2) −→ 0. (4.10)

There is no scalar term, by the block reduction argument.
Put Qr = P (sr) − Er. Each word in this finite sum has pairwise distinct unsigned indices and

begins positively. Thus (4.2) and linearity give R(Qr) = aQr. Moreover, ∥P (sr)∥ ≤ 2L, so (4.10)
also proves that the sequence (Qr) is bounded. In N we have

∥R(P (sr)) − aP (sr)∥ ≤ (∥R∥ + ∥a∥)∥Er∥ −→ 0.

Passing to N̂ proves the first identity in (4.7). For the adjoint, the retained sum is Q∗
r : its reduced

words have distinct unsigned indices and begin negatively. Therefore R(Q∗
r) = bQ∗

r , and the identical
estimate with b proves the second identity.

4.3 A polar unitary and all its powers

The spectral calculation below is related to the polar decomposition of circular elements in free
probability, established by Voiculescu and also proved by Banica [Voi90, Ban96]. We derive the
required Catalan moments and spectral distribution directly. Only the absence of an atom at zero
is needed to obtain the unitary polar part.

Lemma 4.4. The polar part V of s is a unitary in N̂ , and

S(V k) = aV k, S(V −k) = bV −k (k ≥ 1). (4.11)
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Proof. We first show that s has zero kernel, which makes its polar part unitary in the finite algebra.
We then transfer the block identities to powers of that unitary. Set A = s∗s, so 0 ≤ A ≤ 4. To
determine its kernel, we compute its moments. For d ≥ 1, the quantity τ((s∗

rsr)d) is r−d times the
number of assignments of labels in {1, . . . , r} to the alternating 2d positions

−,+,−,+, . . . ,−,+

whose word reduces to the identity. An identity reduction pairs all positions noncrossingly, so it
uses at most d unsigned labels. Assignments using at most d− 1 labels number Od(rd−1): for each
number of labels, choose an ordered list of those labels and then assign a member of that list to
each of the 2d positions.

If exactly d labels occur in an identity word, every label occurs twice. Its two occurrences must
be paired in any cancellation matching, so the matching is uniquely determined by the labeling.
Conversely, in a noncrossing perfect matching, every pair has an even number of positions inside it,
since those positions must be matched among themselves. The endpoints therefore have opposite
parities, and hence opposite signs in our alternating string. Assigning distinct labels to its d pairs
gives an identity word: erase innermost pairs successively. It follows that the number of leading
assignments is exactly

Cd(r)d, (r)d = r(r − 1) · · · (r − d+ 1),

where Cd is the number of noncrossing perfect matchings on 2d positions. Choosing the partner
of the first position gives C0 = 1 and Cd =

∑d−1
j=0 CjCd−1−j . The generating function thus satisfies

C(z) = 1 + zC(z)2; its solution with constant term one gives

Cd = 1
d+ 1

(
2d
d

)
.

Consequently,

τ̂(Ad) = lim
r→ω2

τ((s∗
rsr)d) = lim

r→∞
r−d(Cd(r)d +Od(rd−1)

)
= Cd. (4.12)

The zeroth moment is also C0 = 1.
Consider the measure

dν(x) = 1
2π

√
4 − x

x
1(0,4)(x) dx. (4.13)

For every integer d ≥ 0, substitution x = 4t and the beta integral give∫ 4

0
xd dν(x) = 4d+1

2π

∫ 1

0
td−1/2(1 − t)1/2 dt

= 4d+1

2π
Γ(d+ 1

2)Γ(3
2)

Γ(d+ 2) = (2d)!
d!(d+ 1)! = Cd.

In particular, ν is a probability measure. Both ν and the spectral distribution of A are supported
in [0, 4]. Equality of all their moments implies equality on polynomials and then on all continuous
functions by uniform polynomial approximation. They are therefore the same measure. Since (4.13)
has no atom at zero,

τ̂(1{0}(A)) = 0, 1{0}(A) = 0

by faithfulness. In the polar decomposition s = V A1/2 this gives V ∗V = 1. Traciality and faithfulness
then give

τ̂(1 − V V ∗) = 1 − τ̂(V ∗V ) = 0, V V ∗ = 1.
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Thus V is a unitary.
It remains to transfer the identities. For a fixed regularization parameter we will use polynomial

approximation in operator norm; we will then remove the regularization using bounded-ball 2-
continuity. For ε > 0 put

xε = s(A+ ε1)−1/2 = V

(
A

A+ ε1

)1/2
.

Fix k ≥ 1. A polynomial p(t) =
∑D

d=0 cdt
d has the literal ordered expansion

[sp(A)]k =
D∑

d1,...,dk=0
cd1 · · · cdk

[sAd1 ] · · · [sAdk ]. (4.14)

Every summand is a product covered by Lemma 4.3. That lemma and complex linearity yield

S([sp(A)]k) = a[sp(A)]k, S(([sp(A)]k)∗) = b([sp(A)]k)∗.

For the second identity one takes the adjoint of the expansion (4.14), conjugating its scalar coefficients
and reversing the block order, and applies the separate adjoint identity in Lemma 4.3. Choose
polynomials converging uniformly on [0, 4] to (t+ ε)−1/2. Functional calculus and boundedness of S
pass the last two identities to the norm limit, giving

S(xk
ε) = axk

ε , S((xk
ε)∗) = b(xk

ε)∗. (4.15)

The xε are contractions, and their distance to V satisfies

∥xε − V ∥2
2 =

∫ 4

0

(√
x

x+ ε
− 1

)2
dν(x) −→ 0

by dominated convergence and ν({0}) = 0. Multiplication satisfies ∥xyz∥2 ≤ ∥x∥∥y∥2∥z∥ in a tracial
algebra. The noncommutative telescoping identity

xk
ε − V k =

k−1∑
j=0

xj
ε(xε − V )V k−1−j

therefore shows that ∥xk
ε − V k∥2 ≤ k∥xε − V ∥2 → 0; the same holds for their adjoints. All these

powers are contractions. Using the bounded-ball 2-norm continuity of S in (4.15), along for example
ε = 1/n, proves (4.11).

4.4 The spectral conclusion

The final step uses boundedness, the identities for powers, and the finite faithful trace. No continuity
assumption on the map is needed in Lemma 4.5.

Lemma 4.5. Let (A, ρ) be a finite von Neumann algebra with faithful normal tracial state, let
V ∈ A be unitary, and let S : A → A be bounded and complex linear. If a, b ∈ A satisfy

S(V k) = aV k, S(V −k) = bV −k (k ≥ 1),

then a = b.
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Proof. We use analytic polynomials whose imaginary parts remain uniformly bounded on the unit
circle while their real parts grow near 1. Rotating these polynomials will bound a− b on each short
spectral arc; the trace will then combine the compression estimates without a loss depending on the
number of arcs. Write T = {z ∈ C : |z| = 1} and

Hm(z) =
m∑

k=1

zk

k
, hm =

m∑
k=1

1
k
.

We first verify the uniform sine-sum bound

sup
m≥1

sup
θ∈R

⏐⏐⏐⏐⏐
m∑

k=1

sin(kθ)
k

⏐⏐⏐⏐⏐ ≤ B, B = 1 + π. (4.16)

By periodicity and oddness it suffices to use the angular distance t ∈ [0, π] from 2πZ. At t = 0 the
sum is zero. For t > 0 put K = ⌊1/t⌋. The part with k ≤ min(K,m) has absolute sum at most
Kt ≤ 1, since | sin(kt)| ≤ kt. Geometric summation gives, for every interval of integers p ≤ q,⏐⏐⏐⏐⏐⏐

q∑
k=p

sin(kt)

⏐⏐⏐⏐⏐⏐ ≤

⏐⏐⏐⏐⏐⏐
q∑

k=p

eikt

⏐⏐⏐⏐⏐⏐ ≤ 1
sin(t/2) ≤ π

t
.

If m ≥ K + 1, put p = K + 1 and Aj =
∑j

k=p sin(kt). Abel summation gives

m∑
k=p

sin(kt)
k

= Am

m
+

m−1∑
j=p

Aj

(1
j

− 1
j + 1

)
.

Its absolute value is at most π/(tp) ≤ π, including when K = 0. This proves (4.16).
For λ ∈ T, write

Hm(λV ) = Xm,λ + iYm,λ, Xm,λ = X∗
m,λ, Ym,λ = Y ∗

m,λ.

Continuous functional calculus and (4.16) give ∥Ym,λ∥ ≤ B. The identities for positive and negative
powers imply

S
(
Hm(λV ) −Hm(λV )∗) = aHm(λV ) − bHm(λV )∗

= (a− b)Xm,λ + i(a+ b)Ym,λ.

Since the argument of S has norm at most 2B, we obtain

∥(a− b)Xm,λ∥ ≤ C, C = B(2∥S∥ + ∥a∥ + ∥b∥), (4.17)

uniformly in m and λ.
Fix m and any half-open arc I ⊂ T of angular length at most 1/m, and let e = 1I(V ). Choose λ

to rotate the midpoint of I to 1. On the rotated arc the argument θ satisfies |θ| ≤ 1/m, so

ReHm(eiθ) =
m∑

k=1

cos(kθ)
k

≥ cos(1)hm.

Thus, for X = Xm,λ, Borel functional calculus gives an element F ∈ W ∗(V ) equal to 1/X on I and
to zero off I, with

XF = e, ∥F∥ ≤ 1
cos(1)hm

.
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Writing c = a− b and multiplying (4.17) on the right by F gives

∥ce∥ = ∥cXF∥ ≤ C

cos(1)hm
=: δm. (4.18)

In the corner eAe, this says ec∗ce ≤ δ2
me.

Partition T into finitely many disjoint half-open arcs of angular length at most 1/m, and denote
their spectral projections by e1, . . . , eJm . They are orthogonal and sum to 1. Traciality and (4.18)
imply

∥c∥2
2 =

Jm∑
j=1

ρ(c∗cej) =
Jm∑
j=1

ρ(ejc
∗cej)

≤ δ2
m

Jm∑
j=1

ρ(ej) = δ2
m −→ 0,

because hm ≥ log(m+ 1) → ∞. Each arc estimate is weighted by the trace of its own projection; the
number of arcs introduces no factor. Faithfulness gives c = 0, as required. The right multiplication by
F and the tracial compression identity apply to arbitrary a, b; the argument imposes no commutation
condition and uses no particular spectral distribution of V .

Proof of Theorem 4.1. Construct s ∈ N̂ and S = Rω2 as in (4.6). Lemma 4.3 propagates the
first-letter identities to every ordered block product. Lemma 4.4 then provides a unitary V satisfying
the positive and negative power identities. Lemma 4.5 gives equality of the constant images of a
and b in N̂ . The constant embedding is trace preserving and faithful, so a = b in N .

Remark 4.6. The finite hypothesis in Lemma 4.5 is essential. On H = ℓ2(Z) let V en = en+1, let
p project onto Ce0, and let q project onto the closed span of the en with n < 0. The contraction
S(X) = pXq on B(H) satisfies S(V k) = pV k and S(V −k) = 0 for every k ≥ 1: the only nonzero
input coordinate of pV k is e−k, whereas that of pV −k is ek. Thus the power identities hold with
a = p ̸= 0 = b.

5 Bounded primitives for Hochschild cocycles
We first apply Theorem 3.3 to separately normal cocycles on a type II1 algebra with separable
predual and a faithful normal tracial state. The resulting uniform bound for a primitive will allow
us first to remove separability and then to combine central summands. Throughout this section,
normality of a linear map means ultraweak continuity, and separate normality has the corresponding
meaning for multilinear maps.

5.1 Normality and continuity on bounded balls

The continuity needed by Theorem 3.3 is the tracial form of Akemann’s continuity theorem [Ake67,
Corollary III.10]. We include a direct proof that allows a center and does not require a separable
predual. The stronger joint multilinear continuity result for type II1 factors is [CPSS03, Theorem 4.4].

Lemma 5.1. Let M be a finite von Neumann algebra with faithful normal tracial state τ , and let
B : M → M be bounded and normal. For every R < ∞ and ε > 0 there is δ > 0 such that

∥x∥ ≤ R, ∥x∥2 < δ =⇒ ∥B(x)∥2 < ε.

Consequently B is 2-norm continuous on every operator norm ball.
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Proof. We argue by contradiction. A failure of continuity will give elements with mutually orthogonal
two-sided supports whose images stay uniformly away from zero in 2-norm. Random signs will then
contradict the boundedness of B.

If the first assertion fails, there are R > 0, η > 0, and a sequence (xj) such that

∥xj∥ ≤ R, ∥xj∥2 −→ 0, ∥B(xj)∥2 ≥ η.

Choose α > 0 with ∥B∥α < η/4. In the polar decomposition xj = vj |xj |, set

rj = 1(α,∞)(|xj |), yj = vj |xj |rj , ℓj = vjrjv
∗
j , ej = rj ∨ ℓj .

Here rj and ℓj are the right and left support projections of yj . In particular,

yj = ejyjej , ∥yj∥ ≤ R, ∥xj − yj∥ ≤ α, ∥B(yj)∥2 ≥ 3η/4.

The trace and the spectral truncation give

τ(ej) ≤ τ(rj) + τ(ℓj) = 2τ(rj) ≤ 2α−2∥xj∥2
2.

Pass to a subsequence for which
∑

j τ(ej) < ∞, and put pj =
⋁

h≥j eh. Then pj decreases to zero:
indeed, τ(pj) ≤

∑
h≥j τ(eh) → 0, and τ is faithful and normal.

For fixed j and h > j, the compressions

(pj − ph)yj(pj − ph)

converge ultraweakly to yj as h → ∞. Applying B preserves this convergence. The 2-norm is
ultraweakly lower semicontinuous, as is seen from

∥y∥2 = sup{|τ(b∗y)| : b ∈ M, ∥b∥2 ≤ 1}.

Starting with j1 = 1, we may therefore choose successively js+1 > js so that

ts = (pjs − pjs+1)yjs(pjs − pjs+1), ∥B(ts)∥2 ≥ η/2.

The ts have pairwise orthogonal two-sided supports and ∥ts∥ ≤ R. Hence ∥
∑N

s=1 ϵsts∥ ≤ R for every
choice of signs ϵs ∈ {−1, 1}. Taking independent uniform signs, Hilbert space orthogonality of these
scalar random variables yields

Nη2

4 ≤
N∑

s=1
∥B(ts)∥2

2 = E∥B
( N∑

s=1
ϵsts

)
∥2

2 ≤ ∥B∥2R2,

which is impossible for large N . This proves the asserted modulus. Applying it to differences, which
lie in the ball of radius 2R, gives continuity on the ball of radius R.

5.2 Averaging the last input

Proposition 5.2. Let M be of type II1 with separable predual and faithful normal tracial state τ .
If k ≥ 2 and f ∈ Ck

b (M,M) is a separately normal cocycle, then there is g ∈ Ck−1
b (M,M) such that

dg = f, ∥g∥ ≤ ∥f∥. (5.1)
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Proof. We first construct an averaged cochain that is a right module map in its last input. Evaluation
at 1 will give a (k−1)-cochain, and averaging the original equation df = 0 will identify its differential.

Choose the symmetric countably supported measure μ for which Theorem 3.3 applies, and write
μ =

∑
s≥1 psδus . For a bounded k-cochain Φ, define

(PΦ)(a, x) =
∑
s≥1

psΦ(a, xus)u∗
s, a = (a1, . . . , ak−1). (5.2)

The sum converges in operator norm, and P is a contraction for the cochain norm. If Wj = U1 · · ·Uj ,
where the Ui are independent with law μ, and W0 = 1, induction gives

(P jf)(a, x) = E
[
f(a, xWj)W ∗

j

]
.

Set

Fn = 1
n

n−1∑
j=0

P jf.

We use compactness for pointwise ultraweak convergence. For each fixed tuple x = (x1, . . . , xk),
all values Fn(x) lie in the ultraweakly compact ball of radius ∥f∥

∏
i∥xi∥. The product of these balls,

indexed by all tuples in Mk, is compact. Multilinearity is closed for this topology, since addition
and scalar multiplication are ultraweakly continuous. Thus some subnet of (Fn) converges at every
tuple to a bounded multilinear map F with ∥F∥ ≤ ∥f∥.

On any common cochain norm ball, P is continuous for this topology. To see this, suppose
Φλ → Φ pointwise ultraweakly and ∥Φλ∥, ∥Φ∥ ≤ C. For a fixed tuple (a, x) and a normal functional
ρ ∈ M∗, truncate (5.2) after L terms. The finite sum passes to the limit, and the remaining difference
has absolute value at most

2C∥ρ∥∥x∥
k−1∏
i=1

∥ai∥
∑
s>L

ps.

Letting L → ∞ proves the claim. Since

PFn − Fn = Pnf − f

n
, ∥PFn − Fn∥ ≤ 2∥f∥

n
,

the subnet limit satisfies PF = F .
Fix a, and put B(x) = f(a, x). This is a bounded normal linear map. For any R < ∞ and

ε > 0, Lemma 5.1 provides δ > 0 such that

∥x∥ ≤ R, ∥x∥2 < δ =⇒ ∥B(xv)v∗∥2 < ε for every v ∈ U(M).

Indeed, right multiplication by a unitary preserves both the operator norm and the 2-norm. The
same bound holds after averaging over any Wj and after taking the Cesàro average. Ultraweak
lower semicontinuity of the 2-norm then gives ∥F (a, x)∥2 ≤ ε under these input bounds. Using ε/2
in place of ε proves the required continuity modulus for T (x) = F (a, x). The equality PF = F is
exactly the harmonicity identity for this map. Consequently Theorem 3.3 gives

F (a, x) = h(a)x, h(a) = F (a, 1). (5.3)

In particular h is a bounded (k − 1)-cochain and ∥h∥ ≤ ∥f∥.
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It remains to obtain its coboundary identity. Let νn = n−1∑n−1
j=0 μ

∗j and hn(a) = Fn(a, 1).
Evaluate the original equation df = 0 at (a1, . . . , ak, v), multiply the output on the right by v∗, and
average with respect to v ∼ νn. This gives the exact equality

0 = a1hn(a2, . . . , ak) +
k−1∑
j=1

(−1)jhn(a1, . . . , ajaj+1, . . . , ak)

+ (−1)kFn(a1, . . . , ak−1, ak) + (−1)k+1f(a1, . . . , ak). (5.4)

The final term is unchanged because vv∗ = 1. Along the chosen subnet, each displayed evaluation
converges ultraweakly; multiplication by a fixed ai preserves that convergence. Passing to the limit
and using (5.3) therefore yields

0 = (dh)(a1, . . . , ak) + (−1)k+1f(a1, . . . , ak).

Thus g = (−1)kh satisfies (5.1). This calculation averages df at the displayed tuples; it requires
neither a commutation relation between P and d nor separate normality of the limiting cochain
F .

5.3 Removing the separability assumption

Uniform primitive bounds and pointwise ultraweak compactness were used to remove separability
in [CPSS03, Section 7]. As in that argument, conditional expectations allow the approximating
subalgebras to be chosen independently for each finite set of inputs.

Proposition 5.3. Let M be any type II1 von Neumann algebra admitting a faithful normal tracial
state. Every separately normal cocycle f ∈ Ck

b (M,M), k ≥ 2, has a bounded primitive g with
∥g∥ ≤ ∥f∥.

Proof. Order the finite subsets E ⊂ M by inclusion. For each E, choose a countably generated
unital von Neumann subalgebra NE containing E, the finite set f(Ek), and unital matrix systems of
every size m ≥ 2. Such systems exist in a type II1 algebra: the unit can be divided into m equivalent
orthogonal projections [Bla06, Examples III.2.5.4(iii)], and partial isometries between them supply
the matrix units. Adjoining one system for each m adds only countably many generators.

The restriction of the trace to NE is faithful and normal. The tracial Hilbert space L2(NE) is
separable: ∗-polynomials with coefficients in Q+ iQ in a countable set of generators are dense in the
generated C∗-algebra in norm, and bounded strong approximation makes that algebra 2-norm dense
in NE . The faithful tracial representation thus gives NE separable predual. Moreover NE has no
type I central part. A nonzero homogeneous type In central summand would inherit a unital copy
of Mm(C) for every m, whereas its n-dimensional fibers cannot admit a unital copy when m > n.
Every finite type I algebra decomposes into its homogeneous type In summands. Since NE is finite,
it is therefore of type II1.

Let EE : M → NE be the normal trace-preserving conditional expectation. Its existence and
bimodularity are classical; see [Dix53, Théorème 8] and [Ume54, Theorem 1]. Define

fE = EE ◦ f
⏐⏐
Nk

E
.

This map is separately normal and has norm at most ∥f∥. For inputs in NE , bimodularity of EE

gives dfE = EE(df) = 0. By Proposition 5.2, choose gE ∈ Ck−1
b (NE , NE) such that dgE = fE and

∥gE∥ ≤ ∥f∥. Extend it to a cochain on M by

GE(x1, . . . , xk−1) = gE(EEx1, . . . , EExk−1).
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This extension has the same norm bound. If (a1, . . . , ak) ∈ Ek, all its inputs and adjacent products
belong to NE . Expanding the differential consequently gives

(dGE)(a1, . . . , ak) = (dgE)(a1, . . . , ak) = EEf(a1, . . . , ak) = f(a1, . . . , ak), (5.5)

where the final equality uses f(Ek) ⊂ NE .
The common norm bound and the same product compactness used above give a pointwise

ultraweakly convergent subnet of (GE), with limit g ∈ Ck−1
b (M,M) and ∥g∥ ≤ ∥f∥. For a fixed

k-tuple (a1, . . . , ak), the indices of this subnet eventually contain E0 = {a1, . . . , ak}. Equation (5.5)
therefore holds eventually along the subnet. Passing to the limit in its finitely many coboundary
terms gives dg = f at this tuple. This holds at every tuple, proving the proposition. The choices
of NE and EE can be made independently for different E; eventual exactness is supplied by the
directed finite subsets.

5.4 Central cuts and mixed inputs

Uniform bounds and central decomposition also enter the tensor-product argument of [PS10,
Section 4]. In the present setting we use an explicit homotopy to correct all inputs outside a given
central summand before assembling the primitives.

For a central projection z ∈ M , regard zM as an M -bimodule under multiplication and put
q = 1 − z. In degree zero we use C0

b (M, zM) = zM and (dξ)(a) = aξ − ξa. On cochains with values
in zM , define the central cut by

(cutz ψ)(a1, . . . , an) = ψ(za1, . . . , zan).

In degree zero this means cutz = id on zM . Centrality and the fact that q annihilates this module
show that cutz commutes with d. For a cocycle ψ with values in zM , a primitive for its restriction
to zM , pulled back to M , accounts only for cutz ψ. The following homotopy supplies the remaining
difference ψ − cutz ψ on arbitrary inputs, with a bound independent of z.

Lemma 5.4. For n ≥ 2 and ψ ∈ Cn
b (M, zM), set

(Jzψ)(a1, . . . , an−1) =
n−1∑
i=1

(−1)iψ(za1, . . . , zai−1, q, qai,

ai+1, . . . , an−1).
(5.6)

Set Jz = 0 in degrees zero and one. Then, in every degree,

dJz + Jzd = id − cutz . (5.7)

For n ≥ 1 the degree-n operator satisfies

∥Jzψ∥ ≤ (n− 1)∥ψ∥. (5.8)

Proof. The norm estimate follows directly from (5.6). To verify the identity, expand each input as
ai = zai + qai. By multilinearity it suffices to use tuples whose entries each belong to zM or to qM .
On such a tuple with first qM entry at position r, formula (5.6) consists of the single term inserting
q immediately before that entry, with sign (−1)r; on an all-zM tuple it is zero.

Consider such an n-tuple with first qM entry ar. In (Jzd)ψ, merging the inserted q with ar

has total sign (−1)r(−1)r = 1 and contributes ψ(a1, . . . , an). A merger strictly before the insertion
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has the same arguments as its counterpart in (dJz)ψ, but the latter inserts at position r − 1, so
their signs are opposite. A merger strictly after the pair (q, ar) also has the same arguments as its
counterpart in (dJz)ψ, and its merger index is larger by one, again reversing the sign. The merger
of ar−1 with the inserted q, when r > 1, vanishes because zMqM = 0; the corresponding merger
across ar−1, ar in (dJz)ψ vanishes for the same reason.

The left outer terms cancel when r > 1, with insertion indices r and r − 1. When r = 1, both
left outer terms vanish because qM annihilates the output module. For the right outer terms, if
r < n the same insertion index and the two consecutive differential degrees give opposite signs. If
r = n, the last input is in qM , so both right outer terms vanish. Thus the only surviving term is
ψ(a1, . . . , an), as required because the cut of this tuple is zero. On an all-zM tuple, both sides of
(5.7) vanish.

For completeness, in degree one the formula reads

(Jzdψ)(a) = −(dψ)(q, qa) = ψ(qa) = ψ(a) − ψ(za),

since both outer module actions in (dψ)(q, qa) vanish. In degree zero both sides are zero by the
definitions. This proves the identity in all degrees.

In particular, if ψ ∈ Ck
b (M, zM) is a cocycle, then

d(Jzψ) = ψ − cutz ψ, ∥Jzψ∥ ≤ (k − 1)∥ψ∥. (5.9)

This bound is independent of the algebra and the central projection.

5.5 Completion of the proof

Proof of Theorem 1.1. The zero algebra is immediate, so assume M ≠ 0. Fix k ≥ 2 and an arbitrary
bounded cocycle forig ∈ Ck

b (M,M). By the normal reduction in Proposition 1.2, there are a
separately normal cocycle f and a bounded (k − 1)-cochain b such that

forig = f + db.

Let zII1 be the central projection of the type II1 summand, and let z0 = 1 − zII1 . We first partition
zII1 into central projections whose algebras admit faithful normal tracial states.

In the abelian algebra Z(zII1M), choose a maximal orthogonal family (zi)i∈I of nonzero supports
of normal states. Its join is zII1 : a nonzero complementary projection would support a further
normal state, contradicting maximality. A state is faithful on its support, so each ziZ(M) has a
faithful normal state φi. Composing φi with the faithful normal center-valued trace of ziM gives a
faithful normal tracial state τi on ziM ; see [Bla06, Theorem III.2.5.7 and Corollary III.2.5.8]. The
family I may be uncountable. Omit z0 if it is zero, and otherwise keep the entire complementary
summand as one piece.

For each piece define the restricted cocycle

fi(x1, . . . , xk) = zif(x1, . . . , xk), xj ∈ ziM.

Multiplication by a central projection is a bimodule map, so fi is a separately normal cocycle and
∥fi∥ ≤ ∥f∥. For i ∈ I, Proposition 5.3 supplies a primitive bi ∈ Ck−1

b (ziM, ziM) with

dbi = fi, ∥bi∥ ≤ ∥f∥.

If z0 ̸= 0, the vanishing result for algebras without a type II1 central summand in Proposition 1.2
supplies a bounded primitive b0 of f0. Its norm is some finite number.
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Pull each primitive back to M through the homomorphism x |→ zix:

b̃i(x1, . . . , xk−1) = bi(zix1, . . . , zixk−1).

The outer module actions also pull back, since the outputs lie in ziM . Thus

db̃i(x1, . . . , xk) = zif(zix1, . . . , zixk) = cutzi(zif)(x1, . . . , xk).

Define cochains with values in ziM on all of M by

Hi = b̃i + Jzi(zif).

Equation (5.9) gives
dHi = zif, ∥Hi∥ ≤ k∥f∥ (i ∈ I),

and, when present,
∥H0∥ ≤ ∥b0∥ + (k − 1)∥f∥.

There is consequently a single finite constant C bounding the norms of all these cochains; one can
take the maximum of the two displayed bounds, omitting the second when z0 = 0.

For an arbitrary central partition of unity, the map

M −→
ℓ∞∏
i

ziM, x |−→ (zix)i,

is an isometric ∗-isomorphism onto the bounded direct product. For surjectivity, the finite partial
sums of a bounded family (xi)i, xi ∈ ziM , form a net directed by inclusion of the finite index
sets. This net converges strongly, since the central supports are orthogonal; its limit belongs to
M . For each tuple (x1, . . . , xk−1), the family (Hi(x1, . . . , xk−1))i belongs to this product and has
norm at most C

∏
j∥xj∥. Let G(x1, . . . , xk−1) ∈ M be the corresponding element. Coordinatewise

multilinearity shows that G is a bounded multilinear cochain with ∥G∥ ≤ C. Central projection
commutes with every term of its coboundary, so

zi(dG) = dHi = zif for every central piece i.

Since the projections have join 1, it follows that dG = f . Finally,

d(G+ b) = f + db = forig.

We have obtained an actual bounded (k − 1)-cochain whose coboundary is the given cocycle. Hence
Hk

b (M,M) = 0 for every complex von Neumann algebra M and every k ≥ 2, with the actual image
of d in the definition of cohomology and with no complete-boundedness hypothesis.
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