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Abstract
We construct a finite three-electron Coulomb molecule whose spin-summed ground-state

density cannot be reproduced by any ground-state ensemble of noninteracting electrons in a
single real, spin-independent local potential in L3/2(R3) + L∞(R3). The molecule has two
equal positive integer nuclear charges, specified by an exact finite nonnumerical formula.

1 Introduction
The density-functional variational viewpoint originates in the work of Hohenberg and Kohn [9].
Uniqueness of a density–potential mapping and existence of a representing potential are separate
questions; see the review [15] for their precise distinctions. Kohn–Sham density functional
theory seeks to reproduce the density of an interacting electronic ground state by noninteracting
electrons in a common local potential [11]. The constrained-search formulations of Levy and Lieb
distinguish the existence of states with a prescribed density from the existence of a potential
for which those states minimize the energy [13, 14]. Allowing ensembles enlarges the latter
class: several degenerate noninteracting ground states may be mixed to obtain a density that
is unavailable from one determinant. Ullrich and Kohn make this distinction explicit in their
treatment of singlet ground-state ensembles [20]. Thus a failure of a particular orbital ansatz
does not settle the ensemble representability question.

We consider the usual three-dimensional potential space

V = L3/2(R3; R) + L∞(R3; R).

For v ∈ V, the noninteracting Hamiltonian

Hs(v) =
3∑︂

i=1

(︃
−1

2∆i + v(ri)
)︃

acts on the antisymmetric space
⋀︁3 L2(R3; C2), with the same scalar potential for both spin

components. Its realization is determined by its semibounded closed quadratic form. A ground-
state ensemble is a positive trace-class operator Γ of trace one whose range is contained in the
eigenspace at inf σ(Hs(v)). We denote its spin-summed one-body density by nΓ; it has integral
three.
Theorem 1.1. Set D = 10200 and ez = (0, 0, 1). There is a finite positive integer Z, specified
by Equation (7.10), for which the Coulomb Hamiltonian

HC =
3∑︂

i=1

(︃
−1

2∆i − Z

|ri − (D/Z)ez|
− Z

|ri + (D/Z)ez|

)︃
+

∑︂
1≤i<j≤3

1
|ri − rj |

has a normalizable absolute ground state Ψ in the sector Sz = 1/2, normalized by ∥Ψ∥2 = 1, but
there is no v ∈ V and no ground-state ensemble Γ of Hs(v) such that

nΓ = nΨ almost everywhere on R3.
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The two nuclei have positive integer charges and distinct finite positions. The theorem
concerns a fixed finite system. The exact specification of Z uses only spectral data, densities,
and an angle minimization for a two-centre auxiliary problem; it does not test representability
by other potentials. It is a nonnumerical specification, and no effective numerical bound for the
charge is asserted.

Theorem 1.1 shows that a density of a finite interacting Coulomb ground state can fail to
have a noninteracting ground-state ensemble representation in V. No restriction is placed on
the degeneracy of a putative representing ground space or on the complex spinful states in
its ensemble. The result makes no assertion about larger classes of distributional potentials,
spin-dependent potentials, or nonlocal one-particle operators.

The same density also obstructs a local-potential first variation of the ensemble Hartree–
exchange–correlation functional. More precisely, Corollary 8.1 excludes a potential in V rep-
resenting its one-sided variation along every segment in the common finite-energy density
domain.

1.1 Relation to earlier work

Explicit prescribed densities can already fail noninteracting v-representability in V . Wagner and
collaborators discuss a positive two-electron density with finite kinetic energy whose interior
cusp forces its inverse potential outside this class [21, Section IV.G, Eq. (36)]. Their example is
specified directly, without a construction as a finite Coulomb ground-state density.

Trushin, Erhard, and Görling report numerical indications of failures of ground-state nonin-
teracting representability from atomic density inversions [19]. Open-shell inversion and symmetry
restrictions are further investigated in [4]. The result here is an analytic exclusion for every
ground-state ensemble of a specified finite Coulomb system, in the potential class V.

Existence results for other settings must be distinguished from this question. The theorem
of Chayes, Chayes, and Ruskai concerns quantum lattice systems with a fixed bounded kinetic-
plus-interaction operator [2]. Corso proves a rigorous Kohn–Sham formulation for spinless
fermions on a bounded one-dimensional interval with generalized Neumann boundary conditions,
allowing distributional potentials [3]. On a one-dimensional torus, Sutter and collaborators
prove ensemble representability of strictly positive H1 densities of prescribed particle number
for spinful electrons, again allowing distributional potentials [18]. These results do not supply a
representability theorem for three-dimensional Coulomb densities in V.

The asymptotic mechanism behind our construction was investigated by Gori-Giorgi, Gál,
and Baerends [8]. When the leading removal amplitude has a nodal plane, coupling to other
ionic channels can give the density the same exponential decay rate on and off that plane, with
an additional polynomial suppression on the plane. Their analysis identifies the role of the
angular part of the Laplacian and the resulting difficulties for a regular Kohn–Sham potential.
Gori-Giorgi and Baerends subsequently studied the effective equation for the square root of
the density and exact harmonically confined examples [7]. That effective equation is distinct
from the common local potential determined below by two orbitals and an ensemble kinetic
certificate. Here we prove the necessary estimates for a finite Coulomb system, and supply two
further ingredients: a certificate valid against all ground-state ensembles and an obstruction to
the entire sum space V.

1.2 The mechanism and the proof

Scale length by 1/Z. The nuclear charges become one, the half-separation becomes D, and the
electron repulsion has coefficient λ = 1/Z. The two lowest one-particle orbitals are a positive
even orbital b and an odd orbital e, positive above the median plane. Their splitting can be
made arbitrarily small by increasing D. At zero coupling, the three-electron ground determinant
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occupies b ↑, b ↓, e ↑; its simple continuation in Sz = 1/2 is the interacting state used below. Let
n denote the spin-summed density of this scaled interacting state.

Write E3, E2 for the three-electron and ionic ground energies, and put

k =
√︂

2(E2 − E3), A(r) = e−krrβ, β = 2 − 2λ
k

− 1.

The direct removal amplitude has a simple odd angular zero. In the complementary ionic space,
the first nonzero planar term has amplitude of order λA(r)r−4. The full channel calculation
proves that this coefficient is nonzero and controls the remainder uniformly through the region
where it competes with the fast core term. Figure 1 locates the plane and the translated windows
used to compare these asymptotics with an orbital equation.

z

+Dez

−Dez

0 median plane

p −→ ∞

pω
ω

z

translated window

√︁
n(p, 0) ≳ λA(p)p−4

Figure 1: A meridional section of the scaled molecule, drawn schematically and not to scale.
The nuclei lie at ±Dez; the horizontal line is the median plane z = 0. A bounded window is
translated to a distant point pω in that plane. After normalization by (A(p)/p)2, the limiting
density in the window vanishes quadratically on the plane, although the actual density there has
a smaller nonzero tail. This distinction drives the limiting-orbital and trace arguments.

Trigonometric parametrizations also underlie constrained kinetic-energy formulations for
paired real orbitals [12, Section 3.3]. For the Coulomb density n, we minimize∫︂

R3
n|∇θ|2,

∫︂
R3
n sin2 θ = 1,

over odd angles, folded into [0, π/2] on the upper half-space. The orbitals

g =
√
n cos θ, h =

√
n sin θ

have squared norms two and one, respectively. They obey common formal-potential equations
with energies zero and d > 0. A weighted spectral estimate proves that the paired/single
determinant is a kinetic-energy minimum among all ensembles with density n. Consequently,
any representing local potential must agree, up to a constant, with V = ∆g/(2g).

If V ∈ V, translations of the orbital equations force every bounded limiting potential to
equal d+ k2/2. This yields an exterior form bound and hence

earg ∈ H1(R3) for some a > k.

The plane trace would then have the same exponential integrability. But θ = 0 on the plane,
so g =

√
n there, and the nonzero λA(r)r−4 tail makes that trace integral diverge. This is the

contradiction.
Several arguments have uses beyond this example. Keeping the unperturbed fast channel

controls the crossover without tracking every perturbed excited threshold. Spin orthogonality
prevents cancellation and makes the relevant relative constants independent of the small level
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splitting. The angle construction gives an ensemble kinetic certificate from a weighted Poincaré
inequality, even before the formal potential is known to belong to a standard potential class.
Finally, translated weak potential limits, local form compactness, and an H1 trace convert a
plane asymptotic into an obstruction to L3/2 + L∞, without assuming pointwise convergence of
the potential at infinity. We give the estimates and their hypotheses explicitly.

1.3 Organization and conventions

Section 2 establishes the Coulomb spectral and perturbative facts. Section 3 proves the uniform
density asymptotics and their fixed-parameter counterpart. Section 4 constructs the angle and
proves the weighted gap. Section 5 establishes the full ensemble certificate and identifies a
hypothetical representing potential. Section 6 proves the fixed-density obstruction (Theorem 6.4)
and the qualitative Coulomb family (Theorem 6.5). Section 7 uses finite sufficient tests to select
Z and complete Theorem 1.1. Section 8 derives the functional consequence for the physical
density.

All inner products are linear in the second variable. Norms of ionic channel vectors are
Hilbert-space norms. Spatial reflection means reflection in the median plane; a simultaneous
reflection is applied to all electron coordinates when discussing a many-electron state. Limits
uniform for small coupling always keep D fixed first. Later fixed-parameter limits keep the
selected positive coupling fixed.

2 The Coulomb system and its small-coupling limit
Let

h = L2(R3; C2), Hm =
⋀︂m

h

be the one-electron and antisymmetric m-electron spaces. Spin is expressed in the basis ↑, ↓,
and spatial reflections and rotations act trivially on spin. For D > 0, put

uD(x) = − 1
|x−Dez|

− 1
|x+Dez|

, hD = −1
2∆ + uD, ez = (0, 0, 1). (2.1)

The corresponding m-electron operators are

Hm,λ =
m∑︂

i=1
hD(xi) + λ

∑︂
1≤i<j≤m

1
|xi − xj |

, m = 2, 3, λ ≥ 0. (2.2)

They act in Hm. Hardy’s inequality in a particle coordinate, or in a relative coordinate, gives⃦⃦
|xi −R|−1ψ

⃦⃦
2 +

⃦⃦
|xi − xj |−1ψ

⃦⃦
2 ≤ C∥∇ψ∥2 ≤ ε∥∆ψ∥2 + Cε∥ψ∥2.

Thus these operators are self-adjoint on the antisymmetric part of H2(R3m; C2m), and their
form domain is the corresponding H1 space. The same estimates show that λ ↦ Hm,λ is an
analytic family with this common operator domain. We write Em(λ) for its ground energy
whenever the ground level under consideration exists.

For a normalized three-electron state, its spin-summed density is

nΨ(x) = 3
∑︂

σ1,σ2,σ3

∫︂
R6

|Ψ(x, σ1, y1, σ2, y2, σ3)|2 dy1 dy2. (2.3)

In particular,
∫︁
nΨ = 3. Ensemble densities are defined by linearity, as detailed in Section 5.
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Proposition 2.1 (Dilation to integer nuclear charges). Suppose that the density of a ground state
of H3,1/Z , for a positive integer Z, has no noninteracting ground-state ensemble representation
with a real spin-independent potential in L3/2(R3) + L∞(R3). The physical Coulomb system
with three electrons and charges Z,Z at

(0, 0, D/Z), (0, 0,−D/Z)

then has a ground-state density with the same obstruction.

Proof. Use physical coordinates ri and set xi = Zri. The unitary dilation

(UZψ)(x1, . . . , xm) = Z−3m/2ψ(x1/Z, . . . , xm/Z)

leaves spin unchanged. It transforms the physical Coulomb Hamiltonian into Z2Hm,1/Z . In
particular, normalizability, the ground-space property, and antisymmetry are preserved, and

nphys(r) = Z3nscaled(Zr).

A physical noninteracting representing potential would transform into

˜︁v(x) = Z−2v(x/Z).

For a decomposition v = v1 + v∞, with v1 ∈ L3/2 and v∞ ∈ L∞, the corresponding pieces satisfy

∥Z−2v1( · /Z)∥3/2 = ∥v1∥3/2, ∥Z−2v∞( · /Z)∥∞ = Z−2∥v∞∥∞.

The dilation of the representing density matrix preserves its trace and support in the ground
eigenspace. It would therefore give the excluded representation of the scaled density.

2.1 The two lowest spatial orbitals

All subsequent one-particle orbitals are spatial orbitals. For fixed D we abbreviate uD to u.
Reflection symmetry will mean reflection in z = 0, with x = (x1, x2, z).

Proposition 2.2 (Two-centre spectrum). For D ≥ 100, the two lowest eigenvalues of hD are
simple. They have normalized real, axisymmetric eigenfunctions b, e, where b > 0 is even and e
is odd and strictly positive on z > 0. Write

ϵb = −γ2

2 , ϵe = −k2
0
2 , d∗ = ϵe − ϵb.

Then
0 < d∗ <

100
D
, |γ − 1| + |k0 − 1| < 200

D
. (2.4)

The spectrum on {b, e}⊥ lies more than 0.2 above ϵe. In particular, the spectral gap above b in
the even subspace is greater than 0.2.

Proof. Let φ(x) = π−1/2e−|x| be the hydrogenic ground state. We recall the two hydrogenic
bounds needed for localization. After spherical-harmonic decomposition, the radial operators
and first-order factors are

Hℓ = −1
2
d2

dρ2 + ℓ(ℓ+ 1)
2ρ2 − 1

ρ
, Aℓ = d

dρ
− ℓ+ 1

ρ
+ 1
ℓ+ 1 .

Here Hℓ has its Friedrichs realization in L2((0,∞), dρ), and Aℓ is closed from C∞
c (0,∞). On

the corresponding Friedrichs form domains, integration by parts gives

1
2A

∗
ℓAℓ = Hℓ + 1

2(ℓ+ 1)2 ,
1
2AℓA

∗
ℓ = Hℓ+1 + 1

2(ℓ+ 1)2 .
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The first identity and centrifugal comparison give Hℓ ≥ −1/8 for ℓ ≥ 1. Also kerA0 =
span{ρe−ρ}, and the second identity gives A0A

∗
0 ≥ 3/4. The polar decomposition transfers this

last bound to A∗
0A0 on (kerA0)⊥. Thus the hydrogenic operator has ground energy −1/2 and is

bounded below by −1/8 on φ⊥; the radial ℓ = 1 function ρ2e−ρ/2 attains −1/8.
Choose a Lipschitz angle τ(ρ) that is zero for ρ ≤ D/4, is π/2 for ρ ≥ D/2, and is linear

between these radii. Its slope is 2π/D. Around the two nuclei use cutoffs χ±(x) = cos τ(|x∓Dez|),
set equal to zero outside their respective balls of radius D/2, and complete them by the
nonnegative cutoff χout to a quadratic partition:

χ2
+ + χ2

− + χ2
out = 1.

The two balls are disjoint. On either transition annulus the nonconstant pair is a cosine and a
sine, so

1
2

∑︂
ν∈{+,−,out}

|∇χν |2 ≤ 2π2

D2 <
20
D2 . (2.5)

Lipschitz cutoffs suffice for the form identity; alternatively one may smooth the ramp with
arbitrarily small increases in these constants.

On either inner ball, the attraction of the other nucleus has magnitude at most 2/(3D) < 1/D.
On the support of χout, both nuclear distances are at least D/4; there the total attraction is at
most 8/D. Applying the IMS identity and the hydrogenic ground-energy bound gives

hD ≥ −1
2 − 1

D
− 20
D2 as a quadratic form. (2.6)

Here and below the exterior lower bound −8/D is larger than the displayed inner lower bound
for D ≥ 100.

If a test function ψ is orthogonal to both χ±φ( · ∓ Dez), then χ±ψ is orthogonal to the
ground state of the corresponding hydrogenic operator. The next hydrogenic energy is −1/8.
Consequently,

⟨ψ, hDψ⟩ ≥
(︃

−1
8 − 1

D
− 20
D2

)︃
∥ψ∥2

2 (2.7)

on a subspace of codimension two.
For the upper bound, use the two disjointly supported trial functions χ±φ( · ∓Dez). Their

squared norms exceed 1/2, since the hydrogenic mass outside radius D/4 is

e−D/2
(︄

1 + D

2 + D2

8

)︄
<

1
2 .

The ground-state identity for the hydrogenic operator and the bound |∇χ±| ≤ 2π/D show that
their Rayleigh quotients for hD are at most

−1
2 + 4π2

D2 < −1
2 + 40

D2 . (2.8)

Their even and odd combinations give the same bound in the two parity subspaces. The Coulomb
potential is relatively compact with respect to the free resolvent: one first truncates at infinity
and near the nuclei, and uses local compactness for the bounded remainder. The omitted nuclear
piece has operator norm from H2 to L2 of order

√
ε when cut off to a ball of radius ε, by

H2 ↪ L∞ and ∥|x|−11|x|<ε∥2 = O(
√
ε). The far-field remainder tends to zero in L∞. Hence the

essential spectrum is [0,∞). The min–max principle now gives two negative levels, one in each
parity, and no third level below the lower bound in Equation (2.7).

A full-space ground state can be chosen nonnegative by the absolute-value inequality for its
kinetic energy. It is strictly positive, including at the nuclei. One direct way to include those
points is to use

b =
(︃

−1
2∆ + c

)︃−1
(c+ ϵb − u)b, c > |ϵb|,
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whose resolvent kernel is strictly positive; the right-hand side is nonnegative and nonzero, and
b ∈ H2(R3) is continuous. The same argument with the Dirichlet resolvent on z > 0 gives
strict positivity of its ground state in that half-space. Positivity and the usual ground-state
simplicity argument identify the low even level with b and the low odd level with the odd
extension of that Dirichlet ground state. Simplicity also follows from the two-level count above.
The full-space ground state cannot be odd, so ϵb < ϵe. Rotation about the z-axis preserves the
unique normalized positive full-space and half-space ground states, proving axial symmetry.

Combining Equations (2.6) and (2.8) gives

d∗ ≤ 1
D

+ 60
D2 <

100
D
.

The same two bounds place γ and k0 within 200/D of 1, with the stated bound on their sum.
Finally, Equations (2.7) and (2.8) give the gap estimate

3
8 − 1

D
− 60
D2 > 0.2.

Since e is odd, the same lower bound holds above b in the even subspace.

2.2 Ground states and perturbation

Proposition 2.3 (Small repulsive coupling). Fix D ≥ 100. For all sufficiently small λ ≥ 0, the
ionic operator H2,λ has a simple isolated ground state, and H3,λ has a simple isolated ground
state Ψλ in the sector Sz = 1/2. Its energy is an absolute ground energy of H3,λ.

The ionic ground state is a spin singlet, is even under simultaneous reflection of its two
spatial coordinates, and is axisymmetric. The state Ψλ is real, axisymmetric, and odd under
simultaneous reflection of its three spatial coordinates. The states and energies can be chosen
analytic near zero; in particular, their state vectors converge with error O(λ) in H2. At zero
coupling,

Ψ0 = b ↑ ∧b ↓ ∧e ↑, E2(0) = 2ϵb, E3(0) = 2ϵb + ϵe. (2.9)

The ionic state has spatial factor b(x1)b(x2) and the normalized singlet spin factor.

Proof. At λ = 0, the Pauli principle fills the spin orbitals in Equation (2.9). In the sector
Sz = 1/2, moving the doubly occupied spatial orbital from b to e costs d∗ > 0; using any further
spatial orbital costs a positive gap by Theorem 2.2. The displayed determinant is therefore
a simple isolated ground state in that sector. The ionic ground state is likewise simple and
isolated. The noninteracting ionization thresholds are 2ϵb and ϵb, respectively, and are strictly
above these ground energies.

The common-domain analytic perturbation argument applies to each isolated rank-one
spectral projection; see [10, Chapter VII, §1.3, Theorem 1.7, and §2.2, Theorem 2.6]. To include
the graph-norm conclusion explicitly, write Vee =

∑︁
i<j |xi − xj |−1 and R0(ζ) = (Hm,0 − ζ)−1.

On a contour enclosing only the relevant zero-coupling level,

(Hm,λ − ζ)−1 = R0(ζ)
(︁
I + λVeeR0(ζ)

)︁−1
.

Here R0(ζ) : L2 → H2 and VeeR0(ζ) : L2 → L2 are bounded uniformly on the contour. A
Neumann series therefore makes the resolvent analytic as a map into H2. Integrating around
the contour, applying the resulting projection to the unperturbed state, and normalizing gives a
real-analytic state in that space. Choose its real phase by positive overlap with the zero-coupling
state. Spectral separation, or the min–max principle with the nonnegative repulsion, keeps this
branch the lowest level of its sector.

It remains to check the absolute three-electron ground property. In the sectors Sz = ±3/2, all
three spatial orbitals must be distinct. Their zero-coupling energy is at least ϵb + ϵe + ϵ3, where
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ϵ3 = inf σ(hD|{b,e}⊥); it exceeds 2ϵb + ϵe by more than 0.2. Nonnegative repulsion preserves this
lower bound, whereas the continued Sz = 1/2 energy converges to 2ϵb + ϵe. Spin flip identifies
the two Sz = ±1/2 ground energies. These four sectors exhaust the three-electron spin space,
proving the claim.

All the stated symmetries commute with the Hamiltonian and its spectral projection. Their
eigenvalues at zero coupling persist on the simple branch. For axial rotations, one may equivalently
note that the projection of the invariant zero-coupling state is still invariant. The ionic singlet
subspace is also invariant, so its spin character persists.

For the rest of the small-coupling argument define

k = kλ =
√︂

2
(︁
E2(λ) − E3(λ)

)︁
, A(r) = e−krrβ, β = 2 − 2λ

k
− 1. (2.10)

Thus kλ → k0. Once D is fixed, the perturbation interval may be shortened so that

γ − kλ ≥ 1
2(γ − k0) > 0. (2.11)

No lower bound uniform in D on the length of this interval is asserted or needed.

Lemma 2.4 (Density regularity and compact convergence). Regard Ftrue(x) =
√

3 Ψλ(x, ·) as a
Hilbert-space-valued function, retaining the removed-electron spin and all ionic coordinates and
spins. Then

Ftrue ∈ H2(R3; K), nλ = ∥Ftrue∥2
K ∈ H2(R3) ∩ L1(R3), √

nλ ∈ H1(R3),

where K is the corresponding fiber Hilbert space. Moreover ∆nλ ∈ L1(R3). These assertions
hold for every H2 three-electron eigenstate, with no small-coupling assumption.

For the branch in Theorem 2.3, nλ → n0 = 2b2 + e2 in H2 and L1, hence uniformly on
compact sets; the densities are commonly tight as λ ↓ 0. Each fixed compact set has a positive
lower bound for nλ for sufficiently small λ. The density is even and axisymmetric.

Proof. Fubini’s theorem applied to the derivatives in the distinguished coordinate gives the
Hilbert-valued H2 assertion. In three dimensions the corresponding Sobolev estimates yield

∥Ftrue∥L∞
x (K) + ∥∇xFtrue∥L4

x(K) ≤ C∥Ftrue∥H2
x(K).

The distributional product identities

∂jnλ = 2 Re⟨Ftrue, ∂jFtrue⟩K,

∂i∂jnλ = 2 Re⟨∂iFtrue, ∂jFtrue⟩K + 2 Re⟨Ftrue, ∂i∂jFtrue⟩K (2.12)

then prove nλ ∈ H2. The same identities and Cauchy–Schwarz, now using L2
x on both factors,

give ∆nλ ∈ L1. The norm chain rule gives∫︂
R3

|∇
√
nλ|2 ≤

∫︂
R3

∥∇xFtrue∥2
K. (2.13)

The product estimates also show continuity of F ↦ ∥F∥2
K from H2

x(K) to H2
x. Thus the

graph-norm convergence in Theorem 2.3 gives the claimed density convergence. For the L1

convergence, use

∥nλ − n0∥1 ≤
(︁
∥Ftrue,λ∥2 + ∥Ftrue,0∥2

)︁
∥Ftrue,λ − Ftrue,0∥2.

It implies common tightness. Since b is continuous and strictly positive everywhere, n0 ≥ 2b2 has
a positive minimum on each compact set. Uniform convergence gives the corresponding compact
lower bound for nλ. The spatial symmetries follow by taking the squared fiber norm.

The last lemma makes no claim of global positivity from compact convergence alone. The
exterior argument below supplies positivity outside a fixed ball uniformly for sufficiently small
coupling, and thereby supplies the global positivity needed for the angle construction.
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3 Exterior channels and the density near the median plane
The leading removal amplitude has a simple zero on the median plane, but a complementary
ionic channel supplies a nonzero density tail there with the same exponential rate. This is the
nodal-plane mechanism discussed in [8, Section V.A]. We prove the estimates, including their
uniformity as the interaction tends to zero, without assuming an asymptotic expansion of finitely
many Dyson orbitals.

In the perturbative part of this section D is fixed and sufficiently large, and 0 ≤ λ ≤ λD,
where λD > 0 may be decreased finitely many times. Exterior radii and constants denoted
by CD may depend on D, but not on λ in this interval. For x = (x1, x2, z), write r = |x|,
p = (x2

1 + x2
2)1/2, and ω = x/r when r > 0. Differentiation in p keeps z fixed. Put

k =
√︂

2(E2(λ) − E3(λ)), β = 2 − 2λ
k

− 1, A(r) = e−krrβ. (3.1)

We can arrange that
k > 0.99, γ − k ≥ 1

2(γ − k0) > 0. (3.2)

Proposition 3.1 (Density estimates). For all sufficiently large D and sufficiently small λ ≥ 0,
the density n = nλ is positive, even in z, and axisymmetric. It is smooth away from the nuclei
and converges locally uniformly to 2b2 + e2 as λ ↓ 0.

Given η > 0, first D can be chosen sufficiently large and then λD > 0 sufficiently small so
that, beyond a radius independent of 0 ≤ λ ≤ λD,

|∂r logn+ 2k| ≤ η,

⃓⃓⃓⃓
∂p logn+ 2kp

r

⃓⃓⃓⃓
≤ η (0 ≤ z ≤ p/2). (3.3)

With L = 10 and m(p, z) = e2kpn(p, z), the same choices give

|mp| + |mpp|
m

≤ η,
n(p, z1)
n(p, z2) ≤ 20 (0 ≤ z1 ≤ z2 ≤ L) (3.4)

for all sufficiently large p, uniformly in that coupling interval.
For each fixed such λ > 0, there are cλ > 0 and Pλ < ∞ such that√︂

n(p, 0) ≥ cλA(p)p−4 (p ≥ Pλ). (3.5)

There is a number a > 0, depending on D,λ, with the following translation properties. If
xj = pjωj lies in the median plane, pj → ∞, and the horizontal unit vectors ωj → ω∗, then

n(xj + x)
(A(pj)/pj)2 −→ a2z2e−2kω∗·x locally uniformly for x = (x1, x2, z) ∈ R3. (3.6)

If |xj | → ∞, |(xj)3| → ∞, and xj/|xj | → ω∗, then

n(xj + x)
n(xj) −→ e−2kω∗·x locally uniformly in R3. (3.7)

The quantitative uniformity needed for the final parameter prescription is given in Equa-
tion (3.45) below. In particular, the constants remaining after the exterior limit do not involve
the inverse of the small splitting d∗.
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3.1 The fiber equation and an exterior cutoff

Let K be the Hilbert space of the antisymmetric ionic pair, including its spin coordinates and
the distinguished electron’s spin, restricted to total spin projection 1/2. Regard

Ftrue(x) =
√

3 Ψλ(x, ·)

as a K-valued function, with ∥Ftrue(x)∥2 = n(x). The ionic operator acts trivially on the
distinguished spin. Set

B = Hion − E2(λ), P = |ϕ⟩⟨ϕ|, Q = 1 − P, BQ = B|QK,

where ϕ is the normalized ionic singlet tensored with distinguished spin up. Only that distin-
guished spin is compatible with the singlet and total projection 1/2; hence P has rank one
and

B ≥ 0, BQ ≥ cD > 0 (3.8)

uniformly on the small coupling interval.
For normalized spin orbitals v, w, let Φv,w denote their normalized two-electron determinant.

Expansion of the unperturbed determinant in the distinguished coordinate gives

F0(x) = e(x)ϕ0 + b(x)G,
ϕ0 =↑ ⊗Φb↑,b↓,

G =↑ ⊗Φb↓,e↑− ↓ ⊗Φb↑,e↑.

(3.9)

Consequently
∥G∥ =

√
2, ∥G↑∥ = ∥G↓∥ = 1, B0G = d∗G. (3.10)

The ionic spatial parity of G is odd, whereas that of ϕ is even. Thus QG = G at every coupling
under consideration.

Lemma 3.2 (Cutoff channel equation). There are an exterior K-valued function F , a nonnegative
bounded multiplication operator W (x) on the ionic variables, and σ > γ such that(︄

−∆x

2 + k2

2 +B + u(x) + λW (x)
)︄
F = R. (3.11)

The operator W equals
∑︁2

i=1 |x− yi|−1 for |y| ≤ r/2, vanishes for |y| ≥ 3r/4, and satisfies

∥∂ν
xW (x)∥K→K ≤ Cνr

−1−|ν|. (3.12)

Here ν is a Cartesian multiindex. For every fixed integer s,

∥∂ν
xR(x)∥ ≤ CD,sλe

−σr (|ν| ≤ s). (3.13)

Moreover, ⃓⃓⃓
∂ν

x{n(x) − ∥F (x)∥2}
⃓⃓⃓

≤ CDe
−2σr (|ν| ≤ 2), (3.14)

and F −F0 = O(λ) on each fixed exterior annulus, also in any fixed finite number of x-derivatives.

Proof. Put ρ = (|x|2 + |y|2)1/2. A configuration-space partition according to a particle with
distance at least a fixed multiple of ρ from the origin gives the exterior form bound

H3,λ ≥ 2ϵb − o(1) on functions supported where ρ → ∞. (3.15)

The nuclear attraction of the selected particle is O(1/ρ); the other two one-particle operators
are each bounded below by ϵb, and repulsion can be dropped. The partition has derivatives
O(1/ρ), so its kinetic localization error tends to zero. This argument is uniform for 0 ≤ λ ≤ 1.
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The exponent margin needed below already follows for D ≥ 100 from Equations (2.6)
and (2.8):

k2
0 ≥ 1 − 80

D2 , γ2 ≤ 1 + 2
D

+ 40
D2 ,

10
9 k

2
0 − γ2 ≥ 1

9 − 2
D

− 1160
9D2 > 0.

We can therefore choose

0 < τ0 < τ1 < τ2 < k0, τ0

√︂
10/9 > γ.

After decreasing λD, the exterior bound and E3(0) = 2ϵb − k2
0/2 leave a positive margin above

the weight cost τ2
2 /2. The exponential-weight identity, first with an exterior cutoff and a smooth

truncated exponent whose gradient has norm at most one, gives

∥eτ1ρFtrue∥H1(R9) + ∥eτ1ρF0∥H1(R9) ≤ CD. (3.16)

At zero coupling the same argument also gives ∥eτ2ρF0∥H1 ≤ CD, since τ2 < k0. The finite spin
sum is understood. The estimate also applies to an inhomogeneous equation: if (H3,λ−E3(λ))v =
f , then, for a fixed ball K,

∥eτ1ρv∥H1 ≤ CD

(︂
∥eτ1ρf∥2 + ∥v∥H1(K)

)︂
. (3.17)

Indeed the exterior spectral lower bound controls the weighted L2 norm by the weight identity
and Cauchy–Schwarz. Combining a small multiple of the kinetic form estimate with that lower
bound also controls the gradient; the strict margin between τ1 and τ2 absorbs its additional
weight cost. Hardy’s inequality absorbs the infinitesimally form-bounded Coulomb terms. These
bounds are independent of the exponent truncation, which can therefore be removed.

The equation for v = Ftrue − F0 has source(︁
E3(λ) − E3(0) − λVee

)︁
F0.

Hardy’s inequality, with the spare exponent τ2 on F0, bounds it by CDλ in weighted L2. The
compact term is O(λ) by Theorem 2.3. Thus

∥eτ1ρ(Ftrue − F0)∥H1 ≤ CDλ. (3.18)

Choose smooth functions of |y|/r, with values in [0, 1], such that χ = 1 on |y| ≤ r/3, χ = 0
on |y| ≥ r/2, and ζ = 1 on |y| ≤ r/2, ζ = 0 on |y| ≥ 3r/4. Define

F = F0 + χ(Ftrue − F0), W = ζ
2∑︂

i=1
|x− yi|−1.

On the support of ζ, |x− yi| ≥ r/4, proving Equation (3.12). Denote the operator on the left of
Equation (3.11) by Lλ. Since W is exact on the support of χ,

R = (1 − χ)LλF0 + [Lλ, χ](Ftrue − F0), (3.19)

where
LλF0 =

{︂
λ
(︂
|y1 − y2|−1 +W

)︂
− E3(λ) + E3(0)

}︂
F0.

Thus every residual term is O(λ) and is supported where |y| ≥ r/3. There,

ρ ≥
√︂

10/9 r. (3.20)

We give the derivative details, since higher ordinary derivatives of the uncut wavefunction
across a collision cannot simply be iterated. Local H2 estimates on nested fixed-size configuration
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boxes have uniform constants: the Laplacian estimate with cutoffs and the infinitesimal Coulomb
bound absorb the potential terms; the local energy estimate controls cutoff commutators. Where
derivatives of χ occur, x is separated from both other electrons. Further x-derivatives of the
equation differentiate only smooth bounded coefficients, while singular ionic coefficients are
independent of x. Difference quotients followed by these local estimates give any fixed number of
x-derivatives of the difference, at size O(λ) in weighted local norms. In the other residual term,
F0 has the product form Equation (3.9); its x-derivatives have no electron-electron singularity,
and the ionic Coulomb multiplier is controlled by Hardy’s inequality. Summing the box estimates
and using Sobolev embedding in the three x-coordinates gives Equation (3.13). A small loss from
τ1 toward τ0 absorbs polynomial integration factors. By Equation (3.20), one still has σ > γ.

Density derivatives in the discarded region require a different coordinate choice. Choose
smooth pair cutoffs χij ∈ [0, 1] equal to one at distances at most 1 and zero at distances at least 2,
and expand the product of the three identities 1 = χij +(1−χij). For each term use the connected
components of its near-edge graph as clusters. They have diameter at most 4, and distinct
clusters are separated by at least 1. Nested boxes in which each particle moves by less than 1/8
preserve a positive separation. The cluster containing x is far from the nuclei when r is large.
Translate with x all other variables in that cluster. A derivative in the translated x-coordinate
is the sum of the corresponding particle derivatives. It annihilates within-cluster Coulomb
singularities and singularities involving only outside particles; every coefficient differentiated
is smooth with uniformly bounded derivatives. Nested-box energy and elliptic estimates can
therefore be iterated in these three translation directions. This is the parallel-derivative method
of [5, preprint version, Proposition 1.10 and Section 6]; here the fixed separations make the
constants uniform, while Equations (3.16) and (3.18) preserve the requisite exponential weights.

The difference n− ∥F∥2 is a sum of integrals of products of Ftrue and F0, with coefficients
supported where |y| ≥ r/3. After the coordinate changes just described, differentiate these
integrals and apply Cauchy–Schwarz to the weighted local estimates. Each product has two
exponentially decaying factors. Sobolev embedding in the three translation directions and
Equation (3.20) give Equation (3.14), after another arbitrarily small loss of exponent. To obtain
smoothness on a compact set disjoint from the nuclei, replace the pair-cutoff radii 1, 2 by ε, 2ε,
with ε smaller than one sixteenth of the set’s distance from the nuclei. The cluster containing x
has diameter at most 4ε; sufficiently small nested boxes therefore keep it away from the nuclei
and preserve the intercluster separation. The same argument without discarding a tail then
proves smoothness of the density there. On fixed exterior annuli the differentiated local estimates
also give the claimed O(λ) convergence of F − F0.

3.2 Localized multipoles and the slow channel

Reduced ionic inverses preserve the moment bounds needed below. Let ρy = (1 + |y|2)1/2. For
some sD > 0, ϕ is bounded uniformly in esDρyH2

y . Moreover, if esρyv ∈ L2, then

es′ρyB−1
Q Qv ∈ H2

y for some 0 < s′ < s, (3.21)

with uniform bounds on the small coupling interval. To justify this, conjugate the ionic operator
by a small exponential with smooth truncated exponent. The added first-order term has small
relative operator bound and the added zeroth-order term is bounded and small. An isolated
contour around the ground eigenvalue has uniformly bounded conjugated resolvents. Applying
the resulting projection to a compactly supported vector with nonzero ground-state overlap
proves localization of ϕ. The operator B + P has a bounded inverse into H2

y . Its conjugated
finite-rank term is now bounded by the localization of ϕ, so the same inverse perturbation
argument applies. Restriction to Q proves Equation (3.21). Bounds are independent of the
exponent truncation. Polynomial multiplication is harmless after decreasing the exponent again;
only finitely many such decreases will be used.
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On these localized vectors, finite Taylor expansion gives

W = 2
r

+ W2(ω)
r2 + W3(ω)

r3 + · · · , W2(ω) = ω · (y1 + y2). (3.22)

An expansion through r−m, applied to a vector bounded in one of the preceding weighted spaces,
has remainder O(r−m−1), with Cartesian derivative of order |ν| bounded by O(r−m−1−|ν|). On
|y| ≤ 3r/4, the Taylor remainder is bounded by a constant times |y|mr−m−1. Outside this region
the polynomial moments of the localized vector bound the omitted cutoff tail exponentially.
Differentiation gives the same symbol bounds. These are expansions on localized vectors, not
operator-norm expansions on all of K. Similarly write

u = −2/r +
∑︂
j≥2

Uj(ω)r−j , U2 = 0, U3 = −D2(3ω2
z − 1),

with finite-order Taylor remainders understood.

Lemma 3.3 (Slow-channel expansion). Write PF = ϕf . With every fixed finite number of
angular derivatives,

∥F∥ = O(A), ∥QF∥ = O(A/r2). (3.23)

There are smooth real odd scalar functions a0, a1, a2 on S2 such that

f = A

(︃
a0 + a1

r
+ a2
r2 + E

)︃
. (3.24)

For each fixed angular differential operator Ωℓ,

ΩℓE = O(r−3), ∂rΩℓE = O(r−4), ∂2
r ΩℓE = O(r−4). (3.25)

The radial remainders are odd in ωz; in particular their bounds without angular differentiation
gain a factor |ωz|, also after one or two radial derivatives. All bounds are uniform for small λ.
Furthermore aλ

0 → a0
0 in C1(S2), and phases can be chosen so that

inf
ωz>0

aλ
0(ω)
ωz

> cD > 0. (3.26)

Finally,
b = e−γrr2/γ−1(︁b∞(ω) +O(r−1)

)︁
, min

S2
b∞ > 0, (3.27)

with angular derivatives and two radial derivatives of the expansion.

Proof. The ionic gap and multipole estimate imply

PWϕ = (2/r +O(r−2))ϕ, QWϕ = O(r−2).

Splitting a vector into P +Q and applying Young’s inequality to the off-diagonal term, while
retaining half the positive Q-gap, gives

B + λW ≥ 2λ/r − CD/r
2. (3.28)

The norm N(x) = ∥F (x)∥ consequently satisfies(︂
−∆x/2 + k2/2 − (2 − 2λ)/r − CD/r

2
)︂
N ≤ ∥R∥.

Take the real inner product of the vector equation with F/∥F∥ and use |∇∥F∥| ≤ ∥∇F∥.
Replacing the norm by (∥F∥2 + ε2)1/2 proves the weak inequality also at zeros. The unbounded
ionic operator is handled through its quadratic form, or by bounded spectral truncations.
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Applying this scalar operator to A(1 −M/r), and dividing by A, gives r−2 coefficient

kM − β(β + 1)/2 − CD.

Choose M to make this positive, and start outside r > 2M . A sufficiently large multiple
dominates the inner boundary value and the exponentially smaller source, yielding N = O(A)
by exterior comparison. The latter can be proved by testing the positive part of the difference
with cutoffs: the zeroth-order coefficient is positive sufficiently far out, both functions decay, and
the cutoff error tends to zero. The Q-equation has source −λQWϕf +QR = O(A/r2). Its norm
inequality retains the positive constant cD in addition to k2/2 + u, so A/r2 is a supersolution at
sufficiently large radius. This proves Equation (3.23).

Rotation fields Ω acting on x commute with ∆x, B, P,Q. Although ∥ΩjW∥ = O(r−1), one
has ∥ΩjWϕ∥ = O(r−2) for j ≥ 1, and Ωju = OD(r−3). Suppose the two leading bounds hold
for fewer than s rotations. Every commutator source for ΩsF is O(A/r2): its P -part uses the
improved estimate on Wϕ, and its Q-part uses O(r−1)O(A/r2). First the full norm comparison
gives ΩsF = O(A); then the Q-equation and its gap give QΩsF = O(A/r2). This closes the
induction. The absolute decay needed for comparison follows from the cutoff construction,
allowing a small exponential loss for the polynomial coefficients of rotation fields.

Set h0 = f/A, and define

Kj = −1
2∆S2 − 1

2(β − j)(β − j + 1), cm = Um + λ⟨ϕ,Wmϕ⟩. (3.29)

Axial symmetry and reflection give c2 = 0. The projected equation conjugated by A is

−1
2h

′′
0 +

(︃
k − β + 1

r

)︃
h′

0 + K0 + c2
r2 h0 + c3

r3h0 + · · · = O(r−4), (3.30)

with any fixed number of angular derivatives. The off-diagonal source has this order because
∥PWQ∥ = ∥QWϕ∥ = O(r−2) and QF = O(A/r2).

For the radial step, if a bounded angular-valued function H satisfies

−1
2H

′′ +
(︃
k − β + 1

r

)︃
H ′ = G(r), G(r) = O(r−q), q > 1,

then
H ′(r) = 2e2krr−2(β+1)

∫︂ ∞

r
e−2kss2(β+1)G(s) ds. (3.31)

The other homogeneous branch grows exponentially and is excluded by boundedness. The
integral is O(r−q), uniformly for the present bounded β and positive lower bound on k; thus H
has a limit with error O(r1−q). Initially the right side of the radial equation is O(r−2), since all
needed angular derivatives of h0 are bounded. Hence h0 → a0, with error O(r−1). Set

a1 = (K0 + c2)a0
k

, a2 = (K1 + c2)a1 + c3a0
2k . (3.32)

Subtracting a0 + a1/r cancels order two; the integrating factor improves the remainder to
O(r−2), with derivative O(r−3). Subtracting a2/r

2 cancels order three, giving E = O(r−3) and
E ′ = O(r−4). The equation gives E ′′ = O(r−4). The same argument with finitely more angular
derivatives at each step proves Equation (3.25). Reflection makes f, aj , and all radial remainders
odd. The mean-value theorem in the transverse angular coordinate gives the additional factor at
the equator.

On a fixed radius, the projected function and its angular derivatives converge by the local
estimates in Theorem 3.2. Since ∥f/A− a0∥C1 ≤ CD/r uniformly, first choosing the radius large
and then sending λ to zero proves C1 convergence of aλ

0 . At zero coupling the scalar equation
for e on the upper half-space has a subsolution which is a positive multiple of

e−k0rr2/k0−1ωz(1 +M/r).
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After division by the radial factor and ωz, the controlling r−2 coefficient contains −k0M ; it
dominates the bounded angular and scalar corrections for large M . Positivity of e on an inner
hemisphere and the boundary point lemma on its equator supply a strictly positive starting
multiple, including the equatorial limit. Exterior comparison proves inf a0

0/ωz > 0. Oddness and
C1 convergence give Equation (3.26). The identical scalar argument for b, without an angular
zero and with rate γ, proves Equation (3.27); positivity on the compact inner sphere gives
min b∞ > 0.

3.3 The first nonzero complementary term on the plane

The scalar channel’s oddness forces it to vanish on the median plane. We now identify the
complementary term that supplies its missing density there, and control its error before comparing
it with the retained fast term bG.

Lemma 3.4 (Complementary expansion and plane coefficient). There are smooth exponentially
localized QK-valued angular coefficients T2, T3, T4, bounded uniformly for small λ, such that

QF = bG+ λA

(︃
T2
r2 + T3

r3 + T4
r4

)︃
+ EQ, ∥∂ν

xEQ∥ ≤ CDλAr
−5 (|ν| ≤ 2). (3.33)

Writing Yz = y1z + y2z, one has

T2 = −a0B
−1
Q QW2ϕ,

T2|ωz=0 = T3|ωz=0 = 0,

T4|ωz=0 = 1
2B

−1
Q ∆S2T2|ωz=0 = −a′

0(0)B−2
Q QYzϕ.

(3.34)

The last vector has norm bounded below by a positive constant at fixed D, uniformly for sufficiently
small λ. All Tj have distinguished spin up.

Proof. On localized angular coefficients define

Cm = Um idQK + λQWmQ.

The qualification is essential: Wm, and hence Cm, can be unbounded on arbitrary ionic vectors.
Their action on the localized vectors in this proof is controlled by Equations (3.21) and (3.22).
On a term r−jT (ω), the conjugated Q-operator has expansion

r−jBQT − jkr−j−1T + r−j−2KjT +
∑︂
m≥2

r−j−mCmT. (3.35)

The source from P , after division by λA, is −QWϕf/A. Its coefficients of orders two through
four are

S2 = −a0QW2ϕ,

S3 = −a1QW2ϕ− a0QW3ϕ,

S4 = −a2QW2ϕ− a1QW3ϕ− a0QW4ϕ.

We therefore define the coefficients by

BQT2 = S2,

BQT3 = S3 + 2kT2,

BQT4 = S4 + 3kT3 − (K2 + C2)T2.

(3.36)

Repeated use of Equation (3.21), decreasing a positive weight after polynomial multiplication
when necessary, gives smooth localized coefficients with every finite angular derivative bound
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used here. The nuclear quadrupole has already entered a2 in Equation (3.32); the operator C3
acts directly on this complementary expansion first at order five.

Every Sj vanishes on the equator because its scalar factors ai are odd. The first two recursion
equations give T2 = T3 = 0 there. In the third equation all terms except the angular Laplacian
of T2 also vanish. At the equator a0 = ∆S2a0 = 0, while

∇S2a0 = a′
0(0)ez, ∂ωzW2 = Yz.

The product rule in T2 = −a0B
−1
Q QW2ϕ proves Equation (3.34), with its stated sign and factor.

The slope is nonzero by Equation (3.26). Moreover Yzϕ is ionic-odd, so QYzϕ = Yzϕ. This vector
cannot vanish: the zero set of the multiplier Yz is a measure-zero hyperplane, which cannot
support a nonzero L2 vector. Injectivity of B−2

Q proves nonvanishing. Continuity of the localized
resolvents and vectors gives the uniform lower bound for small λ. All operators in the recursion
preserve the distinguished spin, so each Tj has spin up.

We next prove the remainder with its asserted uniformity. The retained vector bG solves the
homogeneous Q-equation at λ = 0. Since QG = G, its perturbed residual is

Lλ,Q(bG) = bQ
{︂
λ
(︂
|y1 − y2|−1 +W

)︂
− E3(λ) + E3(0)

}︂
G

= O(λb),
(3.37)

also through two ordinary x-derivatives. Hardy’s inequality controls the ionic Coulomb factor
on G; the other x-dependent factors are smooth in the exterior. By Equations (3.2) and (3.27),

b/A ≤ CDe
−(γ−k0)r/2rCD . (3.38)

Thus the residual is bounded by CDλAr
−5, uniformly in λ. No equality of perturbed and

unperturbed excited thresholds is being assumed.
The matched slow terms have residual O(λAr−5). The same bound holds through two

Cartesian derivatives: finite multipole remainders have symbol bounds on the localized coefficients,
and the scalar remainder is multiplied by λQWϕ = O(λr−2). The three bounds in Equation (3.25)
suffice; one does not need the stronger assertion ∂2

r E = O(r−5). The source QR is exponentially
smaller. Hence EQ satisfies a Q-equation with a source of this size, including two derivatives.
On a fixed large starting sphere its value is O(λ), since QF = bG at zero coupling and all
fixed-radius data converge at that rate. The positive Q-gap makes a sufficiently large multiple
of λAr−5 a scalar norm supersolution which dominates both the source and boundary value.
Exterior comparison gives the undifferentiated remainder bound.

For the derivative upgrade it is important to include the unbounded ionic operator. For
compactly supported v with values in DomBQ, Fourier transform in x and the spectral resolution
of BQ ≥ 0 give

∥D2
xv∥2 + ∥BQv∥2 ≤ C∥(−∆x/2 +BQ)v∥2. (3.39)

Indeed |ξ|2 and a spectral value b ≥ 0 are each bounded by a fixed multiple of |ξ|2/2 + b. For the
local estimate, first control ∇xv by the cutoff energy identity and then apply Equation (3.39)
with a second cutoff. The remaining coefficient k2/2 + u + λQWQ and its x-derivatives are
bounded operators on exterior unit balls, uniformly in their centers. Since BQ is independent of
x, difference quotients and two further local estimates give

∥EQ∥H4
x(B(x,1/2);K) ≤ CDλA(r)r−5.

The source derivatives and the already proved pointwise bound control the right side on a larger
ball; A varies by a bounded factor there. Hilbert-valued Sobolev embedding in dimension three,
H4 ↪ C2,α for α < 1/2, gives the two pointwise derivative bounds in Equation (3.33).
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3.4 Uniform comparison of the three density scales

The coefficient calculation concerns the eventual tail at a fixed positive coupling. To obtain a
common exterior radius as the coupling tends to zero, we must also control the region where the
fast term and the induced plane term are comparable. Keeping all three scales in the following
lower bound makes that comparison uniform.

Proof of Theorem 3.1. Put t = ωz and

Teq = T4|t=0, M(x) = ϕf(x) + b(x)G+ λA(r)r−4Teq.

Axial symmetry and Equation (3.34) make Teq independent of equatorial azimuth. Smoothness
and the zeros of T2, T3 give

∥T2(ω)∥ + ∥T3(ω)∥ + ∥T4(ω) − Teq∥ ≤ CD|t|.

The estimate holds on the whole sphere by compactness away from the equator. For any
distinguished-spin-up Q-vector S, Equation (3.10) implies

|⟨bG, S⟩| ≤ |b| ∥S∥ = 2−1/2∥bG∥ ∥S∥.

Therefore

(1 − 2−1/2)(2b2 + ∥S∥2) ≤ ∥bG+ S∥2

≤ (1 + 2−1/2)(2b2 + ∥S∥2).
(3.40)

The P -component is orthogonal to both these terms. The simple angular zero and positive lower
bound on ∥Teq∥ give

∥M∥ ≥ cD(A|t| + b+ λAr−4).

The complementary expansion gives

∥F −M∥ ≤ CDλA(r−2|t| + r−5) = oD(∥M∥),

uniformly in small λ as the radius increases. Consequently

∥F∥ ≥ cD(A|ωz| + b+ λAr−4). (3.41)

In addition, there is the absolute bound

b/∥F∥ ≤ 2. (3.42)

The distinguished-down-spin component of M has norm b. Increase the radius so that ∥F−M∥ ≤
∥M∥/2; then

∥F∥ ≥ ∥M∥ − ∥F −M∥ ≥ ∥M∥/2 ≥ b/2.

Only the radius, not the constant 2, depends on D. The cutoff errors are relatively negligible
because

e−2σr/b2 −→ 0 (σ > γ).

This proves exterior positivity of n; positivity on the remaining compact set follows from
Theorem 2.4 after decreasing λD. Symmetry, compact convergence, and exterior smoothness
have already been proved.

We verify differentiated comparisons through the moving crossover. The projected remainders
and their first two radial derivatives are odd, so their angular derivative bounds supply the
factor |t|. Their errors can thus be divided by the first lower scale in Equation (3.41). For the
complementary error,

∥∂ν
xEQ∥

∥F∥
≤ CD/r (|ν| ≤ 2, λ > 0),
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using the third lower scale. At λ = 0 this error is zero. Differentiating the explicit slow terms
with ∂r + k leaves only inverse powers of r. For the fast orbital,

(∂r + k)b = (k − γ)b+OD(b/r), (∂r + k)2b = (k − γ)2b+OD(b/r).

It follows, with δλ = k − γ, that

(∂r + k)F = δλbG+ oD(∥F∥),
(∂r + k)2F = δ2

λbG+ oD(∥F∥),
(3.43)

where the ratios denoted by oD(1) tend to zero uniformly in the chosen coupling interval.
At fixed z, ∂p has radial part (p/r)∂r and angular part of size O(|t|/r) on 0 ≤ z ≤ p/2.

Applying it once or twice to smooth odd angular coefficients retains a factor |t|, together with
the corresponding inverse powers of r. Thus(︃

∂p + k
p

r

)︃
F = δλ

p

r
bG+ oD(∥F∥).

On 0 ≤ z ≤ L, 1 − p/r = OL(p−2) is negligible. With Dp = ∂p + k,

DpF = δλbG+ oD(∥F∥), D2
pF = δ2

λbG+ oD(∥F∥). (3.44)

These estimates include angular derivatives of the displayed Tj : their zeros are retained for T2, T3,
whereas the extra angular factor for T4 is bounded using the first lower scale. The ordinary
derivative bounds handle EQ directly.

By Equation (3.42), ∥bG∥/∥F∥ ≤ 2
√

2. The identity

(∂r + 2k)∥F∥2 = 2 Re⟨F, (∂r + k)F ⟩

and its horizontal version bound the normalized first derivatives by 4
√

2|δλ| + oD(1). Also

(∂p + 2k)2∥F∥2 = 2∥DpF∥2 + 2 Re⟨F,D2
pF ⟩

gives the normalized second-derivative bound (16+4
√

2)δ2
λ+oD(1) in the strip. The differentiated

cutoff errors remain relatively negligible. In particular, there is ρD(R) ↓ 0, independent of small
λ, such that

max
{︄

sup
r≥R

|∂r logn+ 2k|, sup
r≥R

0≤z≤p/2

⃓⃓⃓⃓
∂p logn+ 2kp

r

⃓⃓⃓⃓
,

sup
p≥R

0≤z≤L

|mp| + |mpp|
m

}︄
≤ 100(|γ − k| + |γ − k|2) + ρD(R).

(3.45)

All D-dependent coefficients other than the fast exponential rate have entered the vanishing
function ρD. Since γ − k0 → 0 as D → ∞ and k → k0 as λ ↓ 0, this proves the derivative
assertions in Equations (3.3) and (3.4).

For the vertical ratio the expansions give, uniformly on 0 ≤ z ≤ L,

F (p, z) = ϕa′
0(0)A(p)z/p+ b(p, 0)G+ λA(p)p−4Teq

+ oD

(︁
A(p)z/p+ b(p, 0) + λA(p)p−4)︁. (3.46)

The last coefficient tends to zero uniformly in λ, z, and the error is relatively small compared with
the norm of the three-term comparison vector by Equation (3.40). Indeed r− p = OL(p−1); after
including the lower radial terms, the projected factor is a′

0(0)z/p+OD(z/p2); and b(p, z)/b(p, 0) =
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1 +OD(p−1). The T2, T3 terms are OD(λAz/p3); all other errors have the displayed bound by
Equation (3.41). The squared comparison norm lies between 1 − 1/

√
2 and 1 + 1/

√
2 times

|a′
0(0)|2A(p)2z2/p2 + 2b(p, 0)2 + λ2A(p)2p−8∥Teq∥2.

This expression is nondecreasing in z. The ratio of the constants is 3 + 2
√

2 < 6; after absorbing
uniformly small errors, the ratio in Equation (3.4) is at most 20.

Now fix λ > 0. On the plane f = 0 and T2 = T3 = 0. Since b = o(Ap−4), the complementary
expansion yields

F (p, 0) = λA(p)p−4Teq + o(A(p)p−4).

The coefficient is nonzero and the density cutoff error is exponentially smaller, proving Equa-
tion (3.5).

For plane-centered xj = pjωj , put rj(x) = |xj + x|. Uniformly on compact displacement sets,

rj(x) − pj → ω∗ · x, pjz/rj(x) → z, A(rj(x))/A(pj) → e−kω∗·x.

The projected expansion and its simple angular zero imply

PF (xj + x)
A(pj)/pj

−→ ϕa′
0(0)ze−kω∗·x.

The complementary part divided by this normalization tends uniformly to zero. Its fast term is
exponentially smaller; the T2, T3 terms retain the angular zero and the plane term is O(Ap−4

j ).
The cutoff error is negligible. Squaring gives Equation (3.6) with a = |a′

0(0)| > 0.
Finally suppose rj = |xj | → ∞ and |zj | → ∞. Reflection reduces the proof to zj > 0. If ωj,z

stays bounded below, the conclusion follows directly from the smooth nonzero projected angular
coefficient. Otherwise tj = zj/rj → 0, and

b(rj)
A(rj)tj

→ 0,
λA(rj)r−4

j

A(rj)tj
= λ

r3
j zj

→ 0.

The T2, T3 terms are relatively negligible as well. For bounded x, tj(x)/tj = 1 +O(1/zj + 1/rj).
Since a0(t)/t is continuous and bounded away from zero through the equator, the angular
amplitude has relative variation tending to one. The radial ratio tends to e−kω∗·x; all lower
terms are uniformly negligible. Squaring proves Equation (3.7).

We record one more zero-coupling consequence for the next section:

sup
0<z≤10

{︃⃓⃓⃓⃓
∂p log b

e
+ (γ − k0)p

r

⃓⃓⃓⃓
+
⃓⃓⃓⃓
∂2

p log b
e

⃓⃓⃓⃓}︃
−→ 0 (p → ∞). (3.47)

Indeed the scalar expansions have the strip form

e(p, z) = ze−k0rr2/k0−2c(r, z/r), b(p, z) = e−γrr2/γ−1d(r, z/r),

where c, d are smooth, bounded above and below by positive constants, and have the already
proved radial and angular derivative estimates. The term − log z in log(b/e) disappears under
∂p. The other terms give ∂p log(b/e) = −(γ − k0)p/r + OD(r−1) and ∂2

p log(b/e) = OD(r−2) +
OD(z2/r3). This proves the assertion uniformly down to the simple zero of e.
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3.5 A fixed-parameter version

The exact charge will be defined by forward spectral and variational tests. Passing them need
not put its reciprocal in a particular perturbative interval chosen earlier. The next proposition
isolates the hypotheses needed for the final tail argument.

Proposition 3.5 (Channels at a fixed coupling). Suppose D satisfies Theorem 2.2 and

k0 >
√

0.98, γ <
√︂

49/45.

Fix t ∈ (0, 1]. Assume the two-electron ground level is isolated and simple with an even ionic
singlet, and the three-electron ground level in Sz = 1/2 is isolated and simple, is an absolute
ground level, and has a real axisymmetric odd ground state. Assume nt > 0, and set

k =
√︂

2(E2(t) − E3(t)), At(r) = e−krr(2−2t)/k−1.

Suppose
2ϵb − E3(t) > 0.49, 0.99 < k < γ,

inf
ωz>0

lim inf
r→∞

∥PtFtrue,t(rω)∥
ωzAt(r)

> 0.
(3.48)

Then nt has the local regularity in Theorem 2.4, is smooth away from the nuclei, and satisfies
Equations (3.5) to (3.7) at this fixed coupling, with A = At and suitable positive constants.
Membership of t in the preceding perturbative interval is not required.

Proof. Local regularity uses only the Coulomb eigenvalue equation, and exterior smoothness
follows from the cluster argument in Theorem 3.2. The isolated ionic ground supplies a positive
Q-gap and Equation (3.21), with constants now allowed to depend on t.

The configuration-space lower bound Equation (3.15) remains valid because t ≥ 0. The
energy hypothesis permits weights with exponent arbitrarily close to

√
0.98. Since

√
0.98

√︂
10/9 =

√︂
49/45 > γ

and k0 >
√

0.98, the true and unperturbed states admit the same cutoff construction with
residual exponent σ > γ. There is no need to estimate the difference uniformly as t ↓ 0: at this
fixed positive t, its finite weighted norms and the fixed energy difference divided by t are part of
the constants. Thus Equations (3.11), (3.13) and (3.14) hold at the chosen parameter.

The norm comparisons, angular induction, and integrating-factor argument use only the
positive ionic gap, bounded exterior coefficients, and exponential residual. They give Equa-
tions (3.24) and (3.25) without a perturbative assertion about a0. Also ∥Ftrue − F∥ = O(e−σr),
by the same weighted local estimates on the tail support. For each fixed ωz > 0, the liminf
in Equation (3.48) is therefore |a0(ω)|/ωz. Its positive infimum and the smooth odd extension
imply

inf
ωz>0

|a0(ω)|
ωz

> 0, |a′
0(0)| > 0.

The sign of a0 is constant on the upper hemisphere and does not affect the density.
Repeat the complementary recursion Equation (3.36). The strict inequality k < γ absorbs the

residual of bG into tAr−5; the stronger uniform separation in Equation (3.2) is unnecessary. On
a fixed starting sphere the remainder is finite; dividing its bound by the positive profile tAt(r)r−5

is absorbed in the allowed t-dependent comparison constant. The norm and differentiated
comparisons give Equation (3.33) with t-dependent constants. Finally QYzϕ = Yzϕ ≠ 0, so
the coefficient in Equation (3.34) is nonzero without continuity from zero coupling. The fixed-
coupling parts of the preceding density proof give the plane lower bound and both translation
limits.
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4 An angle minimum and its spectral gap
We now construct two spatial orbitals with the prescribed density. The main point is to prove a
spectral gap for their common formal potential. This will allow the next section to compare the
resulting determinant with arbitrary fermionic ensembles.

Write Ω+ = {x ∈ R3 : z > 0}. For a positive continuous weight w, set

H1(w) =
{︃
ξ ∈ H1

loc(R3) :
∫︂

R3
w
(︁
|ξ|2 + |∇ξ|2

)︁
< ∞

}︃
, Ew(ξ) = 1

2

∫︂
R3
w|∇ξ|2.

When w is integrable, use the unnormalized weighted variance

Varw(ξ) =
∫︂

R3
w|ξ|2 − |

∫︁
R3 wξ|2∫︁

R3 w
.

The corresponding spaces on Ω+ are defined in the same way, with local Sobolev regularity up to
its boundary when a trace is specified. On compact sets all these weighted norms are equivalent
to the ordinary Sobolev norms. Radial cutoffs, followed by local smooth approximation, are
dense in the full-space form norm. Indeed, for cutoffs χR with |∇χR| ≤ C/R, the additional
gradient term is bounded by CR−2 ∫︁

|x|>R w|ξ|2. For odd functions the analogous approximation
on Ω+ uses their zero trace on the median plane.

4.1 The constrained angle

Proposition 4.1 (Existence and regularity of the angle). Let n be a positive, continuous, even
density with

∫︁
n = 3, n ∈ H2

loc(R3), and
√
n ∈ H1(R3). The problem

min
ϑ∈H1(n;R)

∫︂
R3
n|∇ϑ|2,

subject to ϑ odd,
∫︂

R3
n sin2 ϑ = 1

(4.1)

has a minimizer θ satisfying 0 ≤ θ ≤ π/2 on Ω+. Every such folded minimizer has a multiplier
d > 0 and satisfies

Lnθ := n−1 div(n∇θ) = −d sin(2θ) on R3. (4.2)

It belongs locally to W 2,p for every p < 6, and

0 < θ < π/2 on Ω+.

In particular, it is locally C1,α for every 0 < α < 1/2. Axial symmetry of n is not required for
this proposition, and axial symmetry of θ is not asserted.

Proof. On the upper half-space the Lipschitz map t ↦ arcsin | sin t| preserves sin2 t, preserves
zero trace, and does not increase gradient energy. Extend the folded function oddly. Thus every
competitor can be replaced by one taking values in [0, π/2] above the plane.

The admissible class is nonempty. Smooth odd angles that equal π/2 on increasingly large
compact subsets of Ω+ have constraint values approaching 3. For one such angle the constraint is
greater than 1; multiplying it by a parameter in [0, 1] and using continuity produces the required
value 1. A folded minimizing sequence is bounded in H1 on every compact set, since n has a
positive local lower bound. Local compactness gives an odd limit with zero trace on the plane.
The bound sin2 θ ≤ 1 and integrability of n preserve the constraint under exhaustion of space.
Lower semicontinuity proves minimality. The bound on the angle also gives its membership in
L2(n).

Folding any perturbed competitor shows that a folded minimum is a minimum for unrestricted
odd variations. The constraint derivative is nonzero on some compact smooth odd variation.
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Otherwise sin(2θ) = 0 almost everywhere on Ω+. A locally Sobolev function with values in
the discrete set {0, π/2} has zero gradient and is constant on that connected set; the trace and
constraint exclude both possibilities. The Lagrange-multiplier rule, normalized by a factor of
two, therefore gives ∫︂

n∇θ · ∇φ = d

∫︂
n sin(2θ)φ

for compact odd tests. The same identity for even tests is zero on both sides by parity, proving
the full-space equation.

Testing with cutoffs times the bounded function θ gives∫︂
n|∇θ|2 = d

∫︂
nθ sin(2θ). (4.3)

The cutoff error tends to zero by finite gradient energy and
∫︁
n < ∞. The left side is positive. The

integral on the right without d is positive by folding, oddness, and the preceding nonconstancy
argument. Hence d > 0.

Here are the local estimates needed below. Positivity of n and n ∈ H2
loc imply ∇ logn ∈ L6

loc.
Rewrite Equation (4.2) by testing with φ/n, where φ is compactly supported and smooth. The
positive local lower bound and H2

loc regularity of n make this a legitimate local H1 test. Thus,
in distributions,

∆θ = −(∇ logn) · ∇θ − d sin(2θ).

Its right side initially lies in L
3/2
loc . Interior estimates for the ordinary Laplacian on nested

compact sets [22, pp. 6–7] give

W
2,3/2
loc =⇒ ∇θ ∈ L3

loc =⇒ H2
loc =⇒ W 2,3

loc .

The last space gives ∇θ ∈ Lq
loc for every finite q, and a final application of the equation gives

W 2,p
loc for every p < 6. These estimates are uniform when the local H2 bounds and positive lower

bounds for n, the local angle energy, and d are uniform. They apply across the median plane
because the equation has already been extended to full space.

Finally, θ ≥ 0 solves an equation with bounded coefficient d sin(2θ)/θ, and δ = π/2 − θ ≥ 0
on Ω+ satisfies

Lnδ = qδ, q = d
sin(2δ)
δ

∈ [0, 2d], (4.4)

with the continuous value 2d at δ = 0. On each compact ball the divergence-form coefficient nI is
bounded and uniformly elliptic, and the zeroth-order coefficients are bounded. The local Harnack
inequality therefore excludes an interior zero of either nonnegative function [17, Lecture 17,
p. 199, and Lecture 18, Theorem 1]: the resulting constant would violate the trace or the
constraint.

The hypotheses of Theorem 4.1 hold for the densities under consideration by Theorems 2.4
and 3.1. In the remainder of the qualitative argument, D is fixed and sufficiently large and λ
tends to zero.

Proposition 4.2 (Convergence of every folded minimum). For every choice of folded minimizing
angles for nλ,

θλ −→ θ∗ = arctan
(︃

e√
2 b

)︃
, dλ −→ d∗ = ϵe − ϵb. (4.5)

The angle convergence is weak in local H1, strong in local L2, and in C1 on every fixed compact
set. In particular, all these conclusions hold uniformly over the set of folded minimizers in the
sequential sense.
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Proof. At λ = 0, let g = √
n0 cosϑ and h = √

n0 sinϑ for an admissible folded angle. Their
squared norms are 2 and 1; they are orthogonal by parity. The determinant with occupied spin
orbitals (g/

√
2) ↑, (g/

√
2) ↓, h ↑ has density n0 and kinetic energy

1
2

∫︂ (︁
|∇g|2 + |∇h|2

)︁
= 1

2

∫︂
|∇

√
n0|2 + 1

2

∫︂
n0|∇ϑ|2.

Adding the fixed integral
∫︁
un0 and using the simple three-electron ground state in the indicated

spin sector shows that the minimum is attained uniquely by g =
√

2b, h = e, with the signs
fixed by folding. Indeed, equality fixes the occupied spin-orbital subspace; its one-dimensional
down-spin part fixes g, and the remaining up-spin orbital then fixes h. This gives precisely θ∗.

To obtain a recovery sequence for small λ, first multiply the bounded θ∗ by radial cutoffs.
Its finite angle energy and the tail of n0 make the resulting energy and constraint errors tend to
zero. Approximate on the remaining compact set by smooth odd functions. A fixed compact
odd variation with nonzero constraint derivative corrects the constraint exactly, both at zero and
at nearby λ. Local convergence of nλ then gives the energy upper bound for minima. Folding
the corrected competitor, if necessary, only decreases its energy.

The minimizing angles consequently have uniformly bounded local H1 norms. Common
tightness of nλ, supplied by Theorem 2.4, preserves the constraint for any local limit. Lower
semicontinuity and the recovery bound make that limit a minimum at zero coupling, hence θ∗.
For a fixed compact odd φ with nonzero limiting constraint derivative, the weak equation gives

dλ =
∫︁
nλ∇θλ · ∇φ∫︁
nλ sin(2θλ)φ.

Its numerator and denominator converge. The limiting orbital equations for b, e identify the
quotient as d∗. The uniform local estimates in Theorem 4.1, together with compact Sobolev
embedding, now give C1 convergence on compact sets. Applying this argument to every sequence
of minimizers proves the asserted uniformity over all folded choices.

Proposition 4.3 (The two orbital equations). For a folded minimizer define

g =
√
n cos θ, h =

√
n sin θ. (4.6)

Then g, h ∈ H1(R3) ∩H2
loc(R3), g is even and strictly positive, and h is odd and strictly positive

on Ω+. Moreover,

∥g∥2
2 = 2, ∥h∥2

2 = 1, ⟨g, h⟩ = 0, g2 + h2 = n.

The real function

V = ∆g
2g = ∆

√
n

2
√
n

− |∇θ|2

2 + d sin2 θ (4.7)

belongs to L2
loc(R3), and

(−∆/2 + V )g = 0, (−∆/2 + V )h = dh (4.8)

in distributions. On the median plane, g =
√
n and h = 0.

Proof. The norm, parity, and positivity statements follow from the constraint and Theorem 4.1.
The Sobolev chain rule gives

|∇g|2 + |∇h|2 = |∇
√
n|2 + n|∇θ|2, (4.9)

so both orbitals belong to H1. Positivity and local H2 regularity of n, together with the angle
estimates, give local H2 regularity of the orbitals. Differentiating Equation (4.6) and using
Equation (4.2) proves Equations (4.7) and (4.8). Since the continuous function g has a positive
lower bound on each compact set, ∆g/(2g) is locally square integrable.
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4.2 A strip comparison and exterior coercivity

The orbital equations alone do not establish their spectral ordering. We first control tests
supported far from the nuclei, including tests with nonzero trace on the median plane. This will
prevent weighted norm from escaping when we compare the even spectrum with its zero-coupling
limit.

Fix throughout this subsection

L = 10, µ = 1
10 .

The density is axisymmetric, so it may be written as n(p, z). This notation will not be imposed
on the angle.

Lemma 4.4 (The one-dimensional comparison function). Suppose, for p ≥ P0 and 0 ≤ z ≤ L,
that m(p, z) = e2kpn(p, z) > 0 satisfies

|mp| + |mpp| ≤ ηm, 0 < η ≤ 1,
m(p, t)
m(p, s) ≤ C (0 ≤ t ≤ s ≤ L).

(4.10)

Let U(p, ·) solve
n−1(nUz)z = µ2U, U(p, 0) = 1, U(p, L) = 0. (4.11)

It is positive and decreasing on 0 ≤ z < L, and

|Up| + |Upp| ≤ C2ηU, (4.12)

where C2 depends only on C,L, µ. When C ≤ 100, one may take C2 < 1030.

Proof. Solve backward with final flux equal to one. If J is the positive flux magnitude, the
unnormalized solution and its flux obey

˜︁U(p, z) =
∫︂ L

z

J(p, s)
m(p, s) ds,

J(p, z) = 1 + µ2
∫︂ L

z

∫︂ L

t

m(p, t)
m(p, s)J(p, s) ds dt.

(4.13)

The successive-integral series is positive. Its term of order l is bounded by

(µ2C)l(L− z)2l

(2l)! .

It therefore converges uniformly, defines J ≥ 1, and gives the unique solution after normalization
U(p, z) = ˜︁U(p, z)/ ˜︁U(p, 0). The formulas give U > 0 and Uz < 0.

For a kernel K = m(p, t)/m(p, s),

|Kp| ≤ 2ηK, |Kpp| ≤ 6ηK.

The product of l such kernels has derivatives of either positive order at most two bounded by
20(1 + l)2η times that product. Termwise differentiation of the series is consequently justified.
For C ≤ 100, the undifferentiated terms are bounded by 102l/(2l)!, and∑︂

l≥0
20(1 + l)2 102l

(2l)! < 108.

Since J ≥ 1, these estimates bound its first two p-derivatives relative to J . Also |(m−1)p| ≤ ηm−1

and |(m−1)pp| ≤ 3ηm−1. Integrating the positive expression for ˜︁U , and then differentiating its
quotient by ˜︁U(p, 0), proves Equation (4.12); the displayed numerical bounds give C2 < 1030 with
ample slack. For general fixed C the same convergent series gives a finite constant. Only the
one-sided ratios in Equation (4.10) were used.
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Proposition 4.5 (Uniform exterior gap). For sufficiently large D, there are λ0 > 0 and R0 < ∞
such that every folded minimizing angle for 0 ≤ λ < λ0 satisfies

1
2

∫︂
Ω+

g2|∇ξ|2 ≥ 0.03
∫︂

Ω+
g2|ξ|2 (4.14)

for tests supported in {|x| > R0}. No zero trace on z = 0 is required. The inequality holds
throughout the corresponding weighted form domain.

Proof. Set δ = π/2 − θ on Ω+. By Equation (4.4),

Lnδ = qδ, 0 ≤ q ≤ 2d, 4
π2nδ

2 ≤ g2 = n sin2 δ ≤ nδ2.

Choose D large enough that d∗ and γ−k0 are small. The multiplier convergence and the density
estimates Equations (3.3) and (3.4) allow us to choose the small constants below uniformly for
sufficiently small λ.

First, U from Theorem 4.4 is a subsolution in the strip. In cylindrical coordinates,

LnU = µ2U + Upp + (p−1 + ∂p logn)Up.

The horizontal coefficient is bounded sufficiently far out by Equation (3.3). Thus Equation (4.12),
with η small, and q ≤ 2d, with d small, imply

(Ln − q)U ≥ 0. (4.15)

We next supply an inner boundary for comparison. At zero coupling put δ∗ = π/2 − θ∗. On
z > 0,

δ∗ = arctan(
√

2b/e).
The scalar exterior estimates in Equation (3.47) show that, uniformly for 0 < z ≤ L, the first
two horizontal logarithmic derivatives of b/e are small when D and then the starting radius are
large. This remains true down to z = 0: the simple odd factor of e is canceled before taking a
horizontal derivative. If t > 0, the ratios of t(arctan t)′ and t2(arctan t)′′ to arctan t are bounded.
Consequently

|(δ∗)p| + |(δ∗)pp|
δ∗

is uniformly small in the strip. Combining this with its angle equation gives, for a fixed sufficiently
large P1,

n−1
0 ∂z(n0∂zδ∗) < µ2δ∗ (p = P1, 0 ≤ z ≤ L). (4.16)

The strict inequality follows by making the horizontal error and 2d∗ smaller than µ2. One-
dimensional comparison with U0(P1, ·) now gives δ∗/(π/2) > U0 for 0 < z ≤ L, and the derivative
of their difference at z = 0 is strictly positive. Its quotient by z therefore has a positive minimum
on 0 < z ≤ L. By Theorem 4.2 and continuity of the one-dimensional problem in its positive
coefficient, this boundary ordering persists for small λ, uniformly over all folded minimizers and
all azimuths. For this use of continuity, Equation (4.13) gives uniform convergence of Uλ and
(Uλ)z on the fixed segment from uniform convergence and a positive lower bound for its density.

It follows that
δ(x)
π/2 ≥ U(p, z) (p ≥ P1, 0 ≤ z ≤ L). (4.17)

Here is a comparison proof that also addresses infinity. The difference v = δ/(π/2) − U satisfies
(Ln − q)v ≤ 0 and has nonnegative finite-boundary values. Test this inequality with a horizontal
cutoff squared times its negative part, with the appropriate negative sign. The resulting
Caccioppoli inequality is∫︂

nχ2
R|∇v−|2 +

∫︂
nqχ2

Rv
2
− ≤ 4

∫︂
nv2

−|∇χR|2.
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The right side tends to zero because v− is bounded and n is integrable. Thus v− is constant
and its zero boundary trace makes it zero. No value at infinity has been imposed. This proof
also makes clear that θ need not be axisymmetric: the coefficient q may depend on azimuth.
Differentiating the boundary inequality at z = 0 gives

−δz

δ
≤ −Uz(p, 0). (4.18)

For a real smooth test ξ compactly supported sufficiently far out, put F1 = δξ. Integration
by parts, with outward normal −ez on the plane, yields∫︂

Ω+
nδ2|∇ξ|2 =

∫︂
Ω+

n
(︁
|∇F1|2 + q|F1|2

)︁
−
∫︂

z=0
n

(︃
−δz

δ

)︃
|F1|2. (4.19)

The energy of the solution of Equation (4.11) is∫︂ L

0
n(U2

z + µ2U2) dz = −n(p, 0)Uz(p, 0).

It minimizes this energy among functions with the same endpoint values. Use the trial function
cos(az)F1, a = π/(2L), for each fixed horizontal point. The exact identity

|F ′
1|2 + a2|F1|2 − |(cos(az)F1)′|2 = | sin(az)F ′

1 + a cos(az)F1|2

gives

n(p, 0)(−Uz(p, 0))|F1(0)|2 ≤
∫︂ L

0
n
(︁
|∂zF1|2 + (µ2 + a2)|F1|2

)︁
dz. (4.20)

Thus the boundary term spends at most the vertical gradient energy in the strip, together with
the indicated L2 cost.

The remaining gradient energy controls
∫︁

Ω+
n|Y · ∇F1|2, where Y is the horizontal radial unit

vector for z ≤ p/4, the spatial radial unit vector for z ≥ p/2, and a smooth convex interpolation
between them. More explicitly, choose ζ(t) ∈ [0, 1], equal to zero for t ≤ 1/4 and one for t ≥ 1/2,
with |ζ ′| ≤ 8, and set

Y = (1 − ζ(z/p))(x1, x2, 0)
p

+ ζ(z/p)x
r
.

On the axis use Y = x/r. The field has norm at most one and is tangential to the median plane.
On the interpolation region, |∇(z/p)| ≤ 5/(4r) and 1/p ≤

√
5/(2r). The product rule therefore

gives |div Y | ≤ 100/r. For sufficiently distant support it is horizontal throughout 0 ≤ z ≤ L. In
the interpolation region p/r ≥ 2/

√
5; the two drift bounds in Equation (3.3), with k close to

one, therefore imply
n−1 div(nY ) ≤ −1 (4.21)

after increasing the fixed starting radius. There is no boundary contribution when integrating
div(nY |F1|2). Cauchy–Schwarz gives∫︂

Ω+
n|Y · ∇F1|2 ≥ 1

4

∫︂
Ω+

n|F1|2.

Dropping the nonnegative q term in Equation (4.19) and using Equations (4.18) and (4.20)
proves ∫︂

Ω+
nδ2|∇ξ|2 ≥

(︄
1
4 − µ2 − π2

4L2

)︄∫︂
Ω+

nδ2|ξ|2.

The comparison of g2 with nδ2 yields the coefficient

2
π2

(︄
1
4 − 1

100 − π2

400

)︄
> 0.0436 > 0.03. (4.22)

This proves Equation (4.14). Real and imaginary parts give complex tests; the form-domain
approximation described at the beginning of the section gives the general statement.
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4.3 The full weighted spectral gap

Proposition 4.6 (The gap at the second orbital). For sufficiently large D and all sufficiently
small λ ≥ 0, every folded minimizing angle satisfies

1
2

∫︂
R3
g2|∇ξ|2 ≥ d

(︄∫︂
R3
g2|ξ|2 −

⃓⃓∫︁
R3 g2ξ

⃓⃓2∫︁
R3 g2

)︄
, ξ ∈ H1(g2). (4.23)

Proof. Put w = g2. On the upper half-space, f = h/g > 0 satisfies

− 1
2w div(w∇f) = df.

For compact tests inside Ω+, the ground-state transform [6, Section 2.3, equation (2.12)] gives
1
2

∫︂
Ω+

w|∇ξ|2 − d

∫︂
Ω+

w|ξ|2 = 1
2

∫︂
Ω+

wf2|∇(ξ/f)|2 ≥ 0. (4.24)

Odd tests have zero trace at the plane. The left side of Equation (4.24) is continuous in the
weighted form norm. Cutoff and local zero-trace approximation therefore extend its nonnegativity
to all odd functions in H1(w), proving the odd part of the desired gap.

We prove the even part by controlling possible loss of weighted norm at infinity. Let w0 = 2b2.
The positive-orbital transform for b identifies Ew0 with the quadratic form of hD − ϵb, under
ξ ↦

√
2b ξ. The identity first holds for compact smooth tests. Their density in H1(w0), together

with closedness of the Schrödinger form, extends it to the full weighted domain: the transformed
approximants are Cauchy in the form norm, and their L2 limit is

√
2b ξ. No global bound on

∇ log b is needed. By Theorem 2.2, there is an even spectral gap ∆ev > 0.2:

Ew0(ξ) ≥ ∆ev

∫︂
w0|ξ|2 if ξ is even and

∫︂
w0ξ = 0. (4.25)

In particular it is strictly greater than d∗, and we choose D so that d∗ < 0.03.
If the even assertion failed arbitrarily close to zero coupling, there would be λj ↓ 0, folded

minimizers, and real even tests with∫︂
wjξj = 0,

∫︂
wj |ξj |2 = 1, lim sup

j
Ewj (ξj) ≤ d∗, wj = g2

λj
.

Local uniform convergence to w0, and its positive local lower bounds, give a subsequence
converging weakly in local H1 and strongly in local L2 to an even ξ. Write s =

∫︁
w0|ξ|2 ≤ 1.

The limit has mean zero, since ⃓⃓⃓⃓
⃓
∫︂

|x|>R
wjξj

⃓⃓⃓⃓
⃓ ≤

(︄∫︂
|x|>R

wj

)︄1/2

,

and the tails on the right are uniformly small: wj ≤ nλj
, and the latter densities are tight. No

tightness of wj |ξj |2 is assumed.
Choose a smooth radial quadratic partition χ2

R + ρ2
R = 1, with χR = 1 on r ≤ R, χR = 0 on

r ≥ 2R, and derivatives of size O(R−1). Expanding gradients gives the weighted localization
identity, as in the usual IMS formula [16, Section 3, Lemma 3.1]:

Ewj (ξj) = Ewj (χRξj) + Ewj (ρRξj) − 1
2

∫︂
wj(|∇χR|2 + |∇ρR|2)|ξj |2.

The last term is O(R−2). For R ≥ R0, Theorem 4.5, applied to both half-spaces, bounds the
second term below by 0.03∥ρRξj∥2

L2(wj). Local lower semicontinuity and local strong convergence
therefore give

lim inf
j

Ewj (ξj) ≥ Ew0(χRξ) + 0.03
(︃

1 −
∫︂
w0|χRξ|2

)︃
−O(R−2).
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Local lower semicontinuity also gives finite global energy to the limit. Letting R → ∞ and using
Equation (4.25), we obtain

d∗ ≥ Ew0(ξ) + 0.03(1 − s) ≥ ∆evs+ 0.03(1 − s) > d∗,

a contradiction for every s ∈ [0, 1]. This proves the even assertion uniformly for all folded
minimizers. Finally, reflection separates the even and odd parts orthogonally in the weighted
norm and energy. The odd part has zero weighted mean. Combining the two inequalities, and
then the real and imaginary parts, proves Equation (4.23).

4.4 A finite collection of sufficient tests

The following version will be used for the exact charge prescription. It avoids requiring that the
selected coupling belong to an unspecified perturbation interval.

Lemma 4.7 (A quantitative local test for the gap). Let b, e, n0, θ∗ be the zero-coupling data for
a fixed D whose even gap satisfies ∆ev > 0.2. Let n satisfy the hypotheses of Theorem 4.1, be
axisymmetric, and let θ be a folded minimizer. Set

η0 = 10−60, M ≥ 104, S = 100M.

Suppose n is C2 on a neighborhood of {r ≥ M}, 0.99 < k < 1.01, 0 < d < 0.001, and the
following tests hold.

(i) The two drift bounds of Equation (3.3) hold with η = η0 for r ≥ M on their stated domains.
For p ≥ M, 0 ≤ z ≤ L, the bounds Equation (4.10) hold with η = η0 and C = 100.

(ii) Let U,U0 be the strip solutions for n, n0, and suppose

α = inf
0<z≤L

(2/π)δ∗(M, z) − U0(M, z)
z

> 0, δ∗ = π/2 − θ∗.

Uniformly on the cylinder p = M, 0 ≤ z ≤ L, including all azimuths for θ, one has

|∂z(θ − θ∗)| + |∂z(U − U0)| < α/2.

(iii) On r ≤ 2S, the local weight comparison is

1
2 ≤ g2

2b2 ≤ 2.

Then Equation (4.14) holds for tests supported in r > S, and the full gap Equation (4.23) holds.

Proof. The strip derivative constant in Theorem 4.4 is less than 1030. The drift coefficient in
the strip has absolute value less than 3, so the horizontal error in LnU is at most 4 · 1030η0U .
Since q ≤ 2d < 0.002 and µ2 = 0.01, this proves Equation (4.15) for every p ≥ M . At the inner
cylinder the function

2
π
δ − U −

(︃ 2
π
δ∗ − U0

)︃
vanishes at z = 0 and has z-derivative of absolute value less than α/2. Its reference term is
at least αz. Thus the required inner boundary ordering is strict. The same cutoff comparison
proves Equation (4.17) for p ≥ M .

For r ≥ S, the vector field used above is horizontal throughout the strip. Its weighted
divergence is bounded by

−2k 2√
5

+ η0 + 100
r

< −1.

28



All boundary support lies at p > M . The flux calculation and Equation (4.22) consequently give
the exterior constant 0.03 from radius S.

It remains to prove the even part of the full gap without a perturbative compactness argument.
Choose a nonnegative smooth radial quadratic partition χ2 + ρ2 = 1 between S and 2S, with

1
2
(︁
|∇χ|2 + |∇ρ|2

)︁
≤ 10
S2 .

For an even test ξ ∈ H1(g2), put w = g2, w0 = 2b2, and choose

c =
∫︁
w0χξ∫︁
w0χ

, f = ξ − c.

The denominator is positive and
∫︁
w0χf = 0. By the local weight comparison and Equation (4.25),

Ew(χf) ≥ 1
2Ew0(χf) ≥ ∆ev

2 ∥χf∥2
L2(w0)

≥ ∆ev
4 ∥χf∥2

L2(w) ≥ 0.05∥χf∥2
L2(w).

The exterior estimate gives Ew(ρf) ≥ 0.03∥ρf∥2
L2(w). Although f need not have compact support,

it belongs to H1(w), because
∫︁
w = 2; thus the established cutoff extension applies. Localization

yields
Ew(ξ) = Ew(f) ≥

(︃
0.03 − 10

S2

)︃
∥f∥2

L2(w) ≥ d Varw(ξ).

The last step uses d < 0.001, the stated lower bound on S, and the fact that subtracting any
constant gives squared norm at least the weighted variance. The odd ground-state transform
Equation (4.24) does not require small coupling and completes the proof, including complex
tests.

5 Certification of the ensemble kinetic minimum
We now pass from the weighted spectral estimate to the full fermionic constrained search. The
argument uses the density regularity from Theorem 2.4, the positive orbitals and their equations
from Theorem 4.3, and Equation (4.23). These hypotheses will also suffice when they are
established by the finite tests in Section 7.

5.1 Ensembles and the Pauli bound

An ensemble is a positive trace-class operator Γ on H3 =
⋀︁3 h, where h = L2(R3; C2), with

Tr Γ = 1. Its one-particle reduced density matrix γΓ is characterized by

Tr(γΓA) = Tr
(︄

Γ
3∑︂

i=1
Ai

)︄
for every bounded operator A on h. (5.1)

In particular, γΓ ≥ 0 and Tr γΓ = 3. For any unit spin orbital f ∈ h, the number operator∑︁
i(|f⟩⟨f |)i is an orthogonal projection on H3. Indeed, extend f to an orthonormal basis of h.

In the induced wedge basis, this operator has eigenvalue one precisely on the determinants that
contain f , and zero otherwise. Its expectation is therefore at most one. Applying Equation (5.1)
gives

0 ≤ γΓ ≤ id, Tr γΓ = 3. (5.2)

This argument permits arbitrary complex spinors and arbitrary spin coherences.
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Write the spectral decomposition over positive eigenvalues as γΓ =
∑︁

j νj |ψj⟩⟨ψj |. The
spin-summed density and kinetic expectation are

nΓ(x) =
∑︂

j

νj |ψj(x)|2C2 , (5.3)

T [Γ] = 1
2
∑︂

j

νj∥∇ψj∥2
2. (5.4)

The second expression takes the value +∞ if necessary; for finite kinetic expectation every ψj

with νj > 0 belongs to H1(R3; C2). It equals the expectation of the three-electron kinetic-energy
form, by applying Equation (5.1) to increasing bounded spectral truncations of −∆/2 and using
monotone convergence. The ensemble constrained-search value is

Tens[n] = inf{T [Γ] : Γ ≥ 0, Tr Γ = 1, nΓ = n}. (5.5)

Set ˆ︁g = g/
√

2, and let Pg denote the orthogonal projection onto the normalized spatial
orbital ˆ︁g. The orbitals ˆ︁g and h are orthonormal by their norms and parity. Thus

Φθ = (ˆ︁g ↑) ∧ (ˆ︁g ↓) ∧ (h ↑) (5.6)

is a normalized determinant, with finite kinetic energy and density 2ˆ︁g2 + h2 = g2 + h2 = n.

Proposition 5.1 (An ensemble kinetic certificate). Assume the density regularity of Theorem 2.4,
the orbital hypotheses of Theorem 4.3, and the weighted gap Equation (4.23). Then the formal
potential V satisfies

∫︁
R3 n|V | < ∞. Every ensemble with density n and finite kinetic energy

obeys
T [Γ] +

∫︂
R3
V n ≥ d. (5.7)

The determinant Φθ attains equality. Consequently,

Tens[n] = T [|Φθ⟩⟨Φθ|] = d−
∫︂

R3
V n. (5.8)

Proof. We first verify the absolute integrability required to use V . By Theorem 2.4, ∆n ∈ L1(R3)
and

√
n ∈ H1(R3). Local positivity and regularity give the almost-everywhere identity

√
n∆

√
n = 1

2∆n− |∇
√
n|2.

Using the formula for V in Theorem 4.3, the finite angle energy and
∫︁
n sin2 θ = 1, we obtain∫︂

n|V | ≤ 1
4∥∆n∥1 + 1

2∥∇
√
n∥2

2 + 1
2

∫︂
n|∇θ|2 + d < ∞. (5.9)

The local assertion V ∈ L2
loc was proved in Theorem 4.3.

For a scalar orbital f , consider the quadratic expression

qV [f ] = 1
2

∫︂
|∇f |2 +

∫︂
V |f |2, f ∈ EV :=

{︃
f ∈ H1(R3) :

∫︂
|V ||f |2 < ∞

}︃
.

Only this expression on its indicated test class is needed; we do not assume an ordinary
Hamiltonian or a closed form with potential V . For f ∈ C∞

c (R3; C), the function f/g is
admissible in Equation (4.23), since g is positive and bounded below on each compact set.
Testing (−∆/2 + V )g = 0 locally with |f |2/g gives the positive-orbital identity

qV [f ] = 1
2

∫︂
g2
⃓⃓⃓⃓
∇
(︃
f

g

)︃⃓⃓⃓⃓2
≥ d

(︂
∥f∥2

2 − |⟨ˆ︁g, f⟩|2
)︂
. (5.10)
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The identity uses real parts in the gradient expansion and therefore holds for complex f as well.
This is the positive ground-state representation; see [6, Section 2.3, equation (2.12)].

We record the extension of Equation (5.10) carefully. On a fixed compact set, H1 approx-
imation by smooth functions passes through the potential integral: V ∈ L2 there and strong
H1 convergence implies strong L4 convergence, hence convergence of the squared moduli in L2.
Thus the inequality holds for compactly supported H1 orbitals. Choose real cutoffs 0 ≤ χR ≤ 1
that equal one on |x| ≤ R, vanish on |x| ≥ 2R, and satisfy |∇χR| ≤ C/R. For f ∈ EV , χRf → f
in H1, while dominated convergence gives

∫︁
V |χRf |2 →

∫︁
V |f |2. The projection term also

converges in L2. This proves Equation (5.10) on all of EV .
Apply this scalar inequality to both components of a spinor ψ. With ˜︁Pg = Pg ⊗ idC2 , the

resulting estimate is
1
2∥∇ψ∥2

2 +
∫︂
V |ψ|2C2 ≥ d

(︁
∥ψ∥2

2 − ⟨ψ, ˜︁Pgψ⟩
)︁
. (5.11)

Now let Γ have density n and finite kinetic expectation. By Equations (5.3) and (5.9) and
Tonelli’s theorem, ∑︂

j

νj

∫︂
|V ||ψj |2C2 =

∫︂
|V |n < ∞.

Hence every occupied natural spin orbital belongs componentwise to EV , and the potential terms
can be summed absolutely. Summing Equation (5.11) and using Equation (5.2) gives

T [Γ] +
∫︂
V n ≥ d

(︂
Tr γΓ − Tr(γΓ ˜︁Pg)

)︂
≥ d(3 − 2) = d.

Here ˜︁Pg has rank two and 0 ≤ γΓ ≤ id. No rank bound on Γ is used.
Finally, the orbitals ˆ︁g, h belong to EV by Equation (5.9). If f denotes either of them, with

respective energy ε = 0, d, testing its distributional equation by χ2
Rf gives

qV [χRf ] = ε∥χRf∥2
2 + 1

2

∫︂
|∇χR|2|f |2.

All terms converge as above, so qV [ˆ︁g] = 0 and qV [h] = d. The determinant in Equation (5.6)
therefore satisfies

T [|Φθ⟩⟨Φθ|] +
∫︂
V n = 2qV [ˆ︁g] + qV [h] = d.

This proves the minimum over all ensembles with finite kinetic energy; ensembles with infinite
kinetic expectation cannot lower it.

5.2 Identification of a representing potential

Proposition 5.2 (Transfer to a representing Hamiltonian). Assume the hypotheses of Theo-
rem 5.1. Let v ∈ L3/2(R3) + L∞(R3) be real and spin independent, and let hv = −∆/2 + v
be its spatial one-particle operator, defined by the closed form on H1(R3). Suppose Hv =∑︁3

i=1(hv ⊗ idC2)i on H3 has a ground eigenspace supporting an ensemble Γs with nΓs = n. Then
Φθ belongs to that ground eigenspace, and there is a real constant eg such that

hvg = egg, v = V + eg almost everywhere. (5.12)

In particular, V ∈ L3/2(R3) + L∞(R3).

Proof. The potential class supplies, for every ε > 0, a constant Cε such that∫︂
|v||f |2 ≤ ε

1
2∥∇f∥2

2 + Cε∥f∥2
2, f ∈ H1(R3). (5.13)
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Indeed, write v = v1 + v∞ and truncate v1 at a sufficiently large amplitude. Its remaining L3/2

tail has arbitrarily small norm and is controlled by the Sobolev inequality; the truncated part
and v∞ are bounded. Summing Equation (5.13) over spins and particles gives

qHv [Ξ] ≥ 1 − ε

2

3∑︂
i=1

∥∇iΞ∥2
2 − 3Cε∥Ξ∥2

2

on the many-electron H1 form domain. If E = inf σ(Hv), every normalized vector in its ground
eigenspace consequently has kinetic expectation at most (E + 3Cε)/(1 − ε) for any 0 < ε < 1.
Expanding Γs in its trace-class spectral decomposition proves that T [Γs] < ∞, even for an
infinite-dimensional ground eigenspace. The absolute potential expectation is finite by the same
form bound, and

E = T [Γs] +
∫︂
vn.

By Theorem 5.1, the determinant has no larger kinetic expectation and has the same density.
Thus

E ≤ qHv [Φθ] = T [|Φθ⟩⟨Φθ|] +
∫︂
vn ≤ T [Γs] +

∫︂
vn = E.

The square-root representation of the closed form [10, Chapter VI, Theorem 2.23] shows that
equality at its bottom implies (Hv − E)1/2Φθ = 0. Hence Φθ is itself a ground-state eigenvector.

It remains to extract a spatial eigenfunction without any assumption on the other ground
states or on the multiplicities of one-particle levels. Denote the sesquilinear form of hv by

qv(f1, f2) = 1
2

∫︂
∇f1 · ∇f2 +

∫︂
vf1f2,

linear in its second argument. For f ∈ H1(R3), replace the single down-spin orbital in Equa-
tion (5.6) and set

Ξf = (ˆ︁g ↑) ∧ (f ↓) ∧ (h ↑).

This vector lies in the many-electron form domain. Expanding the one-body form between these
determinants, spin orthogonality and ⟨ˆ︁g, h⟩ = 0 give

qHv (Φθ,Ξf ) = qv(ˆ︁g, f)
+ ⟨ˆ︁g, f⟩

(︁
qv(ˆ︁g, ˆ︁g) + qv(h, h)

)︁
.

If ⟨ˆ︁g, f⟩ = 0, then Ξf is orthogonal to Φθ, and the ground-state form equation makes the left
side zero. Therefore

qv(ˆ︁g, f) = 0 whenever ⟨ˆ︁g, f⟩ = 0.

Put eg = qv(ˆ︁g, ˆ︁g) ∈ R. Decomposing an arbitrary f ∈ H1 into its component parallel to ˆ︁g and
its orthogonal component yields

qv(ˆ︁g, f) = eg⟨ˆ︁g, f⟩ (f ∈ H1).

By Hermitian symmetry this is equivalent to qv(f, ˆ︁g) = eg⟨f, ˆ︁g⟩. The closed-form representation
theorem [10, Chapter VI, Theorem 2.1(iii)] therefore gives ˆ︁g ∈ Dom(hv) and hvˆ︁g = egˆ︁g.

Subtracting (−∆/2 + V )g = 0 now gives (v − V − eg)g = 0 in distributions. The product is
locally integrable: v ∈ L

3/2
loc , V ∈ L2

loc, and g ∈ H2
loc is locally bounded. Since g is continuous

and strictly positive, division on each compact set proves v = V + eg almost everywhere. Adding
a constant preserves the stated potential class, completing the proof.
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6 The obstruction from the median plane
We now fix the density and angle; no parameter tends to zero in this section. We use the
following analytic properties established above: n > 0 is continuous, even under reflection in
z = 0, and axisymmetric, with

∫︁
R3 n = 3. We retain the regularity n ∈ H2(R3),

√
n ∈ H1(R3),

and ∆n ∈ L1(R3) from Theorem 2.4. The angle θ is odd, locally C1, and 0 < θ < π/2 on z > 0.
It has finite weighted gradient energy and satisfies

div(n∇θ) = −dn sin(2θ), d > 0. (6.1)

The orbitals and the formal potential have the properties

g =
√
n cos θ > 0, h =

√
n sin θ, ∥g∥2

2 = 2, ∥h∥2
2 = 1, (6.2)

g, h ∈ H1(R3) ∩H2
loc(R3), V = ∆g

2g ∈ L2
loc(R3),

∫︂
R3
n|V | < ∞, (6.3)(︃

−1
2∆ + V

)︃
g = 0,

(︃
−1

2∆ + V

)︃
h = dh in distributions. (6.4)

In particular, g and V are even and h is odd under the reflection. These are the conclusions of
Theorems 4.3 and 5.1; the arguments below use only the displayed analytic properties, rather
than a small-coupling hypothesis. The density translation limits and the planar lower bound
will be invoked with fixed k > 0, β ∈ R, and A(r) = e−krrβ.

Suppose provisionally that

V ∈ L3/2(R3) + L∞(R3). (6.5)

Then the quadratic form

qV [u] = 1
2

∫︂
R3

|∇u|2 +
∫︂

R3
V |u|2, u ∈ H1(R3),

is closed and bounded below. Indeed, truncating the L3/2 part leaves an arbitrarily small L3/2

norm, whose form is controlled by Sobolev’s inequality; the truncated part and the original
bounded part are bounded multipliers. The same estimate shows that the distributional identities
in Equation (6.4) extend, by density, to all H1 form tests. Thus g and h are eigenfunctions of
this ordinary form operator at energies 0 and d, respectively.

6.1 Limits of translated potentials and orbitals

Lemma 6.1 (Compactness under escaping translations). Write V = Vc+Vb, where Vc ∈ L3/2(R3)
and Vb ∈ L∞(R3). If |yj | → ∞, then

Vc(yj + ·) −→ 0 in L
3/2
loc (R3).

After passing to a subsequence there is a real bounded function W such that

Vb(yj + ·) ∗
⇀W locally in L∞, ∥W∥∞ ≤ ∥Vb∥∞.

Suppose, in addition, that uj ∈ H1
loc solves(︃
−1

2∆ + V (yj + ·)
)︃
uj = εuj

for one fixed real ε, and that uj is bounded in L2 on every compact set. A further subsequence
converges strongly in L2

loc and weakly in H1
loc to a solution of(︃

−1
2∆ +W

)︃
u = εu.
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Proof. Every fixed translated ball eventually lies in an arbitrarily distant tail of Vc, proving its
norm convergence. Weak-star compactness and a diagonal subsequence on expanding balls give
W .

To prove the assertion about solutions, let χ be a smooth compact cutoff. Testing the
equation with χ2uj and taking the real part gives the usual cutoff identity. Its possibly negative
critical-potential term is bounded by∫︂

|Vc(yj + x)| |χuj |2 dx ≤ CS∥Vc(yj + ·)∥L3/2(supp χ)∥∇(χuj)∥2
2.

For large j this is absorbed into the kinetic term. The bounded potential, the eigenvalue, and
the cutoff derivative are controlled by the assumed local L2 bounds. Hence the sequence is
bounded in local H1. Rellich compactness gives the stated convergences.

For a compact smooth test φ, the critical-potential term tends to zero by Hölder’s and
Sobolev’s inequalities. The bounded-potential term passes to the limit because ujφ → uφ in
L1 and the multipliers are uniformly bounded, while their pairing with the fixed function uφ
converges weak star. The gradient term passes by weak convergence. This proves the limiting
equation.

Proposition 6.2 (The unique potential limit at infinity). Assume Equation (6.5) and the density
translation limits Equations (3.6) and (3.7). For every sequence |yj | → ∞, every local weak-star
subsequential limit of Vb(yj + ·) is the constant

c∞ = d+ k2

2 . (6.6)

Proof. Centers on the median plane. First let yj = pjωj , where pj → ∞, ωj ·ez = 0, |ωj | = 1,
and, after subselection, ωj → ω∗. Put

cj = A(pj)
pj

, gj(x) = g(yj + x)
cj

, hj(x) = h(yj + x)
cj

.

By Equation (3.6), for a constant a∗ > 0,

g2
j + h2

j = n(yj + ·)
c2

j

−→ a2
∗z

2e−2kω∗·x locally uniformly. (6.7)

In particular these orbitals are locally bounded. Take any subsequential bounded-potential limit
W . By Theorem 6.1, a further subsequence has limits g∞, h∞ satisfying the two orbital equations
with potential W and energies 0, d. Their strong local L2 convergence and Equation (6.7) give

0 ≤ g∞(x) ≤ a∗|z|e−kω∗·x, g2
∞ + h2

∞ = a2
∗z

2e−2kω∗·x a.e.

Since W is bounded, local elliptic regularity makes g∞ continuous. It vanishes on the interior
plane z = 0. The local Harnack inequality for a nonnegative solution with bounded zeroth-order
coefficient [17, Lecture 18, Theorem 1] forces g∞ ≡ 0; no sign condition on W is needed. The
sign of h on each half-space therefore determines

h∞(x) = a∗ze
−kω∗·x.

Because ω∗ · ez = 0, its Laplacian is k2h∞. The limiting equation gives (W − d− k2/2)h∞ = 0.
This determines W = c∞ almost everywhere; the plane where h∞ = 0 has zero volume.
A positive angle bound above the plane. We next show

inf
x1,x2∈R

θ(x1, x2, 1) > 0. (6.8)
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On each compact subset of the open upper half-space, the normalized density in Equation (6.7)
is uniformly bounded above and below by positive constants. The translated angle solves

div
(︄
n(yj + x)

c2
j

∇θ(yj + x)
)︄

= −dn(yj + x)
c2

j

sin
(︁
2θ(yj + x)

)︁
.

On each such compact set the scalar coefficients have uniform positive lower and finite upper
bounds, and the right-hand sides are uniformly bounded. Local energy estimates and the interior
Hölder estimate for uniformly elliptic divergence-form equations [17, Lecture 18, Theorem 3]
therefore give local uniform compactness of the bounded angles. These estimates require no
bounds on derivatives of the normalized densities. The identity

gj =
√︂
n(yj + ·)/c2

j cos θ(yj + ·),

together with g∞ = 0, implies that every such angle limit equals π/2. Consequently θ(x1, x2, 1) →
π/2 as x2

1 +x2
2 → ∞. On the remaining compact part it has a strictly positive minimum, proving

Equation (6.8).
Choose m ∈ (0, π/2) below this infimum. In z > 1, the angle is a supersolution of

− div(n∇θ) ≥ 0. For w = (m − θ)+, whose trace on z = 1 is zero, test with χ2
Rw, where

χR is a spatial cutoff with |∇χR| ≤ C/R. The resulting estimate is∫︂
z>1

nχ2
R|∇w|2 ≤ 4

∫︂
z>1

nw2|∇χR|2 −→ 0.

Here w is bounded and n is integrable. Thus w is constant on this connected half-space, and its
zero trace makes it zero. We have proved θ ≥ m throughout z ≥ 1.
Centers whose heights diverge. Set δ = π/2 − θ on the upper half-space. On z ≥ 1,

0 ≤ δ ≤ π

2 −m, div(n∇δ) = dn sin(2δ), d sin(2δ) ≥ c0δ

for some c0 > 0. The last assertion follows by minimizing the continuous positive function
d sin(2s)/s on [0, π/2 −m], with its value at zero defined as 2d.

Now let (yj)3 → +∞, and pass to a subsequence with yj/|yj | → ω∗. By Equation (3.7),

Nj(x) = n(yj + x)
n(yj) −→ N∞(x) = e−2kω∗·x locally uniformly.

The same local energy and Hölder estimates give, along a subsequence, local uniform and weak
local H1 convergence of δ(yj + ·) to a bounded nonnegative function w. Passing the divergence
equation to the limit requires only the displayed uniform convergence of the coefficients, not
convergence of their derivatives. We obtain

div(N∞∇w) = dN∞ sin(2w), (∆ − 2kω∗ · ∇)w = d sin(2w) ≥ c0w.

Local elliptic regularity makes w smooth. A short maximum-principle argument shows that
w = 0. Indeed, for ε > 0 subtract ερ(x), where ρ(x) =

√︁
1 + |x|2. The boundedness of w implies

that w − ερ attains a global maximum at some xε. At that point,

c0w(xε) ≤ (∆ − 2kω∗ · ∇)w(xε) ≤ ε(3 + 2k),

since |∇ρ| ≤ 1 and ∆ρ ≤ 3. Comparing the maximum with any fixed point x0 gives w(x0) ≤
ερ(x0) + ε(3 + 2k)/c0. Letting ε ↓ 0 proves the assertion.

It follows that δ(yj + ·) → 0 locally uniformly along every such sequence. Hence

h(yj + x)√︂
n(yj)

=
√︂
Nj(x) cos δ(yj + x) −→ e−kω∗·x locally uniformly.
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Apply Theorem 6.1 to this normalized orbital along any subsequence on which the bounded
potentials converge. Its limiting eigenfunction equation again identifies W = d+ k2/2, since the
limiting exponential is everywhere positive. Reflection treats centers with heights tending to
−∞. Let R denote reflection in the median plane. Since V is even, its arbitrary decomposition
satisfies

Vb(Rx) − Vb(x) = Vc(x) − Vc(Rx).
Escaping translates of the right side tend to zero in local L3/2. The left side is uniformly bounded,
so its local weak-star limits are also zero. Reflecting the center and local coordinates therefore
gives the same constant limit for negative heights.
All remaining sequences. Given any escaping sequence, its heights have a subsequence that
tends to +∞, tends to −∞, or converges to a finite number. The first two cases were just proved.
In the third, project the centers onto the median plane. Their horizontal radii tend to infinity,
and the original centers differ from these plane centers by convergent bounded displacements.
The plane-centered conclusion therefore applies. To justify the moving displacement for weak-star
convergence, translate each fixed compactly supported L1 test by the negative displacement;
these tests converge in L1, while the multipliers stay uniformly bounded. Thus their limit remains
the same constant. These cases exhaust every subsequential bounded-potential limit.

6.2 From translated limits to an exterior form bound

Lemma 6.3 (Uniform exterior form convergence). Let V = Vc + Vb be as in Theorem 6.1.
Suppose every bounded-potential limit along escaping translates is a fixed constant c∞. For every
ε > 0 there is Rε < ∞ such that

qV [u] ≥
(︃1

2 − ε

)︃
∥∇u∥2

2 + (c∞ − ε)∥u∥2
2 (6.9)

for every u ∈ H1(R3) vanishing almost everywhere on {|x| < Rε}.

Proof. Fix a ball BL. We first claim

sup
u∈H1

0 (BL)
∥u∥H1(BL)≤1

⃓⃓⃓⃓∫︂
BL

(︁
V (y + x) − c∞

)︁
|u(x)|2 dx

⃓⃓⃓⃓
−→ 0 (|y| → ∞). (6.10)

Sobolev’s inequality and the vanishing local L3/2 norm prove the claim for the critical part. If
the bounded part failed, choose escaping centers and tests violating it. Extract a weak-star
subsequence of the bounded multipliers and a subsequence of the tests converging strongly in
L2(BL). Their squares converge in L1, because⃦⃦

|uj |2 − |u|2
⃦⃦

1 ≤ (∥uj∥2 + ∥u∥2)∥uj − u∥2.

Uniform boundedness of the multipliers handles this changing test, and their weak-star limit is
c∞. This contradicts the selected violation and proves Equation (6.10).

Choose once and for all a smooth, locally finite quadratic partition
∑︁

ℓ χ
2
ℓ = 1 with uniformly

bounded overlap, each χℓ supported in a ball of one fixed radius, and
∑︁

ℓ |∇χℓ|2 ≤ K. For
any prescribed η > 0, Equation (6.10) applies with error η to all these balls whose centers are
sufficiently distant. If u is supported sufficiently far out, every nonzero χℓu has such a center.
Summing the local potential estimates gives⃓⃓⃓⃓∫︂

(V − c∞)|u|2
⃓⃓⃓⃓

≤ η
∑︂

ℓ

∥χℓu∥2
H1

≤ η∥∇u∥2
2 + η(1 +K)∥u∥2

2.

Here the cross terms cancel because
∑︁

ℓ χℓ∇χℓ = 0. Choosing η ≤ ε/(1+K) proves Equation (6.9).
This argument uses a uniform local form estimate, not a pointwise limit of V .
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6.3 The weighted trace contradiction

Theorem 6.4 (A fixed-density obstruction). Let n, θ, g, h, V, d have the analytic properties stated
at the beginning of this section, with d > 0. Suppose that Equations (3.5) to (3.7) hold with fixed
k > 0 and β, and that the weighted gap Equation (4.23) holds. Then

V ∉ L3/2(R3) + L∞(R3).

Moreover, n is not the density of a ground-state ensemble of any three-electron noninteracting
Hamiltonian with a single real, spin-independent potential in this class. These hypotheses are all
fixed-parameter hypotheses; no perturbative neighborhood is required.

Proof. Assume first that Equation (6.5) holds. Theorems 6.2 and 6.3 give Equation (6.9) with
c∞ = d+ k2/2. Since d > 0, choose

k < a <
√︁
k2 + 2d, 0 < ε < min

{︄
1
2 , c∞ − a2

2

}︄
. (6.11)

We use the exponential-weight method [1], spelling out the estimate and its H1 conclusion for
the form bound obtained here.

Let η be a smooth cutoff which vanishes on the ball required by Equation (6.9) and equals
one outside a slightly larger ball. With ρ(x) =

√︁
1 + |x|2, put

fT (x) = amin{ρ(x), T}, uT = ηefT g.

The function fT is bounded and Lipschitz with |∇fT | ≤ a. Thus uT ∈ H1, and the weak
eigenfunction equation for g may be tested with η2e2fT g. Expanding the gradient gives the exact
identity

qV [uT ] = 1
2

∫︂
g2 ⃓⃓∇(ηefT )

⃓⃓2
. (6.12)

The part with η2|∇fT |2 is at most a2∥uT ∥2
2. All terms involving ∇η, including the cross term,

are supported in a fixed compact annulus, where fT ≤ aρ independently of T . Consequently

qV [uT ] ≤ a2

2 ∥uT ∥2
2 + C

with C independent of T . Combining this with the exterior form bound yields(︃1
2 − ε

)︃
∥∇uT ∥2

2 +
(︄
c∞ − ε− a2

2

)︄
∥uT ∥2

2 ≤ C.

Both coefficients are positive by Equation (6.11). Monotone convergence of the squared weighted
functions gives the L2 bound as T → ∞, and weak H1 compactness identifies the limit as ηeaρg.
Adding back the compact interior part proves

eaρg ∈ H1(R3), ea|x|g ∈ H1(R3). (6.13)

The second assertion also follows by multiplying the first function by the bounded Lipschitz
factor ea(|x|−ρ(x)).

The trace map from H1(R3) to L2(R2) is bounded. The local continuity of g, n, and θ,
together with the zero angle trace, identifies the trace on z = 0 as

g(x1, x2, 0) =
√︂
n(x1, x2, 0).
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Thus Equation (6.13) implies
∫︁

z=0 e
2apn(p, 0) < ∞. On the other hand, Equation (3.5) gives a

fixed c∗ > 0 and p∗ < ∞ such that∫︂
z=0

e2apn(p, 0) dx1dx2 ≥ 2πc2
∗

∫︂ ∞

p∗
e2(a−k)pp2β−7 dp

= ∞,

because a > k. This contradicts the trace bound and proves that Equation (6.5) is impossible.
Finally, the weighted gap and the analytic properties above give the ensemble kinetic

certificate of Theorem 5.1. If an admissible potential represented n by a ground-state ensemble,
Theorem 5.2 would identify it with V up to a constant. The sum space is invariant under adding
constants, so this would imply Equation (6.5), already contradicted.

Theorem 6.5 (A family of finite Coulombic counterexamples). For every sufficiently large
fixed D, there is an integer Z0(D) such that, for every integer Z ≥ Z0(D), the three-electron
Coulomb Hamiltonian with nuclear charges Z,Z at (0, 0,±D/Z) has an absolute ground state
whose density is not representable by a ground-state ensemble of a single real, spin-independent
noninteracting potential in L3/2(R3) + L∞(R3).

Proof. First choose D large enough for Theorems 2.2, 3.1 and 4.5. For this fixed D, take λ > 0
sufficiently small that Theorems 2.3, 4.2 and 4.6 apply as well. The resulting three-electron
state is an absolute bound ground state, and its density and angle satisfy every hypothesis
of Theorem 6.4. The planar coefficient is nonzero because the coupling is positive. All these
properties hold throughout some interval 0 < λ < λ0(D). Choose the integer Z0(D) so that
1/Z0(D) < λ0(D), set λ = 1/Z, and apply the scaling equivalence of Theorem 2.1.

The parameters in Theorem 6.5 are finite but are still selected by sufficient-size conditions.
The next section specifies one charge by an exact spectral and variational formula and checks its
hypotheses directly using the fixed-density form of Theorem 6.4.

7 An exact choice of the charges and nuclear positions
We now specify one member of the family without leaving either large parameter free. The
resulting charge is an exact integer defined through spectral and variational quantities. The
definition is nonnumerical: no evaluated decimal value or effective numerical upper bound for
this integer is asserted.

Throughout this section fix

D = 10200, η0 = 10−60, L = 10, µ = 1
10 . (7.1)

The orbitals b, e, the numbers ϵb, ϵe, γ, k0, and the reference angle

θ∗ = arctan e√
2 b
, δ∗ = π

2 − θ∗ (z ≥ 0)

always refer to this fixed two-centre problem at zero coupling. For auxiliary couplings t ∈ [0, 1],
use the operators Hm,t of Equation (2.2). Subscripts t on all other quantities refer to these
auxiliary operators.

Definition 7.1 (Regular auxiliary data). An auxiliary coupling t ∈ [0, 1] is called regular if all
the following conditions hold.

(i) The two-electron ground level is isolated and simple, and its ground state is an axisymmetric,
reflection-even spin singlet. The three-electron ground level in Sz = 1/2 is isolated and
simple, is an absolute ground level, and has an axisymmetric, reflection-odd ground state.
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(ii) The spin-summed density nt is everywhere positive, and

2ϵb − E3(t) > 0.49, 0.99 < kt < γ, kt =
√︂

2(E2(t) − E3(t)). (7.2)

(iii) With the ionic ground projection Pt in the distinguished-electron fiber space, and with

Ftrue,t(x) =
√

3 Ψt(x, ·), At(r) = e−ktrr(2−2t)/kt−1,

the direct-removal amplitude satisfies

inf
ωz>0

lim inf
r→∞

∥PtFtrue,t(rω)∥
ωzAt(r)

> 0. (7.3)

If any quantity required for these tests is undefined, the coupling is declared nonregular.

The simple levels make the densities and projected norms independent of the phases chosen
for their state vectors. The Hamiltonians commute with complex conjugation, so their simple
eigenvectors may be chosen real and normalized. For every regular t, Theorem 2.4 gives the
Sobolev regularity needed below. For t > 0, smoothness away from the nuclei follows from
Theorem 3.5; at t = 0, it follows from n0 = 2b2 + e2 and the scalar orbital equations for b, e. In
particular, the exterior density has the derivatives occurring in the next definition.

7.1 The radius and its strict comparison margin

For an integer j > 10D and regular t, define mt(p, z) = e2ktpnt(p, z), and let Ht(j) be the
maximum of the following four numbers:

1
η0

sup
|x|≥j

|∂r lognt(x) + 2kt| ,

1
η0

sup
|x|≥j

0≤z≤p/2

|∂p lognt(x) + 2ktp/r| ,

1
η0

sup
p≥j

0≤z≤L

|∂pmt(p, z)| + |∂2
pmt(p, z)|

mt(p, z)
,

1
100 sup

p≥j
0≤z1≤z2≤L

nt(p, z1)
nt(p, z2) . (7.4)

Here ∂p holds z fixed. For nonregular t, set Ht(j) = +∞.
Let M be the smallest integer in the following set:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

j ∈ N : j > 10D, max
{︄
H0(j), lim sup

t↓0
Ht(j)

}︄
< 1,

sup
0≤z≤L

∂z
(︁
n0(j, z)∂zδ∗(j, z)

)︁
n0(j, z)δ∗(j, z) < µ2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (7.5)

The coordinates (j, z) are cylindrical coordinates. For regular t, let Ut(p, z) be the strip solution

1
nt(p, z)

∂z
(︁
nt(p, z)∂zUt(p, z)

)︁
= µ2Ut(p, z), Ut(p, 0) = 1, Ut(p, L) = 0. (7.6)

It is the normalized positive solution constructed in Theorem 4.4. Once M is defined, put

S = 100M, α = inf
0<z≤L

(2/π)δ∗(M, z) − U0(M, z)
z

. (7.7)
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Lemma 7.2 (Finiteness of the radius and positivity of the margin). The set in Equation (7.5)
is nonempty. Consequently M is a finite integer, and the number α in Equation (7.7) is strictly
positive.

Proof. First, all sufficiently small t ≥ 0 are regular. The ground-level and symmetry conditions
follow from Theorem 2.3. At zero coupling,

2ϵb − E3(0) = −ϵe = k2
0
2 > 0.49, 0.99 < k0 < γ,

where Theorem 2.2 and the fixed value of D give the strict numerical inequalities. They persist
for small t. Positivity of the density and the direct-amplitude bound are supplied by the uniform
channel construction in Theorems 3.1 and 3.3.

We record why the fixed numbers in Equation (7.1) are sufficient for the uniform exterior tests.
Let δ0 = γ−k0 > 0. The estimate Equation (3.45) supplies one remainder ρD(R) ↓ 0, independent
of all sufficiently small t, for the first three unnormalized expressions in Equation (7.4). By
Equation (2.4),

δ0 <
200
D
, 100(δ0 + δ2

0) < 10−195 ≪ η0. (7.8)

For the last line of Equation (7.4), the uniform eventual vertical ratio is at most 20, by
Equation (3.4). Consequently, for all sufficiently large fixed integers j,

max
{︄
H0(j), lim sup

t↓0
Ht(j)

}︄

≤ max
{︄

100(δ0 + δ2
0) + ρD(j)
η0

,
1
5

}︄
< 1.

The common remainder is obtained with D fixed, and the finite radius j is then chosen before
taking the small-coupling limsup. This uses uniform exterior estimates throughout.

We next verify the last condition in Equation (7.5). The scalar exterior expansions for b, e,
including the simple odd factor of e, imply that, uniformly for 0 < z ≤ L,

∂p log(b/e) = −δ0 + o(1), ∂2
p log(b/e) = o(1) (p → ∞).

The apparent singularity − log z has no p-derivative. For q > 0, both

q

(1 + q2) arctan q ,
q(1 − q2)

(1 + q2)2 arctan q

have absolute value at most 1; this follows from q/(1 + q2) ≤ arctan q. Applying these bounds
to δ∗ = arctan(

√
2b/e) therefore gives

|(δ∗)p|
δ∗

≤ δ0 + o(1), |(δ∗)pp|
δ∗

≤ δ2
0 + o(1).

The bounds extend to z = 0 by continuity. The cylindrical drift coefficient satisfies |p−1 +
∂p logn0| ≤ 3 for sufficiently large p. Since Ln0δ∗ = q∗δ∗ with 0 ≤ q∗ ≤ 2d∗, it follows that

∂z(n0∂zδ∗)
n0δ∗

≤ 2d∗ + 3δ0 + δ2
0 + o(1) < µ2

uniformly in the strip, once p is sufficiently large. The last strict inequality uses d∗ < 100/D
and Equation (7.8). Thus the defining set for M is nonempty.

On the segment p = M , let

f(z) = 2
π
δ∗(M, z), v(z) = f(z) − U0(M, z).
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The defining strict inequality for M gives

1
n0(M, z)∂z

(︁
n0(M, z)∂zv

)︁
− µ2v < 0, v(0) = 0, v(L) > 0.

One-dimensional comparison and its boundary point conclusion give v(z) > 0 for 0 < z ≤ L and
v′(0) > 0. The quotient v(z)/z consequently extends to a continuous strictly positive function
on the compact segment [0, L]. Its minimum is positive, proving α > 0.

7.2 The bad set and the charge

For a regular t, every folded minimizing angle for nt has a well-defined multiplier by Theorem 4.1.
In the following tests, the minimizing angle is not assumed to be axisymmetric. A supremum on
the cylinder p = M includes all azimuthal angles.

Define a subset B ⊂ (0, 1] as follows. It contains every nonregular t, every regular t with
Ht(M) ≥ 1, and every remaining t for which there exists a folded minimizing angle θ, with
multiplier d, that fails at least one of the tests

0 < d < 0.001, 1
2 ≤ nt cos2 θ

2b2 ≤ 2 on |x| ≤ 2S,

sup
p=M

0≤z≤L

(|∂z(θ − θ∗)| + |∂z(Ut − U0)|) < α

2 .
(7.9)

Thus t ∉ B means that the tests hold for every folded minimizing angle.

Definition 7.3 (The exact integer charge). Using only the preceding data for the fixed unit-
charge problem, define

Z = 2 +
⌈︄

sup
0<t≤1

1
t

1B(t)
⌉︄
. (7.10)

Lemma 7.4 (The charge is finite and passes all tests). The supremum in Equation (7.10) is
finite. The resulting Z is a positive integer, and t∗ = 1/Z is regular and lies outside B.

Proof. By Theorem 7.2, small couplings are regular and the fixed-radius condition Ht(M) < 1
holds throughout some interval 0 < t < τ1. We must check the tests for all minimizers, not
merely for a selected branch.

The convergence in Theorem 4.2 holds for every sequence of folded minimizers as t ↓ 0: their
angles converge locally uniformly to θ∗, their multipliers to d∗, and their derivatives converge
uniformly on fixed exterior compact sets. The same statements are therefore uniform over the
collection of folded minimizers for sufficiently small t; otherwise a sequence violating uniform
convergence would contradict that proposition. Since 0 < d∗ < 100/D < 0.001, the multiplier
test passes for all minimizers.

The compact set {|x| ≤ 2S} is now fixed. Its reference weight 2b2 is bounded below by a
positive constant. Density convergence and angle convergence give

nt cos2 θ

2b2 −→ 1

uniformly there, for all folded minimizers. This proves the second test. On the fixed cylinder
p = M , density convergence also gives Ut(M, ·) → U0(M, ·) in C1([0, L]). For example, this
follows directly from the positive integral series in Theorem 4.4: nt converges uniformly to a
positive function on this compact segment, and the series and its final-flux formula converge
uniformly. Together with the C1 angle convergence and α > 0, this proves the last test.
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Consequently B ∩ (0, τ) = ∅ for some τ > 0. If

CB = sup
0<t≤1

1
t

1B(t),

then 0 ≤ CB ≤ 1/τ ; in the empty-bad-set case the supremum is zero. Thus Z = 2 + ⌈CB⌉ is
finite and Z > CB. If t∗ = 1/Z belonged to B, its contribution to the supremum would be Z, a
contradiction. Hence t∗ ∉ B, as claimed.

Proof of Theorem 1.1. Work first with the scaled system at t∗ = 1/Z > 0. By Theorem 7.4,
its regularity gives the specified normalizable ground state in Sz = 1/2, and its energy is an
absolute ground energy.

It is useful to check explicitly that the fixed-parameter channel theorem applies here. We
know that the selected coupling passes the tests; we do not need to know that it belongs to the
particular perturbation interval used earlier. Its ionic isolation supplies a positive Q-gap. The
inequality 2ϵb − E3(t∗) > 0.49 permits a full-configuration exponential weight with exponent
a = 0.98, since a2/2 = 0.4802 < 0.49. On the cutoff region |y| ≥ r/3, the full radius is at least√︁

10/9 r; hence, with room for the derivative estimates, an exterior error exponent σ = 1.02 > γ
is available. Here γ < 1.01 follows from Equation (2.4). Moreover kt∗ < γ makes the retained
unperturbed fast term exponentially smaller than At∗ times any fixed inverse power. Finally,
Equation (7.3) supplies the nonzero equatorial slope in the scalar channel coefficient. The
complementary plane coefficient is nonzero because

Q(y1z + y2z)ϕ = (y1z + y2z)ϕ ≠ 0,

by even ionic parity and the fact that a nonzero L2 vector cannot be supported on the hyperplane
y1z + y2z = 0. The injective reduced inverse preserves nonzeroness. These are exactly the fixed-
parameter hypotheses of Theorem 3.5. That proposition gives the plane lower tail and both
density translation limits at t∗.

Choose any folded minimizing angle θ for nt∗ . All tests in Equation (7.9) hold for it, and
Ht∗(M) < 1 supplies the drift and strip bounds with η0 = 10−60 and vertical ratio at most 100.
Also 0.99 < kt∗ < γ < 1.01 and M > 10D. The hypotheses of Theorem 4.7 are therefore satisfied.
To indicate the numerical margins, its strip derivative constant is below 1030, so its horizontal
error is at most 4 · 10−30U , whereas µ2 − 2d > 0.008. At the inner cylinder, the reference gap is
at least αz; the derivative test reduces it by less than αz/2. The exterior gap is 0.03, while the
localization error 10/S2 leaves a gap far larger than d < 0.001. Thus the full weighted gap holds
for the constructed orbitals g, h.

The fixed-density obstruction in Theorem 6.4, using the ensemble certificate and potential
identification from Section 5, rules out every representing potential in the stated class for this
scaled density. Finally, Theorem 2.1 transfers the obstruction to the physical system with charges
Z,Z. The number Z is finite, so the nuclear positions (0, 0,±D/Z) are finite and distinct. This
establishes Theorem 1.1.

All quantities in the prescription are determined by the fixed unit-charge auxiliary operators
and their density-angle minimizations. Eigenvector phases do not enter, and the tests quantify
over every minimizing angle. The supremum in Equation (7.10) is therefore an unambiguous
definition of an integer; it contains no test for representability by an unknown potential. Its
nonnumerical character concerns the evaluation of that integer, not the finiteness of the system
or the order of limits in the proof.
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8 A functional consequence for the physical density
In this section all coordinates and densities are physical, as in Theorem 1.1. Work on the real
Banach space X = L1(R3; R) ∩ L3(R3; R) with the sum norm and its potential dual V, paired
by integration. In addition to the kinetic search (5.5), define

Fens[m] = inf
Γ↦m

Tr((T +W )Γ), T =
3∑︂

i=1
−1

2∆i, W =
∑︂
i<j

1
|ri − rj |

.

Both searches run over all positive trace-one ensembles on H3, with form expectations, and take
value +∞ when there is no finite-energy competitor. Their common finite-energy domain and
ensemble Hartree–exchange–correlation functional are

D = DomTens = DomFens, EHxc = Fens − Tens on D.

Indeed, the Coulomb Hardy estimate from Section 2 gives 0 ≤ W ≤ εT +Cε as quadratic forms,
also after taking ensemble expectations. Thus finite kinetic and interacting internal energies
are equivalent. Such densities belong to X: (5.3) and Cauchy–Schwarz give

∫︁
|∇√

nΓ|2 ≤ 2T [Γ],
and Sobolev together with

∫︁
nΓ = 3 gives the assertion. Mixtures and approximate minimizers

show that both searches are convex, so D is convex. For either search G, write

∂VG[n] =
{︃
u ∈ V : G[m] ≥ G[n] +

∫︂
u(m− n) for every m ∈ X

}︃
.

Corollary 8.1 (Absence of a full-domain local first variation). For the physical ground-state
density n = nΨ of Theorem 1.1, ∂VTens[n] = ∅. Moreover, there is no w ∈ V such that, for
every m ∈ D,

lim
t↓0

EHxc[n+ t(m− n)] − EHxc[n]
t

=
∫︂

R3
w(m− n). (8.1)

Proof. Proposition 5.1 supplies an attaining determinant for the scaled kinetic search. The
inverse dilation in Proposition 2.1 gives a determinant Φphys attaining Tens[n]: it is a bijection of
ensembles with the corresponding densities and multiplies kinetic energies by Z2. If u ∈ ∂VTens[n],
the subgradient inequality makes Φphys a minimizer of the form of Hs(−u) over all normalized
antisymmetric states in its form domain. The form bound (5.13) applies to u, so equality at the
bottom of this closed form makes Φphys a ground eigenstate, as in the proof of Proposition 5.2.
Its density is n, contradicting Theorem 1.1.

Let vext ∈ V be the physical nuclear potential in HC . The ground-state variational principle
gives −vext ∈ ∂VFens[n]; in particular, Ψ attains the interacting search at n. Suppose now that
w satisfies (8.1). Fix m ∈ D, set h = m− n and nt = n+ th. Convexity of the kinetic search
and the interacting support inequality give, for 0 < t ≤ 1,

Tens[m] − Tens[n] ≥ Tens[nt] − Tens[n]
t

≥ −
∫︂
vexth− EHxc[nt] − EHxc[n]

t
.

Letting t ↓ 0 proves the subgradient inequality for −vext − w and every m ∈ D. Outside D it is
automatic because Tens = +∞. Hence −vext −w ∈ ∂VTens[n], contrary to the first assertion.
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