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Abstract

For every fixed rotating subextremal Kerr bridge, we prove that smooth vacuum data
admitting a C2 future extension of their full maximal globally hyperbolic development form
a meagre set in a neighborhood defined by one finite-order seminorm. The topology allows
arbitrary symbol-bounded asymptotically flat tails and imposes no symmetry.
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1 Introduction
Strong cosmic censorship asks whether generic initial data determine a spacetime that cannot be
continued beyond its maximal globally hyperbolic development. The regularity of the proposed
continuation is part of the question. Here we consider C2 future extensions of vacuum developments
near the complete two-ended bridge of an arbitrary fixed rotating subextremal Kerr black hole. No
symmetry is imposed on the perturbation.

The exact Kerr development has a smooth Cauchy horizon. Nevertheless, we prove that data
admitting any C2 future extension are meagre in a weighted smooth neighborhood of its bridge
data. The neighborhood requires smallness at only one finite order, and the allowed tails need not
have prescribed leading coefficients. The conclusion concerns the full development, not just the
portion covered by an exterior or double-null coordinate construction.

1.1 The precise statement

Fix M > 0 and 0 < a < M . Let (Σ, h∗,K∗), Σ ≃ R × S2, be the complete two-ended Kerr datum
through the bifurcation sphere, with its chosen future orientation. Fix the connection ∇∗ and tensor
norm | · |∗ of h∗, and a smooth ρ ≥ 1 agreeing with the Kerr radial coordinate outside a compact set
on each end. For a pair of smooth symmetric covariant two-tensors, define

pm(u, v) =
m∑
j=0

[
sup

Σ
ρ1+j |∇j

∗u|∗ + sup
Σ
ρ2+j |∇j

∗v|∗
]
, m = 0, 1, 2, . . . . (1.1)

Let E be the space on which every pm is finite. Let D ⊂ (h∗,K∗) +E consist of the smooth vacuum
data d = (h,K) with h positive definite and complete, satisfying

R(h) + (trhK)2 − |K|2h = 0, divhK − d(trhK) = 0. (1.2)

We give D the relative topology of all the seminorms (1.1). In particular, no leading coefficient in
either asymptotic tail is fixed.

Write (Md, gd) for the full maximal globally hyperbolic vacuum development of d, with the
specified Cauchy embedding of Σ. We use smooth vacuum Cauchy theory and geometric uniqueness
in the sense of [8, 24].
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Definition 1.1 (Future extension). A C2 future extension of (Md, gd) is a connected time-oriented
smooth four-manifold M̃ with a nondegenerate C2 Lorentzian metric g̃, and a smooth time-
orientation-preserving isometric embedding ι : Md −→ M̃ onto a proper open subset, such that a
future-directed timelike C1 curve c : [0, 1] −→ M̃ satisfies

c([0, 1)) ⊂ ι(Md), c(1) ∈ ∂ι(Md).

We use signature (− + ++). The extension need not be vacuum or globally hyperbolic outside
the image. In particular, a regular geodesic exit is not assumed in this definition; it will follow
locally from the extension and global hyperbolicity of the original development.

Theorem 1.2 (Local C2 strong cosmic censorship). For every fixed M > 0 and 0 < a < M , there
exists ϵ > 0 such that the data in

Uϵ = {d ∈ D : p10(d− (h∗,K∗)) < ϵ}

whose full maximal globally hyperbolic vacuum developments admit a C2 future extension form a
meagre subset of Uϵ. Equivalently, the future-inextendible data contain a countable intersection of
relatively open dense subsets of Uϵ.

Thus Theorem 1.2 resolves positively the stated local C2 strong cosmic censorship problem at
every strictly subextremal rotating Kerr bridge. It is not a global assertion for all vacuum initial
data, nor a claim at a lower extension regularity. Constants and ϵ may depend on the fixed center;
no estimate uniform as a → 0 or a → M is claimed. Although all higher seminorms are finite, none
beyond p10 must be small.

1.2 History and relation to earlier work

The Cauchy theory of Fourès-Bruhat and Choquet-Bruhat–Geroch [8, 24] makes the maximal
globally hyperbolic development the natural spacetime determined by vacuum initial data. Sbierski
[49] gives a modern construction with explicit initial-surface and embedding hypotheses. The Kerr
solutions [31] show why maximality in this class need not mean inextendibility as a Lorentzian
manifold: their analytic continuation has inner Cauchy horizons, whose global geometry was analyzed
by Carter [7]. Penrose’s cosmic-censorship programme began with the visibility of singularities in
collapse [46]; his later strong formulation linked Cauchy-horizon instability to global predictability
[45, Section 12.3.2]. The regularity of an extension and the topology used to define genericity are
essential parts of a precise formulation.

The physical blueshift and mass-inflation analyses of Poisson–Israel and Ori [43, 44, 47] suggested
that a Cauchy horizon can retain a continuous metric while developing a singularity in its derivatives.
Dafermos [13, 14] established rigorous nonlinear stability and instability results for the spherically
symmetric Einstein–Maxwell–scalar-field equations. In that model, Luk–Oh [37, 38] proved generic
C2 future inextendibility for admissible complete two-ended asymptotically flat data, combining
exterior lower bounds with interior instability. Their data space and genericity topologies differ
from those used here. For the vacuum equations without symmetry, Luk [36] constructed weak null
singularities, and Dafermos–Luk [15] proved continuous extendibility across a nontrivial Cauchy-
horizon portion under quantitative assumptions on data already inside a black hole. This distinction
between metric continuity and higher regularity is central to the present problem.

Recent results strengthen the vacuum interior instability picture. Gurriaran [26] proves curvature
blow-up and locally Lipschitz inextendibility across a horizon portion near timelike infinity, assuming
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nonlinear Price-law asymptotics with a nonzero nonaxisymmetric leading curvature amplitude. Luk–
Sbierski [39] prove formation of a continuously extendible but non-Lipschitz weak null singularity
from characteristic data with quantitative decay and a weighted lower bound on a radiative curvature
mode. Sbierski’s geometric criteria [50, 51] explain how controlled parallel transport and robust
signed curvature information obstruct Lipschitz extension. The Kerr interior instability results just
cited concern a prescribed interior or horizon portion under explicit radiation hypotheses. The
problem addressed here is to start with the complete weighted smooth bridge data and rule out
every C2 future exit generically. The finite perturbations below provide the needed curvature test
violations without imposing a radiation lower bound on each starting datum.

Exterior evolution. The exterior estimates draw on both energy and stationary methods. The
redshift estimate and the physical-space decay method of Dafermos–Rodnianski [16, 17] were followed
by boundedness, decay, and scattering for scalar waves throughout the subextremal Kerr range
[18, 19]. For radiative spin-two fields, the Teukolsky estimates of Dafermos–Holzegel–Rodnianski
[20] and Shlapentokh-Rothman–Teixeira da Costa [52] treat slowly rotating and full-subextremal
Kerr, respectively. At the metric level, Häfner–Hintz–Vasy [27, 28] establish linear stability,
using stationary spectral analysis and constraint damping; the full-subextremal mode analysis by
Andersson–Häfner–Whiting [2] is an important ingredient. These linear results distinguish radiative
decay from the stationary Kerr and gauge modes that must be tracked in a nonlinear argument.

Nonlinear stability for slowly rotating Kerr was established through the geometric and wave-
equation analysis of Klainerman, Szeftel, Giorgi, and Shen; see [25, 32] and the constituent works
cited there. Hintz [30] establishes nonlinear exterior stability throughout the subextremal range
for compact perturbations and a broader partially polyhomogeneous asymptotic class. That class
has metric perturbations decaying like r−1−ϵ0 , with ϵ0 > 0, and a faster-decaying remainder; it
does not directly include the arbitrary order-r−1 symbol tails permitted here. We therefore prove
the compact and far estimates for our data class together. Their wave-coordinate cancellation is
related to the weak-null structure identified and used by Lindblad–Rodnianski [33, 34]. The use
of elliptic control at selected frequencies together with frequency-localized physical-space energy
currents also has a close methodological parallel in the full-subextremal quasilinear-wave analysis of
Dafermos–Holzegel–Rodnianski–Taylor [21]. The tensorial gauge construction and its estimates are
established here for the Einstein system.

Exact data and finite signals. Localized deformation of the constraints was developed by
Corvino, Corvino–Schoen, and Chruściel–Delay [9–11]; Carlotto–Schoen [6] proved a further conical
localization of asymptotically flat data. Our correction fixes an inner region while allowing an
asymptotic tail, so it can change the charges. The explicit inverse uses a localized divergence
primitive in the tradition of Bogovskii [4], whose support and regularity properties are treated by
Costabel–McIntosh [12]. We prove the required inverse here because its support, derivative gain,
and nonlinear dependence are needed in the finite experiment. Similarly, complex Gaussian beams
and their superpositions provide the linear antecedents of the oscillatory construction [35, 48, 53].
The matching of Einstein wave-gauge data and the bounds on time intervals growing with the
experiment parameter are proved below.

1.3 From regular exits to finite observations

The proof turns a possible extension into a finite condition that can be violated by a small vacuum
perturbation. A C2 extension supplies an open family of timelike geodesics whose proper durations
and curvature components in parallel frames are bounded. A countable basis of initial geodesic
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states and integer bounds give countably many such tests. Each test is closed: a strict violation
occurs on a compact geodesic segment and persists under a sufficiently small change of the data.
Consequently, to prove meagreness, it suffices to violate the relevant test arbitrarily close to every
datum admitting a regular exit. Section 2 makes this reduction precise. Its decisive feature is
that one large tidal measurement at a finite point suffices; the perturbation need not establish an
asymptotic radiation law for the starting datum.

We obtain that measurement from the blueshift of a small oscillatory signal approaching an
interior branch. In the optical coordinates used below, a branch means a limiting side where one
coordinate remains finite and the other tends to infinity; at a corner both tend to infinity. These are
coordinate-limit regimes of the comparison region. The main analytic work has two parts. First we
construct a comparison development and control its geometry throughout one fixed neighborhood
of Kerr data. Then, for a particular datum and a prescribed finite approximation order, we place a
late signal in that geometry and realize it in the full development of nearby exact vacuum data.
The distinction matters: the time and frequency of the experiment may depend on the chosen finite
order, whereas the original p10 neighborhood must serve all tests.

Exterior control and the ergoregion. The exterior construction combines stationary estimates
in a bounded region with energy estimates on the asymptotically flat ends. Stationary time
translation need not be timelike near all trapped rays at arbitrary spin. We instead separate
directions in the cotangent bundle. Section 3 constructs a horizon-crossing spacelike slicing for which
the spatial projections of the trapped null covectors lie in a cone where the zero-temporal-frequency
stationary symbol is elliptic. This directional ellipticity persists even when the base point lies in
the ergoregion. Section 4 uses the cone to localize the additional gauge terms and calibrate tensor
transport while preserving the stationary modes and their time-translation chains. The stationary
analysis of [28] and the normally hyperbolic propagation estimates of [22, 29] enter at the points
specified there.

The compact estimate in Section 5 couples the two-derivative elliptic gain on that cone to a
one-derivative propagation estimate, with one additional source derivative, away from the projected
trapped sets. On the ends, the weak-null cancellations and weighted energy currents control the
arbitrary symbol-bounded tails in (1.1). Section 6 closes these far estimates simultaneously with the
compact estimates and the evolution of the Kerr parameters. The detailed far energy and source
arguments are in Sections A and B. All of these are estimates on an arbitrary finite interval of
smooth existence, with bounds that permit continuation; a global nonlinear stability statement for
this data class is not assumed. Once the low-order bounds close, each fixed higher derivative order
has a subexponential bound with constants depending on the smooth datum.

The interior and every possible exit. Section 7 prepares the data entering the black hole
and constructs a double-null comparison region. Exact Kerr optical profiles, with their two ends
normalized to a common positive inner rate, organize the lapse, angular metric, and transport
equations. The low-order estimates control the geometry; the higher estimates control the finite
derivatives needed later by the oscillatory construction. Section 8 joins this region to the exterior
and proves that the entire original bridge is Cauchy. Geometric uniqueness therefore embeds the
resulting comparison development in the full maximal development of the same data.

We then follow the geodesic family supplied by a putative extension. Exterior completeness and
the causal geometry force its relevant first exit from the comparison region to occur at an interior
branch or in the corner regime. In the corner case, a small change of initial geodesic state within
the same open family produces runout at a noncorner branch of the comparison region. Thus the
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original closed curvature test still applies to the selected geodesic. This step connects the local
interior coordinates to an arbitrary future extension of the full development; it does not require the
comparison region to exhaust that development.

A small exact vacuum perturbation with a large tidal effect. Section 9 constructs a
high-frequency signal near a late point of the selected branch. The branch geodesic measures an
exponentially increasing optical frequency. Its contraction with the oscillatory curvature therefore
yields a large tidal component even when the signal is very small at entry. A return-ray calculation
and a complex Gaussian beam carry the required finite entry derivatives backwards to a distant
initial annulus, with controlled losses. The subsequent forward comparison uses ordinary local
wave-map reduction with the actual background metric as target.

An approximate signal does not yet give vacuum initial data. The exterior solve proved in
Section D and applied in Section 9.6 supplies an exact correction that vanishes on a protected inner
ball and retains a decaying tail at infinity. The tail allows the asymptotic charges to change and is
included in the complete corrected bridge. A causal estimate shows that this correction cannot alter
the earlier entry segment on which the comparison relies. Finally, the finite Cauchy attachment in
Section 9 places the tidal observation, its frame, and its geodesic back to the original initial surface
in the full development of the corrected data. The resulting strict violation makes the corresponding
extendible set nowhere dense. The countable union from Section 2 completes the proof.

Figure 1 displays the two constructions and the point at which they meet. The fixed background
neighborhood is chosen before the test or approximation order. The finite derivative orders and their
losses are chosen before the small frequency exponent; the formal accuracy and late time are then
chosen to achieve the specified tolerance. In particular, the construction requires neither smallness
of all higher seminorms nor one perturbation sequence converging in every seminorm at once.

One small p10 neighborhood
all higher seminorms finite

Background comparison
development

complete original bridge
Cauchy

Branch seed in the
original open family
closed test bounds
parallel curvature

Late finite tidal experiment
parameters depend

on a finite order

Exact corrected vacuum data
arbitrarily close in that order

Finite Cauchy attachment
observation in the

new full development

Figure 1: The comparison region locates a possible regular exit. The separate finite experiment
violates its closed curvature test in the full development of nearby data. Neither an exhaustive
description of that development nor smallness at every derivative order is needed.

The intermediate results also separate the evolution problem from the regularity of a proposed
extension. The complete comparison development, the entry and normalized double-null estimates,
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the linear beam preparation, the exterior constraint inverse, and the whole-data attachment can
be used when the final obstruction is holonomy rather than curvature. For C1 extensions and
for continuous extensions with locally square-integrable connection, one must additionally control
signed or averaged parallel transport. Those uses require their own nonlinear amplitude estimates:
the tidal normalization in this paper does not supply the larger-amplitude comparisons needed for
these weaker regularities.

These regularity refinements are established in [41, Theorem 2.3] and [42, Theorem 1.2], respec-
tively, as local residual statements near each fixed rotating subextremal Kerr bridge.

1.4 Scaling and conventions

It suffices to prove the theorem with M = 1. Under the constant rescaling g |→ M−2g, the
induced covariant data become (M−2h,M−1K). After identifying the bridge by dimensionless Kerr
coordinates, this is a homeomorphism of the constraint spaces; the background connections agree
and the tensor norms and radial weights change by fixed-order comparable factors. Completeness,
vacuum maximality and the extension property are preserved. An original p10 ball can therefore be
chosen inside the inverse image of the rescaled neighborhood, and relative meagreness restricts to
that open ball. We retain M in geometric identities when doing so clarifies their dependence on the
background.

We write a for Kerr rotation when another local quantity is called a, notably a parameter
derivative in exterior estimates or a null lapse coefficient in the interior. All spacetime and angular
Sobolev norms are computed in the specified fixed charts or frames; on fixed supports, smooth
changes give equivalent norms. Supported and extendible spaces at an outflow boundary are dual
in the usual way. Symbol bounds on an end include all differentiated bounds, with an additional
inverse radial power for each unscaled spatial derivative. A bound eo(T ) means that for every σ > 0
the quantity is at most CσeσT ; the constant may depend on the smooth datum and on a fixed
derivative order. These conventions will always be used at fixed subextremal parameters.

2 Closed tests and the finite-observation reduction
We first separate the topological argument from the evolution estimates. The facts in this section
are independent of the Kerr parameters. We include their short proofs to make precise why a finite
tidal observation suffices, and why no regular endpoint tangent is part of the extension hypothesis.

Lemma 2.1 (The data topology). The space D is completely metrizable and Uϵ is Baire. Every
neighborhood of a datum contains a ball pm(d′ − d) < η relative to D, for some finite m and η > 0.

Proof. A sequence Cauchy in every pm has compatible smooth limits on compact coordinate sets.
Passing to the pointwise limit in its weighted uniform Cauchy bounds proves convergence to that
limit in every pm, including the finiteness of each limiting seminorm. Thus E is a Fréchet space.
For example its topology is defined by the complete metric

∑
m≥0 2−m−1 min{1, pm(d− d′)}.

Any positive metric in the affine space is uniformly comparable to h∗: this follows from the
decaying difference on the ends and compactness on their complement. Hence it is complete, and
positivity is open already in the p0 topology. The constraint equations are closed under local smooth
convergence within this positive open set. An open subset of a completely metrizable space is
completely metrizable, as is a relatively closed subset thereof. Consequently D, and then its open
subset Uϵ, are completely metrizable and Baire. Finally the seminorms increase with m, so one
sufficiently small ball in the largest of finitely many orders lies inside any basic neighborhood.
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2.1 Seeds and curvature measurements

A seed w ∈ TΣ includes its base point. For datum d = (h,K), its initial future unit velocity is

Ud(w) =
√

1 + h(w,w)n+ w,

where n is the future unit normal. Let γd,w : [0, Td(w)) → Md be the maximal future geodesic with
this initial velocity, parametrized by proper time. Along it parallel transport the positive inner
product 1 ⊕ h on Rn⊕ TΣ, and call the result kd,w. Set

Qd(w, τ) = | Riem(gd)|kd,w(τ). (2.1)

The curvature tensor is covariant and the norm is its positive Hilbert–Schmidt norm, independently
of any initial orthonormal frame.

Choose a countable relatively compact open basis O of TΣ. For O ∈ O and an integer N ≥ 1,
define

A(O,N) =
{
d ∈ D : Td(w) ≤ N for every w ∈ O,

Qd(w, τ) ≤ N for every w ∈ O, 0 ≤ τ < Td(w)

}
. (2.2)

Lemma 2.2 (Closed tests). Each set A(O,N) is closed in D.

Proof. Every strict failure has a compact witness. If Td(w) > N , use a geodesic segment extending
beyond N . If a curvature bound fails, use a segment through a point τ < Td(w) with Qd(w, τ) > N .
Smooth local Cauchy stability and geometric uniqueness place a neighborhood of this fixed compact
segment in a common gauge for all sufficiently close data. For the compact segment K, its causal
shadow J−(K) ∩ Σ is compact; otherwise a limit of past causal curves to escaping initial points
would contradict Cauchyness. Finite local Cauchy constructions therefore suffice. Geodesic and
parallel-transport ODE stability preserve the strict witness. This proves openness of the complement,
without asserting continuity of the maximal duration.

Lemma 2.3 (Tidal contractions). If U = γ̇d,w, gd(X,X) = 1, and gd(U,X) = 0, then

| Riem(U,X,U,X)| ≤ (1 + 2h(w,w))2Qd(w, τ). (2.3)

The factor is uniformly bounded for data and seeds near a fixed pair.

Proof. In the transported Lorentz orthonormal frame write U = αe0 +v, X = βe0 +z. Orthogonality
and the unit conditions give α2 = 1 + |v|2, |z|2 = 1 + β2, and αβ = v · z; hence β2 ≤ |v|2. Therefore
|X|2k ≤ |U |2k = 1 + 2h(w,w), the latter identity being constant by parallel transport. Tensor
Cauchy–Schwarz proves the assertion.

2.2 From an arbitrary extension to regular exits

We will use an intrinsic compactness fact. It avoids imposing causal convexity on the image in an
extension.

Lemma 2.4 (Fixed-endpoint homotopy). Let P be a globally hyperbolic open subspacetime of a
Hausdorff Lorentzian manifold. In a continuous family of future causal paths with fixed endpoints
p, q ∈ P , if the first path lies in P , then all paths lie in P .

Proof. Parametrize the family by a connected compact interval. The set of parameters for which the
whole path lies in P is open. Every such path lies in the intrinsic compact diamond J+

P (p) ∩ J−
P (q),

which is closed in the ambient Hausdorff manifold. Continuity makes the parameter set closed as
well. It is therefore the whole interval.
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Proposition 2.5 (Regular-exit covering). If d ∈ Uϵ admits a C2 future extension, there exist O ∈ O

and N ≥ 1 such that d ∈ A(O,N) and every seed in O reaches its finite MGHD endpoint on a
regular ambient geodesic arc. Here regular means that position and unit tangent continue to and
through the endpoint.

Proof. Starting from Definition 1.1, identify the development with its image and write z = c(1).
The curve is future-inextendible within the development: an interior endpoint would equal z by the
Hausdorff property. Extend it maximally to the past inside the development. Cauchyness then puts
a sufficiently late point p = c(s0) to the intrinsic future of Σ. In a small temporal chart at z, the
local timelike relation from p to z gives a short timelike geodesic continuing past z. Only this local
relation is needed, not a continuing unit tangent of c. For a C2 metric the Christoffel symbols are
C1, so the geodesic flow has the usual local uniqueness and continuous dependence.

Consider sufficiently close geodesic arcs with starting positions on the same temporal slice inside
the image, and close unit directions. They remain in a common compact chart and phase-space
neighborhood. Parametrize these arcs by chart time on a common interval [t0, t1], with the reference
arc passing through z at tz ∈ (t0, t1). Each nearby arc must exit the image. To see this, suppose an
arc (t, xγ(t)) stayed inside. Choose a fixed smooth bump β, supported in (t0, t1), with β(tz) = 1.
The paths (

t, xγ(t) + λβ(t)(x(z) − xγ(tz))
)
, 0 ≤ λ ≤ 1,

form a fixed-endpoint timelike homotopy: after shrinking the arc family, the spatial change is
uniformly small in C1, and all paths stay in the chart with its uniform timelike margin. Under the
supposition that the original arc stayed inside, both endpoints belong to the image. Lemma 2.4 would
then keep every path inside, although the path at λ = 1 passes through z, a contradiction. Thus
every nearby arc has a first exit, with position and tangent regular there. By geodesic uniqueness
this first exit is its maximal intrinsic endpoint, regardless of possible later reentry.

The reference arc continued backwards inside the development meets Σ. To see that a maximal
timelike geodesic cannot end at an interior position limit, use a precompact temporal chart (t, x).
Causal slopes V = (1, dx/dt) are bounded and the geodesic equation gives

d
dt log dt

dτ = −Γ0
αβV

αV β.

Over a finite chart-time tail this bounds the unit tangent and gives its limit, so the geodesic continues.
Cauchyness now gives the claimed intersection. Flow dependence through that fixed earlier compact
segment yields an open seed family whose arcs have the exits just constructed.

Shrink the seed family to a relatively compact one. The earlier tube has uniformly bounded
duration, parallel frames and curvature. In the extension chart, unit tangents stay in a fixed compact
phase-space set. The parallel-transport ODE has bounded coefficients on a bounded chart-time
interval, so its transport matrices and their inverses are bounded; curvature is continuous and
bounded as well. Duration and the norm (2.1) are consequently uniformly bounded up to first exit.
Choose a basis set O within the seed family and an integer N larger than both bounds.

Let Bϵ denote the extendible data in Uϵ. Define B(O,N) to consist of the data in Bϵ ∩A(O,N)
for which at least one seed in O has a regular exit in some extension. Then

Bϵ =
⋃

O∈O, N≥1
B(O,N), B(O,N) Uϵ ⊂ A(O,N) ∩ Uϵ. (2.4)

The pieces B(O,N) themselves need not be closed.
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2.3 The analytic task

Proposition 2.6 (Finite-observation criterion). Suppose a single ϵ > 0 has the following property.
For every O ∈ O, N ≥ 1, d ∈ B(O,N), integer m ≥ 10 and η > 0, there exist d′ ∈ Uϵ, w′ ∈ O, and
0 ≤ τ < Td′(w′) such that

pm(d′ − d) < η, Qd′(w′, τ) > N.

Then Theorem 1.2 holds for this ϵ.

Proof. If the relative closure of B(O,N) had nonempty interior, that interior would meet the piece
and, by (2.4), be contained in A(O,N). At an intersection point, choose a finite seminorm ball
within the interior, increasing the order to at least ten if necessary. The asserted perturbation is in
that ball but fails the test, a contradiction. Hence each closure is nowhere dense. The countable
intersection of their relatively open dense complements contains no extendible datum, by (2.4).

All choices needed to fix the neighborhood in Proposition 2.6 will precede the choice of O,N,m, η.
The exterior and interior estimates construct the background comparison region at this common
smallness threshold. Higher constants may then depend on the fixed smooth datum. Only afterwards
do we choose the late finite perturbation that violates the selected test.

3 Kerr geometry and spatial microlocal separation
The exterior construction requires a spacelike stationary slicing, a description of all null rays that can
remain in a bounded cylinder, and a spatial conic neighborhood of trapping on which the stationary
operator is elliptic at zero frequency. We establish these properties for every fixed subextremal Kerr
metric. Although the mass has been normalized to M = 1 in the main argument, we retain M in
the identities below to display their parameter dependence. Throughout this section,

M > 0, 0 < a < M

are fixed. Constants may depend on this pair; no assertion is uniform as a → 0 or a → M .

3.1 The stationary slicing and its ends

At either exterior end, let T be the future Boyer–Lindquist time. In the trapped block we continue
the corresponding sign of the Killing time, reversing the axial coordinate when necessary. Write

ΣK = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 = (r − r+)(r − r−),

r± = M ±
√
M2 − a2, r′

∗ = r2 + a2

∆ , κ± = r+ − r−
2(r2

± + a2)
.

(3.1)

In particular, r− > 0 and both numbers κ± are positive; at the inner horizon we use the absolute
value of the surface gravity.

The exterior computing cylinder will extend to an inner face r = rb with r− < rb < r+. Its
precise depth is chosen after the entry cylinder for the double-null argument and its finite margins
have been fixed. The inner face is placed strictly deeper than that entry cylinder.

Lemma 3.1 (A bent spacelike time). For any prescribed finite interval [rb, R1], where R1 > r+,
one can choose a stationary time

t = T + r∗ −G(r) (3.2)
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with the following properties. One has G′ = 1 on the prescribed region, 1 ≤ G′ ≤ r′
∗ in a subsequent

exterior interpolation, and G = r∗ near infinity. The function t is regular at the future event horizon,
its level hypersurfaces are spacelike, and r = rb is strictly future outflow. The delay G− r∗ at each
fixed depth above r− can be made arbitrarily large by moving the exterior bend outward.

Proof. Use the regular ingoing azimuth near the horizon,

dφ̃ = dφ+ a

∆ dr,

and return smoothly to the Boyer–Lindquist azimuth toward infinity. These coordinates, together
with r and local sphere coordinates, give stationary spatial coordinates y; near infinity we use their
Boyer–Lindquist Cartesian version. Let b denote the Kerr metric in (t, y). Direct substitution in
the Boyer–Lindquist inverse metric gives

ΣKb
−1(dt, dt) = −2(r2 + a2)G′ + ∆(G′)2 + a2 sin2 θ. (3.3)

For G′ = 1, the right-hand side is
−ΣK − 2Mr < 0. (3.4)

In the exterior it is a convex quadratic in G′. Its value at G′ = r′
∗ = (r2 + a2)/∆ is

−(r2 + a2)2

∆ + a2 sin2 θ < 0.

Both endpoint values are negative, so every indicated interpolation is spacelike. Near the horizon,
t is the regular ingoing time minus the smooth function G. Between the horizons b−1(dr, dr) =
∆/ΣK < 0; with the chosen future orientation, r decreases along future causal curves. This proves
strict outflow at rb.

Choose the additive constant of G by imposing G = r∗ after the interpolation. Extending the
interval where G′ = 1 changes the delay at any fixed smaller radius by the integral of r′

∗ − 1 over
the added interval. Since

r′
∗ − 1 = 2Mr

∆ = 2M
r

+O(r−2),

this integral tends to positive infinity as the bend moves outward. Thus the delay can satisfy all
fixed-depth margins at once, while G′ = 1 continues to hold throughout the prescribed interval.

As in Equation (8.1), the delays place the t = 0 computing slices on or to the future of the bridge
and separate their trapped-block portions by the required finite margins. The order of choices is
important: first choose the entry depth and these margins, then choose rb, and finally move the bend
far enough outward. Lemma 3.1 permits this order without altering the slicing on the prescribed
interval. After proving compactness of the trapping radii below, we take R1 larger than all of them.

Near infinity t = T , so all components and inverse components have the ordinary stationary
Kerr symbol expansions. In particular,

b− η = O(r−1), bti = O(r−2), Γ(b) = O(r−2),
r∗ = r + 2M log r +O(1),

btt = −1 + 2M
r

+O(r−2), bij = δij + 2Myiyj
r3 +O(r−2).

(3.5)

Here η is the Minkowski metric, and every remainder includes its differentiated symbol bounds. The
terms of order r−1 are rotation invariant. The leading term of bti is a nonzero constant multiple of
(J × y)i/r3, where J = Ma and a is the oriented spin vector in the chosen axes. These assertions
follow by expanding the Boyer–Lindquist metric; the angular expressions and their rotations are
smooth on the sphere.
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3.2 Radial dynamics and the horizon source

We now classify the null rays in a large computing cylinder. A future null covector means a nonzero
null covector k whose metric dual k♯ is future directed. Set

E = −k(∂t) = −k(∂T ), Lz = k(∂φ),

D = k2
θ +

(
Lz

sin θ − aE sin θ
)2
, P = (r2 + a2)E − aLz.

(3.6)

The angular expression is understood intrinsically at the poles: its expansion is the smooth round
cotangent norm, minus 2aELz, plus a2E2 sin2 θ. The separated principal symbol in Boyer–Lindquist
variables is

qE := ΣKb
−1(k, k) = ∆k2

r +D − P 2

∆ . (3.7)

Stationarity, axial symmetry, and separation show that E,Lz, D are constant along null rays. With
a dot denoting the affine geodesic parameter, the corresponding equations are

(ΣK ṙ)2 = P 2 − ∆D,

ΣK Ṫ = (r2 + a2)P
∆ + a(Lz − aE sin2 θ).

(3.8)

These are Carter’s separated geodesic equations [7], in the conventions used for the characteristic-flow
calculation below.

Lemma 3.2 (Radial alternatives). For the fixed parameters above, future null rays in r > r+
have P > 0. If E ≤ 0, their allowed radial set has at most one simple turning point, and there is
no photon trapping. If E > 0, every trapped ray is a spherical photon ray, with constant radius
satisfying

F = 2r∆
r −M

,
D

E2 = 4r2∆
(r −M)2 , F := P

E
= r2 + a2 − a

Lz
E
. (3.9)

The energy-normalized trapped directions form a compact set separated from r = r+ and from infinity.
The relevant radial critical point is a unique nondegenerate minimum. A simple radial turning point
reverses toward the same end of its allowed interval, and there is no homoclinic orbit from a double
radial root back to that root.

Proof. In the exterior,
X = (r2 + a2)∂T + a∂φ

is future timelike: direct evaluation gives b(X,X) = −ΣK∆. Since k(X) = −P , pairing with the
future null vector k♯ gives P > 0.

Suppose first that E ≤ 0. Then P ′ = 2rE ≤ 0, while
√

∆D is strictly increasing when D > 0.
The case D = 0 cannot occur: it would force kθ = 0 and Lz = aE sin2 θ, and hence P = EΣK ≤ 0.
Thus the inequality P 2 ≥ ∆D, on its positive-P branch, has at most one boundary point, and that
point is simple. It cannot contain either a double root or a bounded allowed island.

For E > 0, restrict to the interval where F > 0. Differentiation gives(
F√
∆

)′
= N

∆3/2 , N = 2r∆ − (r −M)F, (3.10)

and
N ′ = 2∆ + 2r(r −M) − F, N ′′ = 6(r −M) > 0. (3.11)
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If F (r+) > 0, then N(r+) < 0. The strictly convex function N tends to positive infinity and has
exactly one zero beyond r+; its derivative at that zero is strictly positive. Consequently F/

√
∆

has a unique nondegenerate minimum. If instead F (r+) ≤ 0, let r0 ≥ r+ be its first zero. Since
F ′ = 2r > 0,

N(r0) = 2r0∆(r0) ≥ 0, N ′(r0) = 2∆(r0) + 2r0(r0 −M) > 0.

Equation (3.11) then gives N > 0 wherever F > 0. In this second case there is no radial critical
point.

A double root of P 2 − ∆D must therefore occur at the unique minimum in the first case. Setting
N = 0 and F 2 = ∆D/E2 gives (3.9). Moreover,||||LzE

||||− a ≤
√
D

E
. (3.12)

If double roots approached r+, their identities would force

Lz
E

−→
r2

+ + a2

a
> a,

D

E2 −→ 0,

contrary to (3.12). They cannot approach infinity either: (3.9) makes |Lz/E| quadratic in r to
leading order, whereas

√
D/E is only linear. The radial range, the two impact quantities, and the

normalized angular covectors are therefore bounded. Smoothness of the angular expression at the
poles gives compactness in the intrinsic cotangent bundle.

Finally, the same one-minimum description classifies the allowed radial intervals. A simple
endpoint is a reflection toward the same end of its interval. At a double root, F 2/∆ increases
strictly in either radial direction away from the minimum, so a departing branch cannot turn back
to it. There are no further radially bounded trajectories. Covector reversal gives the corresponding
description of the past sheet.

Lemma 3.3 (The outer-horizon radial source). The outer-horizon generators are a strict radial
source for the null ray flow parameterized by increasing regular time t on spatial cosphere directions.
More precisely, let H be the horizon Killing generator, normalized by its Killing parameter, so that

∇HH = κ+H, Ht > 0.

There is a smooth positive degree-one frequency scale b1, equal to |ρ| on k = ρH♭, such that, for the
increasing-time ray field V ,

V log b1 = −κ+
Ht

on the generators. (3.13)

On null directions near the generators, the degree-zero function

fH = E2 +D

b2
1

(3.14)

vanishes precisely at the generators and satisfies V fH ≥ cHfH for some cH > 0 after shrinking the
neighborhood.

Proof. The only null tangencies to a null horizon are its generators. Along an affine generator,
write k♯ = ρH and use a Killing-invariant normalization of H. The affine geodesic equation and
∇HH = κ+H give

H(log |ρ|) = −κ+.
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Dividing by Ht proves (3.13). Extend |ρ| smoothly and homogeneously to a positive frequency scale
in a conic neighborhood. Since E and D are conserved,

V fH = −2(V log b1)fH .

The coefficient is strictly positive on the generators and remains bounded below nearby. On the
null set, E = D = 0 forces Lz = kθ = 0; near the horizon the remaining null direction is exactly its
generator covector. This proves the asserted zero set and the strict source inequality.

Together, Lemmas 3.2 and 3.3 give the escape alternatives used below. Between the horizons
dr is timelike, so every future ray there moves toward the inner outflow face. In a sufficiently
large exterior cylinder, a ray away from trapping and the generators escapes in at least one time
direction, or approaches the generator source in backward regular time. An orbit approaching
r = r+ without a transverse crossing has a normalized invariant limit set tangent to that horizon,
and hence consisting of generators. The radial alternatives exclude any additional recurrent set.

3.3 Normal hyperbolicity and tangent dynamics

The radial classification identifies the only exterior obstruction to escape. The smooth symplectic
structure and normal hyperbolicity of the subextremal Kerr trapped set are established in [23,
Section II]. For the estimates below we give explicit defining functions for its stable and unstable
surfaces and verify that their exponential rates dominate every fixed-order tangent derivative of the
trapped flow.

Lemma 3.4 (Transverse defining functions). Near the energy-normalized trapped set on either
temporal sheet, the critical radius rc = rc(Lz/E) is smooth. There are smooth homogeneous degree-
zero functions

z1 = ΣK ṙ

E
√

∆
,

z2 = sgn(r − rc)
√
F (r)2

∆(r) − F (rc)2

∆(rc)

(3.15)

whose common zero set is trapping. For the increasing-time ray field,

V z2 = λz1, V z1 = λz2, λ > 0. (3.16)

Consequently φ± = z1 ± z2 satisfy V φ± = ±λφ±. Their reduced spatial symplectic bracket on either
halfwave is nonzero on the trapped set. The transverse rates have a uniform positive lower bound on
each fixed normalized trapped set.

Proof. The strict minimum established in Lemma 3.2 and the implicit function theorem give the
smooth function rc. Set U = F 2/∆ and Uc = U(rc). Near the minimum,

U(r) − Uc = (r − rc)2a0(r, Lz/E), a0 > 0

with a0 smooth. Thus z2 = (r − rc)
√
a0 is smooth and ∂rz2 > 0 after restricting the neighborhood.

On the null set, (3.8) gives
z2

1 − z2
2 = Uc − D

E2 , (3.17)

which is conserved. Since E and Lz are constant,

V z2 = (∂rz2) ṙ
ṫ

= λz1, λ := (∂rz2)E
√

∆
ΣK ṫ

.
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On a trapped future ray E > 0, while ṫ > 0 because the slicing is spacelike. Both signs reverse on
the opposite sheet, so E/ṫ > 0 on both sheets. Hence λ > 0 there and nearby. Differentiating (3.17)
gives the second equation of (3.16) where z1 ̸= 0; smoothness extends it across z1 = 0. Compactness
gives the positive lower bound.

For symplectic transversality first hold E fixed in the Boyer–Lindquist spatial phase space. Then
z1 =

√
∆ kr/E, and the radial contribution to {z1, z2} is, up to the bracket convention,

√
∆
E

∂rz2 ̸= 0.

There is no axial contribution because the functions are independent of the axial coordinate, and no
polar contribution. At fixed energy, a stationary change of time adds an exact one-form times E to
the spatial covector, while a spatial coordinate change acts by cotangent pullback. The reduced
bracket is therefore unchanged.

Finally pass from fixed E to a temporal root E = e(y, η) of the characteristic equation. Write
f |e = f(y, η, e(y, η)), and use the bracket convention Hfg = {f, g}. Implicit differentiation gives, on
the characteristic set,

{f |e, g|e} = {f, g} + gE{qE , f} − fE{qE , g}
∂EqE

, ∂EqE = −2ΣKk
♯(dt) ̸= 0, (3.18)

where the symbol is expressed in the regular stationary coordinates, the brackets on the right hold
E fixed, and ∂E holds their spatial covector η fixed. The denominator is nonzero because dt is
timelike. For f = z1 and g = z2, both characteristic derivatives in the numerator vanish on the
invariant trapped set by (3.16). Thus the nonzero fixed-energy bracket survives on each halfwave.
Since {φ+, φ−} = ±2{z1, z2}, the assertion follows.

Lemma 3.5 (Polynomial growth of tangent derivatives). Fix E ̸= 0. On a neighborhood of the null
trapped set in the radial critical manifold

r = rc(Lz/E), kr = 0,

the flow of the separated fixed-frequency symbol has polynomial growth of every fixed-order tangent
derivative. The bounds are uniform on compact invariant subsets, include variation through a
sufficiently small interval of nearby symbol levels, and persist under positive smooth time changes
with speed bounded above and away from zero. In particular, they hold in the regular stationary time
t, on either sheet with its increasing-time orientation.

Proof. We first establish a strict angular margin on the null trapped set. There D = P 2/∆ and
∆ < r2. Expanding P gives

D + 2aELz >
P 2

r2 + 2aELz

= (r2 + 2a2)E2 + a2(aE − Lz)2

r2 ≥ (r2 + 2a2)E2.

(3.19)

Thus
c1 = D + 2aELz − 2a2E2 > 0. (3.20)

Compactness makes this inequality uniform, and it persists on nearby levels. Also

|pS2 |2 = D + 2aELz − a2E2 sin2 θ > a2E2,
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so the angular momentum covector never vanishes.
Use half the Hamiltonian (3.7) to normalize the separated time. On the radial critical manifold

its angular field is HD/2 +ω(Lz)HLz , where ω is smooth on the relevant impact interval. The second
term is an axial rotation and preserves D,Lz. Put

A = a2E2, C = D + 2aELz, Q = C − L2
z −A = D − (Lz − aE)2,

and let x1 = cos θ. The globally smooth function x1 satisfies

(x′
1)2 = (1 − x2

1)C − L2
z −A(1 − x2

1)2,

(x′
1)2 + c1x

2
1 +Ax4

1 = Q, x′′
1 = −c1x1 − 2Ax3

1.
(3.21)

The second-order equation follows by differentiation away from the turning points and extends to
them by smoothness. It is a confining oscillator because c1 > 0.

In particular Q ≥ 0, and its squared amplitude is

d2
1 = 2Q

c1 +
√
c2

1 + 4AQ
. (3.22)

This formula is smooth even at Q = 0. Substituting x1 = d1 sin u gives the positive invariant period

Tang(D,Lz) =
∫ 2π

0

du√
c1 +Ad2

1(1 + sin2 u)
. (3.23)

It depends smoothly on the conserved quantities, including at the constant equatorial orbit where
its value is 2π/√c1. It also remains smooth when the orbit passes through a pole.

Let Φs denote this angular flow, and let Rζ be axial rotation by ζ ∈ S1. The circle action is
free on the angular phase states under consideration. Away from the poles it is free on the base;
at a pole a nonzero covector has trivial rotational stabilizer. The data D,Lz, x1, x

′
1 determine the

angular phase state modulo this action. Away from the poles this follows from x′
1 = − sin θ pθ; at a

pole D determines the nonzero covector’s norm, and rotations act transitively on covectors of that
norm. Therefore there is a unique α(z) ∈ S1 such that

ΦTang(z)z = Rα(z)z. (3.24)

To justify smoothness without treating the listed invariants as coordinates, let U be the angular
phase region with nonzero covectors. Its free circle action is proper, and the map

S1 × U −→ U ×U/S1 U , (ζ, z) |−→ (z,Rζz)

is a diffeomorphism. The smooth pair z |→ (z,ΦTang(z)z) lies in this fiber product by the preceding
orbit classification. Its inverse gives the smooth α, including at poles and the equatorial limit.
Invariance of Tang and equivariance of the flow under axial rotations show that α is invariant along
the flow.

For every fixed integer n, it follows that

Φsz = Rα(z)nΦs−nTang(z)z. (3.25)

At each evaluation point choose n so the residual time is bounded, and keep this integer fixed while
differentiating the identity. On a compact invariant subset the period is bounded above and away
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from zero, so |n| = O(1 + |s|). Every fixed derivative of the circle power map and of s− nTang(z)
costs only a polynomial factor in n, while bounded-time flow derivatives are uniformly bounded.
Hence for each fixed integer j ≥ 1 there are constants Cj , Nj such that

∥Dj
zΦs∥ ≤ Cj(1 + |s|)Nj . (3.26)

This argument uses the circle-valued return rotation and requires no global real-valued lift of its
angle.

For a positive time change, write

t =
∫ s

0
τ(Φuz) du, 0 < c ≤ τ ≤ C.

The bounds just proved give polynomial bounds for every fixed derivative of this integral. Its
s-derivative is τ(Φsz) ≥ c; repeated implicit differentiation gives polynomial bounds for its inverse
s = s(t, z), and |s| is comparable to |t|. Composition with Φs preserves (3.26). The time changes
between separated time and a regular stationary Kerr time have precisely these properties on the
compact trapped set; reverse the separated orientation on the past sheet when parameterizing by
increasing t.

Finally, all formulas hold on an angular neighborhood where c1 > 0, allowing D to vary. On a
nearby level of (3.7), the radial critical equations are unchanged and only the allowed value of D is
shifted. The smooth embedding r = rc(Lz/E), kr = 0 transfers the estimates to every tangent jet
of the restricted flow on this critical manifold.

Proposition 3.6 (Normally hyperbolic trapping with escape). For each fixed subextremal Kerr
metric, the energy-normalized photon trap is symplectically transverse of codimension two and has
smooth local stable and unstable surfaces. Their normal expansion and contraction rates are bounded
away from zero. All fixed-order tangent derivatives grow subexponentially, so the normal rates
dominate the tangent dynamics at every fixed order. These properties hold on a sufficiently small
interval of nearby levels of the separated fixed-frequency symbol. A departing radial tail escapes the
radial trapping neighborhood and cannot return along a homoclinic orbit.

Proof. The functions φ± of Lemma 3.4 give the two invariant surfaces; their common zero set is the
trap, and their nonzero bracket proves symplectic transversality. Their differential equations give
the normal exponential rates. Lemma 3.5 bounds every fixed-order tangent derivative polynomially,
which proves the claimed domination.

For nearby levels, use the symbol qE in (3.7) and the spatial field X = HqE/2. Continue z1
algebraically as z1 =

√
∆ kr/E. On every nearby level one has the exact identity

z2
1 − z2

2 = qE
E2 + Uc − D

E2 . (3.27)

The quantities qE , D,E,Lz are constant for X, and Xr = E
√

∆ z1. Therefore

Xz2 = (∂rz2)E
√

∆ z1, Xz1 = (∂rz2)E
√

∆ z2.

For the full stationary field, differentiation at fixed Boyer–Lindquist spatial covector gives XT =
−∂EqE/2. In the regular time t = T + r∗ −G, its speed is instead

Xt = XT + (r′
∗ −G′)Xr.

On the trap Xr = 0, so E/Xt > 0 there and in a sufficiently small neighborhood on both sheets.
Dividing by Xt gives the same positive λ for both equations, with increasing-time orientation. Thus
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these are invariant hypersurfaces in a full fixed-frequency neighborhood, not merely in its null level.
Their bracket remains nonzero by continuity. The positive angular margin also persists, as proved
above.

For a trapped impact parameter, Lemma 3.2 gives F (r+) > 0. Along a departing tail Lz/E and
D/E2 remain fixed, and F 2/∆ increases strictly as r moves away from rc on either side. Thus the
departure is genuine escape, with no return to the double root.

This is the trapping geometry used by the local normally hyperbolic microlocal estimate below
[22, 29]. The argument requires neither a pinching-dependent resonance expansion nor a stationary
Killing field that is timelike over the whole trapping base. The local stable and unstable tails
are the real surfaces just constructed; outside their neighborhood the radial alternatives permit
propagation to microlocal absorption or to the ordinary ends. All of these trapping and horizon-
source descriptions are invariant under stationary chart changes. They also persist, with uniform
positive margins after shrinking the parameter neighborhood, for small changes of the exact Kerr
parameters.

3.4 Ellipticity after spatial projection

The remaining issue is specific to arbitrary spin. A trapping base point can lie in the ergoregion, so
one cannot require the stationary operator to be elliptic on an entire base neighborhood. The spatial
projection of a trapped covector nevertheless lies in an elliptic cone for the slicing of Lemma 3.1.

Proposition 3.7 (An elliptic cone containing the projected trap). Choose G′ = 1 throughout the
photon region. The union of the spatial projections of both trapped null sheets is contained, with a
positive margin, in a spatial conic neighborhood T with compact base support separated from the
horizon and from both spatial ends of the estimates. On this neighborhood,

bij(y)ηiηj ≥ c|η|2 (3.28)

for some c > 0 and any fixed auxiliary cotangent norm on the compact base support. Both temporal
roots there are nonzero and have absolute values comparable to |η|. One can choose nested smaller
and larger conic neighborhoods with these properties, and the same choices work after sufficiently
small changes of exact Kerr parameters and stationary charts.

Proof. At a trapped null covector, ṙ = 0, so ṫ = Ṫ . Substituting (3.9) into (3.8) gives

ΣKk
♯(dt)
E

= (r2 + a2)F
∆ + a

(
Lz
E

− a sin2 θ

)
= ΣK + 4Mr2

r −M
. (3.29)

Write k = −E dt + η in the stationary splitting. The zero-temporal-component lift of its spatial
projection is

η↑ = k + E dt.

Using nullness, (3.4), and (3.29), we obtain the exact identity

ΣK

E2 b
−1(η↑, η↑) = 2ΣKk

♯(dt)
E

+ ΣKb
−1(dt, dt)

= ΣK + 8Mr2

r −M
− 2Mr > 0.

(3.30)

The last inequality is strict for every r > r+ > M .
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The normalized trap is compact by Lemma 3.2. Its spatial projection is nonzero, since a nonzero
multiple of dt is timelike and cannot be a null covector. Consequently (3.30) gives a positive lower
bound relative to |η|2 on that projection. Covector reversal supplies the same bound on the other
sheet. By continuity, a neighborhood in the spatial cosphere has the asserted inequality. Its base
support may be confined to a fixed compact radial interval separated from the horizon and the
spatial ends, and nested neighborhoods may be chosen inside this open elliptic set.

For completeness, the temporal characteristic equation is

bttE2 − 2btiηiE + bijηiηj = 0. (3.31)

Here btt < 0, while the constant term is positive on T . The two real roots therefore have opposite
signs and neither vanishes. Homogeneity and compactness give the comparability of their absolute
values with |η|. The radial description places the trap of every nearby exact Kerr metric in the same
compact neighborhood, after shrinking the parameter range. Smooth dependence of the charts, the
symbol, and the trapped set preserves all the strict margins.

There is no assertion of base-space stationary ellipticity in Proposition 3.7. Elsewhere the
temporal root gap is still comparable to |η| on each fixed compact spatial set: this follows from
the timelikeness of dt and the positive definite inverse metric induced on its slices. Thus spatial
halfwave diagonalization remains available even where one temporal root vanishes. Together with
strict outflow and the escape alternatives, this permits the full-order positive energy sign away from
trapping. Near infinity the entire zero-frequency spatial symbol is elliptic.

Lemma 3.8 (Zero-energy directions at spatial fiber infinity). The zero-temporal-energy characteristic
set has no photon trapping away from the horizon radial set. Strictly outside the horizon, its spatial
Hamilton flow is real principal and nonradial, including at a covector dual to the stationary Killing
vector on the stationary limit surface. Consequently the extra characteristics at spatial fiber infinity
in an ergoregion do not introduce a further stationary trapped set at bounded temporal frequency.

Proof. For a future null covector with E = 0 and r > r+, positivity of P = −aLz implies Lz ̸= 0
and hence D > 0. The radial polynomial and its derivative are

R(r) = a2L2
z − ∆D, R′(r) = −2(r −M)D < 0. (3.32)

Thus there is at most one radial turn, and it is simple.
The spatial fixed-energy Hamilton field is the projection of the full null Hamilton field. If its

spatial base component vanishes, the full metric dual must be proportional to ∂T . Nullness then
places the base point on the stationary limit surface. At such a point (3.32) still has a simple
root, so the spatial Hamilton field is nonzero. It cannot be a nonzero pure fiber dilation: axial
momentum Lz ̸= 0 is conserved, whereas a nonzero dilation would change it. This proves the
nonradial real-principal assertion even at these apparently stationary covectors.

Between the horizons, the radial component of a null ray is nonzero because dr is timelike. At
the horizon, all crossings other than the generators are transverse. Lemmas 3.2 and 3.3 therefore
exhaust the possible non-escaping behavior. At bounded temporal frequency, spatial fiber infinity
corresponds to normalized temporal energy zero, so it contributes exactly the directions just analyzed
and no additional trapping.

After the standard horizon-source propagation, with the supported reverse estimate for the
transpose problem, these zero-energy directions use ordinary real-principal propagation. More
generally, fixed-energy spatial propagation follows the projected null flow, oriented by increasing
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regular time or reversed for the opposite estimate. The ray alternatives connect the trap, the horizon
radial region, the far end, and inner outflow without requiring a positive Killing-current norm in
the ergoregion. Stationary affine-in-time coordinate changes preserve this description. These are
the geometric inputs for the stationary and compact estimates in the next sections.

4 Stationary gauges and causal modulation
Fix one of the horizon-crossing computing cylinders constructed above, with stationary coordinates
(t, y) and exact Kerr metric b. The purpose of this section is to construct a reduced equation whose
stationary zero modes can be controlled by causal parameter feedback. We first modify the gauge
at high spatial frequency, retaining the stationary spectral information needed at low frequency. We
then construct the parameter families, the causal target, and the tested inverse that will supply the
compact low-frequency estimate. All constructions are made separately on each end. Constants
may depend on the fixed subextremal Kerr parameters and prescribed cylinder.

4.1 The local spectral input and conventions

We use the Laplace convention ∂t = ζ, with Re ζ ≥ 0. Choose a smooth stationary function ϕ equal
to the Kerr tortoise coordinate r∗ near infinity and zero on a fixed interior collar. Outgoing fields
have the factor e−ζϕ. At infinity our convention is

Hs,ℓ
b = r−ℓ−3/2Hs

b(dr dω/r), (4.1)

where the derivatives in Hs
b are r∂r and unscaled angular derivatives. Interior spaces are extendible

at the strict inner outflow boundary; their dual spaces are supported across that boundary. We
denote these conventions by a bar and a dot, respectively. The notation O(r−j+) permits an
arbitrarily small loss in the exponent, chosen within the relevant indicial interval.

Proposition 4.1 (Local spectral input). On the fixed subextremal Kerr cylinder there are arbitrarily
small, stationary, smooth, compactly based bundle-map modifications of harmonic gauge and of its
symmetric-gradient partner with these properties.

1. The stationary gauge-potential operator, obtained by applying the modified gauge to a pure Lie
derivative, is invertible at decay strictly between the powers 1 and r−1.

2. The modified linearized reduced vacuum operator has outgoing inversion at nonzero frequency
in the closed physical half-plane. Its bounded-frequency estimates, with a weaker compact
error, are uniform down to zero in the weight interval −3/2 < ℓ < −1/2. Its zero-frequency
realization has index zero and a seven-dimensional kernel: four gauge-corrected Kerr variations
and three translations.

3. In outgoing time, a polynomial mode with coefficients of order O(r−1+) has translation leading
coefficient if its degree is one. There are no such modes of degree at least two.

For tensors one may take s > 5/2, with strict margin, also sufficient for gauge potentials. The
uniform near-zero equation norm is Hs−1,ℓ+2

b . At nonzero frequency the outgoing conditions are
ℓ < −1/2 and s+ ℓ > −1/2.

Proof. The gauge-potential assertion is [28, Theorem 5.1]; the discussion following that theorem
permits arbitrarily small local damping parameters. The bounded-frequency estimates and stationary
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index are [28, Theorem 5.2], and nonzero-frequency inversion and the seven-dimensional kernel are [28,
Theorem 6.6]. The polynomial-mode assertions are [28, Proposition 6.8 and Lemma 6.9]. We verify
the geometric conventions for applying these results here. The stationary time is horizon-regular,
with outgoing time t− ϕ at infinity. In Boyer–Lindquist coordinates there,

r∗ = r+ 2M log r+O(1), bti = O(r−2), ∂y(ϕ− r) = O(r−1), b−1(d(t−ϕ), d(t−ϕ)
)

= O(r−1),

with symbol derivatives. The logarithmic coefficient is independent of spin. Bounded smooth
order-zero offsets in ϕ preserve the outgoing graphs and polynomial-mode statements. Stationary
regular chart changes on compact slabs act by smooth component maps and bounded time shifts,
with only polynomial losses on fixed strips.

The inner edge may be extended to the chosen rb between the horizons. Between any two strict
depths, dr is temporal, so ordinary hyperbolic propagation applies. On a strip with bounded Re ζ,
its high-frequency cost is polynomial: Im ζ is a real tangential Fourier parameter in the radial-time
Cauchy estimate, and the real Laplace part is a bounded lower-order weight. We choose the local
damping sufficiently small for the finitely many strict thresholds below. This input concerns the
local modified operator; it invokes neither nonlinear stability nor inversion after spatially nonlocal
gauge changes.

Normalize the reduced equation by

Ric(g) + (Dg + C)Υ = 0, (Dgω)µν = ∇g
(µων). (4.2)

For a target metric B, the differential wave-map gauge is

(Υwave(g;B))µ = −gµκgαβ
(
Γ(g)καβ − Γ(B)καβ

)
. (4.3)

Write Eg for the addition to this gauge and C for the addition to its partner, including the local
terms just obtained. At g = B = b write

B = DΥwave|b;b + Eg, L = Ric′
b +(Db + C)B.

The notation L(ζ) means substitution of ∂t = ζ. We write Lh for the local operator before the
high-spatial-frequency changes made next.

4.2 Gauge transport on the spatial elliptic cone

The geometric analysis supplies a compactly based spatial conic neighborhood T of both projected
trapped sets, disjoint from the horizons and ends of the cylinder, on which the zero-frequency
spatial principal symbol is strictly elliptic. We use this cone instead of a timelike neighborhood in
the spatial base. The two temporal characteristic roots remain separated because the t-slices are
spacelike.

For this construction let ḡ be an exact nearby stationary Kerr metric in a chart of the same
type, and let B0 be a close stationary target. We calibrate the transport of

Ric′
ḡ +(Dḡ + C)

(
DΥwave|ḡ;B0 + Eg

)
. (4.4)

At equal metrics without additions, this is ordinary tensor parallel transport after removal of scalar
wave-amplitude transport. Changing B0 inserts only an algebraic term Kalg in the linearized gauge.
We use these wave-gauge identities in the following construction.
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Lemma 4.2 (Conic gauge calibration). The additional gauge and partner terms can be chosen as
real spatial pseudodifferential operators A0 +A1∂t, with respective spatial orders 0,−1, such that:

1. their kernels are compactly supported in both variables away from horizons and boundaries,
and their high-frequency microsupport lies in T ;

2. at sufficiently high spatial frequency their transport near each trapped set is exactly compatible
with a smooth positive homogeneous bundle metric;

3. at the base metric the unsaturated transport and cutoff transition have imaginary subprincipal
defect smaller than any prescribed fixed fraction of the minimum normal expansion rate;

4. the additional temporal-acceleration coefficients have spatial order at most −1 and are small
on any prescribed finite Sobolev list when the high-frequency cutoff Λ is sufficiently large.

The prescription is smooth in the stationary metric and target. The symbol bounds are uniform for
large Λ and for a sufficiently small fixed parameter neighborhood.

Proof. For a null covector k define

QkH = H(k♯, ·) − 1
2(trḡH)k, dke = k ⊙ e,

where ⊙ is averaged symmetric product. The map dk is injective and Qk is surjective, since
trace reversal is invertible. Nullity gives im dk ⊂ kerQk. Parallel transport preserves this flag,
with quotient the traceless symmetric tensors of the Euclidean screen. Up to a common scalar
normalization the available changes are dkEg(k) and C(k)Qk.

Normalize k by its conserved nonzero stationary energy: n = k♯ḡ/E is parallel along its null
geodesic. Choose a stationary future ḡ-unit timelike field T and set

α = −ḡ(n, T ) > 0, l = T

α
− n

2α2 .

Thus ḡ(l, l) = 0 and ḡ(n, l) = −1. In the screen {n, l}⊥ choose local orthonormal vectors eA. Writing
∇ for transport along the geodesic, preservation of these inner products gives

∇n = 0, ∇l = w, ∇eA =
∑
B

ωABeB + ḡ(w, eA)n, ωAB = −ωBA,

where w is a screen vector. In particular there is no diagonal boost term: conservation of E has
made n parallel, not merely parallel up to scale. Give n positive length ϵ, l length ϵ−1, and the
screen its ordinary metric. The null-rotation terms have norm O(ϵ) in this metric, whereas the
screen rotation is skew. The construction patches without a global screen frame and gives a positive
homogeneous tensor metric. Its non-skew transport is arbitrarily small, also on the fixed tensor
power.

Choose metric transport preserving the orthogonal flag splitting, with the same induced quotient
transport. Its difference A from the original transport maps kerQk into im dk and is otherwise
unrestricted. It is therefore realized by the available changes: for a smooth right inverse Rk of Qk,
put Pk = 1 −RkQk and take

Eg(k) = d−1
k APk, C(k) = ARk.

Then dkEg(k) + C(k)Qk = A. Compensate also Kalg and the local additions in prescribing the
total transport. Smooth projections and right inverses give smooth symbols. The normalized-ray
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construction can be chosen real and invariant under simultaneous covector reversal. Transport
before time normalization is odd of degree one, and the gauge-factor symbols are even of degree
zero.

At b choose the local additions small after the flag scaling. Convex interpolation to compatible
transport preserves the strict subprincipal margin through the high-frequency transition. Write the
roots as k = (−P±(y, η), η) and let Eadd

± be the extra value prescribed for either gauge factor on the
two roots. Set

A1 =
Eadd

+ − Eadd
−

−i(P+ − P−) , A0 = Eadd
+ + iP+A1. (4.5)

Since |P+ −P−| ≳ |η|, these have orders −1, 0. Reversal interchanges the sheets; thus A0 is real-even,
A1 imaginary-odd, and A0 + A1∂t is real. Extend and patch the values on each sheet before the
single spatial interpolation. Overlap of their projections creates no conflict, including over the
ergoregion.

Use an even conic cutoff in T , equal to one near both projected trapped sets, and a cutoff
|η| ≳ Λ. Quantize with compact kernel cutoffs in both variables. Products using both order-zero
gauge factors have no remaining first derivative and do not contribute to transport order. Thus the
common scalar cutoff really interpolates the first-order transport; symbol derivatives in compositions
are lower order. Kernel localization preserves its homogeneous symbol. Outside a slightly enlarged
cone, separated-support composition or integration by parts away from the spatial diagonal gives
smoothing leakage O(Λ−N ) in every prescribed fixed seminorm, for every fixed N . The full symbols
are uniformly bounded in their orders. Each extra coefficient of a second time derivative has a spatial
gain of at least one, hence is small on any fixed finite Sobolev list. The mode-preserving finite-rank
corrections below are smoothing and do not alter the calibration. Repeating the prescription at
each frozen metric makes compatibility exact near its trap.

4.3 Stationary estimates after the conic modification

We separate bounded frequency, high frequency, and the outgoing spatial transpose. The last is the
bilinear spatial transpose, whose outgoing exponential has the same sign as the primal exponential.
Fix a small weight slack 0 < ι ≪ 1 in the weighted scattering estimates below.

Proposition 4.3 (Stationary estimates). For sufficiently large Λ, the conically modified base
operator has the following estimates.

1. Bounded-frequency estimates with weaker compact errors persist uniformly as Λ → ∞, at the
orders and zero-frequency weights of Proposition 4.1. The stationary index is zero, and kernel
and cokernel are upper semicontinuous. On closed bounded bands excluding zero, the physical
estimates persist without compact error, up to Re ζ ↓ 0.

2. For every fixed strip 0 ≤ Re ζ ≤ D∗ and fixed admissible order, there are polynomial high-
frequency bounds without kernel, with threshold independent of sufficiently large Λ. These
include the compact Hs estimate from Hs−1, for s = 5 or a fixed higher admissible order, the
supported dual solution estimate of order 1 − s, and

⟨r⟩−1/2−ι(v, ∂yv) ∈ L2

for the physical transpose with a compact smooth source, with polynomial frequency cost.

3. Zero-frequency estimates, including those for gauge potentials, persist uniformly for nearby
exact Kerr principal metrics in smooth stationary, asymptotically affine charts of the prescribed
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type. Fixed smooth finite-dimensional supplements remove their kernel and cokernel locally in
parameters.

The same-sign outgoing transpose has the a priori estimate and index stated in Lemma 4.4.

Proof. Bounded frequency. The additional operator has spatial order at most one and compact
elliptic microsupport. Let β be an order-zero elliptically supported cutoff equal to one on an enlarged
neighborhood of that microsupport. On fixed enlarged compact sets K ′,

∥(L− Lh)(ζ)u∥Hs−1 ≤ CΛ−1∥ Op(β)u∥Hs+1 +O(Λ−N )∥u∥Hs(K′). (4.6)

Nested cutoffs and the high-frequency cutoff give this estimate, including arbitrary-order separated-
symbol remainders. An elliptic parametrix for the operator without additions controls the stronger
norm. The addition is already bounded Hs → Hs−1, so the bounded-frequency interior graph
domains agree. The same argument applies to supported dual orders, since reversed covectors
remain elliptic, and to gauge potentials. It proves persistence of compact-error estimates, index,
and semicontinuity. Smoothing subtractions of size O(Λ−N ) do not change this reasoning.

We recall why physical homogeneous limiting-absorption states on a closed nonzero band belong
to the outgoing class in Proposition 4.1. The passage from physical limiting absorption to outgoing
conormality uses the unchanged Kerr end and the interior propagation verified above. The physical
solution and source weights are ⟨y⟩−1/2−ι and ⟨y⟩1/2+ι. The incoming radial estimate gives the
outgoing microlocal condition for a homogeneous real-frequency limit. Exterior rotation commutators
are short-range because the principal 1/r correction is rotation invariant. Divided rotation differences,
exterior propagation, and spatial ellipticity for unscaled derivatives and fixed-annulus errors give the
same scattering estimate after any fixed number of rotations, with positive slack. Thus, for a limit
hlim of the local operator, rhlim and its radial derivative lie in L2(r−1−2ιdr dω) with those rotations.

Divide the radial equation by its exact radial coefficient. Its leading factorization in tortoise
coordinate is (∂r∗ − ζ)(∂r∗ + ζ)(rhlim); the remaining symbol terms are O(r−2) with at most two
angular derivatives or one radial and one angular derivative. Integrating the first factor from
infinity, with the incoming homogeneous term excluded, gives O(r−1+ι) for the second factor by
weighted Cauchy–Schwarz. On the imaginary axis put w = eζr∗rhlim. It has size O(rι) and the first
symbol-derivative estimate, and

(∂r∗ − 2ζ)∂r∗w = O(r−2)
(
∂≤2
ω w, ∂≤1

ω ∂r∗w
)
. (4.7)

Here is the derivative induction explicitly. Write the right side as F = r−2(A2w + A1w
′), with

symbol-bounded angular operators A2, A1 of orders at most two and one. Initially w = O(rι) and
w′ = O(r−1+ι). The equation first gives the raw bound w′′ = 2ζw′ + F = O(r−1+ι). It follows
that F ′ = O(r−3+ι), including the term r−2A1w

′′. Differentiating the equation and excluding its
nondecaying homogeneous solution gives

w′′(r∗) = −
∫ ∞

r∗
e2ζ(r∗−s)F ′(s) ds = O(r−2+ι).

In general, symbol bounds through w(j−1) first give the raw bound w(j) = O(r−j+1+ι). Then
F (j−1) = O(r−j−1+ι), including its highest derivative term, and integration of (∂r∗ −2ζ)w(j) = F (j−1)

gives w(j) = O(r−j+ι). The raw decay excludes the homogeneous term also when Re ζ = 0. Angular
derivatives are included throughout, and initial slack is chosen smaller than the intended final slack.
This gives outgoing b-regularity, and radial propagation upgrades interior regularity above threshold.
Proposition 4.1 excludes the resulting homogeneous limit. In the open half-plane one may instead

25



use its outgoing primal solvability and the physical index argument below. The microlocal smallness
(4.6) now retains the closed-band estimates for L. Dual estimates follow from the open half-plane.
The contour argument will use bounds up to the imaginary axis, not an ordinary unweighted inverse
there.

High frequency. We apply the local outgoing normally hyperbolic estimate of [22, Theorem 1], with
the scalar-principal bundle formulation and positive pseudodifferential metrics of [29, Condition (2.5),
Proposition 3.12]. Its hypotheses are a symplectically transverse codimension-two trapped set,
smooth stable and unstable surfaces, and imaginary subprincipal transport defect strictly below
half the minimum normal rate in a positive metric, including its transport and the half-density
convention. The geometric defining functions z1 ± z2 and Lemma 4.2 verify these hypotheses for
each nonzero-energy sign with margin.

To use the separated symbol qE = ΣKb
−1(k, k) of (3.7), an operator initially written with

principal symbol b−1(k, k) can be normalized microlocally by symmetric sandwiching with the
smooth elliptic multiplier

√
ΣK . In half-density Weyl calculus the two first-order bracket terms

in this symmetric sandwich cancel, so its subprincipal symbol is ΣK times the original one. On
the characteristic trap HΣKp = ΣKHp; the derivative of a chosen bundle metric scales by the same
factor. Consequently the pointwise relative transport margin is preserved. For a theorem stated
with the supremum of the defect and the minimum normal rate, fix this normalization first and
choose the defect sufficiently small using the positive minimum and finite maximum of the scaling
factor on the compact trapped neighborhood. The gauge calibration permits arbitrarily small defect
before saturation and zero defect at saturation, so this choice imposes no additional hypothesis.

For k = −E dt+ η,
∂E
(
b−1(k, k)

)
= −2k♯(dt).

Its sign is separated on each characteristic sheet because dt is timelike, also after rescaling at
spatial fiber infinity. Orient projected propagation by increasing regular t, dividing the Hamilton
field by its t-speed. At trapping k♯(dt)/E > 0; the frequency and time normalizations differ by a
bounded positive factor after fixing orientations. The subprincipal margin is selected after these
normalizations. More precisely, if f is the positive time-change factor, fmax its maximum on the
compact microlocal neighborhood, and νnew

min > 0 the minimum normal rate for the normalized flow,
choose the arbitrarily small flag defect δ so that fmaxδ < νnew

min /2 with fixed surplus. Choose the
local additions smaller than that surplus. Compatible saturated transport has zero defect, and
the convex cutoff transition retains the margin. Merely scaling rates and defects pointwise would
not suffice for this global supremum–infimum comparison. Scalar half-density transport is scalar
wave-amplitude transport with stationary density; its remaining bundle transport is the calibrated
one. The bounded positive real Laplace part therefore supplies damping on either trapped sheet.
The horizon radial operator is unchanged and has positive redshift.

The ray alternatives give strict outflow and no returns from infinity or homoclinic returns.
Incoming propagation from infinity, ordinary real-principal propagation, radial estimates, and the
trap estimate control the characteristic set modulo lower remainders. For the transpose use the
opposite propagation direction. A fixed Killing-energy sign can encounter ergoregion rays with a
different time orientation. They cannot be trapped, since the double-root identities with future
P > 0 force future E > 0. They use only escape or radial propagation. At spatial fiber infinity with
normalized temporal energy zero, the new symbols miss all nonelliptic directions and the horizon
radial geometry; the zero-energy alternatives give ordinary nonradial propagation. The positive
metric extends to the required microlocal neighborhood. This uses a local outgoing theorem, not
global Kerr–de Sitter inversion or a positive Killing-current norm in the ergoregion.

We check uniformity in Λ. On characteristic added microsupport, c|ζ| ≤ |η| ≤ C|ζ|. Put
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hf = |ζ|−1 and ξ = hfη. On |η| ≥ c′|ζ|, the additional terms in h2
fL are uniformly O(hf ) of maximal

spatial order one, by the ordinary Sj1,0 bounds on coefficients of orders 1, 0,−1 multiplying zero,
one, and two powers of ζ. Outside an enlarged elliptic cone they are O(h∞

f ) smoothing. Where
the cutoff changes at the trap, Λ/|ζ| is bounded above and below, so its rescaled derivatives are
uniformly bounded. Its first transport is the controlled scalar interpolation; symbol derivatives
in gauge composition are lower order. Substitution of the bounded real Laplace part in the extra
time-derivative factors also changes only lower orders. At large relative spatial frequency the added
microsupport is itself elliptic, and the additions vanish at the radial set.

For |η| ≤ c′|ζ|, with c′ sufficiently small, the wave symbol has size ≳ |ζ|2. Write the perturbation
as

ζ2K−1 + ζK0 +K1,

with subscripts denoting maximal spatial orders. Relative to elliptic inversion its first term costs
O(Λ−1) and the others O(|ζ|−1). Separated localizations from this sector to the characteristic
set have rapid frequency decay, including for fixed-rank smoothing terms. No uniform smooth
semiclassical symbol at ξ = 0 is asserted. These errors are absorbed after propagation with a
threshold independent of large Λ. Large positive Laplace lines also admit forward wave energy after
the small acceleration correction is solved. This proves the polynomial strip bounds and the exterior
scattering bounds.

Nearby stationary parameters. At zero frequency the horizon inequalities remain strict after
pullback to nearby exact Kerr principal models. Lower-order terms vary smoothly, high additions
remain elliptic and away from the horizon, and the normal operator at infinity is a positive constant-
coefficient Laplacian after a constant linear spatial change, with unchanged indicial gaps. Add a fixed
smooth finite-dimensional supplement removing the center’s kernel and cokernel. Primal and dual
compact-error estimates, compactness, and equation convergence keep the supplemented problem
invertible: otherwise a normalized contradicting sequence yields a nonzero limiting nullstate. This
avoids demanding smallness of a changing principal operator on a fixed one-derivative graph. Gauge
potentials obey the same argument. When high spatial regularity is needed only on a compact set,
the b-elliptic end permits lower solution and equation derivative orders after a switch across fixed
full elliptic annuli, with the higher source norm maintained slightly farther out.

The transpose argument uses three realizations of the stationary operator. The physical equations
act on the original fields through L(ζ) and its supported spatial transpose L(ζ)t. Removing the
outgoing exponential gives, respectively,

Pout(ζ) = eζϕL(ζ)e−ζϕ, P ♯(ζ) = eζϕL(ζ)te−ζϕ.

The second is a same-sign outgoing conjugation of the physical transpose. In particular,

Pout(ζ)t = e−ζϕL(ζ)teζϕ.

The conjugating factors are reversed when the outgoing primal is transposed. We first estimate P ♯
near zero and then compute its index at nonzero frequency, using different exterior equation spaces
for these two purposes.

Lemma 4.4 (The outgoing spatial transpose). Fix ℓwt = −1/2−ι, with 0 < ι ≪ 1, and a sufficiently
large fixed exterior derivative order j. Let A have supported interior order −4 and exterior space
Hj,ℓwt

b ; let S have supported interior order −5 and exterior space Hj−1,ℓwt+2
b . For

P ♯(ζ) = eζϕL(ζ)te−ζϕ
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there is an estimate from S to A with a weaker compact error, uniform near zero. At each fixed
small nonzero ζ with Re ζ > 0, the graph using instead the exterior equation space Hj,ℓwt+1

b has
index zero, also after compact smooth finite-rank augmentation.

Proof. Combine the supported interior stationary dual estimate with the primal outgoing estimate
cut to infinity. In Cartesian trivializations the difference of the conjugated transpose and comparison
primal operator is

O(r−2)∂y +O(r−3) + (ζ + ζ2)O(r−2).

The symbol bounds, notably bti = O(r−2) and connection coefficients of that order, give this
expression. It is small between the indicated spaces sufficiently far out and near zero. Switch orders
across fixed full elliptic annuli beyond all compact kernels. This proves the a priori estimate.

For the index, first the unconjugated physical primal and supported transpose have index zero for
each Re ζ > 0. Use interior solution/equation orders s, s− 1 with s = 5 and 1 − s,−s, respectively,
and ordinary unweighted fixed-frequency graphs outside. The Fourier normal operator at infinity is
a multiple of the flat spatial Laplacian minus ζ2, hence invertible. At high interior spatial frequency
the normalized temporal energy is zero; ordinary propagation, non-adverse redshift, their supported
dual estimates, and strict outflow give compact-error estimates in both directions. The additions
are lower order over ellipticity or smoothing with compact kernels. Thus the graph domains are
locally constant in the open half-plane and both problems are Fredholm.

On a sufficiently large forward line, wave energy and past integration give primal inversion and
uniqueness after solving the small order-(−1) normal-acceleration correction. Begin with natural
unweighted orders, then use exterior ellipticity. Duality gives transpose solvability; testing against
primal solutions at slightly raised compact orders gives its uniqueness. Continuation establishes the
physical indices, which compact smooth finite-rank terms do not change.

The comparison outgoing primal problem uses Lh with extendible interior orders and exactly
the exterior graph proposed for the outgoing transpose. Proposition 4.1 gives solvability on compact
smooth data, trivial kernel, and an estimate with compact error. Altering interior orders uses the
one-order propagation estimate, homogeneous regularity above threshold, and annular ellipticity.
This comparison also has index zero. Exchange its end with the physical supported transpose end
in their direct sum, by a smooth signed exchange on an elliptic annulus outside all kernels. Domain
and range spaces identify, and collar errors are Rellich compact.

On the conjugated end the fixed-frequency difference is O(r−2)∂y+O(r−2). Its graph additionally
controls Hj+1,ℓwt−1

b . Indeed, if V ∈ Hj,ℓwt
b and its equation PV ∈ Hj,ℓwt+1

b , write

r2P = B2 + rB1 +B0,

where B2 is b-elliptic of order two and the remaining terms have order at most one, with uniformly
bounded symbol coefficients at this fixed nonzero frequency. Both r2PV and (rB1 +B0)V lie in
Hj−1,ℓwt−1

b ; elliptic regularity gives the asserted extra derivative. Since r−2∂y is r−3 times a b-vector
field, the first-order difference maps this improved graph regularity to Hj,ℓwt+2

b . The zeroth-order
difference maps the original V to the same space. Thus the difference gains one tail weight relative to
the equation space Hj,ℓwt+1

b , with norm O(Y −1) beyond radius Y . On each finite annulus ordinary
graph ellipticity gives two local derivatives over the equation order, so Rellich compactness handles
the remaining compact part. The other exchanged summand is a physical primal problem of index
zero. Hence the desired outgoing transpose graph has index zero. All high additions remain on their
original interior pieces in this argument.

This gives an index, not automatically an inverse. If a compactly forced outgoing conjugated
transpose problem has trivial kernel, index zero supplies its inverse. Its solution V gives the physical
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test v = e−ζϕV , exponentially decaying at infinity. Supported–extendible integration by parts
against these tests kills the physical primal kernel, and physical index zero yields inversion. The
stronger near-zero S estimate is used on graph states with that extra source weight. This never
identifies P ♯(ζ) with the transpose of the conjugated primal.

4.4 Stationary profiles and exact parameter families

We next retain the physical zero modes while installing the conic gauge, and integrate the relevant
directions into exact Kerr families. The indicial calculation below identifies the required parameter
directions at the fixed center.

Lemma 4.5 (Profiles and mode-preserving corrections). There are smooth stationary tensors Hi

for 1 ≤ i ≤ 4 and Ji, H1
i for 1 ≤ i ≤ 3, with stationary vector fields Vi,Wi, such that

Ji = LVib, H1
i = LWib+ 2dt⊙ V ♭

i , (4.8)
Vi = ei +O(r−1), Wi = yi∂t +O(r0+), (4.9)

BHi = BJi = B(tJi +H1
i ) = 0, L(0)Hi = L(0)Ji = 0, L(0)H1

i = −[L, t]Ji. (4.10)

Here ei are coordinate translations near infinity and Hi are gauge-corrected Kerr variations. In
symbol orders,

Hi, H
1
i = r−1(smooth angular term) +O(r−2+), Ji = r−2(smooth angular term) +O(r−3+).

(4.11)
The additional high-frequency gauge can be changed by O(Λ−N ) finite-rank smoothing terms, for
every fixed N , so that these identities remain exact. Its decaying stationary kernel then consists
precisely of the seven independent Hi, Ji.

Proof. For the local gauge, the starting profiles are the Kerr, translation, and boost profiles of [28,
Lemmas 6.1–6.3, Proposition 6.5, and (6.6)]. We record the end estimates needed here, including the
sharper translation-potential bound, and then preserve their identities under the conic modification.

Begin with the local gauge of Proposition 4.1. Correct cut-off Kerr, translation, and boost
generators successively with its stationary gauge-potential inverse. The errors requiring nondecaying
correction, for Kerr and the stationary boost part, are O(r−2). Shifting to a slight growth weight
O(r0+) is surjective by indicial Fredholm regularity: its cokernel is already zero at decay.

The translation correction has an O(r−3) leading error which is a constant linear combination of
second Cartesian derivatives of degree-(−1) symbol-leading coefficients. Each has zero spherical
mean, as follows by integration over shells and surface scaling. Hence the decaying vector correction
has an r−1 angular leading term without a leading logarithm. The identity Ltei+yi∂tηMink = 0 and
the gauge correction give tJi +H1

i = LtVi+Wib and (4.10) for the local gauge. The flat-Laplacian
indicial expansion gives (4.11), using bti = O(r−2) in the equation for H1

i . The sublinear correction
vectors for Kerr and for Wi − yi∂t have first derivatives O(r−1) with symbol bounds. Indeed
their flat symmetric gradients have that order by the tensor profile expansion. Differentiating and
permuting indices gives second derivatives of order r−2; integrating along rays from infinity, where
first derivatives vanish, gives the stated bound. These arguments use smooth Kerr symbols, indicial
regularity at infinity, and compact propagation above threshold, without a restriction on spin.

The seven stationary profiles are independent already on a sufficiently far exterior region, away
from the trapping base. A stationary sublinear-symbol gauge preserves the 1/r coefficient of the
stationary Killing-time norm and the leading curl of bti dyi/btt. A stationary time displacement
adds an exact form to the latter, and its spatial Lie derivative is lower order. The Kerr expansions
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therefore detect the mass and angular momentum vector, with fixed normalized Cartesian axes.
A nonzero translation combination cannot have zero Lie derivative there, since it commutes with
∂t and its action on the leading radial coefficient of b(∂t, ∂t) is nonzero. Thus compact smooth
functionals away from a physical trapping neighborhood separate the modes; no elliptic unique
continuation across that neighborhood is required.

At the base point, subtract finite-rank spatial smoothing terms from the high addition to Eg
so that its A0 part annihilates the span of H,J,H1 and its A1 part annihilates J . To be explicit,
choose a compact cutoff χin equal to one on all input supports. Let qα be a basis of the actual
finite-dimensional span of χinH,χinJ, χinH

1, and choose compact smooth tests λα with λα(qβ) = δαβ .
For the high-cutoff operator A0,Λ subtract

S0f =
∑
α

(A0,Λqα)λα(χinf).

The identity A0,Λ = A0,Λχin shows that A0,Λ − S0 annihilates every original profile, including when
their restrictions are dependent. Use the same construction on the span of χinJ for A1,Λ. Each qα
is fixed, smooth, and compactly supported. Consequently A0,Λqα = O(Λ−N ) in each fixed smooth
seminorm for every fixed N , and the finite-rank kernel formula gives the same statement for S0 and
S1 in every fixed smoothing norm. The constants may depend on that norm and on N : only the
finite base list is made small by the single choice of Λ. Hence the profile identities remain exact.
The seven modes persist, and Proposition 4.3 excludes any enlargement of the decaying kernel.
Gauge-potential invertibility persists by the same elliptic smallness. Index and weak compactness
give the corresponding cokernel continuity towards the local-gauge limit. Extend these smoothing
subtractions smoothly to nearby parameters.

The decaying stationary modes are not the whole kernel when a field is allowed slight growth
at infinity. A constant symmetric covariant two-tensor in four dimensions has ten independent
coefficients. The next proposition realizes these constant asymptotes by additional homogeneous
modes and uses them to choose an exact stationary reference. Their constant leading terms arise
from affine coordinate changes; their normalization may also add decaying Kerr and gauge directions.
They therefore do not represent ten additional physical Kerr parameters.

Proposition 4.6 (Exact stationary families and supplements). For small p = (m, v) ∈ R4 × R3

there is a smooth family Gp of exact diffeomorphic stationary Kerr metrics with G0 = b, tangent
directions H,LW b, and symbol asymptote

Gp − ηv = O(r−1), ηv = −(1 − |v|2)dt2 − 2vi dyi dt+ |dy|2. (4.12)

Let Lp(0) denote the stationary linear reduced operator at metric and target Gp. It has seven
independent decaying modes and ten further independent stationary homogeneous metric modes
with constant tensor asymptotes. There are no additional dimensions at any growth power strictly
between 0 and 1.

There exist a fixed compact smooth seven-vector functional ℓ, smooth ten-vector functionals ℓpC ,
and a smooth list HC(p) of the ten additional modes, satisfying

ℓ(H,J) = I, ℓHC(p) = 0, ℓpCHC(p) = I,

with ℓpC annihilating the seven decaying modes. Their supports can be fixed outside a physical
trapping neighborhood. There is a second smooth exact stationary Kerr family Gp,c, c ∈ R10 small,
with

Gp,0 = Gp, ∂cGp,0 = HC(p). (4.13)
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The gauge calibration extends smoothly to both families. The frozen gauge of Gp,c relative to Gp is
O(c2) on fixed compact sets.

Proof. Integrate the stationary correction flows in Lemma 4.5. For the velocity directions use the
affine leading chart

tK =
√

1 − |v|2 t+ v · y√
1 − |v|2

, yK =
(
I + vvt

1 − |v|2

)1/2

y. (4.14)

Pullback of the flat metric is ηv. Nearby raw Kerr metrics are first expressed in smooth ingoing
coordinates at their outer horizons, bent on a larger domain, and corrected to Boyer–Lindquist
conventions towards infinity before restriction. Since the center has nonzero spin, its direction can
be rotated smoothly relative to the fixed Cartesian axes. The correcting maps have stationary
spatial components and time component equal to a nonzero constant times t plus a spatial offset.
Their vector-field derivatives retain the tight r−1 bounds. This constructs Gp and (4.12). Apply
the smooth calibration at Gp.

The supplemented stationary and gauge-potential estimates give seven gauge-corrected decaying
modes and no more. Physical variations are taken with the leading affine chart held fixed. At
vector growth just above constants the correction equations are surjective, as in Lemma 4.5. Ten
independent constant tensor asymptotes are obtained from pure affine gauge at infinity, stationary
as metric variations, including a scaling of the stationary generator; correct them by stationary
O(r0+) vectors. The flat indicial gap, unchanged by the constant anisotropic chart, shows that
these are exactly the ten extra dimensions below growth power 1. Uniform supplemented estimates
at each fixed high order and difference quotients of the differentiated stationary equations prove
smooth parameter dependence, with only finitely many extra orders at each step.

Normalize their representatives by ℓHC(p) = 0. For the probes, choose fixed tests separating the
limiting spans on a far exterior region. The stationary estimates with compact error, the dimension
counts, and equation convergence prevent any normalized nearby mode from being annihilated by all
of them. Smooth parameter-dependent linear combinations therefore produce ℓpC with fixed supports.
These supports will lie in the unsmoothed region of the causal construction. Integrating the Kerr
and diffeomorphism directions that define HC(p) gives Gp,c. Its slightly looser symbol decay after
its affine asymptote is harmless. Continue the calibration at this family. Since its tangent satisfies
the linear stationary gauge, its frozen gauge residual is quadratic in c. All horizon, slicing, trapping,
and conic-support conditions retain strict margins after shrinking the parameter range.

The two families will serve different parts of the finite-time argument. Causal modulation will
control the seven decaying modes, while the ten measured coefficients c select the instantaneous
reference Gp,c in the sliced estimate. The difference from this reference, rather than the entire
perturbation, will have the integrable low norms needed in the energy comparison.

For later energy estimates the frozen transport operator is now unambiguously

Lp,c = Ric′
Gp,c

+(DGp,c
+ C(p, c))

(
DΥwave|Gp,c;Gp

+ Eg(p, c)
)
. (4.15)

It does not include the derivative of Dg applied to the residual gauge. That omitted coefficient is
O(c2) compactly and will be treated in the nonlinear comparison. The construction order has been
b, then Gp, then Gp,c.

Lemma 4.7 (Adjoint tails). Let K∗
p be the supported bilinear-spatial-transpose kernel dual to the

decaying stationary problem. It is seven-dimensional, locally of order Ḣ−4, and conormal O(r−2+)
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at infinity. It has locally uniform weak bases with uniform symbol bounds sufficiently far out. If H0
is a smooth extendible stationary tensor of symbol growth O(r0+), then

⟨v, Lp(0)H0⟩ = 0, v ∈ K∗
p. (4.16)

Proof. Index and kernel dimension give the dimension. Apply Green’s identity to the constant-
coefficient flat, possibly anisotropic, normal operator. Indicial regularity initially permits order-(−1)
fundamental solutions. Pairing with the ten independent constant-asymptote homogeneous modes of
Proposition 4.6 kills their leading coefficients. The supported convention supplies no inner boundary
contribution, so the remaining adjoint tail is O(r−2+). The uniform stationary estimates and exterior
indicial regularity give the asserted weak bases and symbol bounds.

For v = O(r−2+ϵ′) and H0 = O(rϵ) the outer Green boundary terms are O(r−1+ϵ+ϵ′). Choose
ϵ + ϵ′ < 1 and let the sphere tend to infinity. The inner term vanishes by supported–extendible
duality. This proves (4.16); the extra adjoint tail power, rather than dual Fredholm information at
one weight alone, is what permits these pairings.

4.5 The causal target and reduced evolution

We now construct the time-dependent target and causal feedback that will control the stationary
zero modes. The radius-dependent averages preserve the asymptotic symbol class; the filters control
the parameter jets; and the compensator restores the desired stationary linearization. After proving
their defect bounds, we solve the reduced evolution and verify propagation of the vacuum constraints.
Write p(t) = (m(t), v(t)), let a(t) = p′(t), and let λ′(t) = v(t). Extend p and λ by zero for t ≤ 0.
The co-moving coordinates are (t, y) and the laboratory coordinates are (t, z), where

z = y − λ(t).

The symbol a in this section denotes the parameter derivative, not the fixed Kerr rotation parameter.
Choose a smooth function d(x) ≥ 0, zero on a large fixed ball containing both variables of every

compact kernel and all probes, and equal to |x| near infinity. Choose a real smooth signed kernel k0
compactly supported in (0, 1/10) with∫

k0(σ) dσ = 1,
∫
σk0(σ) dσ = 0.

For a zero-past function f define its radius-dependent causal average by

fs(t, x) =
∫
k0(σ)f(t− σd(x)) dσ. (4.17)

The implicit equation
x = z + λs(t, x) (4.18)

is a contraction for sufficiently small sup |v|. It gives x = y in the unsmoothed region, and 1 + |x| is
comparable to 1 + |y|.

Define the target by evaluating the family coefficients in the formal coframe

B = Gps(t,x)(x) in the coframe (dt, dz + vs(t, x) dt). (4.19)

The zero first moment has a useful exact consequence. If p is constant and λ is affine, with λ′ = v,
throughout the interval from the earliest sampled time to the current time t, then ps = p(t),
λs = λ(t), and x = y. On a region where these identities hold, B is exactly Gp in the co-moving
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chart, expressed in the laboratory chart by the coframe dy = dz + v dt. Thus the construction
changes an exact stationary metric only where the parameter history changes; the following defect
estimates quantify that change.

For the evolving metric g, set

h = g −B, u = ∂thco, D = ∂t,lab − vs · ∂z, ψ = Dhlab. (4.20)

Subscripts specify the coordinate components and derivatives.
Fix a smooth startup cutoff χst, zero near zero and one after time one. The feedback is

c = ℓpChco,

a = F (∂t)(χstℓhco), F = diag(FmI4, FvI3),

Fm(ζ) = σ0
(1 + ζ)P , Fv(ζ) = 2σ0ζ + σ2

0
(1 + ζ)P .

(4.21)

Here P ≥ 5 is a fixed integer, increased below to dominate a fixed finite list of frequency losses, and
σ0 > 0 is sufficiently small. Both filters are retarded.

Lemma 4.8 (Filter regularity). For each j ≥ 0, the jth derivative of a is controlled by derivatives
of its input through order max(0, j − P + 1) in polynomially weighted L2

t and L∞
t , also on finite

intervals. For j ≥ 1 one may first differentiate the input and use ℓu, with the resulting startup term
charged to initial data.

Proof. Put dn = max(0, n− P + 1) and let q be the smooth zero-past input. Let G0 = δ0 and, for
j ≥ 1, let

Gj(t) = 1t≥0 e
−t tj−1

(j − 1)! .

Write KF for the diagonal convolution kernel of F . Its mass/spin kernel is σ0GP , and its velocity
kernel is

2σ0GP−1 + (σ2
0 − 2σ0)GP ,

since ζ(1 + ζ)−P = (1 + ζ)−(P−1) − (1 + ζ)−P . The distributional identity ∂tGj = Gj−1 −Gj shows
that every derivative through order P − 1 of these kernels is a finite measure, including its possible
endpoint delta. All its polynomial moments are finite. Put rn = min{n, P − 1}. Differentiating the
convolution gives

a(n) = (∂rn
t KF ) ∗ q(dn).

There are no startup delta terms from q, since its zero extension is smooth. For 0 ≤ u ≤ t,

(T0 + t)α/2

(T0 + t− u)α/2 ≤ (1 + u)α/2.

Weighted Young’s inequality for this finite measure proves the asserted weighted bounds, on finite
intervals by causality. For the input q = χstℓhco, differentiating once uses ℓu and a fixed startup
term. The primitive relation p(j) = a(j−1) gives no strong weight for p or λ.

Use
Υ = Υwave(g;B) + Eg(p, c)h+ Θ (4.22)

in (4.2), with partner C(p, c). The spatial additions act in the co-moving chart. To define the
compensator, contract the profile indices and put

Y = Hms + Jλs +H1vs + 2(V − e)♭ ⊙ dxλs. (4.23)
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On the unsmoothed region, containing all kernels with a buffer, set Θ = BY , with the base coefficients
of B. Outside, compute the same local expression in independent coordinates (t, x), then evaluate
at the implicit x and pull its components into the formal coframe of (4.19). The definitions coincide
where d = 0.

Lemma 4.9 (Joint linearization and column bounds). Linearizing the joint reduced equation at
zero parameters and g = b gives

Lh+Q(∂t)a. (4.24)

For
Kd(y, ζ) =

∫
k0(σ)e−ζσd(y) dσ

the seven columns of Q are

Ym = HKd,

Yv = (J + ζH1)Kd + 2(V − e)♭ ⊙ dyKd,

Q(ζ) =
(
L(ζ)Ym

ζ
,
L(ζ)Yv
ζ2

)
.

(4.25)

The apparent poles are removable. On every fixed compact set, Q(∂t) has only bounded-length causal
memories, including distributional derivatives, and its fixed spatial derivative costs are polynomial
in frequency. For every fixed N ,

Q(ζ) = ON
(
r−2
y (1 + |ζ|ry)−N), ry = |y|, Re ζ ≥ 0, (4.26)

with the corresponding symbol derivatives near infinity.

Proof. At zero parameters the variation of B in the fixed co-moving chart, plus the Lie derivative
along eλ+ (V − e)λs, is precisely Y . The location variation supplies λs − λ and the formal-coframe
variation supplies vs − v. Since b is vacuum, adding this Lie derivative does not alter the linearized
Ricci tensor. The definition of Θ therefore gives (4.24), with the columns (4.25).

The stationary identities and the chain identity (4.10) cancel the zeroth and first Taylor terms
required by the displayed denominators. The zeroth and first moments of k0 give Kd = 1 +O(|ζ|2r2

y)
at small scaled frequency. Thus both poles are removable; in the time domain their antiderivatives
have bounded memory on bounded spatial sets. At large scaled frequency integrate by parts in σ.
Its compact support is strictly at positive delays, so the bound is uniform for Re ζ ≥ 0. Together
with the tight profile orders H,H1, V − e = O(r−1

y ) and J = O(r−2
y ), these calculations prove (4.26).

Spatial derivatives on a fixed annulus give only fixed polynomial frequency costs.

Lemma 4.10 (Nonlinear target defect). Suppose
∫

|a| and sup |v| are sufficiently small. For
comparable large radii r ∼ |x|, set

ã(t, r) = Cr−1
∫ t

t−Cr
|a(τ)| dτ,

with the positive majorant enlarged as needed at comparable radii. In laboratory components,

Θ = O(r−1ã), fB := Ric(B) + (DB + C(p, c))Θ = O(r−2ã), DfB = O(r−3ã). (4.27)

These hold with each fixed number of scaled laboratory derivatives. Also DB = O(r−1ã) with symbol
derivatives. On fixed transition and inner sets the analogous defects use bounded-length parameter
jets and vanish at exact freezing with affine position.
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Proof. Work first where d(x) = r = |x|, with the enlarged positive majorant ã = Cr−1 ∫ t
t−Cr |a(τ)| dτ .

Assume the finite-slab bootstrap
∫

|a| is small, so rã ≪ 1. Integration by parts in the smooth
positive-delay kernel, with no endpoint terms, gives

|∂jt ∂αx ps| ≤ Cj,αr
1−j−|α|ã, j + |α| ≥ 1,

|∂jt ∂αxJs| ≤ Cj,αr
1−j−|α|ã, j, |α| ≥ 0, Js = ∂xλs.

(4.28)

For the second line the zero first moment removes the constant-velocity term: Js = O(rã), while
∂tJs = ∂xvs = O(ã). Each differentiated kernel is estimated separately by the positive majorant;
the argument never differentiates ã.

Put Sx = (I − Js)−1. Implicit differentiation yields, in the independent variables (t, x),

∂zi = (Sx)j i∂xj , D := ∂t,lab − vs · ∂z = ∂t|x, [D, ∂zi ] = (∂ziv
j
s)∂zj . (4.29)

Thus Sx − I = O(rã), DSx = O(ã), and ∂xSx = O(ã), with one inverse radius for each further
ordinary derivative. Products of acceleration averages obey the same bounds since rã ≪ 1.

The metric defect. The formal coframe substitution cancels the affine flat asymptote exactly:
substituting dy = dz + v dt in ηv gives η. Hence in lab components

B = η + h(ps, x), ∂αx ∂
β
p h = O(r−1−|α|).

Here h is the smooth family of lab-component metric remainders. At a point freeze ps, vs, and use the
constant-parameter affine-worldline Kerr metric with position x. Its first and second lab derivatives
differ from those of B by O(r−1ã) and O(r−2ã), respectively. Indeed the second derivative expansion
consists of

hxxCC, hx∂C, hxpC∂ps, hpp(∂ps)2, hp∂
2ps,

with both mixed terms understood, where C is Sx or vsSx. The coordinate-coefficient difference
is O(rã), ∂C = O(ã), and ∂2ps = O(r−1ã). These give the claimed orders. The frozen metric is
vacuum, so smooth expansion of Ricci gives Ric(B) = O(r−2ã).

For the additional D derivative, DB = O(r−1ã) with two further lab symbol derivatives by
(4.28). For any two lab coordinate derivatives, the exact commutator identity is

D∂α∂βB = ∂α∂β(DB) + (∂αvjs)∂j∂βB + (∂βvjs)∂α∂jB
+ (∂α∂βvjs)∂jB.

Here ∂vs = O(ã), ∂2vs = O(r−1ã), ∂B = O(r−2), and ∂2B = O(r−3). Every displayed term is
therefore O(r−3ã). Differentiating the coefficients in Ricci adds only terms of that order or smaller.
Thus DRic(B) = O(r−3ã).

The compensator and its derivative. At infinity the gauge is local; write it as B = βµ(x)∂µ +
β0(x), and put Ui = Vi − ei. The identities

BH = BJ = 0, BH1 = −[B, t]J, ∂tλs = vs

reduce BY to sums of

[B,ms]H, βiJ ∂xiλs + [B, vs]H1, B(2U ♭ ⊙ dxλs).
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In particular no undifferentiated position or velocity remains. The profile orders H,H1, U = O(r−1),
J = O(r−2) and (4.28) bound each expression by O(r−1ã). A D = ∂t|x hit on a memory gains one
inverse radius; for example it sends ∂xλs = O(rã) to ∂xvs = O(ã). The implicit-coordinate and
coframe changes contribute only Sx, vs and their controlled derivatives. A derivative on a coframe
coefficient produces r−1ã2 ≲ r−2ã at the Θ level and r−2ã2 ≲ r−3ã after one further derivative.
Together with (4.29), this proves

Θ = O(r−1ã), ∂Θ, DΘ = O(r−2ã), D∂Θ = O(r−3ã).

Christoffel terms in DBΘ have smaller orders, and C vanishes here. We obtain the required defect
bounds

Θ = O(r−1ã), fB := Ric(B) + (DB + C)Θ = O(r−2ã), DfB = O(r−3ã). (4.30)

The calculation allows every fixed number of scaled lab derivatives, with constants depending on that
number. Each use may enlarge the comparable averaging interval. At the far-current application,
lab-time derivatives are taken before the outgoing commutations; their coefficients contain only
smoothed parameters. No unsmoothed acceleration is created by the calculation above.

On the fixed transition annulus d may vanish, so an inverse-d estimate is neither needed nor
asserted. There the defect is a smooth function of finitely many parameter jets and bounded-length
memories. In the unsmoothed region it also contains the fixed compact pseudodifferential operations.
The exact identities above make it vanish whenever the relevant accelerations vanish. The filter
lemma supplies every fixed required jet list, and the compact estimates treat these transition terms
with fixed-radius constants.

The target, feedback, and compensator now have the spatial decay and finite-jet control needed
by the evolution. We next show that their retarded dependence closes the local Cauchy problem
and that vacuum initialization gives the vacuum equation throughout the resulting slab.

For this local construction, the base wave-pair norm is

E10(t) = ∥hco(t)∥H10
uloc

+ ∥∂thco(t)∥H9
uloc

.

Here the uniformly local norms use a fixed buffered region containing all compact kernels and regular
end charts of fixed size. The contraction norm is the wave-pair norm one order lower, H9

uloc ×H8
uloc.

These are sufficient fixed orders, not a minimal regularity assertion.

Proposition 4.11 (Local evolution and vacuum initialization). The reduced equation (4.2), (4.22),
with retarded feedback (4.21), has smooth local evolution for smooth initial wave data small in E10.
It continues on finite time intervals while E10 remains bounded, the parameters stay in their chosen
small range, the normalized acceleration and implicit-coordinate inverses stay uniformly controlled,
and the spacelike and strict outflow margins remain positive. Smooth higher orders propagate on
bounded time intervals; these higher seminorms need only be finite. For smooth vacuum constraint
data, the initial lapse and shift derivatives can be chosen so that Υ and its first normal derivative
vanish initially. The resulting evolution is vacuum.

Proof. After pointwise normalization of the wave principal coefficient, the extra normal-acceleration
coefficient has compact interior spatial order at most −1. Choose it small on a low norm and on
the finite base Sobolev list needed for iteration. Its identity-plus-correction inverse then extends to
every smooth order by the derivative gain and Sobolev multiplication. The identity-minus-inverse
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error gains one spatial derivative; apply it to ∂2
yh and ∂y∂th. The solved equation therefore retains

its differential strictly hyperbolic principal part, and every nonlocal correction is at most first order
on the wave jets, with tame bounds.

The compact kernels are bounded in a high spatial wave-pair energy and are Lipschitz one
energy order lower on bounded sets. Metric multiplication inside their negative-order gains uses
ordinary spatial Sobolev multiplication. Before spatial commutation, the equation contains at most
∂tc from the parameter-dependent additions, a projection of the two available wave jets rather than
a new unsolved acceleration. At any fixed base iteration order choose P with surplus so that spatial
differentiation of bounded-radius histories uses only available projection jets. The implicit-position
inverses use I − ∂xλs uniformly close to the identity, and the filters are stable zero-past Volterra
variables, equivalently a finite system of retarded ordinary differential equations.

On a short slab integrate the high-energy estimate and the one-order-lower contraction estimate,
using suprema of earlier wave energies for the history terms. Work on regions containing the
compact kernels with buffers and use uniformly local wave estimates outside. The inner boundary
has strictly exiting flux. Conic localization preserves the spatial mapping properties and the
time-local or retarded dependence. Both variables of every compact spatial kernel stay within the
buffered interaction region, away from the outflow boundaries. This does not assert metric finite
propagation inside that region; later geometric attachment uses ordinary local wave-map equations.
At higher orders, spatial commutation through source order s− 1 uses at most a(s+3) in targets and
compensators. The filter gain charges these to at most s− 1 total-order projection jets when P ≥ 5.
Successive normal solves and wave-energy induction, or smooth regularization with these tame
estimates, propagate smoothness without demanding smallness of the negative-order coefficient on
every high Sobolev space. Outside the compact interaction region, evolution for fixed histories is
local. Annular rescaling, together with the fact that sufficiently distant memories sample times
before startup, propagates all symbol orders on bounded time slabs.

For constraint data, imposing Υ = 0 determines the initial lapse and shift derivatives by the
same small normal coefficient solve. The normal Einstein constraints in the reduced equation then
imply ∂tΥ = 0 initially. The contracted Bianchi identity gives a homogeneous wave system for Υ;
the compact terms from C have the same lower-order type. Uniqueness yields Υ = 0 and Ric(g) = 0.
The startup cutoff on feedback ensures that the initial wave jets through the finite base budget
are determined by the corresponding geometric data orders. None of these arguments requires
stationary time to be timelike on the kernel supports.

4.6 Augmented inversion and retarded tests

The unaugmented operator has stationary modes. The feedback removes their obstruction without
assuming a uniform unaugmented inverse at zero. For a large radius R, choose a smooth scaled
cutoff χR(y), equal to one for ry ≤ R and zero for ry ≥ 2R, and define

MR(ζ) = L(ζ) + χRQ(ζ)F (ζ)ℓ. (4.31)

We first identify the zero-frequency coupling.

Lemma 4.12 (Zero-frequency coupling). For sufficiently large Λ, the map

Q(0)t : K∗
0 −→ C7

has full rank.
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Proof. Expand the columns in outgoing time t∗ = t − ϕ, equivalently multiplying the profiles by
eζϕ. In pairing their Taylor coefficients with K∗

0, discard terms L(0)H0 with H0 = O(r0+
y ) by

Lemma 4.7. This operation is essential for the coefficient class of the eventual polynomial mode.
For a Kerr column the discarded coefficient includes ϕH. For a translation column, the constant
and linear coefficients of the conjugated profile are J and Z1 = H1 + ϕJ = O(r−1+); its quadratic
coefficient includes ϕH1 + ϕ2J/2, together with the averaging and coordinate profile terms. The
latter coefficients are O(r0+) and contribute only exact stationary terms L(0)H0 at the order under
consideration. They are discarded in the adjoint pairing, not retained as constant coefficients of a
polynomial to which Proposition 4.1 is applied. The residuals at the relevant orders are exactly the
equation errors of

t∗H,
1
2 t

2
∗J + t∗(H1 + ϕJ). (4.32)

These errors are stationary and O(r−3+
y ). To see the extra decay, the outgoing linear Taylor

coefficient on the end is a constant multiple of ∂r + 1/r, modulo O(r−1)∂y +O(r−2), and annihilates
the leading r−1 power. The outgoing quadratic coefficient is O(r−1) or better. These are the flat
and Kerr asymptotic computations using precisely the orders of b, ϕ, and the profiles established
above.

At the local-gauge limit, if the resulting seven-dimensional coupling were singular, a nonzero
combination of these residuals would pair to zero with the entire adjoint kernel. The improved
O(r−3+

y ) residual could then be solved away in a decaying O(r−1+
y ) space. Add only this decaying

stationary solution to the corresponding combination in (4.32). Every coefficient of the resulting
outgoing-time polynomial then lies in the decaying class of Proposition 4.1; none of the discarded
O(r0+) coefficients occurs in it. If its quadratic coefficient were nonzero, (4.32) would give a
forbidden degree-two outgoing polynomial mode. Otherwise a nonzero linear combination of the
four Kerr directions would give a degree-one mode with nontranslation leading coefficient. Both
contradict Proposition 4.1. It is essential here to discard exact stationary terms before invoking
solvability for the improved residual.

The added gauge preserves all identities used in these Taylor expansions. Uniform stationary
compactness and the O(r−2+

y ) adjoint tails give continuity of this finite coupling towards the
local-gauge limit. Thus its rank persists for sufficiently large Λ.

Proposition 4.13 (Retarded stationary tests). Fix a compact test support and a finite number
of required angular derivatives. There are a sufficiently high fixed test Sobolev order q∗ and a
finite polynomial degree N∗ with the following property. Choose the filter order P sufficiently large
and σ0 > 0 sufficiently small, then take Λ, R sufficiently large in the order specified below. For
0 < Re ζ ≤ D∗ on that strip and a compactly supported test f of order q∗, the spatial transpose
equation

MR(ζ)tv∗ = f

has a solution satisfying

∥v∗∥Ḣ−4(K) ≤ CR3ι⟨ζ⟩N∗∥f∥Hq∗ , (4.33)

∥(v∗, ry(∂ry + ζ)v∗)∥L2
ω

≤ Cr−1+ι
y R3ι⟨ζ⟩N∗∥f∥Hq∗ (ry ≫ 1). (4.34)

Here K is any prescribed fixed compact reach, and the second bound includes the prescribed angular
derivatives. The bounds are uniform down to Re ζ ↓ 0 on a fixed strip reaching a forward Laplace
line. The slack ι > 0 can be arbitrarily small without making N∗ diverge. The associated tested
operators are retarded.
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Proof. We give the zero, intermediate, and high frequency arguments separately.
Near zero. Put

δf = F (ζ)tQ(ζ)tχRv∗, L(ζ)tv∗ = f − ℓtδf .

Use the spaces A,S of Lemma 4.4, and supplement their compact-error estimate by a compact
measurement Π that separates K∗

0. It controls both eζϕv∗ and δf with the extra forcing ℓtδf placed
on the left. Indeed in a normalized contradicting sequence, the limiting stationary equation paired
with H,J gives δf = 0, because ℓ(H,J) = I. The measurement Π then kills its remaining stationary
kernel element.

Choose v0 ∈ K∗
0 matching Π(eζϕv∗). Its conjugated equation residual is O(|ζ|)|v0| in S, by

the adjoint r−2+
y tail with smaller slack and the stationary end bounds; here |v0| denotes its

finite-dimensional coefficient size. The supplemented estimate gives

∥eζϕv∗ − v0∥A + |δf | ≤ C
(
∥f∥Hq∗ + |ζ||v0|

)
. (4.35)

By the column bounds, pairing the physical difference e−ζϕ(eζϕv∗ − v0) against χRQ costs at most

Cι min(R, |ζ|−1)2ι(∥f∥Hq∗ + |ζ||v0|
)
.

On normalized v0, the pairing of e−ζϕv0 with χRQ(ζ) converges uniformly to Q(0)tv0 as R → ∞
and ζ → 0. Lemma 4.12 and nonsingularity of F (0) therefore absorb the O(|ζ|1−2ι)|v0| term after
choosing R large and a sufficiently small fixed zero-frequency neighborhood. This gives the claimed
compact bound and trivial augmented transpose kernel there. Lemma 4.4 supplies index zero and
the return to physical inversion. Its stronger near-zero source estimate is applied only to these
graph states, whose forcing is compactly supported. At infinity b-Sobolev regularity for eζϕv∗ gives
(4.34) in this regime, using ry(1 − ϕ′) = O(1).

Closed nonzero bands. Use the estimates for Lt first with the full column Q, whose tail rapidly
decreases, and then treat the removed tail (1 − χR)Q as small. Spatial integration by parts reduces
the full finite-dimensional condition to

I + [IH , IJ + ζ ℓH1] diag(Fm/ζ, Fv/ζ2). (4.36)

Here [IH , IJ ] is the identity divided into its four and three mode columns. Formula (4.36) uses d = 0
on the probe supports and the exact stationary and chain identities.

This matrix is invertible in the closed right half-plane for sufficiently small σ0. It is a perturbation
of the identity when |ζ|/σ0 is large. When w = ζ/σ0 stays bounded, multiply its four Kerr columns
by w and its three translation columns by w2. The limiting diagonal blocks are 1 + w and (1 + w)2,
which have no zeros for Rew ≥ 0. The zero-frequency neighborhood has already been handled;
these two regimes cover the remaining closed bounded bands. Taking R large absorbs the omitted
tail.

High frequency and radiation. The polynomial transpose losses from Proposition 4.3, the
polynomial column bounds on compact sets, and their rapid tail decrease are absorbed by taking
P large. Away from zero, Ltv∗ is supported in a fixed compact set. At the end we obtain the
radiation estimate as follows. Commute rotations in Cartesian components, with cutoff in an
elliptic annulus. Their order-two coefficient errors are O(r−2

y ) by rotation invariance of the mass
correction. The scattering estimate and exterior spatial ellipticity control these unscaled derivatives
and fixed-annulus errors with polynomial cost. For w∗ = ryv∗ this gives, with the requisite rotations,

(w∗, ∂ryw∗) ∈ L2(r−1−2ι
y dry dω)
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with the asserted right side. In tortoise coordinate the source-free radial equation is

(∂r∗ − ζ)(∂r∗ + ζ)w∗ = O(r−2
y )⟨ζ⟩2O

(
∂≤2
ω w∗, ∂

≤1
ω ∂r∗w∗

)
. (4.37)

This follows by dividing by the radial second-derivative coefficient in Boyer–Lindquist Kerr. For
positive real part, integrate the first factor from infinity; Cauchy–Schwarz with the scattering weight
costs O(r−1+ι

y ). To see the exact radial gain, if w∗ = ryv∗, the scattering weight gives∫ ∞

r
ρ−2|w∗| dρ ≤

(∫ ∞

r
ρ−1−2ι|w∗|2 dρ

)1/2 (∫ ∞

r
ρ−3+2ι dρ

)1/2
≲ r−1+ι.

The same estimate holds for the finitely many angular and radial jets on the right side of (4.37).
The first integration has a kernel bounded by one; the second costs only a constant proportional to
1/ι. Reducing ι changes constants but not the polynomial frequency degree, because all differential
orders were fixed beforehand. Integrate the second factor outwards. Returning to the ordinary good
derivative uses r′

∗ = 1 +O(r−1
y ). This proves (4.34), with all compact modifications interior to the

computation.
Choice of constants and causality. First fix the finite testing and differentiation orders and their

polynomial losses. Choose P and then σ0. A forward energy line can be fixed uniformly before
finalizing Λ, R: the acceleration coefficients are small, the compact symbols are uniformly bounded,
and Q acting on the filtered parameters is a bounded energy forcing by its memory estimates. The
high and near-zero thresholds are uniform for sufficiently large Λ. Enlarge Λ for the intervening
band, and then take R sufficiently large. This is an augmented argument using column identities,
rank, and transpose graphs; it does not require persistence of unaugmented inversion uniformly to
zero.

On the open strip, the physical graph domains are fixed locally in ζ: the end is parameter elliptic
and compact first-order changes are bounded on the graph. The inverse is analytic there. Starting
on the forward line, wave and Volterra uniqueness identify the tested inverse as causal. Contour
displacement within the strip, using (4.33)–(4.34), gives the retarded tested operators down to the
boundary of the physical half-plane.

Remark 4.14 (Fixed base choices and higher regularity). The choice of Λ requires smallness on
a finite base Sobolev list, not on all orders simultaneously. Once the negative-order acceleration
correction is invertible at a low order, its derivative gain yields estimates at every fixed higher order,
with order-dependent constants. The saturated transport calibration is exact and independent of
the energy order. For nearby p, the seven-dimensional kernel is reconstructed using the invertible
gauge-potential problem: four physical variations and three translations give the lower bound, while
stationary compactness gives the matching upper bound. Preservation of the base translation chains
is needed for the base columns and coupling, not asserted as an unchanged chain at every nearby
parameter.

Finally the worst filter order is 1 −P , so a(s+3) uses at most max(0, s+ 4 −P ) ≤ s− 1 projection
derivatives when P ≥ 5. This count is uniform in s. Thus the fixed base construction does
not introduce a requirement of smallness at arbitrarily high data orders. The subsequent energy
argument can use the order-dependent stationary constants when proving smooth higher bounds for
each fixed datum.

5 Compact estimates and smooth propagation
We next pass from the stationary estimates to finite-time estimates for the nonlinear reduced
equation. The essential new point is directional: the stationary operator is elliptic on the spatial
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cone containing the projected trapped covectors, not necessarily over their entire spatial base. We
therefore retain a full-order bulk estimate for first jets outside that cone. Combined with a conic
elliptic correction, this gives the same integrable static defect that is needed in the nonlinear energy
comparison. The interaction of elliptic and integrated wave estimates has a methodological parallel
in Dafermos–Holzegel–Rodnianski–Taylor [21]; the conic estimates for the reduced Einstein system
used here are established in this section.

Throughout this section the solution is smooth on an arbitrary finite bootstrap slab [0, T ]. No
constant in an estimate below depends on T . We use the modulation, targets, reduced equation,
stationary family and causal filters constructed in the preceding section. In particular, u = ∂thco,
ψ is the differentiated field in laboratory components, p′ = a, c = ℓpChco, and ḡ = Gp,c is the
instantaneous stationary reference. All compact pseudodifferential operators act spatially at the
current time and have kernel support strictly inside the computing cylinder.

5.1 Finite-slab norms and their hierarchy

For a Banach space X, write
∥V ∥Lν

αX = ∥⟨t⟩α/2V ∥Lν([0,T ];X).

We may replace ⟨t⟩ by τ = T0 + t. Here T0 is fixed after all spatial radii, and differences on a fixed
initial interval are charged to the input. The three levels are

U Ul s Ai
hco hlab 10 0
hco hlab 9 AH
u ψ 8 A

AH = 1 − η∗, A = 1.36, AS = 1.06.

(5.1)

where η∗ > 0 is sufficiently small. In particular 2AH > A.
Fix a compact physical neighborhood of trapping, disjoint from the horizon, the inner face, the

spatial end and all coefficient probes. Also choose a scalar spatial operator

Bnt = 1 − Ψtr (5.2)

such that Ψtr has compact interior kernel support and microsupport in the stationary-elliptic
cone T . At high frequency Bnt vanishes in a neighborhood of the projections of both temporal
trapped sets, with a margin valid for nearby frozen parameters. Slightly nested versions will be
used without changing notation. The distinction between this directional cutoff and the physical
trapping neighborhood is important.

For every level in (5.1), the compact budget KR includes on fixed enlarged compact sets

∂btU ∈ L∞
Ai
Hs−b ∩ L2

Ai
Hs−b−1/2, 0 ≤ b ≤ s. (5.3)

It includes full order L2
Ai
Hs−b outside the physical trapping neighborhood, and additionally

Bnt∂
b
tU ∈ L2

Ai
Hs−b, b = 0, 1, (5.4)

on fixed compact reaches. Full endpoint order is always retained. We do not require (5.4) for all
higher time jets in the physical trapping neighborhood.

All compact norm sums use a finite collection of nested reaches and cutoffs. The collection
contains the kernel and probe supports, the error supports in the estimates below, and the fixed
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starting overlaps with the far region. It may be enlarged after the far starting radius R0 is chosen,
but is fixed before the upper matching radius R. Define KR as the sum of the listed norms on
this collection, with fixed positive coefficients, together with the differential-end norms described
next. Constants on a fixed reach may depend on it, but not on R. The first-jet norms extend to a
nonincreasing upper cutoff equal to one through 3R and zero after 4R. In the differential exterior
region they are the energy, bulk and Hardy norms of

r̃ ∂µyU, |µ| ≤ s− 1,

with bulk weight r̃−1−δ and time weight τAi in the radial-round measure; r̃ is the radius of the
constant affine asymptote of ḡ, and δ > 0 is arbitrarily small. We will construct the corresponding
positive energy below. Mixed norms on other bounded annuli up to the matching radius may be
added with sufficiently small positive R-dependent normalizations. Their unnormalized estimates
are used only in products or in the choice of T0, never as uniform linearly contracting controls.
Those normalizations are fixed after R and before the bootstrap and data smallness. This convention
avoids asserting radius-independent equivalence of all unscaled mixed norms through the upper
shell.

We use a far budget F beginning at a fixed large radius R0, chosen before R. Its complete
definition and estimate are given in the next section; the following components suffice here. In
emitter coordinates

t = q + r, z = −λ(q) + rn, |n| = 1,

let Tl = ∂t,lab, X = Tl + n · ∂z, and Z = (rX,Ωq,r), with Ωq,r the sphere rotations. The good bulk
norms of (1, Z)ZIT bl Ul, for |I| + b ≤ s− 1 at each level, in dt dr dω/r, have squared weight

Wi = rpi−Ai(t+ 10r)Ai , (p0, pH , pP ) = (0.64, 1 − η∗/6, 1.62). (5.5)

The bad first-derivative norms of r∂ZIT bl Ul have the weights of Equation (A.1); on t ≥ Cr the low
orders needed in the sliced estimate are bounded below by r−0.03⟨t⟩Ai . On this timelike region we
also use

|hlab| ≲ Nr−1+0.01(t/r)−AH/2, |∂hlab| ≲ Nr−1+0.03t−AH/2. (5.6)

The relevant co-moving and emitter radii are uniformly comparable.
Set Sa = ∥a∥L2

A
. Since A > 1, this controls

∫
|a| and hence the change of p. Filtered feedback

from the u budget controls the required positive acceleration derivatives in L2
A, and then their finite

list of endpoint norms. The total bootstrap size N includes KR,F, Sa and a static budget. To define
it, put kstat = gco − Gp,c and let K run over the fixed compact reaches, with Koff the fixed sets
outside the physical trapping neighborhood. Sum the quantities

8∑
b=0

∥∂btkstat∥L2
AS

H8−b(K) +
8∑
b=0

∥∂b+1
t kstat∥L2

AS
H8−b(Koff).

These are assumed finite-slab budgets at this stage; the sliced estimate will bound them. All reaches
are fixed before R. Write ein for the input through the base orders. Constants denoted Cfix may
depend on all scales fixed before the final data smallness, but never on the lifespan. These are the
norm conventions of (5.3), with the additional directional control (5.4).

The role of the directional control is particularly concrete in the sliced stationary equation. On
each fixed compact reach its source will have spatial order six in all directions and order seven after
Bnt. An order-−2 inverse on the complementary elliptic cone supplies an H8 correction; subtracting
it leaves an H7 source for the ordinary one-order stationary estimate. This recovers an H8 static
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residual whose L2
AS

bound, with AS > 1, makes its low coefficient norms integrable in time. The
argument in Proposition 5.3 uses only the directional first jets specified above. The low-frequency
estimate, proved first, has a different role: it makes lower compact errors and the linear parameter
forcing small enough to absorb in the final compact energy estimate.

5.2 The compact low estimate

Choose a sufficiently large fixed N− and let l be the sum, on the compact reaches used below, of the
L2
AH
H−N− norms of hco, ∂thco and the L2

AH
−N− norms of u, ∂tu. Enlarging N− merely weakens

this norm.

Proposition 5.1 (Low-frequency transfer). Under the simultaneous finite-slab budgets above, there
is κ0 > 0 such that, after choosing R and then T0 sufficiently large,

l ≤ CR−κ0(KR + F) + Cfix(ein + N2). (5.7)

The exponent can be fixed before enlarging any prior compact reach. Such enlargements change
constants but not the available radius gain.

Proof. Apply the augmented retarded operator MR(∂t) to χRU ; for U = u differentiate the reduced
equation first. The first variation at the base is exactly Lh + Q(∂t)a. After this linear part is
removed, the compact forcing other than [L, χR]U and startup terms has norm CfixN2 in L2

Ai
H

4; the
bar means extendibility at the outflow boundary. We spell out why the arbitrary-spin localization
does not alter this fact. A varying coefficient on a field jet costs p, c, h, their derivatives, or their
bounded memories, and never an uncontrolled position λ. At zero field the exact affine-position
freezing identity removes the target defect; its nonlinear remainder therefore contains a strong
acceleration factor. After one time derivative a changed coefficient on an undifferentiated-in-time
field jet contains u, ċ, or an acceleration jet. A product of two weak factors also suffices, since
2AH > A. There are at most two ordinary differentiations before the four spatial source derivatives.
These products lie strictly below the half-loss bulk orders in (5.3). The compact kernels preserve
the stated orders, and their distant bounded reaches use the compact-far overlap norms. Startup
terms and filtered startup tails are bounded by finite-time stability in terms of ein.

Commuting τAi/2 through bounded memories and the stable convolution filter costs CRT−1
0

times the matched budgets, together with initial data terms. Apply also the causal smoothing filter(
c∗

c∗ + ∂t

)M∗

,

where M∗ exceeds the fixed polynomial test losses, including those of a once differentiated output.
For the shell forcing, the integration by parts gives the leading Wronskian∫

χ′
Rb

rr(v∗∂rU∗ − U∗∂rv∗)r2 dr dω, r = ry. (5.8)

Here v∗ is the transpose test and U∗ is the weighted temporal transform. Replacing both radial
derivatives by ∂r + ζ leaves the Wronskian unchanged. Angular, density and short-range terms have
no worse orders by the Boyer–Lindquist asymptotics; compact additions produce no shell term. The
transpose radiation estimates and Plancherel thus bound (5.8) by CcN ′

∗ R4ι times the shell norm of

(1,Ωco, ry(∂ry + ∂t))U

in L2(⟨t⟩Aidt dry dω/ry), up to the plateau errors already listed.
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This shell norm is bounded by

CR−(pi−Ai)/2F + Cfix(ein + N2). (5.9)

Indeed y = rn+λ(t) −λ(q), so the two good-direction systems differ by small parameter coefficients
times full first derivatives. The component transformation uses v(t), and the difference between u
and the transform of ψ is O(vs−v)∂hlab+O(a)hlab. On this fixed shell the coefficient differences, also
after the required differentiation, have bounded-memory strong weighted bounds. Bad derivatives
therefore occur only in products, with allowable R-dependent constants.

All tested multipliers are causal: identification on a forward Laplace line and strip displacement
apply separately to the two test kernels produced by the Wronskian rearrangement. We can
consequently stop forcing at T when estimating earlier outputs without paying final-time data.
Initial jumps are absorbed by the smoothing filter. Taking duals of sufficiently high-order compact
test bounds gives the negative spatial norm defining l. Removing the auxiliary filter costs Cc−1

∗
times adjacent local time-jet budgets and startup transients. Choose

c∗ = Rκ
′
, κ′N ′ + 4ι < 1

2 min
i

(pi −Ai),

and then take T0 sufficiently large after R. All pi − Ai are positive, so this gives (5.7). The
powers arise only from the fixed test loss and far weights, not from constants on compact reaches.
Interpolation is consequently available at every order strictly below the corresponding bulk order.
No full-order bulk estimate on a base-space stationary-timelike trapping region was used.

5.3 Frozen time-local energies

We now construct the energy supplying the compact budget. The construction has two separate
roles: a compatible frozen transport gives a half-order loss at trapping, while strict sign away from
both trapped sheets gives the extra directional first-jet estimate. Subsequently we will compare the
actual equation with this frozen energy; we will not assume that the actual evolving metric has a
stationary trapped set.

Proposition 5.2 (Frozen energy). Fix a smooth nearby stationary parameter pair (p, c) and an
integer s ≥ 8. The frozen operator Lp,c admits a positive time-local first-jet energy, uniformly for
nearby parameters, with full endpoint orders Hs ⊕Hs−1. On each fixed interior reach its favorable
derivative controls

∥Y∥2
Hs−3/2 + ∥BntY∥2

Hs−1 − Cs∥Y∥2
Hs−2(enlarged), Y = (⟨Dy⟩U,DtU), Dt = −i∂t. (5.10)

It also controls full mixed physical-nontrapping orders after equation recovery. At the inner and
outer differential regions the energy is an ordinary wave current with strict bulk sign and an exiting
inner flux. All remaining compact derivative errors have total field order at most s− 1. The compact
additions to the differential currents have strictly interior spatial kernel support.

Proof. We first construct dissipation near trapping and the horizon, and extend it through the
compact propagation region. We then join these forms to literal differential currents near the
boundaries. Finally we recover the original first jets and record how the energy changes with the
stationary parameters.
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First-jet reduction. With (p, c) fixed, the time-acceleration coefficient is an invertible multipli-
cation operator plus a compact interior operator of spatial order −1, small at a base order. Its
inverse is multiplication plus negative order at every smooth order, by the spatial parametrix and
derivative gain. After solving this coefficient and making the elliptic first-jet rescaling in (5.10), the
evolution has two smooth blocks with separated scalar real principal roots. Separation follows from
spacelike slicing, not from timelikeness of the stationary Killing vector. An eigenbasis conjugation,
followed by the order-by-order off-diagonal equations dividing only by the root gap, diagonalizes to
any required lower order on compact interior supports.

Write ms = 2s− 2 for the order of the jet quadratic form. On each block its diagonal principal
form, expressed on U polarizations, is a positive homogeneous Hermitian form times the wave action

| det ḡ|1/2|ḡtαkα|,

of total order 2s. Its diagonal energy derivative is ray transport of the extra Hermitian form,
including the nonscalar amplitude transport. The scalar geometric-optics divergence is absorbed by
wave action and spatial pushforward. Equivalently, this is the symmetrized derivative formula in
stationary half-density coordinates for the first-jet system.

Here is the operative compact estimate that this construction will establish. Let K lie inside a
fixed buffered interior reach K ′, and let Y be a smooth first-jet test field supported in K ′. Write
its normalized first-jet equation as ∂tY = Gp,cY + F , where F is the full residual, and denote
the constructed positive quadratic form by Es = ⟨AsY,Y⟩. The operator As has order ms, and
Es ≍ ∥Y∥2

Hs−1 on these supports. For fixed (p, c) the estimate is

d

dt
Es + cs∥Y∥2

Hs−3/2(K) + cs∥BntY∥2
Hs−1(K)

≤ Cs∥Y∥2
Hs−2(K′) + 2 Re⟨AsY,F⟩.

(5.11)

No support preservation by the normal-coefficient inverse is assumed: F includes the entire residual.
This formula describes the buffered compact part; the differential end currents below retain their
own bulk norms and boundary flux. Higher mixed time jets are subsequently recovered from the
equation and the corresponding source jets.

The half-order loss at trapping. Use the compatible fiber metric constructed in the calibrated
stationary family. Multiply it by

|k(∂t)|2s−1bC , bC = exp
(
−C(φ2

+ − φ2
−)
)
, φ± = z1 ± z2. (5.12)

Here C > 0 is a scalar constant, unrelated to the gauge operator. The normal variables for the
exact Kerr reference satisfy V φ± = ±λφ±, with λ > 0. Exact transport compatibility therefore
gives a negative principal derivative of relative size 2Cλ(φ2

+ + φ2
−). Gauge cutoffs below saturation

contribute only fixed lower errors. This applies to both roots, including where the spatial base
intersects the ergoregion.

The order immediately below this vanishing principal derivative needs care. In a stationary
half-density Weyl chart on a diagonalized block, start the energy with ems = bCe

0
ms

and take its
next symbol to be bC times a C-independent choice. Since the order-one evolution has real scalar
principal symbol phw, its even second Weyl bracket cancels in the degree-(ms − 1) derivative. Only
first derivatives of bC can enter from ems . A stationary frame change adds to the next symbol terms
linear in dbC , with C-independent coefficients. In this frame the next symbol has the form

e′
ms−1 = bCr0 +

∑
α

(∂αbC)rα, (5.13)
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where the normalized symbols r0, rα are independent of C. On the trapped set,

dbC = 0, Hphw(dbC) = 0,

the second identity following because HphwbC vanishes quadratically. More explicitly, for V = Hphw ,
V (∂jbC) = ∂j(V bC) − (∂jV k)∂kbC ; both terms vanish there. Thus the critical derivative on trapping
is bounded independently of C relative to the unweighted scales. Off-diagonal errors are handled by
the preceding diagonalization, chosen before C.

Factor C from the principal dissipation. On a normalized symbol patch let g be the positive
Hermitian square root of 2λbCe0

ms
and set G± = Opw(gφ±), chosen self-adjoint. Both factors have

order ms/2 and use the same matrix weight. Their squares have principal sum 2λbCe0
ms

(φ2
+ + φ2

−).
Their degree-(ms − 1) square errors vanish at trapping: at the zero of a scalar φ, the first derivatives
of gφ are g times scalar derivatives. For a smooth test section z, the elementary inequality

∥G+z∥2 + ∥G−z∥2 ≥ ±⟨i[G+, G−]z, z⟩ (5.14)

follows from the nonnegativity of ∥(G+ ∓ iG−)z∥2. On trapping the commutator has, up to the
fixed sign convention, symbol g2{φ+, φ−} of order ms − 1. The bracket is nonzero with uniform
normalized size, and g2 on trapping is positive and independent of C.

Retain a fixed fraction of the original C-scaled squares and apply (5.14) to the rest, choosing the
sign on each patch. The resulting positive order-(ms − 1) form dominates the C-independent critical
derivative once C is large. Fix C first and then shrink the neighborhood on which that form is
strict. Outside it, the retained squares supply strict principal sign. Operator-square partitions and
stationary frame changes have on trapping only the critical errors just controlled. Spatial Gårding
leaves order ms − 2, with constants now allowed to depend on the fixed C. Consequently the bulk
controls U in Hs−1/2 and Ut in Hs−3/2 modulo total field order s− 1, while the endpoint orders stay
full. This argument uses symplectic transversality and exact compatible transport, not stationary
ellipticity over a base annulus.

The horizon and compact propagation region. At the horizon radial set take action times
b2s−1

1 and a positive tensor metric adapted to the horizon-generator null flag. In generator parameter,
parallel transport scales the null line at rate −κ+, the opposite quotient at rate κ+, and rotates
the screen quotient. Flag scaling makes bounded null rotations arbitrarily small. The rank-two
amplitude norm consequently grows at most at rate 2κ+ + ϵ′. The local HHV additions are chosen
sufficiently small at the center; the additional high-frequency gauges miss the horizon, and nearby
target changes are small. The frequency rate is −κ+ in the same parametrization, so

(2s− 1)κ+ > 4κ+

gives a strict margin, preserved for nearby parameters. Increasing s only improves it.
Use the source-neighborhood function and the escape alternatives proved earlier to extend the

principal forms over a large fixed cylinder. The remaining compact set, outside smaller trapping
and horizon neighborhoods where the signs have already been obtained, is covered by finitely many
flow tubes. The ends of each central bump lie outside this remaining set: they are in exit regions or
in collars with an already strict principal sign. A stable or unstable tail may end in the trapping
collar; it need not reach a cylinder boundary. Integrating along the tube gives the required positive
derivative, with any unfavorable endpoint bump confined to those controlled collars. Their existing
strict signs absorb these endpoint terms after fixed weight choices; in the horizon collar one uses
the increasing source function. The correction is constant near the exact trapped set, so it does
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not alter the preceding critical-order calculation. Multiplication of the metric by its decreasing
exponential supplies the missing strict signs. Smooth exact-Kerr models and finitely many tubes
make these choices uniform nearby. This is a separate construction on each root block; it does not
use positivity of a stationary Killing current throughout the exterior.

Literal differential currents near the boundaries. Outside all compact kernels, the stationary
metric has a constant affine Minkowski leading model (t̃, ỹ), with ỹ = Aaffy and ∂t parallel to ∂

t̃
.

Let r̃ = |ỹ| and use the wave stress-energy currents, summed on components, for

χµ = r̃ ∂µyU, |µ| ≤ s− 1, N = ∂
t̃
+ (f∞ − r̃−δ)∂r̃, 0.9 < f∞ < 1. (5.15)

The conjugated flat equation has principal part −∂2
t̃

+ ∂2
r̃

+ r̃−2∆S2 . For f = f∞ − r̃−δ, the
deformation gives

f ′|∂
t̃,r̃
χµ|2 + (2f/r̃ − f ′)r̃−2|∂ωχµ|2

in dt̃ dr̃ dω. Stationary metric deviations are O(r̃−1+), and the first and zeroth order terms in L
are respectively O(r̃−2+) and O(r̃−3+). After commuting, the equation recovers lower-commuted
second time jets. The identity then controls r̃−1−δ|∂χ|2 with errors O(r̃−4)|χ|2. Radial Hardy on
each slice controls these errors and r̃−3−δ|χ|2, up to a fixed compact lower-order anchor. All first
derivatives are controlled, so the affine tilt of slices is harmless, as is a nonincreasing upper cutoff.

The starting radius Rc for these differential signs can be chosen independently of f∞ ∈ (0.9, 1),
though final coercivity constants cannot: 1 − f ≥ r̃−δ dominates the coefficient perturbation, while
f ′ and 2f/r̃ − f ′ retain their bulk signs. The coordinates may be chosen from the stationary affine
part of the exact Kerr model, leaving only subleading symbol differences in its radius and angles.
At the strict spacelike inner outflow use ordinary positive wave currents with a rapidly increasing
radial exponential weight, which supplies strict damping and the exiting boundary sign.

Matching the currents to the compact forms. Far out, use a cutoff in the invariant impact
D/E2, equal to one on rays through the start of the differential region and equal to zero at large
impacts; extend it as one inward. On its support, sufficiently far out, rays are close to radial
and monotone. Extend the previous decreasing metric along them with strict integrable damping
O(r̃−1−δ). Tensor transport errors relative to the affine model are integrable along such rays, so this
extension remains two-sided comparable to action times |E|2s−1. The impact bound is fixed from
Rc before f∞ is taken close to one: in that collar the stationary field is timelike, hence all relevant
impacts are bounded. Smooth positive-metric transport first matches the negative derivative in a
fixed overlap, and neither its comparability nor this construction depends on f∞.

Scale the differential energy by a fixed factor to make it larger than this extension on incoming
rays. Its characteristic factors relative to stationary energy approach fixed multiples of 1 + f∞ on
incoming rays and 1 − f∞ on outgoing rays, with all other jet comparisons uniform. After that scale
is fixed, take f∞ close enough to one and the matching radius large enough that the differential
energy is smaller on outgoing rays. Monotone convex interpolation then has favorable derivative
in both directions. Toward inner outflow interpolate similarly to a smaller inner energy. All these
choices precede R.

Keep differential currents literally unchanged near each boundary and add only compact interior
quadratic kernels. Their principal cross terms vanish in the evolution eigenbasis; the next cross
derivative symbol is imposed by an energy correction dividing by the root difference. In strict
matching regions, scale cross entries of the differential derivative form by the products of the
interpolation coefficients on its two blocks. This yields strict full Hermitian derivative sign there.
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Near trapping retain the diagonalization through the critical order already used. Spatial kernel
cutoffs lie strictly in the interior and cost smoothing errors on fixed sets. The base differential
currents may be supported only near their matching collars, away from trapping and nonlocal
PDE kernels. Their divergence identities require no acceleration substitution at a boundary; that
substitution is needed only for the additions on buffered interior supports. In particular no nonlocal
sign on an outflow trace is asserted.

Directional improvement and original jets. The strict principal sign off both projected
trapped sets allows subtraction of a sufficiently small positive localized square for BntY at order
s− 1. Its high part vanishes near both traps with a uniform parameter margin, so this subtraction
introduces no critical symbol there. One-order composition errors off trapping are absorbed in the
strict principal sign modulo order ms − 2; the part smoothing near trapping costs only the fixed
lower orders. A physical cutoff avoiding trapping has the same property, and the differential-only
ends already have full estimates.

The order-zero eigenbasis in the first-jet grading and its inverse remain elliptic even if one
temporal root is zero: only their gap has been inverted. Commuting a scalar spatial cutoff through
that stationary eigenbasis costs one order. The conic estimate on both diagonal blocks therefore
gives exactly (5.10) on the original first jets. Very-low positive coercivity supplements, if required,
add only fixed lower-order derivative errors. If the stationary parameters now vary, differentiating
this prescribed family contributes at most CR(|a|+ |ċ|) times the endpoint norm squared on ry ≲ 4R.
Affine quantities are used algebraically on the frozen wave jets: their radial coefficient is r̃, and no
time coordinate factor produces a spurious ta term.

5.4 Sliced control through a stationary-elliptic cone

The next estimate provides the integrable low coefficient differences needed for the actual-principal
comparison. Its acceleration estimate must have a coefficient on F independent of R0; otherwise the
later compact and far estimates would form an unabsorbable linear cycle.

Proposition 5.3 (Sliced estimates). On any fixed enlarged compact reach, the simultaneous budgets
imply

Sa ≤ C(R0)KR + CF + Cfix(ein + N2), C independent of R0, (5.16)
∥gco −Gp,c∥L2

AS
H8

loc
≤ Cloc(KR + F + Sa) + Cfix(ein + N2). (5.17)

The second estimate includes mixed jets of total order eight, and one extra time derivative with the
same mixed order on fixed sets outside the physical trapping neighborhood. This extra derivative will
supply the mixed time-radial trace in (7.11) when the exterior solution is restricted to the interior
entry cylinder. Constants on these fixed reaches are independent of the upper radius R.

Proof. We first derive the source regularity, then estimate the acceleration by adjoint pairing, and
finally recover the static field. At sufficiently late time choose χt = 1 for ry ≤ c1t and χt = 0 for
ry ≥ 2c1t, with c1 > 0 small enough that its support lies in t ≥ Cry. The fixed earlier interval costs
input. With p = p(t) the sliced equation is

Lp(0)(χthco) = χt(Rh − fB) + [Lp(0), χt]hco. (5.18)

The defect Rh subtracts the nonstationary reduced equation and compares all field-dependent terms
with their stationary linearized action at Gp.
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Compact source orders. On a fixed reach the order-four estimate is

∥Rh∥
L2

AH
4 + ∥fB −Q(0)a∥

L2
AH

4 ≤ ClocKR + Cfix(ein + N2). (5.19)

The same source has order six globally, and order seven after Bnt. To verify the last, potentially
limiting assertion, subtract first at the frozen target Gp and frozen additions Eg(p, 0), C(p, 0), then
linearize in the field. The linear time-deletion terms have order at most two and at least one time
derivative. Changed coefficients cost h, c, their jets, or acceleration jets and bounded memories,
including B − Gp. True derivatives of the family and its projections minus frozen derivatives
have the same allocation. Ricci and wave-gauge terms are quasilinear of order two, with smooth
undifferentiated coefficients. The extra gauges use order-zero or lower spatial kernels and at most
one time derivative apiece. Thus at most two ordinary field differentiations precede the spatial
source norm, including within compositions.

On the target, the first variation is Q(∂t)a with bounded-length memory. Its difference from
Q(0)a starts with a′, controlled by the u feedback and startup. The nonlinear difference contains a
strong factor by exact freezing. A sufficiently large fixed filter order P supplies every fixed spatial
order here. The coefficient probes are smooth and physically nontrapped, so their full-order bounds
are available.

Order six is below the global half-loss bulk orders: use strong order eight for u, weak order nine
for h, and 2AH > A. At source order seven the only limiting factors are

∂2
yh, ∂yu, ∂tu.

They have bulk regularity H6.5 globally and H7 after Bnt. Their coefficient factors are undifferenti-
ated and have endpoint H9. For a purely spatial second derivative of h, its coefficient difference
also has a weak or strong weighted small factor: the exact stationary linear part has already been
subtracted. We perform this calculation in the reduced equation before inverting its acceleration
coefficient. Hence an unsmoothed second field derivative has only undifferentiated metric or target
coefficients. A second-ordinary-derivative placement from an added order-zero gauge instead carries
a time-differentiating kernel of spatial order at most −1; differentiating that kernel in a parameter
does not change this spatial order. All other connections and inverse-coefficient derivatives distribute
at most first derivatives on individual field factors. In particular, the argument never commutes a
first-field-derivative coefficient past an unsmoothed second derivative.

The needed cutoff estimate in three dimensions is

∥[Bnt, f ]v∥H7 ≤ C∥f∥H9∥v∥H6.5 . (5.20)

It holds also for matrix-valued f , since Bnt is scalar. For completeness, in a compact symbol chart
Fourier transform the symbol difference b(x, η + ℓ) − b(x, η) in x. It decays rapidly in the dual x
variable and is bounded there by a symbol seminorm times min(1, |ℓ|/⟨η⟩). After the input Sobolev
weight is removed, the output multiplier is bounded by

⟨η + ℓ⟩7⟨η⟩−6.5 min(1, |ℓ|/⟨η⟩) ≤ C⟨ℓ⟩7.

Indeed, for |ℓ| ≤ |η|/2 it is at most C|ℓ|⟨η⟩−1/2; on the complementary region use ⟨η + ℓ⟩ ≤ C⟨ℓ⟩.
The smooth x-frequency convolution adds only a fixed polynomial weight. The weighted Fourier L1

norm of f is bounded by ∥f∥H9 because 9 − 7 > 3/2. Young’s inequality proves (5.20); smoothing
remainders are harmless. Commuting the scalar cutoff through a fixed smooth order-zero matrix
kernel similarly gains one order; negative-order kernels have additional room. Slightly enlarged
supports therefore allow the cutoff to be placed on the limiting factor in each composition. Spatially
constant time-dependent coefficients multiply this argument; no time-dependent cutoff commutator
is involved. This proves the asserted directional source gain.
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Far source orders. Put hl = hlab and, on the cut,

∆a = C

∫ t

t−C′ry

|a(σ)| dσ ≲ Sat−A/2r1/2
y .

In addition to spatially constant leading combinations of Tlψ and ∂zψ, the far sliced defect is
bounded by

(r−1
y + ∆a)|∂ψ| + r−2

y |ψ|
+ ∆a

(
|∂2
yhl| + r−1

y |∂hl| + r−2
y |hl|

)
+ |hl||∂2hl| + |∂hl|2 + r−1

y |hl||∂hl| + r−2
y |hl|2. (5.21)

This proves the stated source bounds. To check its applicability, freeze the affine worldline at the
current slice. Stationary time deletion then uses Tl = v(t)∂y, whereas the actual field satisfies
Tlhl = ψ + vs∂yhl. The frozen co/lab basis change is spatially constant. Comparing in the actual
lab equation avoids unsmoothed v′ terms. The first-moment cancellation gives x− y = O(ry∆a),
and the target jets of order b ≤ 2 differ from frozen jets by O(∆ar

−1−b
y ). The affine flat leading

term cancels exactly; the Kerr corrections, coefficient derivatives and nonlinear wave-gauge terms
give (5.21). The cutoff commutator contributes O(r−1

y |∂yhl| + r−2
y |hl|) on ry ∼ c1t.

Acceleration pairing. Pair (5.18) with the stationary adjoint kernel K∗
p. The stationary operator

term vanishes, and its pairing with Q(0) has full rank. Fix a sufficiently large Y before R0. Replacing
χtfB by Q(0)a on ry ≤ Y costs the compact comparison above. Beyond Y it costs CY −1+ϵ1Sa,
which is absorbed by the choice of Y : the adjoint kernels are O(r−2+ϵ1

y ), χtfB = O(r−2
y χtã), and

enlarged averaging over comparable radii is uniformly bounded in the strong weighted norm on the
cut. Choose 0 < ϵ1 < ζ1 < 0.13, with ζ1 small.

For leading terms beyond CR0, write Tl = X − n · ∂z and integrate the remaining spatial
derivative once on the time slice, as in Lemma B.2. The test coefficient is O(r−2+ϵ1

y ) and gains
an inverse radius upon differentiation. This includes derivatives of the cutoffs and n, since the
emitter-coordinate first derivatives require only bounded velocities. It therefore suffices to control

∥rζ1tA/2(rXψ, ψ)∥L2(dt dr dω/r) ≤ CF.

Here C is independent of R0, precisely because pP −A = 0.26.
For the other far terms S′ in (5.21), use directly the norm of r1+ζ1

y tA/2S′ in this measure. The
bad norm of ry∂ψ loses at most 0.015 powers of radius, compensated by r−1

y + ∆a. Using tangential
r−1Z, X, and Tlhl = ψ + vs∂yhl, with vs small, gives

|∂2
yhl| ≲ |∂ψ| + r−1

y |Z≤1ψ| + r−2
y |Z≤2hl|.

The differentiated coordinate coefficients are O(r−1
y ), including ∂vs. In weak terms use tA/2∆a ≲

Sar1/2
y . For quadratic terms combine (5.6) with weak bulk norms of hl, ry∂1,2hl, losing at most 0.015

powers. For example the extra radius factor for hl∂2hl is bounded by

CNrζ1+0.015−1+0.01+(A−AH)/2
y ,

a negative power. The cutoff commutator has the required extra inverse radius. This proves (5.16);
dependence on R0 occurs only in the fixed compact and starting regions.
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The conic elliptic correction. Apply stationary Fredholm regularity at growth power γ = 0.96
to χthco −HC(p)c, with the seven decaying-mode measurements and the ten constant-asymptote
measurements from the preceding section. The remaining measurement costs Cloc(Sa + KR + ein):
only ℓhco remains, controlled because F (0) is invertible and (F (ζ) −F (0))/ζ is stable on ∂t(χstℓhco).

At infinity the source needs only r2−γ
y tAS/2S′ in L2(dt dry dω/ry), with equation derivative order

zero. The direct bounds just proved supply it, including χtfB by strong averaging. Even the
unsubtracted leading terms fit, since

1 − γ + 0.015 < (A−AS)/2.

On a fixed enlarged compact reach let f denote the full sliced source. We have established f ∈ H6

and Bntf ∈ H7, with the claimed time-weighted norms. Choose a properly supported order-−2
parametrix Qp for Lp(0) on an enlarged microsupport of Ψtr, so that

Lp(0)QpΨtr = Ψtr + Rp,

where Rp is smoothing to any prescribed finite order. Include the compact pseudodifferential lower
terms in the full symbol construction; finite-rank terms and off-cone leakage are smoothing. The
correction QpΨtrf is H8, and its fixed coefficient measurements have the same bound. Subtracting
it leaves the H7 source Bntf − Rpf . The ordinary stationary estimate with its one-order gain now
gives H8 for the remainder.

The stationary application therefore uses two spatial regularity regimes: source order six with
the additional Bnt order seven on the fixed compact reaches, and only the weighted source order
zero specified above near infinity. Switch between them across a fixed exterior annulus where the
full spatial symbol is elliptic, retaining a margin of high source regularity through the switch. The
stationary propagation and radial estimates inside, and b-ellipticity with the same indicial gap
outside, are exactly the variable-order observation in Proposition 4.3. Lowering far derivative orders
introduces no new kernel ambiguity. This argument needs conic ellipticity near projected trapping
and ordinary ellipticity far out; it does not assume ellipticity on an entire trapping base annulus.

Finally, replacing Gp+HC(p)c by Gp,c costs quadratic c terms; replacing B by Gp costs bounded
acceleration memories. Mixed jets with a time derivative are obtained directly from u, not by
differentiating the parametrix: they use order seven globally and full order eight outside physical
trapping. Positive derivatives of the reference and projections use strong parameter and field jets
through order nine for c. At order nine the leading term is ℓpC∂8

t u at the physically nontrapped probes;
the highest strong order is needed only in bulk. This proves (5.17) and its extra-time-derivative
assertion.

5.5 Comparison with the actual principal part

The frozen energy alone does not estimate the nonlinear equation. Its principal wave coefficients
must be replaced by the actual ones without losing a derivative. The sliced estimate makes the lower
coefficient differences integrable; the differential principal difference is instead absorbed algebraically
into the energy.

Proposition 5.4 (Actual-principal comparison). For each level (U, s,Ai) in (5.1), let dαβM be the
change from ḡ to g of the differential order-two wave coefficient in stationary normalization. On
fixed compact reaches the reduced equation has the form

Lp(t),c(t)U + dαβM ∂αβU = Slin
i + Serr

i , Slin
i = ±Q(∂t)bi, bi = a, a, a′, (5.22)
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up to common normalizations, where

Serr
i ∈ L1

Ai
Hs−1 + L2

Ai
Hs−1/2, ∥Serr

i ∥ ≤ CfixN2 + Cfixein. (5.23)

On larger bounded differential annuli only L2
Ai
Hs−1 is required. There is an actual-principal correction

of the frozen energy whose additional integrated derivative errors are bounded in squared estimates
by CfixN3, up to input terms. The frozen half-loss bulk and directional improvement remain on the
left side of that estimate.

Proof. We compare the frozen and evolving equations, retaining the actual principal coefficients
and checking every source derivative count.

Integrable low differences. Acceleration and ċ have strong A-weighted bulk and endpoint
bounds at the required differentiated orders; c has weak AH bounds and unweighted high bounds.
In detail, derivatives of c of orders one through nine use the full strong u jets at the probes. The
unweighted top h control also supplies c(10), but no strong weighted estimate for this jet is used.
The mixed recovery below differentiates the h equation at most eight times and the differentiated
u equation at most six times; its parameter placements require at most c(9). Derivatives of p use
the fixed smooth filter and startup bounds. On compact sets B −Gp and true derivatives minus
affine-position frozen derivatives are bounded strong acceleration memories, with no position growth.
Put

ξ = ḡ −Gp, kh = hco − ξ, X0 = B + ξ. (5.24)

The reference increment ξ = O(c) has fixed smooth spatial orders. By Proposition 5.3, kh and
gco − ḡ have integrable low norms of size CfixN, apart from initial terms. Indeed AS > 1 and
Cauchy–Schwarz turn their weighted L2 mixed order-eight bounds into L1

t bounds. These control
spatial Lipschitz norms and the first true time derivative of low principal differences. Likewise |a|+|ċ|
and the true-minus-frozen reference derivatives are integrable. High placements are controlled by
their ordinary field and coefficient budgets, not by an asserted integrable high norm. On larger
bounded annuli the full physical-nontrapping and far overlap controls suffice with R-dependent
constants in products, including the strong comparison of u and ψ.

The nonlinear source ledger. For U = hco, subtract the reduced expression at g = B, namely
fB. Treat target, gauge additions and compensator as fixed coefficients and inputs, also within
kernel applications. Taylor-expand both X0 + kh and X0 − ξ at the same X0. For the reduced
differential and kernel expression Dred the field-dependent part is

D′
red(X0)hco + RemX0(kh) − RemX0(−ξ). (5.25)

Each remainder is at least quadratic in its displayed increment and jets, with smooth coefficient
multiplicities. This common expansion point avoids an unabsorbed high first jet multiplied only by
a single low slowly decaying ξ. By stationary tangency, the low residual gauge of X0 at freezing is
O(c2); away from freezing it also has integrable acceleration memories and parameter derivatives,
including the compensator. The linear term in (5.25) is Lp,c, up to the differential principal change
and smooth integrable lower coefficient errors. In particular the omitted derivative of the wave-gauge
operator acting on the gauge of X0 is of this class, since HC solves the stationary linear gauge
equation.

The smooth −ξ remainder is quadratic. In the other remainder count the changed leading
coefficient on ∂2kh in dM∂

2hco; its leftover action on ∂2ξ needs at most order-zero h factors.
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Remaining ordinary products have at most one derivative on each kh factor, or a high undifferentiated
field times fixed smooth reference derivatives. A low kh factor through order two, with a fixed
Sobolev buffer, is integrable. Thus high first derivatives fit L1

Ai
Hs−1 using endpoints, and high

undifferentiated factors fit the half-loss bulk-source space. Smooth quadratic ξ products use
2AH > A.

For U = u, differentiate the full h equation. Its field derivative is at g, with the principal
difference as in (5.22). Lower coefficient differences, including the residual-gauge terms, remain
integrable at low order. A high order-two h jet multiplied by u or a differentiated coefficient drift uses
unweighted H7.5 bulk from the top mixed budget and a strong low endpoint. A high first derivative
of u uses an integrable low difference. A high differentiated h factor and a low differentiated u
factor multiply their unweighted and strong L2

t budgets into L1
Ai
Hs−1. Derivatives of B,Eg, C,Θ

relative to the zero-field expression contain strong coefficient factors. The spatial tame product
estimates in dimension three therefore give the claimed source orders. The following representative
borderline placements record the distinct uses of endpoints and bulk norms. Each low factor uses
the fixed spatial multiplication buffer in its compact budget; integrable coefficient differences use the
sliced bound. Here K−1 denotes a kernel of spatial order −1, and d1 an undifferentiated coefficient
difference.

Placement Factors used Source space

High first derivative of
kh times a low deriva-
tive, at the h levels

Weighted endpoint Hs−1 times a low L1
t factor L1

Ai
Hs−1

u ∂2h at s = 8 Unweighted H7.5 bulk for ∂2h times a strong
low endpoint

L2
AH

7.5

K−1(d1∂
2u) at s = 8 Input in L1

AH
6: low integrable d1 times a

weighted endpoint, or unweighted high bulk
d1 times strong low bulk

L1
AH

7 after the spatial gain

Opposite high/low placements and smooth coefficient multiplicities obey the same tame product
estimates.

The nonlocal terms use the spatial gain in the last row. The added operators have spatial orders
zero and −1; a time hit carries order −1. They occur in compositions of at most two first-order
gauge factors with smooth wave coefficients. Any changed coefficient on a remaining order-two
field term beyond the differential principal change therefore has a spatial gain. For example, an
order-−1 kernel on d1∂

2u, where d1 is an undifferentiated coefficient difference, uses either integrable
low d1 and the weighted endpoint Hs−2 norm of ∂2u, or unweighted bulk Hs−2 for d1 and strong
low bulk for ∂2u. The output is L1

Ai
Hs−1. For h split kh + ξ and use half-loss bulk for a high

coefficient multiplying a slowly varying spatially smooth factor. The same argument applies when
the negative-order kernel precedes multiplication, using a fixed low Sobolev buffer, or appears on
both gauge factors. Hits on kernel parameters use the weighted parameter derivatives already
counted. Finally, after its linear part is removed, fB and ∂tfB contain a strong acceleration factor,
jet or memory on ry ≤ 4R, by exact affine-position freezing. This proves (5.23).

The separate linear source. It must not be treated as a nonlinear error. On prior fixed sets its
required L2

Ai
spatial orders are bounded by Cl + Cfixein through filtered feedback, from ℓh, ℓh, ℓu

respectively. Enough fixed filter gain also gives the required endpoint orders. The differential
exterior estimate uses(∫ O(R)

r̃1+δ∥r̃ ∂≤s−1Q(∂t)bi∥2
L2

Ai
L2

ω
dr̃

)1/2

≲ CRδ/2l + Cfixein. (5.26)
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Explicitly, Q and its required derivatives cost r−2
y times bounded averaging of filtered jets. Taking

T0 ≫ R makes the plateau weights comparable across those memories; slowly varying affine measures
are uniformly comparable as well.

Absorption of the principal difference. Use the actual wave metric in the differential currents.
On fixed compact sets the principal commutator differences obey the tame split

C∥∇ydM∥∞∥∂2U∥Hs−2 + C∥dM∥Hs−1∥∂2U∥low. (5.27)

The first term is integrable low times endpoint. For a high coefficient with h, split kh + ξ as above,
allowing the extra half order on the smooth ∂2ξ placement; with u, multiply unweighted and strong
bulk norms. Derivatives of the principal-current coefficients cost current order times integrable low.
On larger bounded annuli use full mixed bulk at R-dependent constants. The strict inner outflow
remains exiting, including when a cutoff differential current by itself has no sign in the interior.

On buffered compact kernel supports, the solved first-jet evolution is the complete frozen evolution
plus iT∆PY , modulo the source classes already listed. Here T∆P is the spatial paradifferential order-
one change of the differential principal symbol. To see this, first normalize actual and frozen
equations by their differential time coefficients. Their inverse difference times stationary lower
terms belongs to the same source classes; the extra stationary acceleration term has spatial gain.
Inverting its normalized I +P−1 contributes only an order-−1 correction on the differential principal
difference. The non-paralow remainders cost high coefficient Hs−1 times low ∂≤2U , with the smooth
ξ placement permitted at order s − 1/2. These are the preceding product estimates. Stationary
cutoff errors stay within the stationary calculation, so no nonlocal side condition is introduced.

Conjugate the first jets by ⟨Dy⟩s−1 on these supports and put z = ⟨Dy⟩s−1Y. Write the actual
differential evolution symbol as

pd = Sd diag(λ+Id, λ−Id)S−1
d ,

where Sd depends algebraically and smoothly on the wave coefficients. Let e± be the stationary
diagonal principal forms for the compact addition to the base differential currents; they need not be
positive separately. Correct this addition at spatial paradifferential principal order by

Ad = S−∗
d diag(e+, e−)S−1

d . (5.28)

Keep the lower stationary prescriptions. Since the roots are real scalar roots, the algebraic identity

Adpd = p∗
dAd (5.29)

cancels the order-one part of i(AdPd − P ∗
dAd) exactly. The differential wave currents separately

symmetrize their actual and frozen symbols, so the same cancellation holds for the total corrected
energy.

After this exact cancellation, only one-order symbolic accuracy is needed. For the symbolic
calculus, see Bony [5, §3, Theorems 3.2–3.3]; a quantitative formulation of the one-spatial-Lipschitz-
derivative composition and adjoint bounds is [1, Definition 2.1 and Theorem 2.6(ii)–(iii), ρ = 1].
The first-order spatial Bony composition and adjoint estimates [40, Theorems 2.4.11–2.4.12] leave
an order-zero difference from the stationary derivative. After the source pairings already estimated,
its quadratic form is bounded by

Cs
(
∥dM∥W 1,∞ + ∥∂tdM∥∞ + |a| + |ċ|

)
∥z∥2

L2 . (5.30)
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The fixed low regularity buffer from mixed H8 control supplies the spatial coefficient and smoothing-
remainder bounds in these rules. Normalized frequency derivatives use finitely many smooth angular
symbol seminorms, with the same low coefficient bounds; their number does not grow with the
energy order. The algebraic pullback has one true time derivative, acting on parameter values
and low variation. Stationary subprincipal terms and compact kernel-cutoff interactions with the
paradifferential change have at most current order. The coefficients of bC have already been fixed.
Smallness preserves endpoint positivity, and integration of (5.30) against τAi costs CfixN3 in squared
estimates, up to input.

Thus the corrected energy retains the frozen dissipation, including the Bnt first-jet term in
(5.10), with only an integrable endpoint error. It requires neither a trapping sign for the actual
metric nor full directional estimates on higher mixed time jets. The scalar cutoff has not been
commuted through the changing order-two wave equation, and every compact kernel remains inside
its buffered support, away from the outflow trace.

5.6 The integrated compact estimate

Proposition 5.5 (Compact high estimate). Under the simultaneous finite-slab budgets, for some
κ > 0,

KR ≤ CR−κ(F + KR) + Cfix
(
ein + N3/2 + (einN)1/2). (5.31)

The acceleration and sliced static bounds enter this estimate only as coefficient smallness and
nonlinear errors, not as additional linear forcing terms. The choices are the stationary energy
parameters, then a sufficiently large R, then the plateau T0, and finally the bootstrap and data
smallness.

Proof. Apply Proposition 5.4 to the frozen energies at the three levels (5.1). Put a nonincreasing
cutoff, with derivative O(R−1), on the outer differential current. Its unfavorable squared flux is
bounded, up to finite-time costs, by

C
∑

|µ|≤s−1
∥τAi/2(1,Ω, rX)∂µyU∥2

L2(dt dr dω/r; shell). (5.32)

On a pure outgoing flat covector the flux exits strictly because f∞ < 1. After the matching
currents are fixed, the affine, cutoff normal and cone changes are small for large R and a small
bootstrap. Finite-dimensional definiteness therefore bounds every unfavorable component by the
good derivatives of χµ; differentiating its radius factor accounts for the order-zero term in (5.32).

The square root of (5.32) is at most

CR−κbF + Cfix(ein + N2), 0 < κb < min
i

{
(pi −Ai)/2, 0.98

}
. (5.33)

Indeed
∂zd

= −ndTl + r−1(ndrX + Ωd)

expands a spatial derivative string into r−bc(n)ZIT jl , with j + |I| ≤ |µ| and b ≥ |I| at the flat level.
Order the lab time derivatives before Z derivatives. Perturbed emitter and co-frame coefficients
add only small coefficient products controlled by the fixed-annulus overlap norms. The I = 0 terms
use the good-weight gain in (5.5); every I ̸= 0 term has an inverse radius, and the bad weights
≳ tAir−0.04 then suffice. At the strong level the difference between u and the transformed ψ contains
strong bounded memories such as v(t) − vs, a, and at most nine derivatives of hlab. At the h levels
any time derivative of the component change carries strong acceleration and lower fields. Thus full
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good and bad first-jet far controls through j + |I| ≤ s− 1 suffice. The earlier fixed interval, allowed
to depend on R, T0, costs input by finite-order Cauchy stability.

All fixed compact lower derivative errors have total spatial or first-time order at most s − 1,
strictly below the half-loss bulk. At matched time weights interpolate them by

R−ι0KR + CRKι0 l, Kι0 < κ0/2, (5.34)

where K is a sufficiently large fixed interpolation constant and κ0 is from Proposition 5.1. Very-low-
order coercivity supplements fit the same estimate. After substituting (5.7), the data and quadratic
pieces have only Cfix costs. The linear forcing pairing from (5.26) is at most

CRδ/2l KR + CfixeinN.

Choose 0 < δ < κ0 sufficiently small. The low-transfer exponent is already fixed before these
enlarged compact reaches: their constants and the outer current’s slack power do not worsen its
test loss or far-weight gain.

Differentiating the time weight uses the unweighted top bulk for the extra half derivative. On a
fixed compact set, for example,

τAi−1∥U∥2
Hs ≲ τAi/2−1(τAi/2∥U∥Hs−1/2

)
∥U∥Hs+1/2 . (5.35)

The analogous first-time-jet estimate shifts the spatial order by one. For the strong level it uses
ut = ∂2

t h in unweighted H7.5 bulk. On farther bounded annuli the permitted radius-dependent
constants and mixed top orders suffice. Since AH , A < 2, taking T0 large after R makes these
coefficients as small as required. Integration up to arbitrary endpoints, using (5.33), (5.34) and the
cubic comparison errors, proves (5.31) first for spatial and first-time jets, with the full mixed budget
still on its right.

It remains to recover that mixed budget. Successively solve the equations with the stationary
normal coefficient inverse, including its order-−1 addition, after j time derivatives, for 0 ≤ j ≤ s− 2.
Lower time jets in the stationary homogeneous part have already been bounded; parameter derivatives
on coefficients are products or input. A nonlinear term, including a principal difference on the
current time jet, needs only bulk order

r′ = s− j − 2 − θ, θ = 1/2 globally, θ = 0 in a full-order region,

and endpoint order s− j − 2. Its norm is CfixN2 by the bootstrapped mixed estimates. Explicitly, if
k time derivatives hit an undifferentiated field coefficient on an order-two jet, put that coefficient in
endpoint Hs−k and the other factor in bulk Hr′+k. The product estimates have the margins

r′ ≥ −1/2, s− k ≥ r′ + 2, (s− k) + (r′ + k) − r′ = s.

Two first-order placements and further smooth coefficient factors have the same margin. Place the
matched time weight on one factor and use two endpoints for endpoint output. Products containing
u use unweighted top h and strong u; drifts involving h alone carry strong differentiated parameters.
Kernels preserve or improve spatial order and have at most two time derivatives before this mixed
differentiation. The preceding parameter counts cover all cases. The linear source is still filtered low
measurement with fixed compact costs.

For full mixed bulk outside physical trapping, use nested smooth spatial cutoffs with margins.
Place the cutoff on the bulk factor in products; commuting it through stationary kernels gains a
full spatial order, more than the global half-order loss. No full Bnt-cut estimate for j ≥ 2 is needed
inside the remaining physical neighborhood. Additional mixed norms on larger annuli follow at
R-dependent cost and are included with the small normalizations specified at the start; they occur
elsewhere only in products or plateau choices. Thus the left side becomes the full KR, proving
(5.31).

56



5.7 Higher orders after base closure

The next statement is used only after the compact and far estimates have been closed at the
fixed base orders in the next section. It is important that it impose no smallness on higher data
seminorms.

Proposition 5.6 (Subexponential smooth bounds). Assume the global base bounds resulting from
the compact-far closure. For every fixed C0 > 0, every fixed smooth order, and every σ > 0, all
metric, coefficient and parameter norms at that order on

0 ≤ t ≤ T ′, ry ≤ C0(1 + T ′)

are bounded by CσeσT
′. The constant may depend on the smooth datum, the order and C0, but the

base neighborhood and fixed filter do not. We denote these bounds by eo(T ′).

Proof. We use induction in derivative order, with the conic energy and its parameter counts explicit.
The closed base estimates imply, uniformly on the slice in the low unscaled supremum norms needed
below, through at least two field derivatives,

h = o(1), gco − ḡ = o(1), c, ċ, a = o(1), t −→ ∞. (5.36)

On fixed compact sets use weighted endpoints; at large radius use the far point estimates, including
Equation (A.8) and Equation (A.9), with their spare rotations. They give uniform decay of low
unscaled lab derivatives as r → ∞, while the co transformation adds bounded velocities and
differentiated parameters. Fixed annuli have decay in t. Also B − Gp = o(1): compactly this
is a bounded memory, and near infinity both leading co asymptotes are exactly the affine flat
metric ηv(t), with symbol-decaying differences and bounded differentiated frame changes. True low
reference derivatives minus their formal frozen counterparts are o(1). The affine changes and symbol
remainders in ḡ −Gp use c = o(1). No convergence of the coordinates is required, although p does
converge because a ∈ L1.

Fix a terminal time T ′ and work on shrinking cylinders with outer radius

C0(1 + T ′) + C1(T ′ − t), (5.37)

where C1 is large enough for strict exit and all compact kernels have a buffer inside. Induct on total
order, using a larger such cylinder for the previous order if needed. Orders through seven start the
induction: bulk bounds through order eight convert to unscaled L2 bounds with at most polynomial
losses in T ′ from the measures and radial weights on these growing balls. Conversion of derivatives
uses lab time, r−1Z, bounded velocities and the available filtered acceleration jets. Enlarged spatial
regions and backward unit slabs give order-seven endpoints; startup uses fixed finite-time bounds.
The spare rotations in the far point estimates ensure the uniform low decay used in (5.36).

At each s ≥ 8, Proposition 5.2 is available near the limiting stationary parameters. Exact
compatible saturation at trapping is independent of s, and the horizon inequality becomes stronger.
For this one order, start at a sufficiently late time that the actual-principal correction preserves
positivity; the preceding fixed interval has smooth symbol-tail estimates by finite-time propagation.
Continue the differential current to the exiting boundary (5.37), with no matching-shell loss. Its
top-order energy equivalence constants are independent of the terminal radius, since

∥r̃G∥2
L2(dr̃ dω) = | detAaff |∥G∥2

L2(d3y), (5.38)

and f∞ < 1 is now fixed. Lower terms from differentiating χµ use the preceding induction. The
parameter derivatives of r̃ relative to r̃, of the affine angles, and of the density ratio are uniformly

57



bounded, so differentiating current coefficients incurs no terminal-radius factor. The frozen derivative
is favorable modulo the fixed compact lower order already estimated.

In the principal comparison use o(1) instead of integrability for the low top coefficients. Products
of finitely many lower-order norms and polynomial losses are eo(T ′). The parameter and pure target
jets in spatial source order s − 1 have this property. The smoothing, implicit position map and
compensator may require acceleration jets through a(s+3), accounting for spatial derivatives of shifts
and the two-order wave expression. The filter has worst differential order 1 − P ; hence these jets
require at most

max(0, s+ 4 − P ) ≤ s− 1 (5.39)
derivatives of ℓh once the single fixed P ≥ 5 is chosen. The larger fixed P needed by the base
resolvent tests only improves this count. Smooth probes, position integrations, exponential or
bounded/reach memories cost lower products and polynomials. The original spatial equation uses
only low c jets in its kernel families.

Solving for ∂2
t h in Hs−2 in a commutator gives Cs

√
Es + eo(T

′), where Es is the positive first-
jet energy. Besides the differential pointwise solve, the order-−1 addition uses only its preceding
induction order and coefficient products. For example K−1∂

2
t h needs Hs−3 on that jet and coefficient

algebra orders at most s− 2. Consequently, after exact absorption of the differential principal part,
the source difference at Hs−1 costs

o(1)
√

Es + eo(T
′).

Placements at orders already covered by induction give the additive term. Top first derivatives
multiply low vanishing differences. Top second derivatives in coefficient commutators or lower
acceleration terms have the one-order spatial gain and an o(1) Lipschitz or coefficient difference.
Interior paraproduct pullbacks and differential currents also use only low differences in front of top
squared energy. The outer products are estimated in uniformly local unscaled coordinate patches of
bounded overlap, and the affine source factor changes density as in (5.38). Every top placement
thus has a coefficient bounded, or vanishing, independently of the terminal radius; high coefficients
of order at most s− 1 multiply low arguments and belong to the additive induction bound. If an
interior kernel or paraproduct acts on a low placement, the base estimates supply a fixed compact
Sobolev or Hölder buffer. No polynomial in T ′ multiplies the top incremental coefficient.

It follows that Xs = (1 + Es)1/2 satisfies on the late interval

Ẋs ≤ αs(t)Xs +Bs−1(T ′), Bs−1(T ′) = eo(T
′),

αs(t) −→ 0 independently of the terminal radius.
(5.40)

For any prescribed σ > 0, make αs ≤ σ/3 by a later fixed starting time, use the induction with
a rate smaller than σ/3 on Bs−1, and absorb the polynomial integration factor. Gronwall gives
Xs ≤ Cσe

σT ′ . This proves the spatial and first-time orders.
Recover the higher time jets successively. The normalized actual I +K−1 is uniformly invertible

on spatial L2 by low-order smallness. At Hs−j for ∂jt h, 2 ≤ j ≤ s, iterate its tame negative-order
gain; coefficient derivatives through at most

max(s− j + 1, 4) ≤ s− 1

and fixed symbol seminorms suffice. These have the induction bound. The right side uses c(j−1) or
lower, already recovered in earlier time counts, while p derivatives have the filter buffer (5.39). Full
mixed endpoints are therefore subexponential without smallness of any high Sobolev norm of the
gauge or datum. Sobolev embedding on enlarged regions and finite products give the stated smooth
bounds. Every estimate was on a common finite slab; no limiting inner horizon has entered the
argument.
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The remaining task in the exterior analysis is to prove the far estimate and close its coupling
with (5.16) and (5.31). The higher-order proposition will then apply to the resulting solution in the
same single base neighborhood.

6 The far region and simultaneous closure
The compact estimates leave two quantities to control: radiation at large radius and the acceleration
of the modulated Kerr parameters. We now prove the far estimate with a radius-small coefficient
on both quantities, and then close it simultaneously with the compact and sliced estimates. The
far equation has no conic pseudodifferential modification. We first verify its target symbols,
differentiated weak-null structure, and initial and overlap bounds. The energy and product estimates
in Appendices A and B then apply to this equation. Their role is to turn the structural bounds into
a radius-small far estimate; the final subsection here closes its coupling to the compact region.

Throughout we work on an arbitrary smooth finite bootstrap slab. All constants are independent
of its terminal time. The compact norm KR, the acceleration norm Sa = ∥a∥L2

A
, the total bootstrap

size N, and the base input size ein have the meanings fixed in the compact argument. Here a in Sa
denotes the modulation acceleration, not the fixed Kerr rotation parameter. A constant Cfix may
depend on every scale chosen before the final data smallness, but not on the lifespan.

6.1 Emitter coordinates and the three far norms

Let η denote the Minkowski metric in the lab coordinates (t, z). Write

Ce(q) = −λ(q), se = C ′
e, ss = −vs(t, x),

t = q + r, z = Ce(q) + rn, |n| = 1,

and set k = 1 − se · n. In this section r is emitter radius; the small speed bound makes k uniformly
close to one and makes r, |x|, and the co-moving radius |y| comparable. Put

Tl = ∂t,lab, L = Tl + n · ∂z = ∂r|q,n,

S = rL, Z = (S,Ω), D = Tl + ss · ∂z,

where Ω denotes the emitter sphere rotations. All tensor components in this section are lab
components, and we abbreviate

h = hlab, ψ = Dh, H ij = gij − ηij .

The covector ℓn = (1,−n) is used only for null contractions. Thus Hℓnℓn = H ijℓn,iℓn,j . Let Π(n) be
the projection of a covariant symmetric tensor onto its tracefree spatial screen part orthogonal to n.

The elementary derivative conversion is

∂i = ℓn,iTl + r−1biZ = ℓn,ik
−1∂q + r−1(bi − ℓn,ik

−1sdebd)Z. (6.1)

Here bt = 0, while bdZ is ndS plus the corresponding tangential rotation combination. We always
commute lab time derivatives before the Z derivatives. Choose the starting radius R0 beyond
all fixed transitions and all compact kernels. The fixed-factor starting overlap is then physically
nontrapping. We require, in addition, that radii as small as cR0.45

0 lie in the lab differential and
symbol regime; these smaller radii occur only in the spacelike-anchor argument below.
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We use the three levels

i 0 H P

Ui h h ψ
Ni 9 8 7
Ai 0 AH = 1 − η∗ A = 1.36
pi 0.64 1 − η∗/6 1.62

(6.2)

with a fixed 0 < η∗ ≤ 10−8. For the far weights define

δf = η∗/100, ν = 10δf , e = 0.1δf , d∗ = 200η∗.

These quantities are distinct from the slack in the compact differential-current construction. With
⟨s⟩ = (1 + s2)1/2, put

τf = 1 + t/r, µ = ⟨q/rδf ⟩, lf = ⟨q/rν⟩,
mf = (r−1 + l−1

f )−1, Wi = rpi−Ai(t+ 10r)Ai ,

wH,j = wH = r−eµAH , wP,j = wH l
A−AH
f m

−(7−j)d∗
f ,

w0,j = r−0.02mjd∗
− m

−(9−j)d∗
+ .

(6.3)

Here m− is a smooth monotone function of −q/rν , comparable to 1 + (−q/rν)+, constant when its
argument is nonpositive, and with bounded logarithmic-symbol derivatives. The weight m+ is the
positive-q analogue capped at r by harmonic addition.

For each word I in Z and each j with |I| + j ≤ Ni, define χ = ZI(rT jl Ui). Write G1χ = r−1Zχ
and let B1χ denote its full first derivative. The bulk measure will always be dt dr dω/r. The
preliminary far norm is the sum, over these indices and tensor components, of

∥W 1/2
i (G1χ, χ/r)∥bulk + ∥w1/2

i,j B1χ∥bulk

+ sup
t

∥(W 1/2
i G1χ,w

1/2
i,j B1χ)∥L2(dr dω).

(6.4)

We complete this norm by corrected-current terms in (6.22) below and denote the result by F. The
weights are those of Equation (A.1). On t ≫ r they satisfy

wi,j ≳ ⟨t⟩Air−0.03, Wi ≳ tAirpi−Ai . (6.5)

Differentiating χ supplies the bad-derivative controls used in the sliced argument; the extra lower-
order terms are controlled by the good entries. Thus (6.4) contains those earlier far inputs, with
any necessary smaller positive radial slack.

6.2 Verification of the lab equation

The target metric is denoted by B, its wave compensator by Θ, and its pure equation defect by fB.
Enlarge the positive acceleration majorant at comparable radii when necessary, and write

ã(t, r) = Cr−1
∫ t

t−Cr
|a(τ)| dτ.

The histories are zero before startup. The particular constant C in this notation can be increased
finitely many times.
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Lemma 6.1 (Far symbol and weak-null structure). For the arbitrary fixed subextremal Kerr family
constructed above, the lab target satisfies

B − η = O(r−1), DB = O(r−1ã), ∂dss = O(r1−dã) (d ≥ 1),
Θ = O(r−1ã), fB = O(r−2ã), DfB = O(r−3ã),

rã ≲ Nτ−A/2
f .

(6.6)

These are symbol estimates at every fixed order needed here, with one inverse power per additional
lab derivative. Their constants may depend on the fixed family but not on either matching radius.
The equation is

gij∂ijh = fh,

fh = fB +O(r−2∂h+ r−3h) +Qη(∂h, ∂h)
+O((r−1 + |h|)|∂h|2),

(6.7)

up to fixed harmless changes in fB. The first- and zeroth-order background coefficients have a
relative O(ã) gain under D. The flat linear wave-gauge contraction of h is

O((r−1 + |h|)∂h) +O(r−2h) +O(r−1ã). (6.8)

The estimates allow smooth composition in the fields and distributed product differentiation. The
quadratic form Qη has the constrained weak-null polarization described below.

Proof. The far background in the formal lab coframe has the form η + h(ps(t, x), x), where, at
independent family argument,

∂bp∂
α
x h = O(|x|−1−|α|).

This statement includes the coframe change and holds for every member of the chosen fixed Kerr
parameter family. Implicit differentiation of the smoothed coordinates gives

∂zx = Sx = (1 − ∂xλs)−1, Tlx = Sxvs, Sx − I = O(rã).

The first derivatives of Sx and vs are O(ã), with the corresponding differentiated symbol bounds.
In particular Dx = 0. Positive-delay smoothing and its signed moments imply ∂xλs = O(rã). The
affine flat leading term cancels exactly in lab components. Comparing at a point with an exact
constant-parameter Kerr metric whose affine worldline agrees there gives the first- and second-jet
errors O(r−1ã) and O(r−2ã). Commuting D past a lab derivative introduces a derivative of ss; this
proves the differentiated bounds for B and its defect.

For clarity, the compensator uses the stationary profiles with orders Hmode, H
1
mode, Vi − ei =

O(r−1) and J = O(r−2) from the stationary construction. We append the subscript here only to
distinguish the mode profiles from H ij . Its local gauge image consists of first-order commutators
against the smoothed mass and velocity parameters, terms containing J and ∂xλs, and the gauge
derivative of (Vi − ei)♭ ⊙ dxλ

i
s. When only one derivative falls on λs in the last term, a derivative of

the profile, or a zeroth-order connection coefficient, supplies the extra inverse radius. The chain
identities cancel the free position and velocity terms. Thus neither an unsmoothed acceleration
nor a growing free position occurs in a lab symbol coefficient. Filtered unsmoothed accelerations
and the finitely many low jets needed here are bounded by CfixN⟨q⟩−A/2 and vanish before startup.
These observations prove (6.6).

Constraint propagation gives the exact lab identity

Γµ(g) = gµσg
abΓ(B)σab + Θµ,
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where Γµ(g) is the lowered wave contraction. Expanding this identity gives (6.8). Expanding vacuum
Ricci in this gauge gives (6.7). The added nonlocal gauge terms vanish in the far region; only the
differential wave compensator remains. The coefficients of the linear terms use first and second jets
of B, their products, and compensator jets, so their claimed D gain follows from (6.6) and [D, ∂].

For a symmetric polarization p satisfying

ℓαn
(
pαβ − 1

2ηαβ trη p
)

= 0, (6.9)

the flat Christoffel identity of Section A.2 says that Qη(ℓn ⊗ p, ℓn ⊗ p) is a constant multiple of
ℓn ⊗ ℓn|Π(n)p|2; its polarized version holds as well. Indeed the constraint eliminates pLL, pLA, and
the screen trace in a flat null frame. The linear map to the four contractions in (6.9) is surjective
on ker Π. Consequently there is a uniformly smooth projection to the constrained polarizations that
leaves Πp fixed and changes p by bounded multiples of those four contractions; this is Equation (A.4).
Apply the differentiated identity (6.8) to p = T j+1

l h before taking this projection. After multiplying
a first jet by r, every error contains a good derivative, a vanishing coefficient times an ordinary
scaled jet, a symbol-suppressed field, or O(ã). Distributed lab-time differentiations retain exactly
these placements. This verifies the differentiable weak-null structure, not just its undifferentiated
algebraic identity.

Lemma 6.2 (Initial and overlap inputs). The initial, current-correction, and field overlap costs at
the fixed-factor starting annulus in the far energy estimates are bounded by

C(R0)KR + Cfix(ein + N2). (6.10)

The initial input requires only the base metric H10 and second-form H9 bounds and their order
−1,−2 end-symbol bounds. It imposes no condition on leading tail coefficients and no smallness on
higher seminorms. Pure acceleration forcing is estimated separately, including on this annulus, by
the direct averaging estimate (B.14) in Appendix B.

Proof. Initially the lapse and shift have background values and their derivatives are fixed by the
gauge. At infinity startup has zero parameters and no kernel terms. The wave equation supplies
mixed jets through order ten, with one inverse radius per derivative. The incoming weighted integrals
converge because p0, pH < 1 for χ(h), whereas ψ has an additional inverse power. Reduced local
propagation gives finiteness of all higher symbol orders on bounded time intervals without making
their constants small.

On a fixed-factor overlap at R0, all unscaled mixed lab jets of Ui through order Ni + 1 have full
compact bulk and endpoint control, with squared time weight ⟨t⟩Ai . The component transformation
from hco to hlab depends pointwise on v(t). Under this transformation ψ equals u plus terms of
the forms (v(t) − vs)∂hco and v′hco with smooth bounded component factors. Their coefficients
carry the strong time weight by the fixed-interval acceleration averages and parameter jet bounds.
Inverse-coordinate and differentiated-frame costs are bounded on this fixed overlap, and ∂≤9hco has
at least the weak weighted bound. These terms therefore contribute products, not a radius-growing
linear coefficient on Sa. The emitter commutations have bounded conversion coefficients there. The
weights Wi, wi,j , and the factor 1 +Mf defined below cost at most the indicated time weights, up
to R0-dependent constants; for 1 + Mf the cost is bounded. This proves (6.10) and verifies the
boundary hypotheses of Section B.2.

6.3 Point bounds and corrected energy currents

We record the precise point information entering the source estimates. It also supplies the timelike
point bounds used in the sliced comparison. For the following assertions, N ≤ CfixN denotes the
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small factor used in product estimates, not a new independent norm. The finite-slab implications of
Lemma A.1, Lemma A.2, Lemma A.3, Lemma A.4, and Equation (A.12) give

∥χ(h)∥L2
ω
≲ Nr2η∗τ

−AH/2
f through order eight, (6.11)

∥χ(h)∥L2
ω
≲ Nr0.52 at order nine,

∥B1χ(h)∥L2
ω

+ ∥χ(ψ)∥L2
ω
≲ Nre/2µ−AH/2 through order seven. (6.12)

The first-derivative version for ψ holds one order lower. Two spare rotations give the corresponding
sphere supremum bounds. Contract lab time jets before applying Z to Hℓnℓn . Through order eight
their angular L2 bounds are

O(r−1 +Nr−1+2η∗τ
−AH/2
f ), O(r−2 +Nr−2+8η∗τ

−AH/2
f ) (6.13)

in general and with at least one lab time, respectively. The second bound also holds after ∂q at
orders through seven. Without a lab time, r times the coefficient is O(1) through order eight on
|q| ≲ r0.45. At order nine it is bounded by

O
(
log r + b1/2r−p0/2 + br−1+8η∗

)
, b = 1 + min(|q|, r); (6.14)

with a lab time the bound for r times the order-nine coefficient improves to O(r−0.46). Finally, the
lowest radiative jets satisfy

|rΠTlh| + |rΠT 2
l h| + |rΠTlψ| ≲ N. (6.15)

There is a radius-uniform point in applying these implications. The negative-q spacelike anchor
is proved on an auxiliary exterior

|z| ≥ t+ cQ+ C1

∫ t

0
((u+Q)Q)−1/2 du,

0 ≤ t ≲ Rf , Q ≳ R0.45
f .

(6.16)

Here Rf is a dyadic radius. This domain has q < 0; zero startup histories give λ(q) = 0 and hence
r = |z|. Its lower boundary may lie below R0, but our choice of R0 places all of it in the differential
lab end. Hence the same equation and initial symbol bounds apply there. Regard the histories as
fixed in this domain estimate. The pure source after up to nine Minkowski commutations costs
O(Sa|z|−3) by the same acceleration majorant. Thus the moving-boundary energy bootstrap of
Lemma A.1 uses no radius-dependent replacement by KR. Constants acting linearly on far quantities
remain bounded independently of R0; nonlinear smallness can be imposed after the radii are fixed.
The news estimate (6.15) follows from the emitter equations on rT jl h, j = 0, 1: projection kills the
leading quadratic by Lemma 6.1. No point smallness in a deep compact region is used, except on
the prescribed overlaps.

To describe the currents, set

Pgχ = krgij∂ij(χ/r), P [J ]χ = krJ ij∂ij(χ/r).

The exact flat emitter operator and the principal perturbation identity are

Pη = − 2∂q∂r + r−2[(1 + se · n)(S2 − S) − 2(se · n)(S − 1)
+ 2sAe ∇A(S − 1) + k∆S2

]
, (6.17)

P [J ]χ = Jℓnℓn∂q(k−1∂qχ) +O
(
(J/r)(1, Z)∂qχ+ (J/r2)(1, Z, Z2)χ

+ (a(q)/r)Jℓnℓn(1, Z)χ
)
. (6.18)
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The O notation here denotes finite sums with bounded smooth emitter-frame coefficients. These
identities are Equation (A.5) and Equation (A.6); they are unchanged by the choice of Kerr spin.

Let Xg, X̄g be the true future outgoing and incoming null normals, normalized by dt = 1, let
G = −g(Xg, X̄g), and let α be the X̄g coefficient of ∂q modulo Xg and the screen. Define

dg = |Hℓnℓn | + |H|2, Mf = r0.72µ−AH j0(q/r),

u = q +
∫ r

R0/2

[
ρδf −1 + ρ20η∗−1j(|q|/ρ0.45)

]
dρ. (6.19)

The smooth cutoffs satisfy j0 = 1 on [−1, 1], j0 = 0 off [−2, 2], j = 0 below one, and j = 1 above
two. The tight projection bounds make the caps u = u0 spacelike when R0 is large.

For each commuted equation the outgoing source is split as

Pgχ = λ1Lχ/r + fflat + ∂qP + fr + fmix. (6.20)

Here λ1 is bounded and nonnegative; it and the triangular fflat arise from flat dilation and rotation
commutators. Write fraw for the unsplit remaining source after these flat terms. The correction P
is formed term by term in the commuted lab equation, keeping each algebraic sign. In the following
list, χ′ = ZI

′(rT j
′

l U) is the commuted input field, U ∈ {h, ψ}; a coefficient ZdTml H has count d+m.
For the smooth-acceleration terms, C denotes the twice-null contraction of an ordered derivative of
2ηij∂isds , the coefficient of ∂jdh in the strong equation. There are three types:

(i) A double-bad principal term Ch∂q(c0∂qχ
′) contributes Chc0∂qχ

′ when the coefficient count
is at most five, or at every coefficient count at level P . Here Ch = Zd(Tml H)ℓnℓn and
c0 = c0(n, se(q)) is the smooth emitter coefficient. The smooth-acceleration double-bad terms
in the D equation use the same rule with their coefficient in place of Ch.

(ii) A frame term C(∂qc2)DZχ
′/r in that equation contributes Cc2DZχ

′/r, where c2 = c2(n, se(q))
is smooth and bounded, and DZ has Z order at most one and is independent of q.

(iii) Put Fm = rΠTm+1
l h. Each leading strong quadratic pairing contributes

P∗ = Zb
′[(1 − ss · n)r−1ℓn ⊗ ℓnCmm′(Fm, Fm′)

]
, (6.21)

where Cmm′ is its actual polarized screen pairing.

The ordered expansions and these choices are given in (B.8), (B.11), and (B.17)–(B.20). The raw
source keeps all three types unsplit for the lab-time multiplier. With their signed sum P, define

ξcurr = dχ+ Gα

2k P −g(X̄g, ·)
G

.

We now complete F by adding, for each equation,

∥(Wi(1 +Mf ))1/2ξcurr,Xg ∥bulk + sup
u0

∥W 1/2
i ξcurr,Xg ∥L2(dr dω; u=u0). (6.22)

The source costs of Proposition A.6 are

∥W 1/2
i (P, ZP, rdg∂qP)∥bulk + sup

t
∥W 1/2

i P∥L2
r,ω

+ ∥(Wi/(1 +Mf ))1/2rfr∥bulk + ∥w1/2
i,j rfraw∥bulk.

(6.23)
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There is also a mixed cap charge: on t ≲ r, r ∼ Rf , a bound ∥rfmix∥L2
ω

≤ lRf
(u)T (t, r) is charged

by ∑
Rf

R
(pi−1)/2
f ∥lRf

∥L2(du0) sup
t

∥T (t, ·)∥L2
r
. (6.24)

The geometric assumptions of the energy reduction follow from the point bounds already
recorded:

Xgq = O(dg), dg ≲ r−1 if |q| ≤ 2r0.45, dg ≲ r−1+2η∗ otherwise.

Good derivatives of lab metric components, and an unrestricted first derivative when both metric
slots are the outgoing flat vector L = (1, n), cost O(r−2+0.04). This uses (6.12), (6.13), and smooth
inverse composition. The bad component of Xg − L is O(dg), and the screen is tangent to the
sphere, so true outgoing and screen derivatives are good derivatives for these estimates. The exact
lab gauge gives the lowered wave contraction O(r−2). Thus the divergence comparison for r−2d volg
and the deformation bounds, including Equation (A.21), have their stated inputs.

6.4 The far estimate

The point bounds and the corrections above have two distinct uses. The outgoing multiplier controls
good derivatives and the corrected cap flux; the laboratory-time multiplier controls bad derivatives.
Appendix A proves both estimates, with explicit source costs (6.23) and (6.24). Appendix B
estimates those costs by the ordered commutations of the equation just verified.

Proposition 6.3 (Far estimate). After giving the finitely many commuted energies fixed hierarchy
weights, there is c1 > 0 such that

F ≤ oR0(1)(F + Sa) + C(R0)KR + Cfix
(
input errors + N1+c1

)
. (6.25)

The coefficient denoted by oR0(1) tends to zero as R0 → ∞, independently of the upper compact
matching radius R. The input errors vanish with ein, uniformly on bounded small bootstrap ranges.

Proof. Apply the complete source estimate, Proposition B.1, to the lab equation of Lemma 6.1 and
its D derivative. The lemma supplies its background symbol bounds, the additional D gain on the
defect and linear coefficients, and the differentiated weak-null polarization. The point bounds in
(6.11)–(6.15) supply the product estimates. Lemma 6.2 supplies the full mixed-order, physically
nontrapping overlap and the initial symbol input. These are the actual inputs of the six source
estimates, rather than bounds on an already global solution.

Two features explain the choice of levels. A common principal commutator places the differen-
tiated coefficient on a lower field. An extra bad laboratory-time derivative on h can be replaced
by ψ and good derivatives using Dh = ψ; the raw h estimates therefore use the prior strong level.
Conversely the differentiated equation is

gij∂ijψ = Dfh − (Dgij)∂ijh+ 2gij(∂isds)∂jdh+ gij(∂ijsds)∂dh. (6.26)

Its seven commutations use Bh indices through eight in the notation of (B.1): this means at most
nine physical derivatives of h, available at level H. Its twice-null coefficient has the extra inverse
radius because

Tml ψ = (1 − ss · n)Tm+1
l h+ r−1sdsbdZT

m
l h

+
∑
j<m

cjm(Tm−j
l sds)∂dT

j
l h.

(6.27)
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The differentiated gauge controls the first term without a stationary background offset, since it is
a derivative of h itself. The other terms carry an inverse radius or an acceleration symbol. The
full coefficient placements and transferred angular derivatives are checked in Claims 1 and 2 of
Proposition B.1.

The pure defect uses a different estimate from field products. After the r2 source scaling it is
O(ã) for h and O(r−1ã) for ψ. The averaging estimates (B.14) give squared shell powers pi−1, pi−A
at the two h levels and two additional inverse powers at level P . All are negative, as recorded in
(B.15). In particular its starting-annulus cost has a small coefficient on Sa, not a growing compact
coefficient. The remaining source terms are handled by the strict radial and time-weight margins in
Claims 3–5; the leading strong weak-null term uses the third current correction above.

Thus every correction, remainder, raw and mixed source budget has the bound (B.6). The
size-one terms respect the finite order: level P before the h levels, lower total count, more lab times
at fixed count, and then fewer dilations. The flat recurrence and its nonnegative diagonal term are
proved in Claim 3 of Proposition A.6. Its Claim 5 chooses fixed hierarchy weights before increasing
R0; the source constants on prior far energies are independent of both matching radii. The two
corrected multiplier estimates therefore give (6.25).

The background bound B − η = O(r−1) may have a nonsmall fixed constant. The estimates
above use its radial decay and differentiated structure, so they do not prescribe the leading tail
coefficient or select a preferred Kerr member.

6.5 Closing the exterior estimates on one base neighborhood

The three inequalities now have the form

KR ≤ CR−κ(F + KR) + Cfix
(
ein + N3/2 + (einN)1/2), (6.28)

F ≤ ε0(R0)(F + Sa) + C(R0)KR + Cfix
(
input errors + N1+c1

)
, (6.29)

Sa ≤ C(R0)KR + C∗F + Cfix(ein + N2), (6.30)

where κ > 0, ε0(R0) → 0, and, crucially, C∗ is independent of R0. The first inequality is (5.31),
the compact estimate with mixed-order recovery. Its acceleration and static quantities occur only
as small coefficient differences or products, not as linear forcing. The last inequality is (5.16); its
radius-uniform far coefficient is proved in Lemma B.2 by a single spatial adjoint pairing and the
strict margin pP −A = 0.26. The compact-tail defect comparison uses a cut Y fixed before R0.

Proposition 6.4 (Simultaneous closure). For each fixed strictly subextremal center and fixed
computing cylinders, there is a base smallness threshold depending only on the finite p10 input
such that the compact, far, static, and modulation bounds hold on every finite slab. They yield
global smooth vacuum evolution on both computing cylinders. Every fixed higher-order bound of
Proposition 5.6 then holds with datum- and order-dependent constants; those higher seminorms need
only be finite.

Proof. The common finite-slab norm includes the three compact levels with mixed jets, the far levels
including (6.22), Sa, and the static norms of (5.17) on fixed reaches containing all compact error
supports and deep matching regions. Include its extra nontrapped time orders and the low norm l
when needed. Filtered feedback from the strong u level supplies the base parameter jets. The static
estimate supplies the integrable coefficient difference near trapping; in the compact high estimate it
multiplies another bootstrap factor and therefore creates no additional linear feedback term.
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Choose R0 so large that ε0(R0)(1 + C∗) is as small as needed. Substituting (6.30) into (6.29)
and absorbing the resulting F term bounds F + Sa by a fixed C(R0)KR plus input and superlinear
errors. Now enlarge R so that substitution in (6.28) absorbs its compact feedback. Finally enlarge
the plateau time T0 after R to obtain the plateau-small terms used in that compact estimate. This
is the order of Equation (B.22), and it has no radius cycle.

We spell out which earlier choices this order permits. The inner profile depth and finite Cauchy-
join margins are fixed first. The slightly enlarged spacelike and outflow cylinders are therefore
fixed before their stationary gauges. Measurement and gauge supports, the high spatial cutoff Λ,
the feedback filter, the small exponent in the compact low transfer, and then the outer-current
slack can all be fixed independently of R0, R. Their polynomial frequency degrees require only
fixed differentiation, propagation, and testing orders. Compact stationary energy gluing to the
differential end, and the cut Y in the first sliced tail, are fixed before R0 as well. After choosing R0,
prior fixed compact reaches may include its starting overlaps, with constants independent of R and
unchanged exponents. The original choice of R0 also places the auxiliary anchor exterior (6.16) in
the prescribed lab end. Every constant needed for a radius-uniform absorption was fixed before R0;
all other linear far costs were explicitly put on C(R0)KR.

The low norm and the second sliced norms cost only fixed linear constants times the three
absorbed norms, plus data and superlinear errors. Thus for some c2 > 0,

N ≤ Cfix
(
R(ein,N) + N1+c2

)
, (6.31)

where R(ein,N) → 0 as ein → 0, uniformly on bounded small bootstrap ranges. This notation
includes the mixed positive input powers in (6.28). Choose a bootstrap cap so small that the
superlinear term is less than one quarter of that cap, then choose the base input small enough that
the other term is less than one quarter. The resulting strict improvement is uniform in the terminal
time.

For smooth finite-time solutions these norms vary continuously with the slab endpoint. For the
cap suprema use the spacelike transversality of (6.19), as in the construction of Section A.7. Finite-
time symbol bounds and strict radial convergence margins control the tails. Startup and earlier
bounded intervals have ordinary finite-time wave stability. Since A > 1, the acceleration bound
keeps the parameters small, and the spacelike, outflow, and wave-coefficient continuation conditions
persist. Proposition 4.11 now supplies causal local continuation and constraint propagation, hence
global smooth vacuum evolution on both cylinders. Its finite-time tame propagation of higher
smooth orders requires finiteness, not smallness, of those orders; no higher-order trapping energy
has been invoked to reach this conclusion.

All small initial norms used here are supplied by p10 for the fixed cylinder-slice construction. The
order-nine, eight, and seven far commutations in (6.2) carry one additional energy derivative, exactly
matching the compact field orders ten, nine, and eight for h, h, u, respectively. The higher-order
induction is applied only after this base closure. Its later datum- and order-dependent starting
times and constants impose no further smallness on the common neighborhood.

7 The two-ended double-null interior
The exterior estimates supply data on the two late ends of a fixed, deep spacelike cylinder. Its
bounded middle is supplied by finite-time evolution of the bridge. We construct the future double-
null development of these cylinder data, with uniform low-order control and arbitrarily small
exponential losses at every fixed higher order. The latter bounds will be used on finite regions whose
optical length tends to infinity. The double-null framework follows the interior-stability method of
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Dafermos–Luk [15]; the entry and wedge estimates required here are proved below. Throughout,
the physical Kerr parameters lie in a sufficiently small compact neighborhood of the fixed pair
0 < a < M .

The null estimates below require exact profiles with one common exponential rate and summable
entry errors. We establish these inputs before deriving the characteristic energy estimates. The
profile depth will be chosen before the inner computing boundaries, exterior coordinate constants,
and data smallness thresholds. No higher-order seminorm is required to be small.

We write a bound as eo(T ) if, for every δ > 0, it is at most CδeδT for T ≥ 1. The constant may
depend on the fixed smooth datum, derivative order, and fixed domain parameters. No uniformity
in derivative order is asserted.

7.1 Gauge and exact profiles

Let y0, y1 be future-increasing optical functions and set

s = y0 + y1
2 , x = y1 − y0

2 , S = {s = 0}, q = q0e
−2κs,

g = −2a dy0dy1 + γAB(dθA − bAdy0)(dθB − bBdy0), a = qA.
(7.1)

Here κ > 0 is fixed, for example equal to the background inner surface gravity in absolute value;
q0 > 0 will be chosen below; A > 0; γ is a Riemannian metric on S2; and b is a vector field on S2.
Angular coordinates are understood in a finite smooth atlas. The symbols a,A, q in this section
denote the null factor, its rescaling, and its exponential scale, respectively. The rate κ here is
unrelated to the exterior radius-decay exponent denoted by the same letter.

For distinct i, j ∈ {0, 1}, write

B0 = b, B1 = 0, Li = ∂yi +Bi, Li = ∂yi + LBi .

The last operator acts on angular tensors. Define

χi = 1
2Liγ, τi = trγ χi, ℓi = Li log a,

ξ0 + ξ1 = d log a, ξ0 − ξ1 = −a−1γ ∂y1b,

βi = divχi − dτi, cang
i = curl ξj , Qi = (K, cang

i ), µi = K − div ξj .
(7.2)

In this section K is the Gaussian curvature of γ. All angular differentials, contractions, divergences,
and curls use γ unless explicitly indicated otherwise.

Lemma 7.1 (Exact profiles with a common rate). For physical Kerr parameters in a sufficiently
small compact neighborhood of the fixed subextremal parameters, there are exact profiles in the gauge
(7.1), depending smoothly only on (q, θ) and the parameters and invariant under axial rotations,
such that A, γ and their inverses extend smoothly to q = 0, b = O(q), and

χi, ℓi + κ, βi = O(q), ξi, K, c
ang
i , µi = O(1). (7.3)

These estimates hold after every fixed angular or physical-parameter derivative. Their constants can
be fixed before q0 is chosen. The same statement holds with either optical direction chosen to have
zero angular shift.

Proof. Align the spin axes smoothly in the central trapped block. Let TK be signed Boyer–Lindquist
Killing time, and let (ϑ, φ) denote the corresponding sphere variables. For the current exact physical
parameters, put

ΣK = r2 + a2 cos2 ϑ, ∆ = (r − r−)(r − r+), r′
∗ = r2 + a2

∆ , κ− = r+ − r−
2(r2

− + a2)
.
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The Boyer–Lindquist metric is

gK = − ∆
ΣK

(dTK − a sin2 ϑ dφ)2 + ΣK

∆ dr2 + ΣK dϑ
2

+ sin2 ϑ

ΣK
((r2 + a2)dφ− a dTK)2.

(7.4)

Temporal and axial conventions may be reversed simultaneously when passing between the two
ends.

Solve the axisymmetric Hamilton–Jacobi equation

2(r2 + a2)Fr + ∆F 2
r + |dωF |2rd + a2 sin2 ϑ = 0, F (r−) = 0, (7.5)

where the norm is that of the round sphere. The finite root is noncharacteristic at the initial
sphere, since its coefficient of Fr is 2(r2

− + a2) > 0. Smooth Hamilton–Jacobi evolution therefore
gives a parameter-dependent solution on a short radial interval, uniformly over the chosen compact
parameter set. The equation is smooth on the whole sphere, and uniqueness preserves axisymmetry.
The inverse of (7.4) gives

ΣKg
−1
K

(
d(r∗ + F ± TK), d(r∗ + F ± TK)

)
= ∆

(
r2 + a2

∆ + Fr

)2

+ |dωF |2rd

− (r2 + a2)2

∆ + a2 sin2 ϑ.

Thus (7.5) is precisely the null equation.
Define

Q = e−2κ−(r∗+F ), s = − log(Q/q0)
2κ , λ− = κ−

κ
, x = λ−TK . (7.6)

Both s− x and s+ x increase to the future near the inner horizon. Indeed their sum has temporal
gradient, with s increasing as r decreases. The parameter-smooth normalization

r∗ = − 1
2κ−

log(r − r−) + smooth

shows that Q is (r − r−) times a smooth strictly positive factor. The factor λ− in both optical
directions is what makes κ common to every profile.

Corotate the sphere by −Ω−TK , where Ω− = a/(r2
− + a2). In the resulting (s, x, ω) coordinates,

coefficients are independent of x and invariant under axial rotations. To see their regularity, the
pairings of ∂TK

+ Ω−∂φ with itself and with angular vectors are O(Q) by (7.4). The simple pole
of the radial coefficient is canceled by rs, ∂ϑr|s = O(Q), and rs/Q is smoothly nonzero. Hence
the angular cross coefficients with ds, dx are O(Q), while the angular metric extends smoothly
and positively to Q = 0. The absolute spacetime volume divided by Q is smooth and positive, as
follows from the Boyer–Lindquist density ΣK relative to round sphere measure. These are smooth
sphere-tensor statements, including at the poles; here r− > 0 is essential.

The two-shift null decomposition consequently has shifts O(Q) and positive null factor Q times
a smooth positive function. Eliminate the second shift by angular labels H(Q,ω), with H(0, ·) = Id.
After division by Q, their transport equation has the form −κ∂Q plus a smooth sphere vector field.
It yields axis-equivariant sphere diffeomorphisms and the one-shift gauge (7.1), with q = Q. Since
Liq = −κq, the definitions (7.2) imply (7.3), with all asserted differentiated bounds. The same
construction eliminates the other shift after exchanging the optical directions.
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Choose q0 sufficiently small for the characteristic absorptions below, uniformly for both angular-
transport conventions. We also impose the exact-profile depth condition used when returning the
later packet to the exterior. Since ∂ϑF = O(r − r−) = O(q0) at entry and the spin stays bounded
away from zero in the fixed parameter neighborhood, we require the uniform strict inequality(

|∂ϑF |2 + a2 sin2 ϑ
)

entry
< 4a2. (7.7)

This supplies a strict positive margin for the radial potential (r2 + a2)2 − ∆(|∂ϑF |2 + a2 sin2 ϑ)entry
for r ≥ r+, since ∆ < r2 and (r2 + a2)2/r2 ≥ 4a2. Thus the central level Q = q0 is strictly between
the horizons. The computing radius rb is then chosen strictly deeper, with a margin before r−;
the exterior time bends and compact constants may be fixed afterward. This order depends only
on exact physical profiles, not on smallness of high derivatives of the eventual datum. All fixed
entry supports and their enlargements lie strictly between the horizons, hence outside the physical
exterior trapping neighborhood; this separation persists after shrinking the parameter range.

7.2 Moving coordinates and the entry estimates

The estimates on the two exterior ends and a fixed finite evolution of the middle bridge will supply
the cylinder data. We derive their trace bounds in prepared coordinates; Section 8 will identify
these local evolutions geometrically and attach the resulting cylinder to the complete bridge. Thus
the entry estimate uses the exterior bounds, while the later attachment uses geometric uniqueness.

The exterior stationary references are exact Kerr metrics in stationary charts. On fixed spatial
supports about the chosen entry depth, their aligned Boyer–Lindquist variables have the form

TK = ς(π)t+ PK(π, y),

with r, ω smooth in (π, y). Here π includes the required exterior parameters, including the auxiliary
stationary parameters when necessary. The factor ς is nonzero and has opposite signs on the two
ends. Shrink the parameter range so that all these supports remain within the fixed depth margins.
Denote the associated intrinsic physical parameters by p(π).

Lemma 7.2 (Preparation without growing phase errors). For a time-dependent exterior parameter
π(t), define s using the instantaneous Q in (7.6), use the instantaneous angular map H, and set

x = I(t) + λ−PK , αrot = Irot(t) + Ω−PK ,

I ′ = λ−ς, I ′
rot = Ω−ς.

(7.8)

The angular rotation is by −αrot, after aligning the axes. The Jacobian differs from the frozen
Jacobian only by terms containing positive parameter derivatives, with uniformly bounded coefficients
at fixed low order. No factor tπ′ occurs. Near s = 0, the spheres of fixed (s, x) are uniformly
controlled graphs over a stationary sphere, with graph times a bounded distance from I−1(x) and
uniformly nonsingular angular Jacobians.

Proof. This is the preparation in Equation (7.8); we check its dependence on the present exact
family. At a time t0, compare with the map frozen at π(t0) and give its Killing-time and rotation
products the constant offsets

I(t0) − (λ−ς)(π(t0))t0, Irot(t0) − (Ω−ς)(π(t0))t0.

The actual and frozen maps then agree in value. The offsets change neither the stationary nor the
axisymmetric prepared profile. Their differentiated discrepancies contain only positive parameter
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jets with bounded smooth coefficients. Differentiating a phase gives a bounded frequency or a
parameter jet, never the product of an elapsed time and a parameter derivative. Axis alignment
precedes rotation, so variations of the axis also have uniformly bounded coefficients. The same
comparison applies to the metric, with the additional residual gco −Gp,c.

For fixed (s, x), first solve the s equation for radius over a stationary sphere. It is a uniformly
small graph perturbation. Along that level, the derivative of x in time is I ′ +O(|π′|), bounded away
from zero in absolute value. The graph times therefore differ from I−1(x) by a bounded amount.
At fixed x, angular differentiation of the total rotating phase costs O(|π′|), by dx = 0. The angular
map is consequently a uniformly nonsingular perturbation of an aligned rotation composed with
H. It is a sphere diffeomorphism; equivalently, finitely many uniform graph charts give the same
estimates.

Fix the additive phase constants by agreement with the central exact chart at zero perturbation.
In bounded overlaps, join the auxiliary coordinates by small smooth changes; small vector fields
suffice for the angular maps. The middle and these joins are contained in a fixed finite-time bridge
development. The resulting surface s = 0 is strictly spacelike, with the same uniform optical
transversality. Its precise attachment to the lower development uses ordinary geometric Cauchy
uniqueness and will be made in the comparison-domain construction.

On each end define a physical parameter profile by

p(y0) = p
(
π(I−1(−y0))

)
, (7.9)

and join the two prescriptions smoothly, close to the background, through a bounded interval. This
is one angle-independent profile on the entire wedge, depending only on y0. A hat denotes the
exact Kerr value at (q, θ, p(y0)), including for a named differentiated geometric quantity. Thus a
hat means evaluation after differentiation at fixed physical parameters. Differentiating the resulting
hatted field adds only a defect in direction 0, bounded by the profile symbol constants times

σ0(y0) = |p′(y0)|, σ1 = 0.

This use of physical parameters keeps the profile constants independent of the subsequent exterior
chart and gauge choices.

Proposition 7.3 (Cylinder data and their derivative budget). Start actual eikonal coordinates on
the prepared cylinder with y0 = −x, y1 = x, and transport its prepared angular labels along L1. For
sufficiently small data in the common base neighborhood, the sum of unit-x-cell supremum norms of
the differences from frozen profiles is at most an arbitrarily prescribed small number eS for

A, logA, γ, b, χi, ℓi, ξi in angular H6,
γ in angular H7,
∂x(χi, ℓi, ξi, b)|S in angular H2.

(7.10)

Here ∂x is tangent to the cylinder at fixed prepared angle, and the comparison in the last line uses
frozen differentiation. The sum of cell suprema of σ0 is also at most CeS . At each fixed higher
order, these initial quantities and their parameter jets on |x| ≤ CT are bounded by eo(T ) for every
fixed C > 0.

The low smallness depends only on the common base-order neighborhood; constants may depend
on the already fixed q0 and coordinate choices. Higher-order constants may depend on the individual
smooth datum.
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Proof. We derive the entry trace from the mixed exterior estimates. On the fixed graph supports,
Proposition 5.3 controls mixed derivatives of gco −Gp(t),c(t) through order eight, and one further time
derivative of that order, in local spacetime L2 with squared time weight ⟨t⟩AS , where AS > 1. These
supports are outside physical trapping. Positive parameter derivatives through order eight have
enlarged-cell supremum bounds supplied by their through-order-nine weighted L2 controls, again
with exponent greater than one. The one-dimensional H1 inequality and weighted Cauchy–Schwarz
make their cell sums small. Bounded graph-time offsets cost the corresponding local parameter
variations.

The prepared frozen fields are the same smooth functions of intrinsic parameters and (q, θ)
at every time. After the value-matching comparison of Lemma 7.2, replacing the instantaneous
parameter by (7.9) changes only that parameter argument, with positive parameter jets charged
when differentiated. In particular it does not rotate a phase by t times a parameter variation.

For a residual derivative f = Dα(gco −Gp,c), |α| ≤ 7, on an enlarged fixed (t, r) rectangle, the
iterated one-dimensional Sobolev inequality gives∫

S2
sup
t,r

|f |2 dω ≤ C
∑

ϵ,ϵ′∈{0,1}
∥∂ϵt∂ϵ

′
r f∥2

L2(t,r,ω). (7.11)

Even the mixed time-radial term lies in the stated budget: it uses the full mixed order-eight estimate
for the time derivative of the metric residual, not a ninth-order pointwise metric trace. The graph
Jacobians and the bounded overlap of enlarged cells transfer this estimate to the prepared spheres.
If an denotes the resulting cell norm, then

∑
n

an ≤
(∑

n

⟨n⟩−AS

)1/2(∑
n

⟨n⟩ASa2
n

)1/2

.

The first factor is finite, and the second is small by the sliced estimate.
The first and second initial jets of the actual optical and angular chart are smooth functions of

the auxiliary metric through order one: solve the noncharacteristic eikonal and angular-transport
equations for normal derivatives. At exact freezing these jets agree with the auxiliary ones. Further
initial jets require only ordinary derivatives of these identities. The geometric fields in (7.10) therefore
use metric derivatives through order seven: A, γ, b use order zero and the one-derivative geometric
fields use order one before angular differentiation. The coordinate transformations through this
order use parameter jets through order eight. Sphere Sobolev products, with spare angular suprema
on low residual factors, and (7.11) give exactly the displayed norms. Strict optical transversality
requires only low suprema after q0 and the coordinate constants have been fixed.

In the bounded middle and enlarged joins, finite-time spacetime estimates through order nine
supply the same trace. Use common identified coordinates for the lower computations; any order
loss in the identifying map is assigned to the pulled-back metric bounds in that finite-time matching.
Smooth fixed coordinate prescriptions and small parameter-dependent changes suffice to interpolate
the preparation there. At higher orders the identical argument uses the subexponential exterior
estimates on expanding intervals and finite smooth constants in the middle. This proves every
assertion.

7.3 The null equations and uniform low estimates

The entry estimate supplies summable errors along the initial cylinder. We now propagate those
errors through the wedge using only the vacuum equations in (7.1), the exact profile orders, and the
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entry bounds. The sums along each optical direction will control transport coefficients on arbitrarily
long null segments; their vanishing tails will later give the small exponential rates at higher orders.

With curvature convention R(X,Y ) = [∇X ,∇Y ] − ∇[X,Y ], the vacuum identities in this gauge
are

Liτi = ℓiτi − |χi|2,
Liξj = βi + τiξi,

Ljχi = aSym ∇ξj − a
2Kγ + aξ⊗2

j − 1
2(τiχj + τjχi) + χiχj + χjχi,

Ljℓi = aK − χi · χj + τiτj + a(2ξi · ξj − |ξi|2).

(7.12)

Derivation of the null equations. For angular vectors E,H, Koszul’s formula and [Li, Lj ] =
a(ξi − ξj)♯ give

∇g
Li
Li = ℓiLi, ∇g

ELi = χi(E)♯ + ξi(E)Li,

∇g
Li
Lj = aξ♯i , ∇g

EH = ∇EH + a−1{χi(E,H)Lj + χj(E,H)Li}.
(7.13)

The same-index null Ricci contraction is −Liτi+ℓiτi−|χi|2, giving Raychaudhuri. Direct calculation
also gives

g(R(Li, E)Lj , H) = (Liχj − χjχi − a∇ξi − aξ⊗2
i )(E,H).

The angular Gauss contraction is

Kγ + a−1{τiχj + τjχi − χiχj − χjχi}.

Thus RicEH = 0 gives the sum of the two cross equations for χ. Their difference follows from

Ljχi − Liχj = 1
2L[Lj ,Li]γ = a Sym ∇(ξj − ξi) + a(ξ⊗2

j − ξ⊗2
i ),

where da = a(ξi + ξj) was used. Half the sum and difference give the cross-shape equation of (7.12).
In RiciE the angular and null contractions are, respectively, βi − χiξi + τiξi and −Liξj + χiξi.

This proves the torsion equation. In Ricji the angular contraction, after use of the cross equation,
is aK − χi · χj + τiτj , while the remaining contraction is a(2ξi · ξj − |ξi|2) − Ljℓi. This proves the
lapse equation.

The corresponding differentiated angular systems have the factor structure

Ljβi = a
2 (dK + Jdcang

i ) + a(K ∗ ξ + ξ ∗ ∇ξ + ξ3) + χi ∗ ∇χj + χj ∗ ∇χi,
Li(Qi, µi) = ((div βi, curl βi), 0) + χi ∗ (K,∇ξ) + ∇χi ∗ ξ.

(7.14)

Here Jd is the rotated angular differential and ∗ denotes the indicated smooth angular metric
contractions; every differentiated factor type is retained. Also

[Li, Lj ] = a(ξi − ξj)♯, ∂y1b = aγ−1(ξ1 − ξ0). (7.15)

To verify this, apply divergence minus trace differential to the cross equation. On Sym ∇ξj the
second-derivative part is 1

2Jd curl ξj ; the curvature commutators give K ∗ ξ. Differentiating a uses
da = a(ξi+ξj), and varying the angular connection uses Ljγ = 2χj . These give exactly the displayed
remaining types. Surface curvature variation gives

LiK = div βi − τiK. (7.16)

For a one-form ζ,
Li div ζ = div(Liζ) − 2χABi ∇AζB − (2 divχi − dτi) · ζ.
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Together with the torsion equation this cancels div βi in Liµi. Variation of the area form similarly
gives Li curl ξj = curl βi + curl(τiξi) − τi curl ξj . This proves (7.14).

Frozen hats satisfy these equations at fixed parameters. In differences, parameter defects in
direction i contain only σi.

We first estimate the solution on finite past diamonds

DC0,C1,s∗ = {0 ≤ s ≤ s∗, y0 ≤ C0, y1 ≤ C1} × S2, C0 + C1 > 0, s∗ > 0.

At fixed yj , the past coordinate segment ends at yi = −yj on S and remains in this diamond. The
upper null sides and upper s cuts are future boundaries for the energy currents. All norms below
are restricted to this domain. The slightly tilted enlargements used for continuation will retain
these outgoing flux signs. Fix 0 < η ≪ κ and let wi,n = e−η|yi−n|, n ∈ Z. For nonnegative angular
norm functions Y, Z, define

[Y ]i,n = sup
yj

∥wi,nY ∥L2(dyi) + sup
s

∥wi,nY ∥L2(dx),

{Z}i,n = sup
yi

∥wi,n
√
q Z∥L2(dyj) + sup

s
∥wi,n

√
q Z∥L2(dx) + ∥wi,n

√
q Z∥L2(dy0dy1).

(7.17)

Every integral and supremum carries the domain restriction. Angular Hk norms in fixed controlled
charts are written | · |k. For actual-minus-hat differences, denoted by δ, set

Yi = |δβi|5, Zi = |δ(Qi, µi)|5, Ri = |δχi|6, Xj = |δξj |6, di = |δBi|6,

E =
∑
i,n

([Yi]i,n + {Zi}i,n), R =
∑
i,n

[Ri]i,n, X =
∑
i,n

{Xj}i,n,

Db =
∑
i,n

∥wi,n sup
yj

di∥L2(dyi).

(7.18)

The indexing of Xj in the i norm is deliberate: j = 1 − i. For the remaining low quantities put

p∗ = |δ(γ, logA)|6 + |δξ|5, P = sup p∗ +
∑
n

sup e−8ηsw0,np∗,

gi(yi) = sup
yj

(
|δ(χi, ℓi)|4 + |δBi|5

)
, S =

∑
i,n

supwi,ngi.
(7.19)

The summations over cells are unsquared. They are needed both for integrable transport coefficients
and for their vanishing tails. The paired angular equations estimate E. The remaining budgets
recover the shape and torsion fields (R,X), the shift (Db), the metric and lower torsion coefficients
(P ), and the integrable directional envelopes (S) of δχi, δℓi, δBi. These recoveries are coupled: the
proof first reduces their combined size to E and the entry error, then closes the small feedback into
E.

Proposition 7.4 (Uniform low characteristic estimates). Choose q0 sufficiently small in terms of
the uniform profile constants, and then choose eS sufficiently small. On every smooth finite past
diamond satisfying the entry assumptions,

E +R+X +Db + P + S ≤ C(q0)eS . (7.20)

The metrics A, γ and their inverses remain uniformly bounded and nondegenerate at the indicated
low orders. The constants are independent of the location and size of the diamond.
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Proof. Bootstrap the budgets small and the metrics in a uniformly nondegenerate neighborhood. We
first derive the Hodge and transport estimates for the auxiliary budgets. Trace damping supplies the
shape estimate needed in this group. We then estimate the paired angular currents and perform the
simultaneous absorption. The calculation uses only the displayed profile and equation hypotheses.
The actual radiative factors at low orders have size C(q + gi); nonradiative coefficients are bounded
and their differences cost Cp∗. An orientation change obeys

wi,n ≤ e2ηswj,−n. (7.21)

Unit-cell convolution bounds the localized L2
x norm of p∗ by Ce10ηs times an ℓ1 envelope of total

size P . Positive powers of q absorb this growth when η is small.
The div–curl system for ξj and the trace-free divergence system for χi give

X ≤ C(E + √
q0P ), Ri ≤ C

(
Yi + |δ(τi/A)|6 + |δχi|0 + qp∗

)
. (7.22)

Their constants use only the low angular ellipticity and coefficient bounds. Coefficient differences
acting on hats cost p∗, with the additional q in the shape estimate. Integrating the shift equation in
(7.15), with Cauchy–Schwarz and (7.21), yields

Db ≤ CeS + Cqc0(X + P ) (7.23)

for a fixed c > 0. The cross transports for χi, ℓi have homogeneous coefficient C(q+gj) and remaining
difference source Cq(p∗ + gj + σj). Their quadratic terms pair opposite radiative orientations. The
lower shift estimate has source Cqp∗. Consequently

S ≤ CeS + Cqc0(P + S). (7.24)

The metric and torsion transports, using ∂y1γ = 2χ1, ∂y1 logA = ℓ1 + κ, and d logA = ξ0 + ξ1,
give

P ≤ C(eS + E +R+Db + S). (7.25)

The unweighted free sources integrate by the cell sums. For the localized part, the target-to-source
ratio of e−8ηsw0,n is bounded along either past coordinate path; the remaining weight change and
the square root of the path length are absorbed by this exponential factor, proving (7.25) with the
current profile constants.

Raychaudhuri has the exact rescaled form

(Li + κ)(τi/A) = −A−1|χi|2. (7.26)

The differentiated difference has source C((q + gi)Ri + q2p∗ + q(σi + di)), and the tame transport
commutators additionally cost

C(q + gi)|δ(τi/A)|6 + Cdi(gi + qp∗).

The first term is absorbed in the trace damping under the small bootstrap. The second uses the
small low envelopes and the shift budget; its contribution is included in the εboot(P +Db +R) term
below. Exponential convolution in yi preserves the localized flux norms: a displacement h changes
the weight by at most eηh and samples the earlier s−h/2 slice. Combining this damping with (7.22)
gives

R ≤ C(E + eS + S) + C(qc0 + εboot)(P +Db +R). (7.27)
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It remains to close the paired angular energies. Commute (7.14) through angular order five and
subtract hats, retaining the actual principal operators. The source norms are bounded by constants
times

Gi = q(X0 +X1 + Zi + p∗ + σj) + (q + gj)(Yi +Ri) + (q + gi)(Rj + dj),
Hi = Yi +Ri + di + σi + qp∗ + (q + gi)(X0 +X1 + Zi).

(7.28)

Indeed, angular principal commutators cost qZi or Yi; coefficient differences on hats have the stated
profile gain; and unweighted shape products pair opposite orientations. Shift commutators use the
low radiative bounds. Parameter defects occur only in their own direction and inherit the q factor
whenever the hatted field is radiative. This verifies the source list (7.28).

Use squared currents with weights w2
i,n on Yi, flowing along j, and w2

i,na/2 on (Qi, µi), flowing
along i. Angular integration by parts cancels the principal pair. The latter currents have damping
because

Li log(aw2
i,n) ≤ −κ+ C(q + gi) + 2η.

All future null and s fluxes are positive. The squared flux is bounded by the initial norm plus

C

∫
w2
i,n(YiGi + qZiHi) dyi dyj . (7.29)

Terms retaining a positive power of q use slice Cauchy–Schwarz and (7.21). Same-orientation g
terms use a null flux and

∫
gi. The remaining opposite-orientation terms obey Equation (7.30):∫
w2
i,nYigiRj ≤ C[Yi]i,n∥wi,ngi∥L2(dyi)

∑
m

[Rj ]j,m,∫
qw2

i,nZigiXi ≤ C{Zi}i,n∥wi,ngi∥L2(dyi)
∑
m

{Xi}j,m.
(7.30)

For completeness, partition yj into unit cells. Two-dimensional Cauchy–Schwarz uses the fixed-yj
flux for the first energy factor and the fixed-yi flux for the opposite factor; in the second line, the
spacetime √

q Xi norm on a cell is controlled by its j-localized norm. Partial cells and past-diamond
restrictions remain inside the integrals. The same argument applies to dj in place of Rj . Summing
the unsquared budgets gives

E ≤ CeS + C(qc0 + S)(E +R+Db + P +X). (7.31)

To close the estimates, write Aaux = P +R+X +Db + S. Substitute the Hodge bound for X,
the shift and cross-transport bounds for Db, S, and the damped shape bound for R into the metric
estimate for P . For some fixed c′ > 0, this gives

Aaux ≤ C(E + eS) + C(qc′
0 + εboot)Aaux.

Here c′ may be decreased to include the √
q0 term in (7.22). Absorbing the last term yields

Aaux ≤ C(E + eS). The paired-current estimate (7.31), using the bootstrap bound for S, now
becomes

E ≤ CeS + C(qc′
0 + εboot)(E + eS).

Choose q0 first using only the profile and energy constants, then the bootstrap size, to absorb this
feedback. Finally choose the entry size so that the resulting bounds strictly improve the bootstrap,
including nondegeneracy. This proves (7.20).
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7.4 The first pure longitudinal derivatives

The low flux bounds control the cross derivatives in the null equations. Normalized curvature also
contains pure derivatives such as Liχi, which those equations do not directly bound pointwise.
Differentiating the cross equations gives transport equations for these missing jets along the opposite
direction, with no additional small data norm.

Proposition 7.5 (Pure jets and flank limits). Under the assumptions of Proposition 7.4, the sum
of unit-yi-cell suprema of

sup
yj

(
|Liχi − L̂iχi|2 + |Liℓi − L̂iℓi|2

)
(7.32)

is at most CeS . For i = 0 the same holds for ∂y0b− ∂fr
y0 b̂ in angular H2. On a full wedge obtained

by exhaustion, A±1, γ±1 are uniformly bounded in H6 and ξi, a−1∂y1b in H5, and

|b|5 +
∑
i

|(χi, ℓi + κ)|4 −→ 0,

1∑
k=0

(
|∂yk

b|2 +
∑
i

|∂yk
(χi, ℓi)|2 + |∂yk

γ|4 + |∂yk
log a+ κ|4

)
−→ 0

(7.33)

as s → ∞ and |y0|, |y1| → ∞. All displayed quantities are uniformly bounded elsewhere. No
smallness of the limiting angular metric or rescaled torsion is asserted.

Proof. We use the pure transport equations. Set Ui = Liχi and Vi = Liℓi. The identities

Liξj = βi + τiξi, Liξi = dℓi − βi − τiξi,

LiK = div βi − τiK, [Lj ,Li] = La(ξj−ξi)♯

(7.34)

reduce derivatives of torsion, curvature, and angular connections to already controlled fields.
Differentiating the cross equations in direction i gives Equation (7.35):

LjUi = −1
2τjUi + Uiχj + χjUi + Fi, LjVi = −Ui · χj + Gi. (7.35)

Neither remainder contains a new pure jet. Differentiating a retains a; a differentiated angular
connection uses χi and its angular derivatives; and the bracket is an angular operator with an a
factor. Differentiating unweighted shape products introduces either this factor or a cubic product
containing both orientations. The strongest angular term is ∇βi, controlled in H2 by the available
H3 bound for βi.

After subtraction of frozen differentiated fields, the inhomogeneous sources in H2 cost

C{q(p∗ + gi + gj + σj) + gigj},

and the homogeneous coefficient along j is C(q + gj). Only a top shape jet times χj recurs without
a q factor. The initial pure jets are obtained from the tangential derivatives in (7.10) and the known
cross equations. Localized Gronwall along j, with the same orientation and cell estimates as above,
proves (7.32).

For the shift write ζξ = ξ1 − ξ0 and Cb = aγ−1ζξ = ∂y1b. The identity Equation (7.36) is

∂y1∂y0b = a{ℓ0γ−1ζξ − 2γ−1χ0γ
−1ζξ + γ−1(2β0 + 2τ0ξ0 − dℓ0)} − [b, Cb]. (7.36)

Every term retains a, and no new pure shift derivative appears on the right. Its difference source
costs Cq(p∗ + g0) in H2. Since the profile depends only on y0, differentiating its frozen pure shift in
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direction 1 adds no parameter defect. Integration from its tangential/cross initial value proves the
shift assertion.

Summable cell suprema vanish in the corresponding infinite tails. Together with (7.3), the point
budget therefore gives the first line of (7.33). The cross equations give the opposite first derivatives,
while (7.32) and (7.36) give the pure ones. Converting Lie derivatives to coordinate derivatives uses
already controlled b, dθb. Finally,

∂yiγ = 2χi − LBiγ, ∂yi log a+ κ = ℓi + κ−Bi · d log a.

These identities give the remaining H4 limits. The uniform metric, lapse, and torsion bounds follow
from P and smooth inversion, and a−1∂y1b = γ−1(ξ1 − ξ0) has the asserted H5 bound.

7.5 Higher estimates on finite and expanding regions

We next distinguish two uses of higher regularity. On a fixed finite diamond, arbitrary finite bounds
suffice to restart the optical development. On expanding diamonds, the packet construction requires
arbitrarily small exponential rates. The first estimate uses no global tails; the second is applied only
after the low estimates have been exhausted to the full wedge.

Proposition 7.6 (Higher estimates). Assume the entry bounds of Proposition 7.3 and the low
estimates on smooth finite past diamonds.

1. On every fixed finite diamond, all fixed ordinary coordinate derivatives of γ±1, logA, b, a−1∂y1b
have finite bounds depending only on the corresponding smooth initial norms, the low bounds,
and that diamond.

2. If the solution and its uniformly summed low estimates are defined on the full wedge, fix U ∈ R,
C > 0, and either labeling {d, l} = {0, 1}. On

s ≥ 0, yd ≤ U, yl ≤ CT, (7.37)

every fixed ordinary coordinate derivative of γ±1, logA, b, a−1∂y1b is bounded by eo(T ). The
same bounds hold on all restrictions and coordinate-path subsegments of this domain.

Neither conclusion requires any higher-order initial norm to be small.

Proof. We derive high-order currents and recover the unweighted derivatives from their directional
estimates. All high variables below are actual fields, not differences from profiles. Put

hi = C0(q + gi), ρq = √
q,

where C0 bounds all required low radiative norms. The functions hi are bounded and have uniformly
bounded directional integrals. On a full wedge their tails become arbitrarily small when s, |yi| → ∞.

Fix an angular order m ≥ 5. In the rest of the proof redefine

Yi = |βi|m, Zi = √
q |(Qi, µi)|m, Ri = |χi|m+1, zi = |τi/A|m+1,

d∗
0 = D = |b|m+1, d∗

1 = 0, Pγ = 1 + |γ|m+1, Pi = |ξj |m, P∗ = Pγ + P0 + P1.
(7.38)

In particular, Zi already includes the lapse weight. The quantity P∗ controls γ−1 and A±1 at the
corresponding angular orders, using the low bounds and d logA = ξ0 + ξ1.

78



Angular currents. The tame sphere Hodge estimates give

Ri ≤ Cm(Yi + zi + hiP∗), |ξj |m+1 ≤ Cm(Zi/
√
q + P∗). (7.39)

These constants do not contain high coefficient norms. Indeed, identify trace-free tensors using
smooth γ-dependent bases, freeze coefficients in sufficiently small charts, and commute the first-order
angular system. A highest coefficient placement costs Cm|γ|m+1∥f∥C1 ; interpolation absorbs the
penultimate field norm with a constant depending on m and the low bounds. In the shape estimate
its low factor is O(hi).

Use the squared paired currents Y 2
i in direction j and Z2

i in direction i, keeping their multipliers
equal. Add z2

i and P 2
i in direction i, and D2, P 2

γ in direction 1. Apart from favorable damping,
their absolute interaction costs are bounded by the following list:

CmYi
[
ρq(Z0 + Z1 + P∗) + hj(Yi +Ri) + hi(Rj + d∗

j ) + hihjP∗
]
,

CmZi
[
ρq(Yi +Ri + d∗

i + P∗) + hi(Z0 + Z1)
]
,

Cmzihi(zi +Ri + d∗
i + hiP∗),

CmD
[
ρq(Z0 + Z1 + ρqP∗) + h1D

]
,

CmPγ(R1 + h1Pγ),
CmPi(Yi +Ri + d∗

i + hiP∗).

(7.40)

We derive these costs from the actual equations already displayed. Terms with a retain ρq after
pairing, by (7.39); high angular connection placements in χ ∗ ∇χ cost hihjP∗. Shift commutators
on βi cost hjYi + hid

∗
j , while those on the weighted fields retain ρq. Metric and area derivatives

have coefficient hj on Y 2
i and hi on Z2

i . The identity Li log a = −κ+O(hi) supplies the favorable
lapse damping. Trace and shift currents follow from (7.26) and (7.15); the remaining two currents
follow from the metric and torsion transports. Thus this actual-field system uses no special values
of a Kerr profile.

Fixed regions. On a diamond 0 ≤ s ≤ s∗, substitute (7.39) into (7.40). With all current
multipliers one, the resulting quadratic form is bounded by Cm times their total size. The common
weight

e−2Kfins, −Li log(e−2Kfins) = Kfin, Kfin > Cm, (7.41)

absorbs the cost in both directions. Removing the weight costs only the fixed factor e2Kfins∗ on
squared energies. The recovery arguments below then give finite bounds for every coordinate
derivative. For this use extend each scalar envelope gi by zero outside the coordinate projection of
the diamond; no spacetime field is extended. In particular, no tail assumption enters this fixed-region
argument.

The two limiting interactions. For the sharper estimate now assume the full wedge and global
summable envelopes. When ρq = h0 = h1 = 0, the only unsuppressed arrows in (7.40), after
substitution of (7.39), are

Yi, zi −→ Pi, D −→ P0, Y1, z1 −→ Pγ .

This first limiting system is not sufficient throughout (7.37): the coordinate yd may remain bounded
while yl tends to infinity, so hd need not tend to zero there. We will instead give the currents
flowing along d a large damping on a fixed interval −B ≤ yd ≤ U . Removing this part of the weight
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then costs a fixed factor, independent of T . To identify what the remaining currents must control,
consider a second limiting system in which the d-flowing currents are strongly damped. Those
currents comprise

Dd = {Yl, Zd, zd, Pd} and also {D,Pγ} if d = 1.

The currents flowing along l comprise

Ll = {Yd, Zl, zl, Pl} and also {D,Pγ} if l = 1.

Delete products containing a variable of Dd and set ρq = hl = 0, allowing hd to remain bounded.
The only remaining arrows are

zl −→ Yd, Pl, zl −→ Pγ if l = 1. (7.42)

Indeed the possible term hdd
∗
l either vanishes or contains D flowing along d; if D remains in Ll,

its cost vanishes. The retained Pl source contains Yl, which belongs to Dd, and the retained trace
cost has factor hl. There is consequently no unsuppressed return to zl. Both limiting systems are
triangular: their surviving interactions can be made as small as desired by rescaling the auxiliary
currents. The actual equations retain all their terms; these two comparisons only determine the
multipliers and the directional damping.

Fix an arbitrarily small δh > 0. Keep multiplier one on each Yi, Zi pair and on D2, multiply z2
i

by Λ2 with Λ large, and multiply the P currents by ϵ2P with ϵP small. The resulting size is

Em =
∑
i

(Y 2
i + Z2

i ) +D2 + Λ2∑
i

z2
i + ϵ2P (P 2

γ + P 2
0 + P 2

1 ). (7.43)

In the scaled variables, the first limiting comparison has coefficients O(ϵP ) or O(ϵP /Λ), and (7.42)
has coefficients O(hd/Λ) or O(ϵP /Λ). Choose the rescaling so that both limiting costs are at most
δhEm/4 in their respective retained groups. The principal paired angular cancellation is unchanged.
Continuity of the remaining finite quadratic forms gives a threshold ϵ∗ > 0 such that the full cost is
small when ρq, h0, h1 ≤ ϵ∗, and the cost involving only Ll is small when ρq, hl ≤ ϵ∗. This threshold
is chosen before the large damping constant below.

Directional damping on expanding regions. Use the common weight

w = exp{−2δh(y0 + y1) − 2K0(yd +B)+ − 2K0 min(s, S0)}. (7.44)

Choose B,S0 large, independently of T , so that for s > S0, yd < −B, both hi and ρq are below
ϵ∗. For s > S0,−B ≤ yd ≤ U , make hl, ρq small; this is possible because yl = 2s − yd ≥ 2S0 − U .
Almost everywhere the damping in direction k is

−Lk logw = 2δh + 2K01{k=d, yd>−B} +K01{s<S0}.

Lipschitz weights suffice. With the rescaling already fixed, all remaining interactions have bounded
coefficients independent of K0, T, B, S0. In the asymmetric late region, Cauchy–Schwarz bounds the
cross terms by a small multiple of |Ll|2 plus a fixed large multiple of |Dd|2. Take K0 large enough
to absorb the latter. On s < S0 both directions receive the large damping, and in the other late
region all coefficients are small. The order of choices is therefore

(Λ, ϵP ), ϵ∗, (B,S0), K0.

Increasing K0 changes none of the earlier thresholds.
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The null and s fluxes are bounded by the weighted initial norms. On (7.37), −CT ≤ yd ≤ U
and −U ≤ yl ≤ CT , so the initial interval has at most polynomial length. Moreover

1 ≥ w ≥ e−2δh(U+CT )−2K0(U+B)+−2K0S0 . (7.45)

The last two losses are fixed. Initial higher norms are eo(T ) by Proposition 7.3; since δh is arbitrary,
removing the weight preserves eo(T ). In particular,

sup
yj

∥Yi + d∗
i ∥L2(dyi) ≤ eo(T ). (7.46)

For d∗
0 the current flows along 1, so this is exactly the required transverse flux in dy0.

Recovery without dividing by the lapse. The estimate for Zi is not divided by the exponentially
small √

q. Instead use the damped trace equation, with its Cmhi homogeneous coefficient integrated
along i. Since that integral is uniformly bounded, integration of the damped trace equation gives

zi(y) ≤ eo(T )e−κ(yi+yj)

+ C ′
m

∫ yi

−yj

e−κ(yi−y′
i)hi(Yi + d∗

i + hiP∗)(y′
i, yj) dy′

i.
(7.47)

The linear norm versions of the metric and torsion currents, (7.46), and this convolution yield

P∗(y) ≤ eo(T ) + C ′′
m

∑
i

∫ yi

−yj

hiP∗(y′
i, yj) dy′

i. (7.48)

Cauchy–Schwarz on intervals of length O(T ) costs only a polynomial. There is a bounded common
potential

Φ(y) = C0
∑
i

∫ yi

−∞
gi(v) dv + C0q0

κ
(1 − e−2κs), ∂yiΦ = hi. (7.49)

Multiply (7.48) by e−CΦ(y) and take a supremum. Along each coordinate path,∫ yi

−yj

hi(y′
i, yj)e−C(Φ(y)−Φ(y′

i,yj)) dy′
i ≤ C−1.

Choosing C > 4C ′′
m absorbs the two integrals. Hence P∗, zi ≤ eo(T ), and (7.39) makes Ri integrable

along i at that cost. On fixed diamonds the same argument uses the finite flux bound from (7.41)
and the zero-extended scalar envelopes, giving finite constants.

The cross transports for χi, ℓi + κ now give pointwise angular bounds, initially through Hm−1.
Their homogeneous coefficient is hj ; the terms qP∗ have the necessary spare angular derivatives, and
the remaining terms hi(Rj + d∗

j ) + hihjP∗ integrate by the bounds just obtained. The shift equation
gives pointwise angular control through order m. Since m was arbitrary, every fixed angular order
is available.

Longitudinal recovery. Induct on the number of longitudinal derivatives, retaining arbitrary
fixed angular orders. Proposition 7.5 estimated the first pure derivatives at low angular order.
To start the present induction, commute their equations (7.35) and (7.36) at each fixed angular
order. Their inhomogeneous terms now have the angular bounds just proved, and their initial jets
follow from the entry tangential derivatives and the cross equations. The top transport coefficient,
including the first angular derivative of the shift, is bounded by Cmhj . Higher angular derivatives of
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coefficients multiply lower angular derivatives of the pure jet. Induction in angular order therefore
bounds the first pure shape jets, then the pure lapse jets through their triangular equation, and the
pure shift jets. This starts the longitudinal induction at every fixed angular order.

At the next level, differentiation of the cross equations gives transports for Lki χi, L
k
i ℓi along

j. The only new pure jet on the right is the shape jet, with homogeneous coefficient Chj ; all
other terms have lower longitudinal counts. This follows from (7.34): a derivative of either torsion
uses the torsion equation and dℓi, and curvature variation uses βi. Angular connection variations
are expressed by χi and its angular derivatives. Differentiated brackets are angular and use only
previous longitudinal orders. Derivatives of a retain its factor.

The initial pure jets follow from the noncharacteristic initial equations, or equivalently from
tangential x derivatives and the cross equations. Pointwise transport Gronwall uses only Chj ,
including the first angular derivative of the shift. A subsidiary angular induction assigns higher
coefficient derivatives to already controlled factors. Integration over length O(T ) of an eo(T ) source
is still subexponential. Mixed longitudinal derivatives reduce to the cross equations and the angular
commutators.

Finally recover ordinary derivatives of the shift from (7.15). Pure ∂ky0b is integrated in y1; after
converting Lie derivatives to coordinate derivatives, its source contains the shift only at preceding
longitudinal orders. The other derivatives are direct, and a−1∂y1b = γ−1(ξ1 − ξ0) is algebraic. The
same recovery with finite bounds proves the first assertion, and with (7.45) proves the second.

7.6 Continuation and exchange of the null labels

We now construct the full wedge. Only the fixed-region part of Proposition 7.6 is used for continuation.
Once the wedge exists, its global low envelopes supply the tails required for the subexponential
conclusion.

Proposition 7.7 (Continuation from the full cylinder). The smooth vacuum cylinder data of
Proposition 7.3 have a smooth development on the full product wedge {s ≥ 0} ×Rx × S2 in the gauge
(7.1). It satisfies Propositions 7.4, 7.5, and both conclusions of Proposition 7.6. With a sufficiently
small past collar, S is a Cauchy surface for this development. The construction does not identify
this region with the whole maximal globally hyperbolic development.

Proof. Start with smooth vacuum Cauchy evolution near S and solve the noncharacteristic optical
and angular transport equations there. We continue by exhaustion and finite restarts. For a target
compact subdiamond work on a slightly larger region

0 ≤ s ≤ s∗, yi ≤ Ci − αs,

where α > 0 is small and the constants Ci leave positive slice length and a fixed margin around the
target. The tilted sides are strictly exiting, so all previous past-cap energies retain their flux signs.

Bootstrap the uniform low estimates. The common finite weight (7.41), followed by the recovery
part of Proposition 7.6, bounds every fixed smooth norm up to a putative terminal time. Since s
is bounded here, a = q0e

−2κsA has a positive lower bound; the lapse and spatial metrics remain
uniformly nondegenerate.

Restart from a slice before the alleged terminal time. Extend its induced metric and second
fundamental form smoothly across the interval endpoints, preserving positivity and bounded requisite
finite Sobolev norms on an enlarged margin. Constraints are unnecessary outside that margin. A
reduced wave Einstein equation, initialized in wave gauge, has a uniform short existence time from
these bounds. Solve the optical and angular transport equations with their inherited initial values.
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Their transversality and invertibility on a smaller margin also persist for a uniform short time.
Higher smooth norms propagate separately.

Restrict to the exiting region. Future causal vectors obey dyi ≥ 0 in this gauge, so data outside
the margin cannot enter the region under consideration. Constraint and gauge propagation give
vacuum there. Geometric uniqueness, followed by uniqueness of the optical functions and angular
transport, identifies the restarted and previous solutions. Slightly larger diamonds supply the
endpoint jets and margins for each restart, patchwise on the sphere. Thus no finite terminal time
occurs on a compact target diamond.

Exhaustion gives the full smooth product wedge. Increasing-domain suprema and their cell sums
preserve the uniform low bounds and define global summable envelopes gi. Only now use their tails
in the B,S0 choices of (7.44); this proves the expanding subexponential bounds without circularity.

Finally s is temporal. Causality in (7.1) implies |dx/ds| ≤ 1, and angular speeds are bounded on
compact (s, x) ranges. A past causal curve from the wedge therefore reaches S or has an ordinary
limit where it continues; it cannot escape at finite decreasing s. Choose a local past collar of possibly
varying smooth thickness in x, with sufficiently small Lipschitz slope within the local existence
region. Future causal curves in that collar reach the cylinder before leaving it. The cylinder is
consequently Cauchy for this development, which can be attached along all of S by geometric
Cauchy uniqueness.

Lemma 7.8 (The same wedge with exchanged labels). The two optical labels may be exchanged
while retaining the same initial cylinder and the same product spacetime. In the corresponding
one-shift angular gauge, all conclusions of Propositions 7.3–7.7 remain valid, with the same common
κ and with a frozen physical profile depending only on the new y0.

Proof. Negate the prepared x on S, including its bounded joins. The old optical functions exchanged
have the required eikonal initial data, so optical uniqueness identifies them with the new pair. For
the angular labels use the exact preparation that eliminates the new second shift. In the existing
geometry, transport these labels along the old L0. At every finite point this is a finite-duration
smooth flow on a compact sphere over a finite coordinate interval, hence a sphere diffeomorphism
with smooth inverse. It defines the new angular chart on the same full wedge before any uniform
estimate on that flow is assumed.

To verify the initial comparison, reverse TK , φ simultaneously at both ends, keep Q, and use
−I,−Irot with the new transport map H and the corresponding bounded angular joins. Thus the
surface s = 0 is unchanged and its prepared x is exactly negated. Use the reversed I to define a
single physical parameter profile along the new y0. The exact profile estimates and the trace proof
of Proposition 7.3 apply with this other frozen angular map. Apply the finite-diamond a priori
estimates to the new fields and exhaust. This reestablishes all uniform low and subexponential high
bounds on the same spacetime, without requiring an a priori uniform estimate for the long angular
coordinate change.

8 The comparison development and finite geodesic runout
The preceding estimates describe two exterior evolutions and a double-null interior evolution. We
now place them in a single vacuum development containing the complete initial bridge. We then
prove two geometric facts needed for the perturbation argument: a geodesic of finite future proper
duration first leaves this comparison development through an interior branch or corner, and an
open family containing a regular exiting geodesic contains a branch geodesic. The comparison
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development will be an open subspacetime of the full maximal globally hyperbolic development; we
never assert that it exhausts that development.

Throughout the section the Kerr center is fixed, with 0 < a < M . All depths, finite overlap
regions, and constants are chosen for this center before the final p10 smallness threshold. We first
construct a finite Cauchy range around the bridge and use its overlap collars to attach the late
exterior and interior pieces. We then control geodesic energy through compact and far exterior
excursions, which rules out finite proper-time runout there. Finally, the interior geodesic equations
distinguish branch and corner runout and let us perturb a regular corner track to a branch.

8.1 Finite Cauchy ranges and the complete bridge

We use the signed Killing-time-zero bridge in the two-ended Boyer–Lindquist extension through
the bifurcation sphere. Simultaneous reversal of the Killing and axial conventions allows either
prescribed future orientation. Write TK for a continued Killing coordinate and Te = ±TK for the
future-oriented exterior time at an end. Recall

∆ = r2 − 2Mr + a2, r′
∗ = r2 + a2

∆ , κ+ = r+ − r−
2(r2

+ + a2)
> 0.

In Cartesian coordinates at either end the reference bridge has h∗ − δ = O(r−1) and connection
coefficients O(r−2), with the corresponding differentiated symbol bounds. Consequently, at every
fixed order, its covariant weighted seminorms are equivalent to the ordinary component symbol
seminorms. On compact sets they control the usual local norms. No asymptotic coefficient of the
actual datum is fixed by this identification.

Fix first the profile depth q0 and common inner rate κ > 0 from Section 7. The exact initial
interior cylinder S∗ = {Q = q0} = {s = 0} is a graph strictly above r−. Choose the computing
boundary rb strictly below this graph in radial value, with margins on both sides and rb > r−. The
metric dual of ds is past timelike; the future side of S∗ is its smaller-radius side.

At each end use the horizon-crossing time

te = Te + r∗ −G(r). (8.1)

Here G′ = 1 through the fixed interior and trapping ranges, 1 ≤ G′ ≤ r′
∗ in an exterior transition,

and G = r∗ near infinity. Ordinary ingoing angular coordinates are used at the corresponding future
outer horizon. The temporal sign was established in the geometric construction; explicitly,(

r2 + a2 cos2 ϑ
)
g−1
K (dte, dte) = −2(r2 + a2)G′ + ∆(G′)2 + a2 sin2 ϑ < 0. (8.2)

For G′ = 1 the right side is −r2 − 2Mr− a2 cos2 ϑ; convexity gives the sign in the exterior transition.
Moving that transition outward makes G − r∗ arbitrarily positive at each fixed inner radius,

since the exterior integral of r′
∗ − 1 diverges logarithmically. Moreover G − r∗ ≥ 0 outside, and

(G− r∗)′ = 1 − r′
∗ > 0 between the horizons where G′ = 1. Thus the two partial slices te = 0 lie to

the future of the bridge, or on it, and agree with it near their respective infinities. Their portions
through the chosen depth are separated with a fixed margin in TK , including their subsequent
nonnegative-time sides before that depth. Choose the delay so that the bounded matching bands
required at the two ends of S∗ are disjoint.

Lemma 8.1 (Finite bridge evolution). Fix the depths and delayed slices just described, together
with bounded forward matching bands on them. After enlarging these fixed regions, there is a finite
vacuum Cauchy development of every sufficiently p10-small datum on the complete bridge which
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contains the two delayed slices and the matching bands, as well as a past collar of the whole bridge.
On the delayed slices the induced data are small at metric order H10 and second-form order H9 on
compact sets, and retain the prescribed symbol bounds at the ends. The artificial future cuts are
strict future exits. Higher fixed smooth norms are finite, without an additional smallness hypothesis.

Proof. We first construct a suitable exact Kerr range. Starting at the bridge, cut in the future at
a radius strictly smaller than rb but larger than r−, and at te = L on both ends, where the fixed
number L is large enough to leave all required bands and margins. In the trapped region impose
both time inequalities. At either future outer horizon its own time coordinate is regular and the
opposite time inequality is automatic. Every active cut is a spacelike future exit. We construct on a
slightly larger range and restrict only afterward.

For completeness, the causal control of this exact finite range is as follows. In the trapped block,
r increases strictly to the past. The Boyer–Lindquist cone inequality gives

||||dTKdr
|||| ≤

√
(r2 + a2)2 − ∆a2 sin2 ϑ

|∆|
. (8.3)

This follows by Cauchy–Schwarz on the positive directions tangent to an r level. Near r+ the
right side is |r′

∗| +O(1), so the derivatives of both r∗ + TK and r∗ − TK are bounded above in the
past-directed radial parameter. The positive interior Kruskal variables

U+ = eκ+(r∗+TK), V+ = eκ+(r∗−TK)

therefore have finite nonnegative limits. Indeed each logarithm becomes monotone after subtracting
a bounded multiple of r and hence has a limit in [−∞,∞).

The angular squares in the Kerr metric control dϑ and sinϑ((r2 + a2)dφ− a dTK). Replacing
a/(r2 + a2) by its horizon value shows that the round speed of the corotating angle is O(|∆|−1/2) in
the radial parameter, an integrable bound. Together with U+, V+ this gives a finite point in regular
outer horizon coordinates. To check regularity directly in the Boyer–Lindquist expression, r−r+ is a
signed product U+V+ times a smooth nonvanishing factor; after corotation, the mixed dTK–angular
coefficients are O(∆), and the sum of the dT 2

K and dr2
∗ coefficients is O(∆2). Substitution therefore

gives the smooth nondegenerate horizon metric, up to a smooth angular-coordinate adjustment.
A past causal continuation at this horizon either follows its generator toward the bifurcation

sphere or enters the corresponding exterior. There Te decreases toward its bridge value zero. The
exterior radial causal-speed bound is O(r− r+) near the horizon and is bounded at infinity. A curve
starting strictly outside cannot reach the horizon or spatial infinity in its bounded remaining Te
interval. Ordinary continuation at a finite interior endpoint then carries it to the bridge. The same
argument applies in bounded interior radial ranges.

At bounded spatial radius, the two time cuts give compact closure in regular coordinates.
Compact subsets have compact causal shadows toward the bridge; far out only bounded-time
propagation with bounded speed is involved. Adding a short open past collar gives an exact Cauchy
range with all the stipulated margins. The boundary signs require only fixed subextremality.

Apply finite-time vacuum Cauchy stability in wave-map coordinates on an enlargement of this
range. For compact portions include their compact causal shadows. The p10 bound supplies small
H10 ×H9 geometric data there. The positive wave-energy flux across a fixed uniformly spacelike
bent surface, after commutation through order nine, controls tangential metric derivatives through
ten and normal first-jet derivatives through nine. Thus these Cauchy orders are obtained by a
spacelike flux estimate, without a graph-restriction loss at the highest derivative. Forming the
induced metric and second fundamental form uses exactly those orders. At infinity the bent slices
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are the original ends; uniformly local end charts, bounded propagation speeds, and uniqueness on
overlaps give the corresponding finite-time control there. All higher symbol seminorms remain finite.

The spacelike signs persist by low-order closeness. Past curves cannot leave through the artificial
future cuts. The smooth Cauchy temporal function on the exact globally hyperbolic development is
supplied by Bernal–Sánchez [3, Theorem 1.1]. On a fixed bounded-radius enlargement it remains
temporal with a uniform margin for the perturbed metric. In the far part the exterior times
are temporal, speeds are bounded, and the time to the bridge is bounded. An excursion from a
fixed bounded radius can therefore travel only a fixed additional distance. Enlarge the compact
temporal-function region beyond that distance and handle curves entirely far out in exterior time.
The resulting coordinate-length bounds preclude an inextendible endpoint inside these bounded
ranges. The short past collar is handled by the same bounded-geometry construction: every
future-inextendible causal curve there crosses the bridge. These are all fixed finite-time choices,
independent of any later entry or experiment time.

Proposition 8.2 (The comparison development). There is a single sufficiently small p10 neighbor-
hood such that, for each datum d in it, the preceding exterior and interior solutions assemble with the
finite bridge evolution into a smooth time-oriented vacuum development Pd with the complete bridge
Σ as a Cauchy surface. It contains an entire spacelike cylinder S ≃ R × S2 carrying the entry data
of Section 7, followed by its full product double-null wedge. There is a time-orientation-preserving
open isometric embedding Pd →˓ Md into the full MGHD of d.

Proof. Evolve the two exterior problems from the geometric data on te = 0. Choose a fixed matching
time ta > 1 inside the finite range of Lemma 8.1. An enlarged band about te = ta reaches slightly
deeper than every cylinder intersection that will be used. Both evolutions are vacuum on the
overlapping domains.

We describe the identification because its regularity is needed at S. Solve a wave map from
the exterior evolution into the finite evolution with the initial slice identification and matching
unit normals. On the fixed earlier slab and matching band it is close to the identity, with a strict
deeper outflow margin and uniform control at infinity. Pulling the target metric back by this map
gives matching initial first jets: the metric values agree, the second fundamental form fixes the
normal evolution of the spatial components, and the relative wave-map condition fixes the remaining
normal derivatives. The two metrics then solve the reduced wave equations with a common target.
Ordinary uniqueness on the enlarged domain, with the exiting boundary signs, proves that the map
is an isometry on the required smaller region.

The fixed-time map has H10 wave control on compact sets. After differentiating its equation,
the Christoffel terms need derivatives through nine. Composing the target coefficients with the map
costs their through-nine spacetime norms on enlarged sets times bounded composition constants
under the H10 bootstrap. This follows from Leibniz and interpolation estimates, bounded low
derivatives and inverse Jacobian, and change of variables. Smooth background compositions cost the
map difference. The resulting spacetime L2 terms have finite-time L1 bounds; current-order terms
are treated by Gronwall. The metric order-ten estimates therefore give the required smallness for the
map and, after straightening the finite coordinates near the actual matching face, at least spacetime
H9 closeness through the join. Cut off this small coordinate change farther back. Uniformly local
end estimates give the same low diffeomorphism control near infinity. An embedding on the smaller
region follows from C1 closeness and the fixed margins. Only a fixed finite interval is involved in
this gauge comparison.

In these identified charts join the two prepared end portions of S = {s = 0} to the central
preparation within the bounded overlaps. Use small smooth interpolations, implemented by small
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vector fields for angular maps. The radial positions of the instantaneous Q = q0 graphs stay
uniformly close to the exact graph even at late times; the instantaneous profile comparison does
not introduce an accumulated angular error in this assertion. In the bounded joining regions
the integrated phases, with their fixed constants, are close as well. The timelike conormal and
sphere-transversality margins persist.

Retain the finite future piece below S, with both cuts te ≤ ta, and attach each late exterior
piece te ≥ ta below S. The deeper computing boundaries are discarded; all joins lie strictly
before them. The agreement bands contain the necessary cylinder neighborhoods. We identify the
same hypersurfaces in common straightened coordinates, not unequal coordinate-time levels. This
constructs the whole cylinder with the entry estimates already proved. Across it, geometric Cauchy
uniqueness identifies the double-null solution with matching induced data, using optical coordinates
in local collars.

The resulting topology retains disjoint interiors and identifies common closed matching faces,
with the common collars providing charts. We do not retain two open future continuations of
the same face. The faces are closed on their respective matching sides and have no extra finite
accumulation points, since late end parameters have unbounded end times. Each identification is a
homeomorphism. At a corner of the joining prescription, first identify the two lower charts and
then cross S. These product neighborhoods give a Hausdorff smooth manifold, together with the
original charts and the open past collar.

It remains to check the Cauchy property for the complete bridge. In the wedge, write

s = y0 + y1
2 , x = y1 − y0

2 .

Along past causal curves s decreases and |dx/ds| ≤ 1; angular speeds are bounded on bounded
coordinate ranges. Such a curve reaches S or has an ordinary interior continuation before doing
so. In a late exterior part, te decreases with finite-time speed bounds. The sign of S excludes
a past exit there, so the curve proceeds into the finite block. Its remaining passage to Σ is
controlled by Lemma 8.1. Curves in the past collar reach Σ to the future, and a crossing of Σ
has only the prescribed orientation. Thus every inextendible causal curve meets Σ exactly once.
The vacuum MGHD theorem supplies the stated open embedding, which we use henceforth as an
identification.

The construction has now placed all of our estimates inside Md. The next objective is to locate
the first departure of a finite-duration geodesic from Pd. This requires proper-time control, since
bounded spacetime coefficients alone do not bound a geodesic’s boost.

8.2 Compact exterior excursions

Consider one exterior end, with time t = te and co-moving spatial coordinates y. On any fixed
compact cylinder containing the matching interface, the mixed exterior estimates give a majorant

∥g −Gp(t),c(t)∥C1 + |p′(t)| + |c′(t)| ≤ ρc(t), ρc ∈ L1([0,∞)). (8.4)

The low errors are uniformly small and the parameters remain small. The integrability follows by
mixed Sobolev embedding and Cauchy–Schwarz with the static weight AS > 1. Constants in (8.4)
are independent of the starting time and duration of an excursion.

Let U be a future unit geodesic tangent. Put ṫ = dt(U) > 0, V = U/ṫ, and use a prime for
differentiation along the track with respect to t. Normalized causal velocities V are bounded on
fixed compact cylinders. Define

Tco = ∂t|y, E = −g(Tco, U), P = g(Φp,c, U),
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where Φp,c is the axial Killing field of the instantaneous exact Kerr reference. The deformation
identity and frozen stationarity and axisymmetry yield

|E′| + |P ′| ≤ Cρc(t)ṫ. (8.5)

The time derivative of Φp,c is included in the parameter cost.

Lemma 8.3 (Compact excursions). For a future unit timelike geodesic which is inextendible in Pd
and never crosses S, every portion [t1, t2] inside a fixed sufficiently large co-moving radius satisfies

ṫ(t) ≤ Cṫ(t1), t1 ≤ t ≤ t2, (8.6)

with C independent of its duration and of the number of visits to the outer-horizon strip. If the
portion starts and ends at an interface where Tco is uniformly future timelike, then

E(t2) ≤ E(t1) exp
(
C

∫ t2

t1
ρc(t) dt

)
. (8.7)

In particular, there is no fixed multiplicative loss at each return.

Proof. We first control the horizon strip. Let H be the future outer-horizon generator of the base
metric b, normalized by its Killing parameter, so ∇HH = κ+H. Choose a stationary axially invariant
future timelike field N0 there. Invariance gives

b(∇HN0, H) = −κ+b(N0, H) > 0.

At the horizon, drK(V ) ≤ 0 for normalized future causal vectors, with equality only on the generator;
here rK denotes the reference Kerr radius. Multiplying N0 by eK0(rK−r+) adds

2K0e
K0(rK−r+)drK(V )b(N0, V )

to its deformation form. This is positive off the generator. Compactness of normalized causal
directions, followed by continuity, gives a fixed strip and a stationary future timelike field NH on it
for which

(LNH
b)(V, V ) > c∗ > 0. (8.8)

The strict sign and timelikeness persist for g. Hence −g(NH , U) ≍ ṫ is nonincreasing during each
visit to this strip.

Below a smaller interior-side level, drK(U)/ṫ < −c all the way to S. A geodesic continuing
while avoiding S cannot enter this region: it cannot return through the level and would reach
S in bounded t. Outside the strip on the exterior side, stationary energy together with angular
momentum controls the normalized velocity. Indeed in exact Kerr

b

(
∂T + a

r2 + a2∂φ, ∂T + a

r2 + a2∂φ

)
= −∆(r2 + a2 cos2 ϑ)

(r2 + a2)2 < 0.

On the fixed exterior compact range the coefficients are bounded and the timelike margin is uniform,
also at the axis. Transferring this combination to each nearby frozen chart and then perturbing
gives

ṫ ≤ C(|E| + |P |). (8.9)

Thus no timelike-Killing-field assumption is made inside the ergoregion.
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Set X1 = |E(t1)| + |P (t1)| and

B(t) = X1 + C

∫ t

t1
ρc(v)ṫ(v) dv.

If the portion starts in the strip, include its initial NH energy in X1. Outside the strip, (8.5) and
(8.9) give ṫ ≤ CB. Within the strip, its nonincreasing NH energy bounds ṫ by the value at the initial
point or latest strip entry. Using a fixed overlap of the two control regions and the monotonicity of
B, the same bound holds there. Consequently B′ ≤ CρcB, and Gronwall proves (8.6), with one
majorant for all strip visits.

At the large interface X1 ≤ CE(t1). Integrating the E equation itself now gives

E(t2) ≤ E(t1)
[
1 + C0

(
e
C
∫ t2

t1
ρc − 1

)]
≤ E(t1)eC

′
∫ t2

t1
ρc
.

This proves the return estimate (8.7).

8.3 Integrability along far portions

We next bound the geodesic energy between compact excursions. In the far lab coordinates (t, z)
recall the emitter variables

t = q + r, z = Ce(q) + rn, |n| = 1, k = 1 − C ′
e(q) · n,

and the field
Tl = ∂t|z, D = Tl + ss · ∂z, g = B + h, ψ = Dh.

In this subsection q is retarded time and r is emitter radius; neither is an interior optical variable.
The emitter speed is small, and k is bounded above and away from zero. Interpolate from Tco near
the compact interface through a fixed overlap to D far out, obtaining a uniformly future timelike
field ZK outside the interface. Its difference from either prescribed field on the overlap, with first
derivatives, has an integrable parameter cost. Define EK = −g(ZK , U) ≍ ṫ. The deformation
identity gives

|(logEK)′| ≤ C|(LZK
g)(V, V )|. (8.10)

Lemma 8.4 (Outer track integrability). Along any one future unit timelike geodesic which is
inextendible in Pd, eventually proceeds in this end, and never crosses S, the right side of (8.10) is
integrable over all its outer portions, including arbitrarily many returns to the compact interface.

Proof. We prove separately the integrability of the averaged target terms and of the field contraction.
Besides ψ(V, V ) and the already integrable overlap errors, the deformation cost is bounded by
C(|DB| + |∂ss|). Write xav for the implicit averaging position, defined by xav = z + λs(t, xav).
The target construction gives Dxav = 0, averaging scale d(xav) = |xav|, and delays in (0, 1/10).
Consequently

|DB| + |∂ss| ≤ C

|xav|

∫ t

t−|xav|/10
|p′(v)| dv. (8.11)

Along every late outer portion of this fixed track, |xav| ≤ 2t and r ≤ Ct, uniformly over repeated
visits. Indeed the far lab speed is at most 1+ a small constant. At entry from bounded co-radius
one has |z| ≤ O(1) + ϵ′t, and past sampling gives xav − z = O(ϵ′t) for small drift ϵ′. Starting from
any fixed finite point changes only a bounded initial time interval. The averaging interval in (8.11)
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therefore lies at times comparable to t. If M is the one-dimensional maximal operator, extending p′

by zero before startup gives the bound

C⟨t⟩−A/2M
(
⟨·⟩A/2|p′|

)
(t).

The acceleration belongs to weighted L2
A, and A = 1.36 > 1. The L2 maximal inequality and

Cauchy–Schwarz prove integrability.
For the field contraction, first consider t ≥ C1r with C1 large and fixed. Here even the spatial

supremum of ψ is integrable. We include the trace argument to justify evaluation on a geodesic. On
a radial shell R ≤ r ≤ 2R, use ϱ = log r. The strong bulk bounds through two angular rotations,
with the comparisons WP ≥ cR0.26tA and wP,j ≥ cR−0.03tA, imply∫ ∞

C1R
tA∥ψ∥2

L2
ϱH

2
ω
dt ≤ CR−0.26F2, (8.12)∫ ∞

C1R
tA∥∂ϱψ∥2

L2
ϱH

2
ω
dt ≤ C(R0.03 +R−0.26)F2. (8.13)

The norms use a slightly enlarged shell, and C1 is increased if necessary to put all of it in the same
timelike region. To see the derivative count, with S = r(∂t + n · ∂z) one has r∂r|t,n = S − r∂q. Good
and full derivatives of rψ control the two terms, while the field term accounts for differentiating r.
Two rotations and one derivative lie strictly within the strong commutation budget.

The Hilbert-valued multiplicative one-dimensional trace inequality and H2(S2) →˓ L∞(S2) now
give ∫ ∞

C1R
tA sup

R≤r≤2R,ω
|ψ|2 dt ≤ C

(
R−0.26 +R−(0.26−0.03)/2

)
F2 ≤ CR−0.115F2. (8.14)

The shell sum converges. Cauchy–Schwarz in time, using A > 1, yields∫ ∞

1
sup

R0≤r≤t/C1,ω
|ψ(t, r, ω)| dt < ∞. (8.15)

The radial loss 0.03 still leaves a strictly negative trace power, which is the margin needed for the
shell sum.

On the remaining late outer portions r ≍ t. Set c3 = 0.01. The point estimates and differentiated
gauge identity give

|ψ| ≤ Cr−1+e/2⟨q/rδf ⟩−AH/2, |g − η| ≤ Cr−1+c3 ,

|ψ(L,L)| + |ψ(L, escr)| ≤ Cr−2+c3 ,
(8.16)

where L = (1, n), escr is a spatial unit screen vector orthogonal to n, and the far exponents satisfy
ν = 10δf , e = 0.1δf . We recall why the improved projections apply to ψ. For p = Tlh and the flat
null covector ℓn = (1,−n), put

Cβ(p) = ℓαn

(
pαβ − 1

2ηαβ trη p
)
.

Since ℓ♯n = −L, contraction against L or a screen vector has no trace term and equals respectively
−pLL or −pL scr. The far gauge estimate bounds these by good derivatives, coefficient-suppressed
full derivatives, and smaller field and target terms. Good derivatives cost O(r−2+2η∗); a product of
h with a full derivative can cost O(r−2+2η∗+e/2). The fixed choice c3 = 0.01 absorbs these losses,
giving the stated O(r−2+c3) bound. Passing from Tlh to ψ uses

ψ = (1 − ss · n)Tlh+ r−1sdsbdZh,
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with the bounded angular/radial decomposition coefficients bd of the far construction. It adds only
good derivatives. Thus no derivative of an unsmoothed velocity is used in this conversion.

Write V = (1,v) on the track. Differentiating the emitter identity and using causality gives

kq′ = 1 − v · n,
q′ ≥ −Cr−1+c3 ,

|v − (v · n)n|2 ≤ C(|q′| + r−1+c3), |q′| ≤ C.

(8.17)

Decomposing V − L into radial and screen parts, the improved contractions in (8.16) imply

|ψ(V, V )| ≤ Cr−2+c3 + C|ψ|(|q′| + r−1+c3). (8.18)

Where |q| ≥ rν , the field itself is integrable, since

AH
2 (ν − δf ) − e

2 > 0.

It remains to control the |q′| term near the cone.
On a late time dyad R ≤ t ≤ 2R, clip q to [−C4R

ν , C4R
ν ], with C4 containing all values in

|q| ≤ rν . Extend the clipped function by its upper constant during compact excursions. Near the
interface r is bounded and q = t − r ≫ C4R

ν , so this extension is continuous. It is uniformly
Lipschitz, even for countably many accumulating excursions: on each outer component the derivative
is bounded, and it matches the same constant on the complement. Its nonsaturated part has r ≍ R.
By (8.17) its total negative variation is O(Rc3), while its range has length O(Rν). Hence∫

R≤t≤2R on outer portions
|q|≤rν

|q′| dt ≤ C(Rν +Rc3). (8.19)

Multiplying by CR−1+e/2 is summable over dyads, because ν, c3 < 1 − e/2. The other two terms in
(8.18) are integrable directly. Together with (8.15), (8.11), and the fixed-overlap estimate, this proves
integrability over all outer portions of the track, including all returns to the compact interface.

8.4 Proper time and the first-runout alternatives

Proposition 8.5 (No finite exterior runout). A future unit timelike geodesic from Σ, inextendible
as a geodesic in Pd, which never crosses S has infinite future proper duration.

Proof. Such a geodesic must eventually proceed in one end with te → ∞. In the finite piece
its far excursions have bounded time and bounded speed; the remaining bounded-radius range,
including the matching faces, has compact closure in enlarged regular charts. Global hyperbolicity
excludes total causal imprisonment there. There is also no finite proper-time tangent blowup at an
interior position limit: in a regular temporal chart the causal slopes are bounded, the tail has finite
coordinate length, and the parallel-tangent equation

dUα

dt
= −Γαβγ

dxβ

dt
Uγ

is a linear equation with bounded coefficients. It bounds the tangent and gives ordinary continuation.
The future sign of an end matching face prevents return to the finite block before crossing S. At
bounded te, finite propagation and the same local argument prevent runout in the late end. This
proves te → ∞.
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Extend ZK to a smooth future timelike field X throughout this end, agreeing with ZK outside
and near the compact interface. A partition of unity gives such an extension by convexity of future
timelike cones. On any fixed finite track interval [t1, t2] with outer endpoints, F (t) = log[−g(X,U)]
is absolutely continuous. Write the open set of times strictly inside the interface as O =

⨆
j(aj , bj).

Then
F (t2) − F (t1) =

∫
[t1,t2]\O

F ′(t) dt+
∑
j

(
F (bj) − F (aj)

)
.

On this finite interval the series converges absolutely, bounded by
∫

|F ′|. At excursion endpoints
X = ZK = Tco, so (8.7) bounds each increment from above by C

∫ bj
aj
ρc. On the complement,

Lemma 8.4 bounds the absolute variation. The resulting upper bound for F (t2)−F (t1) is independent
of t2 and the number of excursions. No deformation bound for the arbitrary continuation X inside
the interface has been used.

Thus EK remains bounded on all outer portions, and (8.6) bounds ṫ on every intervening
compact portion by its entering value. An initial or final portion remaining entirely compact uses
that same supremum estimate. Consequently ṫ is bounded on the entire late track, and

∫
dt/ṫ = ∞

as t → ∞.

In the interior wedge we call the following limiting coordinate behaviors its two branches and its
corner :

B+ : y0 −→ y∗
0 < ∞, y1 −→ +∞,

B− : y1 −→ y∗
1 < ∞, y0 −→ +∞,

K+ : y0 −→ +∞, y1 −→ +∞.
(8.20)

These are runout regimes, not points adjoined to the manifold.

Corollary 8.6 (First-runout classification). Let a future unit timelike geodesic from Σ have finite
maximal future proper duration in Md. Follow its initial connected portion in Pd up to first runout.
It crosses S, and its first runout has exactly one of the behaviors (8.20).

Proof. The first-runout time is no later than its finite maximal time in Md. Proposition 8.5 rules out
a track avoiding S. In the wedge both yi increase strictly along future timelike curves. If both had
finite limits, then s, x would be bounded. Causal slopes in regular temporal charts and compactness
of the sphere would give a position endpoint; the parallel-tangent argument just used would give
ordinary geodesic continuation. Thus at least one limit is infinite, giving exactly the three listed
alternatives.

First runout can precede the geodesic’s maximal time in Md; in that case its endpoint is an
ordinary point of Md. This distinction will be important in the next argument, which uses an
ambient regular chart but makes no assertion about the whole inner boundary of Md.

8.5 From a regular corner to a branch seed

We recall exactly the interior bounds used here. On y0 + y1 ≥ 0 the metric is

g = −2a dy0dy1 + γAB(dθA − bAdy0)(dθB − bBdy0),
L0 = ∂y0 + bA∂θA , L1 = ∂y1 , a = qA, q = q0e

−κ(y0+y1).
(8.21)

Here a is the positive null factor, not the Kerr rotation parameter; q now denotes the interior
exponential scale. The metric γ and its inverse are uniformly comparable with a fixed round metric,
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and A,A−1 are uniformly bounded. Set χi = 1
2LLiγ on angular tensors and ℓi = Li log a. The

angular one-forms ξi are characterized by

ξ0 + ξ1 = dθ log a, ξ0 − ξ1 = −a−1γ ∂y1b.

Section 7 gives bounded ξi and nonnegative functions gi ∈ L1(R) such that

|χi|γ + |ℓi + κ| ≤ C(q + gi(yi)), |b|round ≤ C(q + g0(y0)). (8.22)

All angular statements below are intrinsic to the sphere. We use only these low bounds and the
connection identities

∇g
Li
Li = ℓiLi, ∇g

ELi = χi(E)♯ + ξi(E)Li,

∇g
Li
Lj = aξ♯i (i ̸= j),

(8.23)

for angular E, obtained by Koszul’s formula.
The next lemma compares the positive optical variables Yi = e−κyi , both of which vanish at a

corner. Near a corner, their speed ratio changes by a small multiplicative factor that is independent
of the initial unit timelike tangent. A reciprocal change of the two null velocity components can
therefore prevent the variables from vanishing at the same proper time. This will select a branch
while preserving unit normalization.

Lemma 8.7 (Corner ratios). Consider a future unit timelike geodesic starting at a fixed point of
the double-null wedge, and put Yi = e−κyi. Its maximal remaining wedge track has finite proper
duration, has an angular limit, and ends in a branch or corner. Each |Ẏi| is comparable above and
below to its positive initial value, and its screen velocity is bounded on that fixed track. Moreover
there is δc(yin

0 , y
in
1 ), independent of the starting unit timelike tangent, with δc → 0 as both initial

coordinates tend to +∞, for which

e−2δc
|Ẏ in

0 |
|Ẏ in

1 |
≤ |Ẏ0|

|Ẏ1|
≤ e2δc

|Ẏ in
0 |

|Ẏ in
1 |

. (8.24)

If the track ends at the corner, then necessarily

e−2δc
|Ẏ in

0 |
|Ẏ in

1 |
≤ Y in

0
Y in

1
≤ e2δc

|Ẏ in
0 |

|Ẏ in
1 |

. (8.25)

For a general fixed starting point the same conclusions hold with a finite, not necessarily small,
logarithmic-variation constant.

Proof. Dots denote proper-time derivatives. Decompose

U = ẏ0L0 + ẏ1L1 + Ξ, Ξ = θ̇ − bẏ0.

Future timelikeness gives ẏi > 0. For j = 1 − i define the null momentum pi = −g(U,Li) = aẏj > 0.
Unit normalization and (8.23) give

1 + |Ξ|2γ = 2aẏ0ẏ1, (8.26)
ṗi
pi

= ℓiẏi + (ξi − ξj)(Ξ) − χi(Ξ,Ξ)
pi

. (8.27)
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Since |Ξ|2γ/pi ≤ 2ẏi, we obtain|||| ddτ log(eκyipi)
|||| ≤ C(q + gi(yi))ẏi + C|Ξ|γ ,

eκyipi = q0
κ
A|Ẏj |.

(8.28)

Both Yi decrease, and (8.26) becomes

1 + |Ξ|2γ = 2q0A

κ2 |Ẏ0| |Ẏ1|.

On any initial portion of the remaining track, Cauchy–Schwarz and monotonicity imply∫
|Ξ|γ dτ ≤ C

(∫
|Ẏ0| dτ

∫
|Ẏ1| dτ

)1/2
≤ C

√
Y in

0 Y in
1 . (8.29)

For each i there are also the bounds∫
qẏi dτ ≤ q0

κ
Y in

0 Y in
1 ,

∫
gi(yi)ẏi dτ ≤

∫ ∞

yin
i

gi(v) dv.

Their sum, together with (8.29) and a fixed constant factor, is a choice of δc in (8.28). It is
independent of the initial tangent, finite at any fixed starting point, and small when both initial
coordinates are large.

The logarithmic variation of each A|Ẏi| is at most δc. Taking their ratio cancels A, giving (8.24);
the bounds for A±1 give individual speed comparability. The normalization then bounds Ξ on the
fixed track. Also (8.22) implies

∫
|b|roundẏ0 dτ < ∞. Since θ̇ = Ξ + bẏ0, the angular track has finite

round length and an angular limit.
An individual |Ẏi| has a positive lower bound, so the remaining proper duration is finite. Both

Yi have nonnegative limits. If both were positive, the optical coordinates would be bounded; the
speed bounds and angular limit would give ordinary continuation in a regular chart, contradicting
maximality of the wedge track. Thus one or both limits vanish. In the corner case integration of
(8.24), using

∫
|Ẏi| dτ = Y in

i , gives (8.25). This proves the assertions, including the finite-variation
version starting at a general fixed point.

Proposition 8.8 (A branch seed in the original open family). Let d belong to the fixed base
neighborhood and let O ⊂ TΣ be open. Suppose w ∈ O has finite future proper duration in Md and
its endpoint is reached on a regular geodesic arc in a C2 extension. Then some seed w′ ∈ O first
runs out of Pd at one of its noncorner branches. The new seed need not have a regular exit in that
extension.

Proof. Corollary 8.6 applies to the original geodesic. If its first runout is a branch, take w′ = w.
Suppose it is a corner. At a late point change its tangent to

Uσ = (1 + σ)ẏ0L0 + (1 + σ)−1ẏ1L1 + Ξ, σ > 0. (8.30)

The product of its null coefficients and its screen velocity are unchanged, so it is future unit timelike.
Its initial Y -speed ratio is multiplied by (1 + σ)2. The original corner satisfies (8.25); a corner for
the changed track would satisfy the same necessary condition with this new ratio. The two allowable
intervals are disjoint once

4δc < 2 log(1 + σ). (8.31)
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For each fixed σ > 0, a sufficiently late change therefore produces a branch by Lemma 8.7.
It remains to make one choice of σ which returns the changed geodesic to O, uniformly as the

change point approaches runout. This is a statement in regular ambient coordinates, not in the
degenerating optical coordinates. On the fixed original tail Ξ is bounded. Writing c = 1 + σ, direct
calculation gives

−g(U,Uσ) = 1 + (1 + |Ξ|2γ)
(
c+ c−1

2 − 1
)
. (8.32)

The relative rapidity is therefore O(σ) uniformly late.
Let τP be first runout from Pd, and let τM = Td(w). If τP < τM , the runout state is an ordinary

smooth state in Md. If τP = τM , the hypothesis provides a regular geodesic state in the C2 extension.
In either case choose one precompact product temporal chart (t, x) around that ambient state, with
a convex spatial coordinate ball containing a tail of the original arc. The original unit tangent is
bounded there. Shrink the chart so that one fixed convex ball of spatial slopes around the reference
slopes consists of future timelike slopes at every point of the chart.

Choose fixed times t0 < t1 before the runout time such that the original segment [t0, t1] has
a compact tube contained in Pd. At change points zn after t1 tending to runout, (8.32) and the
bounded original tangent give an O(σ) change of ambient coordinate phase state. The geodesic
vector field is C1 even for a C2 ambient metric. On a compact phase-space tube its ODE constants
are uniform. Backward integration to t = t0 therefore exists and changes the state by O(σ), with
one constant independent of n. Its endpoint p′

n lies in the fixed interior tube for sufficiently small σ.
We must also show that this entire backward arc lies in Pd. Write x0(t) for the original spatial

path and choose χ ∈ C∞([t0, t1]) equal to one at t0 and zero near t1. Form a reference path on the
early interval by

x0(t) + χ(t)
(
x(p′

n) − x0(t0)
)
,

and then follow x0(t) to zn. The early part lies in the fixed compact tube, the rest in the original
track, and the whole path is timelike for small σ. It has exactly the endpoints of the backward-
integrated geodesic. Both paths have slopes in the common convex timelike ball. Spatial linear
interpolation at the same chart time is thus a timelike fixed-endpoint homotopy within the ambient
box.

Apply the intrinsic-diamond argument of Lemma 2.4 to the globally hyperbolic open subspacetime
Pd. For clarity, the parameters for which the full path lies inside are open, since the path is compact.
They are closed because such paths lie in the intrinsic compact causal diamond of their two fixed
endpoints. Hence every path of the homotopy, including the changed arc, lies in Pd. No causal
convexity in the ambient extension is required.

The changed state at t = t0 is uniformly close to the original one. Ordinary geodesic flow through
the fixed earlier compact segment, including its transverse crossing of Σ, then gives a seed in O.
The choices have the following order: fix the ambient chart, the two early slices, their compact
tube, and an earlier-flow neighborhood mapping into O; choose one sufficiently small σ > 0 for
these tolerances; finally choose zn so late that (8.31) holds. The last choice forces a branch without
changing any preceding tolerance.

In particular, if d ∈ B(O,N) is a datum in a regular-exit piece of the closed-test reduction, the
preceding proposition provides a branch seed in the same O. Although regular exit need not persist
for that seed, every duration and curvature bound of A(O,N) still holds along it. The following
finite-signal construction will use only this branch and those closed-test bounds.
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9 Finite tidal observations and the category conclusion
The comparison development constructed above supplies a branch along which a bounded-curvature
geodesic experiences an exponentially large optical frequency. We now use that frequency ampli-
fication to make a finite tidal observation arbitrarily large by an arbitrarily small change in any
prescribed finite list of data seminorms. The construction has three distinct objects: an approximate
interior metric perturbation hp, an approximate exterior perturbation hB transferring its entry jets
to the original initial end, and exact vacuum data dT obtained by correcting the constraints of the
exterior seed. A separate Cauchy attachment places the observation in the full development of dT .

All wave comparisons in this section use ordinary wave-map reduction with the fixed vacuum
background g = gd as target. They are local hyperbolic comparisons, independent of the exterior
modulation gauge. Explicitly, for the unknown metric g̃ we use

Ric(g̃)µν + ∇g̃
(µΥν)(g̃; g) = 0,

Υµ(g̃; g) = −g̃µλg̃αβ
(
Γ(g̃)λαβ − Γ(g)λαβ

)
.

(9.1)

The target g is a fixed smooth coefficient field in this equation. There are no spatially nonlocal
gauge additions or modulation feedback variables in (9.1). Its exact wave-map Cauchy initialization
and the vacuum constraints give homogeneous gauge propagation and ordinary finite domain of
dependence.

Proposition 9.1 (A finite tidal observation). Let d ∈ Uϵ, and let w ∈ TΣ be a seed whose future
unit timelike geodesic has a noncorner branch as its first runout from the comparison development
Pd. Suppose its curvature is bounded in the parallel positive metric up to that runout. For every
integer m ≥ 10, every η > 0, and every J > 0, there are smooth complete vacuum data dT ∈ D and
seeds wT → w, for arbitrarily large finite T , such that

pm(dT − d) −→ 0,

and the unit geodesic of wT in the full MGHD of dT has a finite point with tangent UT and a unit
spacelike vector XT ⊥ UT for which||Riem(gdT

)(UT , XT , UT , XT )
|| > J.

In particular pm(dT − d) < η for sufficiently large T , and the data may be required to remain in any
prescribed relatively open neighborhood of d.

We prove the proposition in the following subsections. The orders of all comparison norms are
fixed before choosing the positive frequency exponent; formal accuracy is chosen afterwards, and T
is chosen last. The notation eo(T ) denotes a bound by CσeσT for every σ > 0, at each fixed derivative
and formal expansion order. Constants and thresholds may depend on those orders and on d. For a
positive quantity, “two-sided eo(T )” means that the same convention applies to its reciprocal. No
uniformity in an unbounded sequence of derivative orders is asserted.

9.1 The branch state and the normalized coefficients

Arrange the double-null labels so that

u = y0, v = y1, s = u+ v

2 , x = v − u

2 , v −→ ∞, u −→ u∗ < ∞
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on the chosen branch. The label-interchange construction proved above provides these conventions
also for the other branch, on the same surface S = {s = 0} and the same product wedge. Its new
angular labels are obtained by finite sphere flow at every finite point; their estimates are then
rederived from the prepared entry data. Thus no uniform derivative bound for an unestimated long
angular flow is used. Throughout the experiment these are fixed background coordinates.

Write

g = −2a du dv+γAB(dθA−bAdu)(dθB−bBdu), L0 = ∂u+bA∂A, L1 = ∂v, a = q0e
−κ(u+v)A.

Let PT be the background geodesic point with v = T , and let U be its unit tangent. Set

Ξ = θ̇ − bu̇, p = av̇ > 0, P = γΞ, πu = −p− b · P.

The dot here denotes proper-time differentiation; P is the angular covector momentum, whereas PT
is a spacetime point.

Lemma 9.2 (Branch normalization). Along the branch, p ≍ 1, and P , Ξ, and u̇ remain bounded.
In particular, with YT = v̇(PT ),

YT ≍ eκT . (9.2)

Proof. Unit normalization gives 1 + |Ξ|2γ = 2pu̇. The geodesic equation used in the corner-ratio
argument implies

| ˙log p| ≤ C(u̇+ |Ξ|γ).

The integral of u̇ is finite. Also, by the same normalization and Cauchy–Schwarz,∫
|Ξ|γ dτ ≤ C

(∫
du

)1/2 (∫
a dv

)1/2
< ∞.

Thus p ≍ 1. Near the angular limit the unit-shell Hamiltonian with v as time is

−πv =
a(1 + |P |2γ−1)

2p ,
du

dv
=
a(1 + |P |2γ−1)

2p2 . (9.3)

The low coefficient bounds give |dP/dv| ≤ C(p+ |P |) du/dv. Since the total variation of u is finite,
Gronwall bounds P and hence Ξ and u̇. Finally a ≍ e−κT at PT , proving (9.2).

Fix u2 > u∗, c2 > 0, and c0 > 0 small relative to these margins. The finite comparison domain is

0 ≤ s ≤ T + u∗
2 + c0, u+ c0s

T
≤ u2, v + c0s

T
≤ T + c2. (P1)

Its slice lengths in x have a positive lower bound. All constructions are first made with enlarged
domains and margins. For auxiliary transports fix uf > u2. The strip −v ≤ u ≤ uf , with v in a
fixed neighborhood of T , is contained in the expanding region of the higher double-null estimate,
with bounded-direction endpoint uf . This observation includes the moving initial foot u = −v.

Use normalized vector slots and derivative fields

êi = a−1/2Li, êA = ∂A, Zα =
√
a êα, Wt = L0 + L1, Wx = L1 − L0.

Thus Zi = Li. For a covariant two-tensor entry n, let ni count its radial i-slots and put cn =
κ(n0 −n1)/2. In the coefficient estimates below, Db denotes the collection of first ordinary coordinate
derivatives of b in the fixed (u, v, θ) charts.
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Lemma 9.3 (Coefficient inputs for the finite comparison). The matrices Vα of ∇Zα on the normalized
vector basis are bounded. In the bulk limit min(v,−u, s) → ∞,

V0 −→ D0 = diag(−κ/2, κ/2, 0, 0), V1 −→ −D0, VA −→ 0.

The contracted differentiated connection matrices in a□g and every normalized entry of aRiem(g)
are bounded and small in that limit. The undifferentiated connection products in the tensor wave
operator retain the radial diagonal constants. Moreover

b, Db, Wtγ, Wt log a+ 2κ −→ 0

there, while first ordinary derivatives of log a and γ are bounded. Every fixed ordinary derivative of
the normalized arrays has size eo(T ) on the required domains. Derivatives of a,

√
a, and ∂vb retain,

respectively, the factors a,
√
a, and a.

Proof. Write B0 = b, B1 = 0, and j = 1 − i. The complete connection formulas include

∇Li êi = 1
2ℓiêi, ∇Li êj = −1

2ℓiêj +
√
a ξAi ∂A, (9.4)

∇Li∂A = (χi,AB − ∂AB
B
i )∂B +

√
a ξi,Aêi,

∇ZA
êi = χi,A

B∂B + 1
2
√
a(ξi − ξj)Aêi, ∇ZA

∂B =
√
aΓCAB∂C + χ0,AB ê1 + χ1,AB ê0.

The low estimates and pure-jet limits give the asserted limiting matrices. In the mixed trace the
radial derivatives are cross derivatives; in particular L1∂Ab = ∂A∂vb retains a. For curvature use
the exact matrix identity

aR(êα, êβ) = ZαVβ − ZβVα + [Vα, Vβ] − V[Zα,Zβ ].

The brackets satisfy

[L0, L1] =
√
a(ξ0 − ξ1)AZA, [Li, ZA] = 1

2ℓiZA − (∂ABB
i )ZB.

The new unsuppressed pure longitudinal curvature term is Liχi, covered by the pure-jet estimate.
Longitudinal torsion derivatives reduce to βi, dℓi, and τiξi by the double-null identities. The actual
low bounds on ℓi + κ and χi in angular H4 give dℓi and βi in H3; the pure jets are in H2, which
embeds in C0 on the spheres. Thus the required limits do not differentiate an uncontrolled moving
profile. The factor

√
a in the angular connection and the limiting commutation relation do not

create a constant curvature term. The only constant tensor-wave contribution is

−(L0 + C)(L1 − C) − (L1 − C)(L0 + C), C = diag(cn),

whose nth entry is the radial part of e2cnxa□scal
g e−2cnx. The higher double-null bounds, on the strip

including uf , give all remaining fixed derivative estimates with the stated factors.

9.2 A constrained oscillatory packet in the deep region

Let P be the covariant tensor wave operator with curvature potential obtained by trace reversal of
the linearized wave-map reduced vacuum equation at g, and let C = divg on these tensors. Linearized
Bianchi gives

CP = P1C,

where P1 is the one-form wave operator. Put

kv = g−1dv = −a−1L0, Kvh = h(kv, ·), T = 2∇kv + □gv.
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For a sufficiently large finite L, solve the transport and gauge hierarchy

iT pj + Ppj−1 = 0, iKvpj + Cpj−1 = 0, p−1 = 0, (9.5)

on −v ≤ u ≤ uf , with v near T .
Multiplication of the first equation by −a/2 gives connection transport along L0 plus area

expansion, with a known source supplied by aPpj−1. At fixed j, the unknown normalized entries of
pj form triangular blocks: the block of weight cn has same-weight transport L0 + cn, with bounded
additional coefficients small in the bulk, and couples only to higher-weight blocks. The boundary
values for each pj are assigned as follows:

entries cn boundary value
00 κ gauge equation at u = −v
0A κ/2 gauge equation at u = −v
01 0 gauge equation at u = −v
AB 0 free angular data at u = −v
1A −κ/2 zero at u = uf
11 −κ zero at u = uf

In this table A,B are angular slots. At j = 0 the free angular data are a compact smooth bump
times an angular trace-free polarization of unit norm at the foot of the v = T ray through PT ,
multiplied by a constant unit phase to be fixed below. They vanish for j > 0. Solve the blocks in
descending weight, retaining the coupled angular transport within each block. Nonnegative-weight
blocks are integrated from u = −v, and negative-weight blocks from uf backwards; the constant
diagonal part has the favorable sign in each chosen direction.

The gauge contraction uses precisely the entries with a 0-slot, so the terminal choices do not
prescribe extra gauge data. To check that the initial gauge equations persist, set qj = iKvpj + Cpj−1.
Conjugated divergence compatibility gives

iT1qj + P1qj−1 = 0, q−1 = 0,

where T1 is the corresponding one-form transport. Induction and the zero initial gauge jets give
qj = 0 throughout the strip.

All amplitudes and fixed ordinary derivatives in normalized entries have size eo(T ). The one-flank
interior estimate applies to the whole strip: choose its bounded coordinate to be y0 = u ≤ uf and
its other coordinate y1 = v ≤ CT , with any fixed C > 1. This includes both u = −v at entry
and u = uf at the terminal edge. The angular vector field b and its first angular derivatives have
arbitrarily small average outside bounded end portions. Differentiated angular flow and inverse flow
therefore have subexponential fixed jets; higher coefficient derivatives enter only lower induction
orders. The normalized sources aPpj−1 and the prescribed gauge components

√
a Cpj−1 obey the

same bounds. Locality of each transport, including the backwards integrations, keeps support in
the flow tube of the initial bump. The initial patch can have fixed small size in uniform charts on S,
although its center may vary with T . The leading tensor is trace-free and annihilates kv. Its screen
polarization at PT has two-sided eo(T ) norm, since it is parallel transported times an area factor
with small-average logarithmic derivative.

Choose X ⊥ U with dv(X) = 0 and g(X,X) = 1, using an angular unit vector and a bounded
multiple of L0. Choose its direction so that the diagonal screen polarization has absolute value
σT , of two-sided eo(T ) size. Fix the constant phase to make that contraction fully real at PT . Let

99



Cw bound the background unit tidal contraction on this seed; it is finite by its bounded parallel
curvature and its fixed initial boost. Choose Jamp > 0 so that 2Jamp > J + Cw + 2, and set

λp = eζT , AT = 4Jamp
Y 2
T λ

2
pσT

, hp = AT tr. rev.g Re

⎛⎝eiλpv
L∑
j=0

λ−j
p pj

⎞⎠ . (9.6)

Here ζ > 0 will be chosen after all base norm orders. The normalized reduced-equation residual at
g + hp, multiplied by a, is

eo(T )(ATλ−M1
p +A2

Tλ
P∗
p

)
(9.7)

at those orders. Increasing the finite hierarchy makes M1 arbitrarily large, whereas P∗ depends only
on the fixed base orders. The linear phase and transport errors cancel successively, and subtracting
the linearization leaves quadratic relative-field products in scaled covariant derivatives and smooth
inverse-array coefficients, including algebraic aRiem(g) terms. There is no inverse-lapse loss in these
normalized residual arrays.

9.3 The exact deep comparison and its observation

The next proposition specifies exactly how accurately the entry jets must be transferred from the
original initial end. We first define its mixed error norms using the background fields. For a positive
mass parameter ε0, a normalized entry f of weight cn has reference slice density

1
2
(
|Wtf |2 + |(Wx − 2cn)f |2 + 2a|dθf |2γ + ε2

0|f |2
)
dx d volγ . (9.8)

For a normalized tensor array F , let Ej(F ; s) be the square root of the sum of these integrals over
the s-slice of (P1), with f = DαFn, over all entries n and ordinary multiindices |α| ≤ j. Angular
derivatives and localization use the fixed finite sphere atlas. These are the through-j mixed energies
below; ε0 will be fixed sufficiently small after the desired growth-rate tolerance.

Proposition 9.4 (Deep comparison). Fix a mixed Sobolev comparison order k ≥ 10. For every
sufficiently small fixed δ2 > 0, one may fix ε0 > 0 and then ν0 > 0 sufficiently small as follows.
Suppose the exact reduced-equation Cauchy jets on s = 0 satisfy the vacuum constraints and wave-map
gauge, agree with g for v < (1 − ν0)T , and differ from the jets of g + hp by at most

e−7κT/2 in Hk+1 ×Hk(dx dθ). (9.9)

Then these data have an exact vacuum development g′ on (P1), with normalized error F = g′ −g−hp
bounded in the through-k mixed energies by

Ce(κ+δ2)T
(
e−7κT/2 +ATλ

−M1
p +A2

Tλ
P∗
p

)
. (P7)

The conclusion holds when this bound has a fixed exponential margin below AT and the required base
packet norms are sufficiently exponentially small. The same estimate, with fixed buffers, controls
normalized C2 error.

Proof. Bootstrap the error energies by e−(2κ+c′)T for a small fixed c′ > 0. The relative cone
change is exponentially small. Therefore the side inequalities in (P1) are strict outflow, since
du/ds, dv/ds ≥ −exponentially small on future causal vectors. Finite propagation keeps the exact
change supported in v ≥ (1 − ν0)T − o(1).
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For f = DjFn, where D denotes ordinary derivatives through order k, the scalar operator
retaining the diagonal drift is

e2cnxa□scal
g′ (e−2cnxf).

Lemma 9.3 gives bounded top-order residual coefficients small in the bulk, with eo(T ) coefficients
only on lower commuted energies. The potentially unscaled angular commutator has the form

(Db)∂v(∂ADj−1F )

when one derivative hits b∂A∂v. The angular derivative is inside the ordinary order-j field, so its
coefficient is the small Db. With two or more coefficient hits the field is at a lower energy level. A
first hit on aγ−1∂2

θ retains at least
√
a against the scaled angular derivative; higher hits again enter

lower levels. The factor ∂vb retains a, and angular partitions cost O(|b| +
√
a) at top order.

After retaining the exact principal coefficients, each perturbative commutation or lower product
contains an additional packet-small or bootstrap-small factor at an error placement. The highest
error order j + 1 can lose O(a−1/2) ≤ CeκT/2; further error factors through half the total order j + 2
are controlled by the mixed k-order bootstrap and slice Sobolev embedding. Taking ζ sufficiently
small leaves an exponential margin to absorb these factors. Smooth higher background derivatives
cost only eo(T ).

Apply massive scalar stress energy to e−2cnxf with mass squared ε2
0/(2a) and multiplier e4cnxWt.

Up to an exponentially small relative metric change, its slice density is (9.8). Thus the exact-
principal stress energy is uniformly equivalent to the reference mixed norm just defined. The limiting
nonsource bulk terms are

−4cnWtf(Wx − 2cn)f − 2κa|dθf |2γ + ε2
0fWtf.

Here Wtx = 0, Wxx = 1, Wt log a → −2κ, and Wtγ → 0. The brackets of Wt with Wx, ZA are small
in the scaled basis except for the limiting term −κZA. All exits have favorable flux. Since |cn| ≤ κ,
fixing ε0 small and then a bulk threshold gives square-root energy rate 2κ+arbitrarily small in the
bulk, and a bounded rate elsewhere. The part of the support not entirely in that bulk has time
length O(1) + O(ν0T ), whereas the whole interval has length T/2 + O(1). More explicitly, for a
fixed bulk threshold B the bulk is min(v,−u, s) ≥ B. The support has v > B for large T , the region
s < B has bounded length, and −u < B implies 2s = u+ v > (1 − ν0)T − B − o(1). Its possible
remaining time length is at most ν0T/2 +O(B + 1). A common nonnegative majorant therefore
integrates to (κ+ δ2)T after slightly reserving its strict margin.

For clarity, if Ej are the successive error norms, their inequalities have the form

E′
j ≤ rTEj + bT

∑
ℓ<j

Eℓ + Sj ,

∫
bT ≤ eo(T ).

Factoring out exp(
∫
rT ) and integrating successively in j costs only a fixed polynomial in

∫
bT .

This is Lemma C.1, and is still eo(T ) at every fixed k. The initial mixed jets follow from the
reduced equation with the same source and subexponential costs: s = 0 is uniformly spacelike in its
nondegenerate entry coordinates. This proves (P7).

Its strict exponential improvement closes the bootstrap. Ordinary hyperbolic restarts on enlarged
domains within the outflow margins give continuation, since for each finite T all coordinates are
nondegenerate. Homogeneous wave-constraint propagation gives vacuum. Adding fixed Sobolev
buffers gives the final C2 assertion.
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Lemma 9.5 (Tidal size and backward state). Under the strict parameter margins of Proposition 9.4,
the point PT has a future unit tangent U ′ and a unit spacelike X ′ ⊥ U ′ for g′ with

| Riem(g′)(U ′, X ′, U ′, X ′)| > J.

The g′-geodesic with state (PT , U ′), traced backwards to S, has state converging to the background
geodesic’s transverse entry state and stays within the available side margins.

Proof. Put H = U/YT . In the normalized primal basis, H has size O(
√
a) and X has size O(1),

while dv(H) = 1 and dv(X) = 0. The phase-phase leading term in Riem(g′)(H,X,H,X) has
absolute value

1
2ATλ

2
pσT .

All other packet terms cost eo(T )(ATλp +A2
Tλ

P∗
p ); comparison terms cost (P7) times eo(T ), enlarging

the fixed P∗ if necessary. Indeed express the connection difference using first ∇g derivatives of g′ − g,
then use its covariant derivative, connection products, and inverse-metric products for curvature.
Multiplication by a allows both differentiated slots to use Z =

√
a ê in normalized entries, with only

subexponential conversion costs, including hits on the scaling. Evaluation on two H and two X
slots cancels this curvature scaling. The single order-zero amplitude supplies the displayed leading
term; trace reversal does not alter it, and the ordinary second-metric-derivative formula gives the
factor 1/2.

All remaining terms are o(Y −2
T ) under the choices made below. A normalized near-identity frame

isometry sends U,X to a g′-orthogonal future/unit and spacelike/unit pair U ′, X ′, with relative
frame error O(AT eo(T )). Its curvature slot error is still o(Y −2

T ) at the H scale. Multiplying by Y 2
T

and using the choice of Jamp proves the strict tidal bound.
For the backward state, use (9.3) on a compact u, θ, πu, P state tube around the background tail,

with p = −πu − b · P bounded below. Its background Lipschitz cost is aeo(v), integrable as v → ∞.
The perturbed unit shell is solved on the same branch by putting πv = az′: the background equation
for bounded z′ has derivative bounded away from zero. Normalized covector arguments have size
O(a−1/2), but the differentiated relative metric change is exponentially smaller than a on this
bounded-u path. The Hamiltonian and its first state derivatives therefore change by exponentially
small absolute amounts. The terminal errors are

δ(πu, P ) = O(AT eo(T )/
√
a), δ(πv/a) = O(AT eo(T )/a).

The second estimate uses ∂v =
√
a ê1 and also shows that the chosen future tangent lies on the

continued root. Differentiating the shell equation in state variables costs at most the same inverse
a on normalized coefficient differences, with subexponential background factors. Integrating the
exponentially small vector-field error over length O(T ) and applying Gronwall with the integrable
background Lipschitz majorant proves convergence through the transverse hit of s = 0. Fixed earlier
portions use ordinary compact geodesic flow. Uniform state and side margins keep the perturbed
paths in the stated domain.

9.4 Return rays to the original initial end

The interior packet is useful only if its entry jets can be produced by data on the original bridge. We
first verify the real-ray geometry needed for the exterior beam construction, including its dependence
on the fixed spin.

Use the pertinent exterior time te, co-coordinate y, and lab coordinate z = y + Ce(te). Orient
the aligned Boyer–Lindquist time TK on this end so that the preparation parameter I satisfies

I ′ = λ−ς > 0, 0 < cI ≤ I ′ ≤ CI , I(tT ) = T.
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Then tT ≍ T . The launch patch near v = x = T on s = 0 has te = tT + O(1). A fixed C2 with
margins covers its required initial interval by te ≤ tT + C2. The part v < (1 − ν0)T is earlier by at
least cν0T ; the bounded joins do not grow with T . The inner exterior exit lies strictly deeper than
this end of S, with a further fixed background margin.

Proposition 9.6 (Backward escape and flow bounds). The null rays launched by dv on a sufficiently
small fixed entry patch, followed towards the past, return to the original initial end. For every
prescribed α > 0, after choosing a sufficiently large fixed radius and then taking T sufficiently large,
all their arrival points satisfy

(1 − α)tT < |z − z∗| < (1 + α)tT , z∗ = Ce(tT ). (E1)

Their entry crossing is unique and transverse within the computing region, with separation from
the entry level outside a uniform collar. All fixed jets of the phase-space flow on all subsegments,
including launch-center derivatives, have bounds eo(T ). Tensor parallel transport has bounded norm
and inverse along these rays. The assertions hold with short past and future launch margins,
including passage through the deeper inner exit.

Proof. On compact spatial subsets of the co cylinder, g → Gp∞ in the required low differentiated
orders. Indeed p → p∞ follows from the integrable modulation derivative, and p′, c, c′ and further
required low jets tend to zero by the positive-weight endpoint and feedback bounds. The compact
AH -weighted endpoint estimates control hco, while the target memories have bounded length there.
Higher compact and far estimates supply fixed jets of size eo(T ) for time and radius O(T ).

The entry surface is strictly spacelike and optically transverse. A small uniform collar obtained
by local eikonal and angular flow therefore has bounded low transition jets and subexponential high
jets. The covectors dv approach the frozen covectors

λ−d(r∗ + F + TK)

in aligned Kerr variables. This follows from the prepared-coordinate Jacobian comparison, the decay
of the parameter derivatives, and the noncharacteristic null root. Accumulated phase offsets do
not affect this assertion. Here F is the exact axisymmetric optical-profile function, not the metric
comparison error.

The frozen covector has zero angular Killing momentum. By Kerr separation its radial potential
divided by squared Killing energy is

(r2
K + a2)2 − ∆

(
|∂ϑF |2 + a2 sin2 ϑ

)
init

. (9.10)

The bracket is at most a2 +O(q2
0), since F (r−) = 0 and the profile is smooth. For rK ≥ r+,

∆ < r2
K ,

(r2
K + a2)2

r2
K

≥ 4a2.

For every fixed a > 0, choosing the original exact-profile depth sufficiently small over a small physical
parameter range makes (9.10) strictly positive. It is also positive between the horizons, where
∆ < 0, with uniform margins on compact crossings. This depth choice was made before the exterior
constants and packet parameters.

In the frozen chart g−1dv is past-directed with Killing energy −λ−. Its radial direction is
increasing, since initially

ΣK drK(g−1dv) = λ−
(
r2
K + a2 + ∆Fr

)
> 0
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by the finite Hamilton–Jacobi root. At the outer horizon its radial covector component has leading
coefficient λ−(r2

K +a2)/∆ with bounded remainder. The coordinate TK +r∗ and the ingoing azimuth
are regular, and the angular momentum stays bounded, with zero azimuthal coefficient. Thus
the ray crosses the future event horizon transversely and spends bounded regular te-time through
every fixed compact crossing. The same holds forwards from entry to the deeper exit. No timelike
stationary Killing field is needed in an ergoregion.

Near entry, Q = (rK − r−)f with f > 0 smooth and axisymmetric. Separation and the strict
radial potential bound give bounded |dϑ/drK |. Hence dQ/drK has a positive lower bound in a
sufficiently small profile neighborhood of r−. Singular azimuthal winding does not differentiate
Q; round colatitude length or smooth sphere charts give the same conclusion at poles. Outside
this neighborhood the used compact crossing portions are separated from the entry level. Compact
convergence of the metric and prepared level graphs therefore gives a unique transverse entry
crossing, separated from all other used portions by a uniform collar. Only times tT + OR(1) are
needed until a fixed large radius R is reached. This comparison does not require the launching
azimuthal phase to converge.

The frozen branch is asymptotically radial. The limiting co-chart is asymptotically affine in
differential order, with small changes of axes, shear, and boost. At a sufficiently large fixed co-
radius R, followed by sufficiently large T , the past-directed lab velocity w = dz/d(−te) has length
1 + oR→∞(1) and makes a small angle with y/|y|. There z = z∗ +OR(1) and te = tT +OR(1), with
uniformly nondegenerate momentum and velocity normalizations on the whole launch patch. Small
drift and shear use only the fixed base smallness, not frequency-dependent smallness.

In the far lab region, with emitter radius r ≍ |y| and z = Ce(q) + rn, te = r+ q, the far estimates
give, uniformly in time,

|g − η| ≲ r−1+.01,

|∂g| ≲ r−2+.01 + r−1+e/2
⟨
q/rδf

⟩−AH/2
, |∂2g| = or→∞(1).

(9.11)

These are ordinary lab derivatives. To obtain them, use two spare rotations in the point bounds and
∂i = ℓn,iTl + r−1biZ. Second derivatives expand with lab times commuted innermost; angular and Z
terms have an extra r−1, and the remaining low unrestricted jets are at worst a bounded coefficient
times the displayed bad-field size. The differentiated emitter conversion coefficients remain bounded.
The smoothed target’s differentiated symbol terms also tend to zero.

While w remains close to its crossing value, dy/d(−te) = w + se(te) lies in an outward cone, n is
close to y/|y|, and

dr

d(−te)
= n · (w + se(q))

1 − n · se(q)
has positive lower and upper bounds. Thus q decreases at a rate bounded below. On each large
radial dyad r ∼ R1, integration in q over an interval of length O(R1) bounds the second term of
(9.11) by

O
(
R

(e−(1−δf )AH)/2
1

)
.

Here AH < 2, and the exponent is strictly negative for the fixed far parameters. The first term is
summable as well. The lab geodesic equation in time parameter bounds both the velocity derivative
and logarithmic frequency-scale derivative by C|∂g|; spacelike temporal hyperbolicity bounds |w|.
Choosing R large makes the integrated cost small, closes the outward-cone argument, and keeps
momentum nondegenerate until te = 0. The ray then remains in the far portion on which te = 0 is
the original bridge. Integrating its velocity proves (E1).
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Finally consider the time-dependent null Hamiltonian root in lab coordinates. In its first
variation, the diagonal blocks and the position-to-momentum block tend to zero with radius by
the first two derivative bounds in (9.11); the momentum-to-position block is bounded. On the
rescaled variables (ϵ1δz, δπsp), choose ϵ1 > 0 small first and then a sufficiently large fixed radius.
The rate is then arbitrarily small on the far portion. The complement has time length OR(1). This
gives subexponential all-subsegment propagators. Higher jet induction has the same homogeneous
propagator and sources made from lower jets and the available subexponential coefficient derivatives.
It also covers derivatives in the launch-center parameters. The integrated connection bound gives
bounded tensor parallel transport and inverse.

9.5 Constrained complex beams and matching

We now transfer the interior packet to the bridge using complex Gaussian beams. Their complex
phases provide transverse localization through real caustics, while superpositions recover oscillatory
Cauchy data [35, 48, 53]. We retain the phase-space and matching calculations because we also
need bounds on growing time intervals and Einstein wave-gauge compatibility.

Proposition 9.7 (Exterior beam approximation). For every fixed base-order buffer Nb, every
prescribed inverse accuracy M1, and sufficiently high finite phase and amplitude orders, there is a
real exterior perturbation hB such that

∥hB∥CNb ≤ ATλ
Nb+3/2
p eo(T ),

reduced-wave and gauge residuals ≤ eo(T )
(
ATλ

−M1
p +A2

Tλ
P0
p

)
, P0 = 2Nb + 7,

(E2)

after enlarging Nb for the required trace and derivative buffers. Its jets match those of hp at S with
linear error ATλ−M1

p eo(T ). The positive exponent P0 depends only on the base orders, not on later
formal accuracy. On the original initial slice its support lies in (E1), up to arbitrarily thin tube
margins.

Proof. The construction has four stages. We first propagate complex phase jets and the central
tensor amplitude along the return rays. We then impose the wave-gauge equations on every finite jet.
At each inverse frequency order, Gaussian superposition leaves a new central amplitude subject to
the gauge equation. Choosing its free part to match the interior coefficient makes the real transport
hierarchy determine the matching normal jets. Finally we choose finite Taylor orders and cutoffs to
obtain the required residual bounds.

Phase and central amplitude transport. Using the ray, subsegment, and collar bounds just
established, parameterize centers Y by a fixed patch of the entry slice. With spatial entry coordinates
ws = (x, θ), start the phase at

v(0, ws) + i

2 |ws − Y |2,

choosing its temporal root to agree with dv at the center. Evolve the phase jets along the real rays
in lab time by the complex gradient-graph construction. Transverse projection from the entry slice
gives a positive imaginary Hessian on the lab slice; its spacetime null direction is the ray direction.
For the position and momentum differential blocks Pc, Qc, the preserved symplectic identity is

P ∗
cQc −Q∗

cPc = 2i ImMc,

where Mc is the initial complex Hessian. The all-subsegment bounds imply P−1
c = eo(T ) in

bound. The propagated Hessian has positive imaginary part with inverse bounded by eo(T ). Taylor
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composition and reversion use only finite smooth jets at real positions, so no spatial analyticity is
required.

The central amplitude propagator is tensor parallel transport times the inverse square root of
the density ratio formed from √

| det g| kte detPc, k = g−1dφ.

It and its inverse have subexponential all-subsegment bounds. Higher transport jets have the same
homogeneous propagator with lower-jet subexponential sources.

Compatibility of the wave and gauge jets. Impose both wave transports and gauge equations
in the finite Taylor quotient, taking the eikonal orders sufficiently high. For a complex phase φ set

h = g−1(dφ, dφ), Pλ = P + iλT − λ2h, Cλ = C + iλK, P1,λ = P1 + iλT1 − λ2h.

Here K contracts by g−1dφ and T , T1 are the tensor and one-form transports. Conjugation gives
the exact identity CλPλ = P1,λCλ. In the finite jet quotient where all required eikonal jets vanish,
put

Wj = iT rj,Y + Prj−1,Y , qj = iKrj,Y + Crj−1,Y , r−1,Y = 0.

The coefficient of λ2−j is

iKWj + CWj−1 = iT1qj + P1qj−1, W−1 = q−1 = 0. (9.12)

The extra phase degrees eliminate every differentiated h term in these quotients. Once lower defects
vanish, solving Wj = 0 makes qj satisfy homogeneous one-form transport. At launch the contraction
by k has the right inverse

f |−→ l ⊗ f + f ⊗ l − f(k)l ⊗ l, l(k) = 1.

The nonzero pairing is inverted also in formal jets. This fixes the forced gauge components while
leaving free projected kernel jets for matching.

Triangular matching at the entry slice. Integrate the beams with measure (λp/2π)3/2dY . In a
short entry collar, center positions project diffeomorphically, with the stated low and subexponential
high bounds. At a center, the phase difference from v starts quadratically and has positive imaginary
Hessian. Changing the center variable to its position on the current entry slice and evaluating
Gaussian moments gives an expansion

eiλpv
∑
j

λ−j
p pj

in integer inverse powers. On the launch surface, set aj(Y ) = rj,Y (0, Y ). The initial phase and
normalization give, after removing eiλpv,(

λp
2π

)3/2 ∫
e−λp|ws−Y |2/2rj,Y (0, ws) dY = aj(ws) +O(λ−1

p )eo(T ).

This holds in each required fixed finite spatial norm once sufficient jets have been supplied; tube
cutoffs contribute only Gaussian-small errors. The integrand includes the chosen off-center amplitude
jets. At order j, the integrated coefficient is therefore the new central value aj plus terms already
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fixed by earlier jets. Derivatives of that new central amplitude first enter one inverse power later, since
odd Gaussian moments vanish. For each fixed T , let an auxiliary frequency tend to infinity in the
differentiated wave and gauge residuals, after supplying sufficiently many finite jets. Comparison of
coefficients shows that the integrated coefficients satisfy both real-phase hierarchies; still unmatched
higher jets can be completed subject to their gauge conditions without changing a fixed coefficient.
Once lower coefficients match pi, i < j, their transports match in the collar, including their normal
derivatives. The forced gauge terms at order j therefore agree, so the remaining discrepancy lies in
the contraction kernel on the initial slice. The free central value cancels it. Extend that kernel value
in spatial jets by applying Id −RkK to constant-component choices, where Rk is the displayed right
inverse. These local projected extensions preserve bump support and subexponential bounds. The
real-phase transport is noncharacteristic at the entry slice. Once its sources and the new coefficient
value agree, it fixes the same normal derivatives on both sides. Thus matching the free central value
matches the whole collar and both required Cauchy jets; these are not two independent conditions
on that value. This closes the constrained triangular induction.

Finite orders, localization, and residuals. All expansions are finite. For last amplitude index
L, desired spatial degree D, and a buffer k0 for the required mixed-time jets, it suffices to choose

Nj = D + 2k0 + 2(L− j) + 2, 0 ≤ j ≤ L,

after enlarging D, k0 for the finite Gaussian coefficient calculations. The phase is supplied through
at least N0 + 2 and farther for the required differentiated eikonal remainders. A wave source uses
two jets of the preceding amplitude, a gauge source one; this backwards choice therefore supplies
every needed source and matching jet. No bound uniform in L is required. Realize the lab Taylor
beams with smooth cutoffs in tubes of radius e−bpT , where 0 < bp < ζ/2. They may be stopped
smoothly after leaving the computing domain through its strict inner exit. A residual Taylor
power d gains λ−d/2

p eo(T ) under Gaussian localization. Tube-cutoff errors are Gaussian-small, and
each fixed differentiation loses only a fixed positive power. The last transport remainder improves
with its finite hierarchy order. For differentiated integral remainders in the collar, first restrict
to |ws − wcenter(s)| ≲ λ

−1/2+ϵ2
p , with ϵ2 > 0 small for the specified finite order; the complement is

Gaussian-small. The Taylor remainder uses just the supplied smooth subexponential jets.
There are no other entry crossings by Proposition 9.6, and the far escape is disjoint from the

prepared surfaces. Each new undifferentiated formal jet costs only eo(T ), irrespective of the chosen
finite degree. Absolute center integration costs λ3/2

p , giving the first bound in (E2). Nonlinear
differences cost at worst the square of that base bound with two extra derivatives, giving P0 = 2Nb+7
in (E2). Increasing formal accuracy adds only finitely many Taylor and transport coefficients, each
with subexponential fixed jets and its assigned nonpositive frequency power. At a fixed base
derivative order it does not increase the differentiation loss λNb

p or the integration loss λ3/2
p . The

same observation in the interior hierarchy fixes P∗ from its comparison orders before M1 is increased.
Constants and the eventual threshold for T may increase with formal accuracy. Take real parts,
undo trace reversal, and multiply by AT to obtain hB. Enlarged domains through tT +O(1) and
radius C(1 + T ) contain all tubes and their buffers. At te = 0 the tubes lie in the shell (E1), where
the slice is the original bridge. Gauss–Codazzi and the differentiated wave and gauge residuals show
that its induced data, set equal to d elsewhere, have a compactly supported constraint defect with
the residual bound (E2).
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9.6 Exact constraints outside a protected ball

The beam seed is only approximately constrained. The following precise correction result permits
exact vacuum data without fixing the asymptotic charges or disturbing a large interior region.

For a tensor in Cartesian components define

∥f∥
Hj

i
= ∥f∥Hj(B2) + sup

L≥1
Li∥f(L ·)∥Hj(1<|·|<2), Xs = Hs+2

1 ⊕Hs+1
2 .

Let Φ denote the vacuum scalar and momentum constraint map.

Proposition 9.8 (Protected exterior correction). Fix an integer s ≥ 3. Suppose dB = (δ + aB, bB)
are smooth data on R3, the metric is positive, and all derivatives of aB, bB have symbol orders
−1,−2, respectively. Suppose a smooth compact source ϕ, supported in {|y′| ≥ 1}, agrees with Φ(dB)
there. If

∥aB∥Hs+2
1

+ ∥bB∥Hs+1
2

+ ∥ϕ∥Hs
4

is sufficiently small, there is a smooth correction vc supported in {|y′| ≥ 1} such that

Φ(dB + vc) = 0 there, ∥vc∥Xs ≤ Cs∥ϕ∥Hs
4
.

The correction is smooth across the support boundary, preserves positivity, and satisfies symbol bounds
at every order. There is no higher-order smallness assumption and no condition on the artificial
interior defect. No moment condition is imposed on ϕ; the correction may have a noncompact tail
changing the asymptotic coefficients.

Proof. Apply Proposition D.1 with Y s = Hs
4 and Xs = Hs+2

1 ⊕ Hs+1
2 . Its right inverse fixes the

unit inner ball and permits the stated asymptotic tail. Its single-base-order nonlinear solve proves
both the estimate and higher smoothness without additional smallness assumptions.

Apply this proposition with

ρT = (1 − 2α)tT , y′ = z − z∗
ρT

. (9.13)

Write the unperturbed datum on this end as d = (h,K). This rescaling keeps the Cartesian metric
component functions and multiplies the second-form component functions by ρT :

h̃(y′) = h(z∗ + ρT y
′), K̃(y′) = ρTK(z∗ + ρT y

′). (9.14)

Both constraint components then scale homogeneously by ρ2
T . Small fixed drift and small α give

|z| ≍ ρT |y′| for |y′| ≥ 1/2. More explicitly, the original symbol bounds imply, for every fixed
derivative order j,

|∂jy′(h̃− δ)| ≤ Cjρ
−1
T |y′|−1−j , |∂jy′K̃| ≤ Cjρ

−1
T |y′|−2−j . (9.15)

The unperturbed scaled pair therefore has Xs size Os(ρ−1
T ). Cut these perturbations off smoothly

to flat data between |y′| = 3/4 and 1/2; no constraint condition is needed on this artificial interior.
By (E1), the scaled beam seed lies strictly outside the unit ball. Its size at the chosen solve order

tends to zero after ζ is made sufficiently small, with only polynomial rescaling costs. The exterior
constraint defect, extended by zero, is smooth and compactly supported because the seed vanishes
near the unit sphere and the remaining data there are exactly vacuum. Its norm has the residual
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bound in (E2), with polynomial factors included in eo(T ). Thus every hypothesis of Proposition 9.8
holds for large T .

Undo the scaling and retain d on the protected interior and the rest of the bridge. The correction
is smooth and identically zero on the protected side. The resulting data dT are smooth, vacuum,
positive, and complete; outside a compact set their metric is uniformly comparable to the original
complete metric. They belong to D at every order, agree with d on |z− z∗| < ρT and off the selected
end, and may change the permitted asymptotic coefficients. Here the Cartesian symbol norms on
the end are equivalent, at every fixed order, to the fixed-background covariant norms defining D.

For the prescribed m ≥ 10, choose s ≥ m+ 3, increasing it also for the comparison and trace
buffers. Scaled annular Sobolev embedding and unscaling give

pm(dT − d) ≤ eo(T )
(
ATλ

m+5/2
p +ATλ

−M1
p +A2

Tλ
P0
p

)
. (9.16)

One extra beam derivative accounts for the second form. To see the unscaling cost for the correction,
write its scaled components as (qc, pc). Its physical components are qc(y′) and ρ−1

T pc(y′). Thus a
derivative of order j, multiplied by the respective physical weights |z|1+j and |z|2+j , costs at most
CρT times the corresponding scaled weighted bound in both cases. These polynomial factors are
harmless. No compact-support assertion about the final exact change at infinity is used.

9.7 Ordinary exterior comparison and causal protection

The corrected data are now exact vacuum data. We next show that their ordinary wave-map
evolution supplies the entry jets in (9.9). Give dT to the partial exterior problem on te = 0. Its
bent compact portion lies in the dependence region of unchanged data for large T . Choose the
initial lapse and shift as for g + hB, and determine the normal metric derivatives from the actual
corrected second form and the exact wave-map condition. Spacelikeness makes this algebraic system
invertible. The resulting metric and first jets differ from g + hB by the residual bound in (E2), by
the correction and gauge-defect estimates, and agree exactly with g in the protected region.

Take the exterior comparison through te = tT +C2, with the fixed deeper inner exit and shrinking
outer cutoff

|y| < RT (te), RT (te) = Cout(1 + T ) + Vout(tT + C2 − te), (9.17)
where Cout includes all needed spatial buffers and Vout exceeds the radial causal-speed bound.

Proposition 9.9 (Exterior transfer with exact early agreement). For any prescribed small δ3 > 0,
the localization parameters and far threshold can be chosen so that the exact ordinary wave-map
solution exists on this finite exterior domain and its error from g + hB, in the required fixed mixed
norms, is bounded by

Ceδ3T
(
ATλ

−M1
p +A2

Tλ
P0
p

)
. (E3)

It is exactly g on the earlier needed compact-in-radius region up to tT − α′T , where α′ > 0 can be
prescribed sufficiently small. In particular, with the choices below, its entry jets agree exactly with g
for v < (1 − ν0)T and otherwise meet (9.9).

Proof. We first prove the exact support assertion; the correction’s tail need not be compact. Write
s∗ = sup |C ′

e| < 1, fixed by the base smallness. Suppose a causal path from the changed initial
support first reaches a fixed sufficiently large co-radius R at time τ ≤ tT . Before this hit its lab
speed is at most 1 + δR, where δR → 0 as R → ∞, also in the exponentially small comparison
bootstrap. Its initial point is outside the radius ρT about z∗, and its hit point is Ce(τ) + O(R).
Thus

(1 − 2α)tT ≤ (1 + δR)τ + s∗(tT − τ) +O(R). (9.18)
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Equivalently,
tT − τ ≤ 2α+ δR

1 + δR − s∗
tT +OR(1). (9.19)

Since tT ≍ T , a fixed large R and a fixed small α make the right side less than any prescribed small
multiple of T for large T . Only the inner exclusion radius of the change enters this estimate; its
outer extent is irrelevant. The beam supports obey the same conclusion by their real centers and
exponentially thin tube margins.

Moreover I(tT ) = T and I ′ ≤ CI show that the selected entry points with v < (1 − ν0)T have

te ≤ tT − ν0
CI
T +O(1).

Choose α′ < ν0/(2CI) and make the first-hit allowance smaller still. Ordinary local wave-map
uniqueness, from exactly equal metric and gauge Cauchy jets, proves exact equality on that earlier
entry interval. On s = 0, the interval of (P1) is −u2 ≤ v ≤ T + c2; its negative part is fixed, and
its middle and unselected-end portions are protected by finite-time domain of dependence. The
deeper inner face is future outflow, so no past influence can enter from the deep block. There is
consequently no additional dependence on an unexamined route through the other end.

For the error estimate use the actual-principal ordinary scalar stress energies on component
errors, with lab mixed commutations and a small fixed positive mass. The future slice normal is a
uniformly timelike multiplier, and both artificial boundaries have strict outflow fluxes. The first-
and second-order lab background derivatives that determine the top linear rate are globally bounded
and tend uniformly to zero far out. Indeed the linear tensor-wave lower terms are connections, their
derivatives, and curvature, while leading principal commutations use first coefficient derivatives. Fix
the mass small first, then choose R large: the square-root top rate on the far support is arbitrarily
small. On its complement that rate is bounded independently of R and T . Higher background hits
multiply lower commuted error norms, with subexponential coefficients.

The non-small-rate part of the support has time length at most α′T + O(1) by (9.19). The
lower-jet triangular estimate used in the deep comparison costs just an eo(T ) factor. Retaining the
exact principal coefficients, quasilinear remainders have an exponentially small packet or bootstrap
factor against each remaining error placement, plus the source in (E2). Ordinary Sobolev product
estimates on the uniform annuli and inner charts apply without an inverse lapse loss. Initial mixed
jets follow from the equation on uniformly spacelike slices. Taking the far rate and α′ sufficiently
small therefore gives (E3).

The parameter inequalities below strictly improve the exponentially small bootstrap. Ordinary
continuation preserves the two boundary margins; exact wave-constraint propagation yields vacuum.
Transform the resulting entry jets to the fixed background wedge coordinates. The transition and
trace costs, with fixed buffers, are only eo(T ). The wave-map condition with target g is tensorial and
exact. Beam matching adds the linear inverse-accuracy bound from Proposition 9.7. The choices
below make the total smaller than (9.9); the already proved protected-region statement supplies its
exact early part. All estimates allow fixed small enlargements for the final gluing.

9.8 The order of the parameter choices

We verify simultaneously the comparison margins and approximation in the prescribed data topology.
First fix the finite data order m, the correction order s ≥ m+ 3, the interior and exterior comparison
orders, and every Sobolev, normal-jet, and trace buffer. Fix Nb large enough for these requirements
and then fix P∗, P0 for the quadratic residuals. None of these choices depends on formal accuracy.
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Choose δ2, δ3 > 0 small relative to κ. The deep mass, bulk threshold, and ν0 supply the rate in
(P7); the far radius and localization parameters α, α′ supply (E3) and the exact early agreement. The
far radius may be enlarged later for (E1): the compact top rate is uniformly bounded independently
of it. These choices use fixed base bounds and qualitative tails, with thresholds allowed to depend
on the smooth background datum.

Next take ζ > 0 small enough for every positive loss in the chosen base norms, retaining more
than κT/2 of exponential absorption for the perturbative deep products, and satisfying

δ3 + (P0 − 4)ζ < κ/2, δ2 + 2ζ < κ/2, (9.20)
δ2 + (P∗ − 2)ζ < κ, (m+ 1

2)ζ < κ.

Choose 0 < bp < ζ/2. Only now choose M1 so large that

(M1 + 2)ζ > 3
2κ+ δ3, M1ζ > κ+ δ2, (9.21)

and take sufficiently large finite transport, phase-Taylor, and matching orders to achieve this
accuracy. Finally take T large depending on all choices. Every subexponential factor can be assigned
a share of the strict margins.

By (9.6) and (9.2), AT = exp((−2κ−2ζ)T +o(T )) with two-sided size. The linear and quadratic
exponents in the exterior error are

−2κ− (M1 + 2)ζ + δ3, −4κ+ (P0 − 4)ζ + δ3.

Both are strictly below −7κ/2 by (9.20)–(9.21). After division by AT , the three terms of the deep
error have exponent bounds

−1
2κ+ δ2 + 2ζ, κ+ δ2 −M1ζ, −κ+ δ2 + (P∗ − 2)ζ,

all strictly negative. This proves the entry condition and both comparison improvements, and makes
the observation errors o(Y −2

T ). The direct beam contribution to the data seminorm has exponent

−2κ+ (m+ 1
2)ζ < 0;

the two correction contributions in (9.16) also tend to zero. Thus pm(dT −d) → 0 for this prescribed
finite m. Smooth membership of every dT was already obtained from the correction theorem; no
single frequency exponent has to give convergence at all orders.

9.9 Attachment to the whole corrected bridge

The finite exterior and deep solutions have now been constructed with exact constraints, matching
jets, and strict margins. It remains to identify their observation with a point of the full MGHD of
the whole corrected datum. We attach these finite solutions to a lower development containing every
radius of the corrected bridge, then use the outflow cuts to prove that the bridge remains Cauchy.

Proposition 9.10 (Full-bridge Cauchy attachment). For sufficiently large finite T , the exact data
dT have a smooth globally hyperbolic vacuum development containing the entire initial bridge and the
finite observation from Lemma 9.5. Its adaptive backward geodesic reaches Σ with a seed wT → w.
The development embeds openly in the full MGHD of dT , retaining the entire constraint-correction
tail on Σ.
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Proof. The corrected data are complete and converge in p10. They agree with d off the selected end
and inside the protected ball. The center satisfies |z∗| ≤ s∗tT +O(1), with s∗ < 1 − 2α, so that this
ball contains the fixed-origin ball of radius

(1 − 2α− s∗)tT −O(1) −→ ∞.

Every fixed compact causal shadow used in the early bridge construction is therefore unchanged for
large T .

Construct the full finite lower bridge development for dT , including all initial spatial radii and a
past collar, by the finite-range Cauchy argument already proved. The bounded central joins, the
unselected end, and the bent compact part of the selected te = 0 slice agree with the original finite
solution by domain of dependence. Near infinity the selected horizontal slice is the original initial
surface carrying the actual corrected data, including their tail.

Attach the selected ordinary wave-map exterior comparison through an enlarged band about the
fixed time ta, only inside (9.17) and before its terminal time. Use the finite wave-map uniqueness
and straightening from the comparison development construction, with the same new data on both
sides. Fixed-time bounds and strict deeper outflow and spatial margins give the identification,
uniformly through the finite outer cutoff. The straightening agrees on the used band and is cut off
inside its margin; on bounded central portions it is the original identification because those solutions
remain unchanged until much later.

To see why the entire initial bridge is retained, put f(te, y) = |y| −RT (te) and let tend denote
the comparison terminal time. Locally the selected-end union is

{te < tend} ∩
(
{te < ta} ∪ {f < 0}

)
, (9.22)

with the lower S cut imposed where active. The lower set te < ta includes every spatial radius; only
the added future block is truncated. On future causal curves,

df

dte
= d|y|

dte
+ Vout ≥ Vout − Vmax > 0.

Thus the strict sublevels, their union, and their intersection in (9.22) are preserved to the past. A
past curve in the added block retains f < 0 until it crosses ta, then enters the unrestricted lower
block. It cannot end at the omitted corner te = ta, f = 0. Unmatched future faces are omitted; the
original bridge is not truncated or replaced by the old datum outside the computing cutoff.

The used portion of S and a matching collar lie within the available margins. Its large positive
endpoint has te ≤ tT +O(1) and bounded co-radius, while the middle and unselected portions are
unchanged. The fixed background surface is still spacelike for the new metric. Its exact comparison
jets and wave-map gauge agree with the deep Cauchy data. In the common background collar,
identify the deep vacuum solution across it, retaining only the strict interior of (P1).

More explicitly its active future cuts are

s < smax, F0 = u+ c0s/T < u2, F1 = v + c0s/T < T + c2, smax = (T + u∗)/2 + c0.

If εT is the exponentially small relative cone error, then du/ds, dv/ds ≥ −CεT and hence

dFi
ds

≥ c0/T − CεT > 0.

The signal point has v = T , u = uT < u∗, with terminal margin at least c0 and strict side margins
by the choice of c0. Past causal paths therefore reach s = 0 strictly inside the attached interval.
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For each finite T all relevant coordinate ranges are bounded and the metric is nondegenerate, so
ordinary continuation handles interior endpoints.

Omit every unused future face and edge from the lower pieces. Their retained neighborhoods at
intersections of cuts are finite unions and intersections of the same past-preserved strict sublevels;
such corners cannot be past endpoints from the interior. Use the identified collars to make the
product gluing of the comparison development, with no duplicate open continuations. This yields
a smooth Hausdorff vacuum manifold. Every past-inextendible causal curve from the experiment
reaches the entry slice and then the complete corrected bridge. Lower pieces have the finite Cauchy
control already proved; bounded speeds exclude escape to infinity in bounded time. The past collar
supplies the other direction of the Cauchy property. Thus Σ is Cauchy, and the maximal-development
theorem embeds this development into the full MGHD of dT .

Finally the fixed earlier compact segment of the background geodesic, through its transverse
entry and back to Σ, lies with a neighborhood in the unchanged region for large T . The backward
entry states from Lemma 9.5 continue through this fixed tube to seeds wT → w by ordinary geodesic
flow dependence. This proves both the attachment and the seed assertion.

9.10 Completion of the finite observation and genericity

Proof of Proposition 9.1. Fix m, η, and J . If a relatively open neighborhood V of d is also prescribed,
choose a finite order mV and ηV > 0 such that the relative ball pmV (d′ − d) < ηV lies in V . Replace
the construction order by m̂ = max(m,mV , 10) and its tolerance by η̂ = min(η, ηV); without
a prescribed neighborhood use m̂ = m and η̂ = η. Make all choices in Subsection 9.8 at this
enlarged finite order. The constrained beam correction gives smooth complete exact vacuum data
dT satisfying (9.16). The ordinary exterior comparison supplies the exact entry jets required by the
deep comparison. Lemma 9.5 gives the strict finite tidal observation and convergent backward entry
states. Proposition 9.10 places the point, its frame, and its geodesic back to Σ in the full MGHD
of dT , with wT → w. Convergence in pm̂ attains both the original tolerance and the prescribed
neighborhood for sufficiently large finite T . The frequency exponent may depend on this enlarged
order; no convergence in all seminorms for one fixed construction is asserted.

Completion of the proof of Theorem 1.2. Use the single base neighborhood constructed in the pre-
ceding sections. Fix O,N , d ∈ B(O,N), a finite m ≥ 10, and a tolerance η > 0. The first-runout
and corner-to-branch arguments give a seed w ∈ O with a noncorner first runout. The closed test
A(O,N) supplies its bounded parallel curvature, whether or not this new branch seed itself has a
regular exit.

Choose a neighborhood of (d,w) on which the bounded-seed tidal comparison has a common
constant C1:

| Riem(U ′, X ′, U ′, X ′)| ≤ C1Qd′(w′, τ) for gd′(X ′, X ′) = 1, gd′(X ′, U ′) = 0.

Indeed parallel transport back to the initial frame gives the explicit factor (1 + 2h′(w′, w′))2,
uniformly bounded near (d,w). Choose J > C1N before constructing the late experiment. Apply
Proposition 9.1 with tolerance smaller than

min
{
η, ϵ− p10

(
d− (h∗,K∗)

)}
.

The second quantity is positive. For large finite T , one has wT ∈ O, dT ∈ Uϵ, pm(dT − d) < η, and,
at the finite point in its full MGHD,

QdT
(wT , τT ) ≥ C−1

1 | Riem(gdT
)(UT , XT , UT , XT )| > N.
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This is exactly the destruction of the closed test required in Section 2. Each relative closure of
B(O,N) is therefore nowhere dense. Their countable union covers the future-extendible data,
proving the stated meagreness and the open-dense-intersection assertion.

We recall why the same ϵ serves all these tests. The physical profile range and depth, computing
depths, ray and horizon margins are fixed first at the given mass and spin. Next come the cylinder
gauges, measuring radii, compact/far absorption scales, fixed overlap times and regions, and the
base-order continuation thresholds for the exterior, entry, and double-null constructions. All resulting
base input conditions on the two ends, bent slices, and finite joins follow from one sufficiently
small p10 threshold. Higher smooth estimates for a particular d have datum- and order-dependent
constants, but arbitrarily small exponential rates obtained by later-time or larger-radius choices,
without higher-order data smallness. The seed family, N , the finite m, branch location, comparison
orders, frequency, formal accuracy, and late time affect only this finite experiment. They do not alter
the base neighborhood. All spin gaps and constants need be positive only for the fixed 0 < a < M ,
as required.

A Far-region geometry and energy estimates
We prove the energy estimate used in Section 6 for a smooth finite slab 0 ≤ t ≤ tend. The structural
inputs are the lab equation and differentiated gauge in Lemma 6.1, and the initial and starting-
annulus bounds in Lemma 6.2. We derive the point estimates needed for the coefficients, then prove
the two multiplier estimates conditional on explicit source budgets. Appendix B supplies those
budgets; the simultaneous exterior closure is proved in Proposition 6.4. The radial weighted currents
follow the method of Dafermos–Rodnianski [17, Sections 3–4], adapted here to the moving emitter
coordinates and the coupled source estimates.

Throughout, smallness of the finite-slab norms is a bootstrap hypothesis; their finiteness follows
from finite-time smooth existence and symbol decay. Constants on superlinear terms may depend
on all fixed scales. Linear constants acting on other far quantities in absorption or finite hierarchies
are independent of both large matching radii. Take R0 beyond all spatial kernels and the transition
where target smoothing reaches its prescribed far form. Comparable smoothed radii use the same
positive acceleration majorant ã on a slightly enlarged sampling interval at that scale.

A.1 Emitter coordinates and the three energy levels

For the calculations in both far appendices we abbreviate Tl, Ce, se, ℓn, δf , τf , lf ,mf ,Mf by
T,C, s, ℓ, δ, τ, l,m,M , respectively, and write X, X̄ for Xg, X̄g. These are the same coordinates,
fields and weights as in Section 6.

In the lab chart put

C(q) = −λ(q), s(q) = C ′(q), t = q + r, z = C(q) + rn, |n| = 1, k = 1 − s(q) · n.

These are smooth coordinates for large emitter radius r, by the small speed and the implicit function
theorem; the radii |x|, |y| of the reduction are comparable to r (the position differences on time
intervals of length O(r) are small times r; use also the contraction defining x). Work with

T = ∂t,lab, L = ∂r|q,n = T + n · ∂z, Z = (S = rL,Ω), ss = −vs, D = T + ss · ∂z,

where Ω are the spherical rotations at fixed q, r. Angular differentiations below can equivalently
use finite smooth frames. Components of tensor fields in all the far wave differentiations are lab
components. Write H ij = gij − ηij , ℓi = (1,−n), and subscript ℓℓ for contraction of upper indices
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with this pair. The lab null contravariant vector corresponding to −ηijℓj is L. Derivatives have the
identities

∂i = ℓiT + r−1biZ = ℓik
−1∂q + r−1(bi − ℓik

−1sdbd)Z;

bt = 0, bdZ = ndS+ a tangential spherical derivative for spatial indices. In particular the q-derivative
of the second good-frame coefficient (before r−1) is proportional to ℓi and of size O(|a(q)|). All
filtered unsmoothed acceleration jets needed below are bounded and decay with at least ⟨q⟩−A/2 on
positive times, by the compact budgets and (5.16), and are zero at negative times. The enlarged
average has

rã ≲ N(1 + t/r)−A/2

by L1 for t ≲ r and weighted Cauchy–Schwarz for t ≫ r. Here and in low point estimates N
can include the data norm, and fixed compact-reaching constants multiplying small quantities are
allowed when such bounds are used nonlinearly. Derivatives of ss of positive order d are O(r1−dã)
in the lab chart; B − η has symbol size O(r−1) there in all the spacetime derivatives. With ordered
commutations (T j first, then ZI) these retain their respective bounds (T a lab derivative, Z scaled
first order); arbitrary re-expansions differentiating emitter frame factors need not gain powers for
additional T ’s. For example Tmn = O(1/r) for finite m ≥ 1, with Z-derivatives allowed.

Use three levels labeled 0, H, P . Their unscaled fields Ui, number of commutations Ni, time
exponents Ai, and outgoing powers pi are

i Ui Ni Ai pi
0 h 9 0 .64
H h 8 1 − η∗ 1 − η∗/6
P ψ = Dh 7 A = 1.36 1.62.

Here η∗ > 0 is sufficiently small, say at most 10−8. Put δ = η∗/100, ν = 10δ, e = .1δ, d∗ = 200η∗.
The strict margins serve different purposes and will be kept throughout:

Margin Use

p0, pH < 1 Initial energy for arbitrary r−1 metric tails
pi > Ai, pi + .1Ai < 2 Positive outgoing bulk and Hardy control
A > 1 Time integrability of the acceleration
2AH > A Weak-field products in the strong equation
pP −A = .26 Radius-uniform pairing with adjoint zero modes

Take
µ = ⟨q/rδ⟩, l = ⟨q/rν⟩, m = (r−1 + l−1)−1, Wi = rpi−Ai(t+ 10r)Ai .

Use time-energy weights, for commutations with j lab times,

wH = r−eµAH ,

wP,j = wH l
A−AHm−(7−j)d∗ ,

w0,j = r−.02mjd∗
− m

−(9−j)d∗
+ .

Here m− is a smooth positive monotone weight in −q/rν comparable to 1 + (−q/rν)+ (constant on
the nonpositive half-line, bounded logarithmic-symbol derivatives); m+ is the analogous weight in
q/rν , capped smoothly by harmonic addition at r as for m. The comparability in this text always
allows fixed constants. Put τ = 1 + t/r. Thus Wi ≍ rpiτAi ; Wi/wi,j ≪ r2−.3, and in particular
wP,j ≳ ⟨t⟩Ar−.025, wH ≳ ⟨t⟩AHr−e−δAH for t ≫ r.
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Our scalar wave unknowns (componentwise) are

χ = ZI(rT jUi), n∗ = |I| + j ≤ Ni.

We write B1χ for its full first derivatives (size comparable to |∂qχ| + r−1|Zχ|), and G1χ = r−1Zχ.
In formulas indicating bounds, lists of fields/derivatives denote their Euclidean size, with sums
over finite components or lower commutations as specified. The main measured quantities, before
specifying a current correction, are

L2(dt dr dω/r) : W
1/2
i (G1χ, χ/r), w

1/2
i,j B1χ,

L∞
t L

2(dr dω) : W
1/2
i G1χ, w

1/2
i,j B1χ

(A.1)

on r ≥ R0. Here dω is round measure of n. In particular the flat good derivatives are included. The
total size F sums these and the extra current norms below; quantities on a starting overlap annulus
a fixed factor farther in, when needed in estimates, can instead use C(R0)KR +Cfix(ein + N2), by the
co/lab comparisons on bounded annuli. Indeed changing u to ψ costs only field-derivative products
with strong coefficient differences such as v(t) − vs there. No supremum of characteristic flux in this
overlap is required from compact estimates. All a priori integrations are for smooth solutions with
finite symbol decay on bounded intervals; or one first truncates at infinity where this decay gives
the limiting estimates. The time-zero energies have the stated orders by the initial symbol controls
(T j costs at least r−j on undifferentiated initial jets, startup flat). For h, even with no lab-time
commutation, pi < 1; for Dh the extra decay easily gives finiteness. Constants on the input may
depend on fixed scales.

A.2 The wave-gauge constraint and weak-null structure

The weak-null organization of the Einstein equations in wave coordinates is due to Lindblad–
Rodnianski [33, Sections 3–5]; see also [34]. The component calculation below records the precise
polarization and weighted source structure required here.

The lab gauge identity on the end gives an improved differentiated constraint. With Γµ(g) =
gabΓ(g)µ;ab (semicolon here separates the lowered first Christoffel index), it is

Γµ(g) = gµσg
abΓ(B)σab + Θµ.

In particular its size is O(r−2). Subtracting the first derivatives of B, the flat linear gauge of h costs
terms with smooth coefficients of sizes

O((r−1 + |h|)∂h) +O(r−2h) + Θ. (A.2)

These are structural product bounds: the first coefficient is smooth vanishing in B − η, h; linear-size
fixed coefficients obey lab symbol differentiation, including the enlarged-average bounds for Θ;
differentiation in h obeys the chain rule. Also the reduced wave equation has the form

gij∂ijh = fh;

its pure-background term is of symbol size O(r−2ã), with D derivative O(r−3ã), and the remaining
terms have sizes/structure

O(r−2∂h+ r−3h) +Qη(∂h, ∂h) +O((r−1 + |h|)|∂h|2). (A.3)
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Here smooth bounded multiplicative coefficients, lab symbol background coefficients as above, and
smooth functions of h are understood in the O’s. Qη is a constant flat quadratic polynomial. On
replacing ∂ih by ℓip with ℓµ(pµν − 1

2ηµνtrηp) = 0, it is a constant multiple of

ℓ⊗ ℓ |Π(n)p|2,

where Π takes the two-dimensional tracefree tangential part on the spatial screen. Thus errors of
this replacement with p = Th use either a good derivative or a factor of the gauge error (A.2). To
check the structure, write Ricci as −1

2g
ab∂abgµν + ∂(νΓµ)(g) plus the products

(∂agab)Γ(g)b;µν − (∂(νg
ab)∂agµ)b + ΓaadΓdµν − ΓaνdΓdaµ.

Substitute the gauge identity. Pure terms at h = 0 are Ricci of the target plus differentiated
compensator terms. In the flat product evaluation the first two displayed products cancel on ℓp as
above. Writing the Christoffel matrices at fixed µ as (ℓµp♯+p♯µ⊗ℓ−ℓ♯⊗pµ)/2, the last two products
then give ((tr p)2/8 − tr(p2)/4)ℓµℓν , as asserted by the constrained-component relation in the flat
null frame. This calculation also works polarized. One can differentiate in lab coordinates first and
project afterwards, or retain (A.2) as an exact error identity; when differentiating projected formulas
each lab differentiation hitting the frame has a factor O(1/r) with bounded emitter jets. Here the
tangent p♯ notation uses flat raising. For completeness, rotate the screen so that n = (1, 0, 0) and
use η = diag(−1, 1, 1, 1), ℓ = (1,−1, 0, 0). The four gauge relations are solved by the six-parameter
matrix

p =

⎛⎜⎜⎜⎝
a b c d
b −a− 2b −c −d
c −c e f
d −d f −e

⎞⎟⎟⎟⎠ .
Consequently trη p = −2(a+ b), tr((η−1p)2) = 2(a+ b)2 + 2(e2 + f2), and

1
8(trη p)2 − 1

4 tr((η−1p)2) = −1
2(e2 + f2) = −1

4 |Πp|2.

Polarization gives the same identity with |Πp|2 replaced by the screen pairing of two constrained
tensors. Thus the quadratic restriction and the projection cancellation remain valid when the two
factors carry different ordered commutations.

We will also use the corresponding projection onto the constrained plane. Define

Gnp = ℓµ(pµν − ηµν trη p/2), p̆ = p− JnGnp,
GnJn = Id, ΠJn = 0.

(A.4)

The matrix calculation shows that Gn has rank four and that every screen polarization occurs in
its kernel. Its restriction to ker Π is therefore surjective; taking the Euclidean right inverse on this
restriction gives a smooth bounded Jn. Consequently Gnp̆ = 0 and Πp̆ = Πp. The four gauge errors
measure exactly the LL, L–screen, and screen-trace components.

A.3 The scalar emitter operator

For a scalar, the emitter operator is

Pgχ := krgij∂ij(χ/r), Pηχ = −2∂q∂rχ+ r−2Asχ,

As = (1 + s · n)(S2 − S) − 2(s · n)(S − 1) + 2sA∇A(S − 1) + k∆S2 . (A.5)
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Here is a direct computation that also records the absence of acceleration terms in the flat operator.
Put σ = s · n and let γ be the round screen metric. The nonzero covariant entries are

ηqq = −1 + |s|2, ηqr = −k, ηqA = rsA, ηAB = r2γAB.

Their inverse and density are

ηqr = −k−1, ηrr = (1 + σ)/k, ηrA = sA/(kr), ηAB = r−2γAB,
√

| det η| = kr2√det γ,

with ηqq = ηqA = 0. In the divergence formula the only coefficient differentiated in q is kr2ηqr = −r2,
which is independent of q. Using ∇As

A = −2σ and ∇Ak = −sA gives

Pηχ = −2χqr + (1 + σ)χrr − 2σ
r
χr + 2σ

r2 χ+ 2sA

r
∇Aχr − 2sA

r2 ∇Aχ+ k

r2 ∆γχ.

Replacing r∂r by S proves (A.5). More generally for an upper-index coefficient J ij , the additional
expression P [J ]χ = krJ ij∂ij(χ/r) consists of

Jℓℓ∂q(k−1∂qχ) +O

(
J

r
(1, Z)∂qχ+ J

r2 (1, Z, Z2)χ+ a(q)
r
Jℓℓ(1, Z)χ

)
, (A.6)

where the other coefficients are smooth bounded functions of n, s(q). This follows from the derivative
formula above (including differentiating 1/r); a derivative of a good-frame coefficient in q has the
extra ℓ contraction. The term with a(q) allows contractions of its components. These identities
apply after lab times have been commuted.

A.4 Spacelike anchors and point estimates

The following estimates are implications of the finite-time bootstrap norms, (A.2), and (A.3); they
do not assume the uniform estimate that will close the bootstrap.

The starting scale can and will always be taken so large that even the inner band radii of the
following auxiliary construction (a fixed constant times Q ≳ R.45

0 ) are in the lab symbol regime
beyond all spatial kernels and all fixed smoothing transitions. No comparison with compact estimates
at radii of this size is used as input for the spacelike observation.

Lemma A.1 (Spacelike anchors). For r ≍ Rf , q ≤ −Rθf/10, θ = .45, the center is zero. On a band
−q ≍ Q, we have

∥ZI(rT jh)∥L2
ω
≲ (ein + Sa)(r/Q)1/2 (|I| + j ≤ 9), (A.7)

allowing fixed input constants; the constant here on Sa is uniform far out. Also the ordinary
unweighted L2

z energy on such a band at fixed t of Minkowski commutations through nine is ≲
(ein + Sa)Q−1/2.

Proof. These anchors will be proved without a characteristic commutator estimate. Up to time
≲ Rf work outside

|z| ≥ t+ cQ+ C1

∫ t

0
((u+Q)Q)−1/2du

with c a sufficiently small fixed band constant, C1 large fixed. Indeed its ratio to Q is bounded
by C

√
RfQ

−3/2 ≲ R
(1−3θ)/2
f = R−.175

f , so the correction is o(Q) uniformly on the band. Bootstrap
unweighted slice energies of h after rotations, boosts, translations and the flat dilation through order
nine by a large constant times (ein + Sa)Q−1/2. The initial norm involves at most ten derivatives of

118



h and at most nine derivatives of its initial normal jet, all controlled by the small initial seminorm.
The squared integral of the leading r−2 first jet outside r ≍ Q is O(Q−1), which gives the claimed
initial energy. Radial integration to infinity gives the commuted fields in L2

ω of size O(|z|−1/2)
times the energy, and sphere sup with two spare rotations. The boundary moves at least as fast
outwards as the outgoing light speeds including bootstrap errors. The lab time multiplier for the
true principal is uniformly timelike and controls full unweighted first derivatives. Here are the
energy error details. Commuting the principal leaves, besides constant linear multiples of lower
flat wave terms (eliminate recursively), terms ZbH ij∂2Zdh, b+ d ≤ 9, d < 9, for the Minkowski list
Z, including index mixing by commutators with derivatives. The first factor is bounded on the
sphere by C/|z| + Cboot(ein + Sa)(Q|z|)−1/2; if high, use only L2

ω on it, placing two extra rotations
on the low second factor. Smooth composition has the same placements. One derivative of the
second factor costs at most C/Q times one dilation/boost/rotation commutation and lower terms
(apply to first derivatives). Derivative-of-principal energy errors and the differentiated quadratic
first-jet terms of (A.3) obey the same product bounds, using the derivative placement with 1/Q
on a coefficient. Linear lower terms with symbol-decaying coefficients do also, by energy/Hardy or
the commuted field bound. For instance a coefficient O(|z|−3) times a high field costs C(t+Q)−2

times the energy at that order. The time integrals of all multiplier losses just described are o(1),
including O(

√
RfQ

−3/2). The pure defect commutations cost CSa|z|−3 pointwise and ≲ SaQ−1/2 in
L1
tL

2
z. This proves the auxiliary bootstrap by the ordinary domain energy inequality. At a spacelike

evaluation band, Z and its iterates can be expanded with bounded coefficients in these commutations
(r(T + ∂|z|) uses the sum of a boost and dilation); the corresponding first-jet statements include
O(1/r) coefficient derivatives. This gives (A.7), uniformly also if the lifespan truncates the band.

In low point estimates on products below we abbreviate a constant times small bootstrap size
by N . This can include fixed input and fixed compact-to-far point constants. When (A.7) is used
on a linear energy error we keep its specified independent bounds instead. Endowing point bounds
with L2

ω means they hold on each sphere.

Lemma A.2 (Radial point estimates). The finite-time norms (A.1) imply

∥χ(h)∥L2
ω
≲ Nr2η∗τ−AH/2 (n∗ ≤ 8),

∥χ(h)∥L2
ω
≲ Nr.52 (n∗ ≤ 9),

∥B1χ(h)∥L2
ω
≲ Nre/2µ−AH/2 (n∗ ≤ 7).

(A.8)

Proof. For t ≲ r integrate to an anchor with r′ ≍ r large enough compared with t, using (A.7); the
integral of w−1

H costs ≲ re+δAH+1−AH . For t ≫ r integrate inward to the fixed starting annulus, using
a compact weighted endpoint anchor there (an average suffices). The top time weight is everywhere
at least a constant times r−.021. For the last estimate take a radial unit trace using the endpoint
bad derivatives also at the next order, and (if undifferentiated terms occur) the first bound divided
by r. In detail, Z, ∂q commute and ∂q(rT jh) = krT j+1h+ r−1sdbdZ(rT jh) +O(r−1)rT jh. Thus ∂2

q

in this trace expands into first derivatives of the next and lower fields with bounded coefficients and
possible r−1 times fields through order eight. The harmless field terms satisfy the required weights,
and first derivatives against wH have a comparable weight throughout the interval. Angular and r|q
derivatives are simpler. This proves (A.8); the compact overlap or one-sided traces suffice near a
radial cutoff. The same convention of two spare rotations gives angular sup versions. In particular
for n∗ ≤ 7,

∥χ(ψ)∥L2
ω
≲ Nre/2µ−AH/2. (A.9)

Use D = (1 − ss · n)T + r−1sdsbdZ, with lab-time commutators of ss taken before expansion, and
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(A.8); rZIT j or ZIrT j field lists are equivalent. All first-derivative versions at one lower order
follow too, up to harmless O(1/r) lower terms.

A.5 Improved null projections

Lemma A.3 (Differentiated null projection). In any bound with a T j on an upper-index tensor,
contract with ℓℓ after those derivatives and then apply the indicated Z’s to the full contraction.

∥ZIHℓℓ∥L2
ω
≲ r−1 +Nr−1+2η∗τ−AH/2 (|I| ≤ 8),

∥ZI(T jH)ℓℓ∥L2
ω
≲ r−2 +Nr−2+8η∗τ−AH/2 (j ≥ 1, |I| + j ≤ 8),

∥∂qZI(T jH)ℓℓ∥L2
ω
≲ r−2 +Nr−2+8η∗τ−AH/2 (|I| + j ≤ 7).

(A.10)

Proof. The first estimate follows by smooth inversion of B + h, the symbol bound on B − η, and
(A.8) through order eight. For the last two, (A.2) after ordered differentiation controls the bad
derivative of hLL, the L–screen components, and the spherical trace of h: (A.8) bounds each good
derivative by

CNr−2+2η∗τ−AH/2,

and products such as H ∂h satisfy the bound as well (lab differentiations may be distributed before
projecting; the highest differentiated ∂h is of total order at most eight and its bad part can use a
T -field). This is just solving the flat gauge on the ℓ gradient using (A.2) and (A.4), using r−1bZ for
the omitted part, or using k−1∂q for the bad derivative. Derivatives of bounded metric compositions
have at most one high sphere factor; inverse contraction differs from the negated flat-raised covariant
perturbation by a smooth quadratic. Θ costs at most Cã/r with ordered derivatives allowed. The
r−2 term at this precision is for the stationary background contribution, not a claimed τ -decay of
all of H.

Lemma A.4 (Tight cone projection and top-order control). Set b = 1 + min(|q|, r). Then

r∥ZIHℓℓ∥L2
ω
≲ 1 (|I| ≤ 8, |q| ≤ 10rθ),

r∥ZI(T jH)ℓℓ∥L2
ω
≲ r−.46 (j ≥ 1, |I| + j ≤ 9),

r∥Z9Hℓℓ∥L2
ω
≲ log r + b1/2r−p0/2 + br−1+8η∗ .

(A.11)

Constants here can be bounded independently of R0 by choosing smallness of the nonlinear quantities
after the radii; equivalently retain background plus O(CfixN) in them.

Proof. The second follows exactly as in (A.10), using the rough r.52 order-nine field bound. For the
others it suffices to prove corresponding covariant hLL estimates: smooth quadratic inverse errors
at order nine after multiplication by r are even O(r−.46).
The constrained radial integral. Keep t, n fixed and integrate the equation for the bad derivative
of Zd(rhLL) from negative q toward the cone. At fixed t this adds a flat good derivative, since
the integration differentiates by ∂q − ∂r. By (A.2) the terms to be integrated have the following
sphere sizes, after distributing Z’s through order d: flat G1χ(h), χ(h)/r; products of B1χ(h), χ(h)/r
with factors from the order r−1 background perturbation or r−1χ(h), with further bounded metric
compositions allowed; and O(ã). Here all χ’s need only spatial-emitter commutations (no lab times);
this follows using ∂i = (ℓi/k)∂q+ good and Z on the full constrained combinations.

Negative-q anchor bands. When t ≍ r, start at −q ≍ r; radii during integration stay comparable
up to a target in t ≍ r. In the spacelike bands −q ≍ Q ≳ rθ, for d ≤ 8 the integral of good terms
costs CN(Q/r)1/2 bandwise by (A.7). Products there are summable as well: a bad derivative in
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these products through that order is bounded using the extra Minkowski commutation with loss
C/Q, giving e.g. O(N/Q) for the quadratic band cost. For d = 9, use the unweighted spacelike-band
slice energy for a highest first derivative, giving O(N) per band; undifferentiated order-nine fields
use (A.7), and in products with a high field the bad derivative now costs 1/Q only on a low factor.

Near the cone. Up through |q| ≲ rθ the remaining integral of G1χ costs ≲ Nr(θ−pi)/2 at the
corresponding H, 0 time-slice orders. For d = 9, χ9/r with nine Z’s uses the WH -controlled G1χ8
on this slice. Products with high B1χ9 use L2

q,ω size ≲ Nr.011 on comparable radii and gain the
factor r−1+2η∗ ; products with χ9/r and low B1χ can use the same G1χ8 bound and (A.8) on the
low factor. All lower undifferentiated terms alone cost at most CNr−1+2η∗ per unit length. These
estimates give tightness for d ≤ 8, at most logarithmic loss for nine.

Longer intervals and timelike evaluation. For evaluation up to length b ≳ rθ they cost at most
the two additional terms of the last bound, using time-slice Cauchy–Schwarz with length b. Targets
with t ≪ r need only (A.7). If t ≫ r, start instead by a length-≍ r local average of Z9(rhLL) on
comparable radii (use the G1χ8 time-slice norm), then integrate the same estimates over this length.
This proves (A.11).

A.6 A uniform bound for the lowest radiative jets

Lemma A.5 (Uniform news bound). On every finite smooth bootstrap interval, the Cartesian
lab-time derivatives satisfy

|rΠTh| + |rΠT 2h| + |rΠTψ| ≲ N. (A.12)

The constant uses only the previously stated low bootstrap, initial, and compact overlap controls.

Proof. Put χj = rT jh, j = 0, 1, and Yj = Πk−1∂qχj . The projection Π depends on n only; k
depends on q, n only. Thus projection of the two leading terms of the scalar emitter operator is
exactly

−2Π∂q∂rχj +HℓℓΠ∂q(k−1∂qχj) = (−2k∂r +Hℓℓ∂q)Yj . (A.13)

We show that every remaining term is bounded by CNr−2+.04. This calculation uses only low
commutations, so it precedes and supplies the undifferentiated supremum used in the high-order
products of Section B.

Choose a temporary fixed ε > 0 larger than the finitely many η∗, e losses in the following bounds,
with 3ε < .04. The sphere estimates in (A.8), with two spare rotations, give

|Z≤2χj | + |Z≤1∂qχj | + |∂2
qχ0| ≲ Nrε, j = 0, 1.

For the last term, use ∂q(rT jh) = krT j+1h + sdbdZ(T jh), differentiate once, and commute ∂q
through Z. This leaves first derivatives of the next and lower fields, r−1 times good derivatives, and
a(q)∂qχ0. The largest field count in the displayed point estimates, including the two rotations, is at
most j + 2 + 2 ≤ 5; the unit trace for a bad derivative uses one further order, still below the weak
cap NH = 8. Also

|H| ≲ r−1 +Nr−1+ε, |Hℓℓ| ≲ r−1+ε, |a(q)| ≲ N.

The angular term r−2ΠAsχj is therefore O(Nr−2+ε). The three remainder types in (A.6) have
bounds

|H|
r

|(1, Z)∂qχj |,
|H|
r2 |(1, Z, Z2)χj |,

|a(q)Hℓℓ|
r

|(1, Z)χj | ≲ Nr−2+2ε.

In particular no uncontrolled radial power accompanies the acceleration. One also has

r|a(q)Hℓℓ| ≲ 1,
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by (A.11) near the cone and the decay of a(q) away from it.
For j = 1, commuting the Cartesian derivative T through the physical wave operator introduces

−P [TH]χ0. The full coefficient obeys TH = O(r−2) +O(Nr−1+ε), whereas (A.10) gives

(TH)ℓℓ = O(r−2) +O(Nr−2+ε).

Thus its two-bad part, (TH)ℓℓ∂q(k−1∂qχ0), is O(Nr−2+2ε). The mixed part has the additional r−1

in (A.6); its good and acceleration parts are smaller. It is the improved double contraction, rather
than an improved bound on every component of TH, that is needed.

For the quadratic source, polarize the constant Cartesian polynomial before projecting. In
particular TQη(∂h, ∂h) = 2Qη(∂Th, ∂h). For hi = T ih, i = 0, 1, write

∂αhi = ℓαp̆i + Eαi, ℓµ
(
(p̆i)µν − 1

2ηµν trη p̆i
)

= 0, Πp̆i = ΠT i+1h.

Take p̆i from (A.4) with p = T i+1h. The good derivative terms and (A.2), differentiated once in
Cartesian lab time when i = 1, give |Ei| ≲ Nr−2+2ε. For example the differentiated gauge error
contains (Th)∂h, of size O(N2r−2+2ε), and not a term of order r−1. The constrained–constrained
polarization is a multiple of ℓ ⊗ ℓ and is annihilated by Π. Every other quadratic term has one
Ei and one full first jet of size O(Nr−1+ε); after the physical-source factor r, it is O(N2r−2+3ε).
Differentiating an already expanded frame instead gives Tℓ = O(r−1) and the same suppression.
The vanishing-coefficient quadratic terms in (A.3), including their single T derivative, also satisfy
this bound. The linear lower terms are O(Nr−2+ε), and the pure defect costs r−1ã ≲ Nr−2. We
have proved

|(−2k∂r +Hℓℓ∂q)Yj | ≲ Nr−2+.04. (A.14)

At fixed n, this transport direction has strictly decreasing lab time, with dr/dσ = −2k < −c and
dt/dr = 1−Hℓℓ/(2k) = 1+O(r−1+2η∗). Its backward integral curve reaches t = 0 or the fixed-radius
starting region and stays within the current finite lifespan. Since

∫∞
R0
r−2+.04 dr < ∞, the initial

symbol bounds and compact low point bounds control Yj by CN . The displayed identity for ∂qχj
converts this to the first two terms of (A.12), the additional term being good. Finally differentiate
ψ = (1 − ss · n)Th+ r−1sdsbdZh once in lab time, taking the lab derivative before expanding the
frame. It gives rΠTψ = (1 − ss · n)rΠT 2h plus good-frame and ã terms bounded by the same low
estimates. This proves the last term of (A.12).

A.7 True null directions, spacelike caps, and corrected currents

We now construct the energy currents and specify the source norms that they require. Let X, X̄
in this calculation denote the true outward/inward future null normals to the emitter spheres,
normalized by dt = 1, and G = −g(X, X̄) > 0. These are algebraic smooth functions of g, n
near flat, with components in the lab chart, independent of s(q) given those arguments. They are
O(r−1 + |h|) away from the corresponding flat normals. With zX = n ·Xz, one has Xq = (1−zX)/k,
bounded in size by a constant times

dg = |Hℓℓ| + |H|2.

Indeed the linearization of the radial speed on the outgoing root costs just the LL covariant variation.
Also Xr = 1 − Xq. The estimates above imply dg ≲ r−1 for |q| ≤ 2rθ, dg ≲ r−1+2η∗ elsewhere.
Thus we can use global spacelike caps u = u, where for example

u = q +
∫ r

R0/2
[ρδ−1 + ρ20η∗−1j(|q|/ρθ)] dρ,
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with j = 1 above 2 and zero below 1, a smooth transition. One has ∂qu = 1 + o(1), Xu > 0, X̄u >
c0 > 0 for R0 large, and |u − q| ≲ rδ + |q|20η∗/θ. The induced changes between rδ + |q| and rδ + |u|
are comparable. No angular component of du on the spheres occurs. Fix

M = r.72µ−AH j0(q/r), K = 1 + r−1
∫ ∞

q
M(q′, r) dq′,

with j0 nonnegative, one on [−1, 1], zero outside [−2, 2], smooth. Then K = 1 + o(1), r|XK| = o(1),
−rX̄K ≳M−o(1). Indeed the integral costs o(r) with the same bounds after r∂r|q, and MXq = o(1).

For each equation a specified scalar current correction P will be used (possibly zero), with

∂q = αX̄ + a combination of X, eA, c = Gα

2k , ϑ = −g(X̄, ·)/G, ξ = dχ+ cPϑ.

Here eA is a g-orthonormal screen, the indicated coefficients are bounded, and α = (zX −s ·n)/(zX −
zX̄). Complete the definition of F by including

∥(Wi(1 +M))1/2ξX∥L2(dt dr dω/r) + sup
u

∥W 1/2
i ξX∥L2(dr dω; u=u) (A.15)

out to the current time. Only the directional component, not M1/2 times the uncorrected good
frame, is required with the extra M .

Use the notation ∥·∥b here just for L2(dt dr dω/r). The source splitting in the outgoing multiplier
may be written

Pgχ = λ1Lχ/r + fflat + ∂qP + fr + fmix, (A.16)

where λ1 ≥ 0 is bounded and the flat triangular terms are specified below. In the lab-time multiplier
we keep the whole raw source fraw (after the first two terms). The budgets to estimate for each
level are

∥W 1/2
i (P, ZP, rdg ∂qP)∥b + sup

t
∥W 1/2

i P∥L2
r,ω
,

∥(Wi/(1 +M))1/2rfr∥b + ∥w1/2
i,j rfraw∥b.

(A.17)

For fmix, supported where t ≲ r, an alternative charge on each dyadic shell r ≍ Rf is as follows.
Suppose

∥rfmix∥L2
ω

≤ lRf
(u) T (t, r), sup

t
∥T (t, ·)∥L2

r
≤ Einfield.

The corresponding mixed budget is∑
Rf

R
(pi−1)/2
f ∥lRf

∥L2(du)Einfield. (A.18)

To see the shell power, pair the source with WiξX using measure comparable to dt dr dω. Cauchy–
Schwarz on each outgoing cap and then in u gives

CR
pi/2−1
f sup

u
∥W 1/2

i ξX∥L2(u=u)∥lRf
∥L2(du)

(∫
t≲Rf

∫
T (t, r)2 dr dt

)1/2

.

The last factor is at most CR1/2
f Einfield, producing exactly the stated charge. Positive sums of such

charges are allowed.
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Proposition A.6 (Far energy reduction). Assume that each equation has the splitting (A.16), and
that its correction, raw, remainder, and mixed budgets satisfy, in the triangular order specified below,
bounds of the form

oR0→∞(1)(F + Sa) + C
∑
prior

Fprior + C(R0)KR + Cfix(ein + N1+c1) (A.19)

for fixed c1 > 0. Assume also that the corrections have initial weighted energy and averaged starting-
annulus costs bounded by the initial and overlap terms in (A.19); the annular norm is the compact
weighted L2 norm. Then the two energy multipliers give

F ≤ o(1)(F + Sa) + C(R0)KR + Cfix(ein + N1+c2) (A.20)

(with c2 > 0, allowing analogous small input bootstrap errors). It suffices also to take tunably small
uniform coefficients on F in this argument. A convenient prior order for linear terms is: level P
before the h hierarchies, within a level lower total orders first, more lab times first at fixed total
order, and then fewer S’s first. Small radius gains and perturbative nonlinear effects may cross this
order. Norms aggregated at equal indices are treated together.

Proof. Claim 1: the corrected divergence identity. Use volume r−2dvolg, comparable to
dt dr dω; prime on a divergence indicates this density. The normalized equation for div′(dχ)♯ differs
from Pgχ/k by a first-order coefficient O(r−2) (contracted Christoffels) and a potential of size

O(r−2)O
(
|s(q)| + |H| + r|a(q)Hℓℓ|

)
.

The latter follows from (A.5), (A.6) on a constant and is small times r−2, by (A.10), (A.11) and the
acceleration decay. Write Q(ξ) = ξ ⊗ ξ − g−1(ξ, ξ)g/2. For a multiplier Y the primed divergence
identity has deformation part

g(∇ξ♯Y, ξ♯) − 1
2div′Y g−1(ξ, ξ)

and other terms ξY div′ξ♯+dξ(ξ♯, Y ). Use Y = WiKX and factor out its scalar weight. To calculate
the correction, write F = cP. Since ϑ♯ = −X̄/G, we have

ξ♯ = −ξX̄
G
X − ξX

G
X̄ + ξ♯scr, ϑ(X) = 1, ϑ(ξ♯) = −ξX̄/G.

The differentiated-F contribution from divergence is −G−1ξXX̄F . In the curl contribution the term
−G−1ξX̄XF from dF (ξ♯) cancels −dF (X)ϑ(ξ♯) exactly. The sum is therefore

−2G−1ξXX̄F + ∇scrF · ξscr.

Since 2c/G = α/k, this cancels the indicated source component with its exact sign. When the
derivative falls on ϑ, the divergence term is proportional to ξX , while in F dϑ(ξ♯, X) the ξX̄ part of
ξ♯ vanishes by dϑ(X,X) = 0. Thus no remaining correction term from divergence or curl involves
ξX̄ . They are bounded, without the weight, by

Cr−1[|ξX |((1 +
√
M)|P| + |ZP| + rdg|∂qP|) + |ξscr|(|P| + |ZP|)

]
.

To check coefficients, first derivatives in a good true direction of g, n,X, X̄ in lab components cost
O(1/r); first unrestricted derivatives cost O((1 +

√
M)/r), by (A.8) and the frame formulas. The

same estimates apply to ϑ, in particular to dϑ(eA, X) and dϑ(X̄,X), respectively. Screen derivatives
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of c cost O(1/r); for X̄c the extra dependence on s(q) uses α/k = (1 + (zX − 1)/k)/(zX − zX̄), hence
r|a(q)|dg ≲ 1. Also ∂q − αX̄ differentiates P by true good directions, giving the rdg allowance.

The outgoing deformation has a lower bound of a positive constant times
Wi

r

(
(1 +M)|ξX |2 + |ξscr|2

)
(A.21)

up to small errors in the joint estimates. For details, the derivative of WiK alone gives

−G−1X̄(WiK)|ξX |2 − 1
2X(WiK)|ξscr|2.

Here −rX̄Wi/Wi is positive with fixed margin (each pi > Ai), and rXWi/Wi < 2 with fixed margin.
The following frame estimates check the remaining deformation:

g(X,∇YX) = 0,
g(eB,∇eAX) = δAB/r +O(r−2+.04),
g(eB,∇XX), g(X̄,∇XX) = O(r−2+.04),
trscr∇X − 2Xr/r = O(r−2+.04).

Indeed differentiation of the algebraic normals in X gains Xg = O(r−2+.04), Xn = O(r−2+.04);
spherical differentiation gives the ordinary flat expansion, and Christoffels with the displayed
slots use good derivatives or the improved first derivative of gLL from (A.10), to the precision
indicated. The other components of ∇X, after subtracting the flat emitter ones of order 1/r, cost
O(r−2+.04) +O(N

√
1 +M/r). Any non-small flat off-expansion components relevant to cross terms

between ξX , ξscr or to ξ2
X here cost only O(|s|/r) (for the flat L, incoming variation of n is O(|s|/r)).

Consequently the potentially two-bad square vanishes exactly by nullity, mixed terms involving the
bad derivative have coefficients O(r−2+.04), and the screen expansion supplies the missing positive
WiK|ξscr|2/r. For example the square of a mixed coefficient, relative to the two positive bulk
weights, is bounded by r−2+.08Wi/wi,j ≲ r−.22. We absorb mixed bad terms using Wi/wi,j ≪ r1.7;
other cross terms use smallness and (A.21). Here ξX̄ = X̄χ.

The favorable volume sign is positive with the future energy convention (time endpoint energy is
subtracted at positive divergence). Integrate on slabs cut off either just by a time endpoint or also
by an outgoing cap. All future endpoint stresses in this argument are nonnegative as energies. At a
time endpoint the outgoing one controls Wi times |ξX |2 + |ξscr|2; at u = u it controls Wi|ξX |2 dr dω.
To verify the latter with its measure, du has no screen component, so a future normal is

−∇u = X̄u

G
X + Xu

G
X̄.

The flux density after the coarea Jacobian is, up to the uniformly comparable primed volume factor,

WiK

∂qu

(
X̄u

G
|ξX |2 + Xu

2 |ξscr|2
)
dr dω.

Here ∂qu ≍ 1, X̄u ≥ c0 and Xu > 0. This proves the uniform lower bound required in (A.15), even
when Xu tends to zero at infinity. The starting radial flux costs are estimated by averaging the
lower radius in [R0/2, R0] and using the stated compact comparisons. The Hardy control of χ/r in
(A.1) follows within this argument: div′X = O(r−2+.04), so integrate div′(WiX|χ|2/r2), using the
negative strict leading derivative of Wi/r

2; only past/radial anchors are charged and Xχ = ξX − cP .
In detail, X log(Wi/r

2) ≤ −ϵi/r for some fixed ϵi > 0, and hence

div′(WiX|χ|2/r2) ≤ −ϵi
2
Wi|χ|2

r3 + 2Wi

r2 χXχ.
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Young’s inequality bounds the last term by half the displayed negative bulk plus CiWi|Xχ|2/r.
Future boundary terms of this scalar current are nonnegative with the energy convention, so the bulk
W

1/2
i χ/r norm is bounded by the good bulk, the correction budget, and the past and radial anchors.

Conversion from true corrected good derivatives to the flat G1 in bulk and at time endpoints
similarly charges (A.17) and a small amount of bad energy (d2

gWi ≪ wi,j); it is not needed on
outgoing caps. The pointwise comparison behind this step is

|G1χ| ≤ C(|ξX | + |ξscr| + |P|) + Cdg|B1χ|.

The screen bases span the same emitter sphere. The coefficient of the incoming derivative in
the difference between L and X is O(dg); all other difference coefficients are O(|H|). Since
d2
gWi/wi,j ≲ r−.3+4η∗ , the last term is small in both the spacetime and the time-endpoint norms.

The correction terms at time endpoints use the supremum in (A.17). The first-order and potential
differences from Pg/k listed above are absorbable by these estimates. Also ξXλ1Lχ/(kr) has good
sign up to such conversions (its P part costs (A.17), not claimed small by sign). The remaining
wave source terms use exactly (A.17), (A.21) and the mixed entry.

Claim 2: the lab-time multiplier controls the bad derivatives. For the lab-time multiplier
wT , w = wi,j , use the uncorrected Q(dχ). Its endpoint energy controls the full bad-weight cap
on time slices. In the deformation, the two-bad coefficient from LT g is improved by (A.10); bad-
good mixed errors from metric/density differentiation are absorbable since w/Wi has a strict
negative radial power and r|∂g| ≲ r−1 +Nre/2µ−AH/2 at the required first order. More explicitly
wH/WH ≲ r−e−(pH−AH), and the gaps at the other two levels are larger. The weight-derivative part
is

−G−1(Xw)Q(dχ)(X̄, T ) −G−1(X̄w)Q(dχ)(X,T ).

We have rXw/w < −e/2: differentiate explicitly, using the tight Xq = O(1/r) near |q| ≲ rθ and
the looser bound elsewhere. Possible adverse log derivatives from m−d or m−d

+ in the radial powers
are at most 9d∗ν; top m− is favorable at fixed q < 0. Thus we gain the two-bad bulk with a
fixed margin. Adverse X̄w at top is at most Cw/r by q-monotonicity; at strong level it is at
most Cw((rδ + |q|)−1 + r−1) ≪ WP /r. At weak level the same absorption into WH/r holds except
0 ≤ q ≤ r.3; indeed 1 − pH < .3(1 −AH). Here and in this multiplier conversions charging (A.17)
are understood.

On the exceptional weak-weight range use G1χ = r−1Zχ, where the undivided Zχ is a field of
total order at most nine. At r ≍ Rf , uniformly from q = −Rθf to R.3f at fixed t ≍ Rf , (A.7) and the
top w0,j-endpoint give the squared sphere bound

∥Zχ∥2
L2

ω
≲ (ein + Sa)2R1−θ

f + F2Rθ+.021
f .

On the shell the bad exceptional integral for the flat good derivatives therefore costs at most

C(ein + Sa + F)2R
−1+.3+max(1−θ,θ+.021)
f .

The true-minus-flat derivative contribution is absorbed directly by wH bulk with the extra d2
g. The

exponent is explicitly −1 + .3 + max(.55, .471) = −.15. Thus these shell costs are summable with
radius gain, explaining why no extra positive-q weighted bad flux is required at the weak level. All
raw wave sources in this multiplier now use (A.17); the signed leading term in (A.16) just uses the
flat good/bad weight gap here.

Claim 3: the flat commutators are triangular. To specify the flat terms, commute Z after
lab differentiations, eliminating Pg at lower orders; separate the P [H] commutations, including
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any scalar commutator multiples of it, into the nonflat sources below. The flat recurrence is
PηS = (S + 1)Pη + r−2As; rotation commutator errors are r−2O(s)(1, Z, Z2). Thus each S count
contributes +(1 + s ·n)Lχ/r from the pure S2 leading term on the right, giving λ1 in (A.16). Terms
where extra rotations differentiate its s-dependent coefficient can instead be counted as O(s). All
remaining size-one terms in fflat cost, after multiplication by r, good derivatives/field-over-radius of
lower orders or of the same order with fewer S’s, with unchanged j; feedback terms at this precision
have O(s) coefficients. In particular a pure r−2χ term at the same order from a commuted S uses
r−1χ = Lχprior. This proves their triangular acceptability.

Claim 4: the boundary costs use the stated inputs. In this argument entries involving
the outer cap supremum need only be estimated beyond R0. In the averaging annulus of the
initial radial cutoff all field bulk/time-slice controls can instead use the compact estimates with
constants depending on R0, which have full mixed orders there. For instance every common principal
commutator puts order at most Ni+1 on the differentiated field (one lower commutation count before
the two wave derivatives); in the D-equation an additional order-two term on h uses at most nine
derivatives but carries either a parameter acceleration coefficient or a strong field derivative. Thus
field source/current products there can use ordinary time-weighted Sobolev estimates off trapping,
not an outgoing cap input on the overlap. On linear pure-defect forcing involving acceleration alone
one keeps the direct far ã bound with its same radius gain on Sa, not a large overlap coefficient
times Sa. The required direct source estimate is proved in Section B. The surface cutoffs themselves
can be selected by averaging against the full time annular bounds, irrespective of the outer cap
used. Divergence integrations at infinity can also first take a sequence of radial truncations at
each bounded time range; ordinary high symbol decay there suffices on the raw jets (with pH < 1,
and an extra decay power for the strong field), and the displayed cap/bulk bounds on the specific
corrections, or their bounded-time symbol estimates, suffice for correction fluxes.

Claim 5: finite hierarchical absorption. Add the two multiplier estimates with fixed coercive
relative factors, use Hardy and the true-to-flat conversions, and take separate suprema over the
endpoints. Enumerate the finitely many blocks in the stated prior order as 1, . . . , J and let Ek
denote their full norms. After Young’s inequality each block has an estimate of the form

E2
k ≤ ϵ(R0)

J∑
l=1

E2
l + C

∑
l<k

E2
l +B2,

where B is the nonhierarchical right-hand budget in (A.19); the same argument applies to tunably
small uniform errors. All size-one constants C and the number J are independent of the two large
matching radii. Choose fixed positive weights ak decreasing so rapidly that C

∑
k>l ak ≤ al/4 for

every l. Summing akE2
k absorbs every prior-order term. Only after these weights have been chosen

do we enlarge R0 so that ϵ(R0)
∑
k ak ≤ 1

4 mink ak. The resulting weighted norm is equivalent to
the finite sum defining F, with constants independent of the matching radii, and its square root
gives (A.20). Small multiples of any same-time right hand budgets in the bootstrap can be kept
on the right before combining all levels. Compact boundary/source squares costing C(R0)K2

R are
harmless with these conventions. The source hypotheses are verified in Section B, yielding (B.7).
This proves the stated energy reduction.

B Far-source estimates and uniform coupling
We verify all source and current-correction hypotheses of Proposition A.6 for the lab equation of
Lemma 6.1 and its differentiated D equation, on an arbitrary smooth finite slab. In particular
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the background coefficients have the stated symbol and D gains, the exact lab gauge gives the
differentiated weak-null polarization, and Lemma 6.2 supplies the initial and overlap bounds. The
quantities from Section A, including the news estimate (A.12), are consequences of the same small
bootstrap used here. They are not assumptions about an already global evolution. We write N for
a fixed multiple of the total bootstrap size, allowing also the input size in this coefficient. The three
target levels are (Ui, Ni) = (h, 9), (h, 8), (ψ, 7) for i = 0, H, P respectively. The coefficients, source
splittings and current corrections below are always expressed in Cartesian laboratory components
before conversion to the emitter frame.

The source budgets are (A.17) and the mixed charge (A.18), with the bulk measure ∥ · ∥b =
L2(dt dr dω/r) from Section A.7. For each equation, P is the sum of its corrections with their actual
signs. The mixed charge uses only the corrected ξX cap in (A.15); it requires no M -weighted bound
on an arbitrary uncorrected good derivative.

B.1 Ordered derivatives and weight comparisons

For a target level i and |I| + j ≤ Ni, write χiIj = ZI(rT jUi) for the corresponding unknown of
Section A.1. Positive sums over spatial-emitter words up to length b, with fixed lab-time count j,
will be used; define lists, or sizes of lists, by

V U
bj = |Z≤bT jU |, GUbj = V U

b+1,j ,

BU
bj = GUbj + rV U

b,j+1, U = h, ψ.
(B.1)

A superscript can equally be the level used. These letters with derivative indices do not denote the
target or its velocity. In bulk W 1/2

i Gibj , w
1/2
i,j B

i
bj are controlled by (A.1) with spatial counts ≤ b. In

uses of the time-slice cap, Bi
bj is bounded by C

∑
|I|≤b |B1χIj | plus CV i

bj ; we will charge the latter
separately there. Similar statements hold for G with G1. These facts follow by commuting Z at
fixed ∂q, using the first derivative formulas. Point entries on spheres, in L2

ω, include

V h
bj ≲ Nr−1+2η∗τ−AH/2 (b+ j ≤ 8),
V h
bj ≲ Nr−.48 (b+ j ≤ 9),
Bh
bj , rV

ψ
bj ≲ Nw

−1/2
H (b+ j ≤ 7),

Bψ
bj ≲ Nw

−1/2
H (b+ j ≤ 6).

(B.2)

Use (A.8), (A.9) (including expanding one more lab T before the Z’s for the last bound). Two
additional rotations give sup versions. In particular low Gh has the bound of the first line, and low
bad entries of either field have size ≲ N

√
1 +M .

Some comparisons used below, for large r, are
Wi

wk,j
≲ rpi+.021τAi−Ak , wi,j ≲Wi,

wP,j
wH

≲ lA−AH ,
wH
wP,j

≲ l−(A−AH)+7d∗ ,

w0,j
wH

≲ r−.018µ−AH .

(B.3)

Write mcone for the weight m = (r−1 + l−1)−1 of Section A, to distinguish it from derivative counts
denoted by m below. For i = 0, P ,

√
wi,j/wi,j′ ≲ m

9d∗/2
cone , and for j′ = j + 1 the bound is Cm−d∗/2

cone .
Indeed q ≥ −r, m−m+ ≍ mcone. On |q| ≤ Crν weights within each level are equivalent in j, and
wP,j ≍ wH . Outside |q| ≤ rν ,

w
−1/2
H ≲ r(e−(ν−δ)AH)/2l−AH/2.
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We use without further comment rã ≲ Nτ−A/2, |a(q)| ≲ N⟨q⟩−A/2 as coefficient bounds. When
|q| ≳ rθ, θ = .45, both m

−d∗/2
cone and l(−(A−AH)+7d∗)/2 gain more than r−3η∗ .

Two useful bad-commutation comparisons, with c0 any bounded smooth coefficient of n, s(q),
are

|∂q(c0∂qχ
i
Ij)| ≲Bi

b,j+1 + r−1Bi
b+1,j + |a(q)|Bi

bj , b = |I|,

Bh
b,j+1 ≲Bψ

bj + r−1 ∑
i′≤j, b′+i′≤b+j+1

Bh
b′i′ .

(B.4)

Indeed ∂q(rT jU) = krT j+1U + sdbdZT
jU and Z commutes with ∂q. For the second line express

T j+1h = (1 − ss · n)−1
(
T jψ − r−1sdsbdZT

jh

−
∑
i′<j

ci′j (T j−i′sds)∂dT i
′
h
)
,

(B.5)

and likewise for T j+2h, using the smoothing bounds. For example Z≤bsdsbdZT
j+1h from the latter

identity after multiplication by r costs Cr−1Bh
b+1,j (here derivatives distribute on the expression).

Extra Z’s on all bounded coefficients cost at most constants. Constants ci′j are combinatorial.

B.2 The complete source catalogue

Proposition B.1 (Complete far-source estimate). For each commuted equation on such a finite
slab, the sum of its budgets (A.17), together with its mixed charges (A.18), is bounded, for some
fixed c1 > 0, by

oR0→∞(1)(F + Sa) + C
∑
prior

Fprior + C(R0)KR + Cfix(ein + N1+c1). (B.6)

The finite prior order is: level P before the two h hierarchies; within each level lower total order
first, then more laboratory times at equal total order, then fewer dilations S. Equal-index norms are
aggregated. The constants on prior far quantities are independent of both matching radii. Small
radial gains and nonlinear bootstrap products may cross this order. After fixed finite hierarchical
weighting, Proposition A.6 therefore gives, for some c2 > 0,

F ≤ oR0→∞(1)(F + Sa) + C(R0)KR + Cfix(ein + N1+c2). (B.7)

The initial and starting-annulus correction costs satisfy the same bound. In particular the pure
acceleration defect on the starting annulus has its direct small radial coefficient on Sa.

The following ledger identifies the origin and destination of every term. The numbered claims
retain the coefficient placements, corrections, and endpoint estimates needed for each row.
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Source Derivative placement Outgoing treatment Raw and boundary checks

Principal
commutators

Coefficient counts ≤ 5,
≥ 6; exceptional count
9

Currents, direct gain, or
mixed caps according to
the placement

(B.4)–(B.9); Claim 1

Additional D
commutators

Seven target counts;
Bh through eight

Projected gain and
acceleration currents

(B.11); Claim 2

Pure background
defect

Symbol derivatives at
every base level

Direct averaging gain,
also on the starting
annulus

(B.15); Claim 3

Linear and
suppressed products

Nine counts for h;
eight h counts or seven
mixed counts for the
strong equation

Radial suppression in
both bulk weights

(B.16); Claim 3

Leading screen
quadratic

h levels through Ni;
strong correction
through eight Bh

counts

Mixed cap for h; current
(B.20) for ψ

(B.17)–(B.20); Claims 4–5

Correction
boundaries

Same time weights;
strong products use
2AH > A

Sum signed corrections
before forming ξ

Initial symbols and off-trap
overlap; Claim 6

Proof. We verify the catalogue in six claims. Coefficients denoted by N are bootstrap/input factors,
so NF is nonlinear. The pure background symbol bound B − η = O(r−1) has no such smallness
factor. All wave equations and laboratory derivatives are taken before the emitter decomposition.

Claim 1: common principal commutators. We first derive the common source forms, then
estimate their raw and outgoing budgets separately. The distinction is necessary because the
outgoing correction avoids one bad derivative, whereas the raw budget uses the derivative hierarchy
directly.
Source forms and sphere placements. After the flat recurrence in Claim 3 of the proof of Proposi-
tion A.6, every such term is as in (A.6) applied at lower indices ℓ = (b′, j′), with coefficients

Ch = Zd(TmH)ℓnullℓnull , Jh = Z≤dTmH.

Here ℓnull = (1,−n) (the same ℓ as in (A.6)); the contraction is inside the Z’s. A length written as
an exponent allows any word of that length. The indices, for a target total order n∗ and time count
j, have

j′ = j −m, n′ + b0 ≤ n∗, n′ < n∗, n′ = b′ + j′, b0 = d+m.

More explicitly the bad term has the form

Ch∂q(c0∂qχℓ) (B.8)

where c0 is as in (B.4), and spatial counts on χℓ can be smaller. The other terms, multiplied by r,
cost

C|Jh|(Bi
b′+1,j′ +Gib′+1,j′) + Cr|a(q)Ch|Gib′j′ . (B.9)

These are bounds term by term, allowing sums and bounded coefficients. Indeed lab commutation
first gives P [TmH] on rT j

′
U if m ≥ 1. In the Z commutations use Pg = Pη + P [H]; differences

from the flat recurrence differentiate (A.6) by Leibniz (including a scalar multiple from each dilation
recurrence), with highest second derivatives on the field cancelling. In particular there is no
differentiation of the projector outside the full differentiated contraction in (B.8); differentiations of
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k−1 by Z stay inside ∂q. The mixed and spatial second derivatives and all lower terms obey (B.9).
The a(q) terms there only differentiate s-dependent frame factors, with the double contraction of
(A.6).

Products in these formulas and their estimates below use sphere L2
ω on a coefficient if it is high,

moving two extra rotations to a low companion; otherwise we use coefficient sup with spare rotations.
For Jh, Ch one may use the latter when b0 ≤ 5; when b0 ≥ 6 there is room since n′ + 3 ≤ n∗. The
composition sphere bounds follow by the ordinary chain rule with at most one highest factor not in
sup. Write Lh for the bound of r|Ch| with the indicated placement. For b0 ≤ 8 (without increasing a
high index) it is O(1 +Nr2η∗), tight O(1) on |q| ≤ 10rθ, and O(r−1+8η∗) if m ≥ 1; these use (A.10),
(A.11), with smallness taken after any fixed bootstrap constants. For b0 = 9 use the sphere bounds
of (A.11) exactly. Now (B.9) costs an acceptable amount in both raw bulk weights of (A.17), even
ignoring the 1 +M denominator. Indeed Jh costs r−1+2η∗ to order eight or r−.48 at nine (then the
target is level 0). Use (B.3). Also Lh|a(q)| ≲ N by the tightness and decay split, except possibly
at nine; there use GHb′j′ with WH on the low field, so (W0/WH)1/2 and a(q) decay give the same
sufficiency by (A.11).
The raw time-multiplier budget. Estimate (B.8) without splitting, namely Lh times the first line of
(B.4) with target square weight wi,j . For m ≥ 1 it is small by (A.10), (A.11) and (B.3), including
the j-transfer. It remains to treat m = 0. At levels P, 0, except b0 = 9, the Bb′,j+1 term costs prior
norms: Lhm

−d∗/2
cone is bounded by tightness and the outer mcone-gain. The other two terms are small

by 1/r and a(q).
At level H instead use both lines of (B.4); Bψ

b′j has total order at most seven, and
Lh(wH/wP,j)1/2 ≲ 1. Angular placements respect this order, and level P is prior.

The exceptional coefficient count b0 = 9 occurs only at level 0 and has a low input. Use the
same conversion: (B.3) gives Lh(w0,j/wP,j)1/2 ≲ 1, since the logarithm of (A.11) is offset at small
|q|, and the term (1 + min(|q|, r))1/2r−p0/2 is offset too (use µ−AH/2l(−(A−AH)+7d∗)/2 at large |q|).
Similarly Lh|a(q)|(w0,j/wH)1/2 ≲ N ; the r−1 terms are small directly.
The outgoing budget with a current correction. If b0 ≤ 5, or if the target is level P , use the correction

P = Chc0∂qχℓ

for (B.8), with its actual sign/factor. Corrections for different terms are always summed. The
remainder differentiates Ch by ∂q, so the bound after multiplying by r uses (A.10), cost r−1+8η∗ ,
against B1 in the field; this is small in (A.17) by (B.3). For the correction norms Ch, ZCh cost at
most O(r−1+2η∗), and when Z hits the field n′ + 1 ≤ n∗. In the term rdg∂qP one has rdg ≲ r2η∗

and uses (B.4). Thus all its bulk costs are small too; its time cap uses B1χℓ alone and is small.
Sphere placements for b0 ≤ 5 take ∂qCh, ZCh with two extra rotations, allowed in (A.10).
The outgoing budget with a high coefficient. It remains to treat b0 ≥ 6 at levels 0, H, without a
current correction. If m ≥ 1, the same raw bound as before, now using Wi/wi,j′ or Wi/wi,j′+1,
works with strict gain by (A.10), (A.11).

If m = 0, use (B.4) in full, including the two extra rotations on the low input. The terms with
r−1 have strict gain by (B.3). Thus it suffices to bound Lh times cap/bulk derivatives B1 of low ψ
fields, and Lh|a(q)| times B1 of low h fields. Indeed the V pieces in the cap comparison above can
instead use (A.1) bulk with WP ,WH respectively, by (A.11) (as for (B.9), and Lh(Wi/WP )1/2 ≪ 1).
All low orders used here fit even with two extra rotations.

On the timelike region t ≫ r, the bad bulk weights of levels P,H suffice for the B1 costs with
gain: use wP,j ≳ tAr−.025, Wi ≍ rpi−AitAi , and wH ≳ tAHr−e−δAH with |a(q)| decaying; the extreme
b0 = 9 only occurs for W0.
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On the remaining region t ≲ r, r ≍ Rf , use the mixed entry with lRf
equal to the bounds in

(A.10), (A.11) for Lh(w−1/2
P,j + |a(q)|w−1/2

H ), supremized at fixed u on the shell. Weights and power
thresholds may use Rf in place of r, with fixed comparable constants.

Counts six through eight. The squared integral of this kernel is O(R.013η∗
f ). Indeed

w−1
P,j ≲ reµ−AH l−(A−AH)+7d∗ ,

whose integral is O(re+δAH+ν(1−AH)) because A− 7d∗ > 1. The margin needed for the mixed shell
charge is

e+ δAH + ν(1 −AH) = .011η∗ + .09η2
∗ < .013η∗ < 1 − pH . (B.10)

On |q| ≳ rθ, the tail integral has enough additional power gain to offset L2
h; the decay of a(q)

handles its entry as well. Supremizing uses only comparability of rδ + |q| and rδ + |u|, so the small-q
acceleration bound may be broadened to a band O(Rδf ). This proves summability for b0 ≤ 8.

Count nine. Only weight W0 occurs. The squared extra term (1 + min(|q|, r))r−p0 in L2
h,

including the mixed shell factor squared, contributes at most

CR−1
f

∫
|u|≲Rf

(Rδf + |u|)(w−1
P,j + |a(q)|2w−1

H )sup du.

Split the w−1
P part at |u| = Rνf . It is bounded by the sum of

R
−1+e+δAH+ν(2−AH)
f , R

1−A+7d∗+e+δAH+ν(A−AH−7d∗)
f .

Both exponents are less than −1/4 for the fixed range of η∗. For the acceleration part, use |a| ≤ CN
on the broadened band |u| ≤ CRδf and |a(q)|2 ≤ CN2|u|−A outside it. Its powers are bounded by
R−1+e+2δ
f and R

−1+e+δ(2−A)
f . The integral is therefore O(R−c1

f ) for a fixed c1 > 0; logarithms and
R8η∗
f losses in the ninth-order coefficient leave a strict summable margin. This accounts for every

common principal commutator in both multipliers.

Claim 2: the additional strong-equation terms. Before treating fh, Dfh, the additional
strong equation commutators arise already at order zero:

gij∂ijψ = Dfh − (Dgij)∂ijh
+ 2gij(∂isds)∂jdh+ gij(∂ijsds)∂dh.

(B.11)

In (A.6) on the second term, J (full) and C (double contraction) after ordered differentiations
through b+m ≤ 7 satisfy in sphere L2

|J | ≲ Nr−1+8η∗τ−AH/2, |C| ≲ Nr−2+8η∗τ−AH/2.

Indeed DB = O(r−1ã) with symbol bounds (freezing makes this derivative zero), Dh = ψ. The
improved estimate on the double contraction of ψ uses TmDT 0h via the same formula as (B.5)
but solved for Tmψ, and the projected estimate on Tm+1h in the proof of (A.10), i.e. without
a stationary background term since this is h itself; Θ there costs O(r−1ã). Quadratic inverse
errors use (B.2). The full r-gain on the projected coefficient therefore applies even through all the
commutations of (B.11). After multiplying by r, the bad, mixed/good and a(q) terms of (A.6) now
cost an acceptable amount directly in both raw weights: use (B.4) on h through total order eight
for B, weighted by wH ; (B.3) works because A < 2AH . For a(q) times good entries use WH . If
the coefficient is high use the two rotations instead on a low input (b+m ≥ 6 suffices). Likewise
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the piece 2H ij∂is
d
s in the third term of (B.11) costs O(Nr−2+2η∗τ−A/2) in all components through

these coefficient orders, hence works directly. The last term of (B.11), after the r2 source scaling,
costs CãBh with bounded coefficient products and likewise works.

Here the derivative accounting is explicit. If c = b + m derivatives hit Dg and n′ hit h, then
c+ n′ ≤ 7. The two physical derivatives on h require a Bh index of at most n′ + 1 ≤ 8, available at
level H. For c ≤ 5 two additional rotations on the coefficient stay within its order-seven estimate.
For c ≥ 6, place it in L2

ω; the input including the two transferred rotations has B count at most
7 − c+ 1 + 2 ≤ 4. For example, comparison of the J or rC bound with the high wH -weighted bad
norm gives the squared factor

CN2rpP −2+16η∗+eτA−2AH .

The radial exponent is −.38 + 16.001η∗ < 0 and A− 2AH = −.64 + 2η∗ < 0. These are strict gains
before using the 1 +M denominator.

For the smooth Y = 2ηij∂isds coefficient of ∂jdh, J = ZbTmY is O(r−mã); ∂qC for its differenti-
ated contraction as before costs an extra r−1, since ∂q, Z commute and no derivative of the fixed-n
projector occurs. Here n′ in (B.8), (B.9) for the input h can equal n∗ ≤ 7. In the time multiplier use
(B.4) in full for (B.8): the ψ term costs Cr1−mã (wP,j/wP,j−m)1/2 ≲ CN times its weighted bad en-
try, admissible even at the same order. The a(q) terms on Bh, Gh use (wP,j/wH)1/2 ≲ l(A−AH)/2 and
acceleration decay. All 1/r-suppressed terms work directly by (B.3), as do the ordinary mixed/good
terms of (B.9). In the outgoing multiplier use current correction Cc0∂qχ

h
ℓ as for (B.8). Its (A.17)

costs all use (B.3) and wH , with up to order eight by (B.4), rdg ≲ r2η∗ ; the bulk source remainder
costs r|∂qC| ≲ ã times B1. The ordinary mixed/good terms are small too.

One further correction here deals with the explicit a(q) term of (A.6) (not the one inside (B.8)).
More precisely, with diZ = (bi − ℓis

dbd/k)Z in the first derivative formula, it comes from

−Yℓnullℓnull ∂q(s
d/k) bdZ(χ/r)

in P [Y ]χ, and the corresponding ordered differentiations (lab times on Y and the input taken before
(A.6)). It thus has the form C (∂qc2)DZχℓ/r, with sign included in DZ , an operator of order at
most one in Z with smooth sphere coefficients independent of q; c2 smooth bounded in n, s(q).
Use correction Cc2DZχℓ/r. The two remainders, multiplied by r, cost C ′ã times Bh, Gh entries
through order eight, all suppressed by (B.3). For the bulk correction budget even after Z it uses
Gh through order eight with the same coefficient bound; rdg∂q additionally costs O(r2η∗ ã) against
Gh and O(r−1+2η∗ ã) against Bh (differentiate the formula, including |∂qc2| ≲ |a(q)|). These meet
(A.17). For its time-slice budget use G1χℓ with WH ; any undifferentiated χℓ/r term uses (B.2)
directly with ã, giving summability in L2(dr) even with W

1/2
P . This proves sufficiency for (B.11)

except Dfh.

Claim 3: background, linear, and suppressed products. We finish with the semilinear
sources, i.e. linear combinations (from the flat recurrence, thus with constant scalars out front) of

Zc3(krT jfh), Zc3(krT jDfh), c3 + j ≤ n∗. (B.12)

All product estimates allow indices up to the indicated ones. The estimates for r times these
expressions thus concern r2-scaled physical sources. Unless specifying a different treatment, a "both
weights" bulk estimate below uses w1/2

i,j and (Wi/(1 +M))1/2 of (A.17); for suppressed products it
suffices simply to use W 1/2

i .
For the pure background source, the r2 scaling leaves ã at levels 0, H and r−1ã at level P ; the

latter gain comes from the D derivative of the defect. We estimate these terms directly, including
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on the starting annulus. On a shell r ≍ Rf , an enlarged positive majorant is

ARf
(t) = C1

Rf

∫ t

t−C2Rf

|a(u)| du, a(u) = 0 (u < 0). (B.13)

Since A > 1, Cauchy–Schwarz gives ∥a∥L1 ≤ CASa. The averaging kernel has L2 norm O(R−1/2
f ),

hence the first estimate below. For t ≥ 2C2Rf , the time weight is comparable throughout the
averaging interval; the bounded L1 norm of the kernel gives the second:

∥ARf
∥L2

t
≤ CR

−1/2
f Sa, ∥⟨t⟩A/2ARf

∥L2(t≥2C2Rf ) ≤ CSa. (B.14)

The fixed intermediate time band is included in the early estimate. As Ai ≤ A, the late contribution
satisfies

Rpi−Ai
f ∥⟨t⟩Ai/2ARf

∥2
L2(t≥CRf ) ≤ CRpi−A

f S2
a.

The squared early/late shell exponents are pi − 1, pi − A for i = 0, H, with two further inverse
powers for i = P :

i early late
0 −.36 −.72
H −η∗/6 −.36 − η∗/6
P −1.38 −1.74

(B.15)

and their dyadic sums tend to zero with R0. This calculation also applies on [R0/2, R0]: the pure
defect is estimated directly there, without a growing compact coefficient on Sa.

For the terms of linear jet size O(r−2∂h + r−3h), after multiplication by r2 one uses r−1Bh
bj′ ,

times bounded smooth coefficients with their distributed differentiations. The h-jet factors in
those coefficients cost at most C in L2

ω even through order nine; in a product with a high such
factor, transfer two rotations to the bulk field for the angular placement. More precisely one
needs this transfer only at high coefficient orders (say seven and up); all its counts then fit the
same level. Using w

1/2
i,j′Bi

bj′ from (A.1), (B.3) supplies strict radial gain. The leading stationary
coefficient constants have symbol bounds independent of the matching radii. In Dfh these terms
give the same estimate for ψ in place of h, and terms with r−1Bh

bj′ accompanied additionally by
ã or a factor V ψ (with distributed indices). For the latter estimates use level H on h, (B.2) on
the extra factors, and (B.3) with A < 2AH . In particular µ ≳ τ . The orders here sum to at most
seven; a high extra factor can be put in sphere L2 with its stated decay, using spare rotations on
the others. To justify this differentiation description one can take D before the lab T j , still in
Cartesian lab formulas before frame and scale expansions. Linear jet coefficients before smooth
field composition consist of background first jets (and gauge coefficients of first-jet size) at order
O(r−2), second or first-product jets at O(r−3). On these D gains O(ã) relative to the indicated
bounds: DB = O(r−1ã) with symbols by Dx = 0 and the parameter/formal-frame differentiation of
the order −1 residual from flat in lab components. Commuting lab derivatives costs ∂ss = O(ã)
with symbol bounds; the compensator and its derivatives have the stated stronger bounds from
the reduction. Smooth h-coefficients instead differentiate by Dh = ψ. This applies directly in the
Ricci and gauge substitution formulas giving (A.3); it does not require Dr for the emitter radius to
vanish.

Here are reusable quadratic product placements. The last term of (A.3) has vanishing coefficient
H = O(r−1 + |h|) in front of two first jets. After the scaling and differentiations for h, this costs
products bounded by

|ZbTmH|Bh
b1i1B

h
b2i2 ,

b+m+ b1 + i1 + b2 + i2 ≤ n∗.
(B.16)
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with harmless additional smooth sphere coefficients, sums, and analogous metric compositions. Use
r−1+2η∗ on the coefficient through order eight, r−.48 at nine, in sphere L2. This also bounds the
corresponding rates in sup with two spare rotations. If b+m ≤ 6 take that sup with the better rate,
and otherwise put both B factors in sphere sup using two more rotations on each. Put a lower-order
B in point control (B.2), the other in bulk w1/2

i,ik
of its occurrence (here i = H, 0 is the level, ik the

relevant time count). There is enough room, since the lower-order factor needs order at most four
before the rotations and a coefficient consuming at least seven leaves both factors low. By (B.3),
(B.2), (B.16) fits both weights with strict radial slack also in the order-nine coefficient case.

For strong estimates a similar sufficient suppressed product is (B.16) with total count at
most eight and target W 1/2

P ; we now put the high Bh in w
1/2
H and the lower one in point with

Nw
−1/2
H ≲ Nre/2τ−AH/2. The τ loss of (B.3) is covered. Coefficients through this total order cost

at most Cr−1+2η∗ . The placements work also with plain O(r−1+3η∗) bounded coefficients, or with
one Bh replaced by Bψ if the total count on the two inputs is at most seven (measure a high Bψ in
its own level; point Bψ through its stated orders in (B.2)). Thus T jD on the vanishing-coefficient
terms works simply counting D as up to one extra lab first derivative on the metric/field factors;
differentiated ss coefficients are bounded. Additional unscaled spatial lab derivatives can always
be distributed before switching to Z, T counts, using ∂d = ℓdT + r−1bdZ on lab jets with T still
commuting through other lab derivatives. Smooth bounded field compositions with explicit r−1

suppression and the analogous symbol bounds work by the same allocations.
Two explicit comparisons record the restrictive suppressed products. At strong level a coefficient

O(r−1+3η∗), a high Bh measured with wH , and a low Nw
−1/2
H give

WP r
−2+6η∗w−2

H ≲ rpP −2+6η∗+2eτA−2AH ,

whose radial exponent is −.38 + 6.002η∗ < 0. At coefficient count nine only level 0 occurs; its
squared comparison is bounded by rp0+.021−.96+e = r−.299+e. For coefficient count at least seven
the two input counts sum to at most two, so both inputs admit two additional rotations. For a
lower coefficient the smaller input has count at most four before those rotations. The mixed strong
product has total count seven, and its lower input needs at most five counts after the rotations,
within the order-six point bound for Bψ.
Claim 4: the leading weak-null source and its corrections. We treat Qη separately. First
take T j on it, for either equation, giving the polarization sum. Set hi = T ih, p♭i = T i+1h (here this
decorated letter denotes just the symmetric tensor, not a radial power), and set

Fi = rΠT i+1h, F̂i = rΠT i+1ψ.

For each polarization pair, use (A.4) to write ∂αhi = ℓαp̆i + Eαi with Gnp̆i = 0 and Πp̆i = Πp♭i.
The error rEαi is made of bZhi good terms and r times the differentiated gauge error (A.2) with
bounded sphere coefficients. Here the lab differentiations in (A.2) are taken before the bad/flat-good
decomposition. Expand each quadratic polarization sequentially, so each remainder need use just
one such error and as its partner a full ∂hl or a projected ℓp̆l, estimated without any substitution of
gauge errors into that partner. This gives

T jQη = r−2ℓ⊗ ℓ
∑
i+l=j

Cil(Fi, Fl) + Errj , (B.17)

where the pairings include constants. One may use ambient spatial tensor components for the screen,
the Euclidean pairing being smooth. After Zc3 the r2-scaled error terms have placements (B.16) or
explicit O(r−1) suppressions of that type, ã Bh, or

Ghb1i1 B
h
b2i2 , b1 + i1 + b2 + i2 ≤ n∗. (B.18)
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Smooth bounded compositions are allowed on suppressed terms. These assertions follow from (A.2),
including rΘ = O(ã). Terms with ã fit directly by (B.3). For (B.18) at levels H, 0, if the good input
is lower order use its point CNr−1+2η∗τ−AH/2 and measure the bad input in wi,i2 . If the good input
is higher order measure it in Wi, the low bad one in point CNw−1/2

H ; this works in both weights
since w−1

H ≲ 1 +M , and wi,jw
−1
H ≲Wi.

In T jDQη the commutator terms (Tmsds)∂dT j−mQη, m ≥ 1, already have the suppressed strong
placement via Tmsds = O(ã) with Z-bounds. Consider thus D on (B.17) before the Zc3 distribution.
When it differentiates Errj the suppressed terms are still suppressed, now at total orders up to eight;
expressions involving the gauge have the same differentiable product structure, with O(1/r) when a
sphere projector is differentiated by D. The good factor underlying (B.18), if hit by D, now costs
Cr−1Bh

b1+1,i1 : indeed D = (1 − ss ·n)k−1∂q + r−1dZ with bounded coefficients under spatial-emitter
differentiation, and ∂q commutes with Z before expanding on hi. Differentiation of scale factors
costs a relative O(1/r) too. Thus the remaining unsuppressed placements are (B.18) with total
count up to eight (one extra derivative can now be on the bad input). If good is low the previous
point placement and wH on the bad input suffice even with WP since 2AH > A. If good is high,
use WH and the low bad point bound; the relevant comparisons are

(WP /WH)w−1
H ≲ 1 +M, (wP,j/WH)w−1

H ≲ 1.

The first uses pP − pH + e < .72 within |q| ≤ r; outside, use µ ≳ r1−δτ . The second follows from
(B.3). Low placements here have at most four derivatives before the two spare rotations. This
proves acceptability of all the remainders of (B.17).

Consider the outgoing budget of the first term of (B.17) for ilev = H, 0. On t ≫ r ordinary
high-low placement on differentiated Fi, Fl suffices with Bilev for the high one, low w

−1/2
H in point

for the other:
(Wilev/wilev,i′)w

−1
H ≲ 1 (t ≫ r, i′ in that level).

On the remaining t ≲ r use the mixed entry. A high differentiated Fi is controlled by the
corresponding B1χ’s of h and the V h

bi term in the cap comparison. The latter term can instead be
charged as a high good input in bulk paired with low point Nw−1/2

H , as in (B.18). The B1’s have
time cap with square weight wilev,i. Thus the mixed kernel is bounded by

CN sup(wilev,iwH)−1/2 (sup at fixed u in the shell)

on |u| ≲ Rf . Its squared integral for ilev = H costs CN2R2e+δ
f . For ilev = 0 use w−1

0,i ≲ R.021
f , giving

cost at most CN2R.021+e+δAH+1−AH
f . Here rδ + |u| is comparable to rδ + |q|, and the low point

placement including angular sup has the orders of (B.2). Both costs give shell summability with
the indicated pilev .

The squared mixed-shell exponents just obtained are

pH − 1 + 2e+ δ = (−1/6 + .012)η∗ < 0,
p0 − 1 + .021 + e+ δAH + 1 −AH = −.339 + 1.011η∗ − .01η2

∗ < 0.
(B.19)

Their strict signs justify summing the norm charges themselves over dyadic shells.
In the strong outgoing budget for the first term of D applied to (B.17), use the correction (one

for each term with its actual Cil)

P∗ = Zc3
[
(1 − ss · n)r−1ℓ⊗ ℓ Cil(Fi, Fl)

]
. (B.20)
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Indeed kD = (1 − ss · n)∂q + r−1d′Z, k here being the one in (B.12); ∂q commutes with Z. The
outgoing remainder after multiplying by r costs Cã

∑
|Z≤c3(FiFl)| + Cr−1∑ |Z≤c3+1(FiFl)| with

product derivatives allowed individually in the sums. This uses ∂q(1 − ss · n) = O(ã) with spatial-
emitter derivatives. These are suppressed products through total order eight. In the bulk correction
costs of (A.17), all terms have at least r−1 in front of differentiated products of Fi, Fl, up to the
factor rdg ≲ r2η∗ . Here ZbFi uses Bh

bi, and ∂qZ
bFi uses Bh

b,i+1 by commuting then expanding
on T i+1h. Thus the total input count never exceeds eight in these B indices either; the r−1+2η∗

suppressed estimate with W 1/2
P proves sufficiency. At a time-slice cap the count in (B.20) itself is at

most seven; make the same high-low comparisons with wH on the high B1χ’s. A V h term missing
from their cap control is bounded by (B.2) directly; after the weights and low point factor this term
has sphere L2 bounded by CN2rpP /2−2+3η∗ with favorable τ factor, summable in L2(dr).

Claim 5: raw leading products on the finite slab. It remains to verify the raw time-multiplier
budgets of the leading terms. At H, 0 they use, after r2 scaling, products FiFl with i+ l = j; at level
P , FiF̂l with i+ l = j, modulo suppressed terms, all still differentiated by Z to order c3. Indeed
DFi = F̂i+O(r−1)Bh

0,i+O(ã)
∑
m≤iB

h
0,m as a differentiable product bound under Z, by commuting

D with lab times before expanding its spatial-frame coefficients. On |q| > rν , normal high-low
placement works without using (A.12): wilev,j/wilev,j′ ≲ l9d∗ in a level, and wP,j/wH ≲ lA−AH for a
high F in the strong product. The low w

−1/2
H point factors offset both ratios by (B.2), (B.3). High

factors use their corresponding B in weighted bulk.
Outside the near band the squared coefficient needed for the within-level transfer is at most

l9d∗w−1
H ; for a high h input in the strong product it is at most lA−AHw−1

H . They are bounded because

e− (ν − δ)AH = −.089η∗ + .09η2
∗ < 0,

9d∗ −AH = −1 + 1801η∗ < 0, A− 2AH = −.64 + 2η∗ < 0.

On |q| ≤ rν , a uniform bound on the undifferentiated news, rather than radial losses in every low
differentiated supremum, closes the raw product estimate. First replace Fi by T iF0 and F̂l by T lF̂0.
Since Tm(rΠ) = O(1) for m ≥ 1, with Z derivatives allowed, each replacement error has r−1 size
relative to Bh or Bψ at the allowed indices. The remaining raw jet still contains a lab T derivative.
Products with these errors have the suppressed estimates already proved, for both h and ψ inputs.

Tile the near region in (q, ρ, n), with ρ = log r, using small fixed coordinate boxes and a fixed
enlargement of bounded overlap. The measure identity is

t = q + eρ,
dt dr

r
= dq dρ. (B.21)

On the enlarged boxes, |q| ≲ rν , the operators T,Z have uniformly bounded smooth coefficients
through the required orders, and the weights are comparable. Within each level all time counts have
equivalent weights there; also wP,j ≍ wH . Angular coordinates change the measure by a uniformly
bounded factor.

Ordinary derivatives of F0 through order n∗ are controlled in the required weighted L2 norm by
Bh
bi with b+ i ≤ n∗; the same statement holds for F̂0 and Bψ through the strong target order. To

verify this count, commute ∂q through Z, expand it on T i+1h successively as kT + r−1sdbdZ, and
retain the initial lab time. Sphere rotations span the angular derivatives. High h factors use their
own level in an h-only product and level H in the strong product.

Write ∂a for the array of ordinary tile derivatives of order a. For a+ b = m > 0, Hölder and
Gagliardo–Nirenberg interpolation on an enlarged tile give

∥∂af ∂bg∥2 ≤ ∥∂af∥2m/a∥∂bg∥2m/b ≤ CN
(
∥f∥Hm + ∥g∥Hm

)
, ∥f∥∞ + ∥g∥∞ ≤ CN.
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An order-zero factor uses the L∞ endpoint; the last inequality is weighted arithmetic–geometric
mean. Insert cutoffs on the enlarged tiles for inhomogeneous norms. The needed supremum bound
for f, g ∈ {F0, F̂0} is precisely (A.12). Local weight comparability, not a uniform bound on µ over
the whole near region, permits squaring and summing this estimate.

The same argument applies up to the current time endpoint. For large R0 the initial slice
does not meet this band. If the upper endpoint meets a tile, it is the uniformly smooth graph
ρ = log(tend − q), with the domain below. Extend across it by a finite linear combination of values
at negative multiples of the signed graph-height, matching normal derivatives through order n∗ − 1.
Change of variables gives uniform Hn∗ and supremum bounds from enlarged interior boxes, and
reflected weights remain comparable. Choose the fixed tile sizes small enough that, for boxes
meeting r ≥ R0, the required enlargements and reflected points never extend inward beyond the
fixed-factor overlap below R0; near-cutoff boxes may equivalently use compact overlap controls.
Source integrals with an additional cap truncation can be bounded on the full time slab. Summing
with bounded overlap proves the near-region raw budgets, with only the stated compact-overlap
and bootstrap-product costs.

Claim 6: initial and starting-annulus costs. All corrections are added before forming ξ for each
equation; the bounds concern (A.1) for uncorrected fields, already part of the total norm. On fixed
starting overlap annuli their extra current and boundary costs satisfy the same compact convention:
(B.8) corrections use a first derivative of a lower commuted field with bounded coefficients (weighted
at the same time level, with acceleration decay where strong and weak inputs couple); in (B.11)
smooth-acceleration corrections the coefficient carries ã. The products in (B.20) on such annuli
cost quadratically by weak fields with 2AH > A. One can use the off-trap compact controls and
sphere Sobolev placements there. Time-zero costs use the same cap estimates or directly the input
symbol bounds. All patch/annulus constants on nonlinear terms are allowed fixed before smallness.
This verifies (B.6) and therefore (B.7), with every positive-radius-gain term summable and the prior
linear costs taken with independent far constants as specified there.

B.3 Simultaneous exterior closure

The compact, far, and acceleration estimates concern the same finite smooth slab. Write K = KR,
F = F, and a∗ = Sa, and collect the fixed data and superlinear remainders in E. The three estimates
Proposition 5.5, (B.7), and Equation (5.16) have the form

K ≤ εR(K + F ) + E,

F ≤ ε0(F + a∗) +B0K + E,

a∗ ≤ D0K + C0F + E.

(B.22)

Here ε0 becomes small by increasing R0, whereas εR is made small later by the compact matching
radius and plateau choices. To choose them in this order, we need C0 to stay bounded as R0 grows.
The next lemma proves exactly that fact and the compatible treatment of the pure acceleration
defect.

Lemma B.2 (Radius-uniform coupling). The coefficient of F in Equation (5.16) may be taken
independent of R0. The comparison of the background defect fB with Q(0)a may be split at a radius
Y fixed before R0: its compact part costs C(Y )KR and fixed data/nonlinear terms, and its tail costs
CY −1+ϵSa, with any sufficiently small fixed ϵ > 0. Conversely, the pure far defect, including the
starting annulus, has an oR0→∞(1) coefficient on Sa in (B.7).
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Proof. On a fixed t slice the emitter coordinates satisfy

y = C(t− r) − C(t) + rn, ∂ry = n− s(q), ∂Ay = r∂An.

It follows that
d3y = kr2 dr dω, ∂yir = ni

k
,

∂yinj = 1
r

(
δij − (nj − sj)ni

k

)
, divy n = 2

r
.

(B.23)

All comparison constants depend only on the fixed small speed bound. Indeed (1 − ∥s∥∞)r ≤ ry ≤
(1 + ∥s∥∞)r. These first derivatives contain no acceleration. In particular one must perform the
single spatial integration by parts below in d3y before comparing it to the emitter measure.

Let vp be any adjoint zero mode in the fixed normalization of Equation (5.16). Its uniform
symbol bounds are |vp| ≤ Cr−2+ϵ

y and |∂yvp| ≤ Cr−3+ϵ
y . The leading linear source pairing has the

form
I(t) =

∫
χtχ>vp(t)

[
A(p(t))Tψ +Bd(p(t))∂yd

ψ
]
d3y.

The coefficient matrices and the laboratory/component transformation are spatially constant on
this slice. The outer cutoff χ> can be chosen so its emitter support begins at r ≥ cR0; a fixed-factor
intermediate annulus is charged to C(R0)KR. Write Tψ = Lψ − nd∂yd

ψ. Then

I(t) =
∫
χtχ>vpALψ d

3y −
∫
∂yd

(
χtχ>vp(Bd −And)

)
ψ d3y.

Derivatives of either cutoff cost C/ry on its support. Equation (B.23) and the adjoint symbol
bounds give

|I(t)| ≤ C

∫
r≥cR0

rϵ
(
|rLψ| + |ψ|

) dr dω
r

.

Choose ϵ < ζ < (pP −A)/2 = .13. Cauchy–Schwarz contributes(∫ ∞

cR0
r−2(ζ−ϵ)dr

r

)1/2
= (cR0)−(ζ−ϵ)√

2(ζ − ϵ)
.

This is uniformly bounded as R0 grows. Since WP = rpP −A(t + 10r)A and (A.1) controls both
ψ = (rψ)/r and rLψ = L(rψ) − ψ, we obtain

∥⟨t⟩A/2I∥L2
t

≤ CF,

with C independent of R0. Bounded initial times are included in the fixed finite-time input. No
integration by parts in time, nor any differentiation of p(t), has been used.

Choose Y beyond the fixed compact operator supports and the transition where target smoothing
reaches its prescribed far form. The compact defect comparison on ry ≤ 2Y is given independently
by Equation (5.19). On its complement it is enough to bound the two terms separately:

|fB| + |Q(0)a| ≤ Cr−2
y

(
ã+ |a(t)|

)
.

Use the majorant Aρ from (B.13). On the cutoff χt, t is a sufficiently large fixed multiple of ρ, so
(B.14) gives ∥⟨t⟩A/2Aρ1{t≥2C2ρ}∥L2

t
≤ CSa, uniformly in ρ. Pairing with vp, converting d3y, and

using Minkowski yields
CSa

∫ ∞

Y
ρ−2+ϵ dρ ≤ CϵY

−1+ϵSa.
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The omitted (1 − χt)Q(0)a tail obeys the same bound directly. Thus Y is fixed before R0 without
producing a C(R0)Sa term. Finally the direct shell estimates for the pure defect in the proof
of Proposition B.1 also apply to the single shell [R0/2, R0]. They prove the last assertion. All
convolution bounds remain valid up to an arbitrary finite lifespan by extending a by zero after the
endpoint; causality leaves the values inside the slab unchanged.

Corollary B.3 (Global exterior estimates from the base neighborhood). There is a neighborhood
specified solely by sufficiently small p10 difference from the Kerr bridge such that the two reduced
computing-cylinder evolutions are global and smooth. They obey Equations (5.7), (5.16) and (5.17)
and Proposition 5.5 and (B.7), with arbitrarily small total base bounds after the neighborhood is
sufficiently shrunk. The higher smooth norms on growing cylinders have the subexponential bounds of
Proposition 5.6; their constants may depend on the fixed smooth datum and the order. No smallness
of those higher initial norms is required.

Proof. Proposition 6.4 proves the simultaneous absorption and continuation from these estimates.
Its bootstrap cap can be chosen arbitrarily small before the p10 neighborhood is shrunk. This
gives the asserted small base bounds on both cylinders. The higher-order conclusion is then
Proposition 5.6, whose induction uses finite higher initial seminorms without shrinking the common
base neighborhood.

C A triangular comparison with one common rate
Lemma C.1 (A finite triangular system with one common rate). Fix an integer k ≥ 0 and C0 > 0.
For each T ≥ 1, let 0 < LT ≤ C0(1 + T ) and let E0, . . . , Ek be nonnegative absolutely continuous
functions on [0, LT ]. Suppose nonnegative integrable functions rT , bT , S0, . . . , Sk satisfy, almost
everywhere,

E′
j ≤ rTEj + bT

∑
ℓ<j

Eℓ + Sj , 0 ≤ j ≤ k.

Put RT (t) =
∫ t

0 rT , BT (t) =
∫ t

0 bT , and Qk(B) =
∑k
q=0((k + 1)B)q/q!. Then

max
j≤k

Ej(t) ≤ eRT (t)Qk(BT (t))
(

max
j≤k

Ej(0) +
∫ t

0
e−RT (s) max

j≤k
Sj(s) ds

)
.

In particular, if BT (LT ) ≤ eo(T ), the polynomial factor is eo(T ) for this fixed k. A bound bT (t) ≤ eo(T )

uniform for 0 ≤ t ≤ LT implies this integrated bound because LT = O(T ).

Proof. Set Ẽj = e−RTEj . Their differential inequalities have no diagonal term. Let A be the strictly
lower-triangular matrix with entries Ajℓ = 1 for ℓ < j. Comparison with this positive linear system
gives propagator exp((BT (t) − BT (s))A). Since Ak+1 = 0 and ∥A∥ℓ∞→ℓ∞ ≤ k + 1, its norm is at
most Qk(BT (t)). Variation of constants proves the displayed estimate. Only finitely many nested
lower-order integrations occur; there is one factor eRT (t).

D Vacuum constraint correction outside a protected ball
Localized deformation of the vacuum constraints was developed by Corvino, Corvino–Schoen, and
Chruściel–Delay [9–11]; conical localization was established by Carlotto–Schoen [6]. We require a
correction that fixes an inner ball and allows a decaying tail. The explicit inverse below provides
this support property with full derivative gain. A nonlinear solve at one small base norm then gives
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smooth exact constraints, even when higher data norms are large. Section 9.6 applies the result to
the rescaled beam seed.

We use the vacuum constraint map

Φ(g, k) =
(
Rg + (trg k)2 − |k|2g, ∇jkij − ∇i trg k

)
.

The exterior correction problem. For a nonnegative integer m and a decay exponent j, put

∥v∥Hm
j

= ∥v∥Hm(B2) + sup
L≥1

Lj∥v(L ·)∥Hm({1<|y|<2}). (D.1)

Componentwise versions of these norms are used for tensors. For an integer s ≥ 3, let

Y s = Hs
4(R3;R ⊕ T ∗R3), Xs = Hs+2

1 (R3; Sym2) ⊕Hs+1
2 (R3; Sym2).

The Euclidean linearization of Φ, denoted only in this subsection by P , is

P (q, p) =
(
∂i∂jqij − ∆qii, ∂jpij − ∂ipjj

)
. (D.2)

Proposition D.1 (Exact correction outside a protected ball). Fix an integer s ≥ 3. There are
constants ϵs, Cs > 0 with the following property. Let dB = (δ + aB, bB) be smooth metric and second
fundamental form data on R3, with δ + aB positive definite and, for every multi-index α,

|∂αaB(y)| ≤ Cα⟨y⟩−1−|α|, |∂αbB(y)| ≤ Cα⟨y⟩−2−|α|.

Let ϕ be a smooth compactly supported scalar/covector pair such that

suppϕ ⊂ {|y| ≥ 1}, Φ(dB) = ϕ on |y| ≥ 1.

Define the two base sizes

βs = ∥aB∥Hs+2
1

+ ∥bB∥Hs+1
2

, ηs = ∥ϕ∥Y s .

If βs + ηs < ϵs, there is a smooth tensor pair vc = (qc, pc) such that

supp vc ⊂ {|y| ≥ 1}, Φ(dB + vc) = 0 on |y| ≥ 1, ∥vc∥Xs ≤ Csηs.

The corrected metric remains positive definite. The correction is smooth across |y| = 1 and satisfies
symbol bounds of metric weight one and second fundamental form weight two at every order. No
smallness is required of these higher bounds. No moment condition is imposed on ϕ, and the correction
need not be compactly supported; its tail may change the asymptotic charges. No constraint equation
is asserted for the artificially supplied datum on |y| < 1.

The proof first constructs an exterior right inverse with full derivative gain. Its definition on all
inputs, not only supported ones, will permit smoothness to be proved by rotations and dilations at
the same base order.
Lemma D.2 (Exterior right inverse for the flat constraints). There is a linear operator K, defined
on every Y s and bounded Y s → Xs for each integer s ≥ 3, such that

supp z ⊂ {|y| ≥ 1} =⇒ PKz = z, supp Kz ⊂ {|y| ≥ 1}. (D.3)

The same construction is used at all orders. Its conjugates by rotations and positive dilations of the
argument are smooth in the operator norm from Y s to Xs.
Proof. We construct the inverse in three steps. Newton potentials solve the flat constraints and
supply the permitted tail. Cutting them off on the inner ball creates a compact error whose
Euclidean Killing moments vanish automatically. An annulus-supported primitive removes that
error without changing the tail. Only this compact error has moment conditions; the original source
is unrestricted.
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The Newton tail and its cutoff error. First construct an inverse without a support restriction.
For z = (f, F ), let

−2∆u = f, ∆Wi = Fi

be the Newton potentials, and set

q0,ij = uδij , p0,ij = ∂iWj + ∂jWi − 1
2δij∂kWk. (D.4)

Then the scalar component of P (q0, p0) is −2∆u. Also p0,jj = 1
2∂jWj , so the gradient terms in the

momentum component cancel and that component is ∆Wi. Hence P (q0, p0) = z.
Scaled Sobolev embedding gives |z(y)| ≤ Cs⟨y⟩−4∥z∥Y s . Splitting the Newton integral into a

neighborhood of the origin, a neighborhood of y, and their complement yields

|u(y)| + |W (y)| ≤ Cs⟨y⟩−1∥z∥Y s .

For completeness, on |v| < |y|/2 the Newton kernel is O(|y|−1) and the source has bounded total
integral; on |v − y| < |y|/2, its integral against the source is O(|y|−2); the remaining region has
the same or a smaller bound. Local estimates on a fixed ball handle bounded y. On an annulus of
radius L, the rescaled right-hand side of the potential equation has Hs norm O(L−2∥z∥Y s). Interior
elliptic estimates on a finite cover by slightly larger rescaled balls therefore give

∥u(L ·)∥Hs+2 + ∥W (L ·)∥Hs+2 ≤ CsL
−1∥z∥Y s .

One physical derivative of W introduces an additional factor L−1. Consequently

∥(q0, p0)∥Xs ≤ Cs∥z∥Y s . (D.5)

Choose a smooth radial χ which is zero on |y| ≤ 1.2 and one on |y| ≥ 1.8. With

G = P
(
(χ− 1)(q0, p0)

)
we have P (χ(q0, p0)) = z+G. The pair (χ−1)(q0, p0) defining G is compactly supported. Integration
by parts against affine functions and Euclidean Killing fields gives∫

Gsc = 0,
∫
yaGsc = 0,

∫
Gvec,a = 0,

∫
(yaGvec,b − ybGvec,a) = 0. (D.6)

Indeed two derivatives annihilate an affine scalar; one derivative annihilates a translation, while
pairing the divergence of a symmetric tensor with a rotation gives zero. If z is supported in {|y| ≥ 1},
then G = −z = 0 in |y| < 1, and G = 0 in |y| > 1.8. It is therefore supported in

A = {1 ≤ |y| ≤ 2}.

We next give a compactly supported primitive for every pair on A satisfying (D.6).
A divergence primitive on the annulus. We use a capwise version of Bogovskii’s divergence

primitive [4], whose support and regularity properties are treated by Costabel–McIntosh [12]. The
finite mass transfers below adapt the construction to the annulus. Fix a unit-mass bump ζ0 supported
strictly inside A. There is a linear operator D, bounded from Hm to Hm+1 on inputs localized to a
fixed compact set for each integer m ≥ 0, such that, for every scalar e supported in A,

∂i(De)i = e− ζ0

∫
e, supp De ⊂ A. (D.7)
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Here is the construction and the derivative estimate.
Cover A by sufficiently narrow angular caps and take smooth compactly supported cutoffs ψa

whose sum is one on A. They can be chosen so that their sum is a fixed cutoff η equal to one on
A, with support in 1/2 < |y| < 3. For each cap choose a unit-mass bump ζa near radius 3/2 in its
central direction. Make the cap and bump small enough that

b · v̂ > 1, |b| < 2

whenever v ∈ A ∩ suppψa and b ∈ supp ζa. Every point on the segment from v to b then has
projection at least one on v̂, and lies in the radius-two ball by convexity. The whole segment is thus
contained in A.

For a smooth compactly supported scalar e, define

(Dζe)(x) =
∫
e(v)(x− v)

∫ ∞

1
ζ
(
v + t(x− v)

)
t2 dt dv. (D.8)

Its support is contained in the union of the segments joining supp e to supp ζ: if the integrand is
nonzero, then x = (1 − t−1)v + t−1b for some b ∈ supp ζ. Testing against a gradient and changing
variables b = v + t(x− v) gives∫

Dζe · ∇φ =
∫
e(v)

∫
ζ(b)

(
φ(b) − φ(v)

)
db dv.

In this calculation, the substitution τ = t−1 reduces the inner integral to the integral of the derivative
of φ(v + τ(b− v)) for 0 ≤ τ ≤ 1. It follows that div Dζe = e− ζ

∫
e.

The bumps may be chosen as translates of one small bump. Join their centers to that of ζ0 along
paths at radius 3/2, and choose the common bump small enough that every translated support
remains inside the open annulus. If γa is such a path from the center of ζa to the center of ζ0, then

Va(x) =
∫ 1

0
γ′
a(τ)ζbase(x− γa(τ)) dτ

is smooth, compactly supported in the open annulus, and satisfies divVa = ζa − ζ0. Define

De =
∑
a

Dζa(ψae) +
∑
a

Va

∫
ψae.

For annulus-supported e this proves (D.7). The same formula defines D on arbitrary inputs after
the fixed localization by the ψa. Its values are always supported in a fixed compact set, although
exactness and annulus support are only needed and asserted on the indicated inputs.

To prove the one-derivative bound, write r = |x− v| and ω = (x− v)/r. The kernel in (D.8) is

ωr−2
∫ ∞

r
ζ(v + τω)τ2 dτ = ωr−2a(v, ω) + E(x, v), a(v, ω) =

∫ ∞

0
ζ(v + τω)τ2 dτ.

On fixed compact sets a is smooth, and

E(x, v) = −(x− v)
∫ 1

0
ζ
(
v + t(x− v)

)
t2 dt.

This remainder is jointly smooth on fixed compact sets, with bounds controlled by smooth seminorms
of the bump. The leading kernel has degree −2 in x− v. Its distributional x derivative is a bounded
multiplication term plus a principal-value kernel of degree −3, whose angular mean is zero. To see

143



the cancellation, integrate the ordinary derivative over a concentric annulus: the two boundary
fluxes agree by degree −2 homogeneity, so the coefficient of the radial logarithm is zero. Expansion
of its smooth angular dependence in spherical harmonics writes it as a summable series of mean-zero
angular convolution kernels acting on the input multiplied by smooth coefficient functions of v.
These coefficient functions have rapidly decreasing bounds in the harmonic degree. The classical L2

estimate for a truncated homogeneous mean-zero singular integral, with norm controlled by finitely
many angular seminorms, therefore bounds the differentiated kernel on L2. The undifferentiated
weak singularity is integrable, and the portions away from the diagonal are smooth on bounded sets.
This proves

∥De∥H1 ≤ C∥e∥L2

for the fixed localization.
Higher orders follow without loss by simultaneous translations. For the unlocalized formula,

∂jDζe = Dζ(∂je) + D∂jζe.

The same kernel estimate applies to derivatives of the bump, without a unit-mass requirement.
Iterating this identity and differentiating the fixed cutoffs and finite-rank terms gives

∥De∥Hm+1 ≤ Cm∥e∥Hm (m ≥ 0) (D.9)

for the localized operator. Approximation extends the formula and its support assertions from
smooth inputs to supported Sobolev inputs.

Symmetric divergence and the scalar primitive. Let F ′ be supported in A, with zero translation
and rotation moments. Set

Tij = (DF ′
i )j .

Then ∂jTij = F ′
i , and integration by parts gives∫

(Tij − Tji) =
∫

(yiF ′
j − yjF

′
i ) = 0.

Define

Dijk =
(
D(Tij − Tji)

)
k
, Hijk = 1

2(Dijk −Djki +Dkij), Sij = Tij − ∂kHijk. (D.10)

Since Dijk = −Djik, direct expansion gives

Hijk = −Hikj , Hijk −Hjik = Dijk.

Thus S is symmetric, and
∂jSij = F ′

i − ∂j∂kHijk = F ′
i .

All tensors remain supported in A. The two applications of D and the one derivative in (D.10) show
that this symmetric divergence primitive maps Hm to Hm+1. The inverse trace reversal

pij = Sij − 1
2δijSkk

satisfies pij − δijpkk = Sij , and is the desired momentum primitive.
Now let f ′ be supported in A, with zero constant and linear moments. Put Y = Df ′. Then

∂iYi = f ′,

∫
Ya = −

∫
yaf

′ = 0.
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Set
Mab =

∫
(yaYb − ybYa), Cab = −1

2Mab, Ŷi = Yi + ∂j(Cijζ0).

The skew-symmetry of C implies

∂iŶi = f ′,

∫
Ŷi = 0.

Moreover, ∫ (
ya∂j(Cbjζ0) − yb∂j(Cajζ0)

)
= 2Cab,

so every rotation moment of Ŷ vanishes. Apply the symmetric divergence primitive to Ŷ , obtaining
S with ∂jSij = Ŷi, and put qij = Sij − 1

2δijSkk. Then

∂i∂jqij − ∆qii = ∂i∂jSij = f ′.

This gains two derivatives and preserves support in A.
Together these constructions give an operator B satisfying

PB(f ′, F ′) = (f ′, F ′), ∥B(f ′, F ′)∥Hs+2⊕Hs+1 ≤ Cs∥(f ′, F ′)∥Hs⊕Hs (D.11)

on the supported moment-free pairs, with output supported in A. They also define a bounded
operator on arbitrary compact inputs: use the fixed localization in every occurrence of D, and
symmetrize the final tensors. On moment-free annulus-supported inputs this final symmetrization
changes nothing. Off that subspace no exactness is asserted or required.

We may now set
Kz = χ(q0, p0) − BG. (D.12)

The estimates already proved give its boundedness on all Y s. For exterior-supported inputs, both
the support assertion and PKz = z follow from (D.11) and P (χ(q0, p0)) = z +G.

Finally, all the operators have smooth conjugates under the stated group actions. For the
argument dilation (Tλe)(y) = e(λy), substitution in (D.8) gives

TλDζT
−1
λ = λDζλ

, ζλ(y) = λ3ζ(λy). (D.13)

The transformed cutoffs, path fields, and moment functionals likewise depend smoothly on λ.
Rotations transform the bumps and cutoffs smoothly and multiply tensor components by rotation
matrices. The kernel bounds above are controlled by finitely many smooth seminorms on fixed
compact sets, so Taylor’s formula for these parameter-dependent coefficients proves smoothness in
the operator norm with the full derivative gain. Newton inversion conjugates by the factor λ2, and
its first derivative by the corresponding factor λ; it is equivariant under rotations. Composition in
(D.12) proves the final assertion.

Proof of Proposition D.1. The same fixed point will supply both the base estimate and the all-order
regularity.

A contraction at one base order. Use the operator K from Lemma D.2. Define

N(q, p) = Φ(dB + (q, p)) − Φ(dB) − P (q, p). (D.14)

For small βs and on a sufficiently small Xs ball this is a smooth map to Y s. We record the weights
and derivatives to justify this assertion. Metric perturbations have weight one, their first and
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second derivatives have weights two and three, and second fundamental form perturbations and
their first derivatives have weights two and three. After subtraction of P , the scalar terms are linear
combinations, with smooth bounded inverse-metric factors, of terms with the budgets

a ∂2a : 1 + 3 = 4, (∂a)2 : 2 + 2 = 4, b2 : 2 + 2 = 4.

The corresponding momentum budgets are

a ∂b : 1 + 3 = 4, (∂a)b : 2 + 2 = 4.

Here a, b may be background or correction factors, with the background-only terms canceled in
(D.14). In particular, a coefficient in front of a highest derivative differs from its Euclidean value by
a weight-one factor. Applying the Sobolev product estimates on the unit ball and on the rescaled
annuli, using s ≥ 3, yields

∥N(v) −N(w)∥Y s ≤ Cs(βs +R)∥v − w∥Xs , ∥v∥Xs , ∥w∥Xs ≤ R. (D.15)

The same products after differentiation with respect to v prove smoothness. Inverse-metric factors
are smooth because the metrics in this ball remain uniformly positive. Notice that the assertion
concerns N ; the uncanceled Euclidean leading terms of P have weight three on a general element of
Xs.

Let CK,s be the norm of K : Y s → Xs. For sufficiently small βs, ηs, the equation

zc = −ϕ−N(Kzc) (D.16)

is a contraction on ∥zc∥Y s ≤ 2ηs. Indeed take R = 2CK,sηs in (D.15) and require CsCK,s(βs +R) <
1/2. Starting the iteration at zero preserves support in {|y| ≥ 1}: ϕ has that support, Lemma D.2
gives it for every correction, and N(v) = 0 pointwise wherever v vanishes on an open set. The limit
therefore has the same support. With vc = Kzc,

∥vc∥Xs ≤ 2CK,sηs, Φ(dB + vc) = 0 on |y| ≥ 1. (D.17)

The equation holds there because Pvc = zc and Φ(dB) = ϕ there. On the inner side vc = 0.

Higher smoothness from rotations and dilations. It remains to establish smoothness at
every order, without imposing smallness of all high Sobolev norms. We do this at the single base
order s. Let Ug and Vg be the actions of a rotation and a positive argument dilation on tensor
pairs and on scalar/covector pairs respectively. Rotations act on components as well as arguments;
dilations here act on the argument alone. These actions are uniformly bounded on Xs, Y s for g
near the identity. Set

Kg = UgKV −1
g , ϕg = Vgϕ, Ng(w) = VgN(U−1

g w).

The operator family Kg is norm-smooth by Lemma D.2. All background coefficients have the
assumed smooth symbol bounds, and the source is smooth and compactly supported. Thus g |→ ϕg
is smooth in Y s. Writing Ng using the weighted products displayed above shows that it is jointly
smooth in g, w: parameter derivatives fall on the smooth background coefficients or introduce the
explicit scale and component factors in a transformed derivative. They do not differentiate the
unknown w beyond the derivatives already allowed in Xs.

Consider the equation on the full space Xs,

w + Kgϕg + KgNg(w) = 0. (D.18)
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At g equal to the identity its solution is vc. The derivative in w is Id +KgDNg(w), whose inverse is
a convergent Neumann series on a sufficiently small common ball by (D.15). The implicit function
theorem therefore gives a smooth solution of (D.18) in the group parameters.

We specify the uniqueness argument because argument dilations move the support boundary.
First choose a fixed small ball on which the contraction estimates, and their nearby transformed
versions, hold. Taking the defect sufficiently small puts vc strictly inside a smaller ball. The uniform
boundedness of Ug then puts every Ugvc, for g near the identity, in the common contraction ball. It
satisfies (D.18) by conjugation. Uniqueness in that ball identifies it with the smooth implicit-function
branch. This uses the all-input definition of K, so no fixed support subspace has to be invariant
under dilation. Nor does it presuppose norm continuity of the group orbit of the unknown solution.

Distributional differentiation of this smooth orbit shows that all iterated rotations Ωij =
yi∂j − yj∂i and dilations E = y · ∇, applied to vc, lie in Xs. The rotation of tensor components
contributes only constant zeroth-order matrices, which may be subtracted in identifying these
derivatives. On every rescaled exterior annulus these fields span the scaled coordinate derivatives.
More explicitly, with r = |y|,

r2∂i = yiE +
∑
j

yjΩji.

Their iterates therefore control every scaled spatial derivative. The same identity is nondegenerate
on a neighborhood of |y| = 1. It follows that the correction is smooth across its support boundary
as well as on the exterior, and has symbol bounds of all orders with metric weight one and second
fundamental form weight two. These higher constants may depend on the higher symbol bounds of
dB and on the smooth source ϕ; their smallness is not required. The small base norm also keeps the
corrected metric positive definite.

Application to the beam seed. The rescaling, artificial interior extension, and verification of
the source hypotheses are carried out in Section 9.6, using (9.14)–(9.15). That application retains
the complete correction tail and proves approximation in any prescribed finite list of the original
data seminorms. Higher symbol bounds ensure smooth membership of each corrected datum; they
need not be uniformly small or give convergence at all orders for one fixed frequency exponent.
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