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Abstract

We prove that a discrete group is amenable if and only if every uniformly bounded rep-
resentation on a complex Hilbert space is similar to a unitary representation. This resolves
Dixmier’s unitarizability problem affirmatively for discrete groups.

1 Introduction
A representation π : G → GL(H) of a discrete group on a complex Hilbert space is uniformly
bounded if

|π| := sup
g∈G

∥π(g)∥ < ∞.

Here GL(H) consists of the bounded invertible operators. The representation is unitarizable if
some bounded invertible S makes every Sπ(g)S−1 unitary. Equivalently, the Hilbert space admits
an equivalent inner product invariant under the representation. A group is unitarizable when every
uniformly bounded representation on every complex Hilbert space is unitarizable. The similarity
may depend on the representation; its condition number ∥S∥

∥∥S−1∥∥ is not assumed to have a
common bound.

A discrete group G is amenable if there is a positive linear functional m : ℓ∞(G) → C with
m(1) = 1 and m(Lgf) = m(f), where (Lgf)(x) = f(g−1x). The one-operator case goes back
to Sz.-Nagy: an invertible operator whose integer powers are uniformly bounded is similar to a
unitary operator [19, Theorem I]. His generalized-limit construction of an invariant inner product
preceded the invariant-mean argument of Day and Dixmier [3, 4]. Thus amenability implies
unitarizability. Dixmier explicitly asked whether this property characterizes groups admitting an
invariant mean [4, §5, p. 221]. The question asks whether changing the Hilbert norm separately
for every uniformly bounded representation already forces the existence of such a mean.

Theorem 1.1. A discrete group is amenable if and only if it is unitarizable. For every discrete
nonamenable group G and every ε > 0, there are a complex Hilbert space K and a representation
π : G → GL(K) with |π| ≤ 1 + ε that is not similar to a unitary representation. If G is countable,
K may be chosen separable.

We work in ZFC. All Hilbert spaces below are complex, and N = {1, 2, . . .}. The main point
is the absence of a similarity for one representation, without any a priori control on possible
similarities. For an uncountable group the induced witness may be nonseparable, as is allowed by
the definition of unitarizability used here.
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Prior work and the remaining obstruction

Early counterexamples showed that uniform boundedness alone does not force unitarizability.
Ehrenpreis and Mautner constructed examples for the locally compact group SL2(R) [5]; explicit
families for free groups include those of Pytlik and Szwarc [18]. Nonunitarizability passes from
a subgroup to the ambient group by induction. The free-group examples therefore cover groups
containing nonabelian free subgroups, but leave nonamenable groups without such subgroups to
be understood.

Quantitative unitarizability gives one route to amenability. Pisier proved that a discrete group
G is amenable exactly when there are constants C and α < 3, depending only on G, such that
every uniformly bounded representation admits a unitarizer with condition number at most C|π|α
[15, Theorem 0.1]. The estimate is uniform over all Hilbert spaces and representations of the fixed
group. Unitarizability itself implies a polynomial bound of this form for some finite exponent [16,
Theorem 4.1]; the additional content of the amenability criterion is the threshold α < 3.

Random forests gave a route beyond free subgroups. Epstein and Monod used invariant
random forests to relate unitarizability to ℓ2-Betti numbers and cost. Their estimates imply
nonunitarizability for residually finite groups with positive first ℓ2-Betti number, and for finitely
generated residually finite groups of cost greater than one [6, Theorems 1.1–1.3]. Combining
their criterion with group constructions, Osin obtained finitely generated torsion and torsion-free
nonunitarizable groups containing no nonabelian free subgroup [14, Theorems 1.2–1.3].

A different approach uses measurable actions. Gaboriau and Lyons showed that a Bernoulli
action of a countable nonamenable group contains, within its orbits, those of an essentially free
probability-preserving action of the free group F2 [8, Theorem 1]. Monod and Ozawa used this
to show that, for an infinite abelian group A, the restricted wreath product A ≀ G = (

⊕
G A) ⋊ G

is unitarizable exactly when G is amenable [12, Theorem 1]. This places the obstruction on an
extension of G. Alpeev subsequently allowed every nontrivial countable lamp group A when G
is countable and nonamenable, so the conclusion also holds for finite lamps [1, Theorem A]. The
distinction remains between a witness for an extension and one for G itself.

Approximation properties give a complementary route. Vergara proved that a discrete uni-
tarizable group satisfying the Md-approximation property for every d ≥ 2 is amenable. These
conditions hold for countable groups acting properly on finite-dimensional CAT(0) cube com-
plexes [20, Theorems 1.2–1.3]. His later extension theorem preserves Md-AP when both a normal
subgroup and the quotient possess it [21, Theorem 1.3].

Littlewood functions give the analytic formulation closest to the present proof. Their scalar
convolution kernels split into a part with uniformly absolutely summable rows and a part with
uniformly absolutely summable columns. Epstein and Monod, following Bożejko and Fendler, use
this splitting to obtain bounded commutators and triangular representations [6, Propositions 2.3–
2.4]. Gerasimova, Gruber, Monod and Thom relate the corresponding norms to Cheeger constants
and study the resulting restrictions on unitarizable groups [9, §2.B]. The passage from bounded
non-inner operator cocycles to nonunitarizable representations is classical [12, §2], [17, Remark 4
and Proposition 5(ii)]. The present construction retains that mechanism while allowing finite-
dimensional matrix coefficients. Positive rank-one weights preserve the row and column bounds
while increasing the kernel’s Hilbert–Schmidt energy relative to the fibre dimension. This gives a
direct obstruction with no prescribed bound on possible unitarizers.

The passage from countable groups to arbitrary discrete groups uses standard facts. Følner’s
finite-set criterion implies that every nonamenable discrete group has a finitely generated nona-
menable subgroup [7, Main Theorem, p. 245]. Induction carries a nonunitarizable representation
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of that subgroup to the full group with the same uniform bound [16, Proposition 0.5]; Pisier’s
Corollaries 0.10–0.11 also show that unitarizability of discrete groups is countably determined.

The operator obstruction and the proof

Let U be a unitary representation of G on a Hilbert space H, and write B(H) for its bounded
operators. A bounded operator cocycle is a map D : G → B(H) with supg ∥D(g)∥ < ∞ and

D(gh) = D(g) + U(g)D(h)U(g)−1.

It is inner if one bounded operator B satisfies D(g) = B − U(g)BU(g)−1 for all g. The cocycle
gives the uniformly bounded triangular representation

π(g) =
(

U(g) D(g)U(g)
0 U(g)

)
.

A similarity making this representation unitary would produce an invariant complement to H ⊕ 0.
Writing that complement as the graph of a bounded operator makes D inner. Thus it suffices to
construct a bounded cocycle with no bounded implementer.

The criterion in Section 2 reduces this task to operators Tj on ℓ2(G;Ckj ). Their conjugation
differences under left translation must be bounded uniformly in both j and g, while their distance
from the operators commuting with left translation must tend to infinity. A translation-invariant
comparison operator Aj , with blocks Aj [x, y] = Wj(x−1y), detects that distance: if the block row
at e of Tj and the block column at e of Aj − Tj have norm at most K, then

dist(Tj , Uj(G)′) ≥ 1
2

(∑
s∈G ∥Wj(s)∥2

HS
kj

)1/2

− K.

Here Uj is left translation, Uj(G)′ is its commutant, and ∥W∥2
HS = Tr(W ∗W ) uses the unnormal-

ized trace. This estimate compares one finite-dimensional row with one finite-dimensional column;
it imposes no bound on ∥Tj∥.

Nonamenability supplies the operators in two steps. In Section 3, a contracting finite average
gives lists s1, . . . , sn of group elements, with multiplicity. For x ∈ G and 1 ≤ i ≤ n, the labelled
edge (x, i) joins row x to column xsi. These edges can be assigned to their endpoints so that
each endpoint receives at most r edges, where (r/n) log n → 0. Compare an assignment with
any left translate. At a row, the edges whose assignment changes lie in the two sets assigned to
that row; at a column, they lie in the two sets assigned to that column. Thus at most 2r labels
change at either endpoint. In Section 4, we choose n unit vectors in Ck, with k of order r log n,
whose synthesis operators have bounded norm on every subfamily of at most 2r vectors. This
is the concentration, finite-net and union-bound method familiar from random matrix estimates;
compare [2, Section 5]. Only its upper norm bound is needed here.

The rank-one projections onto these vectors weight the convolution edges, and Tj retains the
row-assigned edges. Factoring through the scalar Hilbert space indexed by the edges bounds
the relevant rows, columns and all conjugation differences. Keeping the edge labels is essential:
distinct products may coincide in G, yet correspond to distinct coordinates in the factorization.
Positivity ensures that such coincidences do not reduce the kernel energy, which is at least n.
Since k/n → 0, the distance estimate diverges. Finally, Section 5 rescales these operators and
applies the obstruction to one direct sum of their cocycles, giving any prescribed uniform bound
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1+ε. Induction passes the witness from a finitely generated nonamenable subgroup to an arbitrary
discrete group. The Day–Dixmier averaging argument completes the equivalence. Section 6 then
uses the separate companion similarity theorem to show that the resulting ℓ1(G)-representations
have no bounded algebra-homomorphism extension to either group C∗-algebra.

2 An invariant-kernel obstruction
We first prove the criterion announced in the introduction. A large Hilbert–Schmidt energy will
force an operator far from the translation commutant; a sequence of such operators with uniformly
bounded conjugation differences will then give one bounded non-inner cocycle. Write B(H) for
the bounded operators on H and ∥X∥2

HS = Tr(X∗X) for the Hilbert–Schmidt norm of a finite
matrix, with the unnormalized trace Tr. All operator norms below are ordinary Hilbert-space
operator norms. The finite-dimensional fibres will enter through Hilbert–Schmidt estimates for
one block row and one block column.

For a countable group G and a positive integer k, put

Hk = ℓ2(G;Ck), (Uk(g)ξ)(x) = ξ(g−1x).

For x ∈ G, let ιx : Ck → Hk be the isometric inclusion into the coordinate indexed by x. For
F ∈ B(Hk), write

F [x, y] = ι∗
xFιy, rowe(F ) = ι∗

eF, cole(F ) = Fιe.

Thus a block row has codomain Ck and a block column has domain Ck. Write Uk(G)′ for the
bounded operators commuting with every Uk(g). If F ∈ Uk(G)′, then F [x, y] = F [g−1x, g−1y],
because Uk(g)ιy = ιgy. Taking g = x gives

F [x, y] = V (x−1y), V (s) = F [e, s].

This statement concerns the blocks of a bounded operator and requires no summability assumption
on a convolution formula.
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Lemma 2.1 (Distance from the translation commutant). Let G be a countable group, let k be a
positive integer, and let A, T ∈ B(Hk) with A ∈ Uk(G)′. Write

A[x, y] = W (x−1y), E =
∑
s∈G

∥W (s)∥2
HS .

Suppose that, for some K ≥ 0,

∥rowe(T )∥ ≤ K, ∥cole(A − T )∥ ≤ K.

Then E is finite and, for every C ∈ Uk(G)′,

E ≤ 4k
(
K + ∥T − C∥

)2
. (2.1)

Consequently,

dist
(
T, Uk(G)′) ≥ 1

2

√
E

k
− K, (2.2)

where dist(T, Uk(G)′) = infC∈Uk(G)′ ∥T − C∥.

Proof. Fix C ∈ Uk(G)′, and put

B = T − C, h = K + ∥B∥ , Q(s) = C[e, s].

The kernel identity above gives C[x, y] = Q(x−1y). Since C = T − B, the operator

R = rowe(C) : Hk −→ Ck

has norm at most h. Any bounded operator with codomain Ck is Hilbert–Schmidt and has squared
Hilbert–Schmidt norm at most k times its squared operator norm: indeed,

∥R∥2
HS = Tr(RR∗) ≤ k ∥R∥2 .

Computing this norm using the coordinate orthonormal basis of Hk therefore gives∑
s∈G

∥Q(s)∥2
HS = ∥R∥2

HS ≤ kh2. (2.3)

On the other hand, A − C = (A − T ) + B, so

L = cole(A − C) : Ck −→ Hk

also has norm at most h. Its domain has dimension k, whence

∥L∥2
HS = Tr(L∗L) ≤ k ∥L∥2 ≤ kh2.

The block of this column at row x is

(A − C)[x, e] = W (x−1) − Q(x−1).

Inversion is a bijection of G; computing the Hilbert–Schmidt norm by blocks and reindexing
therefore gives ∑

s∈G

∥W (s) − Q(s)∥2
HS = ∥L∥2

HS ≤ kh2. (2.4)
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In both computations, the sum of the squared block norms is exactly the sum of squared matrix
coefficients defining the Hilbert–Schmidt norm. The group is countable, and all these summands
are nonnegative.

By Equations (2.3) and (2.4), both Q and W −Q are square summable in the Hilbert–Schmidt
norm. The triangle inequality for these coefficient families gives(∑

s∈G

∥W (s)∥2
HS

)1/2

≤
√

k h +
√

k h = 2
√

k h.

This proves finiteness of E and Equation (2.1). Rearranging that inequality and then taking the
infimum over C proves Equation (2.2).

The next proposition turns an unbounded sequence of these distances into one uniformly
bounded representation that cannot be unitarized. The relation between bounded operator cocy-
cles and triangular representations is standard; see [6, Proposition 2.4], [12, Section 2], and [17,
Remark 4 and Proposition 5(ii)]. We include the argument, in particular the bounded-complement
step and the direct-sum quantifiers.

Proposition 2.2 (Direct-sum obstruction). Let G be a countable group. For each j ∈ N, let kj

be a positive integer, put

Hj = ℓ2(G;Ckj ), (Uj(g)ξ)(x) = ξ(g−1x),

and let Aj , Tj ∈ B(Hj) with Aj ∈ Uj(G)′. Write

Aj [x, y] = Wj(x−1y), Ej =
∑
s∈G

∥Wj(s)∥2
HS .

Suppose that one constant K ≥ 0 satisfies

∥rowe(Tj)∥ ≤ K, ∥cole(Aj − Tj)∥ ≤ K (j ∈ N),∥∥∥Tj − Uj(g)TjUj(g)−1
∥∥∥ ≤ K (j ∈ N, g ∈ G).

Assume also that
Ej

kj
−→ ∞.

Then G has a representation on a separable complex Hilbert space whose operators are bounded
and invertible, with

sup
g∈G

∥π(g)∥ ≤ 1 + K,

and which is not similar to a unitary representation. No uniform bound on ∥Tj∥ or ∥Aj∥ is
assumed.

Proof. On the Hilbert direct sum
H =

⊕
j∈N

Hj

define
U(g) =

⊕
j∈N

Uj(g), Dj(g) = Tj − Uj(g)TjUj(g)−1, D(g) =
⊕
j∈N

Dj(g).
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The operator U(g) is unitary and ∥D(g)∥ ≤ K by the hypotheses. Thus these direct sums are
bounded operators on all of H. No bounded operator

⊕
j Tj is needed. Each Hj is separable

because G is countable and kj is finite; consequently H and H ⊕ H are separable.
Expanding the definition of Dj gives

Dj(gh) = Dj(g) + Uj(g)Dj(h)Uj(g)−1.

Taking bounded direct sums gives the cocycle identity

D(gh) = D(g) + U(g)D(h)U(g)−1 (g, h ∈ G). (2.5)

Define an operator on H ⊕ H by

π(g) =
(

U(g) D(g)U(g)
0 U(g)

)
. (2.6)

By Equation (2.5), its upper-right block satisfies

D(gh)U(gh) = D(g)U(g)U(h) + U(g)D(h)U(h).

Multiplication of block matrices now shows π(g)π(h) = π(gh). Also D(e) = 0, so π(e) = 1. It
follows that each π(g) is invertible, with π(g)−1 = π(g−1). The factorization

π(g) =
(

1 D(g)
0 1

)(
U(g) 0

0 U(g)

)

has a unitary second factor, whereas the first factor is the identity plus an operator of norm
∥D(g)∥. Therefore ∥π(g)∥ ≤ 1 + ∥D(g)∥ ≤ 1 + K for every g.

Suppose, for a contradiction, that a bounded invertible operator S makes V (g) = Sπ(g)S−1

unitary for all g ∈ G. The closed subspace M = H ⊕ 0 is invariant under every π(g) and its
inverse. Consequently SM is closed and invariant under every V (g) and its inverse, so (SM)⊥ is
also invariant. The subspace

N = S−1((SM)⊥)
is thus a closed invariant complement of M : H ⊕ H = M ∔ N .

Let P1, P2 : H ⊕ H → H be the coordinate projections. The restriction P2|N : N → H is
injective, because N ∩ M = 0, and surjective, because every (0, η) has a decomposition into an
element of M and an element of N . It is a bounded bijection between Banach spaces, hence has
bounded inverse. Therefore

B = P1(P2|N )−1 ∈ B(H), N = {(Bη, η) : η ∈ H}.

Applying π(g) to this graph and using its invariance gives

U(g)Bη + D(g)U(g)η = BU(g)η (η ∈ H).

Since U(g) is invertible, this is equivalent to

D(g) = B − U(g)BU(g)−1. (2.7)

Let Ij : Hj → H be the canonical isometric inclusion, and set Bj = I∗
j BIj . The summand Hj

reduces every U(g), so
I∗

j U(g)BU(g)−1Ij = Uj(g)BjUj(g)−1.
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Compressing Equation (2.7) therefore yields

Dj(g) = Bj − Uj(g)BjUj(g)−1, ∥Bj∥ ≤ ∥B∥ .

This compression does not require B to preserve the summands. Comparison with the definition
of Dj shows that

Cj = Tj − Bj ∈ Uj(G)′.

Apply Lemma 2.1 to Aj , Tj and this choice of Cj . Its energy estimate gives, for every j,

Ej ≤ 4kj
(
K + ∥Bj∥

)2 ≤ 4kj
(
K + ∥B∥

)2
.

This contradicts Ej/kj → ∞, because B is one bounded operator. Hence the representation in
Equation (2.6) is not similar to a unitary representation.

For clarity, each individual Dj in this construction is already implemented by the bounded
operator Tj . The obstruction is to a bounded implementer on the whole direct sum. Indeed,
Lemma 2.1 shows that any operator Bj satisfying Dj(g) = Bj − Uj(g)BjUj(g)−1 for all g must
obey

∥Bj∥ ≥ 1
2

√
Ej

kj
− K.

Thus the proof requires only the existence of a similarity for one representation in order to
obtain a contradiction; it assumes no uniform bound on similarity operators across different
representations.

3 Sparse assignments from nonamenability
The obstruction requires uniform operator bounds together with increasing energy per fibre di-
mension. This section supplies its combinatorial input: a list of convolution edges that can be
assigned to their endpoints with small loads. The matrix weights in Section 4 will convert those
loads into operator bounds.

Write (Rtf)(x) = f(xt) for right translation on ℓ2(G). Thus RsRt = Rst. We first obtain
the finite averaging operator needed for the construction. This is the elementary averaging-norm
form of the random-walk criterion for nonamenability; compare [11]. We give the implication at
the precise strength used here.

Lemma 3.1. If G is a nonamenable discrete group, there are a finite set S ⊂ G containing e,
with d = |S| ≥ 2, and a number 0 < ρ < 1 such that∥∥∥∥∥1

d

∑
t∈S

Rt

∥∥∥∥∥ ≤ ρ.

Proof. Every such average is a contraction. Suppose all have norm one. For a unit vector f and
a finite S of cardinality d,∥∥∥∥∥1

d

∑
t∈S

Rtf

∥∥∥∥∥
2

2

= 1 − 1
2d2

∑
t,t′∈S

∥Rtf − Rt′f∥2
2 .

Taking vectors on which the average has norm arbitrarily close to one, and using e ∈ S, gives unit
vectors arbitrarily close to invariant under any prescribed finite set of right translations.
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For each such vector define the mean

mf (b) =
∑
x∈G

|f(x)|2b(x−1), b ∈ ℓ∞(G).

Changing variables y = xg gives mf (Lgb) = mRg−1 f (b). The Cauchy–Schwarz inequality yields

|mf (Lgb) − mf (b)| ≤ 2 ∥b∥∞

∥∥∥Rg−1f − f
∥∥∥

2
.

Direct the finite translation tests and their positive error tolerances by refinement. A weak-star
cluster point of the resulting means exists by compactness of the dual unit ball. It is positive,
normalized, and left invariant by the displayed estimate. This contradicts nonamenability. Some
average therefore has norm less than one; choose ρ between its norm and one. The set has at
least two elements, since the average for {e} is the identity.

The next argument converts an operator-norm estimate into an assignment of edges with
bounded loads at their endpoints. It is related to the rectangular kernel estimates for Littlewood
functions [9, Proposition 2.6]; we include the complete assignment argument and retain all mul-
tiplicities. The conversion from endpoint assignments to row–column bounds also parallels the
forest orientation in [6, Propositions 2.3–2.4].

Proposition 3.2. Let G be countable and nonamenable, and fix S, d, ρ as in Lemma 3.1. For
every ℓ ≥ 1, list the products of ℓ elements of S, with multiplicity, as s1, . . . , sn, where n = dℓ,
and put r = ⌈nρℓ⌉. There is a function a : G × {1, . . . , n} → {0, 1} such that

#{i : a(x, i) = 1} ≤ r (x ∈ G), #{i : a(ys−1
i , i) = 0} ≤ r (y ∈ G). (3.1)

Proof. The product list satisfies

n∑
i=1

Rsi =
(∑

t∈S

Rt

)ℓ

,

∥∥∥∥∥
n∑

i=1
Rsi

∥∥∥∥∥ ≤ nρℓ.

Consider a bipartite multigraph with row and column vertices in disjoint copies of G. Its labelled
edge (x, i) joins row x to column xsi. For finite row and column sets U, V , pairing the convolution
operator with their indicator functions gives

#{(x, i) : x ∈ U, xsi ∈ V } ≤ nρℓ
√

|U ||V |. (3.2)

Give each vertex r distinct slots. We match every labelled edge to one slot at one of its two
endpoints. For a finite edge set F , let U, V be its endpoint sets. Its neighboring slots number
r(|U | + |V |), whereas Equation (3.2) gives

|F | ≤ nρℓ
√

|U ||V | ≤ r

2(|U | + |V |) ≤ r(|U | + |V |).

This applies to every finite edge set and hence verifies Hall’s condition for every finite family of
edges and all its subfamilies. For completeness, the finite form of Hall’s marriage theorem [10]
follows here by augmenting paths. Take a matching of maximum cardinality for a finite family.
If an edge-vertex remains unmatched, follow alternating paths from it. A reachable unmatched
slot allows an augmentation. Otherwise every reachable slot is matched to a reachable edge-
vertex other than the initial one. All neighbors of the reachable edge-vertices are reachable slots,
contradicting Hall’s inequality. Hence every finite family has an injective slot assignment.
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Enumerate the countable edge set. The assignments for its finite initial segments form a tree
under restriction, with a node at every depth and at most 2r extensions of each node. Starting
at the root, choose at each step a child with descendants at arbitrarily large depths; one exists
because there are finitely many children. The resulting infinite branch supplies a simultaneous
assignment. Set a(x, i) = 1 when the edge is assigned to its row and zero when it is assigned
to its column. No vertex receives more than r edges, proving Equation (3.1). Parallel edges
remain distinct throughout the matching, and the two endpoints remain distinct vertices even if
si = e.

4 Finite-dimensional weights and sparse block operators
The sparse assignment from Section 3 will now produce the three bounds required by Proposi-
tion 2.2: a bound on each block row of T , each block column of A − T , and every conjugation
difference T − U(g)TU(g)−1. All three bounds will be independent of the number of labels. To
make the energy grow faster than the fibre dimension, we use rank-one projections onto many
unit vectors in a smaller space.

We first construct vectors whose synthesis operators are bounded on every small subfamily.
The proof uses the standard concentration, finite-net and union-bound method for random ma-
trices; compare [2, Section 5]. Here only an upper bound is needed, and the argument below
supplies its constants directly.

Lemma 4.1 (An upper bound for all small subfamilies). Let n ≥ 2 and r ≥ 1 be integers, and
put

p = min(2r, n), k = ⌈2r log(2n)⌉ , b0 = 10, (4.1)

where log denotes the natural logarithm. There are unit vectors v1, . . . , vn ∈ Ck such that, for
every J ⊆ {1, . . . , n} with |J | ≤ p, the operator

VJ : ℓ2(J) −→ Ck, VJz =
∑
i∈J

zivi,

satisfies ∥VJ∥ ≤ b0.

Proof. Choose independent random variables εa,i, for 1 ≤ a ≤ k and 1 ≤ i ≤ n, each taking the
values 1 and −1 with probability 1/2, and set

(vi)a = k−1/2εa,i.

Every vi has norm exactly one. Fix a set J = {i1 < · · · < ip} of cardinality p, and fix real unit
vectors w ∈ Rk and z ∈ Rp. The random variable

X = wTVJz = 1√
k

k∑
a=1

p∑
j=1

wazjεa,ij

is a sum of independent signs with deterministic coefficients whose squares sum to

1
k

k∑
a=1

p∑
j=1

w2
az2

j = 1
k

.
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The inequality cosh t ≤ exp(t2/2) consequently gives, for every t ∈ R,

E exp(tX) =
∏
a,j

cosh
(

twazj√
k

)
≤ exp

(
t2

2k

)
.

For u > 0, applying Markov’s inequality to exp(tX) and choosing t = ku yields Pr(X > u) ≤
exp(−ku2/2). The same argument for −X therefore proves

Pr(|X| > u) ≤ 2 exp(−ku2/2). (4.2)

In particular, the probability that |X| > 5 is at most 2 exp(−25k/2).
For each positive integer m, the real Euclidean unit sphere has a 1/4-net with at most 9m

points. Indeed, take a maximal 1/4-separated set on that sphere. The open balls of radius 1/8
about its points are pairwise disjoint and lie in the ball of radius 9/8 about the origin. Comparing
their m-dimensional volumes bounds the number of points by 9m. Maximality makes the set a
1/4-net.

Fix such nets Nk ⊂ Rk and Np ⊂ Rp. For any real k × p matrix M , let L be its operator norm
on real Euclidean spaces. If |wT

0 Mz0| ≤ 5 for all (w0, z0) ∈ Nk × Np, then, for arbitrary real unit
vectors w, z, choose net points satisfying ∥w − w0∥ ≤ 1/4 and ∥z − z0∥ ≤ 1/4. We obtain∣∣∣wTMz − wT

0 Mz0
∣∣∣ ≤ ∥w − w0∥ L ∥z∥ + ∥w0∥ L ∥z − z0∥ ≤ L

2 .

Taking the supremum over w, z gives L ≤ 5 + L/2, hence L ≤ 10.
There are at most np sets J of size p. By Equation (4.2) and the union bound, the probability

that one of the corresponding net inequalities fails is at most

2np9k+p exp(−25k/2). (4.3)

The parameters satisfy
k ≥ 2r log(2n) ≥ p, k ≥ p log n.

Here log(2n) ≥ log 4 > 1 and p ≤ 2r. Thus the logarithm of the bound in Equation (4.3) is at
most

log 2 + k + 2k log 9 − 25k

2 = log 2 −
(25

2 − 1 − 2 log 9
)

k < 0.

For example, the coefficient in parentheses exceeds 7, whereas k ≥ 1 and log 2 < 1. The bound
in Equation (4.3) is therefore strictly less than one. There is a realization for which every size-p
synthesis matrix has real operator norm at most 10.

For a real matrix M with real operator norm L, and real vectors u, v, one has

∥M(u + iv)∥2 = ∥Mu∥2 + ∥Mv∥2 ≤ L2(∥u∥2 + ∥v∥2).
Since real vectors are also complex vectors, this proves equality of the real and complex operator
norms. The realization just obtained therefore has the claimed complex operator norm bounds.
Finally, every set with fewer than p indices is contained in one with p indices, and its synthesis
operator is the restriction to a coordinate subspace of that larger synthesis operator. This proves
the assertion for all |J | ≤ p.

The vectors just constructed control each small set of incident labels. We next transfer that
finite-dimensional estimate to an operator on the group. The intermediate space keeps one scalar
coordinate for each labelled edge, even when several labels describe the same group element.
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4.1 A factorization through the indexed edges

Let G be a countable group, let s1, . . . , sn ∈ G be a finite list, and allow the same group element
to occur at several distinct indices. Let v1, . . . , vn ∈ Ck be unit vectors and put

Pi = viv
∗
i , H = ℓ2(G;Ck).

Thus Pi is a rank-one orthogonal projection and ∥Pi∥ = 1. For a function c : G × {1, . . . , n} → C
with |c(x, i)| ≤ 1, define

(Tcξ)(x) =
n∑

i=1
c(x, i)Piξ(xsi), ξ ∈ H. (4.4)

For each fixed i, the corresponding summand is the composition of the unitary right shift ξ(x) 7→
ξ(xsi), the pointwise application of Pi, and multiplication by the scalar function c(·, i). Its norm
is at most one. In particular, Equation (4.4) defines a bounded operator and ∥Tc∥ ≤ n, without
any sparsity assumption. The next lemma gives a bound independent of n under two sparsity
assumptions.

Lemma 4.2 (The masked operator estimate). In the preceding setting, let 1 ≤ p ≤ n and b0 > 0.
Suppose that

∥VJ∥ ≤ b0 for every J ⊆ {1, . . . , n} with |J | ≤ p,

where VJ is the synthesis operator with columns vi, i ∈ J . For a mask c as in Equation (4.4),
define

Rx = {i : c(x, i) ̸= 0}, Cy = {i : c(ys−1
i , i) ̸= 0}.

If |Rx| ≤ p for every x ∈ G and |Cy| ≤ p for every y ∈ G, then

∥Tc∥ ≤ b2
0.

Proof. Keep the index i as part of each edge and set

Ec = {(x, i) : c(x, i) ̸= 0}, Ec = ℓ2(Ec).

Define the analysis operator F : H → Ec, the diagonal multiplication operator Mc : Ec → Ec, and
the synthesis operator S : Ec → H by

(Fξ)(x, i) = v∗
i ξ(xsi),

(Mcα)(x, i) = c(x, i)α(x, i),
(Sα)(x) =

∑
i∈Rx

viα(x, i).

Figure 1 illustrates the role of the edge coordinates. The following estimates both justify these
operators on the stated Hilbert spaces and bound their norms. For S, the row assumption gives

∥Sα∥2 =
∑

x

∥VRx(α(x, i))i∈Rx∥2 ≤ b2
0
∑

x

∑
i∈Rx

|α(x, i)|2 = b2
0 ∥α∥2 .

For F , regroup the nonnegative summands by the column y = xsi. For fixed y and fixed label
i, there is exactly one possible source, namely x = ys−1

i . The edges arriving at y are therefore
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column fibre
ξ(y) ∈ Ck

v∗
i ξ(y) ∈ C

v∗
j ξ(y) ∈ C

row fibre
(Tcξ)(x) ∈ Ck

F : label i

F : label j

c(x, i)vi

c(x, j)vj

distinct edge coordinates

si = sj , i ̸= j

Figure 1: Two different labels with si = sj give parallel edges from row x to column y = xsi = xsj .
The operator acts from the column fibre toward the row fibre. Analysis produces separate scalar
coordinates (x, i) and (x, j); multiplication by the mask and synthesis then add their contributions
in the row fibre. The picture shows only these two coordinates of the factorization Tc = SMcF .

indexed by the set Cy, with no repeated index, and

∥Fξ∥2 =
∑

y

∑
i∈Cy

|v∗
i ξ(y)|2

=
∑

y

∥∥∥V ∗
Cy

ξ(y)
∥∥∥2

≤ b2
0
∑

y

∥ξ(y)∥2 = b2
0 ∥ξ∥2 .

Empty index sets contribute zero in both calculations. These estimates give ∥S∥ ≤ b0 and
∥F∥ ≤ b0, and |c(x, i)| ≤ 1 gives ∥Mc∥ ≤ 1. Substitution into the definitions yields the exact
factorization

Tc = SMcF.

Consequently ∥Tc∥ ≤ b2
0.

The uniqueness of x = ys−1
i uses a fixed label i, not the distinctness of the elements in the list

s1, . . . , sn. In particular, if si = sj for i ̸= j, the two indexed edges remain distinct coordinates of
Ec. Their contributions to a common operator block are summed by the same factorization. No
distinctness assumption on the products is needed.

4.2 Consequences of an assignment to endpoints

We now apply the factorization three times to obtain the hypotheses of Proposition 2.2. An
endpoint assignment is sparse only for the ones at rows and the zeros at columns. Restricting to
a single row or column, and then subtracting a translated assignment, will give masks that are
sparse on both sides.

Fix integers n ≥ 2 and r ≥ 1, and choose k, p, b0 and v1, . . . , vn as in Lemma 4.1. Keep the
preceding notation G, si, Pi, H, Tc. Suppose a function a : G × {1, . . . , n} → {0, 1} satisfies

n∑
i=1

a(x, i) ≤ r (x ∈ G),
n∑

i=1

(
1 − a(ys−1

i , i)
)

≤ r (y ∈ G). (4.5)

Thus the ones are sparse at rows and the zeros are sparse at columns, with both counts taken
over indexed edges. Set

A = T1, T = Ta, (U(g)ξ)(x) = ξ(g−1x) (g, x ∈ G), (4.6)

13



where 1(x, i) = 1. Both A and T are bounded operators, each with norm at most n. For y ∈ G,
let ιy : Ck → H be the coordinate inclusion, and write qy = ι∗

y for coordinate evaluation.

Corollary 4.3 (Individual block rows and columns). Under Equation (4.5), one has

∥qxT∥ ≤ b2
0 (x ∈ G), ∥(A − T )ιy∥ ≤ b2

0 (y ∈ G).

Proof. Write 1E for the indicator of a condition E. For fixed x0, y0 ∈ G, define the masks

cr(x, i) = 1{x=x0}a(x, i), cc(x, i) = 1{xsi=y0}(1 − a(x, i)).

The first inequality in Equation (4.5) gives at most r active edges in total for cr; the second gives
the same bound for cc. Thus every row and every column of either mask has at most min(r, n) ≤ p
active indices, and Lemma 4.2 bounds both associated operator norms by b2

0. Their operators are

Tcr = ιx0qx0T, Tcc = (A − T )ιy0qy0 .

The first norm equals ∥qx0T∥ because ιx0 is isometric. The second equals ∥(A − T )ιy0∥ because
∥qy0∥ = 1 and qy0ιy0 = ICk . These are the asserted bounds.

Proposition 4.4 (Uniformly bounded conjugation differences). Under Equation (4.5), the maps
U(g) in Equation (4.6) form a unitary representation of G, and A commutes with every U(g).
Define

D(g) = T − U(g)TU(g)−1 (g ∈ G).

Then
sup
g∈G

∥D(g)∥ ≤ b2
0 = 100. (4.7)

Moreover, D(e) = 0 and

D(gh) = D(g) + U(g)D(h)U(g)−1 (g, h ∈ G). (4.8)

Proof. Left multiplication by a group element is a bijection of G, so each U(g) is unitary with
inverse U(g−1), and direct substitution gives U(g)U(h) = U(gh). Left and right translations
commute and U(g) acts trivially on the fibre Ck; alternatively, direct substitution in Equation (4.4)
with c = 1 gives U(g)A = AU(g).

For a general mask a, direct calculation gives

(U(g)TU(g)−1ξ)(x) =
n∑

i=1
a(g−1x, i)Piξ(xsi).

Thus D(g) = Tcg for the mask

cg(x, i) = a(x, i) − a(g−1x, i) ∈ {−1, 0, 1}.

At any row x, the active indices are contained in

{i : a(x, i) = 1} ∪ {i : a(g−1x, i) = 1}.

Each set in this union has at most r elements by Equation (4.5). Hence there are at most
min(2r, n) = p active indices at that row.
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For the column estimate, write

Zy = {i : a(ys−1
i , i) = 0} (y ∈ G).

The second inequality in Equation (4.5) gives |Zy| ≤ r. The active indices of cg at a column y are
precisely those for which

a(ys−1
i , i) ̸= a(g−1ys−1

i , i).

Since a takes only the values zero and one, this set is Zy △ Zg−1y, the symmetric difference of
the two zero sets. It has at most 2r elements, and at most n, so its cardinality is at most p. As
in Lemma 4.2, fixed y and fixed label i specify the unique source ys−1

i . These counts therefore
concern exactly the indexed edges of the mask, including when products coincide.

Both hypotheses of Lemma 4.2 now hold for cg, and |cg(x, i)| ≤ 1. That lemma yields ∥D(g)∥ ≤
b2

0 for every g, proving Equation (4.7).
Finally, D(e) = T −T = 0. The cocycle identity in Equation (4.8) follows from the calculation

in the proof of Proposition 2.2.

5 Proof of the main theorem
We first combine the three uniform bounds with the kernel energy estimate for countable groups.
We then pass through a finitely generated subgroup to arbitrary discrete groups and include the
classical averaging argument for the reverse direction.

The countable nonamenable case. Fix a countable discrete nonamenable group G, and choose
S, d, ρ from Lemma 3.1. For each ℓ ≥ 1, take the product list and assignment of Proposition 3.2,
with

nℓ = dℓ, rℓ = ⌈nℓρ
ℓ⌉, kℓ = ⌈2rℓ log(2nℓ)⌉.

In particular,
kℓ

nℓ
≤ 2

(
ρℓ + 1

nℓ

)
log(2nℓ) + 1

nℓ
−→ 0. (5.1)

Choose the vectors from Lemma 4.1 and let Pi = viv
∗
i at this stage. Use them to form the

operators Aℓ, Tℓ, Uℓ of Section 4 on Hℓ = ℓ2(G;Ckℓ). The row and column bounds of Corollary 4.3
and the commutator bound of Proposition 4.4 have the common constant K = b2

0 = 100.
The invariant kernel of Aℓ is

Wℓ(s) =
∑

i:si=s

Pi.

It is finitely supported. Positivity of the weights gives∑
s∈G

∥Wℓ(s)∥2
HS =

∑
i,j:si=sj

Tr(PiPj) =
∑

i,j:si=sj

|v∗
i vj |2 ≥ nℓ. (5.2)

The diagonal terms equal one, and every other term is nonnegative; thus collisions among group
products only increase this lower bound. By Equation (5.1), the kernel energy divided by kℓ tends
to infinity.

Fix ε > 0 and put t = ε/100. Apply Proposition 2.2 to the rescaled operators tAℓ, tTℓ. Their
three uniform bounds have the common constant tK = ε. Their invariant kernels are tWℓ, so
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their energies divided by kℓ still tend to infinity: they are t2 times the ratios just established. The
proposition therefore gives a representation on

K =

⊕
ℓ≥1

Hℓ

⊕

⊕
ℓ≥1

Hℓ


with uniform bound at most 1 + ε that is not similar to a unitary representation. This Hilbert
space is separable because G is countable and each kℓ is finite. This proves the nonamenable
direction and the quantitative assertion for countable groups.

We next recall the induction argument for subgroup permanence of unitarizability [16, Propo-
sition 0.5], keeping track of its norm and of the invariant inner product on the subgroup represen-
tation.

Lemma 5.1 (Induction from a subgroup). Let H be a subgroup of a discrete group G, and let
σ : H → GL(K) be a uniformly bounded representation on a complex Hilbert space. There is a
uniformly bounded representation Π : G → GL(L) on L = ℓ2(G/H; K) such that

|Π| = |σ|.

If Π is unitarizable, then σ is unitarizable.

Proof. Write X = G/H for the left cosets, and choose representatives s : X → G with s(H) = e.
For g ∈ G and x ∈ X, put

c(g, x) = s(gx)−1gs(x) ∈ H.

The membership follows because s(gx)H = gs(x)H. Direct multiplication gives

c(gh, x) = c(g, hx)c(h, x) (g, h ∈ G, x ∈ X).

On the dense subspace of finitely supported families in the Hilbert direct sum L =
⊕

x∈X K, define

(Π(g)ξ)gx = σ(c(g, x))ξx (x ∈ X).

If M = |σ|, then reindexing by the permutation x 7→ gx gives

∥Π(g)ξ∥2 =
∑
x∈X

∥σ(c(g, x))ξx∥2 ≤ M2 ∑
x∈X

∥ξx∥2 .

Thus Π(g) extends to a bounded operator of norm at most M on the whole direct sum, without
a countability assumption on X. The cocycle identity gives Π(g)Π(h) = Π(gh) first on finitely
supported families and hence everywhere. Also Π(e) = I, so Π(g)−1 = Π(g−1). This proves
|Π| ≤ M .

Let j : K → L be the isometric inclusion at the identity coset H. For h ∈ H, one has hH = H
and c(h, H) = h, whence

Π(h)j = jσ(h).

In particular, ∥Π(h)∥ ≥ ∥σ(h)∥ for every h ∈ H. Taking suprema gives the reverse inequality
|Π| ≥ |σ|, proving equality of the uniform bounds.

Suppose now that [·, ·] is an invariant equivalent inner product for Π. Let Q be the bounded
positive invertible operator representing this form. It satisfies

aI ≤ Q ≤ bI, Π(g)∗QΠ(g) = Q (g ∈ G)
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for some 0 < a ≤ b < ∞. The compression QH = j∗Qj satisfies

aI ≤ QH ≤ bI, σ(h)∗QHσ(h) = j∗Π(h)∗QΠ(h)j = QH (h ∈ H).

Consequently [v, w]H = [jv, jw] is an equivalent σ(H)-invariant inner product on K. The com-
pression does not require Q to preserve the identity-coset summand. Hence σ is unitarizable.

Arbitrary discrete nonamenable groups. Let G be a discrete nonamenable group and fix ε > 0.
The Følner criterion for an arbitrary discrete group says that amenability is equivalent to the
following condition: for every finite S ⊆ G and every δ > 0, there is a finite nonempty F ⊆ G
such that

|sF △ F | < δ|F | (s ∈ S). (5.3)
This is the symmetric-difference form of Følner’s Main Theorem [7, p. 245]: inversion exchanges
right and left translations, and |sF △ F | = 2(|F | − |sF ∩ F |). No Følner sequence is required.

Since G is nonamenable, some finite S and positive δ fail this condition. The subgroup H = ⟨S⟩
is finitely generated and therefore countable. It is nonamenable: otherwise the criterion applied
inside H would give a finite nonempty F ⊆ H satisfying Equation (5.3), and the same inequalities
would hold in G, a contradiction.

The countable case proved above gives a nonunitarizable representation σ of H on a separable
Hilbert space with |σ| ≤ 1 + ε. By Lemma 5.1, its induced representation Π of G has |Π| = |σ| ≤
1 + ε and is nonunitarizable. This proves the nonamenable direction for every discrete group.

The amenable direction. Let G be amenable and let π : G → GL(H) be uniformly bounded, with
M = |π|. The Day–Dixmier argument [3, 4] works on an arbitrary complex Hilbert space. If
m is a left invariant mean, then mr(f) = m(x 7→ f(x−1)) is a right invariant mean. Define a
sesquilinear form by

[ξ, η] = mr
(
g 7→ ⟨π(g)ξ, π(g)η⟩

)
.

Since both ∥π(g)∥ and
∥∥π(g)−1∥∥ are at most M , positivity of the mean gives

M−2 ∥ξ∥2 ≤ [ξ, ξ] ≤ M2 ∥ξ∥2 .

Thus this is an equivalent Hilbert inner product. Right invariance gives [π(h)ξ, π(h)η] = [ξ, η]
for every h ∈ G. Representing the form by a bounded positive invertible operator Q, we have
π(h)∗Qπ(h) = Q. Hence S = Q1/2 is bounded and invertible, and Sπ(h)S−1 is unitary for all h.
This proves unitarizability and completes the equivalence.

For uncountable nonamenable G, the finitely generated subgroup H above has uncountable
index, and the induced witness is nonseparable. The conclusion therefore uses the usual definition
quantifying over all Hilbert spaces. The argument concerns discrete groups and does not extend
the theorem to nondiscrete locally compact groups, where representations are normally required
to be strongly continuous.

6 A consequence for group C∗-algebras
The following consequence uses the companion similarity theorem in addition to Theorem 1.1.

Let G be any discrete group and let π : G → GL(H) be a uniformly bounded nonunitarizable
representation on a complex Hilbert space. The operator-norm convergent sum

Tπ(f) =
∑
g∈G

f(g)π(g), f ∈ ℓ1(G),

17



defines a bounded complex-linear unital homomorphism for convolution, with ∥Tπ(f)∥ ≤ |π| ∥f∥1;
absolute summability justifies multiplication of the sums. Nevertheless, its restriction to C[G]
has no bounded complex-linear unital algebra-homomorphism extension to either the full group
algebra C∗(G) or the reduced group algebra C∗

r (G). Indeed, a full extension Φ would be similar
to a ∗-homomorphism by the companion similarity theorem [13, Theorem 1.1]: some bounded
invertible S would make SΦ(·)S−1 a unital ∗-homomorphism. For each canonical group unitary
ug, one has Φ(ug) = π(g), so every Sπ(g)S−1 would be unitary, a contradiction. A reduced
extension would compose with the canonical unital ∗-quotient C∗(G) → C∗

r (G) to give a full
extension. Thus the automatic ℓ1-norm bound does not imply C∗-norm continuity. Applying this
observation to the witnesses in Theorem 1.1 gives such a failure for every nonamenable discrete
group, even with uniform representation bounds arbitrarily close to one.
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