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Abstract

Let A, be a symmetric n x n matrix whose entries on and above the diagonal are independent
uniform signs. We prove

Pr(det A, =0) = (; + 0(1)) .
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1 Introduction

Let A, be a symmetric n xn random matrix whose entries on and above the diagonal are independent
and uniform on {—1,1}. We study the probability that A,, is singular. A specified pair of rows
is equal with probability 27™: the n — 2 comparisons away from the two diagonal positions and
the two remaining diagonal conditions are independent. Thus singularity already occurs at this
exponential scale.

Theorem 1.1. For the symmetric Bernoulli matriz A,
1 n
Pr(det A, =0) = (2 + 0(1)> = g nto(n) as n — oo.

The corresponding problem for a matrix with all n? entries independent has a long history.
Komlés proved that a matrix with independent uniform 0/1 entries is nonsingular with probability
tending to one [11]. Tikhomirov proved the sharp rate (1/2 + o(1))™ for independent uniform signs
[16]. Symmetry changes the exposure of the matrix: revealing a row also reveals entries in all later
rows. Arguments based on independent rows therefore need a different source of anti-concentration.

Costello, Tao, and Vu proved that a random symmetric Bernoulli matrix is nonsingular with
probability tending to one, obtaining the bound O(n~1/8+%) for every fixed § > 0 [5]. Their proof
developed quadratic Littlewood—Offord estimates to handle the dependence between a row and
its matching column. Nguyen improved the bound to Oc(n~¢) for every fixed C' > 0 [13], and
Vershynin obtained a bound of the form exp(—n¢) for the sign model, as a special case of his theorem
for a class of subgaussian ensembles [17]. Further quantitative advances for this model gave bounds
of the forms exp(—cn/4\/logn) [6], exp(—cy/n) [4], exp(—cy/n(logn)'/*) [10], and exp(—cy/nlogn)
[3]. Campos, Jenssen, Michelen, and Sahasrabudhe proved an exponential bound exp(—cn), using
inverse Littlewood—Offord estimates for conditioned random walks and the method of inversion of
randomness [1]. Related work gives quantitative control of the least singular value [2] and of larger
rank deficiencies [8]. Theorem 1.1 identifies the leading exponential rate for the specified sign model.

Our proof begins with an exact reduction to symmetric matrices of bits. A Schur complement
converts the sign matrix in dimension n to a binary matrix in dimension N =n — 1. A reduction to
corank one then turns singularity into a question about appending a new column to a nonsingular
matrix B. The relevant bit columns z satisfy both 2TB~'z € {0,1} and ||[B~'z||o < 1. It suffices
to prove that their expected number is 2°0V).

For a typical matrix B, the column count is controlled by an arithmetic potential ¥(B) € [0, 1],
defined in Section 2. The discriminant group Gp = Z™/BZ"™ carries the symmetric pairing

([], [y]) = 2B~y (mod Z).

Admissible classes have zero self-pairing. We partition them so that pairings within each part have
controlled denominators, with the cost expressed in terms of the invariant factors. A robust subset
of a large part yields a lattice of controlled covolume on the graph of B~!. A cover for rational
subspaces of controlled height makes rank estimates simultaneous for the span selected from these
columns. Comparing a lower determinant bound from the pairing with an upper bound from typical
rank and spectral properties proves the column estimate. The reusable lattice arguments control
covolumes and count short vectors after removing a determinant-minimizing sublattice; the Reverse
Minkowski Theorem of Regev and Stephens-Davidowitz [14] is applied to its orthogonal quotient.
For a nonsingular extension of width one, the old and new discriminant groups have a common
quotient. A kernel count modulo prime powers uses symmetry to restrict the possible layer changes,



while retaining prescribed layers forces the new column into an integer lattice. A second application
of the lattice tools bounds cube intersections simultaneously for all such lattices; it compares the cost
of specifying bases of cube differences with the number of matrix entries they constrain. Counting
partial certificates of retained layers and optimizing their size then pays for the increase of ¥ in a
conditional exponential moment. For extensions of width two, a gate requires both new columns to
be admissible, and the static column estimate directly pays for the probability of this gate.
Finally, every nonsingular matrix admits a path of nonsingular principal minors with steps of
width one or two, with the width-two steps satisfying the gate. A separate elementary estimate for
retaining high layers, together with a bound on coranks modulo all primes, uses a long initial part
of the path to make a large high-layer tail unlikely anywhere in a short terminal window. Outside
this exceptional event, if the potential is small at a node in that window, the local conditional
estimate controls the terminal moment. Otherwise a bounded auxiliary statistic decreases at every
step except those with substantial retention or an expensive width-two gate. Many such steps are
necessary, and their conditional probability bounds make this alternative negligible. The long initial
part controls the high-layer tail, while the short window limits the accumulation of local errors.

2 The binary model and the proof framework

We first reduce the singularity probability to the expected size of a set of possible new columns. We
then introduce the potential that will control this set and state the two estimates on which the rest
of the proof rests.

2.1 From signs to bits

A binary matriz of size m is a symmetric m x m matrix whose entries on and above the diagonal
are independent and uniform on {0,1}. We write B,,, for a random binary matrix and use ordinary
letters for its realizations.

Lemma 2.1. Forn > 2,
Pr(det A,, = 0) = Pr(det B,,_; = 0).

Proof. Put € = (Ay)11, multiply A, by €, and then apply the diagonal congruence with diagonal
1, E(An)lg, ceey 6(14”)1”.

The resulting first row and column consist of ones. Conditional on the original first row, the lower
principal block still has independent uniform signs on and above its diagonal: every one of these
signs has only been multiplied by a sign determined by the first row. Its Schur complement at
the top left entry is therefore —2B,,_;. The two operations and the Schur complement preserve
singularity. O

For the remainder of the proof, N is a reference integer tending to infinity and
(=loglogN, Iy={meZ:N—-N/"%<m<N}

The logarithm log is natural, while log, and log, have the indicated bases. Every constant exponent
of £ is fixed before N tends to infinity. In particular, £”/log N = o(¢~4) for all fixed A, D > 0. We
write [m] = {1,...,m}.

We say that a property of B,, holds typically if its failure probability is at most 2= N/(V),
uniformly for m € Zy, for some f(N) — oco. When the property is stated only for nonsingular



matrices, failure means nonsingularity together with failure of the stated conclusion. The typical
set may depend on any fixed precision parameters in the statement. A finite intersection of typical
properties is again typical.

All unqualified ranks are over R. We will also use the following fact over finite fields.

Lemma 2.2 (Principal rank). Let M be a symmetric matriz over a field, of rank r. Then M has a
nonsingular principal submatriz of size r.

Proof. Choose a matrix X whose r columns form a basis of the column space of M, and choose a
left inverse T' of X. Since M is symmetric, its row space is the row space of X . Thus

M=XSXT, S=TMT".

The matrix S is symmetric and has rank r. Choose r independent rows of X. On those indices the
principal submatrix of M is a product of three nonsingular r x r matrices. O

Lemma 2.3 (Corank tail). Let K be any field, and regard the bits of B, as elements of K. For
1<k <m,

Pr(corankK B,, > k) < Z <m> 9—i(+1)/2.

=k N

Consequently, uniformly for m € Iy,
Pr(corankK B,, > N3/5) < 2_Q(N6/5).
The implicit constant in the last bound is independent of the field.

Proof. If the rank is m — j, Lemma 2.2 supplies a nonsingular principal submatrix on some m — j
indices. Reveal all entries in the corresponding columns. The remaining symmetric j x j block is
forced over K, since its Schur complement must vanish. Each forced entry has at most one possible
bit value, so the conditional probability is at most 277+1)/2 Union over the choices of indices and
over j > k. For j > N3/5 the factor 2770U*1/2 dominates the at most 2™ choices of indices and the
m choices of j. O

Lemma 2.4 (Reduction to corank one). For the binary model in dimension N,
Pr(det By = 0) < 2°™ Pr(corank By = 1) + 272",

Proof. Let B have corank k > 1, and write K = ker B. Choose k — 1 coordinates whose restrictions
to K are independent linear functionals. Flip the diagonal bit at each of those coordinates, and
write D for the diagonal matrix of the changes. Its selected diagonal entries are all nonzero.

If (B + D)v = 0, pairing this equation with every v € K gives " Dv = 0. The chosen coordinate
functionals on K are independent, so the selected coordinates of v are zero. It follows that Bv = 0.
Conversely, every vector in K with these coordinates zero lies in ker(B + D). This subspace has
dimension one. Hence flipping k£ — 1 diagonal bits produces a matrix of corank one.

For every matrix with & < N3/, fix one such choice of coordinates. Each resulting matrix has

at most
> <N> = 20(V*/*1og N) _ go(V)
J<[N3/5] J

preimages, because a preimage is recovered by specifying the flipped coordinates. All binary matrices
are equally likely. The matrices of larger corank have the probability bounded in Lemma 2.3. [



2.2 Admissible columns

For a nonsingular binary matrix B of size m, define
S(B) = {z € {0,1}™: "B 2 e {0,1}, B 'z < 1}. (2.1)

Set S(B) = @ when B is singular. These are the columns that can occur when a corank-one matrix
is reduced by deleting a largest coordinate of its kernel vector.

Lemma 2.5. One has
Pr(corank By =1) < N2V E|S(By_1)|.

Proof. Suppose a symmetric matrix M of size N has corank one, and choose 0 # v € ker M. Delete
an index 4 for which |v;| is largest. The resulting principal submatrix B is nonsingular. Indeed, the
adjugate of M is a nonzero scalar multiple of vuT, so its i-th diagonal entry is nonzero.

Write z for the column at ¢ on the remaining indices and a for its diagonal bit. The kernel
equation and the Schur complement give

B7lz = —UN\{i}/ Vi a=zB7 'z

Thus z € S(B). For any fixed deleted index, conditional on B, the pair (z,a) is uniform on
{0,1}V=1 x {0,1}. For each z € S(B), the displayed equality fixes a. The probability for that index
is therefore 2~VE|S(By_1)|. Union over i. O

It remains to prove
E|S(By_1)| < 20, (2.2)

Indeed, Lemmas 2.4 and 2.5 then give the upper bound 2-V+o(N) for the binary singularity
probability. A specified row of By is zero with probability 27V, which gives the matching lower
bound.

2.3 A potential on the discriminant group
For nonsingular B, the finite abelian group
Gp =7"/BL"

has order |det B|. It records the possible denominators of B~z for integer 2. We now give a
numerical measure of its invariant factors.
For a finite abelian group G, write its p-primary part as

Gp = @Z/pbp’iza bp1 2 bp2 = --- 20,
i>1

where only finitely many exponents are positive. For e > 1, put

. logy p
Ko(pe) = #{itbpa = e}, vy = —nL.

We call (p,e) with kg(p,e) > 0 a layer, its integer kg(p, e) its height, and v, its weight. All sums
over layers below are finite. The identity

log |G|
ZkG(p, e)Vp = m (23)
p,e

5



follows from >, ka(p, €) = 3., bp;. Hadamard’s inequality gives | det B| < N™/2 for a binary matrix
of size m < N. Hence the sum in Equation (2.3) is at most 1/2 for Gp and for every quotient of
Gp.

Write kp(p,e) = kg, (p,e), set B =T7/5, and define

U(B) =Y wpokp(p.e),  ¢0)=¢(1)=0, ¢2)=8, ¢k =2k (k>3).  (24)

In particular 0 < ¥(B) < 1, since 0 < ¢(k) < 2k. We set ¥(B) = 0 for singular B when an
expression also contains a nonsingularity indicator.
For example, a p-primary part with positive cyclic exponents (5,3,1) has

(k(p,1),...,kB(p,5)) = (3,2,2,1,1),

so this primary part contributes (6 + 25)v, to U(B). Figure 1 depicts these layers. The coefficient
B = 7/5 exceeds the coefficient 5/4 in the height-two term of the color-cost bound in Section 6,
while satisfying the scalar budget inequality in Section 10.

The potential is chosen to support two estimates. The first relates the number of admissible
columns to the arithmetic structure of B.

Proposition 2.6 (Admissible-column estimate). For every fized A > 0, typically for nonsingular
binary matrices B of size m € Iy,

’S(B)| < 2N(\II(B)+Z_A)'
The second estimate controls the potential in expectation.

Proposition 2.7 (Potential moment). For a binary matriz of size N — 1,
E |:1{detBN,17éO} QN‘IJ(BNA)} < 90(N)

These propositions imply Equation (2.2). Indeed, fix A > 0 in Proposition 2.6. On its typical
set use that estimate, and on the exceptional set use |S(B)| < 2. For a suitable f(N) — oo,

E[S(By-1)| < 2N£7AE{1{detBN_17é0} 2N\I/(BN_1)} + 2NN = olN),

Sections 3—6 prove the static estimate in Proposition 2.6 by combining the discriminant pairing
with lattice, rank, and spectral estimates. Sections 7-10 prove a local conditional estimate for
extensions: certificate pricing handles width one, while Proposition 2.6 directly pays for the gate at
width two. Section 11 adds a separate high-layer tail argument and combines these estimates along
paths to prove Proposition 2.7.

3 Lattice tools and robust subsets

The lattice estimates in this section serve two purposes. They count short vectors after removing
directions of small determinant, and they show that a robust collection of cube points has a difference
span of small height. We first fix the determinant conventions needed for both uses.



3.1 Determinants, quotients, and rational height

A lattice L is a discrete subgroup of a finite-dimensional Euclidean space, considered inside its real
span E = span L. Its rank is dim E. If by,...,b, is a basis of L, its determinant is the Euclidean
covolume

det L = det((bs, b;)} 1) """,
We set det{0} = 1. Sublattices may have smaller rank. The saturation of a sublattice M C L is
M = LNspan M; it is a lattice of the same rank, and

det M = [M : M]det M.

We call M primitive, or saturated, when M = M. A primitive sublattice has a basis that extends to
a basis of L. The dual lattice is always taken in the span:

L*={ye E:(y,x) € Zfor all z € L}.
In particular, the dual of the rank-zero lattice is the rank-zero lattice.

Lemma 3.1 (Orthogonal lattice quotients). Let L have rank r and span E, and let K C L be a
primitive sublattice of rank k, with I' = span K. Write mp. for orthogonal projection from E onto
ENFY. The Euclidean realization

L/K :=mp.(L)

is a lattice of rank r — k, canonically isomorphic to the abstract quotient, and
det L = det K det(L/K), det L* = (det L)~ 1.

The dual identities are
(L/K)* = L* N F+, K* = mp(L*),

where wp is orthogonal projection onto F. For any sublattice M C L/K, its full preimage M =
{r € L:mpixz e M} has rank k + rank M and satisfies

det M = det K det M.

These assertions include k =0, k = r, and r = 0, with all rank-zero determinants equal to one.

Proof. Extend a basis by,...,by of K to a basis b1,...,b. of L. The projected vectors
Tpibgi1,...,mpib, form a basis of the projected lattice. Splitting Euclidean volume into
the factor in F' and the factor orthogonal to F' gives the first determinant identity. The Gram
matrix of the dual basis is the inverse Gram matrix, giving the identity for det L*.

For y € ENF*, the equality (y, 7p.x) = (y,x) gives (L/K)* = L* N F*. Projection of L* to F
is contained in K*. Conversely, for w € K*, prescribe on the basis of L the integer values (w, b;) for
1 < k and zero for ¢ > k. The representing vector belongs to L*, and its projection to F' is w. This
proves the second dual identity. Finally, lift a basis of M and adjoin the basis of K. The resulting
basis of M gives its rank and determinant by the same volume factorization. Empty bases give all
the rank-zero cases. O

A subspace W C R™ is rational if it is spanned by integer vectors. Its integer lattice Ay = WNZ™
has rank dim W, and its height is
H(W) =det Aw.

Thus H({0}) = H(R™) = 1. We will also write h(W) = log H(W).



Lemma 3.2 (Height submodularity). For rational subspaces U,V C R™,
HU+V)HUNV)< HU)H(V).

Consequently h(U + V) +h(UNV) < h(U) + h(V). Every rational subspace has height at least
one, and, for fited m and C' < oo, there are only finitely many rational subspaces W C R™ with
H(W) < C. These statements include rank-zero subspaces.

Proof. Put J =U NV, and project orthogonally off J. The lattice Ay = Ay N Ay is primitive in
each of Ay, Ay, Ay + Ay . For the last assertion, if u+v € J with u € Ay and v € Ay, then u,v € J.
The projected spans of U and V intersect trivially. If Ay, Ay, denote their projected lattices, the
union of bases of these lattices is therefore a basis of their sum. Orthogonally projecting the second
set of basis vectors off the span of the first can only decrease its volume. Hence

det(KU + Kv) < det KU det Kv.

Lemma 3.1 now gives

det(AU + Av) det Ay < det Ay det Ay .

The saturation of Ay 4+ Ay is Ayiy, whose determinant is no larger. This proves the height
inequality, and taking log, proves its additive form.

For a rank-r rational subspace, wedge a basis of Ay. The resulting vector in A" Z™ is determined
up to sign, has Euclidean norm H (W), and determines its supporting subspace W. Its integer
coordinates are not all zero, so its norm is at least one. A bounded ball contains finitely many
vectors of \"Z™, and there are only m + 1 possible ranks. This proves the finiteness assertion. For
r = 0, the exterior vector is 1 and there is just the zero subspace. ]

For a coordinate vector e;, both possible intersections U N span(e;) have height one. Lemma 3.2
therefore also gives H (U + span(e;)) < H(U). The next identity expresses height ratios as determi-
nants of normal lattices; it will transfer height minimization to bounds on all sublattices of a dual
lattice.

Lemma 3.3 (Normal lattices and height). Let VC U C R™ be rational subspaces, and put A = Aj;.

The primitive normal lattice
Nog(V)=AnV+

has rank dimU — dim V', and

mv(A) = Ay, det Ny (V) = IE{’E‘(;;

More generally, for any sublattice M C A, set Vay = U N (span M)*. Then Vi is rational and
H(Vy) S 1

HU) — HU)

For V. =U the normal lattice has rank zero and determinant one; for V.= {0} it is A;. If M = {0},
the displayed index is one and the determinant formula gives one.

det M = [Ny (Vi) : M]

Proof. The lattice Ay is primitive in Ay, so the second dual identity in Lemma 3.1 gives 7y (A};) =
A}, Tts kernel is Ny (V'), a primitive sublattice of the asserted rank. Factoring the determinant of
A}, along this kernel gives

1 det NU(V)

o)~ det Ny (V) det Ay, = HV)



An integer basis matrix for Ay gives a rational basis for its dual by inverting its Gram matrix.
Thus span M, and hence V), is rational. The saturation of M in A is exactly Ny (Vas). The index
formula for determinants and the first part of the lemma give the final identity; the inequality
follows from H(Vys) > 1. O

3.2 Gaussian counts and determinant minimization
For a lattice L and s > 0, define its Gaussian mass by
7||z|?
L) = - .
p(D) =3 exp( "
zeL

In rank zero this mass equals one. The following is the scaled form of the Reverse Minkowski
Theorem of Regev and Stephens-Davidowitz [14, Theorem 1.2].

Theorem 3.4 (Reverse Minkowski Theorem). Let L be a lattice of rank j > 1, and let T > 0.
Suppose that
det M > TrankM for every sublattice M C L.

With 7; = 10(log j + 2), one has

| W

PT/7; (L) <

For a rank-zero lattice the Gaussian mass is one at every scale, so the corresponding assertion is
immediate.

Proof. Apply the cited theorem to T 'L in its Euclidean span. Every rank-t sublattice of T-'L
has determinant at least one, and py, (T71L) = PT/7; (L). O

Here 7; is bounded above and below by absolute multiples of log(2j). We will use the theorem
both at its stated scale and at larger scales, through the following consequences of Poisson summation.

Lemma 3.5 (Gaussian point counts). Let L be a rank-j lattice. For R >0 and s > 0,
#{z € L:||o] < R} < exp(nR2/s*)ps(L).

Fors' > s >0, '
ps(L) < (5'/s) ps(L).
In particular, under the hypotheses of Theorem 3.4, if so = T/7;, then for every u > sg,

3/ u)’
#{xeL:|z]| <R} < 3 () exp(mR?/u?).
S0
When j = 0, the point count and every Gaussian mass are one; the first inequality is immediate and
the second is equality.

Proof. Each point of norm at most R contributes at least exp(—mR?/s%) to ps(L), proving the first
bound. The Gaussian Poisson formula in the span of L is

s .
ps(L) = deth/s(L )-

The Gaussian mass is nondecreasing in its scale. Applying this fact to 1/s’ < 1/s in the formula
proves the second bound. The last bound follows by using the first bound at scale u, then the
second bound and Theorem 3.4. The same Poisson identity reads 1 = 1 in rank zero. O



We obtain the hypotheses of the Reverse Minkowski Theorem by removing a sublattice that
minimizes a normalized determinant. The optional rank bound below quantifies how many directions
can be removed when all original sublattices already have a weaker determinant bound. Extremal
sublattices and canonical filtrations also occur in the reduction theory of Euclidean lattices; see
Grayson [7, Section 1]. We need only the elementary minimization statement below.

Lemma 3.6 (Determinant-minimizing sublattice). Let L be a lattice and let T > 0. The quantity

det M

Trrank M’ M C L a sublattice,

has a minimum, attained by a primitive sublattice Ly. It satisfies
det Ly < Trnk Lo, det M > T35 M for every sublattice M C L/Ly.
If in addition Ty > T, A >0, and
det M > e*ATgankM for every sublattice M C L,

then

A
rank Lg < ———.
log(To/T)
For L = {0} the unique choice is Ly = {0}, and every assertion holds with rank zero and determinant
one.

Proof. The rank-zero lattice has normalized determinant one. For a fixed positive rank t, the
determinant of a sublattice is the norm of the wedge of one of its bases in the discrete lattice A* L.
There are only finitely many such norms at most 7%. Thus among all normalized determinants no
greater than one there are only finitely many values, and the minimum is attained. Saturating a
minimizer can only decrease its determinant while preserving its rank, so a primitive minimizer may
be chosen. Comparison with the rank-zero lattice gives det Lo < T' rank Lo

For a sublattice M C L/Lyg, lift it to M as in Lemma 3.1. Minimality gives

det Lo _ det M det L det M

Trank Lo — Trank Lo+rank M — Trank Lo+rank M’

which proves the quotient bound. Under the additional hypothesis, writing k = rank Lg, the two
bounds on det Ly give e‘ATé€ < T*. Taking logarithms proves the rank bound. O

3.3 Robust subsets and small determinants

Let A be a nonempty finite set with affine span F'. For p > 0, call A p-robust if every affine subspace
E C F of codimension t satisfies

JANE| <2771 Al
Robustness is preserved by injective affine maps, since their restrictions to the affine span preserve

codimension.

Lemma 3.7 (Robust cube extraction). Let @ # A C {0,1}™, let p > 0, and put d = dim aff A.
There is an affine restriction Ag = ANF, with F = aff Ay of dimension r, such that Agy is p-robust
and

logy [Ao| > logy [A| — p(d — 1) > logy |A] — pm,  logy [ Ao <.

10



For any fized ag € Ay, the number of ordered r-tuples (a1, ..., a,) € Af for which a; —ao, ..., a, —agp
are independent is at least

r

Aol [J(1 =277 > ((1 —27%)|4o])".

t=1
When r =0, Ag is a singleton and the number of empty ordered tuples is one.
Proof. Among all nonempty affine restrictions Q of A, choose one maximizing

’Q’ 2—pdimaff Q.

There are finitely many distinct restrictions. Replacing the restricting affine space by aff Q preserves
the restriction, so write the maximizer as Ag = AN F, F = aff Ay. Comparison with A gives the
lower bounds for its size.

Let E C F have codimension t. If Ay N E # &, its affine span has dimension at most r — ¢, and
the intersection is itself an affine restriction of A. Maximality therefore gives

’-AO N E‘ 2—pdimaff(AgﬂE) < |A0’ 2—pr7

which is the required robustness bound. Empty intersections satisfy the bound as well. Choose r
coordinate functionals independent on the direction space of F'. Projection to those coordinates is
injective on F', and maps Ay into {0,1}". Thus |Ap| < 2".

Finally, after ¢ independent differences have been chosen, their affine span with ag has codimension
r — i in F. Robustness leaves at least (1 — 277("=9)| Ag| choices for the next point. Multiplication
for i =0,...,r — 1 gives the claimed count. The empty product proves the rank-zero assertion. [J

The next lemma bounds the determinant of the entire difference lattice. Its affine-image form
will also apply to graph lattices: the only metric input is a bound on image differences.

Lemma 3.8 (Determinant of a robust image lattice). Fiz D > 0 and Cy > 0. For all sufficiently
large N, put p = £=P. Let m < N, let @ # A C {0,1}™ be p-robust on its affine span F of
dimension r, and let ® : F — R? be an injective rational affine map, meaning that it maps rational
points of F to rational points of R%. Suppose that

|®(a) — ®(b)|| < CoVN (a,b € A).
For any ag € A, the group

Lo =Y 7Z(®(a) — ®(ao))

acA

1 a rank-r lattice, independent of the choice of ag, and
det Ly < exp(Op,c,y (NY)).
In particular, with W = span(A — A),
H(W) < exp(Op(NY)).

If r =0, both lattices in question have rank zero and determinant one.

11



Proof. The finitely many image differences are rational vectors, so they have a common denominator.
Their integer span is therefore contained in a scaled copy of Z? and is discrete. The linear part of ®
is injective on the direction space of F', so this lattice has rank r. Changing ag does not change the
generated group. The assertions are immediate if » = 0; suppose r > 1.

Set T = (log N)47 and choose Ly C Ly by Lemma 3.6. Write I' = Lg /L for its orthogonal
quotient and j = rankI'. The quotient has det M > T™"%M for every sublattice M C T, while
det Ly < T"77. Fix ap, and project the vectors ®(a) — ®(ag) into I'. They have norm at most
CoV/N. If j > 1, Lemma 3.5 at scale T'/ 7j bounds the number M of distinct projections by

2 2
A < Bexp [ TN < 900 (N/tor M),

Here j <7 < N, so 75 = O(log N). The same final bound holds for j = 0, when M = 1.
The preimage in F' of any one projection fiber is an affine subspace of codimension j. A largest
fiber contains at least |.A|/M points, whereas robustness bounds its size by 2777 | A|. It follows that

. logg M NP
< = — .
i== OCO((logN>6

The projected differences generate I'. Choose j of them that are independent. Their integer span is
a full-rank sublattice of I', so the index formula and Hadamard’s inequality give

detT < (CoVN) .

For j = 0 this is the equality 1 = 1. Factoring the determinant along Ly now yields

. . NP
det Lo <T" 7 (CovVN)’ logdet Ly < AN+ Ocy| —= | -
A ()
For fixed D, the error is o(N¥), which proves the stated determinant bound.
For the identity map the difference norms are at most v/m < v/N, and Lg is a full-rank sublattice
of W NZ™. Saturating therefore decreases its determinant, giving H(W') < det Ly and the asserted
height bound. O

4 A finite cover for subspaces of controlled height

Lemmas 3.7 and 3.8 allow us to pass from a large subset of {0,1}" to a robust subset, with loss at
most pN in its base-two logarithmic size for p = =P and fixed D; > 0, whose difference span W
satisfies H(W) < exp(O(NN{)). This span may depend on the matrix under study, so a rank estimate
for one fixed space is insufficient. Theorem 4.1 replaces all such spans by a small fixed list while
changing the relevant ranks only slightly. Proposition 5.1 uses this cover to obtain simultaneous
rank estimates.

For rational subspaces U,V C R™, define their rank distance by

d(U,V)=dimU + dimV — 2dim(U NV).

Thus d(U, V') is the sum of the codimensions of UNV in U and V. Recall that H(U) = det(UNZ™),
with H(0) = 1. One also has d(U+, V) = d(U, V). Passing through the common subspace U+ NV +
shows that the nullities of a fixed symmetric bilinear form restricted to U+ x UL+ and V+ x V+
differ by O(d(U, V')); the same holds for the ranks of columns projected to these spaces. This is the
relation needed to transfer the fixed-space rank estimates.
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Theorem 4.1 (Low-height cover). Fiz D, A > 0. For all sufficiently large N, and every integer
0 <m < N, there is a list Cy, N of rational subspaces of R™, depending also on D, A, such that

Con | < 2V
Every rational subspace W C R™ satisfying H(W) < exp(N¢P) has

min d(U, W) < N4,

UGCm,N
Proof. Choose a fixed By > D + A + 2, and put

NP

= ¢ Bo hU) = logy H A= .
a 5 (U) OgN (U)v alogN

Throughout the proof N is sufficiently large in terms of these fixed parameters. In particular
a =o(l) and 1/log N = o(a). We will encode a space within distance A of each eligible W, at
a cost o( N2¢~4) bits. We follow the coordinate equations of W by a nested chain of minimizing
spaces. The height budget limits the total dimension lost in drops larger than one. A flag in the
normal lattice encodes each drop, and the minimizing inequalities ensure that few flag positions
have a large encoding cost. We then sum these costs over the chain.

The minimizing chain. Let » = dim W. Choose r pivot coordinates on which the coordinate
projection of W is an isomorphism, and write W as the graph of rational linear functions on these
coordinates. Order the nonpivot coordinates, and impose their graph equations one at a time. This
gives rational spaces

R"=PD>P D> -DPy_,=W

At a step with coordinate vector e, one has P;_1 = Ps;®Re. Every coordinate vector whose equation
has not yet been imposed belongs to P;.
For each s, minimize

Fy(U) = h(U) + ad(U, P,)

over rational subspaces U, write the minimum as Fs, and let U; be the greatest minimizer under
inclusion. We justify these choices. By Lemma 3.2, h(U) > 0, and only finitely many rational spaces
satisfy H(U) < N, Testing U = 0 shows that a minimizer can be sought among those spaces, so
the minimum exists. Lemma 3.2 and the inequality

d(U +V,P) +d({UNV,P) < d(U,P)+d(V,P)

show that the sum and intersection of two minimizers for F are again minimizers. The displayed
inequality follows from the dimension identity for U,V and the inclusion (U N P) + (VN P) C
(U + V)N P. Since the set of minimizers is finite, their sum is the greatest one. Also Uy = R™ and
Ey=0.

The minimizers descend with the graph spaces. In fact, if P’ C P, then

d(U+V,P)+d(UNV,P") <d(U,P)+d(V,P.

Here the required inequality between intersection dimensions follows from (U N P) + (VN P') C
(U+V)NP, whose two summands intersect in UNV NP’. Combining this inequality with Lemma 3.2,
for U = Us_1 and V = U, gives

stl(Usfl + Us) + Fs(Usfl N Us) S Esfl + Es-

13



Minimality gives the reverse inequality. Hence Us;_1 + Uy is an old minimizer, and greatestness
implies Us C U,_1.

Every unprocessed coordinate vector e € Ps belongs to Us. Indeed, Lemma 3.2, together with
H(Re) =1 and H(UNRe) > 1, gives

H(U +Re) < H(U).

If e ¢ U but e € Ps, adjoining e decreases d(U, Ps) by one, contradicting minimality. The energies
are nondecreasing as well. For a step P;_1 = Ps @ Re, one has

d(U + Re, Ps_1) < d(U, P,).

This follows directly by comparing the intersections after adjoining e: the new intersection contains
(UN P;) ® Re, while the dimensions of U and P;s each increase by at most one. The height inequality
just proved, applied to U = Uy, yields E;_1 < E..

Testing the last objective at W gives E,,_, < h(W). Therefore

h(W)

a

AUy, W) < <A.

Write ¢; = dim Us—1 — dim U for the dimension drop at step s, and let z count the steps with
cs = 0. At such a step the old and new minimizers coincide and contain the coordinate vector e
being processed. Their intersection with P, has dimension one less than their intersection with Ps_1,
so Es — Es_1 = a. Consequently z < h(W)/a. Write dim U,,,—, = r + 6. The distance bound gives
10| < h(W)/a, while summing the drops gives ) ¢, = m —r — 6. Since there are m — r steps,

2
Y (e -1y=z-0< 2
s:cs>2 ¢
It follows that 4h(W
s:ics>2 “

Normal flags for a transition. We next count the choices for a transition Uyq 2 Upew of drop
c > 1, assuming U,)q is known. Let P,q D Paew be the corresponding graph spaces, and set

A= (Uold N Zm)*

in the Euclidean span Ugyq, and let K = AN U,S, . This is a primitive rank ¢ sublattice of A, and it
determines Uyey. For a rational V C U4, Lemma 3.3 identifies the determinant of its primitive

normal lattice as

H(V)
H(Uowa)
If V has codimension t in Ugyyq, the two rank distances from V and U,q to any fixed space differ by
at most . Comparing V with the old minimizer, and saturating any sublattice of A, therefore gives

det(ANVL) =

h(V) = h(Uea) > a(d(Usia, Poa) — d(V, Poia)) > —at

and hence
det L > N—arankL (1 C A).

14



If K’ C K is primitive of rank ¢, it is also primitive in A, and is the normal lattice of a rational space
V! with Upew €V’ C Uyg. The normal-height identity and comparison with the new minimizer give

h(Unew) — h(V') < a(d(V', Paew) — d(Unew, Paew)) < alc —1t).

Thus
det K _ H(Upew)

det K/ H(V)
These two bounds are the only restrictions on the transition used in the count.
Choose a saturated flag

< Nole=t), (4.2)

O=KgcKiCc---CK.=K

as follows. In the orthogonally projected quotient K/K; 1, choose a shortest nonzero vector v;, put
wi = ||vi]|, and let K;/K;_1 be the lattice on its line. A shortest nonzero vector is primitive, so
K;/K;_1 = Zv;. Each K; is primitive in K, hence also in A. Put y; = logy p;. The determinant
identity in Lemma 3.1 and Equation (4.2) give, for every suffix,

Z yj <alc—i+1). (4.3)

j=i

The classical shortest-vector consequence of Minkowski’s convex body theorem in rank w is A\j(L) <
C'v/u (det L)l/“, with an absolute C. Apply it to K;;y,—1/K;—1. The vector v; is shortest even in
the larger lattice K/K;_1, and hence

1 i+u—1

1 )
yiga E yj+§logNu+O(1/logN) (1<u<c—i+1). (4.4)
j=i

Taking a full suffix in this inequality shows
1
Yi < 3 +a+ O(1/logN).

In particular y; < 1 for large N.

Call position 7 expensive if y; > 1/2 — 3a. A flag of length ¢ has O(ac) expensive positions, and
has none when ¢ = 1. For the latter assertion, Equation (4.3) gives y1 < a < 1/2 — 3a. For the
general assertion, suppose an expensive position exists, and partition the suffix from the first such
position into ranges, each starting at an expensive position and ending just before the next one, or
at the end. For a range of length u, Equation (4.4) gives

> (=) > u (5~ da — ylogyu—0(1/log V).

range

For u < N?/5, this is at least u/5 for large N. For every u < N, it is at least —Cjau, since
1/log N = o(a). The total over the ranges is nonpositive by Equation (4.3). The total length of the
short ranges is thus O(ac). There are at most ¢/N?/®> = o(ac) long ranges, and at most the total
short length short ranges. This proves the asserted count.

Counting flag vectors. We count the vector at each flag position in a quotient determined by the
preceding choices. Put
II=A/Ki,
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again using orthogonal projection. A rank t sublattice L of II lifts, together with K;_1, to a rank

t+i—1 sublattice of A. By Lemma 3.1, the first normal balance bound, and det K;_1 = Hj<i i < N€,
it follows that
- —a(t+i—1) e
det L > ———— > N-%7%¢, 4.5
¢ T det K1 ( )

Apply Lemma 3.6 to II with 7" = N~2¢. Fix a deterministic choice of its minimizing primitive
sublattice Lg, so that this choice requires no additional encoding once II is known. If jo = rank Ly,
the rank-zero competitor and Equation (4.5) imply
—ajo—2c —2aj . 2c
N9 < det Ly < N7200,  jo < =
a
All sublattices of the quotient € = IT/Lg have determinant at least N~2¢ to their rank.
First encode the image of v; in €. If Q has rank zero this image is unique. Otherwise, because
its rank is at most N, Lemma 3.5 applies at the common smaller scale

N—2a
0= Cylog(2N)

for a suitable absolute Cy. For an inexpensive position, u; < N 1/2=3a and orthogonal projection
does not increase norm. Lemma 3.5 therefore bounds the base-two logarithm of the number of
images by

O(1+ N'"?*log? N). (4.6)

For an expensive position the general bound on y; permits a common radius R = C3N'/2%¢ with
an absolute C5. Use the Gaussian comparison in Lemma 3.5 from sy to s; = R/ N. These satisfy
s1 > so for large N. Writing k = rank 2 < N, the base-two logarithm of the count is at most

O(1) + O(R?/s3) + klogy(s1/s0) < O(N) + O(N(alog N +loglog N)) = O(aN log N).

The last equality uses alog N > loglog V.

It remains to count the vectors above one fixed image in . Use the common radius R = C3N1/2+a
for both kinds of position, and let V be the vectors v € II above that image with ||v|| < R. If V is
nonempty, its differences lie in Lg. Let F' be their real span, of dimension

J <Jjo < 2¢/a, J<N.

The intersection lattice Ly = IT N F has rank j, and Equation (4.5) gives det Ly > N~%=2¢_ If
j =0, there is at most one vector. Otherwise choose j independent differences in V, each of norm
at most 2R, and let L' C Ly be their integer span. Fix vy € V. Within each coset of L’ in vg + Lp,
the translates at the points of V of a half-open fundamental parallelepiped for these differences are
disjoint up to boundaries. They lie in the j-dimensional ball centered at vy of radius 2(1 + j)R.
Writing Bj(r) for the Euclidean j-ball of radius r, we may sum over the [Lp : L'] = det L’/ det Lp

cosets to obtain .
VOlj B](Q(l + ])R)

det Lp

Since j < N and R = O(N'/2%%), the logarithm of the numerator is O(jlog N). The determinant
bound consequently gives

V| <

logy [V| < O((j + ¢)log N) = O (glog N) . (4.7)
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This bound is uniform over the fixed image and the preceding flag choices.
The image and fiber choices specify v; € TI. They also specify K;: for any lift v; € A,

K;,=AnN span(Ki,l, 51)

Thus the encoding reconstructs the next quotient and ultimately K, and hence Uypew. The counts
above can be applied successively to the prefixes of all encodings of actual minimizing chains; only
such prefixes need satisfy the balance bounds.

Total encoding cost. We finish by summing the costs. Specifying the pivot and coordinate order,
the drops, and the expensive positions costs O(N log N) bits. There are at most N flag positions
altogether, because the sum of all drops is at most m. Put

S = Z cs < 4A

Ss:cs>2

by Equation (4.1). The expensive-position count gives at most O(aS) such positions over the whole
chain; there are none in drops of size one. For a drop ¢, the ¢ fiber costs in Equation (4.7) total
O(c?log N/a). Using Y, -, c2 < §?, the full base-two logarithmic cost is therefore bounded as
follows. The four terms in the first bound account, respectively, for the choices of pivots, order,
drops, and positions; for inexpensive images; for expensive images; and for fibers:

O(Nlog N) + O(N(1+ N'"2*log? N)) + O(a®’Nlog N S)
log N
+O<mi(§+N0
N2g2D Nlog N

<O(N?*N"2*10g? N) + O(aN*P) + O | —= | + O ——) .

<O( og”N) + O(a )+ Flog N + ,
Each term is o(N2¢~4). For the first, N=2*log? N = exp(—2log N/¢Bo 4 2¢) = o(¢~*). The second
has factor alP? = ¢P=Bo = o(¢=4). For the third, 2P /(a®log N) = ¢?P+3B0 /1og N = o(£=4); the
fourth follows from ¢50log N/N = o(¢=4). All exponents here are fixed before N tends to infinity.

Collect the terminal spaces decoded by all these encodings, removing duplicates. This is a list

independent of W, of size at most 2V 4 for sufficiently large N. Every eligible W contributes an
encoding whose terminal space satisfies

N ¢P+5Bo
AUpr W) < A =" = o(NI~4).
(U ) ) — lOgN O( )
The required distance bound follows, uniformly for m < N. ]

5 Typical rank and spectral properties

We derive three properties of binary matrices that will be used below. The rank properties hold
simultaneously on all rational subspaces of the prescribed height and for all choices of columns.
Their uniformity comes from Theorem 4.1, together with a rank test over Fo. The spectral property
has the same exceptional-probability scale, although its proof uses concentration rather than a
union bound.

For a real symmetric matrix B and a subspace U C R™, write B|y for the bilinear form
(u,v) = u' Bv restricted to U x U. Its nullity is dim U — rank(B|y). We write 7y for orthogonal
projection onto U, and put Ex = span{e; : i € X} for X C [m)].
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5.1 Uniform rank tests

We first record the finite-field estimate behind both rank assertions. Let B be a uniform symmetric
bilinear form on F3', including independent diagonal entries, and let S,T" be fixed subspaces of
dimensions b, a, respectively, where b < a. For 1 <t < b,

Pr(rank(B\ng) <b-— t) < Cp2 /2 (5.1)

with an absolute constant Cy. Indeed, such a rank deficiency provides a t-dimensional subspace
K C S with B(K,T) = 0. The number of possible K is

b H(o—t) Tpl-2 t(b—t) - -1
— - - — __97I\—
<t>2_2 H1—2i— < Cp2 , CO_H(l 2777 < .
=0 7j=1
For a fixed K, set e = dim(K NT). Choose a basis of the intersection, extend it separately to bases
of K and T', and then extend their union to a basis of F5'. A change of basis preserves the uniform

distribution on symmetric forms. In this basis, the equations B(K,T) = 0 specify

- (2)

independent entries of the symmetric form. In fact there are ta entries before using symmetry, and
the only repetitions are the two orders of each off-diagonal pair inside K N7T. Diagonal entries in
that intersection remain independent conditions, also in characteristic two. Since e <t and a > b,
the number of conditions is at least tb — (;) A union bound over K gives Equation (5.1). The
event is empty if ¢ > b.

Proposition 5.1 (Uniform low-height rank tests). For every pair of fized constants D, A > 0, there
is a function fp aA(N) — oo such that the following holds for every m € Iy and all sufficiently large
N, with probability at least 1 — 2~ N0.aWN) for B = B,,. Simultaneously for every rational subspace
W C R™ with H(W) < exp(N¢P), one has

1. dim W+ — rank(B|y.) < N—4;
2. for every coordinate set X C [m],

Taﬂk[ﬂwLBeiheX > min{|X|,m — dim W} — N¢~4.
The ranks and the orthogonal projections in these conclusions are over R; no nonsingularity assump-
tion on B is needed.

Proof. For any rational subspace U C R™, the lattice U N Z™ is primitive in Z™. Consequently
an integer basis matrix Cp of this lattice has full column rank modulo two: a basis of a primitive
sublattice extends to a basis of Z". If U,V are rational, the matrix of the tested form is the
integer matrix C’EBCV. Its real rank is at least the rank of its reduction modulo two, because a
nonzero minor modulo two is an odd, hence nonzero, integer minor. Moreover B mod 2 is uniform
among symmetric matrices over Fo. Thus Equation (5.1) applies to the reductions of the column
spaces of Cy, Cy, which have the same respective dimensions as U, V. Their intersection after
reduction can be larger than the reduction of U N V; the intersection correction in the preceding
count accommodates this without any further assumption.
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The tests we need are U =V, and V = Ex. In the second case,

rank [TrUBei] = rank(CEBCEX),

1€X
where CE, consists of the coordinate vectors with indices in X. To see this equality, C’g annihilates
U+ and is an isomorphism from U to R4™Y_ Tt therefore detects exactly the rank after projection
to U.

We also need stability when the testing subspace changes. For fixed B and X, define
do(U) = dim U — rank(B|y), 6x(U) = min{|X|,dim U} — rank(C{; BCE, ),

where the second rank can equivalently be defined by the bilinear form on U x Ex, without choosing
an integer basis. If Z C U, restricting a matrix to Z x Z deletes dim U — dim Z rows and the same
number of columns. Its rank decreases by an amount between zero and twice that number. Hence

160(U) — ()| < dimU — dim Z.

For the form on U x Ex, the rank and the quantity min{|X|,dim U} each decrease by an amount
between zero and dim U — dim Z. The same inequality follows for dx. Taking Z = U NV in these
two inequalities gives

|00(U) — d0(V)| < d(U, V), 10x(U) —ox (V)| <d(U, V). (5.2)

Here d(U,V) = dimU + dim V — 2dim(U N V), and the dimension formula also gives d(U+, V*) =
d(u,Vv).

Fix D, A, put s = N¢=4, and apply Theorem 4.1 with precision exponent P = 2A + 4. For each
m € Iy, it gives a list C,, of rational subspaces with

Conl <2V°7 min d(W,V) < NP

Velm
for every W in the height range of the proposition. Set ¢t = [s/2]. Apply Equation (5.1) to U = V+
for every V € C,,, both to its restricted form and to its form against every Ex. The comparison of
real and mod-two ranks above shows that the probability that any of these real deficiencies is at

least ¢ is at most
Co(l + 2m) 2N2€7P—t(t+1)/2 < 2—Q(N2£72A)'

In the last inequality, N2¢~" = o(N2¢=24) and m = o(N2¢~24), uniformly in the stated range of
m. Tests whose smaller dimension is less than ¢ need not be included.

Outside this event, choose a covering V' for a given W. Equation (5.2), applied to their orthogonal
complements, bounds each deficiency for W by

t—1+ NP <5

for all sufficiently large N. This holds simultaneously for all such W and all X. Finally, N¢=24 — oo,
so the displayed exceptional probability has the form required in the statement. O

Corollary 5.2 (Inverse restriction rank). For every pair of fized constants D, A > 0, typically for
nonsingular binary matrices B of size m € Iy, simultaneously for every rational W C R™ with
H(W) < exp(NeP),

rank(B~1|y) > dim W — N4,

Here B~|y is the restriction of the bilinear form with matriz B, rather than the restriction of
its associated linear map. The exceptional probability is uniform in m, as in Proposition 5.1.

19



Proof. The two radicals are
rad(Blyy1) = WEnNB'W,  rad(B~Yw) =W nB(WH).

Since B is nonsingular, multiplication by B is an isomorphism from the first space onto the second,
with inverse multiplication by B~!. Their dimensions are equal. The first assertion of Proposition 5.1
therefore gives the claimed rank for the inverse form, on the same typical set. O

5.2 Corank modulo all primes

For nonsingular B and every prime p, the presentation of G gives
kB(p,1) = dimg,(Gp/pGp) = corankg, (B mod p).

This dimension is the minimum number of generators of the p-primary part, and kp(p,e) < kp(p,1)
for every e. A uniform bound on these coranks will therefore control the generators needed for
quotients of Gp and cap its layer heights.

Proposition 5.3 (Uniform prime corank). Typically for nonsingular binary matrices B of size
m € Iy, one has, simultaneously for every prime p,

corankp, (B mod p) < N3/5,

More precisely, uniformly for m € Iy, the probability of nonsingularity together with failure of this

. . _ 6/5
assertion is at most 2~V / ).

Proof. If B is nonsingular over R, its determinant is a nonzero integer. Every prime at which its
reduction has positive corank divides that determinant. Hadamard’s inequality gives

1 < |det B < m™? < NN/2,

so it suffices to consider primes p < NN/2. For each such prime, Lemma 2.3, with field [Fp, bounds

the probability of corank greater than N3/5 by 2-¢N %/ for an absolute ¢ > 0, uniformly in p and m.
Even bounding the number of these primes by N™/2, the union bound is

9(N/2)log, N—cN®/5 2ch6/5/2
for all sufficiently large N. This also proves the asserted uniformity. O

5.3 Few eigenvalues near zero

Proposition 5.4 (Typical small-spectrum bound). For every fized A > 0, there is a fired C4 > 0
and a function fo(N) — 0o such that, for every m € I and all sufficiently large N, with probability
at least 1 — 2~ NfaWN) | the number of eigenvalues of B = B,, in

[—VN =64, /N =94

is at most N0=A. Figenvalues are counted with multiplicity. One may take C4 = A+ 6. This
assertion does not require B to be nonsingular.
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Proof. Mean bound. Let J,, be the all-ones matrix and write
2B = J,, + S, X = S/vm.

The entries of S on and above the diagonal are independent uniform signs. We first bound the
number of eigenvalues of X in a short interval about zero.

The limiting moments in the following calculation are those of Wigner’s semicircle law [18]. We
include the closed-walk enumeration to obtain the quantitative error bound needed here. Let

1
dpise(2) = 5 V4 = 22 1 99)(2) dz.
For ¢ > 1 with i +1 < m,

(21/ + 1)2i+2
m

1 .
< ., ETrXx*l=o. (5.3)
m

’ETrX% —/in dpise ()

To prove it, expand the normalized trace as

k—1
1 .
SET X =m N T B Sue, =

vo,...,kale[m} r=0

Each summand is a closed walk, with edges regarded as unordered and loops allowed. Its expectation
is one if every distinct edge is used an even number of times, and is zero otherwise. This proves
the odd-moment assertion. For k = 2¢, a contributing walk has at most i distinct edges. Its graph
is connected, and hence has at most 7 4+ 1 vertices. Equality forces exactly 7 nonloop edges, each
used twice, forming a tree. When vertices are named in order of first appearance, these walks are in
bijection with Dyck words of length 2i: the first traversal of a tree edge raises the depth, and its
return traversal lowers it. Their number is the Catalan number Cat; = (i + 1)~} (2;), and each has
(m)iy1 =m(m —1)---(m — i) injective labelings.

The contribution of these tree walks is therefore Cat;(m);11/ mitl. Its difference from Cat; is
at most Cat;i(i + 1)/(2m), using 1 — [[}_o(1 — h/m) < 3} _, h/m. Every remaining contributing
walk has at most i vertices. There are at most (2i + 1)2 canonical vertex sequences, a crude bound
obtained by allowing each position any of 2i 4 1 names. Each such sequence has at most m’ labelings
and so contributes at most 1/m after normalization. Finally, elementary beta integration gives

(2i)!

2 _ — Ot
/x dﬂst:(w) = i+ 1)! Cat;,

and its odd moments vanish. Combining these estimates, and using Cat; < 4¢, gives Equation (5.3).
Fix the exponent A in the proposition and put

w= AT G [P f@) = (- fal/w)s,  pi(e) = 201 - 22/16).

For all large N, f(x) < p;(x) for every real x. Outside [—w, w] this follows from nonnegativity of
the even power. Inside that interval, Bernoulli’s inequality gives

pi(x) > 2(1 —w®/16)” > 2(1 — jw?/8) > 1 > f(a),

because jw? = O(¢~%). All moments in p; have degree at most 4;, and 2j + 1 < m uniformly in
m € Iy for large N. Expanding this polynomial and applying Equation (5.3) term by term, the
sum of the absolute values of its coefficients is 2(17/16)%/. Consequently

2(17/16)% (45 + 1)4+2
m

< — - LFo(l).

1
—ETrp;(X) — dlse
‘m TPJ( ) /PJ 1%
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This estimate verifies the required growing degrees: indeed

jlog(j +1) = 042" *1og t) = o(logm)

uniformly in the stated range. In particular the last error is o(/~4). On the support of je,

(1 —22/16)% < exp(—jx?/8) and the density is at most 1/7. Thus

2 4
/ pjdptse < = / eI dy = O(j71/%) = O(¢472).
TJR
The pointwise majorization now proves
ETr f(X) = o(ml~), (5.4)

again uniformly in m.

Concentration and translation to B. We next obtain concentration strong enough for typicality.
Pointwise,

f@)=1=g1(x) + g2(x),  gi(2) = [z[/w,  ga(x) = (Jx]/w = 1)4.

Both g1, g2 are convex and 1/w-Lipschitz. Their traces are convex functions of a real symmetric
matrix. For completeness, if M denotes its spectral positive part, then

Tr My = max Tr(PM).
0=P=I

The identities
Trgu(M) = w (T My + Te(=M)y),  Trga(M) = Tr(M/w — I)+ + Tr(~M/w — I);

express each trace as a sum of suprema of affine functions of M, which proves convexity.

Let y = (Yab)a<p be an arbitrary real vector of independent upper-triangular coordinates, and
form X (y) = S(y)/+/m by symmetric reflection. For real symmetric matrices, the Hoffman—Wielandt
inequality [9, Theorem 1 and Remark 2], with their eigenvalues ordered, states that

D N(M) = M(MP < | M~ M]3
i=1

It follows by Cauchy—Schwarz that for a = 1, 2,
m V2
I Trga(X ()~ Traa(X D] < Y IXG) - XG)lr < 2y 21

The last inequality uses || X (y) — X (2)||% < (2/m)|ly—z||3. Thus each trace is convex and L-Lipschitz
as a function of the independent coordinates, with L = v/2/w.

Talagrand’s convex Lipschitz concentration theorem on the product cube [15, Theorem 3] implies
that, for universal ¢,C > 0, if F : R — R is convex and globally L-Lipschitz for the Euclidean
norm, then its value at independent uniform signs satisfies

Pr(|F — EF| > u) < Cexp(—cu®/L?) (u>0).

The usual statement about a median implies this form: integrating its tail bounds the difference
between the median and the expectation by O(L), which can be absorbed by adjusting ¢, C. Apply

22



the theorem to the two traces. By Equation (5.4), their difference Tr f(X) = m—Tr g;(X)+Tr g2(X)
has expectation at most mf~4/8 for large N. If it exceeds mf~4/4, at least one of the two convex
traces deviates from its expectation by more than m¢=4/16. Therefore

Pr(Tr f(X) > me~*/4) < 2C exp(—m*~*4w?) < geaN2- AT (5.5)

for some ¢,c4 > 0 and all sufficiently large N, uniformly in m. Since N¢~44-10 5 oo, this is a
2~ NFa(N) exceptional probability with fa(N) — oco.

On the complementary event, f > 1/2 on [—w/2,w/2] shows that X has at most mf=4/2
eigenvalues in that interval. Finally 2B/y/m = X + J,,/\/m is a rank-one perturbation of X.
FEigenvalue interlacing changes the cumulative eigenvalue count at either endpoint of an interval
by at most one, so it can increase the count in any interval by at most two. Take C4 = A + 6.

Uniformly for m € Zy,
2/ N/m =4 < w/2

for all sufficiently large N. The eigenvalues of B in the interval of the proposition therefore number
at most

1
§mﬁf‘ +2< N4,

Together with Equation (5.5), this proves the proposition. O

6 The discriminant pairing and admissible columns

We prove Proposition 2.6. The arithmetic part of the proof colors isotropic elements of the
discriminant group so that the pairing on differences within one color has controlled image order.
The geometric part converts this order bound into a dimension bound for a robust subset of
admissible columns.

6.1 Orthogonal blocks and a coloring of isotropic elements

For a nonsingular symmetric integer matrix B, the formula
Ag(Z,7) = 2" B~y mod Z (z,9 € Gp)

defines a symmetric pairing with values in Q/Z. Changing = or y by a vector in BZ™ changes
the displayed value by an integer. Moreover, if Ag(z,7) = 0 for every y € Z™, then B~ 'z € Z™,
so = 0. Thus the induced map from Gp to Hom(Gp,Q/Z) is an isomorphism. We call such a
pairing perfect.

Distinct primary components are orthogonal: a pairing value between an element of p-power
order and one of ¢g-power order is annihilated by coprime powers when p # ¢q. The restriction to each
primary component is consequently perfect. An element is isotropic if its self-pairing is zero. If an
element of Gp is isotropic, then so is its projection to each primary component, by the uniqueness
of primary decomposition in Q/Z. In particular the class of every z € S(B) is isotropic.

Orthogonal decompositions of these pairings are standard in the theory of finite linking forms;
see Miranda [12, Section 1]. We include the elementary splitting argument and the precise block
forms needed here.

Lemma 6.1 (Orthogonal block decomposition). Let G be a finite abelian p-group with a perfect
symmetric pairing A : G X G — Q/Z. 1t is an orthogonal direct sum of blocks of the following forms:
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1. a cyclic group of order p’ whose generator has self-pairing a/p’ mod Z, with pt a;

2. when p =2, a group (Z/27)? with pairing matriz

277 <2Ca 26d> mod Z, ¢ odd.

Proof. Let p’ be the exponent of a nonzero group still to be split. If some element has self-pairing
of order p7, it has order p’ and its cyclic subgroup is a block of the first kind. Otherwise choose
an element z of order p/. Perfectness implies that the character A(z,-) has order p/, so there is an
element y for which A(x,y) has order p/. Write the three pairing values on z,y, with denominator
p?, using numerators a, c, d, respectively. Then c is a unit modulo p, while a,d are divisible by p.
For odd p, the self-pairing numerator of x + y is a + 2¢ + d, a unit, so again a block of the first kind
is available.

For p = 2, the two diagonal numerators are even and the off-diagonal numerator is odd. The
resulting two by two numerator matrix is invertible modulo 27. Pairing a relation between x,y with
x, 7 therefore shows that its two coefficients vanish modulo 27. Thus they span (Z/2’7Z)?, and the
restriction of the pairing to this subgroup is perfect, giving the second kind of block.

It remains to justify splitting a block H off orthogonally. Because the pairing on H is perfect,
for any g € G there is a unique h € H such that A(g,-)|g = A(h,-)|g. Hence g — h € H*+. Also
HNH+=0,s0 G=H® H"'. The pairing on H' is perfect, since an element annihilating both
summands annihilates G. Iteration proves the decomposition. O

The exponents of the cyclic factors in this decomposition are the invariant exponents by > by > - - -
of G. A block of the second kind contributes two equal exponents.

Lemma 6.2 (Primary coloring). In the setting of Lemma 6.1, put h = bs, with zero exponents
appended as necessary. In an orthogonal block decomposition, let U be the sum of the blocks of
exponent strictly greater than h, and let T be the remaining sum. There is a coloring of the isotropic
elements of G with C), colors such that elements x,y of one color satisfy

p"Ao(zu,yy) =0 in Q/Z. (6.1)
Here xy,yy denote the projections to U. The color counts may be chosen to satisfy
Cp<1+8b, Cp,<227% ifpisodd

The cutoff at b3 leaves at most two cyclic factors above it. Up to a lower-order error, the color
count will be charged to height-two layers, while layers of height at least three will control the order
of the pairing image on differences within one color.

Proof. The exponent of T divides p”. Isotropy and orthogonality therefore imply
Pz, zp) =0 (6.2)

for every element under consideration. There are at most two cyclic factors in U. A block of the
second kind cannot be divided by the cutoff at h, since its two factors have equal exponent. We can
thus handle all possibilities explicitly. In the following, v,(0) = 4o00; for a nonzero cyclic coordinate
its valuation is that of any representative not divisible by the full modulus.
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If U = 0, use one color. If it has one factor, this is a cyclic block of exponent j > h, with
coordinate z and a unit self-pairing numerator. Equation (6.2) forces

vp(z) = F;ﬂ :

Two such coordinates have mutual pairing annihilated by p”, so again one color suffices.
Suppose next that U consists of two orthogonal cyclic blocks of exponents j > ¢ > h, with
respective unit self-pairing numerators a1, as. For their coordinates x,y, put

F =max{j — 2v,(x), i — 2v,(y)}.

Use one deep color for F' < h. Two deep elements have the required mutual denominator term by
term, since the sum of the two valuations in either coordinate is at least its exponent minus h. If
F > h, the two entries in the maximum must equal F. Otherwise the term of largest denominator
in the self-pairing could not cancel, contrary to Equation (6.2). In particular F' < ¢, and F has the
parity of both i and j. Write

z=plU=FI2x y= p(i—F)/QK
where X,Y are units. With n = F — h > 0, the self-pairing condition is
a1 X?+aY?=0 (mod p").

The residues of X,Y modulo p™ are well defined: they are determined modulo p+#)/2 and pi+)/2,
respectively, and both exponents are at least F' > n. Color this element by F and 7 = XY ~! mod p".
Its ratio satisfies 72 = —agal_l (mod p™). For two elements with the same color, using primes for
the coordinates of the second one,

XX +aYY' =YY (a1r* + a2) =0 (mod p").

This is precisely Equation (6.1).
For completeness, a unit square has at most two square roots modulo an odd prime power and
at most four modulo a power of 2. Indeed, for two unit roots r, s, the modulus divides (r — s)(r + s).

At an odd prime at most one factor is divisible by p, giving r = s or r = —s (mod p"). At 2, for
odd r, s, one of r — s, + s has valuation exactly one and the other is divisible by four, with the
convention of infinite valuation at zero. For n > 2 this gives 7 = s or r = —s (mod 2"~!), allowing

at most four residues modulo 2"; n = 1 is immediate.

There are at most [(i — h)/2| possible nondeep values of F. At odd p, the count is thus at
most 14 2[(i — h)/2]. For i — h > 2 this is at most 2°"". If i — h = 1 and a nondeep element
exists, its value is F' = h + 1. The parity just established shows that in a deep element the two
exponent-minus-twice-valuation quantities are at most h — 1. In the coordinate of exponent j, for
example, a deep valuation is at least (j — h + 1)/2, whereas a nondeep valuation is (j —h —1)/2.
Their sum is at least j — h, and the same argument applies to the coordinate of exponent i. Every
deep element therefore has the required mutual denominator with every nondeep element. Merge
the deep color into one nondeep color, leaving at most two colors. If there is no nondeep element,
one color suffices. This proves the odd-prime bound in this case. At 2, the unmerged count is at
most 1+ 4[(i — h)/2], which satisfies the asserted polynomial bound.

The remaining possibility is a single block of the second kind at 2, of exponent j > h. Write its
numerator matrix as (20“ 2cd) with ¢ odd, and put

t = min{ve(x),v2(y)}, F=j-2t
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Again use a deep color for F' < h. For two deep elements, the valuation of each coordinate in each
element is at least [(j — h)/2], which proves the mutual denominator bound. For F' > h, write
x=2!X,y =2'Y, so at least one of X,Y is odd, and put n = F — h. Choose the first coordinate as
pivot if it is odd, and otherwise choose the second. After ordering the pivot first, call it u, call the
other coordinate v, and write

f(X,Y) =aX?+cXY +dY?,

interchanging a,d when the second coordinate is the pivot. The self-pairing numerator is twice this
quadratic form. Thus Equation (6.2) says

f(u,v) =0 (mod on—1y),

where the condition is empty for n = 1. Color the element by F, the pivot, and r = vu~! mod 2.
This ratio satisfies
f,r)y=a+cr+dr* =0 (mod 2"71h).

The ratio is well defined modulo 27, since the normalized coordinates are determined modulo 27~
and n < j — t. Its derivative ¢ + 2dr is odd. Every root modulo 2%, for a > 1, therefore has exactly
one root lift modulo 2°*!: the two possible lifts change the value modulo 2**! by 2% times an odd
number. There are at most two roots modulo 2. It follows that there are at most four permissible
ratios modulo 2", including the one extra bit beyond the modulus in the self-pairing condition. This
bound also holds for n = 1.

For two elements of the same color, their normalized pivot coordinates are odd numbers u, 1’
and their ratios satisfy ' = r (mod 2"). Their bilinear numerator modulo 2" is

wu' (2a + c(r + ') + 2drr’) = 2ud/ f(1,r) =0 (mod 2).

Restoring the common factor 22! proves Equation (6.1). There are at most b; possible values of
F > h, two pivots, and four ratios at each pivot, so the count is at most 1 4+ 8b;. The same bound
holds in all preceding cases. Finally, the number of factors above h is zero, one, or two according as
handled above, and their second exponent satisfies ¢ — h = by — b3 when there are two. This proves
the asserted bounds. O

Apply Lemma 6.2 independently to the primary components of Gg. An overall color is the
tuple of its primary colors; let Cco(B) be the product of the counts over the nontrivial primary
components. The following explicit estimate is the color cost that we need:

ngCJ\CfOI(m < Z Z Vp+O(N_1/510gN) <p Z Vp+O(N_1/5logN). (6.3)
b (pie)=2 (o) =2

Indeed, for p > N*/5 the prime is odd for large N, and the logarithm of its color count is at most
bp2 — by 3. This difference is exactly the number of its height-two layers, while v, > 4/(5N). These
primes give the first term of the first bound. For p < N4/5, use instead Cp <1+ 8bp 1. The order
bound for Gp gives

bp,1 < log, |G| < (N/2)log, N.

There are at most N*/® such primes, so they cost O(N 4/510g N ) bits in total. This proves the first
bound; the second uses 5/4 < 8 = 7/5. The error term in Equation (6.3) is o(£=4) for every fixed
A>0.
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Set
Jp = Z kp(p,e)vp. (6.4)
p,e

kp(p.e)>3

Equation (2.3) gives 0 < Jp < 1/2.

Lemma 6.3 (Pairing image on differences). Let X be a set of isotropic elements of Gp in a single
overall color, and let
H=(@zx—-y:z,ye X)CGp.

For the restricted pairing map
Oy : H— Hom(H,Q/Z), O (u) = Ap(u,-)|H,

one has
lim 0| < NV/B,

Proof. Fix a prime and abbreviate h = b, 3. In the orthogonal decomposition Gp, = U @ T used in
Lemma 6.2, let d = #{i : b,; > h} < 2. Project the p-primary part of H to subgroups Hyy C U and
Hp C T. Every pairing between projections of elements of X is annihilated by p” on U. Bilinearity
gives the same conclusion for pairings of arbitrary elements of Hy, since these are generated by
projections of differences.

A subgroup of a finite abelian p-group with d cyclic factors has at most d generators. One way
to see this is that its minimal number of generators equals the dimension of its subgroup annihilated
by p, which is at most dimp, U[p] = d. The image of the restricted pairing map on Hy is a quotient
of Hy, and it is annihilated by p. Its order is therefore at most p"@. The image order of the
restricted pairing on Hyp is at most |Hp| < |T|.

Pull these two pairings back to the p-primary part of H. The image of the sum of their maps
is contained in the sum of their images, whose order is at most the product of the two orders.
Consequently the image order at this prime is at most

7| phd — pzi min(by ;,h) _ pZegbp,S kp(p.e)

The range e < by 3 is exactly the range in which kg(p,e) > 3. Distinct primary pairings are
orthogonal, so multiplying the last bound over primes gives

|im 6| < [[ p>ernwezsko@e) - NN,
p

as required. O

6.2 The graph lattice and the spectral comparison

We first record the determinant consequence of a pairing image bound. All lattice determinants in
this section are Euclidean covolumes in their real spans.

Lemma 6.4 (Pairing index and determinant). Let L be a lattice, let V = span L, and let q be a
symmetric bilinear form on V such that q(L, L) C Q. Write

K = LnNradg, S =Vn(radq)®t, L = projg L.
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Then K spans the radical and is primitive in L, and L is a lattice in S. If t is the order of the
image of
L — Hom(L,Q/Z), x +— q(z,-) mod Z,
then )
1 det K

> ___ (det K)” (6.5)

t(det L)2  t(det L)?
Here the determinant on the left is taken in an orthonormal basis of S, and all rank-zero determinants
are one.

det(q|s)

orth

Proof. The matrix of ¢ in an L-basis is rational. Its kernel is therefore rational in that basis, so K
spans the radical. It is primitive because it is the intersection of L with a real subspace. Extending
a basis of K to a basis of L shows both that L is a lattice and that

det L = det K det L.

The form vanishes whenever one argument is in the radical, so it descends to the projected lattice L.
Its pairing map there has the same image order ¢: the quotient L — L is surjective, and pullback
injects Hom(L, Q/Z) into Hom(L,Q/Z). The image is finite because the form has rational entries
in a lattice basis.

Let M be its matrix in a basis of L, of rank s = dim S. It is a nonsingular rational matrix. The
kernel of the pairing modulo Z in Z° has index ¢; choose its integer basis matrix A, so |det A| = t.
The matrix ATM is integral. It has nonzero determinant, and hence

1 < |det(ATM)| = t| det M].

This uses the pairing index on one side of the matrix. If P is the basis matrix of L in orthonormal
coordinates on S, then M = PT M, P and |det P| = det L. Thus

| det M| 1
>

det M| = o002 .
|det Mortnl = 955792 2 fdet 1)?

which proves Equation (6.5). The rank-zero case has ¢t = 1 and follows from the stated conventions.
O

Proof of Proposition 2.6. Fix A > 0, and choose a fixed P > A + 2. Intersect the typical event of
Corollary 5.2 with exponent D = 2 in the subspace height bound and precision P, and that of
Proposition 5.4 with precision P. This is a typical event uniformly for m € Zy. On it the rank
conclusion holds simultaneously for every rational subspace W C R™ with H(W) < exp(N/?); the
spectral conclusion holds for B itself. We will verify that the subspace selected below meets this
height bound, so the selection may depend on B and on all its admissible columns.

Fix a nonsingular B in this event. There is nothing to prove if S(B) is empty. Otherwise choose
a largest overall color among its elements, with the color of a column meaning the color of its class
in Gp. Lemma 3.7, applied to this color with parameter p = =7, gives a nonempty subset T robust
on its affine span and satisfying

l0g, |S(B)| < logy Ceot(B) + Nt~ + logy [T. (6.6)

Put W =span(T —T') and r = dim W. This is a rational subspace, since it is spanned by integer
differences. Projection onto a suitable set of r coordinates is injective on W, and hence on the affine
span of T'. Therefore

|T| <27, (6.7)

28



The graph below uses admissibility to keep differences short and retains integral first coordinates
for the determinant bound on the radical lattice. For an eigenvalue A of B, its induced metric
changes the corresponding eigenvalue 1/ of the inverse form to A/(1 + A?), which is bounded even
when A is small. Consider the rational injective graph map

vV:iR" — R, y(2) = (2,B'2),

and the rank-r lattice
L={y(z)—():zteT)z in~y(W).

Each graph difference has squared norm at most m + 4m < 5N: the first coordinates are differences
of bits, and each inverse image has infinity norm at most one. The restriction of v to the affine
span of T is a rational affine injection, and it preserves the codimensions occurring in robustness.
Lemma 3.8 therefore applies to these graph points. It also applies to the original cube points. For a
constant Cy depending only on P, it gives

det L < exp(CyNY), H(W) < exp(CoN¥). (6.8)

For all sufficiently large N, the second bound in Equation (6.8) is at most exp(N¢?). Thus this
adaptively chosen W lies in the simultaneous scope of Corollary 5.2. Lemma 3.8 is deterministic for
every such robust set and graph map, and the spectral event is a statement about all eigenvalues of
B; neither requires W to have been fixed in advance.

On the whole graph I' = «(R™), define

Q(y(x),v(y)) =2"B™'y.

Let s be the rank of its restriction to 4(W). The graph map identifies that restriction with the
restriction of the bilinear form B~! to W. Hence Corollary 5.2 gives

s>r— N (6.9)
The reduction of Q modulo Z on L is the pullback of the restricted discriminant pairing on
H=(z—-t:2,teT)CGp.

Indeed, the map L — H sending y(u) to u+ BZ™ is surjective and respects these pairings. Pullback
on the corresponding character groups is injective, so the two pairing images have the same order.
By Lemma 6.3, this order is at most NV/5.

Let K = L Nrad(Qlyw)), and let S be the orthogonal complement of this radical in v(W).
The rationality assertion in Lemma 6.4 applies since B~! is rational and the first coordinates of
vectors in L are integral. Consequently rank I = r, rank K = r — s, and dim .S = s. There is also
the lower bound det K > 1. In fact the projection to the first m coordinates is injective on I', and it
maps K to an integer lattice of the same rank. The squared determinant of an integer lattice is the
positive integer determinant of the Gram matrix of an integer basis, so its determinant is at least
one. Orthogonal projection contracts Euclidean volumes, giving the same lower bound for det K.
This includes rank zero by convention.

Lemma 6.4, followed by Equation (6.8), now gives

det(Ql|s)| > N"N7B(det L)™2 > N~N7B exp(—2C,N¥). (6.10)

orth
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We compare this with the spectrum of @ on T', using the Euclidean metric induced from R?™.
If v; are orthonormal eigenvectors of B, with nonzero eigenvalues \;, then their graph vectors are
orthogonal and
Iy (vi) |2 =1+ 2772

It follows that the self-adjoint operator representing Q on I' has eigenvalues

T

Hi
All have absolute value at most one. Let Cp be the fixed constant supplied by Proposition 5.4.
Apart from tg < N¢~F eigenvalues, that proposition gives |\;| > v/ N ¢~C7. For these indices,

(cr

VN

<1

il < X7 < aw, an =

for sufficiently large V.

The determinant of a compression to any s-dimensional subspace is bounded in absolute value
by the product of the largest s singular values of the whole operator. Indeed, if w is the unit exterior
product of an orthonormal basis of that subspace and Tg is the operator of (), the determinant is
(w, (A° Tg)w), whose absolute value is at most || A* Tg||. Apply this to the subspace S. Using the
spectral bounds above, including the rank-zero convention, gives

(=in)+ < g37te, (6.11)

det(Q‘S)

orth

<a

The last inequality is also valid for s < tp, since ay < 1. Comparing Equations (6.10) and (6.11)
and taking logarithms yields

1
(s —tp) <210gN—Cplog€> < NJglog N + 2CyNV¥.

The coefficient on the left is positive for large N. Together with Equation (6.9) and tp < N¢=F,
this implies
r JB+2C()£/10gN _p _p
— < 200 =2Jp+ 0O ).
N S 1/2—Cplogl/logN © B+ O
For the last equality, use Jg < 1/2, the fixedness of Cy, Cp, P, and (¢ +log?)/log N = o({~F).
Finally combine Equations (6.6), (6.7), and (6.3). They give

log, [S(B)|

N <8 > p+2Jp+ 0 ")+ O(NPlog N)

p.e
kB (pve):2

=U(B)+ 0 F)+O(N"log N).

The equality follows from Equations (2.4) and (6.4). Because P > A + 2 is fixed, the sum of the
two error terms is at most =4 for all sufficiently large N. This proves the claimed estimate on the
chosen typical event and completes the proof. O
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7 Algebra of principal-minor extensions

We now turn to Proposition 2.7, which controls the potential in expectation. We will grow nonsingular
principal minors by one or two coordinates. The following deletion lemma supplies such moves in
reverse order, with the additional condition required when two coordinates must be deleted.

Lemma 7.1 (Gated deletion). Let B be a nonsingular symmetric r X r matriz with entries in {0, 1},
where r > 1. FEither a principal submatrix obtained by deleting one coordinate is nonsingular, or
there are distinct coordinates i,j such that, with I = [r]\ {i,7},

C = By is nonsingular, v1 = Br; € S(C), wy=DBr;€S(0).
For the empty minor we use determinant one, and S contains its unique empty column.

Proof. The cofactor identity gives
-1
det B (i, iy = det B (B ).

Thus a nonzero diagonal entry of B~! gives the first alternative. Suppose instead that all diagonal
entries of B~! vanish. Since B~! is nonsingular, it has a nonzero off-diagonal entry. Choose 4, j to
maximize the absolute value of an entry of B!, and write x = (B™!);; # 0. Then

-1 0 w
(B™ Mig) iy = <K K
Jacobi’s complementary minor identity gives
det C = det B det(B ') jy (i3 = —K° det B # 0.

Order the coordinates with I first and write

c v _
B:<VT D), V=(w), T=D-VClv

Block inversion shows that

_ _ 0 ~ _ _ _
T™' = (B gy i) = (K 0) . (B Yy =-Cvrh

The diagonal of T is therefore zero. Its two diagonal equations give v C~1v, = D,, € {0,1} for
a = 1,2. Moreover, the two columns of the displayed inverse block are —xC~!vy and —xC~tv;.
Every entry in that block has absolute value at most ||, by the choice of i, j. Hence ||C™ vg]loo < 1
for a = 1,2. These two facts are exactly the defining conditions for vy, vy € S(C). O

For h € {1,2}, let m,m+h € Iy, and let C' be a nonsingular binary matrix of size m. A random
extension of width h is

B= <VCT lv)) V= (01 - v). (7.1)

The mh entries of V and the h(h + 1)/2 entries Dy, 1 < a < b < h, are mutually independent
uniform bits; the lower triangle of D is determined by symmetry. If C is random, all these new bits
are also independent of C'. Thus, conditional on the entire matrix C, the columns vi,..., v, are
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independent uniform elements of {0,1}™, independent of all upper-triangular entries of D. Writing
Q) for this extension’s sample space, define the gate events by

g1 =, G2 = {v1 € S(C), v2 € S(O)}. (7.2)

Conditional independence of the two columns gives

priga ) = (10 (73)

This identity lets the admissible-column estimate pay for the potential bound on extensions of width
two. Lemma 7.1 shows that every nonsingular matrix has a backward move whose forward extension
satisfies its gate.

Proposition 7.2 (Potential step). For every fized A > 0, the following holds typically for nonsingular
binary matrices C' of size m € Iy. For each h € {1,2} with m + h € Iy, the random extension in
Equation (7.1) satisfies

E|L{aet 2oy 1g, 2P ‘ C} < 2N, (7.4)

The typical condition is imposed only on the starting matriz C.

Proposition 7.2 will be proved in Section 10. We first establish the algebraic facts that relate an
extension to quotients of G¢.
7.1 The common quotient and its layers

Fix a realization of Equation (7.1) for which B is nonsingular. Set
Hy = Ge, Hj:Zm/(CZm+ZU1+"'+ZUj):Hj,1/<ﬁj> (1§]§h), (75)

where v; is the image of v; in H;_;. These finite groups depend only on C and the indicated
columns. They are defined whenever C' is nonsingular, even if the destination matrix B is singular.
Nonsingularity of B is needed only when we refer to its discriminant group. The last one is also a
quotient of Gp:

Hp = Gp/(€m+1,-- -1 €m+h)s (7.6)

where the bars on the right denote classes of standard basis vectors in Gg. Indeed, the right side is
Zerh/(BZerh i (0 D Zh))

Projection onto the first m coordinates maps its relations to CZ™ + VZ". Conversely, if a vector in
Z™*h projects into CZ™ + VZ", subtracting a suitable vector of BZ™" leaves a vector in 0 & Z".
Projection therefore induces exactly the isomorphism in Equation (7.6).

For a finite abelian group G, a prime p, and an integer ¢t > 0, define

t
Fa(p,t) =Y ka(p,e) = min{b,,, t} =log, |G/p'G|. (7.7)
e=1 7

The empty sum is zero. The two equalities follow directly from the cyclic decomposition of the
p-primary part; multiplication by p’ is an automorphism on every other primary part. For a
nonsingular binary matrix M, write Fas(p,t) = Fg,,(p,t).
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Lemma 7.3 (Layers under a one-element quotient). Let G be a finite abelian group, let v € G, and
put H =G /(v). Fiz a prime p, and define u; by

p“ = |(v+p'G)| in G/p'G (t > 0).
Then up =0, up —uz—1 € {0,1} fort >1, and

Fi(p,t) = Fa(p,t) — us, (7.8)
ki (p,e) = ka(p,e) — (ue — ue—1) € {ka(p,e), ka(p,e) — 1}. (7.9

Call a positive layer (p,e) of G retained if ky(p,e) = ka(p,e). On every mazimal interval of
consecutive layers where kg(p,e) has a fixed positive value, the retained layers form an initial
interval, possibly empty. We call such an interval of constant height a plateau.

Proof. Quotienting by p' and by v commutes:
H/p'H = (G/p'G)/(v +p'G).

Taking orders proves Equation (7.8).

Write G, = €, Z/p%Z. For the i-th coordinate of the p-primary component of v, let r; be
its p-adic valuation capped at b;; in particular r; = b; for a zero coordinate. The order of that
coordinate in G,/p'G), is p™™ {0t} =7+ where x4 = max{x,0}. The order of an element in a direct
sum of p-groups is the largest of its coordinate orders, so

ur = max(min{b;, t} —r;)4, (7.10)

with maximum zero when G, is trivial. Each function under this maximum is nondecreasing in ¢
and increases by at most one at a step. The same is therefore true of u;; since it is integer valued,
its increments belong to {0,1}. Subtracting Equation (7.8) at ¢ = e — 1 from the equation at t = e
proves Equation (7.9).

On a plateau of height k, the heights in H are either k£ or £ — 1. They are nonincreasing as
e increases, by their definition from invariant factors. Thus a height kK — 1 cannot be followed
on the plateau by height k. The retained layers are exactly those of height k, proving the prefix
assertion. O

€ Gy Gp/(v)

retained

1

2 .
quotient by v

3 X _—

4

5

VI

retained

X 5 Eght 0

Figure 1: Layers for G, = Z/p°Z & Z/p3Z & Z/pZ and its quotient by v = (p?,p,1). The crossed
boxes are the layer drops. Here (uq,...,us) = (1,1,2,2,3), so the retained layers are e = 2,4. On
each plateau e = 2,3 and e = 4, 5, retention is a prefix. The row lengths on the right are the heights
of the quotient.
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Applied successively to Equation (7.5), this lemma gives a drop of zero or one at each layer in
each quotient. The same statement applies to the h successive quotients of Gg by the standard
basis classes in Equation (7.6). Consequently, for every (p,e),

kC(pa 6) —h < th(pv 6) < kC(p7 6)7 kB(pa 6) —h < k:Hh(pv 6) < k:B(pa 6). (711)

In particular, for h = 1 the common height is either ko (p, e) or kco(p, e) — 1, while kp(p, e) is either
the common height or one more. This also shows that a layer absent from G¢ has height at most h
in G B-

7.2 The lattice forced by retention

The next lemma extracts from a set of retained layers a necessary divisibility condition on the
column, with an exact formula for its index. The condition lies in an intermediate lattice between
CZ™ and Z™, including when one preceding column has already been quotiented out.

Lemma 7.4 (Retention lattice). Let C be a nonsingular binary matriz of size m, and let 7 : Z™ — H
be a quotient map to a finite abelian group such that CZ™ C kerw. Let E be any set of positive
layers of H. There is a lattice Kg, depending only on w, H, E, with

CZ™ C Kg C 2™, [Z7: Kl = NVIE) - g(B)= > ku(p ey, (7.12)
(p.e)eE
such that the following implication holds for every v € Z™: if every layer in E is retained in

H — H/(n(v)), thenv € Kg.

Proof. For each prime choose, once for the given group H, cyclic coordinates
H,=z/".
i
Put
=#{e:(pe) €E, e<b}, Tp=Ep™(Z/p"Z)CH  Kg=m "(Tg).

Dyt

Here 0 < ap; < b;, and the subgroup in the (p,%) coordinate consists of the classes divisible by p®r
The lattice Kg contains CZ™. Its index is

[Z™: Kg|=[H :Tg] = Hpaw: [T ptn®e) = NNa®),
(pe)EE

where the penultimate equality counts a selected layer once for each cyclic factor reaching it. This
proves all assertions about the lattice and its index.

It remains to prove the implication. Fix p,, and let r; be the capped valuation of the i-th
coordinate of 7(v), as in the proof of Lemma 7.3. Equation (7.10) at ¢t = b; gives up, > b; — 7. All
the first b; layers are positive, and Equation (7.9) shows that the number among them that are

retained is
b;

Z(l — (ue — ue_l)) = b; — up,.

e=1
If every layer in F is retained, then

api < by —up, <1y

Thus the coordinate of m(v) is divisible by p®r-i. This holds in every primary coordinate, so w(v) € Tg
and v € Kg, as required. O
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For the group in Figure 1, choosing F = {(p,2),(p,4)} gives divisibility exponents
(ap1,ap2,ap3) = (2,1,0). The two selected layers have total weight 2u,, while ¢(E) = 3y,
and [Z™ : Kg] = p°.

For a quotient in Equation (7.5), the map 7 is the natural map from Z™ onto H;_;. Conditional
on C and the preceding columns vy, ...,v;_1, the next column remains uniform on the cube.

7.3 A symmetric kernel inequality

The common quotient also controls the destination layers more strongly than interlacing alone. At
a fixed prime p, let u;; denote the exponent from Lemma 7.3 for H;_1 — Hj, and set

h
Ur = ujs = Fo(p,t) = Fu, (p,t). (7.13)
j=1

The equality follows by summing Equation (7.8).

Lemma 7.5 (Symmetric kernel inequality). For a nonsingular extension B of a nonsingular C' of
width h € {1,2}, at every prime p and every integer t > 0,

Proof. The assertion is immediate for ¢t = 0. Fix t > 1, put R; = Z/p'Z, and reduce the blocks of B
modulo p!, writing them as C;, V;, D;. Let

X=R", Y=Rl'  L=ke(C;:X—-X), J=im(C;:X — X).
The presentation of the cokernel gives
X/J=Z")(CZ™ + p'Z™) = Ge /p'Ge.

Since C; is an endomorphism of the finite group X, its kernel and cokernel have the same order.
Hence

L] = |X/J| = prett). (7.15)

Define
a:Y — X/J, aly) =Viy+ J.

The image is the subgroup generated by the column classes in G¢/p'Ge. Quotienting by that
subgroup gives Hj, /p' Hy, so Equation (7.13) gives

lim a| = p", | ker a| = p U,
For a kernel vector (z,y) € X @Y of B modulo p!, the first block equation is
Cix +Viy=0. (7.16)

It requires y € ker a. For each such y, its solutions in « form a coset zo + L.
Consider the map
v:L—Y, v(z) =V, 2.

We claim that |im~| = pYt. Equip X and Y with their standard character pairings, for example
27
(x,2)x = exp(pthz) .
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These pairings are perfect: a nonzero coordinate is detected by pairing with its standard basis vector.
For a subgroup M of either module A, write M~ for its annihilator. Character orthogonality gives

(MI[MM =" (a,2)a = Al (7.17)

a€EA zeM

For the first equality, the sum over M is |M]| on its annihilator and zero elsewhere. For the second,
reverse the sums: by perfectness the sum over A vanishes for every z # 0, and the term z = 0 equals
|Al.

Symmetry of Cy gives J C L+, since (Ciz, 2)x = (x,Cyz)x = 1 for z € L. Both groups have
order | X|/|L|, the former by the kernel-image formula and the latter by Equation (7.17). Therefore
L+ = J. Tt follows that

(imy)t ={yeY:(y,V,"2)y =1 for every z € L}
={yeY: (Viy,z)x =1 for every z € L}
={yeY :Viye J} =kera.
Equation (7.17) in Y now gives

Yl u
| ker o

|imy| = , | kery| = — =p

For a fixed y € ker « and z = xg + z from Equation (7.16), the second block equation is
v(2) = =V,"wo — Dyy.

It has either no solutions or one coset of kery. There are at most p~Ut choices for y, and for each
at most pfe®H=Ut choices for z. Consequently

| ker(B mod pt)| < pfe®t+ht=2U:

As for Cy, the kernel of the square endomorphism B mod p' has the same order as its cokernel. That
cokernel is G /p'G g, of order p'® (P?) . Taking logarithms proves Equation (7.14). O

Lemma 7.4 identifies the intermediate lattices that arise from retaining layers, while Lemma 7.5
uses symmetry to relate those retentions to the destination group. Section 8 supplies a uniform
bound on cube intersections with every lattice of the form in Equation (7.12).

8 Simultaneous concentration in lattice quotients

Retaining prescribed layers forces a new bit column into an intermediate lattice. We now bound the
number of bit columns in every coset of every such lattice, on one typical event for the starting
matrix.

Let B be a nonsingular binary matrix of size m € Zy, and let

BZ™ C K CzZ™.
For D C [m], put

QD:{Z€{071}mZ]:0for]¢D}7 MK(D):£%§|QDQ(Q+K)|7 MK:MK([m])
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In particular, M (D'") < Mg (D) whenever D' C D. The lattice K has full rank, so det K = [Z™ : K].

Define
_ log[Zz™ : K]

1= 9K = "Nlog N

The quotient Z™ /K is a quotient of G, so Equation (2.3) gives 0 < ¢ < 1/2.
For 0 <d <1, write f =1 — d and define

c(d/2) =1 — fz(d/[),
o) = {(1+\/2u—u2)1, 0<u<l, (8.1)

1/2, u>1.

so that [Z™: K] = N¥V.

At f =0, the product fz(d/f) is defined to be zero. Thus ¢ : [0,1/2] — [0, 1], with ¢(0) = 0 and
c(1/2) = 1.

Proposition 8.1 (Cube concentration). For every fized A > 0, typically for nonsingular binary
matrices B of size m € Iy, one has simultaneously for every lattice BZ™ C K C Z™

Mg < oN(1—c(ar)+£~4) (8.2)

The typical event may depend on A, but it does not depend on K. Thus the choice of K may depend
arbitrarily on B and on any other data.

The function ¢ is nondecreasing and concave. To see this, put 7(u) = v2u — u? for 0 < u < 1.

Then
_ 1—u 1

' (u) = W’ " (u) = _r(u)3'

Consequently z = (1 + 7“)*1 is nonincreasing and convex on [0, 1]; more explicitly,

1 2(1 — u)?

S = A @ T R @)

> 0.

Its left derivative at 1 is zero, so its constant extension remains convex and nonincreasing. The
perspective fz(d/f) is convex for f > 0: this follows by applying convexity of z with weights
proportional to the two values of f. Its continuous extension to the endpoint f = 0 is also convex.
Restriction to f = 1 — d proves concavity of c¢. As d increases, both f and z(d/f) are nonnegative
and nonincreasing, which proves monotonicity.

We will use the uniform bound

le(q) — (@) < Cpelg —d'1Y? (0< q.q' <1/2) (8.3)

for an absolute constant Cp,. Indeed, for u,v € [0,1],

|2(u) = 2(v)] < [r(u) = r(v)] < V2[u— v,

On 0 < d <1/2, the map d +— d/(1 — d) is 4-Lipschitz, so the product in Equation (8.1) is Holder
of exponent 1/2 there. On 1/2 <d < 1itis (1 —d)/2. Combining the two bounds at d = 1/2, and
then using d = 2¢, gives Equation (8.3).

We first count bases of low-height subspaces, and then use that count to price the witnesses
that will arise from a large cube intersection.
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8.1 Low-height bases and witness pricing

Lemma 8.2 (Exact-basis count). Fiz C,C’ > 0. Uniformly for m € Iy and 0 < j < m, the number
of ordered tuples

<y7 Y, .- 7y]) € ({07 1}M)j+1

for which y1 —vy,...,y; —y are independent and their span W satisfies H(W) < exp(N(Y) is at

most ,
2j2+0(N25_c )

Proof. The case j = 0 is immediate. For j > 1, encode the center y and a choice of j pivot
coordinates on which the differences remain independent. These choices cost O(N log N) bits. At
the pivots, each difference entry has two possible values once y is known, so all pivot entries cost j2
bits.

Add the other coordinates in a fixed order. Suppose the current projected span is V C R”, and
put Ly = V N Z". The next projected span is the graph of a rational functional z +— (v,z) on V,
represented by v € V. Put

a=min{b € Zso : bv € Ly }.

The image of Ly under this functional modulo Z has order a. Hence the projection of the integer
lattice in the graph has index a in Ly . The volume factor of the graph map on V is /1 + ||v]|?,

and therefore o L
Bl — o T TV, (5.4

All these ratios are at least one. The initial projected space is R’, of height one, and the final one is
W. Thus every intermediate height is at most exp(N¢¢), and a ratio exceeding N 1/10 geeurs at
most O(N/ /log N) times. Mark those coordinates and encode their j difference entries directly.
Their total cost is O(N2(¢/log N) bits.
At any other coordinate,
a< ]\/1/107 Hav” < Nl/lO.

We count possible av in A = Lj,. Lemma 3.3, applied to V' C R", gives det M > H(V)~! for every
sublattice M C A.

Apply Lemma 3.6 to A with T'= N~/19 choosing a minimizing sublattice as a function of the
known V. If its rank is 7o, comparison with the zero lattice and the preceding determinant bound
give
e 10N¢“

0= TogN "

Every sublattice of the quotient has determinant at least 1" to its rank. By Lemma 3.5, the number
of quotient images of vectors of norm at most N/10 is

HV) ' <1,

20(N2/ 5]og? N)

Here the quotient has rank at most NV, and the bound also covers rank zero.

Encode a, costing O(log N) bits, and the quotient image of av. In a fixed fiber, v varies in an
affine space of dimension at most ry. Evaluation on the already known j independent projected
differences is injective on V', and the evaluations are the j entries of the new difference column. Each
entry has two possible values, determined by the corresponding coordinate of y. An affine space of
dimension ry meets such a cube in at most 2" points, by projection onto 7y suitable coordinates.
This bounds the fiber cost by ry bits.
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Summing over at most N coordinates, including the pivot, center, and marking costs, bounds
the logarithm of the number of tuples by

2 N2¢© 7/57 102
Jjo+0 @—FN log" N+ Nlog N | .

For fixed C,C’, the error is o( N QE_C,), uniformly in j and m, as required. O

Proposition 8.3 (Witness pricing). Fiz Dy > 0, and put n = £=7° and p = n>. Typically for
nonsingular binary matrices B of size m € Iy, the following assertion holds simultaneously for
every BZ™m C K CZ™.

Let Sy,...,S, C {0,1}™ be nonempty subsets, each p-robust on its affine span, where h < 3/1.
Suppose S; — S; C K, and put W; = span(S; — S;). Suppose also that W =Y, W; is a direct sum.
Write

dim W; = t;N, t=> t, |5;| = 20V,
K2

If D C [m] has |D| = zN, x < t, and My (D) < 2"V then

2
x 3
xt — 5 < E ti(ti — o) +nt +0°. (8.5)

For a fixed nonsingular matrix B, a witness consists of data K, (Si)?zl, D satisfying the stated
assumptions on the lattice, sets, their difference spans, and D. It is wiolating if Equation (8.5)
fails. The two sides of that equation have a counting interpretation. In a symmetric block on t/N
coordinates, the number of independent entries with at least one endpoint in a specified set of /N
coordinates is (xt — 22/2)N? + O(N). Restricting each row on those coordinates to at most 27V
choices saves this many bits, less ntN2. For the i-th set S;, describing an ordered basis costs t? N2
bits to leading order, while robustness supplies a;t; N? bits of basis multiplicity. The term ¢;(t; — ;)
is the remaining cost. A violation would make the row saving exceed the total witness cost by 73 N2.

Proof. The robust-height bound in Lemma 3.8, with the fixed parameter p = £7370, gives
H(Wi) < exp(O(NE).

The integer lattice sum of W; N Z™ is contained in W N Z™. The volume inequality for this sum
and saturation give

HW) < H H(W;) < exp(O(N€/n)).

Choose a fixed D; > Dg + 1. For sufficiently large N, this is at most exp(N/P1). We impose
Proposition 5.1 at this height and at a fixed precision strong enough that its rank error is at most
n°N. We also impose Proposition 5.3. Their intersection is typical. All counting below takes place
within this intersection.

For a fixed list of dimensions, Lemma 8.2 counts centers and ordered bases of differences for the
pieces with total logarithmic cost

]\72231512 + o(N*n*). (8.6)
7

Indeed, use that Lemma with a fixed C’ larger than 5D and sum its errors over at most 3/n pieces.
The height exponent there can be chosen fixed and large enough for all the W;.
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For each individual witness, fix a center in each S;. At every stage of choosing an ordered basis
of differences, the affine span of the center and the points already chosen is a proper affine subspace
of aff S;. Robustness bounds the fraction of 5; in that subspace by 27°. Consequently the number
of choices of an ordered basis for this piece is at least

(1 —27°) 20Ny B,

The choices for different pieces form distinct basis lists. As t < m/N < 1, their total logarithm is at
least
N2> tia; — O(Nlog(1/p)) = N*> tia; — o(N?n"). (8.7)
(2 K3
Fix basis-list data, so in particular W is known. For a witnessed matrix choose a coordinate set
Yy of size tN containing D. The second rank assertion of Proposition 5.1 shows that the columns
on [m] \ Yo, projected off W, have rank at least m —tN — n°N. Choose an independent collection
there, and use nonsingularity of B to complete it to a basis of the quotient R /W using columns of
B. Let P be the resulting set of m — ¢t N indices and Y = [m] \ P. Then

IDNP|<n°N.

Encode D and P, at cost O(N) bits, and reveal the columns on P. If T,,, = m(m + 1)/2 is the total
number of independent bits of B, these columns cost

tN 41
= (M)
bits, using symmetry.

The revealed columns and the basis differences are m independent integer vectors: the differences
form a basis of W, and the revealed columns project to a basis off W. Let L be their integer span.
It is known from the encoded data, satisfies L. C K, and has full rank. Each generating vector has
norm at most v/ N, so Hadamard’s inequality gives

We next enumerate the possible K containing this known L. Let ry = [N 3/ %]. For every prime p,
dimg, ((Z™/K)/p(Z™/K)) < dimg,(Gp/pGp) = coranky, B < ry

by Proposition 5.3. The minimum number of generators of a finite abelian group is the maximum of
these dimensions over its primes, as follows from its invariant factors. Thus Z™ /K, and also its
character dual, can be generated by at most ry elements.

Put H = Z™/L. The annihilator of K/L identifies (Z™/K)Y with a subgroup of HY =
Hom(H,Q/Z); by finite duality this subgroup determines K. Every subgroup with at most ry
generators is generated by some ordered ry-tuple in HV, padding with zero elements if necessary.
The number of possible K is therefore at most |H|™V. Its logarithm is

O(N®log N) = o(N?nh). (8.8)

This candidate list is formed after the basis lists and revealed columns fix L, before the remaining
matrix block is encoded. It may include lattices incompatible with every completion. The prime-
corank condition is used only to ensure that each actual witnessed K appears in the list.
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Write D' = DNY, y = |Y| = tN, and d' = |D’|. We have d’ > (z —°)N and Mg (D') <
M (D) < 27V In the remaining Y-block, first encode the symmetric bits on Y\ D', at cost (yfcgﬂ).
For a row indexed by Y\ D', all entries outside D’ are now known. The full row belongs to K, since
B is symmetric and each column belongs to BZ™. Its entries on D’ therefore lie in a fixed coset of
K and have at most Mg (D’) possibilities. This encodes the cross block at cost at most nN(y — d').
For the final D’-block, the same bound applies to each of its d’ rows. Ignoring symmetry within that
block only enlarges the count, so its cost is at most nNd'. Relative to an unrestricted symmetric
Y -block the saving is at least

+1 —d +1 d)? d
<y2 >—<y 5 )—nNy:yd’—(2) + 5 — Ny

2
> N? (xt— % —nt—O(n5+1/N)>.

It remains to compare the upper count with the multiplicity of witnesses. Group violating
witnesses by h, the integers ¢; /N and N, and the integers

a; = Uog2 ’SZH, a; = ai/N.

There are at most 201" 10g V) groups. Fix one group, and let £ be the set of matrices in the imposed
typical intersection that have a violating witness in this group. For each B € &, select one such
witness and count the distinct pairs consisting of B and the basis lists supplied by that witness.
Equation (8.7) gives a lower bound of

’5| 2N2 > t;a;—o(N?nt)

on the number of pairs. On the other hand, Equations (8.6) and (8.8), together with the matrix
saving, give the upper bound

2Tm+N2 (Zl t2 f:rt+x2/2+nt) +o(N?n*)

The enumeration may count a pair more than once if it has several compatible choices of D, P, K;
this preserves the upper bound. In particular, the lower bound selects just one witness per matrix,
while the upper bound includes the union over all K.

Since 0 < a; — a; < 1/N and t < 1, violation of Equation (8.5) implies
— 2 3 1
Zti(ti—ai) —xt+x°/2+nt < —n +N.
i

—T

All binary matrices have probability 2 . Dividing the pair bounds therefore gives

Pr(B,, € £) < 2~ NP +o(N*n")

The group count and all omitted costs are absorbed in this error. Since Nn? — oo, the total
probability of a violation is 27“®)  including the exceptional probabilities of the imposed rank and
corank properties. This proves the assertion, including its simultaneity over the lattices, lists, and
coordinate sets. O
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8.2 From witness pricing to concentration

Proof of Proposition 8.1. Fix A > 0. Choose a fixed Dy > 2A, and put n = ¢~0, p = 3. Work on
the typical event in Proposition 8.3, and fix an arbitrary K with BZ"™ C K C Z™.

Apply Lemma 3.6 to K with 7' = (log N)*, and let Ky be a minimizing saturated sublattice.
Put F' = span Ky and

m — dim F dimF+N —m
d = —m—mm— = 1 — d = .
N ’ / N
The projected quotient K/K( has rank dN and all its sublattices have determinant at least T to
their rank. Moreover det Ky < T9™ ¥ by comparison with the zero lattice. The projections of the
columns of B span F*, and each has norm at most v/ N. Choosing dN independent projections and
using that their integer span is a sublattice of K/Kj gives det(K/Ky) < N*V/2, Hence

_ logdet K < §+ dim F logT < d 4/
~ NlogN — 2 N logN — 2 logN’

(8.9)

Consider any nonempty subset S of a coset of K in the cube, and base its differences at one
point of S. Their projections off F' belong to K/K( and have norm at most v N. Lemma 3.5 gives

at most
90(N/ logb N)

distinct projections. Restrict to a largest projection fiber and then apply Lemma 3.7 with parameter
p = 1. For sufficiently large NN, these two operations lose at most 2> N bits of logarithmic size.
Thus, if |S| = 29V, they give a p-robust subset S’ with

1§'| > 202N gpan(S' — §') C F. (8.10)

If S is supported on a coordinate set, the same is true of its differences after these operations.
Choose a set Pr of dim F' pivot coordinates for F', so coordinate projection onto Pp is injective
on F, and put Jy = [m]\ Pr. Then |Jy| = dN and a vector supported on Jy belongs to F' only if it is
zero. Distinct bit vectors supported on Jy therefore have distinct projections off F': equal projections
would give a difference in F'. Applying the preceding projection count to a coset intersection on Jy
gives
Mic(Jo) < 20WN/108° N) < g (8.11)

Write My = 2°N. We have 0 < o < 1. If a < 107, the conclusion follows for sufficiently large
N, since 1 — ¢(g) > 0 and 10n < =4, We may therefore assume o > 107.
Apply Equation (8.10) to a full-coordinate coset attaining Mg. Denote the resulting robust
subset by S, put W, = span(S, — S,), and write
dim W,

Si| = 20N, = :
|55 V=

An affine space of dimension dim W, contains at most 29™ W= cube points, by coordinate projection.
Consequently
dim F
a, > a—2n°, a—-2<v< N </ (8.12)

The last inequality uses m < N.

We construct one coordinate set D with small Mg (D) and use it in two applications of
Proposition 8.3. A list of robust sets will force D to be large; applying the estimate to the
full-coordinate set S, then restricts how large « can be for that same D.
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Initially all coordinates of Pr are available. At step i, choose, among the available coordinates,
a set A; of minimum cardinality such that

MK(J() U Al) > o

For a coset attaining Mg (Jo U A;), apply Equation (8.10). It gives a robust subset .S; whose
difference span satisfies

_ logy [Si] o n—

dim W; > o
N

2773, t; = N Z Q.

WiCFﬂEjouAi, «;
Because projection of F' onto Pp is injective and W; vanishes on Pr \ A;, we have t;N < |4,|.
Choose t; N pivot coordinates H; C A; on which projection of W; is injective, and declare those
coordinates unavailable. Stop when t =), ¢; > o — 2.

The required set A; exists before the stopping condition is met. Indeed, the coordinates already
declared unavailable number ¢t V. In a full coset attaining My, fix their bit values to a most frequent
pattern. At least 2(@=9N > 929N points remain. Subtracting the fixed pattern on those coordinates
translates the coset and leaves bit vectors supported on Jy and the available coordinates. Hence
that coordinate set has My > 2"V. Equation (8.11) also shows that each A; is nonempty.

The spaces W; form a direct sum. In a relation ), w; = 0 with w; € Wj, the later terms vanish
on the pivots Hy; injectivity on Wi gives wy; = 0, and the same argument successively gives every
w; = 0. Thus ¢t < dim F/N < 1. Each increment is at least 7 — 23, so there are fewer than 3/n
steps for sufficiently large N. Together with the existence just proved, this ensures that the stopping
condition is reached. The family of available subsets only shrinks from one step to the next. Since
each A; has minimum cardinality, the numbers |A;| do not decrease. If the last one has size sN,
then

t>a—2n, t; < |Ai|/N <s for every i. (8.13)

Remove one coordinate from the last A; and include all of Jy. The resulting set D satisfies
Dl =(d+s)N -1,  Mg(D)<2", (8.14)

by the minimum cardinality of that A;. For = > 0, t > 0, define

t/2, x >t

e(z,1) = {x —a22/(2t), 0<z<t,

This function is nondecreasing in both variables. Its rate of change in x is between zero and one,
and its rate of change in ¢ is between zero and 1/2. These assertions follow from

Ope=1—a/t, Oe=1a/(2t%) (z<t), Oge=0, Oe=1/2 (xz>1),
and continuity at x = t.

If necessary, truncate D to a subset of size tN. Monotonicity of My (D) preserves its bound, so
Proposition 8.3 applied to the constructed list gives

1
e(d+s,t) < EZti(ti—Oéi)‘i‘n‘Fi‘F
(2

< s+ 0(n).
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The 1/N accounts for the coordinate removed in Equation (8.14). The last inequality uses a; > 0,

t; <s,and t > a — 2n > 8n. Replacing t by a keeps this bound: if ¢ > «, use monotonicity in the

second variable; if t < «, use its 1/2-Lipschitz bound and a —t < 2n. Thus e(d + s, @) < s+ O(n).
Put h=d+ s. If h < a, the last inequality gives

h2
< — .
d< o +O(n)

Since a < 1, it follows that h > v2da — O(/n). If h > «, it instead gives s > a/2 — O(7), and then
h>d+a/2-0(n) > vV2da—O0(n).

We have proved

d+s > V2da — O(/1). (8.15)

Use the same D again, now with the singleton list consisting of S,. Truncate D to size vN if
necessary. From Proposition 8.3 and Equation (8.12),

773

1
e(d—l—s,v)gv—a*—i-n—k?—i-ﬁgv—oz—k(?(n).

Here v > a — 21 > 91 for large N. Since v < f and the rate of change of e in its second argument
is at most 1/2, this yields

e(d+ s, f) ge(d—i—s,v)—k% < f—a+0®m). (8.16)

We finish by solving the two coordinate inequalities. In the present case f > v > 0. If d > f,
then d + s > f, so Equation (8.16) gives

a< f/2+0m) = fz(d/f) +On).

Suppose instead that d < f. Monotonicity and the unit Lipschitz bound of e in its first argument,
together with Equations (8.15) and (8.16), give

e(V2da, f) < f —a+ O(V7). (8.17)
Put u=d/f € [0,1]. Directly from Equation (8.1),
2uz(u) <1, 1 —2z(u) = \/2uz(u) — uz(u).

For completeness, if 7 = v/2u — u?2, then (1 — u)%z(u)? — 2z(u) + 1 = 0, which gives the second
identity after taking the nonnegative square root. The first is equivalent to 2u < 1+ r; for u < 1/2
it is immediate, and for u > 1/2 its square follows from r% — (2u — 1)? = (1 — u)(5u — 1) > 0. These
identities show that cg = fz(u) satisfies

e(v/2dag, f) = f — ap.

The function a — a + e(V/2da, f) is nondecreasing and increases by at least the increase in a.
Therefore Equation (8.17) implies o < o + O(,/n). Both cases give

a < f2(d/f) + O(/7) = 1 - e(d/2) + O(V).
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By Equation (8.9), monotonicity of ¢, and Equation (8.3),

c(q)Sc(d/Q)—l—O(MlogEN).
agl—c(q)+0(\/ﬁ)+0<”b;]\7>.

Because Dy > 2A is fixed, both error terms are o(¢~4). Increasing N makes their sum at most £~4,
proving Equation (8.2). The argument was deterministic for every K on the single typical event of
Proposition 8.3, so the conclusion is simultaneous in K. ]

It follows that

9 Pricing retained layers by certificates

Retaining layers in a quotient imposes a lattice condition on the new column. We now count
partial certificates of that condition. The resulting estimate permits the certificate size to be chosen
separately in each class of outcomes; this will allow a later argument to choose it according to the
largest potential in that class.

We first record the probability bound for a fixed certificate at any fixed cube precision Acype > 0.
Let F be exposed information that fixes a nonsingular binary matrix C' of size m € Zy and a
quotient map 7 : Z™ — G with CZ™ C kerw. Suppose that, conditionally on F, a column v is
uniform on {0, 1}"". Take C' in the typical set of Proposition 8.1 at precision Acype-

Fix a candidate set F of positive layers of G after these data are fixed, and let R be the layers
retained on quotienting G by 7(v). Lemma 7.4 gives a lattice Kg, fixed by m and E, such that
F C R implies v € K, with

CZ"CKpCZ", [Z":Kgl=NYPE  gE)= Y kalp ey
(p,e)eEE

The group-order bound in Equation (2.3) gives 0 < ¢(F) < 1/2. Conditional uniformity of v and
the simultaneous cube estimate therefore give

Pr(ECR|F)<Pr(ve Kg|F) <2 ™Mk,

S 2_m2N(1—C(q(E))+£_Acube) — 2—N(C(Q(E))_77N)’ (91)
_ m
nN:E Acube_‘_l_ﬁ.

Here 1 —m/N < N —3/10 " The same typical set works for every exposed quotient, since all its
certificate lattices contain the original CZ™. We will handle marks that depend on v by counting
the fixed candidates and how many each outcome offers.

For 0 <t <1, let

Hy(t) = —tlogyt — (1 —t)logy(1 —t),  Ha(0) = Ha(1) = 0.

For s,u > 0 and 0 < x < s, define

E(s,u,x) = (S+u)HQ<Siu> - SHQG), (9.2)
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using the continuous values when a denominator vanishes. Here s and u will be the total weights
of marked and unmarked layers, and = will be a target weight for a certificate chosen among the
marked layers. When all layers have weight 1/N, the ratio ((SZX])N) / (;%) counts possible certificates
relative to those offered by a fixed marked set, and its base-two logarithm is NE(s,u,x) + O(log N)

for integer counts.

Proposition 9.1 (Certificate pricing). Fiz A > 0 and at most two positive constants w;. Typically
for nonsingular binary matrices C' of size m € Ly, the following assertion holds. The typical set is
obtained by imposing Proposition 8.1 at a sufficiently large fized precision depending on A and these
constants.

Let F denote exposed information which fixes C, a quotient map Go — G, and the data described
next. Suppose that, conditionally on F, a tested column v is uniform on {0,1}™. Partition the
layers of G into at most two categories, each a union of whole plateaus. In category i, assume that
every height is at least w;; only w; = 1,2 will be needed. The partition is part of the exposed data.
In the quotient of G by the image of v, an outcome may mark some of the retained layers. Require
that the marked layers on each plateau form a prefix. The marks may also depend on other random
bits in the experiment.

Let A be any subevent of this experiment. There is a partition of A into at most 2%V e classes,
constructed before choosing a representative or any target weights, with the following property. Take
any nonempty class Ay, any representative outcome in it, and write s; and u; for the representative’s
sums of the weights vy, of the marked and unmarked layers in category i. For any choices 0 < x; < s,

Pr(Aq | F) < 2 N((Same) sS4, 9:)

Here A, already includes the restriction to A; the probability is conditioned only on the exposed
information. The class count and the estimate are uniform in that information, the quotient, the
subevent, and the representative. In particular, the exposed information may include a preceding
column that fizes G, provided the tested column remains conditionally uniform.

We record the entropy facts needed below. Put

s
H = H H(0,0) =0.
o) = s 20). H0.0)
Expansion of the logarithms gives
E(s,u,x) = H(s,u) — H(s — x,u). (9.4)

For s > 0,
OH

s
which is nonnegative and nonincreasing in s. Thus £ > 0. For fixed s, u, the function (s, u,x) is
convex in z € [0, s|: in the interior its derivative is logy(1 4+ /(s — x)), which is nondecreasing in z.
For fixed u, x, it is nonincreasing in s > x, since for s > x,

o0&

g(s, u,x) = logy(1 4+ u/s) —logy(l +u/(s—x)) <0.

The endpoint cases follow by continuity. The defining formula also gives homogeneity of degree one
in all three size variables: £(ts, tu,tx) = t€(s,u,x) for t > 0. For fixed 0 < 0 < 1, write

(s,u) =logs(1 +u/s),

Eo(s,u) = E(s,u,bs).
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This function is concave and homogeneous of degree one in (s,u). Indeed, the first term in

Eo(s,u) = (s +u)Hy <si§

u) — sHj(0)

is the perspective of the concave function Hsy, composed with a linear map, and the second term is
linear. Consequently & is superadditive on the nonnegative quadrant:

ZEg(sj,uj) < 59 ZS]‘,Z’U,]‘ . (95)
J J

J

These functions have uniform continuity estimates at their boundaries. For every fixed M,
the function —tlog, ¢, extended by zero at zero, is Holder continuous of exponent 1/2 on [0, M].
To see this, integrate its derivative on an interval of length d; the absolute integral is at most
On(d(1 + |logd|)) = On(Vd), with the same conclusion for intervals meeting zero. Expressing
H(s,u) as

—slogy s —ulogyu + (s + u)logy(s + u)

therefore shows that it is Holder continuous of exponent 1/2 on every bounded nonnegative rectangle.
Equation (9.4) gives the same estimate for £(s,u, x) on bounded parts of its domain. It also gives
an estimate for (s, u) whose constant is uniform over 0 < # < 1. We will use these estimates both
to round certificate cardinalities and to replace layer weights by nearby cell weights.

Proof. Work conditionally on fixed exposed data satisfying the assumptions. Choose a fixed cube
precision Acype > 0, to be specified at the end, and invoke Equation (9.1) for each fixed candidate
E. Here the quotient map G¢ — G, composed with the natural map from Z™, gives the exposed
map 7 in that observation. This uses only the conditional uniformity of v; additional random bits
and the restriction to A need not be independent of v.

We now construct the classes. Fix a large constant D > 0, to be chosen at the end, and set
§=¢"P and ap = logy p. The order bound gives

a 1 NlogN
k £ < k 9.6
; G(pve)N = 27 Z G p7 = 210g2 ( )

We classify the marks in three prime ranges.

For a, > P, record every mark bit. There are at most N/(2¢) layers in this range by the first
bound in Equation (9.6), so this record costs O(N¢~P) bits.

For a, < 1 — 4, record the number of marks on each plateau. These counts determine all the
marks because they are prefixes. There are at most N'=% primes in this range. If d, is the number
of plateaus at p, their distinct positive heights give

dp(dgm < ; kG(pv 6)

Cauchy—Schwarz and the second bound in Equation (9.6) show that the total number of these
plateaus is O(N'~%/2,/log N). Each prefix count costs O(log N) bits, since every plateau length is
O(Nlog N). The total cost is therefore

0 (N1_5/ 2(log N)?/ 2) = o(N¢D).
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For the last equality, use §log N = (log N)/¢P > loglog N.

The remaining primes satisfy 1 — § < a, < ¢P. For each category, split this range into bins of
width at most 6, starting at 1 — &, and call a category-bin pair a cell. There are J = O(£?P) cells.
In a cell 7, let A; be the lower endpoint of its bin, so

1—(5§)\j§€D, Aj <ap < \j+4d  for its layers.

The number of layers in this entire range is O(N), again by the first order bound. Record only the
number of marks in each cell. This costs O(¢£2P log N) = o(N¢~P) bits. All these records depend
only on the marks and the exposed data; intersecting their classes with A gives the desired classes
for the subevent. Their number is at most 20(N¢ ) +o(N E_D), uniformly in the exposed quotient.

Fix one class, a representative, and target weights as in the statement. For category i, put
0; = x;/s; if s; > 0, and put 6; = 0 otherwise. In the large and small prime ranges the marked sets
are known throughout the class; include all of them in each certificate. In an intermediate cell j
of category i, let n; be its number of layers and r; its recorded number of marks, and require a
certificate to contain any

aj = |0ir;)

of those marked layers. Thus every outcome in the class offers exactly

Empty products have value one. The latter count is an upper bound because it allows arbitrary
layers in each cell, without imposing the prefix restriction.

We check the weight certified by each such choice uniformly over all outcomes in the class. In
category 17, let s? be the marked weight in the large and small prime ranges; it is fixed in the class.
The representative’s marked weight in its intermediate cells differs from )., Aj7;/N by at most
63 jeiTi/IN = O(9). The weight selected in those cells is at least

ORI e

jei jei jei

JEL

The last term is O(¢3P /N) = o(8). Since all of the known marked weight is included and s? > ;sY,
the selected weight in this category is at least x; — O(9). Every selected layer there has height at
least w;. Consequently, uniformly over its choices,

q(E) > q0 — O(9), q0 = szwz (9.7)

Both ¢(£) and gg belong to [0,1/2]: for the latter, gg < >, wss; < Zp@ kG(p,e)vp. The profile ¢ is
increasing and Hoélder continuous of exponent 1/2 on this interval. Equation (9.7) therefore gives

c(4(E)) = c(qo) = O(V4).

48



Together with Equation (9.1), this bounds the probability of offering any one fixed candidate
certificate by 2~V (c(g0)—nx —O(V%)), This conclusion holds after intersection with the class and with
A, since such an intersection still implies v € Kg.

Double counting outcome-certificate pairs now yields

Pr(Aa | F) < %Q—N(C(QO)—WN—O(\/S)). (9.8)

Indeed, summing over candidate certificates the probabilities of the outcomes in the class offering
that certificate gives m Pr(A, | F); each summand is bounded by the fixed-certificate estimate. This
also explains why no conditional independence of the marks or of the subevent is needed.

It remains to bound the ratio in Equation (9.8). For integers 0 < a < n, the elementary binomial
bounds are

nHy(a/n) —logy(n + 1) < log, (Z) < nHs(a/n).

For completeness, insert the parameter a/n into the binomial distribution. The upper bound follows
because its probability at a is at most one, and the lower bound follows because a is a mode and
there are n + 1 probabilities summing to one. The endpoints are immediate. Applying these bounds

to a cell gives
ilog @ o™ i 4 logy (75 + 1)
N "*() ="\N' N ’'N N

aj

All arguments here stay in a fixed bounded set. Replacing a;/N by 6;7;/N changes the entropy
term by O(N~1/2), uniformly in 6;, by the Holder estimate above. After summing over J = O(¢2P)
cells, all rounding and binomial errors are

log N
2D —1/2 g
o(er (nves 2EYY),

which is smaller than every fixed negative power of £.
We convert the remaining entropy terms from counts to weights. Their nonnegativity and
homogeneity give, for a cell in category 1,

59(7“]' nj—Tj> P 50_()\3'73' Aj(ﬂj—rj)>'

N N —1-4 N’ N
Let u?, alongside s?, denote the unmarked weight in the known large and small ranges, and put
AjTj Ai(n; —rj)
Jjer jEi

By Equation (9.5) the weighted cell terms sum to at most &g, (s;, u;). Here adding the known ranges
preserves this upper bound because their entropy term is nonnegative. The representative weights
satisfy

0<s;—s;=0(), 0 <wu; —u; =0(9).

All these weights have bounded sum, at most 1/2 before replacing weights by lower endpoints. The
uniform Hélder estimate for &, and the factor (1 —§)~! = 1+ O(§) therefore show that

1 n oD 1/  logN
Nlong§zi:5(si,ui,xi)+0(\/g)+0(£ <N /+T : (9.9)
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The constants in this estimate are uniform in the targets, including their endpoint values.

Choose the fixed D sufficiently large that £~2/2 = 0(¢=4), and then choose a fixed cube precision
Acube > A. The class count is at most 2V = for large N. Moreover, 7y, the rounding errors, and
the two O(V/6) errors in Equations (9.8) and (9.9) have sum at most /=4 for large N. Substitution
proves Equation (9.3). Every choice of precision was fixed before N tended to infinity and was

independent of the quotient and exposed columns, as required. ]

We next extract a uniform cost for retaining a noticeable total weight. Set
R=1[f*], o=RTS (9.10)

Proposition 9.2 (Retained-layer cost). Typically for nonsingular binary matrices C of size m € Iy,
the following estimate holds. Let h € {1,2} and let vy,..., v, be independent uniform columns in
{0,1}™, conditionally on C. Starting with G©) = G¢, let GY) be the quotient of GU~V) by the
image of vj. For each 1 < j < h, and conditionally on any values of the preceding columns,

Pr Z vp >0 |Cvr,...,vj—1 | < 9N /2, (9.11)

(p,e) retained in

G- g0

The typical set imposes one fixed precision on C, independent of the values of the preceding columns.
When these columns occur in a random enlargement of C, no nonsingularity assumption on the
destination matriz is required.

Proof. Apply Proposition 9.1 at the fixed precision Ay = 40. For the j-th quotient, condition on C
and the preceding columns; these fix the quotient map to GU-D | while vj remains uniform. Use one
category of all its layers, take w; = 1, and mark all retained layers. Lemma 7.3 ensures that these
marks are prefixes on plateaus. Restrict to the subevent in Equation (9.11). For any representative
of a nonempty class its marked weight s is at least o, so we may choose = 2. The total layer
weight s + u is at most 1/2, by Equation (2.3). Since Hs(t) < tlogsy(e/t), Equation (9.2) yields

2

0<¢ 2) < Hy( 2
< Eluno®) < o+ (ST

> < 0(0*log(1/0)) .

This bound is uniform over the representatives in this subevent.

The defining formula for the profile ¢ satisfies ¢(q) = 2,/¢+O(q) as ¢ | 0. Indeed, in that formula
u=2q/(1—2q) = 2q+ O(¢?), so vV2u — u? = 2,/g + O(¢*/?), and substitution gives the claimed
expansion. In particular c¢(q) > (3/2),/q for all sufficiently small g. Proposition 9.1 therefore bounds
the probability of each class by

2—N((3/2)0—O(a2 log(1/c))—£~40) _

There are at most 2V ™ classes. Since o =< 712, both o2 log(1/0) = o(c) and £~ = o(0).
Summing the class probabilities gives Equation (9.11) for large N.

The argument tests only the quotient by the selected column. It does not use a new principal
block or any property of an enlarged matrix. The conditional uniformity for a second column and
the simultaneous cube estimate for lattices containing C'Z™ establish the claimed uniformity over
the preceding column. O
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10 Paying for an increase of potential

We prove Proposition 7.2. For a transition of width one, two bounds on the orders of the endpoint
groups restrict the possible layer changes. A scalar optimization then shows that the certificate cost
pays for the increase of potential. For width two, the gate is paid for directly by the admissible-column
estimate.

10.1 Layer changes and order budgets

Fix a transition of width one from a nonsingular matrix C' to a nonsingular matrix B, and let @) be
the common quotient obtained from G¢ by the new column and from Gp by the new coordinate.
For an old layer (p,e), write

k= kc(p,e), k' = kg(p,e).

The interlacing of layer heights gives
K e {k—1,k}, kg(p,e) € {K K +1}.

If kc(p,e) = 0, the same statement gives kp(p,e) < 1, so this layer contributes nothing to either
potential.

Use the weights v, in all sums below. In the height-one category, mark exactly the layers that
reach height two; in the category of old height at least two, mark every retained layer. Let g, vg be
the marked and unmarked weights in the first category, and a, u those in the second. The following
six types define L and P; the last column bounds the potential change per unit weight.

old destination potential change

weight height retention status height per unit, at most

g 1 retained 2 I}

) 1 retention may occur <1 0
a—L k>2 retained k+1 6— 0

L k>2 retained k 0
u—P k>2 not retained k—1 -5

P k>2 not retained k 0

The g-row is retained because kp(p,e) = 2 forces ¥’ = 1. The potential bounds follow from
#(2) = p=7/5and ¢(k) = 2k for k > 3: an increase from height at least two costs at most 6 — 3
per unit weight, and a decrease saves at least 5. Layers that stay at the same height make no
change.

Both categories consist of whole plateaus determined by G¢. The marks are prefixes on these
plateaus: this is the retention property for the second category, and for the first it follows from the
fact that kp(p, e) is nonincreasing in e. Thus these marks have the form required in Proposition 9.1.

We claim

P<L, ap:=a—L+Pel0a. (10.1)

Here ag is an effective scalar mass; the actual marked family in the second category has mass a.
Thus every 0 < y < ag < a is a valid target for that marked family. To prove the first assertion,
fix p and let ¢ be the last exponent at which kc(p,e) > 2, taking ¢ = 0 if there is none. Attach a
subscript p to the contribution of this prime to each weight sum. In the notation of Lemma 7.5, a
retained layer in this range increases the height by one unless it is flat; an unmarked layer decreases
it by one unless it persists. Consequently that Lemma, with h = 1, gives

(ap - Lp) - (“p - Pp) = Vp(FB(pat) - Fc(p,t)) < Vp(t —2U;) = ap — Up.
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The last equality holds because U; counts the unmarked layers in this range. Hence P, < L,, and
summing over primes proves P < L. Also L < a, so ag = a — L + P is nonnegative and at most a.
Summing the potential bounds in the table gives

U(B) — ¥(C) < Bg+ (6 — B)(a— L) — Blu— P)
< I:=Bg+(6— B)ao — Bu.

Indeed, the first line equals I — (6 —28)P, and 6 — 25 > 0.
The total height times weight is at most 1/2 at both endpoints. At the B endpoint it is at least

(10.2)

29+3(a—L)+2L+ (u—P)+2P=2g9+3a+u— L+ P >2g+3ag+u.

At the C endpoint it is at least g + vg + 2a 4+ 2u, which is at least g + vg + 2ag + 2u. We have
therefore obtained the two budgets

—_

1
2g+3ao+u§§, g+ v+ 2ag + 2u < (10.3)

5.
10.2 Scalar bound and conditional potential estimate

Lemma 10.1 (Budget optimization). Let ¢ and £ be defined by Equations (8.1) and (9.2), and let
B="7/5. If g,v0, a0, u > 0 satisfy

1 1
2g+3ao+u§§, g+vo+2ao+2u§§,
then there are x € [0, g] and y € [0, ap] for which
c(z +2y) — E(g,vo,x) — E(ao, u,y) = Bg + (6 — f)ao — fu. (10.4)

The inequality says that certificate concentration, after paying both entropy costs, covers the
upper bound I for the potential increase. The proof of the lemma follows in the next subsection.

Proof of Proposition 7.2. Fix the desired precision A > 0, and set A1 = A+ 2. For width one, take a
nonsingular starting matrix C' in the typical set of Proposition 9.1 at precision A; for (w1, ws) = (1,2).
Extend the marking rule above to singular outcomes by leaving all layers unmarked. Apply that
Proposition with exposed information C, starting quotient G¢, and the subevent {det B # 0}. The
tested column is uniform conditional on C', and the marks defined above are allowed to depend also
on the new diagonal bit. The Proposition gives at most 2V 7™M (lasses. In each nonempty class C,
choose an outcome B¢ maximizing W(B) in that class. Such a representative exists because the
outcome space is finite.

For this representative, form g, vg, a,u, L, P,ay and I as above. Lemma 10.1 supplies x € [0, g]
and y € [0, ag]. These are admissible certificate target weights for the categories of minimum heights
one and two, since ag < a. The monotonicity of £ in its first argument gives

C($ + 2y) - g(gv Vo, .I‘) - g(av u, y) > C(.T + 2y) - 6(97 Vo, l‘) - g(aoa u, y)

Proposition 9.1, applied to this representative in the restricted outcome space, therefore yields

Pr(C | C) < 2 NU-=),
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Since ¥(B¢) — ¥(C) < I by Equation (10.2), the contribution of this class satisfies
E[lc oNU(B) | C’} < oNVBo) pr(c | C) < ON(U(C)+e~41)
Summing over the classes proves

E[l{detB;aO} N (B) | C} < oN(U(O)+20741) £ oN(W(C)+£74)

for all sufficiently large N.

For width two, take C also in the typical set of Proposition 2.6 at precision A1, and let m be its
size. Conditional on C, the two cross columns vy, ve are independent and uniform on {0, 1}™. For
the gate Gy = {v1,v2 € §(C)}, that Proposition gives

Pr(Gs | O) = 272M|S(O)2 < 27 2m+2N(W(C)+L-41)
On nonsingular outcomes ¥ (B) < 1. Consequently

- —A
E| Lget 0y 16,2V | € < 2N 722N OHORR)

< 2N(\I/(C)+2(1fm/N)+2£—A1)

< 2N(\I/(C)+Z—A)'

The second line uses ¥(C) < 1, and the last uses 1 — m/N < N—3/10 = o(¢=4) together with
Ay = A+ 2. Intersecting the two typical sets proves both conditional assertions of Proposition 7.2,
with arbitrary fixed precision and with the stated nonsingularity and gate indicators. O

10.3 Proof of the budget optimization

Proof of Lemma 10.1. The second budget ensures z + 2y < 1/2 throughout the rectangle under
consideration. Sections 8 and 9 show that ¢ is nondecreasing and concave, while £ is continuous,
nonnegative, convex in its target, homogeneous of degree one in all size variables, and nonincreasing
in its first argument for fixed u,z. Equation (8.1) further shows that c is differentiable on (0,1/2),
including the join at ¢ = 1/4, has left derivative 1 at 1/2, and satisfies ¢(q)/q — oo as q | 0.

Supporting slope. For w,t > 0, put

¢ (w) = Ogr{;gﬂ(cm) —wq),  Fils,u) = Orgggs(tfv — &(s,u,1)).

Write I = Bg + (6 — B)ap — fu. We will prove that, for every w > 0,

c*(w) + Fu(g, vo) + Fawlao,u) > I. (10.5)

Here is a justification that this suffices. If g = a9 = 0, taking = = y = 0 proves Equation (10.4)
immediately. Otherwise let (x,,y.) maximize its left side on the compact rectangle, and put
¢ = Tx + 2y.. At zero the objective is zero. For a positive one of g, ag, its entropy cost is O(x) or
O(y) near zero, by the derivative of H recorded in Section 9; the fact that ¢(q)/q — oo then shows
that the maximum is positive. Thus ¢, > 0.

Take w = ¢/(qx) if g« < 1/2, and the left derivative if g, = 1/2. This is a nonnegative supporting
slope, so ¢*(w) = ¢(qx) — wqs. Let

K($7y) = 5(g,vo,$) + E(ao,u,y).
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We claim that (z, y«) maximizes w(x + 2y) — K (x,y) on the same rectangle. If some (z,y) gave a
strictly larger value, take the point a fraction 0 along the segment from (z.,y.) to (z,y). Convexity
of K and the one-sided differentiability of ¢ in this feasible direction give, as 6 | 0, an increase in
the original objective of at least

0(w(z + 2y — q.) — K(z,y) + K(z4,54)) + 0(0) > 0,

a contradiction. The claimed maximum separates into its two coordinates. Hence the maximum of
the left side of Equation (10.4) is exactly ¢*(w) + Fu (g, vo) + Faw(ao, w) at this supporting slope.
Equation (10.5) proves the desired assertion.

Entropy minimum and criterion. We use the function H from Equation (9.4) to compute a
lower bound for the two F terms. For ¢ > 0 set

D(t) = —logy(1 —271).
For 7 > 0, maximizing H(z,7) —tz over 0 < z < 1 at z = min{1,7/(2"' — 1)} gives

t—H(l,7)+D(t)r, 0<r<2t-1,
]:t(]‘?r):{o T‘>2t—1

For h > 0, the derivative on the first branch after adding hr is D(t) + h — logy(1 + 1/r). It is
increasing in r and vanishes at r = (2D(t)+h —1)~! < 2! — 1, with equality when h = 0. On the
second branch hr is nondecreasing. Evaluation at this minimum therefore gives

min (F;(1,7) + hr) =t — D(D(t) + h)
r>0

(10.6)
= L(t,h) = log2<1 (2t -1)(1 - 2*’1)) .

For ¢t = 0, both the minimum and £(0,h) are zero, so the equality between the first and last
expressions holds there as well; the middle expression is used only for ¢ > 0.
For a given w, it is enough to find A, u > 0 such that

2A + p+ L(w, p) > B,
A+ 20+ L(2w, B+ A+ 2u) > 6 — 3, (10.7)
A+ p)/2 < (w).

Indeed, homogeneity and Equation (10.6) imply

Fuw(g,v0) + pvg > g L(w, ),
Faw(ao,u) + (B + A+ 2p)u > ag L(2w, B + A + 2p).

These remain true when g = 0 or ag = 0. Using the first two inequalities in Equation (10.7) now
gives
Fu(g,v0) + Fawlao, u) + AM(2g + 3ao + u) + pu(g + vo + 2a0 + 2u) > I.

The two budgets and the third inequality in Equation (10.7) yield Equation (10.5).

Exact verification. We verify Equation (10.7) with three explicit choices. The function D is
decreasing, and, for h > 0,
L(t,h) >t — D(h). (10.8)
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This follows by dropping the positive term 2~" from 2£th) — 2/(1 —27") 427", Only one numerical
estimate for D is needed:
D(21/10) < 2/5. (10.9)

Indeed, if v = 271/19, then v < 14/15 because 150 < 2.140. Thus

15

7 (14\" 100457
9—21/10 | o9-2/5 _ Y 4L _ <
* 17 <37 101250
which is equivalent to Equation (10.9).

We will use the support bounds

2 2
2c* (w) > max{2 —w, g - %7 B _w } . (10.10)

The first three follow by testing ¢ = 1/2,1/4,1/12 in the definition of ¢*. The first two values are
¢(1/2) =1 and ¢(1/4) = 3/4. At ¢ = 1/12, the argument of z is 1/5, the square root in its definition
is 3/5, and ¢(1/12) =1 — (5/6)(5/8) = 23/48. For the last bound, when 0 < g < 1/4, put

2¢/q(1 —3q)
1-2¢

Then )
4q2(1 — 4
2 4g = ¢ (1—49)
(1 —2¢)?

The expression (r + 2q)/(1 + r) increases in r, so

r—|—2q> 2\/§+2q>2\[72q.

=T 2152, =

The difference in the last inequality is 4¢,/q/(1 + 2,/q). Testing ¢ = (w +2)~2 < 1/4 now gives

2 w+ 2 2
2c* > 2 — > 2 - =
¢(w) 2 (C(Q) wq)_ <w+2 (w+2)2> w+2’
including at w = 0.
One global estimate handles the middle range:
-1
L(w,1/4) > 2 (w > 0). (10.11)

To prove it, let b = 2-1/4, The integer inequality 20* < 2-17* gives 1/2 < b < 17/20. Since b(1 — b)

decreases for b > 1/2,
17 3 o1 1

b(l—=b)> ——=— > —.
1=9> 3550 = 100 ~ 5
Consequently the arithmetic—geometric mean inequality gives

2EW /) — b4 (1 — )2 > 24/b(1 — b)2w > 2(0=1/2,

which proves Equation (10.11).
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We use the following choices, writing h = 8 + A + 2u:

3 w 8
— - — < < —
<max{2 w,2 2},0), 0_w_5,
(A p) = 177_21 §< <
24 6°4)° pswsd
(0,327%), w >3

Either choice works at a shared endpoint.
For 0 < w < 8/5, put S = max{2 —w,3/2 —w/2}, so A =S and = 0. Then S > 7/10, so
h >21/10 and
2A 4+ L(w,0) =25 > 7/5.
By Equations (10.8) and (10.9), the second multiplier expression exceeds
2 28 41 w 23
+ 2w 5 max{5 w,10+2}_ 5
For the last inequality, use the first term when w < 1 and the second when w > 1. The choices
are nonnegative, and the third multiplier inequality, in the equivalent form A 4+ u < 2¢*(w), follows

directly from Equation (10.10).
For 8/5 <w < 3, take A = 17/24 — w/6 and p = 1/4. These are nonnegative, and

ST )
—5 24 2 120 10
By Equation (10.11), the first multiplier expression exceeds
AT W BT
2 6 6 30 5
By Equations (10.8) and (10.9), the second expression exceeds

2 8 3 37 23
3N+ 2 QW — == — 4 —w>— >,
Jr,u+105 40Jr2w_8>5
Finally, A + p = 23/24 — w/6, so Equation (10.10) gives the third inequality.
For w > 3, take A =0 and p = 327", which are nonnegative. The elementary bound
3 a2

log2 =2 — > -

o8 /0 1-#273
and 2 — 1 > plog?2 give

oHHLWH) — 1 4 9W (2% — 1) > 14 3log2 >3 > 27/5.
The last inequality follows from 3% > 27. This proves the first multiplier inequality. Here h > 8 > 1,
so D(h) < D(1) = 1. Equation (10.8) therefore shows that the second expression is greater than
23

For the third inequality, 3273 = 3/8 < 2/5, and 2% /(w +2) increases for w > 3, since its logarithmic
derivative is

1 2 1
log2— ——>-——->0.
821273 5"
It follows that p < 2/(w + 2) < 2¢*(w) by Equation (10.10). This verifies Equation (10.7) for every
w > 0, and hence proves Equation (10.4). O
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11 Paths of principal minors

We prove the potential moment bound by following paths of nonsingular principal minors. A tail
estimate first controls the layers of large height. On a short terminal window, either the potential is
small at some node, or a definite decrease of a second statistic forces many steps that each have
small conditional probability.

For a nonsingular matrix B and an integer s > 0, define

Ws(B) = Z(k:B(p, e) — 8)4+Vp, x4 = max{z, 0}.
p,e

In the layer diagram of Figure 1, the factor (kp(p, ) —s)4+ counts the boxes in row e beyond the first s
columns; the sum weights them by v,. When a tail occurs together with a nonsingularity requirement,
set Ws(B) = 0 on singular matrices. The order bound in Equation (2.3) gives 0 < Wy(B) < 1/2.
For s > 1, we also have

We1(B)=WuB)= Y v (11.1)
ks (pe)>s

Lemma 11.1 (Tail recursion). Let C' — B be a transition of width h € {1,2} between nonsingular
matrices. In the i-th successive quotient of G¢, write k;—1(p,e) for the height before that quotient
and R; for its retained layers. For every integer s > h,

h
W(B) < Wern(C)+2) > Vp. (11.2)

1=1 (p,e)ER;
ki—1(p,e)>s+1-h

Proof. Fix a prime p, and put Fp(p,t) = Zi:l kp(p,e) for D = C, B. Take t to be the largest e
for which kg(p,e) > s, or take t = 0 when there is no such e. Then

> (kB(p.e) = s)+ = Fp(p,t) — st.
e>1

For e < ¢, the height in Gp is at least s + 1. The final successive quotient of G¢ is also obtained
from G by h one-element quotients. The interlacing of heights under each such quotient therefore
gives

ki—i(p,e) > kp(p,e) —h>s+1—h>1 (e<t, 1<i<h).

Let u;(p,t) be the total drop in the first ¢ layers at the i-th quotient and put U,(t) = >, ui(p, t).
Each layer in this range has positive starting height, and each of its drops is zero or one. Thus

h
ht—Up(t) =Y _#{e<t:(pe) € Ri}.
=1

All the layers on the right have the height lower bound just displayed. Lemma 7.5 now yields

Fp(p,t) — st < Fo(p,t) — (s + h)t + 2(ht — Up(t))

h
<Y (ke(pe) —s—h)y +2> #{e: (pe) € Ry, kia(p,e) > s+1—h}.
e>1 i=1
Multiplying by v, and summing over p proves the claim. ]
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Recall the scales R = [£?] and ¢ = R~° used in Proposition 9.2. The next estimate applies
without a typicality hypothesis.

Lemma 11.2 (Cost of heavy retained layers). Let F denote exposed information which fizes a
nonsingular binary matriz C of size m € Iy and a quotient map w : Z™ — H with CZ™ C ker .
Suppose that, conditionally on F, a tested column v is uniform on {0,1}™. If R is the set of layers
retained on quotienting H by m(v), put

Q = E kH (p7 e)Vp'
(pe)ER
ku(p,e)>R—1

Fiz 0 <n <1 and set go = n/(100log N). Uniformly for qo < q < 1/2, and for all sufficiently large
N depending on n,
Pr{Q € [q,2q) | F} < 273N/, (11.3)

The exposed information may include the preceding column of a width-two transition, provided the
tested column remains conditionally uniform.

Proof. Conditioning on F fixes the quotient map and H; it leaves v uniform on {0, 1}". For a fixed
mask FE of layers required to be retained, Lemma 7.4 supplies the necessary condition

veKg, CZ"CKpCZ",  [Z":Kgl=N1EN — gE)= > kulp ey
(pe)EE

We first show that this condition costs at least 2¢(E)N/3 bits of probability.

Write g1, ..., gm for the images of the coordinate vectors in Z" /K. Choose a maximal subset
Giy»- -+ gi; that is dissociated, meaning that all of its subset sums are distinct. After the other
bits of v are fixed, at most one choice of the j selected bits can give any prescribed group element.
Hence every atom of the image of v, in particular the zero atom, has probability at most 277.

Maximality also implies that every g, is a combination of the selected elements with coeffi-
cients in {0,1,—1}: otherwise adjoining g, would preserve distinctness of subset sums. Choose
such representations, using the identity representations at the selected indices, and arrange their
coefficients as the columns of a matrix M € Z/*™. This matrix has rank j. The selected elements
generate Z™ /K, so they define a surjection 6 : Z/ — Z™ /K. Every column of MC belongs to
ker 6, because the columns of C' belong to Kg. Since C is nonsingular, M C' still has rank j. Choose
j independent columns of M C. Each of their entries has absolute value at most m < N. Their
lattice is contained in ker #, and Hadamard’s inequality gives

1Z™/KE| = [Zj s ker 0] < (N\/j)j < N3I/2,

For j = 0, the group is trivial and the same conclusion has its usual empty-product meaning. It
follows that '
Pr{ve Kg | F} <277 < 27 2EIN/3, (11.4)

We next bound the number of possible masks consisting of all retained layers of height at least
R — 1, when their value of @ lies in [g,2¢). At a fixed prime the retained layers on each plateau
form a prefix. Let d, be the number of plateaus of H at p. Their distinct positive heights imply

dz < QZkH(p, e).
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Moreover, >, ku(p,e) < logy [H| = O(Nlog N). There are at most N2 primes p < N2, so
Cauchy—Schwarz bounds the number of their plateaus by

> dy=0O(N¥*(log N)'/?).
pSN1/2

Each prefix length has O(N log N) possible values and costs O(log N) bits. The full cost for these
primes is consequently

O(N**(log N)*?) = o(N/log N) = 0, (¢N).

Here the final estimate is uniform for ¢ > qq.
For p > N2, each eligible layer has, for large N,

R-1_ R
s
2N — 3N
The total height times weight in H is at most 1/2, so there are at most 3N/(2R) eligible layers
in this range. A mask with @ < 2q selects at most 6¢/N/R of them. The usual binomial estimate,

using the bound 2% for all subsets when the permitted number is a fixed fraction of the a available
layers, gives a logarithmic count of at most

kH(pv e)yp Z

qgN
0 <R(1 + log(l/q))) = oy(qN).
Indeed ¢N/R > nN/(100Rlog N) — oo, so integer rounding does not affect this estimate, and
1+1log(1/q) <14 log(100log N/n) = O,(f),  R=<¢2.

Combining the two prime ranges, the mask entropy is 0,(¢/N') uniformly in the indicated interval.
For every mask being counted, ¢(F) = @ > ¢. The union bound with Equation (11.4) is therefore

Pr{Q € [q,2q) | F} < 9~ (2/3=on(1))aN < 9=3¢N/5

The conditioning argument uses only that F fixes C, 7 and leaves v uniform, so it also applies when
F includes a preceding column. O

Proof of Proposition 2.7. Fix 0 < e < 1/10, and put
e =¢€/20, J,=2[N%°],  L,=[R"?].

Here J, is the length of the long path, and L, is the length of its terminal window. The following
comparisons will be used throughout:

2J,+1 < N0 [ = =o(N3®),  J, —L,> [N,
L.o No N (11.5)

L*€760 - 6736 == 1 = .
O =0, T logR _ RologkR ~ °

= R — o0,

They hold for all sufficiently large N, since R =< ¢2 and every fixed power of £ is o(N®) for every
fixed @ > 0. The first line keeps every node in Z and leaves enough preceding steps to drive the
tail threshold past N3/%. The second line keeps the potential-step error small over the terminal
window, makes the accumulated costly-step exponent diverge, and makes that cost dominate the
entropy of choosing the costly positions.
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For m € Iy, let T,,, be the set of nonsingular matrices satisfying the estimates in Propositions 5.3
and 9.2, and those in Propositions 2.6 and 7.2 at precision A = 60, including both widths in the
latter proposition. These finitely many properties can be chosen so that, for some f(N) — oo,

Pr{detB,, #0, B, ¢ T} <27 VW) (m e Zy).

Write m, = N — 1. Consider all principal submatrices of B,,, obtained by deleting at most 2.J,
indices. Their sizes lie in Zy by Equation (11.5), and their number is at most

Z (”Zl*) < 9O(N3/%log N) _ 9o(N)
d<2J

Let £y be the event that any nonsingular one of these submatrices fails its typical properties. Each
fixed submatrix is a binary matrix, so the union bound gives

Pr(€y) < 9—N(f(N)=O(N~?/log N)) _ 9—w(N)_ (11.6)

Since 2V¥ < 2V its contribution to the moment is at most

9N Pr(Ey) < 2 NUW)=1-0(N"2/log N)) _ 9—w(N),

Starting from a nonsingular realization on [m,], apply Lemma 7.1 backwards for exactly J,
steps. It gives a path of nonsingular principal minors, each deletion having width one or two, and
every deletion of width two satisfying the gate when read as a forward transition. At most 2J,
indices are deleted, so all these operations stay in the prescribed size range. On &%, all of their
nodes also belong to their respective sets Tp,.

For clarity, the path just obtained is chosen backwards as a function of the realized terminal
matrix. We use it only to cover the terminal event by path events. Let Iy be the collection of all
fized index paths

I(]CIlC"'CIJ*:[m*], ht:‘ft\lt_l‘E{l,Q}.

An ordering of the two indices in a pair is fixed once for each path. At each backward step there
are at most 2N? choices, whence

M| < (2N2)7+ = 20(N*/7logN) — 90(N),

For a fixed m € Ily, put By = By, [I¢]. Let I't be the event G, from Equation (7.2) for step t.
Define

Ja J
Ar =B e Ty} 0 (T
t=0 t=1

The backward construction shows that every nonsingular terminal matrix outside €y lies in at least
one A;. Consequently

E|1(4et B, £0} QN\P(BT"*)} < 2N Pr(&n) + Z E[lAW2N‘I’(BJ*) ) (11.7)
welly

We now bound a summand for a fixed w. Expose the entries of By first and then expose each
transition forwards. Conditional on the entries already exposed, its cross columns are independent
uniform bit vectors on the starting indices, and its new symmetric block consists of independent
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bits. Within a pair the second cross column is still uniform after the first is exposed. We sum over
fixed paths before making any of these exposures; we never condition this forward process on the
backward choice of a path. The future nonsingularity, typicality, and gate requirements are imposed
only through indicators.

Call the last L, steps and their L, + 1 nodes the terminal window. We will prove the three
weighted bounds in Table 1.

Covered event Terminal weighted contribution
Some window node has Wg > € IN—Q(NR)

Some window node has ¥ < ¢ (L, + 1)2N(€+L*€’6°)

Every window node has Wi < ¢ and ¥ > ¢ oN—Qc(NR?)

Table 1: Bounds to prove for a cover of the terminal weighted contribution of one fixed path. Each
row includes the indicator of A, the indicator of its displayed event, and the weight 2V Y(Bs.), The
first two events may overlap.

Large tails in the window. At each cross column of the fixed path, form @ as in Lemma 11.2
using the quotient immediately before that column. Put

€ ~ Q, Q 2 Qmin,
qmin — T T A Q =
100log N 0, @ < Gmin-

For an unconditional exposure on which the starting matrix C' of a step is singular, define @ =0
for its cross columns. This convention permits estimates on the entire probability space. For a
nonsingular start, @ < 1/2 by the group order bound. Apply Lemma 11.2 with = € to the dyadic
values ¢; = 2/ min up to 1/2. Conditional on everything exposed before a cross column,

E|2NVQ/4 | previous exposures} <1+ Z 9Ng; /2 9—3Ngq;/5
J:q;<1/2
<1+ Z 9—Ng;/10 <1+dy, Sy = 9—¢'N/(2000log N)
Jiq;<1/2

The last inequality holds for large N, since Ngunin — o0; the dyadic sum is at most twice its first
term and is then bounded by the displayed . It holds also for a singular start by the convention
above. There are d, = 3, by < 2.J, = O(N3/%) cross columns. Successive conditioning, including
between the two columns of a pair, therefore gives the multiplicative bound

E2WV/M Qe < (14 65)% < exp(O(N¥56x)) = 1+ o(1). (11.8)

In particular the accumulated error in its logarithm is O(N?3/52-¢N/(2000log N)y — (1),

On A, suppose Wr(B;) > € at a node J, — L, < t < J,. Starting at this node, iterate
Lemma 11.1 backwards, increasing s by the width at every step. Stop as soon as s > N3/5. This
takes at most [N 3/ %] steps, so the available preceding path is long enough by Equation (11.5).
Every invocation has s > R > 2, as required. At the last node the tail is zero: Proposition 5.3 gives

kp(p,e) < kp(p,1) = corankg, (B mod p) < N*/5
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at every typical nonsingular node and every prime p.

Number the backwards steps from the chosen node by j =1,2,...,r. Before step j, the current
value of s is R plus the widths of its 7 — 1 predecessors. If the current width is A < 2, each charged
layer in Equation (11.2) thus has height at least

s+1—h>R+j—2

The charge from one quotient at this step is bounded by 2Q/(R + j — 2), because @ includes height
times weight for all retained layers of height at least R — 1. There are at most two quotients per
step. The terms with @) < gmin contribute at most

T

1
4qmin Z m < 4qmm(1 + log N) < 6//2
j=1

for large N. Here r < [N 3/ 5} and the last comparison follows from the definition of ¢uin. The
remaining charges must therefore exceed € /2. Since every denominator is at least R — 1, this implies

0,20,
The same condition on the sum over the whole path is necessary if any node of the window has

Wpg > €. By Markov’s inequality and Equation (11.8),

Pr<A7r . _ax Wr(Bt) >6/>

<9¢€ N(R—l)/lﬁ exp(O(N3/55N)) — 2—Q€(NR) — 2—w(N).

(11.9)

Multiplication by the terminal weight, which is at most 2%, still gives 2=“(V) because R — .

A small potential in the window. Proposition 7.2 at precision 60 states, for either width and
for a starting matrix C € 7,,,

E|1{get poy1r 2775 | C} < QN(W(C)+)

where I is the gate for width two and the certain event for width one. Adding a typicality indicator
at the endpoint only decreases the left side. Successive conditioning from a node t to the terminal
node consequently bounds the conditional weighted expectation with all the intervening requirements

by
N (By) 2N(J*—t)£*60

whenever By € 77, This is an application to the fixed forward exposure, with no conditioning on

future requirements. For each ¢ in the window, on ¥(B;) < € it is at most N (e+Lul ™) Dropping
all requirements before ¢ and summing over its L, + 1 possible values gives

E [lAﬁl{minJ*_L*<t<J* \IJ(Bt)SE}2N\IJ(BJ*) < (L* + 1) 2N(6+L*€*60)

(11.10)
_ 2N(e+O(Z_36)+O(log R/N))

This records both the accumulated transition error and the cost of choosing the node.
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The remaining window event. Consider the event

He=A:N { max  Wg(B;) < e’} N { min  U(B;) > e} )
J*—L*StSJ* J*—L*StSJ*
At any node B of this event, ¢(k) < 2k and ¢(0) = ¢(1) = 0 show that >, . kpvp > €/2. On the
other hand, -
Z kp(p,e)vy, < 2Wgr(B) < 2¢.

p?e
kp(p,e)>2R

Dividing the contribution from 2 < kg < 2R by 2R gives

€/2 —2¢ €
> > < 11.11
T BT (1L.11)

b,e
kp(p,e)>2

If in addition ¥(B) > 1 — 1/R, the contribution to W(B) from height two is at most §/4 = 7/20.
Indeed, 23, _ovp < 1/2 by the order bound. Thus

1 B
2 ; kp(p,e)vp, = ¥(B) — 3 ,,Z vy > 1= ==
kp(p,e)>3 kp(p,e)=2

For large N the height times weight on the left after division by two is at least 1/4. Since €’ < 1/200,
deleting the layers above 2R and dividing by 2R yields

1/4—26, 1
> > . 11.12
Z Vp Z 2R = 90R ( )

p?e
kB (p»e)23

For each quotient at step ¢, let V;; be the sum of the weights v, of all of its retained layers. On
Ay, call a step in the window costly if some V;; > o, or if it has width two and its starting node
C = B,_; satisfies U(C') < 1—1/R. To price this description without conditioning on A, define an
exposure event D; as follows: the starting node belongs to its set 7,,, and either some V;; > o, or
the step has width two, ¥(C) < 1 — 1/R, and its gate I'; holds. Every costly step of a required
path satisfies D;.

Let F;—1 be the sigma-field generated by all entries exposed through C'. Proposition 9.2, applied
to each column and conditioned on a preceding column when needed, gives probability at most
2-No/2 for each event Vii > o. For the other alternative, the two cross columns are conditionally

independent and the gate requires both to belong to S(C'). Proposition 2.6 gives

Pty 70 = (1590)]

< 9= 2N(1=¥(C)—£~~(1-m/N))

Here 1 —m/N < N30 If ¥(C) <1—1/R, then {50 4 N=3/10 = o(R"") and 0 = R0 = o(R™),
so for large N this probability is at most 2=N/B < 27No/2_1f the start is not in 7y,, the event Dy is
empty. The union bound therefore gives, uniformly in the revealed history,

Pr(D; | Fio1) <pn,  py=327N2 (11.13)
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In particular, for any fixed set T' of step positions, ordinary successive conditioning in the forward

exposure gives
Pr (ﬂ Dt> < plTl. (11.14)

teT

This estimate imposes no conditioning on the other path requirements.

Descent at noncostly steps. To force many costly steps on H.,, we combine two tails. At width
one, the smaller R~2W; term uses the mass of layers of height at least two. At width two, Ws
uses the stronger gap between Wy and Wy, while the small coefficient prevents the W; term from
offsetting that gap. Define

Z(B) = Wa(B) + R>Wy(B).

The order bound implies 0 < Z(B) < (1 + R72)/2 < 1. At a noncostly step all its V;; are less than
o. For a step of width one, Lemma 11.1 gives

WQ(B) < Wg(C) + 20 < WQ(C) + 20, Wl(B) < WQ(C) + 20.

Equations (11.1) and (11.11) then show

€ L€
10R3 — 20R?

Z(B) — Z(C) < 20(1+ R™?) — R™*(W1(C) — Wa(C)) < 20(1+ R7?)

for large N, since 0 = R~ = o.(R™3). At a noncostly step of width two, its starting potential is
U(C)>1—-1/R. Lemma 11.1 gives

Wa(B) < Wa(C) + 4o.

Also
. 1
Wo(C) — Wy (C) = E min{kc(p, e) — 2,2}y, > R

p?e
kC(pve)23
by Equation (11.12). Using Wi(B) < 1/2, we obtain

1 €
Z(B)—Z < < — < — -
(B) () 2R2 — 40R — 20R3

—— +4
< 20R+ o+

for all sufficiently large N. The middle comparison uses 4R~% + (2R?)~! = o(R™!). Thus every

noncostly step decreases Z by at least
€

~ 20R¥
Let neost be the number of costly steps in this window. A costly step can increase Z by at most
one. Telescoping the L, changes and using 0 < Z < 1 gives

0

L.—1

-1< Z<BJ*) - Z(BJ*—L*) < Neost — (L* - ncost)67 Teost = ﬁ

Now 6 — 0 and L,d =<, R? — co. Consequently, for large N,

L.e
Neost = W
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Set t, = [L.«e/(100R3)]. The event H, therefore implies D; at at least t, positions in the window.
Equations (11.13) and (11.14) yield

L
Pr(H,) < ( *>p§\*,
Lx
The entropy of choosing these positions satisfies

L,
log, (t > < tylogg(eL/ty) = Oc(tslog R).

*

Together with the factor 3%, this is o(Not,), because No/log R — oo. In particular, for all
sufficiently large IV,

Pr(H,) < 9—Not/3 < 9—€NL.o/(300R?) _ 9—Qc(NR?) _ 9—w(N) (11.15)

This bound uses L.,o/R?® < R®> — oco. The corresponding weighted expectation is at most
2N*QE(NR3) — 9—w(N)

Equations (11.9), (11.10), and (11.15) prove the three weighted bounds in Table 1. Its row
events cover all outcomes in A, so their sum gives, uniformly over all fixed index paths,

E {1 4 QW(Bm] < oN(etoc(1))
Finally use Equation (11.7). The index-path sum adds O(N?®/°log N) = o(N) to the logarithm, and

Equation (11.6) gives a negligible exceptional contribution even after the weight 2V. Hence

E |:1{det By_1#£0} QNQ(BNfl):| < 2N(E+Oe(1))‘

For each fixed € this estimate holds for all sufficiently large N. Letting € tend to zero after N proves
Proposition 2.7. 0

Proof of Theorem 1.1. By the implication established in Section 2, Propositions 2.6 and 2.7 give

Equation (2.2): E|S(By_;)| < 2°0V).
Lemmas 2.4 and 2.5 now give

Pr(det By =0) < QO(N)NQ—NE|S(BN71)| 49— QNO/?) < 9= N+o(N),

A specified row of By is identically zero with probability 27V, so the reverse bound follows from
that event. Therefore Pr(det By = 0) = 2~ V+o(N)_ Finally Lemma 2.1, with N = n — 1, yields

Pr(det A, = 0) = 2~ (= DFo(r) — g=no(n) (; + 0(1)> .
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