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Abstract

We prove a uniform bound for critical honeycomb polygons through two axial marks on a
periodic staircase. The bound retains an explicit power of the ratio between the period and
the marked separation. We also prove sharp finite strip estimates: bridge mass of order h−1/4,
first-length mass at most Ch13/12, and mass at least ch−1/4 on bridges with length at least ch4/3.
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1 Introduction
A path that crosses a wide strip must be long, but its critical weight is small. The quantitative
question is how these two effects balance. For the honeycomb lattice we prove that a strip of height
h has bridge mass comparable to h−1/4, while the first moment of bridge length has mass at most
Ch13/12. A fixed fraction of the bridge mass has length at least ch4/3. The strip mass follows from
a finite transfer calculation. To control the length moments we also prove a bound for polygons
through two specified edges on a cylinder, uniform even when the marked separation is much smaller
than its period.

We realize the honeycomb lattice by joining the centers of adjacent triangles in the unit equilateral
triangular tiling. A path in a tiled domain begins and ends at midpoints of boundary edges, enters
and leaves normally, and visits each triangle center at most once. Its length ℓ(γ) is the number of
centers visited. Thus a path with ℓ centers has ℓ − 1 full edges between centers and two terminal
half-edges. Throughout the paper its weight is

w(γ) = κℓ(γ), κ = (2 cos(π/8))−1.

For polygons, length is the number of centers, equivalently the number of edges. Polygons are
simple, unoriented, and unrooted unless specified otherwise. Sums with specified marks count each
polygon once.

Let d0 =
√

3/2 be the spacing between successive rows of triangles. A pure lattice cut is a line
bounding triangular rows, parallel to one of the three edge directions of the tiling; a pure-sided tiled
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domain has sides on such cuts. Fix one boundary midpoint of the infinite strip between two parallel
lattice cuts at distance hd0, where h ≥ 1 is an integer. Let Bh be the paths from this point to any
midpoint on the opposite cut, with all visited centers strictly between the cuts. Put

Bh =
∑

γ∈Bh

w(γ), Bh(E) =
∑

γ∈Bh

1E(γ)w(γ).

The lattice symmetries make these quantities independent of the selected midpoint and of the pure
lattice orientation of the strip. Diameters refer to Euclidean distance in this fixed embedding,
including the terminal midpoints; changing to the center trace changes diameter by a bounded
amount.

Theorem 1.1 (Finite bridge estimates). There are constants c, C > 0 such that, for every sufficiently
large integer h,

ch−1/4 ≤ Bh ≤ Ch−1/4, (1.1)∑
γ∈Bh

ℓ(γ)w(γ) ≤ Ch13/12, (1.2)

Bh{ℓ ≥ ch4/3} ≥ ch−1/4. (1.3)

Moreover, for every h ≥ 1 and x ≥ 0,

Bh{diam γ > x} ≤ C(1 + x)−1/4. (1.4)

Dividing (1.2) by (1.1) gives a conditional mean at most Ch4/3. The positive mass in (1.3) is
uniform in the height; it does not average over heights or prescribe the terminal port. These finite
statements are also useful as inputs to renewal arguments, but their proofs here use finite paths and
polygons only.

The marked estimate has additional geometric restrictions. Let e1, e2 be unit lattice vectors at
angle 60◦, and let

P = P1e1 + P2e2, P1, P2 ∈ Z>0, d = P1 + P2.

Choose a tiling edge in either axial direction e1 or e2, and its translate by P . Passing through such
a mark means that the polygon uses the honeycomb link crossing that tiling edge. For an integer
k ≥ 2, quotient the plane by translation by kP and set N = kd. The two marks remain distinct in
this cylinder.

Theorem 1.2 (Two axial marks). If d is even, the critical mass of simple polygons in the cylinder
R2/(kPZ) through both marks satisfies∑

γ through both marks
κℓ(γ) ≤ CN−4/3(N/d)15/8, (1.5)

with one constant C independent of P1, P2, k and the axial edge choice.

The ratio power is needed when summing over pairs of marks. It is strictly smaller than the
dimension two, so the sum over short marked separations converges after dyadic decomposition. We
also prove a positive nesting estimate. Let n0, . . . , n5 be the six unit normals to the pure lattice
directions, in clockwise order with n0 pointing vertically upward. For a vertex y of the triangular
tiling and R ∈ d0Z>0, put

H(y; R) = {z : nj · (z − y) ≤ R for 0 ≤ j ≤ 5}.
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This is a regular tiled hexagon with actual Euclidean inradius R. These are all regular hexagons
whose sides are pure cuts; the lattice restriction on R and on the center is verified in Section 8.3.

For a finite tiled domain D and a triangular lattice vertex y, let ZD(y) count systems of mutually
disjoint polygons contained in D, every polygon surrounding y, with weight κℓ per polygon and a
factor 2 for each polygon. The empty system contributes 1. Define Z2(y; R) = ZH(y;R)(y).

Theorem 1.3 (Nesting and free boundary length). Uniformly over triangular lattice vertices y and
R ∈ d0Z>0 with R ≥ 1,

Z2(y; R) ≍ R1/12.

More generally, for any fixed 0 < a ≤ b < ∞, every finite tiled domain satisfying

B(y, aR) ⊂ D ⊂ B(y, bR), R ≥ 1,

has ZD(y) ≍a,b R1/12. In particular this comparison is uniform over all translations and pure-cut
roundings satisfying these inclusions.

In H(y; R), give paths between ordered free boundary ports critical weight and condition on
diameter at least R/2. Their total mass is comparable to R3/4, and their mean number of visited
centers is comparable to R4/3.

1.1 Context and method

Nienhuis’s analysis of the dilute O(n) model predicted the honeycomb critical point and critical
exponents [14]. Duminil-Copin and Smirnov proved the exact connective constant

√
2 +

√
2 by a

parafermionic observable [4]. Their convention also uses mid-edge endpoints and counts visited
vertices. We use the corresponding critical activity and give the local flux calculation with our
boundary-port convention.

For critical strip-crossing mass, Beaton, Bousquet-Mélou, de Gier, Duminil-Copin and Guttmann
proved convergence to zero [1, Theorem 10]. Glazman and Manolescu obtained a logarithmic bound
along a subsequence [9, Proposition 1.1], and Krachun and Panagiotis proved a polynomial upper
bound with exponent 10−10 [13]. The predicted decay is h−1/4, as recorded in [9]. Theorem 1.1
gives this decay with fixed multiplicative constants, together with first-moment and positive-mass
length estimates under the same finite bridge measure.

Yang–Baxter deformations provide a second context: Glazman and Manolescu proved invariance
of the boundary two-point function for columnwise rhombic half-planes with Yang–Baxter weights
and angles in [π/3, 2π/3] [9, Theorem 1]. The dilute transfer-matrix setting also underlies the bulk
spectral calculations of Zhou and Batchelor [17]. Polynomial exchange and fusion methods for dense
and open dilute O(1) models [3, 7, 8] provide precedents for our finite construction; the periodic
n = 0 identities and their physical contractions are proved here.

For systems of polygons separating two fixed points on a cylinder, we introduce a generating
function with a variable factor per polygon. Polynomial exchange and fusion express it as a finite
Laurent polynomial divided by a vacuum normalization. We estimate the numerator by a current
expansion based on the classical level-one boson construction of Frenkel–Kac and Segal [6, 15, 5];
the thermal trace estimates and contour deformations are established here.

The denominator may be small, and an unequal marked interval leads to an open product of
operators rather than a periodic trace. Our argument treats these two issues separately. At zero
separating-loop weight the physical partition is exactly one. This special value supplies a saturation
point for the analytic estimate and eventually a bounded-factor normalization. For the unequal
marked intervals we construct an operator for the ordered particle expansion, prove compactness
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with quantitative state bounds, and control products on the two long intervals. A bound for closed
periodic traces is used only after the operator realizing the open products has been constructed.

The geometry has an analogous normalization issue. Joining each chord to an exterior connector
would appear to lose a critical bridge factor at every stage. We vary the intermediate cuts and apply
a second moment estimate. The difference between two cut choices produces additional bridges
whose averaged costs recover those apparent losses. A further gain near corners makes the sum over
endpoint bins finite. Together with (1.5), this gives a second-moment bound at the required scale
for the chord length and then the long-bridge mass in (1.3).

1.2 Proof route

Sections 2 and 3 establish the strip mass independently, first through a finite double-row interpolation
formula and then through positive interpolation estimates. Section 4 constructs the periodic
vacuum vectors, which represent the empty-connectivity eigenvalue, and identifies their physical
polygon pairing. Section 5 transforms that finite polynomial into a current expansion, an algebraic
reorganization of its particle sum, and bounds it, including all zero modes and contour changes.
Section 6 obtains the preliminary saturation needed to identify a nonzero physical normalization.

Section 7 proves the boundary crossing and cylinder-barrier estimates, and converts positive
nesting into a free-boundary length sum. Section 8 then sharpens the normalization to bounded
factors. Section 9 inserts prescribed-edge observables, called magnetic insertions in the transfer
calculation, and proves the unequal marked estimate. Finally, Section 10 closes and extends chords in
the exterior, sums over marked pairs, and proves Theorem 1.1. Each stage keeps the physical length
convention above; no change to a length-conditioned or infinite-path law occurs in the argument.

2 A finite formula for strip crossing mass
The local matrix is a specialization of the dilute-loop integrable algebra. Grimm and Pearce [10,
Sections 4.1 and 4.6] construct dilute Yang–Baxter operators by braid–monoid methods. They
explain that local gauge transformations preserve doubly periodic partition functions, while other
quantities can depend on the gauge. We fix the gauge and boundary vectors explicitly: every
identity used to evaluate the bridge mass is verified below.

Use the boundary midpoints and visited-center length convention of Section 1. For the transfer
calculation set

L = π/8, S = sin(2L) = 1/
√

2, b = 3L, γ = b/2, κ = (2 cos L)−1.

Take lattice axes at 60◦, grouped into unit lozenges (edges called w,s,e,n in the two lattice coordinates,
with w,s meeting at an acute corner). Consider the infinite strip with first coordinate between 0
and N . Its two boundary cuts are at Euclidean distance Nd0, so after a lattice rotation its crossing
mass is the quantity Bh of Section 1 with h = N . Let BN be the sum of weights from a fixed edge
midpoint on the right side to all possible edge midpoints on the left side, through the interior. The
following finite-dimensional formula for BN is useful. (Brackets below mean bilinear integration,
not conjugating coefficients.)

The function Cm(x) = cosh(m
√

x) is entire in x, as its power series shows; in particular its values
at negative x require no choice of square root. Set D(x) = 2CL(x) − 1, a∗ = D(−4) = 2 cos(2L) − 1.
Use the positive measure µ parametrized by

dµ(x) = zD(x)
sinh(4Lz) dz, x = z2, z ∈ (0, ∞).
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Let

M = span{1, x, . . . , xN−1; ∂j
mCm(x)|m=L, j = 0, . . . , N − 1}, g(x) = sinh(L

√
x)/

√
x.

Theorem 2.1 (Finite strip functional). For every integer N ≥ 1, there exist ρ ∈ C and a functional
of the form

L(H) = 4a∗H(−4) + ρH(0) +
∫

Hf dµ, f ∈ M + Cg

defined for functions H with specified values at −4 and 0 whenever the displayed integral converges
absolutely, such that

L(M) = 0, L(CL/2) = 0, L(C3L/2 − CL/2/D) = 0, 2BN = L(1/D). (2.1)

We first construct a commuting double-row family from local bulk and boundary identities. Its
mixed boundary coefficient will give a scalar function whose value at the physical weights is 2BN .
The scalar crossing lemma in Section 2.3 records the poles, growth, and fusion zeros of this function;
these are the interpolation data needed to prove Theorem 2.1.

2.1 Local matrices and fusion

Let the three basis symbols be +, 0, − identified with spins 1, 0, −1. Write s = exp(2iL). For
spectral parameter u define normalized coefficients

(a, h, v, c, d)(u) = 1
Q(u)

(
S sin(b − u), S sin u, sin(b − u) sin u,

sin(b − u) sin(2L − u), sin u sin(u − L)
)
,

Q(u) = sin(2L + u) sin(b + u).

The matrix R(u) on an ordered pair of spin spaces acts by c on ++ and −−; on each of span(+0, 0+)
and span(−0, 0−) by ( v a

a v ); and on (+−, 00, −+) by d h/s c + d/s2

hs 1 h/s
c + ds2 hs d

 .

Use boundary variables e with e2 = 0, commuting. Define

k(t) = sin(γ − t)
sin(γ + t) , l(t) = sin(2t)

sin(γ + t) ,

De(t) = diag(k, 1, k) + e l(E+,0 + sE0,−),
Ke(t)p,−m = sm(De(t))pm,

where Eij are matrix units and Ke is used as a two-spin vector. On a row of N (site) spins with
auxiliary spin α, rapidities ξi, put

Uα(t) = Rα1(t + ξ1) · · · RαN (t + ξN ).

Subscripts indicate the ordered spaces acted upon; other factors are spectators. Contract two
auxiliary rows in the double row operator (r = b − t)

T (t) = Keℓ
(r)T

ABUA(t)UB(r)Ker (t)AB.
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1 2 N

· · ·Keℓ
(r)T Ker

(t)

A : t

B : r = b − t

Double-row contraction

w

s

n

e

Physical lozenge

Figure 1: The horizontal and vertical lines denote spin spaces, and the boundary curves denote the
displayed tensors. The auxiliary row B acts first on the site spins, then row A; products act from
right to left. The two auxiliary ends are contracted with the displayed boundary tensors. This is a
tensor schematic, whereas the inset shows the actual pair of equilateral triangles at the physical
specialization. The black segments in the inset are the available honeycomb links, not one path
configuration. The two dots are the centers counted by the path length: an s–w or e–n arc visits
one center, and a single arc between the two pairs visits both.

Here e2
ℓ = e2

r = 0 separately, and superscript T is ordinary transpose. The nilpotent variables retain
at most one boundary insertion on each side. Figure 1 shows the order of the two auxiliary rows
and the site spaces.

We record local identities and their algebraic verification. Equalities are meromorphic (used first
away from singularities). Let P swap a pair of spin spaces, F flip spins in a space, J = diag(−1, 1, −1).
Define

Ω =
∑

p

s−p|p, −p⟩, W |±⟩ = κ(|±, 0⟩ + |0, ±⟩),

W |0⟩ = |00⟩ + κ
∑

p=±1
s−p|p, −p⟩, Z = W ∗ = W̄ T .

The image slots of W will be indicated by a pair of labels (ordered); its input slot can then be
regarded as a fused spin. We have

R21(u) = RT
12(u), R12(u)RT

12(−u) = I,

R(u + π) = J1R(u)J1, R(b − u)ij,kl = sk−iR(u)−i,l;−k,j ,

R(0) = P, R(b) = ΩΩ̄T , R(2L) = WZ.

(2.2)

Indeed Q(b − u) = Q(u), swapping a, h and c, d at reflected argument, which gives crossing by the
displayed entries. Unitarity on the ±2, ±1 blocks uses c(u)c(−u) = 1, v(u)/a(u) = sin u/S and
a(u)a(−u) = S2/(S2 − sin2 u). On the zero block use additionally (prime denotes argument −u
here) h + ch′ = 0, hh′ + cd′ + c′d = 0, by the sine products, and s2 + s−2 = 0. Values in (2.2) follow
by substitution. Consequently

R23(u − b)R13(u)Ω12 = Ω12I3,

where I3 denotes the identity on slot 3 (by crossing, the output (p, q, k) at input j is s−p(R(u −
b)R(b − u)T )qk;−p,j).

The basic fusion identity and its adjoint are

R23(u − L)R13(u + L)W12 = W12Rf3(u), Z12R13(u + L)R23(u − L) = Rf3(u)Z12, (2.3)
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where f labels the fused space. Here and below adjoints can be taken at nonsingular real parameters
first (R Hermitian). We give details of the elementary check to fix normalizations. Multiply the first
formula by R32(L − u) using (2.2), and write a subscript + for argument u + L, primes for L − u, no
decorations for u. Expanding on inputs (f, 3) gives the following sufficient equalities (spin-flipped
inputs conjugate the same ones):

++ cv′ = c+, cc′ = v+, ca′ = a+
+0 v + ah′ = v+, vv′ + aa′/κ = 1, va′ + av′/κ = a+,

vh′ + ad′ = 0, ac′ = h+
0+ κ(a + vh′) = a+, av′ + va′/κ = h+, κaa′ + vv′ = v+,

ah′ + vd′ = c+, vc′ = d+
00 κ(a′ + v′h) = h+, v′ + a′h = v+, h′ + κhc′ = κa+
+− h + κch′ = κh+, hh′ + κ(cd′ + c′d) = 0,

dv′ + ha′ = d+, da′ + hv′ = 0, and the + + identities.

To verify, put tj = sin(u + jL); the numerator rows and denominators are

a h v c d Q
−St−3 St0 −t−3t0 t−3t−2 t0t−1 t2t3

′ St2 −St−1 −t−1t2 t2t1 t−1t0 −t−3t4
+ −St−2 St1 −t1t−2 t−2t−1 t1t0 t3t4.

Thus QQ′/Q+ = −t−3t2. The ++ row and vh′ + ad′ = 0, ac′ = h+, vc′ = d+ follow immediately;
for the other identities in rows +0, 0+ use t−2t2 = t2

0 − S2, tj−1 + tj+1 = tj/κ, t−3t4 = t0t1 − S2/κ,
t3t4 = S2/κ − t0t−1, t0t−1 − t−2t1 = κS2. For the last two rows one also has t2t1 − t−2t−1 = t0t4/κ,
t−3t−2 + t2t1 = S2/κ, and can interchange primed and unprimed quantities (swaps h+, a+ and
d+, c+).

These imply Yang–Baxter:

R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v).

Indeed at u − v = 0 use the permutation; at u − v = 2L use R(2L) = WZ and (2.3); at u − v = b
use (2.2) and the analogous rank-one identity shown after (2.2), and its adjoint. At u = 0, 2L reduce
to the first two cases by multiplying on both sides by R23(v)−1 = R32(−v) and permuting the labels
(new order 1, 3, 2). For generic fixed v these give five values modulo π; clearing denominators, each
entry has trigonometric degree ≤ 4 in u and is either periodic or antiperiodic by π by (2.2), so
vanishes identically.

Boundary fusion and reflection. The bulk identities are now available. The boundary identities
needed to close and exchange rows (using a common variable e for each equality) are, with r = b − t,

De(t)De(−t) = I, R(t − r)Ke(t) = PKe(r),

De,2(t − L)R(2t)De,1(t + L)W̄ = WDe(t),
W T De,2(t + L)R(2t)De,1(t − L) = De(t)W̄ T .

(2.4)

In De,j the second subscript just labels a slot. Unitarity of De follows from k(−t) = 1/k(t), l(−t) =
−l(t)/k(t). To swap K, on total spin 0 and 1 the equalities reduce to c(t − r)k(t) + h(t − r) = k(r)
and (v + a)(t − r)l(t) = l(r). Writing y = t − γ, these follow by

sin(L − y) sin(b − 2y) + sin(L + y) sin(b + 2y) = S cos y, cos(L ± y) = sin(b ∓ y)
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on inserting the weights. For (2.4), the second identity follows from the first at real t by conjugation,
flipping all spins and swapping slots 1 and 2, then transposing (J is not needed: FD̄eF = DT

e/s

using formal real e). For the first, write subscripts +, − on k, l for t ± L and evaluate a, h, v, c, d at
2t. On expanding the three columns, the constant and linear terms in e reduce respectively to

vk+ + a = k, k−(ak+ + v) = k, k−(h + κck+) = κ;
l+k−c + kl− = 0, l+(v + κa) + κl−/k− = κl, l+k−(a + κv) + l− = κl,

l+k−(h + d) = l, κ
(
(1 + h)l+ + kl−/k−

)
= l.

For example put H± = sin(γ±t), G± = cos(γ±t), F± = sin(L/2±t), P± = sin(2L±2t), T0 = sin(2t).
Then k+ = F−/G−, k− = G+/F+, l+ = P+/G−, l− = −P−/F+; substitution gives the equalities by
the sine products

P+G+ − SG− = T0F−, P+F+ − SF− = T0G−, 2(H+F+P+ − H−F−P−) = ST0/κ,

P−H+ − SH− = T0F−, κH− − F− = κF+, H− = κ(F− + G+), S + sin(2t − L) = 2F+G−,

P+H+G+ − P−H−G− = cos L T0 cos(2t).

We will use the reflection relation

R(t − y)De,1(t)R(t + y)T De,2(y) = De,2(y)R(t + y)De,1(t)R(t − y)T . (2.5)

Here is a polynomial check using (2.4). Fix generic y. At t = y, −y use R(0) = P and De(y)
De(−y) = I; at t = 0, 4L use De = I, J respectively, and (2.2). At t − y = 2L the right side is
WDe((t + y)/2)W T by (2.4) and the left is the same (swap 1,2 in the second relation of (2.4), using
PW = W̄ ). This also gives (2.5) at t + y = 2L using y 7→ −y and De(y)De(−y) = I. At t − y = b
the right side is ΩΩT , since

De,2(y)R(t + y)De,1(t)Ω̄ = De,2(y)R(t + y)Ke(t) = PDe,1(y)Ke(−y) = Ω.

This last equality also holds with both D’s transposed (flip both spins and conjugate, rescaling e),
giving the same left side of (2.5). After clearing denominators the difference in (2.5) has degree ≤ 6
in t, entries periodic or antiperiodic by π (after clearing, De,1 transforms by conjugation by J1 and
a sign −); hence the seven checks suffice.

2.2 Commuting and fusing double rows

We now derive identities for T by row exchange. Yang–Baxter gives Rij(u − v)Ui(u)Uj(v) =
Uj(v)Ui(u)Rij(u − v). In particular swapping the two rows of T gives T (t) = T (r): the input swap
uses R(t − r)Ke(t) = PKe(r) and the output swap its r, t version via unitarity. Also T (t + π) = T (t)
since Ke(t + π) = J1J2Ke(t).

For T (t)T (y), take labels A, B, C, D′ of parameters t, r, y, b − y respectively (below write D′ for
a label). To interchange the row pairs, exchange BC, AC, BD′, AD′ in that order, acting on the
right boundary vector V = Ke(t)ABKe(y)CD′ (e = er) by the corresponding R product. Invariance
of the vector reduces by (2.2) to

RAC(t − y)RBC(b − t − y)V = RT
BD′(t − y)RT

AD′(b − t − y)V.

This is (2.5) by crossing. Indeed identify a vector X with the matrix with entries s−m−nXi,−m,j,−n

in row i, j and column m, n. Under this identification RBC(b−t−y)V is De,1(t)R(t+y)T De,2(y) and
RT

AD′(b − t − y)V is De,2(y)R(t + y)De,1(t). The remaining R’s act on the left and right respectively
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as in (2.5). On the left boundary (covector written as a transposed column), the inverse-transposed
exchanges appear, exactly the analogous computation with t, r exchanged and y, b − y exchanged,
e = eℓ. Thus all T commute. Further T (0) = T (4L) = I: at 0 the input is Ke(0) = Ω̄ = PΩ and
the two rows act trivially on it by rank-one crossing after (2.2). The output pairing with this vector
is 1. At 4L, shift the second parameter r by π (conjugate that slot by J); the input becomes again
Ω̄, the parameter difference again b (higher parameter second), and the output pairing is 1.

For a product T (t − L)T (t + L) use labels B, C, A, D′ with parameters t − L, r + L, t + L, r − L in
that order. Swap middle rows by RCA(r − t). We obtain product order BACD′ between boundary
column vectors Gr, Gℓ (output transposed):

Gr = RCA(b − 2t)Ker (t − L)BCKer (t + L)AD′ ,

Gℓ = RCA(b − 2r)Keℓ
(r + L)BCKeℓ

(r − L)AD′ .

With fused slots f, g′ for AB, CD′ respectively, (2.4) gives

(1 ⊗ ZCD′)Gr = (WAB ⊗ 1)Ker (t)fg′ , (W T
AB ⊗ 1)Gℓ = (1 ⊗ ZT

CD′)Keℓ
(r)fg′ .

Indeed the matrix given by s−m−n(Gr)pq;−m,−n (slots indexed AB; CD′, columns ordered n, m) by
crossing is Der,2(t − L)R(2t)Der,1(t + L), and similarly for Gℓ with r, +L, −L. Also Z−j;−m,−n =
W̄n,m;j and it is zero unless j = m + n.

By (2.3), UBUA preserves the WAB subspace acting by Uf (t), and UCUD′ preserves ker ZCD′

acting on the quotient by Ug′(r). Moreover:

• At t = L − ξi the local product RBi(0)RAi(2L) has range in WAB, hence so does UBUA.

• At t = L + ξi the local product RCi(b)RD′i(L) kills ker ZCD′ , hence so does UCUD′ . Indeed
its adjoint has range in the image of WCD′ : RD′i(L) maps ΩCi into this image by crossing
at u = 2L, R(2L) = WZ (output c, d, j for input v on D′ has coefficient s−cR(L)dj;v,−c =
sjR(2L)cd;−j,v).

Consequently at either of those values the contracted product reduces to T (t). Indeed the
part of Gr in arbitrary slots AB tensor ker ZCD′ is then harmless (either killed, or mapped to
WAB ⊗ ker ZCD′ annihilated by the output); the rest can be lifted through WAB from Ker(t)fg′ ,
and (2.3) and the formula for Gℓ give precisely T (t). We have shown, first for generic rapidities,

T (t − L)T (t + L) = T (t) at t = L ± ξi. (2.6)

2.3 The scalar crossing function

The row identities now have to be connected to the positive path sum. The next statement collects
the scalar data that will enter the finite functional.
Lemma (Scalar crossing function). At the homogeneous rapidities ξ1 = · · · = ξN = −L/2, the
double-row family determines an even, π-periodic meromorphic function p with p(0) = 2BN . It is
rational in X = cos(2u), with polynomial part 4X + ρ for a constant ρ, and denominator dividing

(X + 1)N (X + cos 2L)N+1.

Moreover p(3L/2) = p(5L/2) = 0, and

p(u − L) + p(u + L) − p(u)

has a zero of order at least 2N at u = 0 and of order at least N at u = L.
Proof. We construct the scalar function through the physical path expansion and then verify its
rational form and zero multiplicities.
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Loop cancellation. The finite matrix identities alone do not identify a walk partition function.
To extract the relevant eigenvalue of the commuting family, specialize first to eℓ = er = 0. Matrix
products have a planar oriented-path expansion on the square tensor diagram of Figure 1. Positive
horizontal arrows are right-to-left and positive vertical arrows upward. In a tile, allowed arc
configurations, with orientation ignored, are empty (weight 1), a single e-n or s-w (a), a single e-s or
n-w (h), a single straight across (v), or both e-n, s-w (c) or both e-s, n-w (d). The entries of R give
these weights times phases, summed over choices: all arc phases are 1 except for e-to-s, whose phase
is s, and n-to-w, whose phase is s−1 (reverse arrows conjugate the phases). At the left and right
boundaries K0 permits empty or a U-turn between the double row’s two terminals, the latter with
weight k and phase s if the upper arrow is positive (s−1 otherwise). These phase assignments have
product s±2 on any simple closed path, and product 1 on a simple bridge from a right endpoint to a
left endpoint in a rectangle, with only the hard walls (no U-turns). For instance give each arc phase
exp(i ∆/4) where ∆ is its rotation of tangent (starting and ending orthogonally to tile edges), plus
π/2 at terminal vertical arrows, minus π/2 at initial vertical arrows. These corrections telescope;
take quarter circles and straight lines and smooth boundary turns as needed. Bridges have total
turn 0 by simplicity (close using the boundary). Thus, summing orientations, closed loops cancel.
This holds for arbitrary spectral parameters at zero boundary variables. In particular every product
of double rows at those variables has empty-site-to-empty-site entry 1.

At t = γ and ξi = −L/2, the boundary weights k are zero, and the tile weights are evaluated at
L, giving a = κ, h = v = c = κ2, d = 0. These are precisely hard-wall honeycomb paths through
triangular pairs: s-w and e-n each visit the center of one triangle, distinct when both are used; each
of the other single arcs visits both centers. The square drawing is topological; the inset of Figure 1
shows the actual honeycomb geometry.

A signed flux bound. We next obtain positive path bounds at these weights. The calculation
is the local parafermionic cancellation of [4, Lemma 1], written in our signed exit-flux convention.
It uses the physical honeycomb turning angle, rather than the oriented-loop phases above. In any
finite lozenge rectangle and with one starting boundary midpoint, the sum of weights of paths to
the rest of the boundary is at most 1/ cos(3π/8). Indeed insert in each such path weight (including
in prefixes) the factor exp(iβWturn), β = 3/8, Wturn total turn in actual honeycomb geometry. At
each triangle center, the total signed flux of prefixes into it (ending at an incident midpoint heading
toward it, including the initial flux 1 at the source) equals the flux out of it. If unvisited the two
continuations sum back to the entering weight by 2κ cos L = 1. The incoming terms where the vertex
has been visited cancel in pairs: there is a stem into the vertex followed by the unfinished simple
loop back to its third half-edge; reversing the loop, the changes of turn from the stem are +4π/3
and −4π/3. Indeed the stem arrives from outside the loop by simplicity and the boundary start; for
a completed positively oriented loop the turn at this vertex would be +π/3, but departure there
from the stem instead gives −π/3. (Weights in the pair have thus opposite phases.) This proves the
flux rule, hence total signed exit mass 1. Turns to the boundary are in [−π, π] by convexity and
simplicity (close from the end to the start along the perimeter; besides the arc turn there are two
turns by π/2 with common sign and the boundary direction change). This gives the bound by real
parts.

Decay at fixed width. With width fixed, path weight from a fixed bottom midpoint to the
opposite top boundary of taller and taller lozenge rectangles tends to 0. Indeed to each top exit
append in an extra row a deterministic continuation to a lateral wall (one turn s-w and then e-w
straight crossings as necessary), staying there in new triangles, at cost bounded below depending
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only on width. This is injective for each height and sends different heights to different endpoints.
Total exit mass to the lateral boundaries in the semi-infinite rectangle is bounded by the preceding
flux argument and exhaustion. All bottom arch weights in the semi-infinite rectangle (analogously
top arch weights) are summable by the same bound.

The common eigenline. Now every entry of T (γ)m in this specialization is an oriented sum of
path systems between the specified occupied top/bottom midpoints of the rectangle of height 2m
(no detached loops). Systems containing at least one bottom-to-top path contribute vanishingly as
m → ∞, by bounding by products of the preceding single-path sums; the pure bottom and top arches
converge to independent half-strip systems by the summability (phases included). Consequently
T (γ)m tends to a rank-one projection with empty-empty entry 1. Writing 0 for the empty site-spin
state, we have

T (γ)m −→ P0, rank P0 = 1, (P0)0,0 = 1.

Thus 1 is a simple eigenvalue and the rest of the spectrum lies strictly inside the unit circle.
For rapidities near this specialization we can analytically continue that simple eigenline of

T (γ) (and its eigenprojection), also over the square-zero boundary variables by expansion. At zero
boundary variables the simple eigenvalue is still 1: all empty-empty entries of powers remain 1
by loop cancellation, while the other spectral part decays. The corresponding projection thus has
empty-empty entry 1.

Since all T (t) commute (modulo e2
ℓ = e2

r = 0), this is a common eigenline, and at zero variables
the eigenvalue of every T (t) on it is 1 as well (take the empty-empty entries of T (t)T (γ)m).

The linear terms of the common-line eigenvalue vanish because at zero variables the right and
dual lines of the projection are in the spin-zero site sector (by total-spin conservation and the
nonzero empty-empty entry); linear terms of T (t) change the site’s total spin by 1 up or down. Thus
the eigenvalue is of the form 1 + eℓerq(t; ξ); here q can be computed by contraction of T (t) with
vectors independent of t (or trace against the rank-one projection including nilpotents, for instance
defined by the Taylor expansion at zero boundary variables of an ordinary simple-pole resolvent
projection). At the homogeneous rapidities, the spectral decomposition gives

[eℓer] (T (γ)m)0,0 = mq(γ; ξ) + O(1).

Indeed (1+eℓerq)m = 1+meℓerq. The mixed coefficient of the continued eigenprojection contributes
a term independent of m, and derivatives of the remaining spectral part decay by the gap.

There is also a direct path interpretation of this coefficient. Since l(γ) = 1, it sums paths with
one positive-arrow terminal on each wall of the 2m-row rectangle, directed right-to-left and with
phase one. Translation averaging and exhaustion therefore give

BN = lim
m→∞

1
2m

[eℓer] (T (γ)m)0,0 = 1
2q(γ; ξ).

The factor two counts the rows in one transfer step.

Rational dependence on the spectral parameter. We have identified q(γ) = 2BN at
the homogeneous physical specialization. Its spectral-parameter dependence now supplies the
interpolation conditions. For fixed ξ, q(t; ξ) is invariant by t 7→ b − t, t + π, by the identities for T .
From T its denominator thus divides, with u = t − γ and X = cos(2u),

(X + cos 2L)
∏

i

(X + cos(2ξi + L))(X + cos(2ξi − L)).
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Indeed these factors are the paired sine denominators of K, R at reflected arguments, giving
polynomials in X after clearing them. As t = γ + iY , Y → ∞, the coefficient of growth in q comes
only from the eℓer part of T (t) since the R’s and k’s stay bounded and l(t), l(b − t) ∼ exp(Y ).
Divided by l(t)l(b − t) this part tends on total site spin 0 to twice identity. In fact the first row’s R
has v → 1, a, h → 0, d → c−1 in the sense of reciprocal limiting phases, and has only the possible
limiting off-diagonal transition of auxiliary spin +1 to −1 (c + d/s2 → 0); the other row is reversed.
The auxiliary spin pairs in this coefficient must both be +0 or 0+, so only diagonal elements survive
and their products are 1 on the indicated sector. Hence q ∼ 4X.

Putting p(u) = q(γ +u; ξ) now at homogeneous ξ, we have obtained a rational function of X with
polynomial part 4X + ρ and denominator dividing (X + 1)N (X + cos 2L)N+1. From T (0), T (4L) we
have p(3L/2) = p(5L/2) = 0. From (2.6), before taking the homogeneous limit, the even function

q(γ + u − L; ξ) + q(γ + u + L; ξ) − q(γ + u; ξ)

vanishes at u = L/2 ± ξi. It is analytic near u = 0, L for ξ near the homogeneous point. Thus in
the homogeneous limit p(u − L) + p(u + L) − p(u) has a zero of multiplicity at least 2N at 0 and at
least N at L (use generic distinct nodes first, including the even reflections of the ones near 0).

2.4 The finite functional

Proof of Theorem 2.1. The scalar function constructed in Section 2.3 can now be represented by the
asserted functional. Partial fractions give, on | Re u| ≤ 5L/2, p(u) = L(Cu/D) for some f ∈ M + Cg
and ρ as in (2.1). Indeed∫ ∞

0

cosh(uz) sinh(mz)
sinh(πz/2) dz = tan(m + u) + tan(m − u)

2 = sin 2m

X + cos 2m
,

near m = 0, L. The integral follows e.g. by geometric expansion of the denominator and the partial
fractions for tan y (from the ordinary sine product or a rectangular residue contour); convergence
is absolute. Derivatives 1, 3, . . . , 2N − 1 at m = 0 and 0, 1, . . . , N at L span precisely the required
polar parts. After division by the factor z in the measure, the first family gives 1, x, . . . , xN−1. In
the second family, derivative order zero gives g, and orders 1, . . . , N give the derivatives of Cm at
m = L spanning the other half of M . The atoms at −4 and 0 supply 4X and ρ, respectively.

Then
p(u − L) + p(u + L) − p(u) = L(Cu),

so the multiplicities give L(M) = 0, and p(3L/2), p(5L/2) = 0 give the other vanishing conditions
since C3L/2/D = CL/2 and C5L/2/D = C3L/2 + CL/2 − CL/2/D. This completes (2.1).

3 Positive interpolation and the strip exponent
Positive interpolation turns the finite strip functional into averages under a determinant density.
We estimate its characteristic products and interpolation residuals to obtain BN ≍ N−1/4.

3.1 A positive determinant formula

Retain the measure and spaces in (2.1), and put
c1 = CL/2, c3 = C3L/2, h0 = 1/D, h1 = c1/D,

F0 = M + Rc1, F = F0 + Rc3, G = M + Rg
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(using real spans in the following). Here N remains the strip width, while d = dim F0 = 2N + 1 is
the number of interpolation nodes. A complete jet at a label of multiplicity k consists of derivatives
of orders 0, . . . , k − 1. Use jets of C√

β
(x) in β as bases, ordered first by β, then by derivative order.

Thus M takes labels 0, L2 each with multiplicity N ; the g basis row in G is inserted between. For
X = (x1 < · · · < xd) in (0, ∞), let ν denote the probability proportional to

det F0(X) det G(X)
∏

i

dµ(xi)

(evaluation matrix with functions as rows). Indeed g =
∫ L

0 Ct dt, so the G determinant integrates
that for Gt = M + RCt, 0 < t < L.

Lemma 3.1 (Positive jet interpolation). All ordered jet determinants formed from complete jets
of C√

β
(x) at nonnegative ordered labels are positive at distinct positive ordered points and remain

nonnegative at confluent nonnegative points. Complete jet spaces are Chebyshev spaces on [0, ∞),
counting multiplicities.

Proof. All ordered jet determinants are positive at ordered nonnegative points (also confluently,
with derivatives at repeated points). This follows from the nonnegative Taylor minor expansion
using C√

β
(x) = ∑

j βjxj/(2j)!, with strictly positive first consecutive-degree term. Here generalized
power determinants of increasing nonnegative integer powers at positive ordered points are strictly
positive: a combination of n powers has at most n − 1 zeros counting multiplicity (divide by the first
and differentiate successively/Rolle), and the sign is positive e.g. by coalescing near 1 (Wronskian).
Confluent cases at zero are nonnegative by limits. In particular the spaces of complete jets are
Chebyshev counting multiplicities on [0, ∞). All Gram entries pairing a row from F or h0, h1 and
one from G are finite (the density in p =

√
x decays at rate b = 3L).

Write eyH = H(y) − IF0,XH(y) for evaluation minus interpolation at X using F0. Also use
EyH = H(y)−IF,(0,X)H(y). The determinant integrations below are instances of Andréief’s identity;
see [16, Equation (1.3)]. We retain the interpolation calculation to fix its oblique projection and
evaluation columns. Gram/Cramer identities using (2.1) give, for s∗ = ρ/(4a∗) there,

L(H)/(4a∗) = ν[e−4H] + s∗ν[e0H].

Indeed integrating a determinant product gives the determinant of the pairings by multilinearity,
so the mean interpolant is the unique linear projection onto F0 preserving the moments against G.
Also

ν[e0c3] ν[e−4h0] − ν[e−4c3] ν[e0h0] = ν[(e0c3)E−4h0].

For this append rows c3, h0 and evaluation columns 0, −4 to the F0 determinant and integrate
against det G(X) (Schur complement). Since d is odd, e0c3 < 0 by ordered jet positivity. Let ν3 be
the tilt of ν by −e0c3. It will suffice to show

ν[−e0c3] ≳ N−1/2, |ν[e0hi]| ≤ N−1+o(1), |ν[e−4hi]| = O(1) (i = 0, 1),
ν3[E−4h0] ≍ N−1/4.

(3.1)

For the elimination, abbreviate

Ay = ν[eyc3], Hj,y = ν[eyhj ] (y = 0, −4; j = 0, 1).
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The condition L(c3 − h1) = 0 gives

s∗ = −A−4 − H1,−4
A0 − H1,0

,

whenever the denominator is nonzero. The determinant identity above, together with the definition
of ν3, then gives the exact formula

L(h0)
4a∗

= A0ν3[E−4h0] + H1,−4H0,0 − H1,0H0,−4
A0 − H1,0

.

The estimates in (3.1) imply that |A0| ≳ N−1/2 and |H1,0| ≤ N−1+o(1). Hence the denominator is
nonzero for large N , the coefficient of the positive residual is 1 + O(N−1/2+o(1)), and the remaining
quotient is O(N−1/2+o(1)). The estimate for ν3[E−4h0] therefore proves BN ≍ N−1/4.

3.2 Characteristic products

Lemma 3.2 (Characteristic products). The following characteristic-product estimates hold for both
η = ν, ν3. Put r(x) = (x + y2)/(x + z2). We claim

η

[∏
i

r(xi)
]

≍ N b(y−z)/π (0 < y < z fixed). (3.2)

In the separate growing-parameter regime y2 = 2z2 = 2N3/2, where 1 ≤ r ≤ 2, the expectation is at
most exp(o(N)).

We isolate the elementary identity used in its proof, so that the polynomial comparison has an
explicit starting point.

Lemma 3.3 (Polynomial generating identity). Let c > 0 and let µc be the probability measure
proportional to dp/ cosh(cp) on p =

√
x > 0, and put α = π/(2c). Then

Am(x) = cos(αm)Cm(x), wm = tan2(αm),
∫

AmAn dµc = 1/(1 − wmwn) (3.3)

for real |m| + |n| < c.

Proof. The elementary transform of 1/ cosh(cp) follows by integrating on the full line and shifting
by iπ/c, picking the simple pole. It gives∫

CmCn dµc = 1
2
(
sec(α(m + n)) + sec(α(m − n))

)
.

Multiplying by cos(αm) cos(αn) and combining the two fractions gives the identity.

Proof of Lemma 3.2. We reduce the two determinant densities to symmetric pairs before evaluating
their characteristic products.
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Reduction by interlacing. It suffices to estimate with g replaced by any Ct, 0 < t < L, uniformly
in t. The row and column spaces for the point density are then respectively (F0, Gt) or (A, Gt),
where A = {f ∈ F : f(0) = 0} (the −e0c3 factor extends the first determinant at column 0). They
contain symmetric subspace pairs (M, M) or (U, U) respectively, U = {f ∈ M : f(0) = 0}.

Here are details justifying comparison to the determinant-product densities of those symmetric
pairs. For spaces V, B of common dimension as above, consider the roots of

det
∫

V BT (x − λ)dµ′(x), dµ′ = dµ/(x + z2)

(function bases as column vectors in the Gram formula). The expectation in (3.2) is ∏j r(λj). The
roots for (F0, Gt) interlace those for (M, M); similarly we can successively interlace along the chain

(U, U) ⊂ (F0 ∩ {f(0) = 0}, M) ⊂ (A, Gt).

To see this, each space along the chains is Chebyshev on the positive interval counting multiplic-
ities, with a nested Chebyshev flag of all lower dimensions there (truncate jets, retaining constant
first, then impose the zero at 0 when present). Gram determinants are nonzero by determinant
integration. A nonzero real analytic function orthogonal to such a dimension-m space must have at
least m sign changes: otherwise use the flag to put simple zeros of a test function just at its changes
of sign, with no other zeros. Thus a real root λ is positive: for such a root there is a nonzero real
a ∈ V with (x−λ)a ⊥ B, whereas a by itself has at most m−1 flips (m = dim V = dim B). Non-real
roots cannot occur either. Otherwise for some nonzero complexified a ∈ V , (x − λ)a is orthogonal
to B. For almost every phase θ, its rotated real part needs at least m sign changes. But averaging
on any finite grid of positive points off zeros of a, the mean number of flips of Re(eiθ(x − λ)a) is
bounded by the mean for Re(eiθa) plus π−1 times the variation of arg(x − λ) on the whole positive
ray (a pair contributes its circular angle distance divided by π). This is bounded by m − 1 plus a
number strictly less than 1. Exhausting a dense grid gives a contradiction. Moreover consecutive
pairs of nested spaces in the chains cannot share a positive root: take a real root function a of
the smaller first space and a real dual root function h of the larger second space. By the same
sign-change argument h cannot belong to the smaller second space. But (x − λ)a is orthogonal also
to h, thus to the full larger second space, again impossible by signs.

Now continuously contract all positive jet labels to zero by common scaling. The spans limit to
the ordinary consecutive polynomial spaces starting with 1 (or with x, when the vanishing at 0 was
imposed). This convergence, also for Gram pairings, follows by taking Newton divided differences in
β (including at multiplicities), with exponential domination, subtracting constants where we impose
vanishing. All roots are continuous as unordered multisets to that limit. At the polynomial limit
interlacing is strict: the matrices give the usual positive-weight orthogonal polynomial roots for
degrees equal to space dimensions, with weights µ′ for the first chain and x2µ′, xµ′, xµ′ along the
second. Consecutive degrees for a common weight interlace (symmetric multiplication compressions
and no common roots by the sign argument); between the first and second weights of the latter chain
use that the degree-k − 1 polynomial for x2µ′ is proportional to (pk − pk(0)

pk−1(0)pk−1)/x for the xµ′

polynomials pj , so interlaces pk. Here the compression characteristic polynomial is the orthogonal
polynomial, e.g. by the sign/orthogonality relation (x − λ)a ⊥ lower degrees. Throughout the
deformation all roots remain real, and roots at adjacent levels cannot coincide. A root therefore
cannot pass one from an adjacent level, so this interlacing persists. Since log r is monotone with
bounded range in each application, products along adjacent interlacing levels differ by bounded
factors, also in the growing-z case. This proves the desired reduction to the symmetric pairs,
uniformly.
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Comparison with polynomial spaces. For the symmetric spaces H = M or U , we now compare
with ordinary polynomials in the original measure µ. The product expectation is the determinant of
the compression of the positive multiplication r to H in L2(µ). It can be bracketed (up to constant
factors) by polynomial compression determinants of orders N and CN for a sufficiently large fixed
C. Indeed, if P<n denotes polynomials of degree < n, then

P<N ∩ {f : f(0) = 0} ⊂ H,

so the lower-dimensional comparison loses only one polynomial direction. For the comparison
with the larger polynomial space, M is approximable in the polynomials of degree < CN with
operator-norm error ≤ e−N in L2(µ), as proved just below. Such approximation identifies H almost
isometrically with a subspace there, changing the determinant by a 1 + o(1) factor since r, r−1 are
bounded uniformly. Determinants decrease under enlarging a space if 0 < r ≤ 1, and increase if
r ≥ 1, with codimension-one change bounded (e.g. by Schur complements).

For the approximation and polynomial estimates use the probability measures µc and the gener-
ating identity of Lemma 3.3. Thus Am = ∑

j≥0 Pj(x)wj
m near zero gives orthonormal polynomials

Pj of degree j. For |m| < c/2 this is the L2 expansion also with derivatives (compare coefficients
and norms by (3.3)). Take 2L < c < b. Elements h ∈ M then have coefficients supported on
j < N plus sequences qjp0(j) with q = wL < 1, polynomial p0 of degree < N . For ∥h∥µc = 1,
|p0(j)| ≤ q−j at j = N, . . . , 2N − 1. Lagrange interpolation bounds |p0(j)| ≤ q−2N (C1j/N)N at
higher j, so beyond D0 = C2N the coefficients decay as e−c1j . Polynomials Pj(p2) themselves are
bounded by Cj+1

3 ecp/4 by taking a sufficiently small circle in the generating formula for wm. Hence
the polynomial projection through order D0 has negligible µc-norm tail at p > C4N for C4 large;
h itself has a positive fraction of norm on p ≤ C4N . There µ ≳ e−C5N µc, while globally µ ≲ µc.
Projecting through degree CN now with still larger C gives the asserted exponentially good relative
error in L2(µ).

Evaluating the polynomial determinants. It remains to evaluate polynomial compression
determinants. For polynomial space of degree < n, denote the product ratio/expectation by RW,n(r)
for base weight W . One has

RW,n(r2) = Kn,W ′(−y2)/Kn,W ′(−z2), Kn,W ′(x) = sup
deg h≤n

|h(x)|2∫
|h|2dW ′ , dW ′ = dW/(x + z2)2

(using weights as measures). This is the Gram cofactor identity on degrees ≤ n for the hyperplanes
spanned by (x + y2)xj and (x + z2)xj , 0 ≤ j < n, whose coefficient minors are evaluation vectors
up to sign. For c = b we have Kn,µc(−y2) ≍ n2cy/π when y > 0 is fixed. Indeed sum |Pj(−y2)|2 via
their even generating series in u with wm = −u2,

(1 − u2)−1/2 cosh(2s arctanh u), s = cy/π.

On the unit disk near u = ±1 its absolute value is comparable to |1 ∓ u|−s−1/2, elsewhere near the
circle bounded. Thus the squared-coefficient sum with radial weights r4j

0 grows as (1 − r0)−2s by
circle integration. For truncation take r0 = exp(−1/n) (upper), then r0 = exp(−A/n) for a large
fixed A (lower, tail beyond n bounded by Cn2s∑

k≥0 22kse−4·2kA ≪ (n/A)2s by the upper estimate).
For fixed positive y, z and W = µ or rµ, W ′ is bounded between constants times µb/(x + Y 2)2

and µb, for a fixed Y > max(y, z). We still have Kn,W ′(−v2) ≍ n2sv for v = y, z, where sv = bv/π.
For the needed upper bound divide the polynomials of degree ≤ n by x + Y 2 and use the µb norm on
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the resulting span (degrees < n plus gY = 1/(x + Y 2)). The coefficients bj of gY on the orthonormal
Pj above (c = b) are

bj = 1
Y

∫ ∞

0
e−Y m (− tanh2(αm))j

cosh(αm) dm, |bj | ≍ (j + 1)−1/2−sY .

Indeed gY (x) = Y −1 ∫∞
0 e−Y m cos(m

√
x)dm, and (3.3) extends to imaginary m paired against

parameters near zero. The bounds follow substituting v′ = e−2αm (integral comparable to that of
v′sY −1/2((1 − v′)/(1 + v′))2j over (0, 1), split near v′ ≍ 1/(j + 1) or use exponential decay above this
scale). At −v2, dyadic Cauchy–Schwarz and the polynomial kernel bound give ∑j≥n |bjPj(−v2)| =
O(nsv−sY ). The full sum evaluates to gY (−v2) by inserting the integral, using this absolute bound
(integral signs fixed for each coefficient) and the generating series at u = tanh(αm). Thus after
orthogonal projection onto degrees < n the residual of gY has evaluation O(nsv−sY ) and its norm is
at least (∑j≥n |bj |2)1/2 ≳ n−sY . This bounds the extra direction as required.

Consequently for n = N or of order CN , RW,n(r2) ≍ N2b(y−z)/π. Cauchy–Schwarz gives the upper
bound for Rµ,n(r) with half exponent, and the matching lower since Rµ,n(r2) = Rµ,n(r)Rrµ,n(r).
When y2 = 2z2 = 2N3/2, W = µ, W ′ ≳ z−4µb+ε for fixed ε > 0, and Kn,W ′(−z2) ≳ z4 by
testing with a constant. The analogous generating series (c = b + ε) on |u| = exp(−1/n) gives
Kn,µb+ε

(−y2) ≤ exp(O((y + 1) log n)), so Rµ,n(r) ≤ exp(o(N)). This proves all the product
claims.

In particular under either η the probability of having xN−1 < N3/2 is exponentially small (the
growing-parameter product there is ≥ (3/2)N−1).

3.3 Interpolation residuals

The characteristic products will control the errors at 0 and −4 once the following pointwise
comparison is established.

Lemma (Residual product bounds). Take e−a for a = 0, 4, or E−a for a = 4, and denote the
relevant node set (X or {0, X}) in increasing order by vi. Write λ∗ = π/(3L) = 8/3. For large N
the residual is nonnegative on either hj and bounded above by

C
∏

i among first N

vi + a

vi + λ2
∗
. (3.4)

On h0 there is also the lower bound with positive constant times the analogous product over all nodes.
The constants are uniform in the ordered interpolation nodes.

Proof. First we reduce jet interpolation to monomial interpolation. To do so, translate to w = x + a
with evaluation at 0 (all interpolation nodes strictly positive after translation). In this coordinate
each residual against the jet space is a convex combination of interpolation errors against monomial
systems whose powers include 0, 1, . . . , N − 1, of the same size. Indeed take those powers first as
basis polynomials; then in the Taylor expansion of the other basis functions the minors needed for
Cauchy–Binet correspond to powers J = (N ≤ j1 < j2 < · · · ) of size N + 1 or N + 2, using the
nonzero labels β = ((L/2)2, L2, . . . , L2) and possibly (3L/2)2. Write DJ(x) for the determinant
of the corresponding Taylor coefficients at x (these jet rows evaluated by derivative orders J in x
divided by factorials). All DJ(0) > 0 by power positivity. Also D′

J = ∑
r(jr + 1)DJ+1r , omitting

collisions, and
D′

J(0)
DJ(0) ≤

∑
βi

2(2N + 1) .
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Indeed at 0 the columns are jets of βjr /(2jr)!; for pure powers without factorials the sum of
incremented determinants is exactly ∑βi times the old determinant (first at distinct labels by
expansion, then take the confluent limit). Writing θN = ∑

βi/[2(2N + 1)], the same estimate
recursively bounds D

(k)
J (0) by θk

N DJ(0). Hence

|DJ(−a) − DJ(0)| ≤ (eaθN − 1)DJ(0) < DJ(0)

for all large N , since aθN < log 2. Thus the translated minors remain positive. Cauchy–Binet
in the evaluation and extended error determinants, absolutely convergent, now gives the convex
combination (weights proportional to these positive minors times ordered power determinants).

The translated hj(w − a) are positive constants times Laplace transforms of nonnegative random
variables. In fact D(x) has product with simple negative zeros −sk, where sk range over squares
((2πn + π/3)/L)2, n ∈ Z, the smallest s1 = λ2

∗. The numerator c1 has negative zeros −bk with
bk = ((2n+1)π/L)2, n ≥ 0. Both products have no other factors after normalization (e.g. sine/cosine
product after factoring 2 cosh t − 1 by sinh((t ± iπ/3)/2)). Thus for h0 the variable is a sum of
independent exponentials of rates sk − a. For h1 pair each numerator factor with a distinct smaller
sk (e.g. n ≥ 0 in its parametrization), so the corresponding summands are mixtures of the same
exponential and zero; infinitely many other factors are unpaired. These sums converge and their
survival probabilities are bounded by Ce−(λ2

∗−a)t, by splitting off the smallest rate (the remaining
sum has finite exponential moment there). For h0 the survival is also bounded below by e−(λ2

∗−a)t.
For a completely monotone function in w of this type, the error at 0 in a monomial system

with nonnegative integer powers increases when we increase powers coordinatewise while keeping
them ordered. Here is the determinant argument. All ordered power determinants with a Laplace
transform row prepended are nonnegative: check for e−tw by multiplying columns by etw, expanding
Taylor minors with first row the constant. The coefficient matrix of etwwj is totally nonnegative
(exponential of the upper shift times t, a limit of products of nonnegative bidiagonals). Thus the
coefficient at position i (starting with 0) in the old interpolant has sign (−1)i, allowing zero. If
only that power is increased keeping its rank, the change in error is its coefficient times the new
residual on the old power, whose sign is likewise (−1)i by power determinants including at node
0. This proves monotonicity. It brackets the error between that for ordinary consecutive powers
of full size and for just powers 0, . . . , N − 1 at the smallest N nodes (for the upper bound send
the highest powers successively to infinity, each then fitting only the largest remaining node after
normalization). It remains to evaluate the consecutive-power errors. Write

hj(w − a) = hj(−a)E[e−wZj ]

for the nonnegative random variable supplied by the Laplace representation. At translated nodes
wi = vi + a, let Y be an independent sum of exponentials of rates wi. For the input e−tw, Lagrange
interpolation and ordinary partial fractions show that the error at zero is P(Y ≤ t). Consequently
the error on hj(w − a) is

hj(−a)P(Y ≤ Zj) = hj(−a)E[P(Zj ≥ Y | Y )].

The survival bounds for Zj now give

E[e−(λ2
∗−a)Y ] =

∏
i

vi + a

vi + λ2
∗
.

Together with the monomial comparison, this proves (3.4) and the lower bound.
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Under the measures needed in (3.1), the omitted factors in the upper-product truncation of (3.4)
have vi ≥ N3/2 on the event xN−1 ≥ N3/2. There are O(N) such factors, so the ratio between the
truncated and full products is at most exp(O(N−1/2)). The complementary event has exponentially
small probability by Lemma 3.2, and the pointwise upper bound is uniformly bounded there. For
a = 0 we can bound above with a replaced by a small positive constant in these products, then
send it to zero in the exponent estimate. Applying (3.2) therefore proves all the hi estimates of
(3.1) (bλ∗/π = 1, b(λ∗ − 2)/π = 1/4).

3.4 The normalizing coefficient

Finally consider O(X) = −e0c3 > 0. This is increasing in the ordered nodes by jet positivity: when
just one node of rank i (starting at 0) is increased without passing its neighbor, the change of e0c3
equals the old interpolation weight at 0 of that node (sign (−1)i) times the new error on c3 at
the old node (sign (−1)d+i). Fix any Gt as before in place of G. The expectation of O with base
weight µ is bounded below by that with µb of (3.3). Indeed the density ratio of the base weights is
increasing: up to constants it is

z(cosh(4z) + cosh(2z) − cosh(3z))
sinh(4z) , z = L

√
x,

with increasing numerator/denominator series coefficient ratios 2j+1
4 (1 + (1/4)j − (9/16)j).

Lemma 3.4 (Increasing weight comparison). For an ordered determinant-product probability density
formed from the complete positive jet spaces used above, multiplying the one-particle measure by a
positive increasing function increases the expectation of every bounded coordinatewise increasing
function. The same holds for nonnegative functions by monotone truncation.

Proof. The comparison is an ordered-density form of the continuous positive-association principle;
see [2, Theorem 2.27] for the general MTP2 formulation and its attribution to Sarkar. We prove the
required monotone coupling directly on the ordered support.

For clarity, this weight comparison uses positive association in the ordered determinant-product
density, justified as follows. Discretize on a finite grid in a compact positive interval with strictly
ordered tuples. In each coordinate the conditional law moves upwards stochastically if the other
coordinates are raised and the weight tilted by an increasing positive base factor. To see it, supports
are intervals with endpoints moving upwards. For two choices s < t′ in the overlap, the ratio
of determinant factors (choice t′ over choice s) is increasing in each other coordinate: for each
determinant separately, fix all columns except those of the two changing coordinates. Write D(u, v)
for the determinant with these fixed columns in their original order and the two displayed columns
appended. The two-by-two Plücker relation is D(s, a)D(t′, b′) − D(t′, a)D(s, b′) = D(s, t′)D(a, b′)
for an increase a → b′ in the other slot. Restoring ordered columns changes the same sign in each
factor on a given side, so the right side is positive whenever all trial tuples are ordered. Raising
coordinates one at a time, starting with the rightmost one, keeps these intermediate tuples ordered.
The tilt only reinforces this ratio ordering. Thus single-coordinate heat-bath updates can be coupled
monotonically between the distributions by common quantiles. The random-coordinate updates on
each strict-tuple grid converge to equilibrium by finite irreducibility and positive holding, proving
the expectation comparison. Compact grid approximation (confluent extension at collisions, or
using bounded truncations) and exhaustion give the continuous comparison.

Under µb the mean interpolant at 0 on Am of (3.3) is rational in w = wm with denominator
QB(w) = ∏(1 − wb′

i), numerator degree < d (b′
i are w-labels of Gt with multiplicities). This follows
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by preserving the pairings against Gt and (3.3), taking jets. At the labels a′
i of F0 it matches

Am(0) = 1/
√

1 + w with multiplicities. These facts still compute the mean residual at w = 1,
m = 3L/2 by cross-integrability. Use the mixture of 1/(s + w), s > 1, with density 1/(π

√
s − 1) for

1/
√

1 + w. Rational interpolation gives the absolute residual for each integrand at w = 1 (all with
sign (−1)d)

1
1 + s

∏
i

1 + sb′
i

1 − b′
i

∏
i

1 − a′
i

s + a′
i

.

Since all labels are in [0, 1/3], identical between the multisets except for one, this is bounded below
uniformly on 1 < s < 1 + 1/d. Thus the mean O(X) ≳ d−1/2, transferring to µ by the comparison
and then to G by positive mixture. This completes (3.1). Substitution into the finite functional of
Theorem 2.1 gives BN ≍ N−1/4, the strip-mass assertion of Theorem 1.1.

4 The periodic vacuum and its physical pairing
Polynomial exchange equations, degree bounds and special-parameter fusion have useful precedents
in loop models. Di Francesco and Zinn-Justin [3] use a multiparameter polynomial construction
in the dense O(1) model. Garbali and Nienhuis [7, 8] develop polynomial qKZ vectors for the
dilute O(1) model with open boundaries and derive a determinant normalization from a first fusion
recurrence. Here the periodic n = 0 vectors, their degrees and their physical pairing are proved
with the normalization required for the two marked observables.

Here is a transfer calculation we will use on the honeycomb cylinder. Keep the parameters
L, b, S, κ, s and the local operators R(u), Q, W, Ω as in (2.2), (2.3) (s = e2iL, κ = (2 cos L)−1); put
C = 2 −

√
2 = 4 cos2 b. Let N ≥ 1 be an integer and m, n ≥ 0 integers with m + n = N . Use the

infinite-height lozenge-cylinder, period N in the first lattice coordinate, and choose corners A, B of
tiles on the same horizontal lattice line, A just before column 1, B just after column m. Let Z sum
systems of finitely many disjoint simple polygons in the cylinder (each with weight κlength, length in
triangle visits). All must separate A, B on the cylinder, and each gets an additional factor y + y−1.
Include the empty system.

The finite formula uses spectral variables vj ; its physical interpretation will be at their common
value zero. There are two groups of sites 1, . . . , m and m + 1, . . . , N . Put

Rs(d) = −1/[sin(d + L) sin(d − L)], Rc(d) = cos2 d,

D(d) = sin(d + 2L) sin(d − 2L) sin(d + b) sin(d − b).

Sum over site labels αj = +1, 0, −1, with sums of labels in the two groups equal to one another, say
h. Include a factor yh∏

j cαj with c± =
√

C, c0 = 2, and a two-body factor for each i < j: write
d = vj − vi, and take Pαiαj (d) given by

(α, α′) (++), (−−) (00) (+0), (0−) (+, −)
Pαα′(d) 1 H(d) H(d − L) H(d − L)H(d − 2L), Pαα′(d) = Pα′α(−d).

Here H = Rs for a same-group pair and Rc across groups. For each same-group pair also include
D(d). This sum of products is G, with removable singularities understood.

We define its denominator for both parities of N . Put

B(u) = sin(u + b) sin(u − b)
sin u

, h(u) = cos u

B(u) .
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Let hN be the skew matrix with upper entries (hN )jk = h(vk − vj), j < k. For odd N , append a
last column of ones and a row of minus ones, with bottom-right entry zero. Define

fN (v) = aN

∏
j<k

B(vk − vj) Pf hN , a2l = 2l/
√

2, a2l+1 = (−2)l.

The empty product and empty Pfaffian are 1, so f0 = 1/
√

2 and f1 = 1. The proof below shows
that the apparent singularities are removable and that fN is a trigonometric polynomial. For even
size this definition gives

2f2
2m′ = 4m′ ∏

i<j

B(vj − vi)2 det[h(vj − vi)]2m′
i,j=1.

Proposition 4.1 (Homogeneous physical pairing). For the cylinder, corners and polygon weights
just defined, and for y > 0,

Z = G

2f2
N

∣∣∣∣∣
v1=···=vN =0

.

The denominator is nonzero there. The equality also holds as a Laurent-polynomial identity in y,
with the stated even and odd conventions for fN .

The proof first bounds the denominators of the periodic eigenvectors and then uses their wheel
zeros to determine their degrees and fusion rules. These bounds reduce the pairing formula to a
polynomial identity fixed by fusions and one balanced residual test; the final orientation calculation
identifies its homogeneous value with the physical partition.

4.1 Periodic eigenlines

Write K(ξ)pp = ξp for the diagonal spin twist, p = +, 0, −. In this calculation transfer is single-row,
on site spins, and we use the sector of total spin zero:

Tξ(t) = Tra Ka(ξ) Ra1(t + v1) · · · RaN (t + vN ), ξ = i or − i.

We use the empty site vector (all zeros), denoted by index ∅. Site order is as displayed even though
operator action is from the right. By trigonometric degree at most D we mean Laurent exponents
between −D and D in eivj . If the parity under vj 7→ vj + π is (−1)D, multiplication by eiDvj gives
a polynomial of degree at most D in e2ivj ; hence D + 1 distinct zeros modulo π force it to vanish.

Lemma (Polynomial vacuum). For N ≥ 1 and generic rapidities, the family Ti(t) has a simple
common eigenline with eigenvalue 1. Normalize its vector by wi

∅ = 1, and put ΨN = fN wi, with
Ψ0 = f0 = 1/

√
2. Then ΨN is a trigonometric polynomial of degree at most N − 1 in each rapidity.

On a component of site spin pj, its parity in vj is (−1)N−1+pj .
For an adjacent pair at the beginning of the indicated order, with remaining list U , its exact

fusions are

ΨN (u, u + 2L, U) =
∏
z∈U

cos(z − u − L) W12ΨN−1(u + L, U),

ΨN (u, u + b, U) = 2 cos b
∏
z∈U

cos(z − u − L) cos(z − u − 2L) Ω12ΨN−2(U).

At either imaginary infinity of the last rapidity,

ΨN (v)∏
j<N cos(vN − vj) −→

√
2 ΨN−1(v1, . . . , vN−1) ⊗ |0⟩N .
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Proof of the polynomial vacuum lemma. We first construct rational normalized eigenvectors for
both twists. The denominator bound and wheel calculation will show that fN clears the twist-i
vector with exactly the degree in the statement. All equalities in spectral variables are used first at
generic values.

The operators at common twist commute by Yang–Baxter and spin conservation (interchange two
rows by the invertible auxiliary crossing R(t − t′) under the traces). Also, writing Tj = Tξ(−vp + jL)
at any site p,

T0T2 = T1, T0T3 = I, T1T3 = T2. (4.1)

Indeed in the two traced spaces (second row parameter lower than first by 2L), each site’s product
preserves the image of W by (2.3), acting there by the center-parameter row. At site p, the two
factors are R2p(0)R1p(2L) (1 and 2 here label traced spaces), with entire range in that image. The
two twists preserve the subspace and restrict there to the same twist. This proves the first identity.
The second follows identically with difference b, using Ω and (2.2), and the third follows from the
first two.

Any finite product at common twist has ∅,∅ entry 1. Indeed draw the path expansion as for
R above, with positive arrows right to left and bottom to top, and include the twist for seam
crossings (positive crossing for motion towards the left). The tangent-turn phase on each loop
in the square drawing is exp(i turn/4), with arc corrections telescoping as before. A contractible
simple loop has turn ±2π, an essential simple loop has turn 0 and horizontal winding ±1, so both
cancel between orientations. For instance for the essential turn, start at a highest point and follow
many repeated periods of the simple lift, closing above by segments from the highest endpoints;
the planar turn bound forces turn per period 0. Simplicity of a noncontractible circle implies
primitive winding: its two-way infinite lift divides its containing band into an upper and a lower
component by planar separation, so the disjoint component lifts (if several) would be vertically
ordered, permuted transitively with order preserved by horizontal period translation. They are
finite in number (the absolute winding), hence just one. These arguments do not require positive
tile weights. In particular the tuple taking value 1 on every Tξ(t) (the vacuum eigenvalue) occurs
on total spin zero: the entry gives evaluation at 1 on the commuting operator polynomials, a
character. By joint generalized eigenspace decomposition of commuting matrices it must occur,
and the corresponding spectral projection P ξ has P ξ

∅,∅ = 1. Indeed, take finitely many ordinary
row parameters spanning the family, and decompose into joint generalized eigenspaces (successive
ordinary primary decompositions). A generic linear combination separates their tuples from one
another and from the proposed character if distinct. Its minimal polynomial must vanish at the
character by the entry property, so the character occurs. The projection onto it is a polynomial in
this combination taking value 1 there.

This eigenvalue is joint algebraically simple for generic rapidities, and we will need simplicity
also at generic points of the pair hyperplanes vj − vk = rL mod π, r = 0, ±1, ±2, ±3. Here and
below joint algebraic simplicity means that a generic finite linear combination at ordinary parameter
values has the vacuum-line eigenvalue simple. First, one can increase the number of sites by adding
a site with vN (or similarly any vj) near positive or negative imaginary infinity. For definiteness at
positive imaginary infinity, its R tends to a matrix block triangular with respect to that site’s spin
p, with diagonal blocks Ka(s−3p), and only a possible off-diagonal transition from −1 to +1; the
spin-zero block of that site decouples. This follows from the displayed weights of R (at negative
imaginary infinity all signs reverse). In the decoupled block the smaller operator is unchanged.
Neither of the two nonzero-spin blocks can give eigenvalue identically 1: send test t to opposite
imaginary infinity in the limiting operator. All the other R’s are triangular in the auxiliary space in
a common direction, and the traced result on the reduced spin sector is scalar 1 + ξs−6p + ξ−1s6p ̸= 1
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(reverse exponents in the opposite case). Thus simplicity persists, by taking a linear combination
simple at the limit. The normalized projection and vectors also extend there. This gives generic
simplicity by induction starting with at most one site.

For the indicated pair hyperplanes start instead with just the two sites. Shifts by π are harmless
by (2.2). For positive differences r = 1, 2, 3, sample with a zero argument at the rapidity followed
by the other at distance rL (whichever their slot order), to get on the two sites a copy of R(rL)
multiplied by a one-site twist (slot order or multiplication order immaterial here). On total spin zero
this has one eigenvalue 1, trace 1 and trace of the square 1 + 2c(rL)2, using the entry notation for R
in (2.2); |c(rL)| < 1, so 1 is simple. For difference 0 sample at common tile value L. The submatrix
deleting the empty site state has diagonals v(L)2 = κ4 (here v(·) is the straight-tile coefficient) and
off-diagonals of absolute value κ4, by direct multiplication (d(L) = 0). Its spectral radius is less than
1. The resolvent entry on the empty state is 1/(z − 1) since all power entries are 1; the principal
cofactor formula gives simplicity. This proves the assertions by adding ordinary sites as above.

Normalize the resulting right column wξ = P ξ|∅⟩, left row ℓξ = ⟨∅|P ξ, so both empty entries
are 1 and P ξ = wξℓξ. These are rational functions of the variables eivj , by the eigen-equations. They
are regular at generic points of the just-treated hyperplanes, and at either single-site imaginary
infinity they tend to the lower vectors with that site empty. By crossing in (2.2),

ℓξ(v) = wξ−1(−v)T .

Indeed the site transpose of a row also reverses all rapidities about b in the tile arguments by
crossing, flipping auxiliary spins and telescoping phases sk−i.

Here are exchange and fusion rules for the normalized vectors (permuted orders are written with
site labels traveling with rapidities). For consecutive sites p, q, with p then q, u = vq − vp,

w(· · · , p, q, · · · ) = Rpq(u)w(· · · , q, p, · · · ), w(2, . . . , N, 1) = K1(ξ)w(1, 2, . . . , N).

Yang–Baxter and moving a slot under the trace give the intertwiners (use spin conservation in
moving the twist). To see the scalar normalizations, in any indicated order take the two-nonzero
entries for sites p′, q′ with p′ to the left of q′, all others empty. They are in the fixed proportion
s−1, s for spins +−, −+ respectively. In fact this holds after any finite sequence of common-twist
rows on the empty input, hence for the projection: the sole arch at the top, drawn from p′ heading
down to q′ heading up (case −+), has turn +π for a lift exiting to its right, or −π for one exiting to
its left, by closing at the top. Its lift endpoint displacement has magnitude less than one period by
simplicity and noninterlacing with its translates. Thus phases including seam are s or s−1ξ = ±s,
respectively, and reversing gives s−1 or ±s−1 with the same sign. In the reversed-order vector of the
exchange formula the two contributions to the empty entry after applying Rpq thus cancel. Cyclic
movement plainly preserves the empty entry.

For order p, q, at difference +2L the right vector is Wpq applied to the lower vector with these
sites fused to one at vp + L; at difference b it is Ωpq times the vector with both deleted. Indeed the
exchange formula and regularity give the image restriction, and the row acts there as claimed by
(2.2), (2.3). To see the latter slot conventions, swap 1 and 2 and flip all spins in the right fusion
formulas (spin flip on a pair interchanges Rij , Rji, and the simultaneous transformations preserve
the embeddings). The empty entry fixes the scalar. The left row at the same respective differences,
multiplied on the right by Wpq or by the insertion of Ωpq, likewise gives the lower row by intertwining
and uniqueness. Its normalization follows from crossing and the two-entry phase rule; the extra
terms cancel. All these fusion statements concern generic points of the indicated hyperplanes.
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4.2 Denominator bound

Possible pole divisors. We include details because degree control for these rational vectors is
important in interpolating the observable. For each sign of twist let F ξ

N clear the minimal common
denominator of wξ, in centered trigonometric convention. More precisely, pole divisors on the
complex torus in eivj , with their maximum orders among entries, are unchanged under vj 7→ vj + π
at each site (the one-site spin sign conjugates the row). Form the product of the corresponding prime
Laurent factors to these maximum orders, normalized by a monomial shift so it is polynomial in eivj

with no variable as a factor. It transforms proportionally to itself under the individual sign changes,
hence evenly in each variable (otherwise divisible by the variable). Thus this minimal clearing
factor is a polynomial in zj = e2ivj . The divisors are symmetric by exchange and invertibility, away
from vj − vp = ±2L, ±b mod π, where there are no divisor poles by the simplicity above. They
are invariant under simultaneous translations. Thus this polynomial is symmetric (alternation
impossible by regularity at coincidences), has equal degrees dξ

N in the variables, and is homogeneous.
Conjugation for real rapidities just flips all spins in T ; thus the denominator is invariant as a divisor
under zj 7→ 1/z̄j simultaneously. Its total homogeneous degree is consequently Ndξ

N /2. Multiply
it by e−idξ

N

∑
vj to get F ξ

N , translation invariant and of trigonometric degree dξ
N in each variable,

of definite parity under shifts by π. Also F ξ
N wξ is trigonometric polynomial of degrees at most

dξ
N , by regularity of the normalized vector at single-site infinities. All these divisor arguments can

equivalently be made by factorization in Laurent polynomial rings.
We claim

di
N + d−i

N ≤ 3(N − 1) (N ≥ 2). (4.2)
Use for now N ≥ 3. On total spin zero the row is π-periodic in t and tends at both imaginary
infinities in t to identity (triangular auxiliary matrices as above). Thus generically

Tξ(t) = I +
∑

k

[Ak cot(t + vk + 2L) + B′
k cot(t + vk + 3L)],

∑
k

(Ak + B′
k) = 0

with commuting residue operators; primes on B′
k just distinguish notation. Write their column as

R = (A1, B′
1, . . . , AN , B′

N )t. At a fixed site p, let cj be the scalar row for which Xj = Tξ(−vp +
jL) − I = cjR; its two entries at site q are

(cj)q,A = cot(vq − vp + (j + 2)L), (cj)q,B = cot(vq − vp + (j + 3)L).

The two fusion equations give commuting-operator rows annihilating R:

Ap,0 = c0 − c1 + c2 + X0c2, Ap,1 = c1 − c2 + c3 + X1c3.

Indeed these are respectively X0 − X1 + X2 + X0X2 = 0 and X1 − X2 + X3 + X1X3 = 0. On the
vacuum line the operator coefficients Xj vanish. With rows Ap,1, Ap,0 in site order, the resulting
scalar matrix is skew:

HJK = r(yK −yJ), y = (v1, v1+L, . . . , vN , vN +L), r(u) = cot(u+3L)−cot(u+4L)+cot(u+5L).

There is also the sum row 1t, since ∑k(Ak + B′
k) = 0. For the 2N operator rows, or after replacing

any row by this sum row, let A denote the operator matrix and HA its scalar restriction to the
vacuum. Then

det A = (det HA)P ξ.

To see this, apply the adjugate to AR = 0: the determinant kills every residue operator. On each
nonvacuum joint primary block some residue has nonzero eigenvalue, since its row eigenvalue is not
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identically 1. A generic linear combination of the residues is therefore invertible on the sum of these
blocks, so det A vanishes there. On the simple vacuum line its value is det HA. This proves the
identity and reduces pole control of P ξ to scalar determinants.

Outside the pair hyperplanes vk − vj = r′L mod π at integer r′, the operator entries here are
analytic in rapidities. We analyze the scalar Pfaffian cleared as

JN = Pf(H)
∏
j<k

p(vk − vj), p(u) = sin(u + 2L) sin(u − 2L) cos u [sin(u + b) sin(u − b)]2
sin2 u sin(u + L) sin(u − L) .

Here the Pfaffian uses upper entries in slot order. Recall that its pairing expansion is the coefficient
of the ordered top wedge in ωN /N ! for the two-form of the skew matrix. Thus it changes by the
determinant under simultaneous row and column transformation and squares to the determinant
(reduce a nonsingular skew form to independent paired slots by elimination, then extend by
polynomial identity). By this expansion Pf(H)H−11 likewise has entries given up to sign by
Pfaffians with the corresponding node replaced by one with constant coupling 1 (expand along that
node, or use Pfaffian row replacement and multiply by H). Then JN is a polynomial of definite
trigonometric parity and degree at most 3(N − 1) per variable. Indeed coincidence of sites causes
two coinciding row pairs, giving a double zero, and difference ±L gives a simple zero at least. At
difference 2L there is only one singular entry between the two pairs of rows, at 3L at most two poles
in a matching, and similarly at negatives. At 4L all entries between those pairs have a residue block
proportional to

(
−1 1
1 −1

)
, so double-pole terms cancel. The bounds at infinity then give the degree.

Simple poles and nondegeneracy. Here are useful nondegeneracy details. For two sites of
difference u, with t∗ = r(L) = −1/(1 + S),

J2 = p(u)[t2
∗ − r(u)2 + r(u + L)r(u − L)] = cos u [St∗ − (t2

∗/2) cos 2u].

Indeed the bracket is regular at 4L (even locally and at most a simple pole), leaving an even
polynomial of degree 2 after removing cos u. Writing x = cos 2u, p(u)/ cos u = x(x + S)2/[2(1 −
x)(x − S)]; at infinity this gives the leading term, and at u = 2L the value follows from the simple
pole of r(u + L). The three roots modulo π are simple. Moreover at each of these roots some
component of J2H−11 is analytic and nonzero. After removing p, Pfaffian cofactors here have
first entries r(u) − r(u − L) − t∗, r(u) − r(u + L) + t∗. At 4L they have nonzero residue. At
x = 2S/t∗ = −1 −

√
2 they cannot both vanish: r(u − L) + r(u + L) − 2r(u) there is

sin(2u) [−2/x + 6/(x + S) − 4/(x + 1)] ̸= 0.

For generic fixed other variables, JN , as a function of vN , likewise has simple zeros; at each,
outside the special differences, JN H−11 is nonzero. To verify the generic assertion one can take the
other imaginary parts very widely separated. Near each vN = vj + u with u in a fixed bounded
region, the two nodes of every distant site have identical limiting couplings to all other nodes
(constants from r at imaginary infinity). They eliminate as a pair with internal upper entry t∗,
leaving the remaining skew matrix unchanged in the limit. This works also for Pfaffian cofactors
summed against 1, i.e. Pfaffians with one node omitted (taken in the near cluster) and a constant
coupling node appended. Thus, up to common nonzero scalar renormalizations and nonvanishing
exponential factors from the p’s, the Pfaffian expression and the indicated cofactor expressions
on near-cluster nodes tend to the two-site expressions. This convergence is locally uniform near
their roots including 4L, since multiplying by cos u removes possible poles there also in the cofactor
expressions (same rank-one residue). Small circles around the three two-site roots therefore give
three distinct simple roots per near cluster, exhausting the degree bound; the nonvanishing assertion
persists. This open-set test suffices for generic pole counting in one variable.
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The exceptional difference 4L. For N ≥ 3, JN at vN − vj = 4L is itself generically nonzero.
For three sites tending to 0, 4L, e, consider the pole of the Pfaffian before multiplying by the pair
factors. Terms using both matchings between the first two pairs (i.e. contracting their cross block
twice) have cancelling pole part by the two-site computation. The remaining residue from a single
cross contraction with the rank-one block is up to sign the determinant of couplings from the sums
of nodes of those two pairs to the last pair. Its rows are(

cot(e + 2L) + cot(e + 5L) cot(e + 3L) + cot(e + 6L)
cot(e − 2L) + cot(e + L) cot(e − L) + cot(e + 2L)

)
.

The determinant is not identically zero (pole at e = 3L). Adding distant sites as above preserves
nonvanishing after normalization. At this difference 4L, where sampling rows could have singularities,
use at each of the two involved sites T0T3 = I instead of T1T3 = T2, and multiply the retained
equation X0 − X1 + X2 + X0X2 = 0 by the vanishing difference vN − vj − 4L. The replacement
operator row is c0 + c3 + X0c3; its scalar restriction is the sum of the former two scalar rows. In the
retained row use X0 as the coefficient of c2. Now the operator rows are analytic there (at these
two sites X0, X3 are regular and the cotangent rows for X1, X2 have at most simple poles). Their
scalar determinant is up to sign (vN − vj − 4L)2 det H, since the replacement tangent row is the
sum of the former two. It is nonzero at generic points there. This excludes a pole divisor of P ξ at
this difference, and at its translates by periodicity.

Now outside the integer-L differences, the determinant identities show that P ξ can have poles
only at roots of JN and of order at most one along the generic test just used: at a simple Pfaffian zero
replace a row by the sum row, choosing a nonzero component of JN H−11 so the new determinant has
just a simple zero. The remaining integer-L differences besides 4L were treated by simplicity earlier.
Thus the common pole denominator of P ξ has degree at most 3(N − 1) in one z-variable (each root
modulo π counted once). Since its entries are the outer products of entries of wξ(v), wξ−1(−v), both
with empty entry 1, their maximum pole orders are exactly the sums of maximum pole orders of
the two vectors. This proves (4.2). For two sites with difference u, use the known phase rule to
write the zero-spin column in slot order +−, 00, −+ as (s−1E, 1, sE)T . The eigen-equation at zero
first tile argument (R12(u)K1(ξ)) gives

E = S sin u

Q(u) − (s2/ξ) sin(b − u) sin(2L − u) .

At ξ = i its denominator after cancellation is proportional to cos u; at ξ = −i it is proportional to
cos L + sin L cos 2u without further cancellation. Thus the degrees are 1 and 2 in this case.

4.3 Wheel zeros

Let a = 1 for ξ = i, a = 2 for ξ = −i. The polynomial column Ψ = F ξ
N wξ, with sites in order

1, 2, 3, Y (remaining list Y ), vanishes at the wheel (v1, v2, v3) = (u, u + 2L, u + 5L); for ξ = −i it
vanishes to second order at least. Here the other values may be generic. Indeed perturb v2, v3 by
z, z′ keeping v1 = u. On z = 0 the column belongs to the image of W12. On z′ = z it is a scalar
times b0 = Ω23w1,Y , and on z′ = 0 it is a scalar times

c0 =

order∏
j∈Y

R3j(vj − v3)

K3(ξ)J spin
1 Ω31 w2,Y , J spin

pp = (−1)p.

Here the subscripts of w give the smaller list. Indeed move site 3 through Y , use cyclic covariance
and v1 − v3 = b − π for the ordered pair 3, 1. The scalar multipliers are F ξ

N , and these smaller
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columns and intertwiners are regular at the wheel point generically. Modulo the image of W12, b0
at that point is nonzero, and for twist −i, b0, c0 are independent there, generically. One checks by
sending the other sites successively to imaginary infinity, decoupling as before. On their empty
entries the limiting columns are |0⟩1Ω23 and K3J spin

1 Ω31|0⟩2. For a combination γb0 − αc0 of those
columns to be in the image, at spin p = ±1 on site 3 the equal coefficients required at spins 0, −p
and −p, 0 on sites 1,2 give γsp = α(ξ/s)p. At spin 0 the image requirement gives γ = α. This proves
the assertions. Thus Ψ vanishes at the intersection, and for twist −i its derivatives along z′ = z
and z′ = 0 there give γb0, αc0 with difference in the image of W12, so both zero. In particular the
symmetric scalar F ξ

N = Ψ∅ has the stated orders, also at permutations and translates modulo π.
Restrict F ξ

N to v1 = u, v2 = u + b, not an identical zero. It clears the denominator for
the remaining list, by vector fusion. Also for each remaining variable vj it has wheel factors
[sin(vj − u + 2L) sin(vj − u + 3L)]a. They are independent of the smaller-list denominator factors.
Counting degrees in the third variable for N ≥ 3 gives dξ

N ≥ dξ
N−2 + 2a. The base degrees are

di
1 = d−i

1 = 0, di
2 = 1 and d−i

2 = 2. Induction therefore gives

di
N ≥ N − 1, d−i

N ≥ 2(N − 1).

Their sum reaches the upper bound (4.2), so both inequalities are equalities. Temporarily write
f̃N = F i

N , with scale unspecified. Saturation of degrees in all remaining variables gives the exact
scalar fusion, up to a nonzero constant:

f̃N (u, u + b, U) ∝ f̃N−2(U)
∏
z∈U

cos(z − u − L) cos(z − u − 2L).

Indeed there is no remaining Laurent degree span in those variables after dividing the factors, no
monomial shift by the centered degree bounds, and simultaneous translation removes any dependence
on u. Similarly at v2 = u + 2L there is the denominator for the list (u + L, U), by injectivity of W ,
and a wheel factor cos(z − u − L) per remaining variable. For N ≥ 4 the smaller-list denominator
does not already contain any such factor (absence of the difference-4L divisor above). This gives

f̃N (u, u + 2L, U) ∝ f̃N−1(u + L, U)
∏
z∈U

cos(z − u − L).

Set f̃0 = 1/
√

2, f̃1 = 1, f̃2(v1, v2) =
√

2 cos(v1 − v2). For N = 3 symmetry, parity and translation
invariance give a constant plus a multiple of ∑j<k cos 2(vk − vj). Matching the difference-b fusion
fixes their ratio; take

f̃3 = 1/
√

2 + 1
2
∑
j<k

cos 2(vk − vj).

It gives the stated difference-2L fusion as well, with coefficient 1 as for f̃2. Take coefficient 1 in that
fusion thereafter by scaling. Then the coefficient in the difference-b fusion is 2 cos b for all N : this
holds for 2, 3 by the formulas, and for higher N it is the same as for N − 1, by commuting the two
fusions on disjoint pairs. Indeed for pairs at (x, x + b) and (u, u + 2L) the cross factors in each
computation multiply to cos(r − L) cos(r − 2L) cos(r + L) cos r, r = u − x.

The Pfaffian expression defining fN has these same properties. Coincidence poles from B are
removed by coinciding nodes in the Pfaffian, and poles of h also cancel. Its degrees, parity and
symmetry are as required. At (u, u + b, U) only the paired term survives; the identity

B(d)B(d − b) = − cos(d − L) cos(d − 2L)

gives the required b-fusion with the stated coefficients aN . Starting with sizes 0 and 1, this fusion
and symmetry characterize the polynomial: in one variable the difference has degree at most N − 1
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with fixed parity and vanishes at 2(N − 1) distinct prescribed values modulo π. Hence fN = f̃N . In
particular fN (−v) = fN (v).

At either imaginary infinity in vN , the same Pfaffian gives

fN /
∏

j<N

cos(vN − vj) −→
√

2fN−1.

Indeed B/ cos and h in the last-site column tend to ±i and ∓i, respectively. For odd size the
constant couplings of this last site to the others eliminate against the appended node. Combining
this scalar rule with the normalized vector’s empty-site limit proves the asserted limit for ΨN . The
degree bound for F i

N wi, the scalar fusions just proved and the normalized vector fusions give all
remaining claims of the lemma. Its component parity follows from the one-site spin-sign covariance
and the parity (−1)N−1 of fN .

4.4 Interpolation of the two-point function

Proof of Proposition 4.1. The polynomial vacuum lemma now supplies the finite-degree space in
which to identify the pairing. Crossing gives ℓ−i(v) = wi(−v)T , so f2

N clears its two vector factors.
At general rapidities consider

Z = ℓ−i(v)

∏
j≤m

Kj(δ)

wi(v), δ = iy, U = 2f2
N Z.

Thus U is polynomial of degrees ≤ 2(N − 1), π-periodic in each variable by spin-sign covariance. It
is separately symmetric in the two groups by spin conservation and exchange (the exchanged row
of the projection transforms with the inverse crossing, by (2.2) and reversed arguments). Within
either group, on a pair (x, x + 2L) or (x, x + b), Z reduces to Z of the smaller list without prefactors
(by embedding the right column, passing any spin twists through the embedding, and using left
fusion). At imaginary infinity of one variable it also limits to Z with that variable removed.

We show G = U . First G too is a separately symmetric, π-periodic trigonometric polynomial.
At a same-group difference 0 the possible simple residues cancel under label exchange. At difference
+L the only residues are from 00 and +, −, cancelling by opposite residues of Rs at ±L, CRs(0) = 4,
and the identity

P+a(u)P−a(u − L) = P0a(u)P0a(u − L)

for either kernel. Other poles are removed by symmetry or by D. For growth of a summand in the
i-th variable, each Paa′ has 1 − aa′ kernel factors. Counting growth degree −2 per same-group and
2 per opposite-group kernel, with degree 4 per D, gives at most 2(N − 1) − 2α2

i by label neutrality.
Divided by ∏j ̸=i cos2(vi − vj), the limit therefore comes from αi = 0; since P0a(d) = H(d + aL), the
leading phases from the shifts cancel by neutrality and this limit is 2 times G for the remaining list.
This is also the rule for U .

Within a group G has the same fusions as 2f2
N Z. Here are details. At the pair (x, x + 2L)

only +0, 0−, +, − survive and reduce to +, −, 0 respectively at the fused site. The common pair
multiplier including site coefficients (relative to the fused site) is 2 limd→2L D(d)Rs(d−L) = 1, using
CRs(0) = 4. For any surviving pair a, a′ the ratio of external factors to another site, of label c′ at
x + u, uses

Pac′(u)Pa′c′(u − 2L)/Pa+a′,c′(u − L) = H(u − L)

directly by the table. Including D(u)D(u − 2L)/D(u − L) for the same-group case this multiplier
is cos2(u − L) in both cases. At (x, x + b) only +, − remains, of net pair multiplier C; the
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external kernel factors multiply to H(u − L)H(u − 2L). Including D(u)D(u − b) within-group gives
cos2(u − L) cos2(u − 2L) in both cases. All constants here follow by 8L = π in the displayed kernel
and sine products.

The initial sizes 0,1 give equality directly. By induction the difference G − U is divisible by
the product of within-group D’s and has degrees at most 2(N − 1) − 2 by the infinity rule. After
division by that product, the degree bounds are

2(N − 1) − 2 − 4(m − 1) = 2(n − m) on the first group,

with 2(m − n) on the second. One is negative when m ̸= n, so the difference vanishes. When m = n,
only a constant multiple of the product is possible. Evaluate in this case at

(x1, . . . , xm, xm + b, . . . , x1 + b)

with generic values. Scalar b-fusions give 2f2
N = Cm∏

j<k≤m D(xk −xj)2, nonzero, so the normalized
columns specialize regularly. The right column wi(v) fuses from the inner pairs out as a product of
ΩAjBj , subscripts here labeling partners of values xj , xj + b. For wi(−v) move the last site to the
front and fuse from the outer pairs in; by cyclic covariance this gives a product of KBj (i)ΩBjAj .
Consequently Z = (1 + y + y−1)m. In G, a nonzero summand requires αAj ≥ αBj at each partner
pair by Rc(b + L) = 0; neutrality forces equality. Each pair then gives multiplier C for each of the
three choices before the y-weight. Between any two pairs the remaining kernel factors multiply to 1
by Rs(d)2Rc(d + b)Rc(d − b) = 1. Thus G = U there also, proving the identity.

The homogeneous physical contraction. Finally set v = 0, t = L. Then Tξ(L)H as H → ∞
converges to a rank-one projection: in the path expansion with loops cancelled, through-lines
to height H have vanishing weight by lifting to the planar honeycomb strip and using the strip
asymptotic BH ≍ H−1/4 from Section 3 (coordinate axes interchanged), and arch weights are
summable by the same lifting and half-plane exit bound proved by rectangles in the strip argument.
Indeed lift each strand separately starting from a fixed preimage of an endpoint, ignoring joint
avoidance for an upper bound. Absolute weights factor by visited triangles (a two-arc tile at L visits
two distinct ones), and seam and turn phases are unitary. Systems without through-lines hence
converge to independent half-cylinder arch systems at the two ends. The empty entry is still 1.

This convergence makes 1 a simple eigenvalue of the physical row. Its normalized spectral
projection is therefore analytic throughout a neighborhood of the homogeneous rapidities. Since fN

is the minimal common denominator of the normalized vector, fN (0) ̸= 0: any divisor component
through that neighborhood would give genuine poles arbitrarily nearby. Thus the finite pairing can
be evaluated at the physical point.

The sandwich defining Z is then the infinite-height limit of empty contractions with twist i
below the horizontal line, twist −i above, and insertion of K(δ)’s along segment AB. A contractible
oriented polygon, taken with interior on its left, gets phase i before the switch and insertion. Likewise
an essential simple polygon with its lower side on its left, moving net towards the left, gets phase i
before the switch. In either case, calling the left side D′, the switch on the upward seam from A
multiplies this by (−1)1A∈D′ , and the insertion contributes δ1A∈D′ −1B∈D′ by oriented crossing count.
Reversing orientation inverts the factor; the two sum to 0 unless the points are separated, when
they sum to y + y−1. Tile weights without phases are precisely the honeycomb weights. For positive
y, exhaustion proves the stated Z identity, and hence also as a Laurent polynomial (separating
polygons bounded in number by disjoint crossings of the segment).
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5 A current expansion with controlled contours
We estimate the homogeneous Laurent polynomial G in Proposition 4.1, with m sites of each color.
Write L = π/8, b = 3L, C = 2 −

√
2, and divide G by its coefficient at ym, namely CmD(0)m(m−1).

Denote the normalized polynomial by Pm, and put y = er.
We normalize the real-line Fourier transform and its inversion by

f̂(p) =
∫
R

f(s)eips ds, f(s) =
∫
R

f̂(p)e−ips dp

2π
.

For a function of real period T > 0, with pn = 2πn/T , the same hat denotes the period integral:

f̂(pn) =
∫ T/2

−T/2
f(s)eipns ds, f(s) = 1

T

∑
n∈Z

f̂(pn)e−ipns.

The regularized and finite-part transforms below retain this normalization. Define

Rs(z) = −1/(sin(z − L) sin(z + L)), Rc(z) = cos2 z,

eV (w) = Rs(iw)Rc(iw), ρ̂(p) = 1/(2 cosh Lp − 1)

On the real axis, take V (s) to be the real logarithm of the positive quantity Rs(is)Rc(is); analytic
branches below are continued from this choice. Let ρ be the inverse transform of ρ̂, and put
I =

∫
R V (s)ρ(s) ds.

Proposition 5.1 (Homogeneous gas upper bound). With this normalization, as m → ∞,

log |Pm(er)| ≤ m2I +
(3

8 + 2
3π2 ℜ(r2)

)
log m + o(log m), |ℑr| < .54π,

locally uniformly from above in r.

Lowering a site label creates one or two residue particles; summing their residues recovers the
finite polynomial. The current reflection replaces one group of these particles by inverse currents.
We will first identify the resulting sum, including its integer constraint and constant phases, then
prove a spatial energy bound for arbitrary particle configurations. That bound is independent of m;
adding the external potential will then localize the final sum.

Proof. We keep the exact phases while deriving the representation and discard them only when
estimating its absolute value.

Residue particles. Color signs qg are +1, −1; the subscript s (same), c (cross), or gh refers to
these two colors.

Use spectral coordinates z = iw. An elementary integration has potential emV (w), and pair
weights

tgh(w) = Rgh(iw)/[Rgh(iw + L)Rgh(iw − L)].

Its measure is τdz/(2πi), τ = 2 sin(2L)/
√

C. There are singles and doubles; a double is the residue
binding two ordered particles of one color, the second at z − L relative to first coordinate z (so
internally carries τ resu=−L ts(u/i) times the additional potential etc.). Other interactions multiply.
Integrate centers around −L positively, divide by factorials of multiplicities of each type and color,
and multiply by e(m−K)r where both colors must have equal elementary counts K; sum over all
nonnegative multiplicities subject to this constraint. This is the residue representation of Pm. Indeed
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split the m poles by tiny common displacements of the m rapidities in both colors (site x contributing
Rgh(z−x) to the potential). Between singles/doubles centered there the same-color interactions have
zeros at coincidence (orders 2, ≥ 1, 2 respectively). Thus each pole in each color receives at most one
center. If A = resz=−L Rs(z), the on-site factors are τA = 2/

√
C, τ2ARs(−2L) resu=−L ts(u/i) = 1,

corresponding to labels 0, −1 starting with all +1. Products belonging to different sites telescope
to the indicated label weights by the quotient defining t (the elementary positions bound to x are
x − jL, 1 ≤ j ≤ 1 − αx). Splitting can be removed by contour analyticity.

Periodization and mode rules. We periodize to put the current calculation on a finite circle,
retaining an analytic nome parameter. At the end, maximum modulus in that parameter will return
the bound to the original polynomial.

Use a variable T with large positive real part. Modify every sinh factor (with argument w + ijL)
in t and eV by using 1

2ST instead, where

ST (w) = 2 sinh w
∏
n≥1

(1 − e−2nT +2w)(1 − e−2nT −2w).

Use shifts symmetric about zero (e.g. cosh2 w uses ±4L). Their multiplicities modulo 8 are
respectively

ts : (2, −1, 1, 0, 0, 0, 1, −1), tc : (0, 0, 0, −2, 2, −2, 0, 0), eV : (0, −1, 0, 0, 2, 0, 0, −1).

Also replace τ by τT with τ2
T = limw→0 ts,T (w)/w2, τ∞ = τ , and multiply the integrand by∑

l e
−2T l2+4l

∑
j

qjwj . These changes respect residues (apply before taking them). Resulting center
differentials are periodic with period T , by ST (w + T ) = −e2w+T ST (w). Denote the resulting
Laurent polynomial by Pm,T (y). Its coefficients are analytic at e−2T = 0, where they equal those of
Pm(y); finiteness follows by splitting the poles as before.

First take T real. In each coefficient open the cycles into horizontal period contours of elementary
positions w = s + ia. Each of the following species occurs in both colors. The signs refer to the
orientation of the opened contour, independently of the color charge qg:

species contour orientation elementary offsets
R (single) + 0
S (single) − 5L/2

D (double) − 31L/20, 51L/20

Indeed by periodicity one starts each center on the line just below a = L minus the line just
above, say at L ± ε. First move positive double centers down to ε. Move the positive singles to 0;
each crosses a same-color pole at w = wneg − iL (negative single at height L+ε). The residue has the
opposite sign to a positive double centered at ε (top minus bottom orientation, negative partner, and
the residue at +L in z-difference instead of −L). Interactions between bound particles and others
cause no obstruction (same-color products ts(w)ts(w+iL), ts(w)ts(w−iL), ts(w)2ts(w+iL)ts(w−iL)
have no poles, equally with the nome modification; cross poles are outside the shifts used here).
Thus only disjoint pair matchings occur; dividing by factorials leaves the inverse factorials of the
unpaired multiplicities and of the number of pairs. Binomial cancellation with the positive doubles
removes all these bound contours. Remaining negative lines move as stated without pole crossings
(zeros do not matter).

Write p = 2πn/T, c∗ = 2π/T . We specify mode rules carefully. For a pair i, j at offsets differing
by A = ai − aj , multiplicities h as in the arrays, put u = A + j′L, U = u mod π ∈ [0, π) for each
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shift j′, and use

Kij(p) = 2π

p

∑
h

(
epU

eπp − 1 + 1
21U=0

)
,

2πWij =
∑

h(2u − 2U + π1U>0), kij =
∑

h(U2 − πU + π2/6).

For potentials use the last array with A = ai, writing Vi(p) = −Ki,E(p), W V
i = Wi,E . Thus

Kij = 4qiqj/p2 + (4qiqjA − 2πWij)/p + kij + O(p).

Exact-zero arguments in the formula use an averaged branch for log absolute value; at an actual
simple pole undergoing fusion one can instead take one-sided branches first (unit constant phases).

Indeed Poisson summation of the center factor gives
√

π/(2T )∑l e2X2/T −π2l2/(2T )+ic∗lX , X =∑
qiwi. Distribute 2X2 into the pairs by neutrality. Then the log pair on each contour, up to

constant phase branch, is

qiqj(T/3 − 2 log 2) + (2qiqjA2 − kij)/T + 2πiWij(1/2 − (si − sj)/T ) − T −1 ∑
p ̸=0

Kij(p)e−ip(si−sj).

Constants here are as displayed for pairs involving R (thus no unspecified phase depending on their
count). Same formula setting charge product to 0 applies to the potential. Indeed all factors are
products of sinh(w + iu) in symmetric shifts with no constant (by inspection, positive at generic
real w), then of ST (w + iu)/2. On 0 < d < T the log of ST (d + iu) uses leading log d + iu and
periodic images of log(1 − e−2|d|−2iu sgn(d)). Remove (d2 + 2iud)/T and the indicated linear phase.
The remaining saw in the imaginary part, before image logs, is i(2U − π)(1/2 − d/T ) (0 instead at
U = 0). The means follow since the integrated image logs total −(U2 − πU + π2/6) by the Fourier
series of a quadratic. For p ̸= 0 the negative transformed coefficient before 1/T at 0 < U < π is

2
p2 + 2U − π

p
+
∑
j>0

(
e−2ijU

j(2j − ip) + e2ijU

j(2j + ip)

)
= 2π

p

epU

eπp − 1 ,

by Fourier series in U , with mid-jump at 0. Combined shifts give the formula on both sides by
periodicity (W integral for pairs between species here, summing both slots of a bound species); for
the internal simple-pole residue use d → 0+ extracting the pole by its regular part. This latter rule
can include a unit phase.

On the two R lines the matrix symbol K = KRR and potential simplify to

K = (1 − e(p))K0, e(p) = (sinh(3Lp) − sinh(2Lp))/ sinh(4Lp),

K0 = 2π

p

(
coth(bp) − csch(bp)

− csch(bp) coth(bp)

)
, VR = K1ρ̂.

In particular 0 < e(p) < 1. Put Q = K−1, h∗ = 3πb/4 = K+(0) where plus means the common-color
eigenvalue.

On the preliminary contours the left block L′ consists of S, D in both colors. The inverse block
has species I ′ = (g, t), t = +, −, shifted by a+ = 5L/12, a− = −L/4 from the corresponding right
lines. Introduce the larger mode matrix with blocks R, L′, I ′:

M =

 K KRL′ −d(−p)t

KL′R KL′L′ 0
−d(p) 0 B(p)

 , di(p) = −2π

p
tie

aipet
gi

,

Bij = −2π

p
sgn(ai − aj)titj 1gi=gj e(ai−aj)p.
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Use multiplication/summation over both elementary members for left doubles. Let J = MR,(L′I′),
Z be the Schur complement removing K, and

µ = (VL′ − KL′R1ρ̂, d1ρ̂).

Write nα(p) = ∑
j of type α eipsj , and write ν = n(0) for the vector of nonnegative integer multiplicities.

Species indices here include the color. The allowed multiplicities satisfy

WRL′nL′ +

 ∑
i:gi=g

tini


g

= lqR, l ∈ Z. (5.1)

Here the unadorned ni denote the counts ni(0) = νi. Equivalently total winding is zero (and l
determined). Define u∗ = − 1

2h∗
limp→0 1tJ(p)n(p), and Lg the elementary count in block L′ of color

g; bars denote two-color averages.
Two regularizations enter the formula. At the zero Fourier mode we take the Laurent finite part

of the whole expression, including all positional exponentials nα(p). At a particle’s self-interaction
we instead take the constant remaining after subtracting the contact singularity −2 log |d|. The
latter is a regular diagonal value in position space; it does not replace the Laurent prescription at
p = 0.

The scalar in the transform is

P =
√

π/(2T )
√

πT/h∗
∏
p>0

(1 − e(p))−2 exp
[

m2

2T

∑
p

1tK(p)1ρ̂(p)2
]

, (5.2)

and, for a configuration of the remaining particles, write its exponent as

Φm,T,r,j(s) = 1
T

∑
p

(
mn(−p)tµ(p) − 1

2n(−p)tZ(p)n(p)
)

+
Tr2

j

4h∗
− rj(u∗ + L̄), rj = r + 2πij, j ∈ Z.

(5.3)

The sum to be identified has the form

P
∑

ν

εm(ν)∏
α να!

∫
[−T/2,T/2]|ν|

∑
j∈Z

eΦm,T,r,j(s)
|ν|∏

d=1

dsd

2π
. (5.4)

On the preliminary contours, ν ranges over the multiplicities in L′ ∪ I ′ satisfying (5.1). The unit
factor εm(ν) is the product of the contour-orientation signs and constant phases from the logarithms,
current reflection, and residues. It is fixed by the derivation, rather than replaced by its absolute
value. We will show that it is independent of the positions, T , r, and the integer summed before
Poisson summation, so it also lies outside the j-sum. Dependence on m is retained.

At this stage the identity is read coefficientwise in y = er, with the original left counts and l
fixed. We first prove absolute convergence of that inverse-current expansion. Moving the remaining
D contours then changes the species and the factors εm(ν); the resulting full sum will be proved
absolutely convergent before it is identified with Pm,T (er).

5.1 Current reflection and the zero modes

We now derive the transformed sum. The nonzero modes determine a Schur complement, while
the integer charge constraint determines the remaining Gaussian sum. Both are needed to fix the
normalization.
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Oscillators and the current normalization. For the nonzero modes use a two-component real
periodic centered Gaussian field with covariance T −1∑

p ̸=0(K − K0)(p)(−1)e−ips. This implements
the change from right kernel K to K0 by real exponentials. Call ϕg the resulting right potentials of
zero mean (also containing mVR − KRL′nL′ , nonzero modes). They are analytic out to the indicated
inverse contours. All zero terms are kept separate.

The current calculation uses the classical level-one lattice realization of the affine algebra [6, 15, 5].
We give the mode calculation in our normalization, including the action of the Weyl element on
momentum vacua. These signs determine the reflected interaction and its scalar normalization.

Here are details of the current manipulation implementing this Gaussian integral. Use the
level-one boson with modes [Hn, Hm] = 2nδn,−m, creation operators H−n, n > 0, momentum
H0 = h ∈ Z, oscillator degree N , and orthonormal momentum shifts σq|h⟩ = |h + 2q⟩, commuting
with oscillators. Concretely the oscillator space is polynomials in commuting H−n on a unit vector,
Hn = 2n ∂H−n = H∗

−n. Write ζ = eic∗s,

Eq(ζ) = exp(q
∑
ν>0

H−νζν/ν) exp(−q
∑
ν>0

Hνζ−ν/ν)σqζqH0+1, H(ζ) =
∑

Hnζ−n.

Notation Eq[f ], H[f ] means integration against f(s)ds/T . The modes satisfy [H[f ], Eq(ζ)] =
2qf(ζ)Eq(ζ), [E+,n, E−,m] = Hn+m + nδn,−m, E∗

q,n = E−q,−n. Indeed multiplication and normal
ordering gives the factor (1−η/ζ)−2 in E+(ζ)E−(η); the pole terms are ζη/(ζ −η)2 +ηH(η)/(ζ −η);
reversing the mode expansion takes the residue. Same-sign products have no commutator. Thus
constant modes act by ordinary sl2 on each finite-dimensional space of fixed N + H2

0 /4. Their Weyl
rotation Wq = exp Eq[1] exp(−E−q[1]) exp Eq[1] flips Hn and sends |h⟩ to (−1)⌊(1+qh)/2⌋| − h⟩. For
the sign, it is + on |0⟩, | − q⟩, and alternates in steps of 2 by conjugating Eq to −E−q. The ordinary
2 × 2 identity (or the finite-dimensional sl2 action) conjugated by exp(qH[ϕ]/2) gives

exp Eq[eϕ] = exp E−q[e−ϕ] exp(qH[ϕ])Wq exp E−q[e−ϕ]. (5.5)

Take the normalized oscillator trace of the two insertions exp Eqg [eϕg ], + to left of −, separated
on both sides by exp(−bc∗N). At each insertion take separately its zero-mode matrix element with

hin = Hg − qgkg, hout = Hg + qgkg, Hg = l − qgPg, Pg =
∑
L′

Wgjnj , kg = Kcount − Lg.

(Here Kcount denotes the earlier integer K, distinct from the symbol.) Wick contraction produces
exactly kg currents of type g, the nonzero kernel K0, signs (−1)(

kg
2 ), and phase coefficients qgHg

multiplying ic∗s. The phases follow by replacing (1 − η/ζ)2 between currents on the same line by
the positive square times −η/ζ. Thermal oscillator contraction uses ⟨HnH−n⟩ = 2n/(1 − e−2bc∗n)
(n > 0); the exponential contraction formula follows by summing the diagonal power series on each
one-variable oscillator, or moving positive modes through the trace by geometric series. The right
normalizations are exact: if L∗ denotes the regular diagonal of T −1∑

p ̸=0 Kgg(p)e−ips, then

2e−T/6ekgg/(2T ) exp(L∗/2)τT = 1

by the collision limit defining τT . Thus one uses the full quadratic energy including regularized
diagonal and measure ds/(2π). For the oscillator kernel alone that same convention gives precisely
its single-current thermal contraction with measure ds/T (the vacuum collision slope from 1 − η/ζ
is 2π/T ). These rules apply also to unfused left and inverse charges. At a fusion simple pole the
self constants add with the regular part of the mutual interaction (whose exponential singularity
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has unit residue before the regular part is included); the diagonal regularization for the combined
species thus gives exactly the local residue up to a unit phase.

In detail, ∑i<j qiqj is minus one half the elementary count. On adding regular self terms to both
the nonzero kernel and kij , the remaining one-body normalizations therefore cancel by the displayed
collision limit. For K0, the regular diagonal is −2 log(2π/T ) + 4∑ν>0 h/(ν(1 − h)), h = e−2bc∗ν ,
yielding the normalized measure and thermal self directly.

Now apply (5.5) and move the left/right inverse currents to s+ ia−, s+ ia+, respectively. Passing
the two reflections through the oscillators changes inverse charges to t = −, + on both lines and
Cartan sources to ϕg with positive sign. Wick then gives:

• Cartan quadratic covariance K−1
0 ;

• net linear evaluation on inverse current dK−1
0 ϕ, including the factor e−ϕg(s+iai);

• inverse kernel B − dK−1
0 d(−p)t. These are identities harmonic by harmonic with the preceding

trace contractions. For example the same-line positive-p Cartan-inverse multiplier on including
−ϕg is −teaip coth(bp), the other line gives −teaip csch(bp); in the inverse-inverse multiplier
the ordering of unequal offsets on one line subtracts sgn(ai − aj) from coth(bp). Gaussian
integration replaces K−1

0 by K−1 in these formulas, since the covariance of the field added to
ϕ is K0 − K. This gives the nonzero-mode Schur energy, potential, and determinant in (5.3).

Indeed for p = c∗ν > 0 the Cartan contraction of Hν , H−ν , within a single Cartan exponential
(thus symmetrized) or to the other exponential, is respectively ν coth(bp), ν csch(bp). Against an
earlier inverse insertion the same-line unsigned factor instead uses 2ν/(1 − e−2bp) for the positive
mode on the insertion, and against a later insertion this has the extra factor e−2bp; negative modes
have reversed rules. This gives the stated multipliers by the mode coefficients of Et.

Charge matching and zero modes. Zero-mode matching matters here. Conservation at (5.5)
requires ∑i:gi=g tini = qgHg, the stated winding constraint. The Weyl sign contributes exponent
⌊(1 − kg −

∑
i:gi=g ni)/2⌋ to (−1); together with kgPg +

(kg

2
)

this gives a total sign independent of the
common integer Kcount by the constraint. Inverse phases after same-side symmetrization at group g
have coefficients t(kg + ng,−t) multiplying ic∗(s + iai). All zero terms linear or quadratic in m now
combine into the displayed finite-part scalar and chemical potentials, on writing v = (kg)g − m1.

For clarity the rest of the zero energy (before r) is exactly

−1
2T

FPp=0 γ(−p)tM(p)γ(p), γ(p) = (v + pv′, n(p)), qtγ′(0) = AL + πl/2

where q = (qR, qL′ , 0) (counts summed over a double), AL = ∑
L′ qjajnj and v′ can be complex.

Indeed neutrality gives qtγ(0) = 0; the two leading pole matrices of M are 4qqt and 4(qa qt −
q(qa)t) − 2πW , with W given by W on R, L′, WR,i = egiti, Wij = 1gi=gj sgn(ai − aj)titj for inverses.
Writing β = qtγ′(0), this contributes (in units 1/T )

2β2 − 4ALβ − 2πlβ + 2πil
∑
L′

qjnjsj − 2πi
∑
L′,I′

njsj(Wγ)j .

We write sums schematically treating each individual position. The first three terms are the shifted
center Gaussian −(2AL + πl)2/2; the others are exactly the pair/center phases including inverse
phases. The constant matrix supplies kij and the corresponding inverse offsets. The Laurent saddle
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v∗(p) = −QJn(p) is regular by the winding constraint. Matching its leading powers gives the same
two conditions,

qt(v∗(0), n) = 0, qt(v′
∗(0), n′(0)) = AL + πl/2.

Thus completion of the square leaves the finite-part Schur term and −h∗(v̄ − u∗)2/T . Since
v̄ = Kcount − m − L̄, the remaining sum is explicitly∑

Kcount∈Z
e−h∗(v̄−u∗)2/T −r(v̄+L̄)

=
√

πT

h∗

∑
j∈Z

eT (r+2πij)2/(4h∗)−(r+2πij)(u∗+L̄).

(5.6)

The integer shift by m contributes only e−2πijm = 1. This gives both the second square root in
(5.2) and the last two terms in (5.3); extracting a fixed Fourier coefficient reverses this Poisson
summation.

More explicitly first use γraw = γ + (m1, 0) (right value k). Include the source m γraw(−p)t

(VR, VL′ , 0) inside the Laurent prescription, in 1/T units. Its pole gives the phase slopes −2πimW V
i si

on the left (W V
R = 0); its constants supply the potential means. The preceding quadratic calculation

applies unchanged to γraw; in particular (Wγraw)i = −ti(kg + ng,−ti) on inverses, and the constant
right-inverse and inverse-inverse entries at fixed group are 2πtiai, −2π|ai − aj |titj , giving the rest of
their offset phases. Completing the square with VR = K1ρ̂ now separates the scalar and chemical zero
modes as asserted, leaving γ here (mρ̂ 1 can be subtracted instead of m1, with the same finite part
since the rows against 1 in the right block have at worst a simple pole). For the saddle, the common
projection of Jn(p) has no pole by the constraint, while the difference channel of K has eigenvalue
8/p2 + O(1); matching leading two orders gives qt(v∗(0), n) = 0, qt(v′

∗(0), n′(0)) = AL + πl/2. The
sign independence used here follows also by incrementing kg at both insertions: the change at each
is Pg +∑

i:gi=g ni = lqg mod 2.

5.2 Convergence of the current identity

The preceding mode computation must hold for actual analytic tests, not only formal series. We
establish absolute convergence before moving the remaining contours.

Here are further details justifying the trace argument. Work first with fixed integer coefficient
(fixed Kcount), fixed l, L′ counts and left positions, and real T . We can also do this for kg < 0,
taking the original right coefficient as zero via its zero-mode matrix element. The right mean-zero
Gaussian field has almost surely analytic samples on closed strips of width less than L/2 on either
side, by summability of the square roots of its Fourier variances with exponential weights. The
deterministic terms of ϕ are also analytic on strips reaching strictly past the inverse contours: in
the displayed shifted factors coupling to the preliminary left contours each noncancelled zero or
pole has distance at least 9L/20, and the potential is analytic there. One can therefore first do the
trace identity for trigonometric polynomial ϕ, inserting a formal scalar multiple λϕ.

Indeed coefficients at fixed order in λ connect only bounded ranges of differences in the level
N + h2/4 (since [N + h2/4, Eq,n] = −nEq,n for the coefficient of ζ−n). The constant modes are
mutually adjoint raising/lowering operators of norm O(

√
1 + N + h2) on each level by the finite-

dimensional unitary spin representation (the weights of H0 there are bounded by twice the square
root of the level). Fixed modes likewise have polynomially bounded norms: E+,n, E−,−n generate
the same adjoint relations with weight H0 +n on finite-dimensional eigenspaces of N +h2/4+nH0/2,
and the oscillator modes act by differentiation and multiplication. These bounds follow also from the
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ordinary raising/lowering norm recursion on each highest-weight string, ∥Ef∥2 − ∥Ff∥2 = −⟨f, Hf⟩
for weight commutator [E, F ] = H, F = E∗. Thus the coefficient identities obtained by conjugation
as above can be used under the projected thermal trace, including termwise expansion of constant-
mode exponentials (norm sums on energy d bounded by C(1+d)C exp(C

√
d + 1) at each fixed Taylor

order, by summing the unperturbed runs of constant modes in the exponential series; momentum
projections between the two rays reset only fixed endpoint momenta). The oscillator multiplicities
are subexponential by the convergent generating function at any positive damping. At each fixed
number of currents the Wick calculation gives precisely these mode integrals: use first slightly
separated radii in cyclic radial order, then identify same-side radii (zeros not poles). Termwise traces
of normal-ordered oscillator series at strictly separated radii within the thermal period converge
absolutely, for finitely many insertions and Cartan coefficients: replacing all oscillator coefficients by
absolute values on the occupation basis still gives summable geometric-series contractions by strict
separation. Radius displacements preserve the integrated mode products. This proves the claimed
trace transform coefficientwise in λ.

We detail the convergence bound allowing actual evaluation of this identity. In summing the
inverse integrals with fixed other data, even averaging termwise absolute values over the Gaussian
after Wick is allowed. The real symmetric nonzero-mode inverse block controlling this sum (Cartan
real quadratic HS tilt completed by the Gaussian) is, omitting the positive factor 2π/p, in each
color eigenspace for p > 0,

tt′
[
Λ cosh((at − at′)p) − sinh(|at − at′ |p) − e

1 − e
Λ sinh(atp) sinh(at′p)

]
,

Λ ∈ {coth(bp/2), tanh(bp/2)}.

Indeed only the even part of d, with rows −(2π/p)t sinh(atp)et
g, couples in real part (times K−1

0 ) to
the real field, whose covariance after quadratic tilt is (e/(1 − e))K0. The first two terms are the
symmetrized B − dK−1

0 d(−p)t. Deterministic linear sources cost at most linear growth in inverse
counts plus constants (fixed other data), by Fourier decay. For a deterministic λϕ without Gaussian
integration simply omit the last block term, uniformly on compact λ sets.

This matrix is positive definite. Write x = Lp, A = 5x/12, B′ = −x/4, U = A − B′ = 2x/3. We
have e/(1 − e) ≤ e−x, equivalently (1 + ex)(sinh 3x − sinh 2x) ≤ sinh 4x. Diagonals are then positive.
The determinant divided by Λ sinh U is

2 sinh(3x − U)/ sinh(3x) − (e/(1 − e)) [Λ sinh U − cosh U + cosh(A + B′)].

Here Λ sinh U < cosh U , and 2 sinh(3x − U)/ sinh(3x) ≥ (14/9)e−2x/3 dominates the required term.
At high frequency the matrix tends to identity with exponential error. Thus the regularized full
nonzero-mode real energy contributes at most OT (M log(M + 2)) to log absolute weights for M
inverse particles. Indeed smooth with a factor e−|p|/(1+M) and keep also the diagonals in the
nonnegative quadratic form. Undoing the smoothing costs at most OT (1/(1 + M)) per off-diagonal
pair in log upper bound: the decaying remainder is smooth and the only singular log interactions
are repulsive 2 log |1 − eic∗s|, using |1 − eiθ| ≤ eϵ/2|1 − e−ϵ+iθ|. The regularized self discrepancy is
logarithmic. On the other hand the inverse offset zero-mode phases give

−c∗(a+ − a−)
∑

g

ng,+ng,− + O(M + 1)

with fixed other data and fixed ng,+ − ng,−. This is strictly quadratically negative. This proves
absolute convergence, entireness in the deterministic test multiplier used above, and also convergence
under trigonometric approximation of analytic ϕ on the indicated strips (before HS averaging).
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Wick Gaussian completions of the convergent modes follow by finite cutoffs and uniform Gaussian
integrability (the tilt eigenvalues e(p) are strictly below 1 and summable); the same absolute estimate
gives Fubini for the averaged sum. For fixed counts, coefficient and l, the deterministic bounds here
on the initial lines can be taken uniformly in the left positions (bound the right-left couplings on
a closed analytic strip containing the needed offsets; the purely left weights themselves have no
uncancelled poles on the integration torus after initial double bindings).

5.3 The final contours and their coercive kernel

Contour continuation and fusion. The next contour move creates one additional bound species.
We give its exact symbol before proving the real quadratic estimate that controls the grand sum.

For estimates we continue the D line upward, collecting additional residues. Here are explicit
final mode rules for (5.3); p remains in physical length units. The species in each color are indexed
i = 0, 1, 2, 3, 4 (respectively S, D, I ′

+, I ′
−, F , with F a bound same-color D, I ′

− pair). Set

x = Lp, z = ex, δ = (6, 1, 5, −3, −1)/12, w = (1, 1, −1, 1, 2)t, b0 = (2), b1 = (2, 3).

Thus δL are the imaginary offsets in the center coordinates, whose physical elementary offsets are
obtained by adding biL on S, D (and the constituent b1L on the D member of F ). In formulas for
color matrices we give the scalar rules for the two color eigenspaces (1, c), c = 1, −1. Define

H(a; σ) =
7∑

j=0
hj

z[a+j]8

z8 − 1 + 1−σ
2 h[−a]8 , h = (2, −1, 1, −2c, 2c, −2c, 1, −1)

at integer a, using standard residues 0, . . . , 7 for the brackets. Write H∗ = H(0; 0), and set

A0 =
∑
a∈b0

H(a; 1), A1 =
∑
a∈b1

H(a; −1), A2 = 1, A3 = −1, A4 = A1 + A3.

For 0 ≤ i, j < 4 let Pij be 

∑
a∈bi,k∈bj

H(a − k; sgn(j − i)), i, j < 2,

sgn(j − i), i, j ≥ 2,

0, otherwise.

Then put

F
(c)
ij (z) = Pij(z) + Ai(z)Aj(z−1)/H∗(z) + (−1 + 2c) sgn(i − j)1{i,j}={1,3}, i, j < 4,

Fi4 = Fi1 + Fi3 + 1i=3 − 1i=1, F4i(z) = −Fi4(z−1), F44 = F11 + F13 + F31 + F33.

The final kernel is
Z

(c)
ij (p) = (2π/p)e(δi−δj)xF

(c)
ij (z). (5.7)

Other final rules (Ai here at c = 1) are
∑

wi = 0, u∗ = π

h∗
lim
p→0

∑ 1
p

Ai(z−1)e−δix+ips, 2L̄ =
∑

(1, 2, 0, 0, 2)i,

µi(p) = −2π

p
(0, 1, 1, −1, 0)ie

δixρ̂(p).
(5.8)
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The sums in the first line are over particles. In particular Ai(1) = −wi. The chemical rule follows
by substituting the potential array in the mode formulas before fusion and ρ̂ = 1/(z + z−1 − 1).

Here is the continuation check. Initially omit species 4, take δ1 = −9/20 only changed entry,
and omit the correction supported on {1, 3}. The formulas then give exactly the Schur kernel and
other terms above, by extracting the offset exponentials in M. All the rational functions after offset
extraction in the kernel are bounded at z = 0, ∞, with skew reflection Fji(z) = −Fij(1/z). For
instance at the final branches on i, j < 4 their matrix at ∞ by the displayed formulas is

1 0 0 0
2c 1 1 − 2c 0
−1 0 1 0
1 −1 + 2c −2 1

 .

To see the initial extraction, the row against the right block after pulling out (2π/p)eδix is precisely
Ai: a shift at an integer multiple of 8 in the sum defining H approached with a negative offset has
exponent index 8 rather than 0, giving the extra term for sign −1. The column then uses −Ai(z−1),
and the same shift prescription between left constituents gives P . In the common projection only,
Ai(1) is also the column sum of the right winding entries, so their integrality (from the shifted
arrays with no exact boundaries against R) gives equivalence of ∑wi = 0 to the constraint including
integral l. For the chemical term replacing h in the two left sums defining Ai by the potential array
gives ((0, 1)i − Ai)ρ̂ at c = 1, by substitution.

Thus after removing the high-frequency constants the pair series are analytic throughout the
contour moves (offset differences strictly between −1, 1). For offsets initially strictly ordered, say
δi < δj , the high-frequency logarithm with coefficient ν in the unsplit color basis gives a factor
(1 − e−ic∗d)ν , where d = s − s′ + iL(δi − δj). In carrying the lower contour to above the other,
subtract ν from the ordered coefficient function Fij , adding to Fji, times the given color matrix
unit(s). The resulting expansion uses (1 − eic∗d)ν instead. Their ratio is compensated up to a unit
constant phase by the change at Laurent finite part zero (from the coefficient 2πν/p times e−ipd).
Equal-offset logarithms of even order can likewise use the averaged branch, with the regularized
diagonal as before. All such phase choices here are independent of Kcount.

In moving D up the crossed interaction D, I ′
− thus has order −1 in the same color, 2 across

colors. Other crossed interactions from moving multiple lines of a given species relative to each
other do not give poles. Each resulting simple-pole residue is F . Its interactions have positive orders
with D, I ′

− (summing the constituent orders including the same-color same-species squares) and
between residues, so only disjoint matchings contribute and the bound species itself moves freely to
the indicated contour. The correction on {1, 3}, and the formulas with 4 (summing the constituent
entries, adjusting for the F offset intermediate between D, I ′

− for formerly equal-offset pairs), give
precisely the resulting branch prescription. Its self term and measure follow by regularized collision
as for the earlier fusion, and the matchings leave the factorial measures in final species. These
deformations can all be made termwise with fixed integer coefficient before Poisson summation
in Kcount: each integrand then is periodic before taking residues, as also clear from the integer
current/winding phases before compressing the Laurent zero term. The adjustments concern only
the Schur log pair functions, not the transported u∗, and bring no integer-coefficient-dependent
phase. Consequently, once absolute convergence of the final sum (5.4) on a full imaginary r-period
has been shown, its identity follows by integrating against each Fourier monomial. Indeed this
recovers the fixed-coefficient Gaussian with its unchanged phases. Group by the original left counts
(a bound particle uses one D) and l; for each such group the preliminary inverse expansion was
absolutely convergent and contour deformation agrees term by term, and groups with negative
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required right counts integrate to zero. Remaining groups recover precisely the opened original
coefficients.

In detail the poles being bound are at equality of the shifted center coordinates (mod period);
the one-body symbols have no singular crossings here. The orders with the exterior 1, 3 are then
1 (same color) and 2 (other), and between two bound particles are 2 and 4. Thus contours can
for example be moved successively. For F14 the unadjusted positive-frequency constant of the
constituent sum is 1 which must now go to zero (row above column); for F34 it is the corresponding
transposed constant which must go from 1 to zero, giving the other adjustment. No adjustment
of the constituent sum in F44 is needed. Its regular diagonal in same color adds both old regular
diagonals and twice the pole regular part (up to phase if evaluating from one side); indeed the
logarithmic singular terms add with orders 2 + 2 − 2 = 2, and the regular constants from opposite
determinations of the simple pole differ at most by a fixed imaginary phase, as seen from 1 − e±ic∗d

at 0. The residue with the relative-coordinate measure dd/(2π) therefore realizes this prescription,
with at most a fixed unit phase. Branch changes on exterior factors likewise have only the fixed
phase after finite-part compensation (the exact ratio of the two geometric arguments is −e−ic∗d).
Thus all phase choices here can be made independently of T as well as of Kcount.

There is no additional phase depending on the real ordering of the particles. Different final
species have distinct offsets, so exchanging their real positions crosses no contact singularity. At
a common offset, the nonzero contact orders are 2 for the same species and color, and 4 for F in
opposite colors; these are even. Reversing the real order therefore introduces no further branch sign.
The remaining contour, Weyl, and fusion constants depend only on the multiplicities (and possibly
on m).

We can now specify the complete representation whose absolute value will be estimated. Its
phase factors are the ones just transported through the contour moves.

Proposition (Current representation on the final contours). For every integer m ≥ 1 and all
sufficiently large real T , Pm,T (er) equals (5.4), with α = (g, i) ranging over the five final species in
both colors and

νg,i ∈ Z≥0,
∑

g

4∑
i=0

wiνg,i = 0.

The exponent uses (5.7) and (5.8), with the Laurent and regular-diagonal conventions preceding
(5.2). The scalar is (5.2); the factorial measures and the sum over j ∈ Z are exactly those in (5.4).
For the fixed branches in the derivation, |εm(ν)| = 1, and these factors depend only on m and the
multiplicities, not on the positions, T , r, or j. The sum and integrals converge absolutely, locally
uniformly in r.

The coefficient identity and phase dependence have been established above. To complete this
proposition, we next prove the energy estimate that permits summing all multiplicities and all j.
We will then continue the representation in T and localize the particles near the period ends.

The real kernel bound. Put η = .55, α = 2π2/h∗. In full species-color space (index color first),
write W = (w, w)t as one column, and Zs = (Z + Zt)/2.

Lemma (Coercivity and frequency behavior of the final kernel). There is ϵ0 > 0 such that, for
every real p ̸= 0,

Zs(p) ⪰ ηα WW t/p2 + P×(p) + ϵ0(1 + p2)−1I (5.9)
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where P× has just equal off-diagonal color blocks given by

2π

p

(11
12

2 sinh(x/2)
2 cosh x − 1hht + 3

2 tanh(x/4)ff t
)

, h = (4, 5, 0, 4, 9)t/5, f = e4.

Moreover,
Z(p) = αWW t/p2 + M∗/p + O(1) (p → 0), (5.10)

where M∗ is real and skew. At high real frequency, Z(p) is 2π/|p| times the identity plus the
off-diagonal color coupling 2ff t in the same units, up to exponentially decaying error.

We prove the coercive bound by reducing it to two finite polynomial matrix inequalities; the
frequency assertions follow directly from the same rational symbols. Use p > 0, t = ex/12 (the
symmetric kernels in (5.9) are even). Form the symmetric 5 × 5 matrix Yc from t12(δi−δj)F

(c)
ij (t12)

by averaging with its transpose, then subtract

c [p1hht + p2ff t] + 1c=1p3wwt, p1 = 11
12

t6(t12 − 1)
t24 − t12 + 1 , p2 = 3

2
t6 − 1
t6 + 1 , p3 = t6 + 1

8(t6 − 1) .

The matrix positivity certificate. Use the positive multipliers given by

d+(z) = (z − 1)(z2 − z + 1)(z2 + z + 1)2, d−(z) = (z + 1)(z2 − z + 1)3,

N = (1 + t6)(1−c)/2dc(t12), M = deg(N)/2

(so M = 42, 45 respectively). Then NYc is polynomial with its matrices of coefficients at indices
M ±j related by parity c. Write Bj = [tM+j ]NYc, 0 ≤ j ≤ M , with the sole modification of halving
B0 when c = +1. Put

v = M
6 log t, a = 2 cosh(v) − 2, βj = 6j/M.

Thus Nt−M Y+ or Nt−M Y−/(2 sinh v), respectively, is ∑j Bj times the respective weights (term by
term)

2 cosh(βjv), sinh(βjv)/ sinh v.

Use the following short polynomial comparison. For c = +1 take K = 6, and for c = −1 take
K = 5. Define coefficients gk at β by

g+
k (β) = 2

(2k)!

k−1∏
r=0

(β2 − r2), g−
k (β) = β

(2k + 1)!

k∏
r=1

(β2 − r2).

For integer 0 ≤ β ≤ 6 each weight is exactly ∑K
k=0 gk(β)ak. For instance the differential equations

in a for the two functions are a(4 + a)y′′ + (2 + a)y′ = β2y and a(4 + a)y′′ + 3(2 + a)y′ = (β2 − 1)y;
Taylor recurrence gives the formulas, terminating at integers. For other 0 < β < 6 the true value
lies between the two truncations at K − 1 and K for every v > 0. Indeed at fixed v these are
interpolation in β2 at the squares of successive integers starting from 0, or for minus at squares
starting from 1 after division by β. All derivatives of the interpolated function are positive by its
series. Hence the remainder has sign of the node product by repeated Rolle, and the last node 62

changes its sign.
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This proves the lower bound ∑K
k=0 Ukak (in positive semidefinite order) for the respective cleared

matrix, with

Uk =
M∑

j=0
gk(βj)Bj (k < K),

UK =
M∑

j=0
gK(βj)Bj − 1

2
∑

βj /∈Z

[
gK(βj)Bj + |gK(βj)| diagi

(∑
n

|(Bj)in|
)]

.

This uses the ordinary row-sum diagonal bound to either side of a symmetric matrix, allowing half
the last term as midpoint when nonintegral.

For clarity the small coefficient inequalities used next are given explicitly below, with details for
verifying them. In the plus case U0 = (7/2)wwt. For the other coefficients the following symmetric
matrices Jk approximate 100Uk with elementwise error < 1 (successive upper-triangle rows separated
here by semicolons).
c=+1
k=1: 1745 410 -2105 1011 1062; 1460 -783 -863 238; 3885 -2644 -3508; 2333 1111; 1402
k=2: 6082 977 -4261 2809 2141; 4542 -882 -2052 941; 9684 -4638 -5401; 6393 2792; 4079
k=3: 7166 829 -3563 2893 1521; 5808 -433 -1507 2090; 9655 -3094 -3107; 7193 3475; 6340
k=4: 3787 176 -1414 1213 197; 3355 -48 -554 1401; 4554 -784 -520; 3786 1833; 3948
k=5: 927 -26 -265 202 -92; 877 27 -106 358; 1016 -37 76; 927 408; 1046
k=6: 50 -11 -3 -3 -23; 45 10 -11 1; 63 10 24; 37 1; 32

c=-1
k=0: 188 48 27 -52 102; 933 747 -619 208; 640 -427 160; 828 102; 430
k=1: 1435 187 -198 -522 556; 5710 4260 -4101 954; 4109 -2744 464; 5134 377; 2433
k=2: 3840 126 -1127 -1441 902; 9533 6247 -6689 1216; 6906 -4144 192; 8587 271; 4310
k=3: 4041 -132 -1354 -1314 397; 5635 3085 -3271 284; 4430 -1835 14; 5201 -150; 2516
k=4: 1229 -63 -421 -360 50; 1331 544 -538 -61; 1161 -267 -1; 1269 -122; 594
k=5: 55 -2 -17 -12 0; 53 10 -9 -8; 66 -3 0; 53 -8; 15

Here is one arithmetic recipe for the table. The upper entries of Dij = dcF
(c)
ij for i, j < 4 by

direct substitution are polynomials with these coefficient strings (ascending, triangular rows):
c=+1
1 1 0 2 2 0 1 1; 2 0 2 1 2 0 1 0; -1 0 -2 -1 -2 0 -2 0; 1 0 2 1 2 0 2 0
1 1 1 1 1 1 1 1; 0 0 -1 -2 -2 -1 -1 -1; 1 0 2 1 3 0 1 0
1 1 1 1 1 1 1 1; -2 -1 -2 0 -2 0 -1 0
1 1 1 1 1 1 1 1

c=-1
-1 5 -12 18 -18 12 -5 1; 2 -4 6 -5 4 -2 1 0; 1 -2 4 -5 6 -4 2 0; -1 2 -4 5 -6 4 -2 0
-1 1 -1 1 -1 1 -1 1; 0 0 1 0 0 3 -3 3; 3 -6 8 -3 -3 6 -3 0
-1 1 -1 1 -1 1 -1 1; 2 -3 4 -2 0 2 -1 0
-1 1 -1 1 -1 1 -1 1

Fill the rest by Dji(z) = cz7Dij(z−1), and extend to index 4 by the same addition rules as for
F (the added constants multiplied by dc). These strings also show the claimed degree bounds after
offset multiplication. To reproduce the entry bounds put oin = 12(δi − δn). For each entry take the
successive coefficients at powers M + j, 0 ≤ j ≤ M , in

(1 + t6)(1−c)/2

2 (toinDin(t12) + t−oinDni(t12)) − N [chihnp1 + cfifnp2 + 1c=1wiwnp3],

with j = 0 halved for plus; products of pr in use are polynomial after cancellation with factors of N .
Weight this row of numbers at j by 100gk(6j/M) and sum; for k = K halve the nonintegral-node
weights and on diagonal entries also subtract the corresponding absolute row-sums with absolute
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half weights. These sums rounded to within 1 give the displayed arrays (successive weights gk+1/gk

when nonzero are ((6j/M)2 − (k + (1 − c)/2)2)/[(2k + 1 + (1 − c)/2)(2k + 2 + (1 − c)/2)]).
Write Hk = (Jk − 5I)/100, except in the plus case take H0 = U0. Thus always Uk ⪰ Hk. The

positive-definite checks on the displayed matrices are summarized here as strict lower bounds on
each successive leading elimination pivot (starting with entry 00):

c matrix bound
− H0, H1, . . . , H5 6/100
+ H2, . . . , H6 2/100

+
i∑

k=0

(
i

k

)(
4
k

)−1

4−kHk, i = 1, 2, 3, 4 5/100

+
4∑

k=1
k41−kHk 1

These bounds just use the preceding integer arrays with diagonal correction: e.g. starting with
the indicated linear sums as bin, take bdd in order d = 0, . . . , 4, replacing the remaining entries by
bin − bidbdn/bdd before the next bound. The matrices with binomial factors are the nonconstant-
index Bernstein coefficients of ∑4

k=0 Hkak on [0, 1/4] (expand in
(4

i

)
(4a)i(1 − 4a)4−i); the remaining

coefficient there is H0. At 1/4 the derivative is positive definite by the last check, increasing
thereafter since H2, H3, H4 are positive. This gives strict positivity of the comparison throughout
a > 0.

Thus Yc are strictly positive, with smallest eigenvalue at least constant times tanh x (use the
linear-order Bernstein bound near zero for plus, H0 > 0 there for minus, and the top coefficient
near infinity in both). In the plus sector the amount needed inside the dimensionless matrix for the
winding term of (5.9) is (8η/9)wwt/x, covered by the displayed subtraction since coth(x/4) ≥ 4/x.
This proves (5.9).

For (5.10), the common-color symbol satisfies H∗ = h∗p/(2π) + O(p3), the unfactored Pij

terms in F are bounded, and the difference-color entries F (−) are regular because d−(1) ̸= 0. The
skew-reflection rule makes the coefficient M∗ real and skew. At high frequency the displayed branch
constants give the identity and the off-diagonal color coupling 2ff t; the remaining rational terms
decay exponentially. This completes the kernel bound, including the asymptotics needed to control
contact singularities and to continue the period.

5.4 Stability, continuation, and the size estimate

The matrix bound now becomes a spatial energy inequality for every finite winding-neutral configu-
ration. This estimate has no site-number parameter or external potential; the interval operators
in Section 9.5 will use that independence. We then add the m-dependent potential and choose a
logarithmic period.

Spatial stability. Let T = T ′ be any sufficiently large real period, and let sd ∈ [−T ′/2, T ′/2] be
the positions of N0 particles of the final species, with Wd = wid

and ∑d Wd = 0. Define

EZ = 1
T ′

∑
p

n(−p)tZ(p)n(p),
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using the Laurent finite part at zero and the regular diagonal at contact. The same conventions
apply to other kernel subscripts. Distinct-particle coincidences can be omitted as null sets. Put

D(t) =
∑
sd>t

Wd, Sw =
∫

D =
∑

Wdsd, Q =
∑
d,e

∑
ν∈Z

(1 + |sd − se + νT ′|2)−1,

where integrals are over the centered period interval.

Lemma (Spatial stability at a real period). There are absolute constants c1 > 0 and C0 < ∞ such
that, for every sufficiently large real T ′, every configuration just defined, and every j ∈ Z,

ℜEZ + α(2jSw + j2T ′) ≥ αη

∫
(D + j)2 + c1Q − C0N0. (5.11)

The constants are independent of the period, the particle counts and positions, and j.

To prove the lemma, at the zero Laurent mode only shift n(p) formally by ipjT ′v0, where v0 is
a real species-color vector with W tv0 = 1. Write the resulting energy with superscript [j]. Then

E [j]
Zs

= EZs + α(2jSw + j2T ′), E [j]
W W t/p2 =

∫
(D + j)2

by winding neutrality and Fourier series (nonzero coefficients obtained by differentiating D). Indeed
the finite part of the winding form comes just from its first-order terms in each factor, giving
(Sw + jT ′)2/T ′, the constant harmonic contribution on the centered period interval. The real part
for the unshifted raw energy is just that of Zs.

The P× term has nonnegative energy pointwise: each entry of its off-diagonal color blocks has
a nonnegative spatial kernel by periodization. Indeed sech(λp) transforms to a positive density
proportional to another sech (shift the contour by iπ/λ and take the one pole), also its square thus
has nonnegative transform, and tanh(λp)/p =

∫ λ
0 sech2(up) du. Products transform by convolution.

Also sinh(x/2)/x =
∫ 1/2

0 cosh(ux)du, and 1/(2 cosh x − 1) = ∑
n≥1(2 cosh x)−n; cosh(ux)/ cosh x

has positive transform since the two shifted sech transforms are conjugates of positive real part for
0 ≤ u ≤ 1/2. This series against cosh(ux) converges in integral norm. The resulting periodic kernels
with at most logarithmic singularity are evaluated off contact only. The last term in (5.9), using
the inverse kernel e−|s|/2 periodized, has energy at least c0Q, c0 > 0. Indeed divide the circle into
intervals of lengths between 1/2 and 1. The sum of squared interval counts in each species then
controls Q by summability and Cauchy-Schwarz.

After these subtractions the symbol Y0 on the left of (5.9) (i.e. the difference of the two sides) is
positive semidefinite. It is even, with at most the rank-one WW t leading double pole, so neutrality
also ensures finite-part positivity (apply positivity at real p → 0, even with the indicated [j] shift).
To control the diagonal convention, smooth Y0 by multiplication by mλ(p) = exp(−λ(

√
1 + p2 − 1)),

with λ > 0 small fixed. The smoothed full quadratic form is nonnegative. In undoing the smoothing
write

(1 − mλ)Y0 = 2πB0(1 − e−λ|p|)/|p| + Eλ(p);

B0 is identity plus the off-diagonal color coupling 1
2ff t (in particular entrywise nonnegative). Eλ

has L1 norm and distributional second derivative total variation both o(1) as λ ↓ 0. Indeed on
|p| ≤ 1, (1 − mλ)/p2 is analytic smooth of size O(λ) also with two derivatives, and the cusp from
(1 − e−λ|p|)/|p| has slope jump O(λ2). On |p| ≥ 1 subtract 2πB0/|p| first in Y0, leaving O(1/|p|2)
with decaying derivatives by the displayed symbols; multiplying by 1 − mλ gives the claimed
norm bounds there. The mismatch in cutoff on the leading term is O(λe−λ|p|/|p|), also with two
derivatives, since

√
1 + p2 − |p| = O(1/|p|). Hence periodized Eλ costs o(1)Q. The other term gives
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the periodization of B0 log(1 + λ2/s2) by elementary Fourier transformation. It is nonnegative off
contact; its regularized diagonal is bounded below by 2 log λ. These periodizations include exact
ordinary zero means as required for the discrepancy, which has no pole. Choose λ small enough to
absorb the o(1)Q term. Its fixed regular-diagonal cost is at most a constant per particle, proving
(5.11) uniformly in T ′.

This also completes the real-period current representation. For fixed m, T ′, the chemical potential
is bounded above by a constant per particle. From (5.8), ℑu∗ = −(π/h∗)Sw and ℜu∗ = O(N0).
Combining the tilt with (5.11) and completing a square in D + j therefore bounds the logarithm of
the absolute integrand by

−c

∫
(D + j)2 + Cm,T ′,r(N0 + 1),

locally uniformly in r. Since |D| ≤ 2N0, the j-sum of the first factor is at most CT ′(N0 + 1). The
finite-volume factorial measures then sum the remaining exponential in N0. Thus the final sum
converges absolutely on a full imaginary r-period, and the coefficient argument above identifies it
with Pm,T ′(er).

Continuation in the complex period. For the size estimate, now set a0 = π/b, g =
√

log m,
and R = 2a−1

0 log m+g. We describe continuation to |T −R| < 2π, writing T ′ = ℜT . Take all center
contours in (5.4) (with offsets already absorbed into symbols) as the same period curve, a graph
over the real period interval of length T ′ with Lipschitz constant of the imaginary displacement
O(1/g), zero displacement except at |ℜs| > a−1

0 log m + g/4; impose this Lipschitz bound on the
periodic translates taken together. This can be parametrized holomorphically in T , for instance
s = t + (T − R)χ(t), χ(t + R) = χ(t) + 1, χ(±R/2) = ±1/2, |χ′| ≤ C/g, with χ = 0 throughout a
suitable slightly wider central interval than specified. The curve is kept in a bounded imaginary
strip on the central period. In D, Sw, Q now use the real projections of positions. Estimate (5.11)
continues to hold for ℜEZ computed by analytic transport, with possibly smaller c1.

Here is the justification, which avoids using divergent oscillatory series on displaced curves.
Decompose the raw symbol as αWW t/p2 + M∗e−p2

/p + Y1(p). The Laurent rule gives exactly
T/12 − sgn(ℜd)d/2 as the pair kernel for 1/p2 (d = s − s′ in the period, by the Fourier series for
the quadratic Bernoulli polynomial, including the exponential’s finite part). Thus its real part is
unchanged from the comparison at T ′. The e−p2

/p term is likewise the kernel −i sgn(ℜd)/2 plus
periodized short smoothing correction: explicitly multiply −i/2 by

sgn(ℜd) +
∑

ν

[erf((d + νT )/2) − sgn(ℜ(d + νT ))].

This follows by differentiating (the derivative uses the periodized Gaussian) and oddness. Here and
below |ℑ(d + νT )| ≤ Cg−1|ℜ(d + νT )|, so displacement on this term costs O(g−1Q).

Finally Y1 is regular, hence uses ordinary periodization of its inverse Fourier transform. Away
from contact that transform has derivative O((1+1/|ℜs|)e−γ|ℜs|) continuing into sectors |ℑs| ≤ θ|ℜs|
for some θ, γ > 0. Indeed for ℜs > 0 shift the inverse Fourier integral into the lower half-plane a
small fixed distance near the origin, bending both tails further downward at a small fixed slope.
The displayed rational functions in eLp/12 have no intervening poles (take a sufficiently small shift
near the axis), and Y1 = O((1 + |p|)−1) on the tails. This gives the estimate, and similarly in the
upper half-plane for ℜs < 0. Contour rotation agrees with inverse transformation on the real line
by damping or truncation (for the undifferentiated integral the end segments vanish off the origin).
The transform has just integrable logarithmic behavior there, given by the high-frequency terms.
Consequently the displacement again costs O(g−1Q) by the derivative bound on each translate. For
self terms the image with no shift evaluates the regular diagonal independent of T ; the remaining
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translates obey the same estimate. These periodizations at real period follow equally by ordinary
Fourier coefficients of the resulting locally integrable functions. Together they give the claimed
analytic prescription and (5.11).

For the linear term the final chemical rule gives per particle of type i exactly

i 2πm σi

∫ s+iδiL

0

∑
ν∈Z

ρ(d + νT ) dd, σ = (0, 1, 1, −1, 0).

Indeed the primitive has this zero by oddness about 0, and uses all modes including the density’s
mean by the finite-part rule. Here

ρ(d) = 1√
3L

sinh(2a0d)
sinh(3a0d)

by summing the geometric progression of residues of ρ̂ (poles at (6k ± 1)ia0). On |ℑd| ≤ 5L/12 its
real part is bounded below by ce−a0|ℜd|: multiplying numerator by conjugate denominator shows
strict positivity (both cosines positive and sines of the same sign), with the limits given by the
formula. Each nonzero-σ linear real part per particle therefore satisfies

≤ −c2me−a0|ℜs| + O(1), c2 > 0.

In fact integrate along the real line then vertically, using σiδi > 0 on those species. Contributions due
to imaginary displacement of s itself, which is away from the core, and to images ν ̸= 0 throughout
both integration legs, cost O(1) after multiplying by m, by the exponential decay also along these
deformations.

Write r/(2π) = u + iv with r in a compact set. From the final formula for u∗, ℑu∗ =
−(π/h∗)Sw, ℜu∗ = O(N0). Combining (5.11), the tilt and the Tr2

j term now bounds log absolute
weights (excluding P and the factorial differentials) by

π2

h∗

[
T ′(u2 − v2) −

∫ (
η(D + j)2 + 2v(D + j)

)]
+ C(N0 + |j| + 1) − c2

∑
σ ̸=0

me−a0|ℜs|.

When 2|v| < .54, the integral dominates c
∫

(D + j)2 since D + j is integer valued. For general
bounded r the same holds with loss O(T ′), sufficient for absolute convergence on a full period. The
term O(|j|) is harmless since |j| ≤ 2N0 + (

∫
(D + j)2/T ′)1/2.

Localization of the grand sum. For localization put f0(t) = (T ′/2 − g − |t|)+ periodically
on the real projection. This is 1-Lipschitz, so |

∑
Wdf0(ℜsd)| ≤

∫
|D + j| ≤

∫
(D + j)2. The only

negative Wd has σ ̸= 0; on the support of f0 the function me−a0|t| dominates f0(t). Thus we retain
suppression exp[−c

∑
f0(ℜsd) − c

∫
(D + j)2 + CN0] for constants C < ∞, c > 0. The j-sum of the

staircase suppression is bounded by completing a square, and the one-particle integral of e−cf0 is
O(g) including the bounded Jacobians. The factorial grand sum thus costs just exp(O(g)).

The localization estimates also justify analytic continuation: the indicated parametrizations,
periodized pieces, and regular diagonal constants give holomorphic integrands in T off null coin-
cidences, with uniformly summable majorants just established on compact subdisks. (For mere
local uniform convergence at fixed m, discard localization and use

∫
(D + j)2 ≥ T ′[(|j| − 2N0)+]2

uniformly.) The constant phase conventions in the transform can all be kept fixed (branch factors
from the logarithms/normal ordering, Weyl signs and contour/residue orientations, independent
of T ); equivalently continue each real-period factor on this parametrization. Thus (5.4) equals
Pm,T (er) throughout the complex-period disk, by its identity on real T .
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The scalar factor and maximum modulus. It remains to track P . The part multiplied by m2

in its log is the all-mode sample sum with 1/T for the regular symbol

V̂ (p)ρ̂(p), V̂ (p) = 2π

p

cosh(3Lp) − 1
sinh(4Lp) . (5.12)

Here V̂ (p) denotes the transform of the function in the definition of I; this follows also from the
potential array, since its lifted log at offset 0 is precisely the periodization of V (s). Periodizing
V̂ (p)ρ̂(p) in dual space thus gives I for the unshifted term. For positive translates νT its inverse
has expansion

Ae−2νT + O(e−a0νT ′)

from the simple poles at −2i, −a0i, and similarly at negative translates by evenness. This estimate
and continuation follow by shifting slightly beyond these poles and bending tails as above. Therefore

1
T

∑
p

V̂ (p)ρ̂(p) = I + 2Ae−2T + O(e−a0T ′), (5.13)

with m2e−a0T ′ = o(1) for the present growing buffer. The log modulus from the determinant product
is

− T ′

πL

∫ ∞

0
log

[
(1 − e−x + e−2x)(1 − e−6x)/(1 − e−8x)

]
dx + o(T ′) = πT ′

16L
+ o(T ′). (5.14)

Indeed these are converging Riemann sums (also for the periods with bounded imaginary parts, by
analyticity near the ray and exponential decay). Expand the logs using 1 − t + t2 = (1 + t3)/(1 + t)
and ∑n−2 = π2/6.

Finally at fixed r multiply Pm,T (er) by exp(−2Am2e−2T ) before using maximum modulus on
|e−2T | ≤ e−2R. Analyticity near zero here has radius bounded below independently of large m by
the original small residue cycles: take all centers close to the indicated pole with their internal
residues already taken (no remaining pair poles there), so all product arguments stay bounded
and translated image factors are analytic and nonzero. Its value at the center is exactly Pm(er).
The estimates on the circle (using |ℑT | ≤ π/2) now give the upper bound. Indeed a0 = 8/3,
h∗ = 9π2/32, and T ′ = R = (3/4) log m + g: the determinant contributes (3/8) log m + o(log m),
the Gaussian tilt contributes 2ℜ(r2) log m/(3π2) + o(log m), and the localized grand sum costs only
O(g) = o(log m).

The upper bound leaves the physical normalization undetermined. The next section supplies a
saturation point; its nonvanishing will also be needed when Section 8 sharpens the logarithmic error
to a bounded one.

6 Saturation of the physical normalization
We now show that the upper bound of Proposition 5.1 has the correct logarithmic exponent at two
parameters. The physical partition is exactly one at y = i, which makes its normalization accessible
through a determinant. Saturation there propagates to y = 1 by subharmonicity and positivity.
Section 8.2 will use both individual asymptotics to exclude zero limits when sharpening the error to
bounded factors.
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Proposition (Saturation at the two physical parameters). For the normalized homogeneous polyno-
mial Pm and bulk constant I of Section 5,

log Pm(1) = Im2 + 3
8 log m + o(log m),

log Pm(i) = Im2 + 5
24 log m + o(log m).

(6.1)

Consequently,
Zm,m(1) = Pm(1)/Pm(i) = m1/6+o(1). (6.2)

Proof. We first prove saturation at y = i by a positive determinant comparison, then transfer it to
y = 1.

A reference determinant at zero loop weight. At y = i we have G = 2f2
N , since only the empty

polygon system contributes. In its determinantal expression, replace h(d) = (cot(d+b)+cot(d−b))/2
by h0(d) = −λ tan(λd)/2, λ = π/(2b) = 4/3. Denote the resulting normalized homogeneous value
(same prefactors as Pm(i)) by P0 in this comparison. Then

P0 =
[
λ4 sin8(b)/D(0)

]m2

= eIm2
.

The reference evaluation uses Schur’s Pfaffian identity, recorded for example in [12, Equation (1.2)].
Indeed the Schur Pfaffian of (Xj −Xi)/(Xj +Xi) equals the product over i < j (clearing denominators
gives an alternating polynomial of precisely Vandermonde degree, with coefficient fixed recursively
at X2 = −X1). Take Xj = e2iλvj ; the determinant with tan thus gives the squared product of tans
up to a unit phase. At coincidence use B(u) tan(λu) → −λ sin2 b and D(0) = C sin4 b. All signs
give positive value (real Pfaffian squared).

For the second equality Fourier integration with V̂ (p) from (5.12) gives

I = 2
∫ ∞

0

cosh(3x) − 1
(2 cosh x − 1) sinh(4x)

dx

x
.

The multiplier of dx/x, with q = e−x, is ∑23
j=1 cjqj/(1 − q24), with c24−j = cj and list cj up to

j = 12: (0, 2, 2, 0, −6, −6, 0, 8, 8, 2, −6, −8). Expand the geometric series (nonnegative grouped
terms), integrate differences of exponentials, and pair symmetric indices using the sine product.
This gives

eI =
11∏

j=1
sin(πj/24)−cj = λ4 sin8(b)/D(0),

by the listed exponents and ordinary angle formulas. Indeed ∑ cj = 0, so the products of (n +
j/24)(n + 1 − j/24) can be taken relative to (n + 1/2)2, giving exactly the sine ratios. Here and
below the elementary identities for cotangent and sine products follow for example by integrating
cot z/(z2 − w2) around expanding squares avoiding its poles (giving the symmetric partial fractions),
then integrating the resulting log derivative.

The confluent Gram comparison. We compare the true determinant with the reference one
before estimating their ratio. Coalescing the rapidities by Taylor row and column differences replaces
the two determinant kernels by matrices (−1)ah(a+d)(0)/(a!d!), 0 ≤ a, d < 2m, and similarly for h0;
the common squared Vandermonde cancels. Indeed these are the leading alternating terms in the
row and column variables treated separately. Even-even and odd-odd blocks vanish. By cotangent
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partial fractions, the positive poles of h are b + kπ, π − b + kπ, and of h0 are (2k + 1)b, k ≥ 0, all
with residue 1/2 as for their reflections. Thus the negative odd derivatives of order 2l + 1 (that
is, −h(2l+1)(0), etc.) are integrals of p2l+1 against the sum of e−p·pole over positive poles on p > 0.
Consequently

Pm(i)/P0 = det
[
ΠmR(p)Πm

∣∣
ran Πm

]2
, R(p) = (1 + e−2L|p|)(1 − e−6L|p|)

1 − e−8L|p| ≥ 1

where Πm projects to even polynomials of degree ≤ 2m − 2 on the real line with density proportional
to p/ sinh(bp). Indeed these are Gram determinants from the even-odd blocks, positive and
nondegenerate.

In coordinates x = bp/π take the density w(x) = x/ sinh(πx). Orthogonal polynomials of degrees
n are given by the Taylor coefficients An(x) of

F (t, x) = (1 + it)−1−ix(1 − it)−1+ix.

Their squared norms are (n + 1)/2 because
∫

w(x)F (t, x)F (u, x)dx = 1/[2(1 − tu)2] near zero, using∫
wedxdx = 1

2 sec2(d/2) by geometric series and the cotangent fractions. They have the parity of
their degree. At each fixed real x,

A2n(x) = (−1)n2ℜ
[
2−1+ix(2n)ix a(x)

]
+ o(1), |a(x)|2 = sinh(πx)/(πx).

Indeed subtract 2−1+ix(1 + it)−1−ix and the conjugated-coefficient term: the remainder is bounded
analytic inside the unit disk (near each of ±i by first-order cancellation), hence has square summable
coefficients. The binomial coefficients of the singular factors use ∏k≤n(1 + ix/k) = nix(a(x) + o(1))
by summable log remainders and the sine product. Thus for x ̸= 0

w(x)
log m

∑
n<m

2A2n(x)2

2n + 1 −→ 1
2π

,

since ∑m
n=1 n−1+2ix is bounded by integral comparison.

The log determinant is at least the compressed trace of log R, by scalar Jensen on each orthonor-
mal eigenvector. Applying Fatou with the nonnegative log yields

lim inf
m

log Pm(i) − Im2

log m
≥ 1

π

∫
R

log R(πx/b) dx = 5
24

by expanding the three logs as before. This saturates the upper bound at r = iπ/2.

Propagation from y = i to y = 1. The subharmonic functions

fm(r) = log |Pm(er)| − Im2

log m
−
(
3/8 + 2ℜ(r2)/(3π2)

)
are bounded above locally by o(1), with fm(iπ/2) → 0; hence they converge to 0 in local L1

throughout |ℑr| < .54π. To see the propagation, apply the area mean inequality on disks centered
at a saturating point. The same argument works at a limit of saturating sequences, by comparing
with slightly larger disks centered on those sequences. Integral convergence then supplies saturating
sequences in overlapping disks, so a finite chain of disks reaches every compact subset of the strip.
In particular we may choose rm → 0 with fm(rm) → 0.
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It remains to pass from these nearby complex points to the real point zero. Define

gm(x) = log Pm(ex) − Im2

log m
, xm = ℜrm.

The positive Laurent coefficients supplied by the polygon representation make gm convex, and the
triangle inequality gives gm(xm) ≥ (log |Pm(erm)| − Im2)/ log m. Together with Proposition 5.1,
this yields gm(xm) → 3/8. Fix a > 0. If 0 ≤ xm < a, convexity gives

gm(xm) ≤ (1 − xm/a)gm(0) + (xm/a)gm(a).

Use the analogous inequality with −a when xm < 0. The upper bounds at a and −a, together with
xm → 0, imply lim inf gm(0) ≥ 3/8. The gas upper bound supplies the reverse limsup. This proves
the first asymptotic in (6.1); the determinant comparison and the upper bound at r = iπ/2 proved
the second. Their difference is (6.2).

7 Crossings, cylinder barriers, and positive nesting
The strip estimate supplies the mass of a crossing with one endpoint fixed. We first turn it into
boundary escape and confined-crossing estimates. Averaging the cuts of several such crossings then
produces essential polygons of positive mass on a cylinder. These polygons give height barriers;
a separate cut-link identity transfers positive polygon nesting to the number of links used by
free-boundary paths.

We use ordinary honeycomb paths at weight x# triangle centers visited, usually x = κ, as well as
unoriented unrooted simple polygons with the same weight. Put d0 =

√
3/2. Take a horizontal side

direction of the triangular lattice, n0 vertically up and nj obtained from n0 by clockwise rotations
through jπ/3. Lines normal to nj which bound triangular rows have level spacing d0; crossing them
is through midpoints of edges of the tiling in these lines (a visit at a midpoint is transverse). A strip
of height kd0 normal to any nj has the boundary-to-boundary mass Bk from each fixed midpoint on
one rim. Thus the strip estimate above gives Bk ≍ (k + 1)−1/4 (we put B0 = 1 for zero bridge gaps).

Criticality with the boundary-port convention. We adapt the Hammersley–Welsh bridge
decomposition, as used in [4, Section 3], to the present strip and endpoint convention. In particular
κ really is the critical single-walk weight (radius of convergence of the usual length series from a
fixed honeycomb vertex). Here are details to account for the change of boundary conventions. At
x = κ, summing Bk over heights diverges, with starting triangle fixed, hence also the unrestricted
susceptibility (each walk with its initial and final triangles specified incurs at most bounded
multiplicity). At x < κ, measure heights of triangle centers in units d0/3. A path starting from a
fixed center and making a weak bridge (staying inclusively between the heights of its initial and
final vertices, whose difference has absolute value k > 0) has total mass at most Cxe−cxk, using
here x#steps. Indeed for the increasing direction one can attach a bottom end on the bottom line
of the initial vertex’s row, and a top end on the top line of the last vertex’s row. This uses no
extra triangles if the triangle already has a ray in that boundary direction, and otherwise uses just
an adjacent triangle strictly below or strictly above in its row, with a deterministic choice. The
resulting walk is simple and a strip bridge, with known start and bounded multiplicity; thus the
mass at κ was bounded, and there is exponential suppression by the minimal length. The decreasing
case is reflected. A weak upward half-space walk from its lowest endpoint splits into such bridges by
taking its last highest vertex, then in the remainder its last lowest vertex, and so on until exhausted.
Their positive spans are decreasing strictly except possibly equality of the first two (consecutive
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heights along any single step differ). The total half-space mass is therefore finite by summability of
the bridge bounds and ∏k≥1(1 + Cxe−cxk)2 < ∞. Any unrestricted walk splits at a lowest vertex
into two weak half-space walks rooted there; one may translate that vertex to fixed representatives
of the two types, recovering the translation by the prescribed original start. This proves convergence.
The two triangle types used here are equivalent by symmetry.

7.1 Flat and turned crossings

Proposition 7.1 (Boundary crossings). For a fixed boundary port of a convex pure-sided tiled
domain, including a straight strip or half-plane by exhaustion, the critical mass of completed paths
with diameter at least r is at most C(1 + r)−1/4. In a pure half-plane the mass Kl between two
boundary ports at lattice distance l ≥ 1 is decreasing in l and satisfies Kl ≍ l−5/4. All constants are
independent of the domain and the chosen port.

Proof. We first derive escape estimates from the contour identity, then obtain the two-sided half-plane
bound.

Positive contour comparison. The local cancellation in Section 2.3 applies in every finite convex
tiled polygon. A path from a boundary-edge midpoint has phase eiβW , where β = 3/8 and W is its
total turn. Convexity bounds the completed turn by |W | ≤ π, so the signed exit identity gives∑

γ: p→∂D

κℓ(γ) cos(βW (γ)) = 1, c ≤ cos(βW (γ)) ≤ 1, c = cos(βπ) > 0.

Thus cutting down to a convex subdomain sharing the source with unchanged initial direction, the
mass of complete paths lost (those not themselves paths to a shared exit inside the subdomain)
is at most c−1 times the mass from the source to the new sides in the subdomain, by subtraction.
Such upper bounds apply by exhaustion if the large domain is unbounded.

Triangle escape. Let

T (p, nj , t) = {nj · (z − p) ≥ 0, nj±1 · (z − p) ≤ t}, t/d0 ∈ Z≥0 + 1/2

be a centered triangle based at a midpoint p (of a tiling edge normal to nj , i.e., in the base line
with inward normal nj). Exit mass from p to each sloping side is the same, say S(t). If AT is the
base-return mass, 2 cos(βπ/3)S = 1 − cAT ; thus S decreases. We have

S(t) ≍ (1 + t)−1/4. (7.1)

Indeed embed the triangle in a strip of height a larger multiple of order t to see Bk ≲ S(t) by
contour comparison. Conversely allow all midpoints p′ in the central half of the base as source in
that same triangle. Their exit mass to the sloping sides is at least 2S(t′) where t′ is a common
fixed-factor enlargement of t (rounded) that would contain this triangle when centered at p′, by the
base-return identity. Reverse and sum: from each side endpoint the mass to those central sources
is O(Bk) for a strip width kd0 ≍ t, by cutting the triangle parallel to that side strictly before all
central targets. There are O(t) side endpoints and order t sources, proving the other bound by
monotonicity. Consequently in convex polygons (also straight strips or the half-plane), the mass
from a boundary source of completed paths of diameter ≥ r is O((1 + r)−1/4): intersect with a
centered T of small comparable size and bound new-side mass by its triangle sum. Also in a straight
half-plane the base-return mass is exactly 1/c, by the exhaustion T .
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Monotonicity along a flat boundary. Write Kl for half-plane mass from a base midpoint to
another at distance l > 0. It decreases with l. For details take midpoints a < P < Q = P + 1 along
the base of an upper half-plane, and put an artificial arc PQ below, a semicircle tangent to the
normal rays. Sum the prefix fluxes from a through a large truncating triangle, taking just terms
using the artificial arc once (with its turn included and modulus weight 1). At triangle centers the
flux rule still holds: unfinished loops can be reversed, preserving the arc count; the source is outside
any loop even with that arc, so turn increments are again opposite ±4π/3. Thus the entering flux
supplied at the end of an arc traversal (before further continuation) equals in total the flux through
outer exits of paths using the arc. No such path exits afterwards at either arc anchor (the incident
vertex needed there has already been visited). Contributions ending on the distant sides vanish in
the limit, bounded by products of an ordinary path mass to an anchor and the ordinary distant-side
escape mass from the other anchor. Put z = eiβπ. Entering flux at Q and P therefore gives

KP −a + z−2KQ−a = zD1 + z−1D2,

with D1 ≥ 0 the mass using a → P , the arc, then Q → b for b < a; D2 ≥ 0 consists of the others,
namely that first traversal ending at b > Q, or a → Q then via P ending a < b < P . These choices
follow by non-crossing and adjacency, with each half-plane strand turning ±π according to order. In
these coordinates a → P, a → Q turn clockwise by total −π, the arc from P to Q gives +π (opposite
in reverse). Loops using the arc have their interior on the base line only between the two anchors,
hence cannot contain the source. Taking imaginary parts after multiplication by z gives the precise
sign comparison

(KP −a − KQ−a) sin(βπ) = D1 sin(2βπ) ≥ 0.

This proves monotonicity. The diameter bound applied to endpoints in a window of order l, followed
by monotonicity, gives Kl ≲ l−5/4.

Averaged deep exits. We record the triangle estimate needed both here and in the later collar
and sewing constructions. All averages over lattice levels below are uniform averages over the
admissible levels in the indicated interval. For an exit from T (a, n0, t) through the side with outward
normal n1, let k(t, q) be its mass when the exit port p1 has depth q = n0 · (p1 − a). For fixed
0 < α < A and sufficiently large R, ∑

t∈[αR,AR]
k(t, q) ≤ Cα,AR−1/4 (7.2)

uniformly in q. To prove this, translate along the base by lattice steps to align the exit ports and
their side lines, then reverse the paths. The translated starts are distinct and lie on the base at
distance at least αR from the common side line. In the convex wedge between that line and the base,
cut parallel to the side strictly before all those starts. Contour comparison bounds the resulting
mass by a strip crossing of width comparable to R, proving (7.2).

Since S(t) ≍ R−1/4 throughout this window, the mass of exits of depth below δR, averaged over
t, is at most Cα,AδR−1/4. Consequently, for sufficiently small fixed δ > 0,

average
t∈[αR,AR]

∑
q≥δR

k(t, q) ≥ cα,AR−1/4. (7.3)

The threshold and constants may depend on the fixed window. In particular the same statement
applies to a small fixed window of scales relative to a later construction.
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Three exits and the lower half-plane bound. Triangle concatenations and averaging over
renewal cuts have precedents in [9, 13]. Here the deep-exit restriction gives the unique-crossing
order needed for a second moment on one fixed path measure. Starting at a, make a deep exit from
T (a, n0, t) at p1, then exit T (p1, n1, q) through its side of normal n2, at p2. Put X = n1 · (p2 − p1),
and finally exit T (p2, n2, X) through the side of normal n3 = −n0. Both q, X are admissible half-odd
sizes. The identities n2 = n1 − n0 give

n2 · (p2 − a) = t, n0 · (p2 − a) = X;

thus the final side is on the original base. Figure 2 shows the three domains and the two intermediate
lines.

original base: n0 · (z − a) = 0

n1 · (z − a) = t n2 · (z − a) = t

q
X

T (a, n0, t)

T (p1, n1, q)
T (p2, n2, X)

a

p1

p2

b

n0

n1

n2

Figure 2: The three exits producing a half-plane return from a to b. The depths are q = n0 · (p1 − a)
and X = n0 · (p2 − a). The first triangle lies before the first dashed line, the second lies after that
line and before the second, and the third lies after the second line and above the original base. Thus
their interiors are disjoint, and each dashed line is crossed once by the concatenation. The triangle
boundaries have the indicated directions; the blue paths are schematic and the lattice is omitted.

The interiors are disjoint. The second triangle satisfies n1 · (z − a) ≥ t, n2 · (z − a) ≤ t, while
the third satisfies n2 · (z − a) ≥ t, n0 · (z − a) ≥ 0, and remains on or after the first line. Each of the
lines n1 · (z − a) = t and n2 · (z − a) = t is crossed exactly once. Hence the concatenation is simple
and recoverable for a fixed t.

Average first over t ∈ [R, 2R]. Equation (7.3) retains first-exit mass ≳ R−1/4 at q ≥ δR. The
second triangle then gives total two-exit mass ≳ R−1/2. The part with X < ηR is at most

O(R−5/4)
∑

δR≤q≤4R

∑
X<ηR

k(q, X) ≲δ ηR−1/2,

by (7.2) twice. Choose η > 0 small enough. The final triangle escape therefore gives averaged mass
≳ R−3/4 of these three-exit paths with q ≥ δR and X ≥ ηR.

Partition [R, 2R] into a fixed number of windows shorter than min(δ, η)R/2, and retain one
window J with the same lower average. On the fixed measure µ of all half-plane returns from a,
weighted by κℓ, let Et be the deep three-exit event just constructed and put

Y (γ) = average
t∈J

1Et(γ).
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Thus
∫

Y dµ ≳ R−3/4. If t < t′ in J , the simultaneous event has crossings in the order

(n1, t), (n1, t′), (n2, t), (n2, t′).

Indeed the depth restrictions put p1(t′) before the (n2, t) line and p2(t) after the (n1, t′) line. Splitting
at these unique crossings leaves a prefix, a middle link and a suffix, each of cost O(R−1/4) by triangle
escape or the convex diameter bound, and two difference bridges. Therefore

µ(Et ∩ Et′) ≤ CR−3/4B2
|t−t′|/d0

,

∫
Y 2 dµ ≤ CR−5/4.

The convention B0 = 1 includes ties. Cauchy–Schwarz now gives µ{Y > 0} ≳ R−1/4. All these
returns end at a distance between fixed positive multiples of R from a; monotonicity of Kl gives
Kl ≳ l−5/4, completing the proof.

The following confinement estimate will keep the connectors in the cylinder construction and
the later sewing argument inside prescribed channels.

Lemma 7.2 (Narrow-channel bridges). Fix an absolute constant A sufficiently large. There are
constants C, R0 > 0 such that, for every strip of height H ∈ d0Z>0 with row-boundary caps normal
to one of the directions nj, every starting port on one cap, and every integer M ≥ 1 with H/M ≥ R0,
the critical mass of bridges whose transverse displacement from the starting port stays at most
4AH/M throughout is at least

e−CM (H/M)−1/4.

In particular, for every fixed transverse tolerance τ > 0, restricting the displacement to at most τH
retains mass comparable to H−1/4 for all sufficiently large admissible H, with constants allowed to
depend on τ .

Proof. Put s = H/M . Choose the M − 1 internal cap levels independently in windows of length
comparable to s around the equally spaced levels, so every piece has height between s/2 and 2s. At
each piece require transverse excursion at most A times its height and an endpoint shift directed
towards the original axis. Reflection retains at least half the mass after the excursion restriction;
the diameter tail and the two-sided strip bound make the retained mass at least cs−1/4 when A is
large. Successive starting offsets have absolute value at most 2As: each shift points towards zero
and has magnitude at most 2As. Every point of the concatenation therefore has offset at most 4As.

Let µ be critical weight on bridges from the prescribed starting port between the two fixed outer
caps. For a list t of internal levels let Et be the event that the bridge has the prescribed confined
pieces, and define

Y (γ) = average
t

1Et(γ).

Each level is crossed uniquely, so decomposition at a fixed list is injective and∫
Y dµ ≥ cM s−M/4.

For two lists, split at both levels in each internal window. There are M intervening pieces of height
comparable to s, and M − 1 difference bridges within the windows. Dropping the confinement and
avoidance constraints bounds the former by strip masses; averaging each latter factor B|ti−t′

i|/d0

costs at most Cs−1/4. Consequently∫
Y 2 dµ ≤ CM s−(2M−1)/4.
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This also covers M = 1, when there are no internal levels. Cauchy–Schwarz gives µ{Y > 0} ≥
e−CM s−1/4, as claimed. For a fixed tolerance choose a fixed integer M ≥ 4A/τ and combine the
lower bound with the strip upper bound.

7.2 A barrier estimate on the cylinder

Take the quotient by N horizontal lattice steps. We first construct essential polygons in slabs whose
height is proportional to the period. Their positive mass will then control the vertical extent of
other polygons and arches.

Proposition 7.3 (Essential polygons in a slab). There are absolute constants c, C > 0 such that, for
every sufficiently large integer N and every horizontal slab S of height CN in the cylinder obtained
by quotienting by N horizontal lattice steps,∑

γ⊂S
γ simple essential polygon

κℓ(γ) ≥ c.

Here essential means noncontractible in the cylinder, and the polygons are unoriented and unrooted.

Proof. Each endpoint of an arch will first exit a triangle, then cross a narrow tilted strip, and finally
exit a second triangle at a common top level. We join these two endpoint collars above that level.
A second moment estimate over the collar cuts gives confined arches; joining an upper and a lower
arch and averaging over their base level gives the slab bound.

Collars. We give the construction with details of aperture restrictions because long-arch confine-
ment in the periodic direction matters here. At a horizontal row boundary of level y0 in the middle
region, take two midpoints p, q with horizontal separation D ∈ [N/2 − ϵN, N/2 + ϵN ], q to the right
in the lift. We build an arch from p to q above the line, of height O(N) and horizontal span < N .
The construction has symmetric independent collars at the endpoints. At p:

• Exit T (p, n0, s1) at p1 on the side normal to n1, requiring n0 · (p1 − p) ≥ ηN .

• Make a bridge along n1 to level s2 relative to p, ending at p2, in a narrow tube transversely
around the n1-line from p1.

• Exit T (p2, n1, h − n0 · (p2 − p)) at ph on the side normal to n0 (level y0 + h). This size is
half-odd in units of d0 since p2 is a midpoint in the tilted line.

Reflect these instructions at q to obtain qh. Figure 3 shows the two collars, their tilted renewal
cuts and the common top line. Use the following independent windows (except that h is shared
by both collars). Put t∗ = (1/4 − 2ϵ)/d0; choose s2/N in a small window about t∗, h/N in
t∗/2 + [0.9, 1.1]δh, s1/N ∈ [δ1, 2δ1], on admissible levels (s1, s2 half-odd multiples, h integer multiple
of d0). Here ϵ > 0 is small, then δh sufficiently small compared with ϵ; the half-width of the s2/N
window and δ1 are both sufficiently small compared with δh. Choose η > 0 sufficiently small given
these, and tube radius a sufficiently small fixed multiple of N compared with ηN .

Thus the bridge after the deep exit stays above y0, and both it and the first triangle stay below
the lowest available top level y0 + hmin by a margin comparable to δhN . Indeed before the last
triangle the maximal vertical rise from p is at most s2/2 + O(δ1N + tube radius), and p2’s height is
within this error of y0 + s2/2. The left collar has horizontal displacements from p between −O(δhN)
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shared level y0 + h

base level y0

s1

s2

connector above the top level

p q

p1

p2

ph qh

narrow bridge
along n1

reflected
collar at q

D = N/2 + O(ϵN)

Figure 3: The two endpoint collars and their completion, shown in the planar lift. Each collar
first exits a small triangle, crosses a narrow tilted strip between the cuts s1, s2, and exits a final
triangle at the common height h. The tilted cuts are chosen independently at the two endpoints;
only h is shared. The first triangles and the bridges stay below every allowed top level, and the
connector stays above the chosen top level. These separations recover the pieces at the unique tilted
crossings and the two top crossings. Paths are schematic; collar widths and vertical clearances are
exaggerated.

and (1/4 − 2ϵ)N + O(δhN), the endpoint near the latter within O(δhN), by n1 = (d0, 1/2); similarly
on the right. Thus collars are separated, themselves simple by the transversal renewals, and each
last triangle still stays strictly above the base (its diameter is O(δhN)), and terminal horizontal
separation is in [ϵN, 7ϵN ].

Completion. Complete by a half-plane arch joining ph, qh above, with diameter ≤ N/10. This
has no unwanted contacts and the whole arch projects simply.

Averaged over the parameters the product mass M0 of collars before completion is ≳ N−6/4: for
each, the averaged deep first exit is (7.3), the narrow bridge is supplied by Lemma 7.2, and the last
triangle uses (7.1). This mass is independent of D.

Without truncating the connector diameter, the sum of product weights including the connector
is at least c0(ϵN)−5/4M0 for each D, with absolute c0 > 0, by Kl. The loss by truncation, summed
over the integer D’s, is at most C0N−1/4M0, also with an absolute constant, since for fixed collars
varying D just translates the right endpoint, and we have the completed-path diameter bound.
Hence for ϵ chosen sufficiently small, at least three quarters of the choices of D retain averaged mass
≳ N−11/4. The concatenation (truncated) is injective for fixed parameters: the top level is crossed
precisely twice and on each collar the tilted levels have unique crossings.

Second moment over collar cuts. Fix one of the retained separations D and the endpoints p, q.
Let µp,q be critical weight on all simple half-plane arches from p to q. A cut list is ϑ = (sp

1, sp
2, sq

1, sq
2, h),

with the five independent window laws above. Write Eϑ for the event that an arch admits the
prescribed collar decomposition and truncated connector, and set

Y (γ) = average
ϑ

1Eϑ
(γ).
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The recovery observation gives
∫

Y dµp,q ≳ N−11/4. To bound its second moment, compare two lists
on this same arch measure. Their joint mass is at most

CN−11/4B2
|h−h′|/d0

∏
both collars

B|s1−s′
1|/d0 B|s2−s′

2|/d0 .

In fact before the first crossing of the lower of the two top levels, both tilted levels of each list on
the p collar were already crossed uniquely (they are reached strictly below all possible top levels, in
the first two pieces, then not crossed again on the collar). Thus chronologically split at these four
tilted lines. Prefix to the lowest costs O(N−1/4); from the larger first to the smaller second another
O(N−1/4); from the largest to the lower top level, start with normal n1 and end with normal n0
within the convex wedge on the proper side of both lines, costing O(N−1/4) by the diameter bound
(vertical gap ≳ N). The small intervening bridges yield the indicated difference factors.

Similarly split from q, leaving two vertical bridges of gap |h − h′| and a top connector bounded
by Kl = O(N−5/4) using endpoint separation for the higher-top choice. This proves the bound
including ties. Each of the four tilted difference factors averages to O(N−1/4); the shared top-level
pair averages to O(N−1/2). Thus∫

Y 2 dµp,q ≤ CN−17/4, µp,q{Y > 0} ≥ (
∫

Y dµp,q)2∫
Y 2 dµp,q

≳ N−5/4.

This is the confined arch mass on each retained choice of D.

Slab barrier. The confined arches can now be joined across a base level and averaged over that
level. At least three quarters of the choices of D are retained for the upper arch. The same holds,
after D 7→ N − D, for the lower arch joining q to p + N . Their intersection therefore contains a
positive fraction of all choices. Joining and projecting, summing over both points with at most
bounded overcount, gives mass ≳ N−1/2 for polygons crossing the specified y0 exactly twice at such
separated points and staying in our slab.

Let ν be critical weight on unoriented unrooted simple essential polygons in the fixed slab. For
a base level y0 in the middle window, let Fy0 be the event just constructed, including its upper
and lower arch restrictions. We have ν(Fy0) ≳ N−1/2. For two levels y0, y′

0 the joint mass is
≲ N−1/2B2

|y0−y′
0|/d0

: split into upper and lower arches at the higher and lower levels respectively
(each costing O(N−5/4) with endpoints given), and two intervening bridges, summing over O(N2)
endpoint pairs on one level and then bounding bridges separately with other ends free. Each simple
arch in the cylinder lifts with endpoint displacement at most N (larger gives interleaving and
intersection with its translate), so has at most two endpoint choices given the start and projected
end. For Y0 = averagey0 1Fy0

, averaging over the window of order N therefore gives∫
Y0 dν ≳ N−1/2,

∫
Y 2

0 dν ≲ N−1.

Cauchy–Schwarz yields ν{Y0 > 0} ≳ 1, proving the slab bound.

Positivity of the negative polymer polynomial. We next obtain a partition-function compar-
ison that turns the slab mass into a penalty for large height. The positivity statement below holds
for every integer period, including the smallest ones. Let D be the finite cylinder between horizontal
row-boundary caps. Write its height as H = hd0, with h ≥ 1 an integer, and retain distinct edges in
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the quotient by N ≥ 1 horizontal lattice steps. A simple polygon is an embedded closed curve in
this cylinder; it may therefore have two edges when the quotient has parallel edges. Let P be the
finite set of these polygons. For 0 ≤ β′ ≤ 3/8, put

α = πβ′/3, x = (2 cos α)−1, ω(L) = x|L|
{

−2 cos(4α), L contractible,

−2 cos(2α), L essential.

For every A ⊆ P, define

Q(A) =
∑

F⊆A
polygons in F mutually disjoint

∏
L∈F

ω(L).

The empty system contributes 1. We will use positivity not only for the full cylinder but for every
set of available polygons.

Proposition (Positivity on all polygon subsets). For every integer period N ≥ 1, every finite height
h ≥ 1, every 0 ≤ β′ ≤ 3/8, and every A ⊆ P, the polynomial above satisfies Q(A) > 0.

Proof. We first describe the quotient at the short periods. After a lattice translation put the bottom
cap at level zero. Set a = (1, 0) and b = (1/2, d0), and denote the centers of the triangles

Ui,j = [ia + jb, (i + 1)a + jb, ia + (j + 1)b],
Di,j = [(i + 1)a + jb, ia + (j + 1)b, (i + 1)a + (j + 1)b]

by the same letters. Here i is taken modulo N and 0 ≤ j < h. The links inside row j are Ui,jDi,j

and Di,jUi+1,j ; the links between rows are Di,jUi,j+1 for j < h − 1.
If N = 1, the two links in each row are distinct parallel edges between its two centers. Each link

between rows is a bridge of the finite graph, so no polygon uses it. Consequently the only polygons
are the h mutually disjoint essential two-edge row cycles. For any subset A,

Q(A) =
(
1 − 2 cos(2α)x2)|A| =

( 1
2 cos2 α

)|A|
> 0.

This proves the assertion at period one, including both parameter endpoints.
If h = 1 at any period N , the graph is just one essential 2N -edge row cycle. The only nonempty

polymer subset therefore has polynomial

1 − 2 cos(2α)x2N ≥ 1 − 2 cos(2α)x2 = 1
2 cos2 α

> 0,

since 0 < x ≤ κ < 1 and cos(2α) > 0.
Suppose henceforth that N, h ≥ 2. The elementary polygon about the interior lattice point

ia + jb, 1 ≤ j < h, has successive centers

Ui,j , Di−1,j , Ui−1,j , Di−1,j−1, Ui,j−1, Di,j−1.

These six centers are distinct modulo N , even when N = 2. The polygon and its enclosed disk have
horizontal width 1 < N , so their projection is embedded and contractible. Elementary polygons
about adjacent points on an interior horizontal row share centers, and those about ia + jb and
ia + (j + 1)b share centers when both exist. They therefore form a connected overlap family. Every
triangle in the cylinder has a corner on an interior row because h ≥ 2, so every polygon meets
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at least one member of this family. Thus the incompatibility graph of all polygons, in which two
polygons are adjacent when they share a center, is connected for every N ≥ 2.

We recall the flux identity with detached polygons. Start at a bottom boundary port p and assign
a path the phase eiβ′W , where W is its total turn. At a previously unvisited center the two outgoing
turns are ±π/3, and 2x cos α = 1. If an incoming prefix returns to a center previously reached by a
stem, pair the two orientations of the unfinished loop there. They cancel the term stopped at the
stem with the corresponding detached polygon occupying that center. The incremental turns from
the stem are ±4π/3 for a contractible loop, whose source is outside, and ±2π/3 for an essential
loop. To see the latter value, an essential simple loop has total turn zero in flat cylinder coordinates:
under the exponential map to the punctured plane its Jordan-curve turn ±2π is supplied by the
winding of the frame. In either case subtract twice the closing turn at the center from the loop’s
total turn, since departure from the stem turns oppositely. This gives exactly the two cosine factors
in ω(L).

Summing these cancellations gives the signed exit identity

Q(P) =
∑

γ: p→∂D

x|γ|eiβ′W (γ)Q
(
{L ∈ P : L ∩ γ = ∅}

)
.

Here paths stop at their first boundary exit, and length counts visited centers. The real coefficients
of all path terms are positive: lifted bridges have turn 0, and lifted same-cap arches have turn ±π.
At β′ = 0 and 0 ≤ x ≤ 1/2, the same calculation includes additional defect terms on the right, each
with factor 1 − 2x times an incoming prefix weight and the polynomial of its available detached
polygons. These terms are nonnegative whenever all subset polynomials are nonnegative.

Continue first from x = 0 to x = 1/2 at β′ = 0, and then along the critical parameters up to but
excluding β′ = 3/8. If some subset polynomial first became zero, all subset polynomials would be
nonnegative at that parameter. Choose an inclusion-minimal zero subset A. It is nonempty and all
its proper subset polynomials are positive. Every individual polygon weight is strictly negative at
this first zero. If L /∈ A conflicts with some member of A, the deletion identity gives

Q(A ∪ {L}) = Q(A) + ω(L)Q
(
A \ N (L)

)
< 0,

where N (L) is the set of polygons meeting L. Connectedness of the incompatibility graph therefore
forces A = P. In the real flux identity all terms are then nonnegative. A bridge obtained by
successively visiting Ui,j , Di,j in every row has positive weight and deletes at least one elementary
polygon. Its residual polynomial is a proper-subset polynomial and hence positive, contradicting
Q(P) = 0.

At β′ = 3/8, all subset polynomials are nonnegative by continuity, contractible polygon weights
are zero, and essential polygon weights are −

√
2κ|L|. Adding a polygon can only decrease a subset

polynomial, by the same deletion identity. Thus a zero subset would force Q(P) = 0. In the real
flux identity the displayed bridge excludes every essential polygon by separation of the two caps.
Its residual polynomial is exactly 1, since the remaining contractible polygons have zero weight.
Its strictly positive contribution again contradicts Q(P) = 0. This completes the proof of strict
positivity at every period and on the entire closed interval.

Deletion ratios and the free-energy bound. With positivity on all subsets established, we
compare the full partition with the partition obtained by deleting polygons that hit a given path
or polygon. At the endpoint parameters let ZH(t) use essential polygons only, with factor −t,
0 ≤ t ≤

√
2. Positivity for all subsets continues to hold by multiaffinity (average over deletions). If
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HH(γ; t) denotes the polynomial restricted to polymers not hitting γ, divided by ZH(t), then the
following bound measures the cost of the deletion:

HH(γ; t) ≥ exp

t
∑

ℓ essential, ℓ∩γ ̸=∅
κ|ℓ|

 . (7.4)

Indeed insert the missing polymers one by one; at each insertion the polynomial decreases by tκ|ℓ|

times a compatible subpartition, at least tκ|ℓ| times the current polynomial, by positivity on all
subsets. With one starting point at the bottom the real flux identity becomes

1 = Bcy
H /ZH(

√
2) + c

∑
γ arch

κ|γ|HH(γ;
√

2)

where Bcy
H sums cylinder bridges. For H ≥ N , the arch part includes ordinary base returns in a

small centered triangle of size comparable to N , so Bcy
H /ZH ≲ N−1/4 by S.

The bridges themselves have mass at least e−CH/N N−1/4 by Lemma 7.2 with M of order H/N
chosen to fit strictly inside the period. Therefore

− log ZH(
√

2) ≤ CH/N, H ≥ N. (7.5)

For the bounded set of periods below the threshold needed by the narrow-channel construction,
the explicit bridge above gives ZH(

√
2) ≥ κ2h when N, h ≥ 2. The same inequality for N = 1 or h = 1

follows directly from the displayed row-cycle formulas. Thus the same bound − log ZH(
√

2) ≤ CH/N
holds after enlarging the absolute constant. The endpoint positivity and deletion monotonicity give
the same upper bound for − log ZH(t) when 0 ≤ t ≤

√
2.

Differentiation gives ∫ √
2

1

∑
ℓ essential

κ|ℓ|HH(ℓ; t) dt ≤ CH/N. (7.6)

Height tails. The bounded periods also have a uniform slab lower bound: each triangular strip
contains the essential 2N -edge row cycle, of weight κ2N , whose minimum over these finitely many
periods is positive. Taking the slab-height constant large enough to contain a full triangular strip
therefore extends the barrier lower bound to them. Consequently the following height estimates use
constants independent of the period.

The following consequences will be used in the nesting comparison. They also hold in either
other lattice-axis orientation.

Proposition (Cylinder barriers and height tails). On the infinite cylinder of period N , the individual
critical weights of essential polygons meeting a fixed horizontal level have bounded sum. From a
fixed bottom port in a semi-infinite cylinder, arches reaching height s have mass at most Ce−cs/N .
For s ≥ 1, all polygons meeting a fixed level and with height span in [s, 2s] have total mass at most
poly(N, s)e−cs/N , with a fixed polynomial bound.

Proof. We combine (7.4) with Proposition 7.3 to control vertical span. An essential polygon with
vertical height span s, or an arch from the bottom reaching up by s, must hit all short essential
polygons in each slab completely traversed. Using order s/(CN) disjoint slabs and the slab mass
bound gives HH(γ; t) ≳ exp(c′s/N) for t ≥ 1, c′ > 0.

Consequently the unadorned mass of essential polygons meeting a given horizontal line on the
infinite cylinder is O(1): sum by spans between jN, (j + 1)N , each time using a containing cylinder
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of height O((j + 1)N) and the last integral bound. The unadorned arch mass from a fixed base
midpoint reaching s in a semi-infinite cylinder is ≲ e−c′s/N by the arch flux bound and exhaustion.

We explain also the height-tail bound for unmarked polygons. For N ≥ 3 a polygon of large
height can be opened into such an arch at the bottom of its lowest occupied triangle row by
bounded-cost surgery.

In that row an upward triangle center v must occur (any downward triangle there needs a tilted
connection to such a center), using both tilted neighbors w±. If one such neighbor uses its other
tilted connection to another upward center u, cut that segment v, w, u (remove w) and attach v, u
to the base line directly.

Otherwise both neighbors continue north and the upward centers across their other tilted
connections are unoccupied (being occupied would force both slants there). Remove v and attach
w± to the base via these free centers.

In either case the surgery yields a simple arch, still reaching within bounded distance of the
same height, with bounded multiplicity given the local surgery site.

For N = 2, every polygon occupying more than one triangular strip uses exactly one of the two
upward centers in its lowest strip. Indeed both upward centers would each have to use both tilted
links, forcing the polygon to be the four-edge row cycle. Thus both downward centers are used and
continue into the next strip, while the other upward center is unoccupied. Replace the two-link
segment through the occupied upward center by the two-link segment through the other one. This
gives a simple polygon of the same length and exactly the same minimum and maximum heights.
The two alternative segments together form the essential four-edge row cycle, so the replacement
changes the winding number by 1 or −1 and takes a contractible polygon to an essential one. The
operation is an involution, recovered from the lowest strip, and hence is injective. The already
established essential-polygon tail therefore bounds these contractible polygons as well. At N = 1
every polygon is a row digon and has bounded height span. These two cases complete the height-tail
argument at the remaining periods.

Thus polygons meeting a given level with span between s and 2s have mass ≤ poly(N, s)e−c′s/N ,
by summing arch bounds and surgery locations. Rotation gives the same argument in either other
lattice-axis orientation.

These tails allow the nesting comparison in the next subsection to discard separators with
excessive vertical or horizontal span.

7.3 Passing to local nesting and bulk length

In the plane let Z(R) be the positive partition function (including empty) of mutually disjoint
simple polygons surrounding a given triangular lattice point, within radius R of it, factor 2 per
polygon, activity κlength. We claim

Z(R) = R1/12+o(1).

Indeed on the even cylinder with antipodal marked points on the same level we computed Z =
N1/6+o(1) for factor 2 on separating polygons. It bounds Z(c1N)2 above for sufficiently small c1 > 0
(that is, Z ≥ Z(c1N)2). Conversely we can disregard essential polygons at bounded multiplicative
cost in an upper bound for Z, since they must meet the joining segment and the sum of their
single-loop weights is bounded. A contractible separator lifts uniquely around a specified preimage
of the marked point on its inside, by simplicity (translated lifts have disjoint interiors). Hence its
vertical extent straddles the common level. Those with vertical span above N1+ξ, for any fixed
ξ > 0, are negligible in individual weight sum by the height tail. For the rest, if horizontal span in
the lift exceeds N1+2ξ, project the specified lift around its marked point instead onto a cylinder
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tilted by 60◦ with integer period length between 4N1+ξ and 5N1+ξ. It projects injectively even
including the disk inside, by its narrow vertical span, and can be recovered from this polygon by the
mark; it meets the level there of the mark and its span normal to the new period is of order at least
N1+2ξ. The same height tail discards these as well. Disregarding all discarded polygons costs at
most the exponential of twice the sum of their individual weights. All others split into the two types
by the point inside, lifting to disjoint plane polygons within each type and supported up to radius
CN1+2ξ; systems inject accordingly. Thus Z ≲ Z(CN1+2ξ)2. Both comparisons, monotonicity and
then ξ ↓ 0 give the claim.

Proposition 7.4 (Boundary occupancy). Let D be a finite convex tiled domain and let e be an
internal honeycomb link crossing a tiling edge [y, z]. If UD(e) is the critical mass of paths using
e with ordered free boundary ports, and ZD(y), ZD(z) are the positive enclosing-polygon partitions
with factor 2, then

UD(e) ≍ ZD(y) + ZD(z).

The comparison constants are absolute.

Proof. We compare the two enclosing-polygon partitions with a signed exit sum from the cut link,
then recover the complete chords using that link.

Cut-link identity. Let D be a finite convex tiled domain, e an interior link (identified with the
midpoint of a tiling edge [y, z]). Cut e, producing two boundary ends at the same midpoint. Let Ze

count detached systems of pairwise disjoint simple polygons in this cut domain surrounding that
midpoint, factor 2 and critical weight as above. For either choice of cut end as source, the total
signed exit mass to the outer boundary in the cut domain has real part

Se = Ze + 1√
2(My + Mz).

Here My sums a polygon using e (unoriented, weight without factor 2), having y inside, together
with an exterior system of detached polygons as for Ze, avoiding that polygon; and similarly for Mz.

Indeed transport prefix flux κ|η| exp(iβW (η)) from this source with any disjoint detached polygons
of the specified kind allowed. At a free next triangle center, not previously visited and not occupied
by a detached polygon, the two continuations conserve flux with these same polygons. Incoming
prefixes returning toward a previously visited center pair by reversing the unfinished polygon there,
going back to the first visit. Their turn increments beyond the incoming stem before first visit are
total turn of the polygon minus twice its closing turn there (the departure from the stem turns
oppositely instead). Thus they are ±4π/3 if the stem came from outside (closing turns convex),
±8π/3 if from inside (closing turns concave); indeed the stem is attached along the unique unused
ray and cannot intersect the polygon, so its side is determined by whether the polygon surrounds
the cut source. The phases sum to zero outside, and inside both equal −1, canceling the term with
the prefix stopped at the incoming stem and that same polygon detached instead, of relative weight
2 times the polygon weight. This partitions the blocked arrivals (at previously visited centers or
centers occupied by detached polygons), establishing the exit identity with initial value Ze. Paths to
the outer boundary admit no detached polygons by separation. The other exits end at the opposite
cut end and close a polygon once with turn ±2π, real phase −1/

√
2 and allowed detached systems

necessarily exterior to it. This proves the formula. Also the centered partition functions at y, z in D
are respectively ZD(y) = Ze + 2My, ZD(z) = Ze + 2Mz by testing crossings of [y, z]. Indeed disjoint
polygons about y either all avoid e, hence all surround the midpoint, or just one uses it (the only
possible crossing of this segment), and this one must be innermost since it encloses y but not z.
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Recovering complete chords. For an ordinary outer source a, in the cut domain without
detached loops the same contour works with initial value 1 (stem never inside). Subtract the uncut
exit identity to see that the signed mass of complete outer paths from a using e equals the signed
exit to the cut ends. Summing over all boundary sources and reversing these prefixes, the real mass
becomes 2Se. All real weights on complete chords are comparable to unsigned ones. Consequently
for free boundary endpoints the unsigned mass of complete paths using e satisfies

UD(e) ≍ ZD(y) + ZD(z)

with absolute constants.

The bounded-factor nesting estimate in the next section will turn this identity into the sharp
first-length mass used in the exterior sewing argument.

8 Bounded-factor nesting estimates
The exponent-level saturation proved above identifies a nonzero normalization. We now strengthen
both the comparison between plane and cylinder and the analytic estimate. The first removes large
polygons at bounded cost; the second proves convergence of the normalized edge contributions.
Together they prove the first assertion of Theorem 1.3.

8.1 Uniform geometric comparison

The height tails of the preceding section discard polygons much larger than the period, but their
polynomial prefactor does not yet give a bounded cost at scale N . We first bound the individual
polygon mass in each planar diameter annulus. A refinement of the cylinder free-energy estimate
will then leave only a uniformly bounded number of exceptional annuli.

Keep β = 3/8. Let D be a finite cylinder between flat caps, or a finite convex tiled polygon in
the plane. Write QD = ZH(

√
2) in the cylinder and QD = 1 in the plane, and use the same notation

for restrictions of the available essential polygons. All these polynomials are positive. For a set K
of occupied centers put

HD(K) = QD\K/QD,

where the numerator removes the essential polygons hitting K. These ratios increase as the available
polygon set grows. Indeed, for one deleted polygon v in a set P ,

QP

QP \v
= 1 − tκ|v| QP \N [v]

QP \v
,

where N [v] is its closed conflict neighborhood. Induction on |P |, deleting its neighbors successively
in the smaller set, gives the claim; extra neighbors only increase the deletion ratio. Products give
the assertion for several deletions. The same reasoning applies for 0 ≤ t ≤

√
2.

Write Y(y) for the partition with these essential polygons and, in addition, mutually disjoint
contractible polygons enclosing the triangular lattice vertex y, each with factor 2. Expanding in the
enclosing polygons leaves positive restricted essential partitions, so Y(y) ≥ QD, including when y
lies on a cap.

For a simple polygon L ⊂ D and a boundary source a, let P (a, L) be the real part of the
normalized signed mass of stems first hitting L. Stop a stem at the incoming midpoint before
visiting its first center of L; include all essential polygons disjoint from the stem and L, and divide
by QD\L. The contour identity identifies this with 1 minus the real normalized mass exiting to the
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original boundary in the domain with L removed. This convention gives P (a, L) = 1 if the first
center towards which a points has been removed. Since outer-exit real phases are positive and the
deletion ratios increase before removal,

1 ≥ P (a, L) ≥
∑

γ: a→∂D
γ∩L̸=∅

κ|γ| cos(βW (γ))HD(γ) ≥ 0. (8.1)

Lemma (A primitive of the boundary flux). Choose a dual-edge chain Γ from a boundary lattice
vertex y0 to an interior lattice vertex y. For an oriented honeycomb link, count a crossing of Γ
positively when the chain goes from its right face to its left face. Let crΓ(γ) be the sum of these signs
along a completed path and set

I = ℑ
∑

a∈∂D

∑
γ: a→∂D

crΓ(γ) κ|γ|eiβW (γ)HD(γ).

The sum over a is over all ordinary boundary ports. Then

2
∑

L contractible enclosing y

κ|L|HD(L)
∑

a

P (a, L) ≤ |I| +
√

2
∑

L essential
κ|L|HD(L)

∑
a

P (a, L). (8.2)

The essential sum is absent in the plane.

Proof. We compute the same prefix current in two ways. For a prefix η from a to an oriented
internal-link midpoint e, write ϵΓ(e) for the crossing sign just specified, or zero if the chain does not
cross e. Define

J = ℑ
∑

a∈∂D

∑
e,η: a→e

ϵΓ(e) κ|η|eiβW (η)HD(η).

Only centers already visited by η are deleted in HD(η). Repeated chain crossings, if present, are
counted with their signed multiplicities. Figure 4 records the orientation convention.

e

y z

left face right face

crossing sign +1
(a) Dual edge [y, z], traversed from z to y

L (counterclockwise)
∂D

y0
y

crΓ(L) = 1

(b) Net crossing equals enclosure

Figure 4: The crossing convention for the current primitive. (a) The oriented honeycomb link
e crosses the tiling edge [y, z]; the dual traversal from its right face to its left face has sign +1.
Reversing either orientation reverses this sign. (b) For a counterclockwise contractible polygon, the
interior lies to the left. Hence a dual chain from the exterior boundary gap y0 to y has net crossing
1 if the polygon encloses y, and 0 otherwise. The global polygon and chain are schematic. These
are topological crossing signs; the imaginary prefix-current coefficient is computed separately in the
proof.
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Reverse at the cut link. Reverse the prefixes ending at e and apply the cut-link calculation
from Proposition 7.4. Permit contractible detached polygons about the cut midpoint with factor
2, and retain the essential detached polygons. The essential blocked-loop turns are still ±2π/3,
irrespective of the stem side, so their cancellation is unchanged. A return through the cut along an
essential polygon has turn zero. A contractible return has turn ±2π; reversal conjugates the phase
and exchanges the two link directions. Thus the imaginary current across a dual edge is −1/

√
2

times the left-minus-right difference of the centered partitions, divided by QD. Each enclosing
polygon crossing that dual edge is counted once with its factor 2. Along outer exits from the cut no
enclosing contractible polygon remains. Telescoping from y0 to y therefore gives

J = −Y(y)/QD − 1√
2

. (8.3)

Here Y(y0) = QD because a contractible polygon in D cannot enclose a boundary vertex.

Continue the prefixes. Instead continue each prefix to its first exit, treating its past centers as
additional deleted boundary. The starting residual partition is exactly the one already attached
to the prefix. A loop in this continuation cannot surround its source, which remains accessible
along the past. The exits are either completed boundary paths, giving I, or blocked returns to a
past center. Each blocked return consists uniquely of a first-hitting stem followed by an incomplete
simple polygon; all detached polygons avoid both pieces.

Pair the two orientations of this polygon, including their opposite link-crossing signs. The
coefficients of their circulation are

polygon additional turns oriented phase difference
contractible ±4π/3 eiπ/2 − e−iπ/2 = 2i

essential ±2π/3 ±(eiπ/4 − e−iπ/4) = ±i
√

2.

For a contractible polygon, the counterclockwise integrated crossing equals its enclosure indicator at
y. The imaginary part of 2i times its signed stem weight is twice the real stem weight, namely the
factor P (a, L) after normalization. An essential polygon has integrated crossing of modulus at most
one. Consequently, with

A =
∑

L contractible enclosing y

κ|L|HD(L)
∑

a

P (a, L),

this second computation reads

J = I + 2A + E, |E| ≤
√

2
∑

L essential
κ|L|HD(L)

∑
a

P (a, L). (8.4)

Combining the two computations gives

2A + Y(y)/QD − 1√
2

= −I − E.

The additional term on the left is nonnegative, proving (8.2).

A planar annular bound. For s ≥ 1, take a regular lattice hexagon of inradius comparable to
s about y. Only chords separating y from y0 contribute to I, with net crossing of modulus one.
From a source a such a chord has diameter at least a constant times min(s, |a − y0|). Summing the
boundary diameter estimate over the ports gives |I| ≤ Cs3/4.
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Enlarge the hexagon by a fixed factor. A polygon enclosing y with diameter in [s, 2s] lies inside
it and has transverse span at least cs in one pure direction. For order s sources on the corresponding
cap, choose parallel tubes of width a sufficiently small multiple of s, with axes in the central part of
that transverse span. The polygon has a subarc crossing each tube from one lateral side to the other.
Every confined path between the two caps in that tube must therefore hit the polygon. Lemma 7.2
and (8.1) give ∑a P (a, L) ≥ cs3/4. Applying (8.2) in the plane yields∑

L⊃inty: diam(L)∈[s,2s]
κ|L| ≤ C. (8.5)

Cap-source bounds on a cylinder. If y is at distance at least a fixed positive multiple of
N from both caps, the same current satisfies |I| ≤ CN3/4. Bridges have real phase and give no
imaginary contribution. A same-cap path separates the cylinder after closure along its cap, so its
net contribution has modulus at most its mass and requires lifted diameter at least a constant times
min(N, dist(a, y0)).

For r ≤ c1N , the real normalized completed mass from one cap source with diameter above r is
O(r−1/4). Indeed its complement contains the base returns in a centered triangle of size comparable
to r, with deletion ratios at least one; subtract their mass from the positive contour identity. The
same comparison in the domain with L removed gives

P (a, L) ≤ C
(
1 + min(N, dist(L, cap of a))

)−1/4
. (8.6)

These bounds will control the source sums in (8.2).

Lemma (All but boundedly many dyadic heights). For each u > 0 there is Cu < ∞, independent
of N , such that all but at most Cu heights Hj = d0N2j, j ≥ 0, satisfy∑

L essential in the Hj-slab
κ|L|Hslab(L) ≤ euHj/N . (8.7)

The property is unchanged by admissible translation of the caps. We call these heights good; the
exceptional indices need not lie in a bounded interval.

Proof. Put FH(t) = − log ZH(t). Restricting to disjoint subslabs and using deletion monotonicity
shows that FH is superadditive in height. The free-energy bound (7.5) makes

aj =
NFHj (

√
2)

Hj

a nondecreasing sequence in [0, C], apart from a fixed initial range which can be included among
the exceptions. Fix a sufficiently large dyadic integer k = 2r, depending on u. Since∑

j≥r

(aj − aj−r) ≤ rC,

at most 4rC/u indices violate

FH(
√

2) − kFH/k(
√

2) ≤ uH/(4N).

This proves the required uniform count at the first step.
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For h = H/k ≫ N , (7.6) bounds the unadorned essential-polygon mass by Ch/N . Restricted
partition polynomials are at most 1, and Zh(t) ≥ e−Ch/N . Hence

0 ≤ F ′
h(t) ≤ C(h/N)eCh/N , 0 ≤ t ≤

√
2.

For t ∈ [
√

2 − e−2Ch/N ,
√

2], superadditivity and the preceding increment bound give

FH(
√

2) − FH(t) ≤ uH/(3N)

after adding a bounded initial set of indices to the exceptions. Each deletion-ratio numerator
increases as t decreases. Every summand of F ′

H(t) in this interval is therefore at least its endpoint
value times e−uH/(3N). Integrating and using (7.6) gives∑

L essential
κ|L|Hslab(L) ≤ C(H/N)e(u/3+2C/k)H/N ≤ euH/N .

Choose k large enough and again include the bounded initial range among the exceptions. All
bounds are invariant under row translations.

Contractible polygons at a good height. Choose u > 0 small enough for the barrier comparison
below. For a good height H, contractible polygons enclosing y with vertical span in [H/4, H/2]
have total mass at most Ce−cH/N . To prove this, bin their minimum levels into intervals of width
δN . Since each polygon encloses y, there are Oδ(1 + H/N) bins. For one bin take an encompassing
slab of height H, starting just below it. Inside this slab vary the two caps of a smaller containing
cylinder in windows of length comparable to δN , so each polygon remains at a lower-cap distance
between δN and 5δN .

Apply (8.2) and average over the caps. On its right, enlarge the deletion ratios to those of
the encompassing slab. For each included essential polygon, the averaged sum of P (a, L) over cap
sources is Oδ(N3/4) by (8.6); give excluded polygons contribution zero. The good-height bound
controls the remaining essential sum by euH/N , while |I| = Oδ(N3/4).

On the left, the slab barriers give each polygon a deletion ratio at least cec0H/N . Its source sum
is at least cδN3/4. For the latter assertion use the confined upper arches from the slab construction,
between ports near horizontal offsets −N/4, +N/4 from a minimum point of the polygon. Their
separations lie in N/2 ± ϵN . For sufficiently small δ, the part of each arch below height 6δN stays
within N/10 horizontally of these two endpoints: the initial triangle is small, the tilted tube rises
above that height after its deep exit, and all subsequent pieces stay higher. Closing along the base
interval therefore surrounds the minimum point but not the maximum, forcing intersection. The
construction gives mass ≳ N−5/4 on order N2 endpoint pairs, hence the stated source sum by (8.1).

Taking u < c0 bounds the polygon mass in the bin exponentially. The number of bins is
polynomial in H/N and is absorbed by reducing the exponential rate. Thus∑

L contractible enclosing y
spanvert(L)∈[H/4,H/2]

κ|L| ≤ Ce−cH/N (8.8)

for every good sufficiently large height.

Proposition (Bounded cost of large specified lifts). Fix c2 > 0. On a cylinder of period N , the
total individual critical weight of contractible polygons enclosing a fixed mark y whose specified lifts
about a fixed preimage of y have diameter greater than c2N is bounded by Cc2, independently of N .
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Proof. The good vertical-span bands have summable total weight by (8.8). A uniformly bounded
number of exceptional bands remain, together with the band of vertical spans O(N).

Consider one exceptional band with upper scale S ≳ N . Its original vertical span is both at
most and at least fixed positive multiples of S. For the initial O(N) band put S ≍ N instead; its
lift diameter is bounded below by c2N . Choose a lattice period tilted by 60◦, of length comparable
to S and with vertical component greater than twice the original span upper bound. The specified
lift and its enclosed disk lie in a horizontal strip of that bounded width. They therefore project
injectively onto this tilted cylinder, since distinct period translates of the strip are disjoint. The
image is contractible and determines the original lift uniquely as the lift whose disk contains the
prescribed preimage of y. This map preserves weights and is injective on the class being counted.

Write s′ for the span normal to the tilted period and d for the lift diameter. If d is a sufficiently
large multiple of S, then s′ ≍ d: two nonparallel projections control diameter, and the original
vertical projection is O(S). Apply the good-height estimate on the tilted cylinder. Its good s′-bands
again have summable weight. It has only a uniformly bounded number of exceptional s′-bands, each
corresponding to a diameter interval with bounded ratio of endpoints, so (8.5) bounds each by a
constant.

The remaining class s′ = O(S) has d = O(S). In an original exceptional band it also has
d ≳ S by the original lower span bound. In the initial band its lower bound d > c2N is likewise
a fixed multiple of S. Thus this class is covered by a bounded number of planar diameter annuli,
with constants depending only on c2. Summing over the uniformly bounded number of original
exceptional bands proves the proposition. For the finitely many periods below the confinement
threshold, a simple polygon in a slab of height s uses at most O(N(1+s)) centers, so its lift diameter
is bounded by the same quantity. The cylinder height tails and the finite bounded-height graphs
therefore cover these periods after increasing the constant.

Discarding polygons from a positive separating-polygon partition costs at most the exponential of
their total individual weight times the loop factor: simply forget all avoidance restrictions involving
a discarded polygon. Every essential separator meets the horizontal segment between the antipodal
marks, so the essential-polygon bound applies to this family. Together with the proposition, it
therefore allows us to discard all essential polygons and all contractible lifts of diameter greater than
c2N at bounded multiplicative cost, for any fixed bounded positive loop factor. The planar annular
bound also makes a fixed change of c2 harmless. The remaining polygons lift to local systems about
one of the two antipodal marks. For loop factor 2, this is the plane/cylinder comparison written
explicitly in (8.12) below, where we specify the disk convention.

8.2 Uniform analytic comparison

Return to the notation of Section 5; in particular I =
∫
R V (s)ρ(s) ds again denotes the bulk constant,

not the complete-path current of the preceding subsection. We now sharpen the analytic estimate
at the two values needed for the physical ratio. The precise output is convergence of normalized
center values along finitely many residue classes. Saturation will make each of their limits positive.

Proposition (Classwise convergence of the normalization). For r ∈ {0, iπ/2} put

σ(r) = 3
8 + 2r2

3π2 , Am(r) = e−Im2
m−σ(r)Pm(er).

There are a fixed integer Q ≥ 1, a number δ > 0, and positive constants ab(r), 0 ≤ b < Q, such that,
as m → ∞,

Am(r) = am mod Q(r) + O(m−δ). (8.9)
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In particular,
Zm,m(1) = Pm(1)/Pm(i) ≍ m1/6. (8.10)

By lattice rotation the same bound holds in either other pure period direction.

Proof. Use the transformed sum (5.4), whose exponent is (5.3). Choose a sufficiently large fixed g
and put

T = 2a−1
0 log m + g + iθ = T ′ + iθ, |θ| ≤ π/2.

The stability estimate (5.11) and the localization bound continue to hold with this choice. The
coercivity error is O(1/g)Q, absorbed by taking g large, and images and contour displacements cost
only O(1) per particle in the linear term. Choose the period graph with a fixed cutoff profile in the
real distance from either edge ±T ′/2. In coordinates relative to ±T/2, its shape is then independent
of m on the corresponding half interval.

Multiply the lifted polynomial on this nome circle by

e−2Am2e−2T
e−Im2

m−σ(r),

and denote its value by Fm(θ, r). The factor exp(−2Am2e−2T ) is analytic in the nome and equals
one at its center, so the circle mean is exactly

Am(r) = 1
π

∫ π/2

−π/2
Fm(θ, r) dθ. (8.11)

We prove uniform exponentially fast convergence of Fm along each class; the same convergence then
holds for this average.

The scalar factor. Include exp(Tr2/(4h∗)) from (5.3) with the scalar prefactor (5.2). For the
quadratic bulk term, retain both the residue at the pole −a0i and its reflection in the sampling
calculation (5.12)–(5.13). After the displayed subtractions, the additional term is a constant multiple
of

m2e−a0T = e−a0(g+iθ),

with error exponentially small in T ′. For the logarithmic determinant in (5.14), use the complete
all-mode sum of − log(1 − e(p)) and subtract its value at zero. The symbol is even and regular in a
strip, decays exponentially, and continues to sectors of small slope about the real rays. Shifting
the inverse Fourier contour and bending its tails therefore makes the nonzero period translates
exponentially small. Its contribution is πT/(16L) plus a constant and an exponentially small error.
The square-root factors have constant product. The powers of m from these terms are exactly mσ(r),
so the normalized scalar converges to a bounded function of θ, r, uniformly with exponentially small
error.

The edge integrals. Compare m with any larger m′ in the same residue class, at the same θ.
In both sums retain only particles whose real positions lie within ϵT ′ of an edge, where T ′ is the
smaller period, retain at most T ′ particles, and set j equal to minus the total W -charge of the right
edge. The omitted part has exponentially small integrated absolute weight. A particle away from
the edges pays the localization factor f0; large counts are suppressed by the factorials; and any
other j leaves D + j ̸= 0 throughout a central interval of length comparable to T ′. Since g is fixed,
the bound on the full integrated absolute weight is uniform in m.

Parameterize the retained integrals by positions relative to their own period edges. For sufficiently
small fixed ϵ, the two integrands agree up to an exponent error O(e−cT ′). Here are the components
of that comparison.
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• The αWW t/p2 Schur energy combined with j-terms completes exactly to α
∫

(D + j)2ds in
the quadratic form, where the staircase follows real order and integration is along the complex
graph. Also the r term involving positions uses only ∑Wdsd + jT , by the given formula for u∗.
Both are unchanged in edge coordinates since D + j = 0 between edges. The residual tilt terms
(after extracting the bulk above) involve only counts, j, and kernel constants independent of
positions and period.

• In the skew pole keep its sign part and the nearest translate in its smoothing correction, and
in the regular symbol keep the nearest translate alone, with the same regularization on self
terms. These prescriptions coincide for both sizes (sign of the original difference unchanged);
all other images cost exponentially small times squared particle count by the sector decay
already proved.

• In each chemical primitive the integral from 0 to the relevant edge ±T/2 equals ±1/2 before
multiplying by i2πmσi (even periodized density of mass one, analytically continued). Between
there and the particle, m times the density equals

(
√

3L)−1e−a0(g+iθ)/2 (ea0v + e−a0v)
up to uniform exponentially small additive error, v the coordinate of integration relative to
the edge. This follows by expanding the two nearest images of the sinh quotient, all remaining
ones exponentially suppressed; take ϵ small and include the fixed offset at the endpoint.

• Retain the discrete phase εm(ν) of each term in (5.4). It depends on the species counts
and winding data, not on the positions or on T . The signs were independent of Kcount, so
shifting its Poisson sum by the integer m introduces no new sign. The remaining m-dependent
phases come from fixed logarithm branches raised to the power m and from the half-period
chemical primitives. Every branch multiplier is a root of unity: the shifts and offsets are
rational multiples of π, with fixed rational coefficients in the logarithmic factors. The sinh
image products, the fixed powers of i from the trigonometric substitutions, and the integer
branch jumps give only finitely many types of such coefficients. Write each such multiplier as
e2πiρ with ρ ∈ Q, and choose Q to be a common multiple of these denominators and of the
parity modulus. Multiplying these coefficients by arbitrary integer particle counts or windings
introduces no new denominator. Hence the entire discrete phase agrees for m, m′ in the same
class modulo Q. We do not require it to be independent of m across different classes.

The image errors above are at most an exponentially small quantity times the square of the
particle count. The retained count is at most T ′, so they remain exponentially small after reducing
the exponent c. The uniform integrated absolute bound now proves that Fm(θ, r) is Cauchy at
exponential speed in T ′ along each residue class. Equation (8.11) gives (8.9) with limits not yet
known to be nonzero, since T ′ ≍ log m.

Saturation excludes a zero averaged limit. The individual saturation estimates (6.1) have
exponents 3/8 at r = 0 and 5/24 at r = iπ/2. Thus log Am(r) = o(log m) at both values. If the
averaged limit on a residue class were zero, the convergence rate would give Am(r) = O(m−δ) on
that class, a contradiction. Both center values are positive, so every nonzero class limit is positive.
There are finitely many classes; taking their minimum and maximum gives bounded factors at both
values. Finally σ(0) − σ(iπ/2) = 1/6, proving (8.10).

We next transfer this bounded normalization to plane domains with explicit radius and lattice
conventions.
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8.3 Hexagon radii, offsets, and the chord estimate

First consider the Euclidean disk partition Wy(t): every polygon surrounds the triangular lattice
vertex y and is contained in the open disk B(y, t), with factor 2 per polygon and the usual critical
activity. This partition includes the empty system. For a fixed sufficiently small c > 0, the uniform
geometric comparison gives

Zm,m(1) ≍ Wy(cN)2, N = 2m. (8.12)

Here the cylinder has horizontal period N and its marks are separated by N/2. To spell out the
comparison, two disk systems of radius cN about the two marks are disjoint and project injectively,
giving the lower bound for the cylinder partition. For the upper bound, discard essential polygons
and contractible polygons whose specified lifts have diameter at least cN . The individual-weight
bounds of Section 8.1 show that this costs at most a fixed factor: forgetting all avoidance involving
a discarded polygon bounds the cost by exp(2∑L κ|L|). Every remaining polygon lies in the disk of
radius cN about the mark it encloses. Indeed a point inside a simple polygon belongs to its convex
hull, so its distance from any point of the polygon is at most the polygon’s diameter. Separating
the two marked types and dropping any avoidance between them gives the upper bound in (8.12).
Changing c by a fixed factor changes only the constants, by the annular bound (8.5).

Combining (8.12) with the analytic estimate and interpolating monotonically between consecutive
sufficiently large even periods gives

Wy(t) ≍ (1 + t)1/12 (t > 0), (8.13)

uniformly in y. For bounded t the lower bound follows from the empty system and the upper bound
from a single fixed containing disk. Translation by a triangular lattice vector preserves all weights.

For clarity, the exact pure-sided regular geometry has no unspecified offset. In coordinates

n0 = (0, 1), n1 = (
√

3/2, 1/2), n2 = (
√

3/2, −1/2), nj+3 = −nj ,

pure lines have levels d0Z. If a regular hexagon has center v and inradius r, its three support levels
nj · v + r for j = 0, 1, 2 must belong to d0Z. Since n1 = n0 + n2, the first and third levels minus the
second give r ∈ d0Z. Then n0 · v, n2 · v ∈ d0Z, which says exactly that v is a vertex of the triangular
lattice. Conversely every H(y; r) in the introduction has all six sides on pure cuts. Its inradius is r
and its circumradius is 2r/

√
3.

The disk estimate gives a comparison that also covers nonregular roundings. If 0 < a ≤ b are
fixed and B(y, aR) ⊂ D ⊂ B(y, bR), then positivity gives

Wy(aR) ≤ ZD(y) ≤ Wy(bR).

Thus ZD(y) ≍a,b R1/12 for R ≥ 1. In particular it applies to every pure-support domain

D(y; b) = {z : nj · (z − y) ≤ bj , 0 ≤ j ≤ 5}, bj ∈ d0Z, aR ≤ bj ≤ bR, (8.14)

since it contains B(y, aR) and is contained in B(y, 2bR). Some support inequalities can be redundant;
the comparison does not require six active sides. Constants depend only on a, b, not on the six
support levels or the lattice translation. The marked point must remain a fixed fraction of the scale
from the boundary for this two-sided bulk estimate.

Here is also the precise effect of translating and rounding a template. Suppose its center is v
and its nominal support distances are rj . Replace each absolute level nj · v + rj by any Aj ∈ d0Z
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with error at most Kd0, where K is fixed. Relative to a marked lattice vertex y, the resulting levels
satisfy ∣∣bj −

(
rj + nj · (v − y)

)∣∣ ≤ Kd0.

Whenever these levels satisfy the fixed inner and outer bounds in (8.14), the same comparison
applies, uniformly over all the rounding choices. Thus a size parameter s can replace the actual
radius r when a ≤ r/s ≤ b for fixed positive a, b; equality of the two scales is not needed. The chord
threshold below, however, uses the actual inradius.

Completion of Theorem 1.3. The nesting assertions follow from (8.13) and the domain comparison.
We give the chord argument for H(y; R), with R its actual inradius. Proposition 7.1, summed over
the O(R) boundary ports, bounds the mass of chords with diameter at least R/2 by CR3/4.

For a lower bound, translate y to zero and use the horizontal caps at heights −R, R. Start
at the order R ports on the lower cap with horizontal coordinate of absolute value at most R/10.
Lemma 7.2 gives mass at least cR−1/4 from each such port for bridges with horizontal displacement
at most R/10. Their whole trace has |x| ≤ R/5 and |z2| ≤ R. Consequently its projections on the
other four support normals are at most

(1/2 +
√

3/10)R < R,

so these bridges lie in the hexagon. Their endpoints are separated vertically by 2R, hence they are
macroscopic. This proves the matching mass lower bound for all sufficiently large admissible R.

Every internal link has occupancy mass at most CR1/12: the entire hexagon lies in a disk of
radius CR around either endpoint of its crossed tiling edge, and Proposition 7.4 applies. For a link
whose midpoint is in B(y, R/4), both endpoints of that tiling edge lie within R/4 + 1/2 of y. For
large R, disks of radius R/2 around them are contained in the hexagon. The same proposition and
(8.13) therefore give occupancy at least cR1/12 at each of the order R2 such links. Every chord using
one of them is macroscopic: that midpoint has distance at least 3R/4 from every boundary point,
including its terminal ports.

Sum occupancies over internal links. The upper bound uses all O(R2) links; the lower bound
uses just the central links, all of whose occupying chords meet the diameter restriction. Since a
chord with ℓ centers uses exactly ℓ − 1 internal links, the first-length mass of the macroscopic chords
is comparable to R25/12; adding the chord mass accounts for the one-center difference. Dividing by
their mass ≍ R3/4 proves the claimed mean.

The bounded admissible radii require no asymptotic exception. There are only finitely many
such hexagons up to lattice symmetry. Their honeycomb graphs of triangle centers are connected: a
segment through the interior between two triangle centers, perturbed to miss tiling vertices, crosses
adjacent triangles within the convex hexagon. In particular a shortest dual path from a triangle
incident to the lower cap to one incident to the upper cap, with the terminal half-edges added, is a
simple chord of diameter at least 2R. Each small hexagon thus has finite positive macroscopic mass
and finite positive first-length mass. Enlarging the constants over these finitely many cases proves
the stated bounds for every admissible R ≥ 1.

The same quantitative argument explains the offset latitude needed later. If the six pure supports
satisfy |bj − R| ≤ R/20, the horizontal cap height is between 19R/10 and 21R/10. The preceding
tubes satisfy

nj · (z − y) ≤ (21/40 +
√

3/10)R < 19R/20

for the four tilted normals, so the lower chord mass remains uniform. Links with midpoints in
B(y, R/4) are at distance at least 7R/10 from the boundary, while both adjacent lattice vertices
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have centered disks of radius R/2 inside for large R. The occupancy and first-length arguments
are unchanged. These estimates cover the independent small relative support displacements and
bounded row roundings in the sewing construction. They also hold with diameter threshold one half
of the domain’s actual inradius, which is at most (b0 +b3)/2 ≤ 21R/20. For bounded R ≥ 1 there are
only finitely many admissible support vectors after translating y to zero. The domain is convex and
tiled, and both horizontal caps contain boundary ports. The same connected-dual-graph argument
gives an opposite-cap chord of diameter at least b0 + b3 ≥ 19R/10, so its mass and first-length mass
are positive for either threshold. Taking the minimum over these finitely many domains extends the
estimates to all such bounded scales as well.

Corollary 8.1 (Uniform finite chord length). Let D be any finite convex pure-sided tiled domain of
diameter at most R ≥ 1. Sum over all paths in D with ordered free boundary ports. Then∑

γ⊂D

ℓ(γ)w(γ) ≤ CR25/12,

with an absolute constant, independently of the shape of D and the positions of its ports.

Proof. For every lattice point y incident to D, a regular lattice hexagon centered at y of size CR
contains D. Positivity of polygon weights and Theorem 1.3 imply ZD(y) ≤ CR1/12, uniformly even
when y is close to the boundary. Proposition 7.4, summed over the O(R2) internal links, bounds
the mass weighted by ℓ − 1 by CR25/12. The mass of all chords is at most CR: there are O(R)
boundary ports, and the positive contour identity bounds the total exit mass from each port by an
absolute constant. Adding this mass accounts for the extra center in ℓ.

9 Uniform correlations of two prescribed edges
We prove Theorem 1.2. Keep its triangular-lattice directions e1, e2, identical translated marks
E, E + P , and P = P1e1 + P2e2 with P1, P2 > 0. Thus d = P1 + P2 is even, the cylinder period is
kP with k ≥ 2, and N = kd. The polygon weight counts visited triangle centres. Our goal is a
bound uniform both in the staircase direction and in the ratio N/d.

The two restrictions on the marked edge and displacement let us place both marks on a monotone
staircase of period P . The parity condition makes both intervals between the marks have even
lengths in staircase steps. It is used in the phases of the magnetic transform, rather than in an
estimate of Euclidean distance.

We first identify the two-edge observable by polynomial interpolation. Its balanced specialization
has a short direct estimate, which also explains the magnetic insertion. For unequal intervals we
retain the ordered integer height in the gas representation. A local transfer operator then controls
the two long intervals outside the smaller core; its strict spectral bound is the step that permits
arbitrary N/d. Finally a comparison of the shifted Pfaffian denominators supplies the normalization
uniformly in the staircase direction.

9.1 The polynomial for marked edges

The aim of this subsection is to represent the positive mass of individual polygons through the two
prescribed row edges as a contraction of the polynomial columns from Section 4. There is one extra
fixed-spin slot at each mark in each column: in the notation below, the physical choice is k = 2,
l = h = 1, and δ = i. At zero physical rapidities, the contraction divided by f2

m+n+2 will count each
such polygon once. Here the interpolation parameter k counts the extra slots in each marked gap
across the two columns; it is independent of the cylinder-period multiplier.
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The fusion proof also needs the other distributions of these extra slots between the columns.
Fusing an extra slot with a common slot removes both on that side and turns the partner common
slot on the other side into an extra slot of opposite spin. Thus l or h changes by one, while k stays
fixed. The closed family with k = 2 suffices for the two-edge application. We state the same identity
for arbitrary k to give an exact contraction formula for larger fixed-spin lists; its proof uses the
same recursion.

Write Ψ(u) = f|u|(u)wi(u) in its indicated site order, with Ψ(∅) = 1/
√

2. Fix integers k ≥ 1,
0 ≤ l, h ≤ k and m, n ≥ 0. Take two orders ("below", "above")

Eb, A, Hb, B; Et, A, Ht, B

where here A, B denote common lists of sizes m, n, and the extra lists Eb, Hb, Et, Ht have respective
sizes l, h, k − l, k − h. Each slot has a rapidity (physical variable), the same on common slots of
course. Take the product of columns Ψb, Ψt evaluated on physical variables below and negatives of
physical variables above. Contract common slots at equal spin pj , inserting δ

∑
j∈A

pj (δ ≠ 0). Fix
every spin on the four extra lists respectively to −, +, +, −. The column lengths are m + n + l + h
below and m + n + 2k − l − h above. Denote the scalar thus obtained by Y , with empty lists and
products allowed.

We now give its finite sum explicitly. The common sites carry labels a ∈ {−1, 0, 1} and weights
c±1 =

√
C, c0 = 2. For an ordered common pair of rapidity difference u use the same-list or cross-list

factor Paa′(u) of Section 4, respectively; for a same-list pair also multiply by

D(u) = sin(u + 2L) sin(u − 2L) sin(u + b) sin(u − b).

Thus the pair and site factors have exactly the normalization of the unmarked polynomial. Sum
labels aj there subject to ∑A aj −

∑
B aj = h − l, and include the factor (i/δ)

∑
A

aj . Put

J(u) = cos(u + L) cos(u + 2L), (M1
+, M1

0 , M1
−) = (1, cos(u + L), J(u)), M2

a (u) = M1
−a(−u).

For a common site of label a with value v and extra slot with value x include the factor Md
a (x − v);

on list A use d = 1 for positive extra spins, 2 for negative extra spins, and vice versa on B. Outside
the sum include

Qlh = 1
2Ck/2s−k(−s−1)ls−h

and J(xj − xi) for each ordered-forward pair i < j in one of the extra lists below, or J(xi − xj)
within either extra list above. Denote this product of within-extra-list factors by Jext.

For clarity, write the common site and pair product as

W(a) =
∏
j

caj

∏
j<j′

Pajaj′ (vj′ − vj)
∏
j<j′

j,j′ in the same list

D(vj′ − vj),

where the common order is A, B and the kernel in P is selected by the two lists. Let d(j, e) ∈ {1, 2}
be the type just specified for common slot j and extra slot e, and put

M(a) =
∏

j common

∏
e extra

Md(j,e)
aj

(xe − vj).

Proposition (Finite marked contraction). For these lists and δ ̸= 0, the contraction of the two
polynomial columns is

Y = QlhJext
∑

aj∈{−1,0,1}∑
A

aj−
∑

B
aj=h−l

(i/δ)
∑

A
aj W(a)M(a). (9.1)
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The identity holds at all rapidities, with the apparent singularities of the finite sum interpreted by
removal.

Proof. We compare the two polynomials using cap specializations. Unequal extra-list sizes leave
more specializations than the degree permits; the balanced case leaves one scalar, which a paired-list
specialization determines.

Degree and divisibility. To verify, divide both expressions by the within-extra-list J-products.
For the actual polynomial this gives a regular polynomial symmetric in each extra list: exchange at
equal fixed extremal spins acts simply by c(u) = J(u)/J(−u); the coprime factors force divisibility
as asserted (to test a nonadjacent pair, exchange past intervening sites at generic values first). There
are no denominator factors in the columns before this division, by the polynomial result above.
There is also symmetry within each common list (exchange R-matrices in the two columns cancel by
unitarity). Growth degrees in each remaining extra variable in the four lists are at most respectively

m + n + h − l, m + n + l − h, m + n + l − h, m + n + h − l

and have the corresponding definite parity. Indeed the uncleared normalized column decouples to
empty at that site’s imaginary infinity, so the nonzero fixed spin costs a power off the degree of f
(also changes parity, by the one-site spin sign under a π-shift). Each divided-out J then subtracts
two powers.

In the proposed expression these degrees follow from the label constraint and the degrees of
M . It too is polynomial: spurious simple pole residues at coincidence within a list of common
sites cancel by symmetry; for a difference L the old 00 and +, − cancellation still works since
M+(u)M−(u − L) = M0(u)M0(u − L) for both types.

At a common site degree is bounded by 2(m + n − 1) + 2k with even parity. Indeed at an A-site
the common interactions add degree at most 2(m + n − 1) + 2a(h − l − a), and the extra factors
2k − 2a(h − l); the calculation on B is reversed.

Cap recursion. Induct on m + n. Each extra variable has m + n specifications modulo π reducing
the expression, using symmetry: make the slot adjacent to any chosen common slot in either
neighboring list and specialize that pair to the right-column cap (difference +b in signed rapidities
in cyclic order). Remove both slots there; on the opposite side turn the formerly common slot into
an adjoining extra of spin opposite to the one just removed. This gives a problem with the same k
and fewer common slots by column fusion.

Here is the check that the formula shares this recursion. Use physical variables x, v for the extra
and common slots and first bring the slots to the stated adjoining edges of their lists. We may
check with the within-list products restored there. In the following table the order of rows uses
the list of the removed slot; p of the frozen common spin is of course fixed by the cap. Entries on
each common-list column are (v − x, a, phase), the last being the cap and cyclic-transport factor
including the common insertion (not including the positive-denominator convention’s scalar fusion
factors).

A B

Eb (b, −, sδ) (−b, +, −s−1)
Hb (−b, +, sδ−1) (b, −, s−1)
Et (−b, +, s−1δ−1) (b, −, −s)
Ht (b, −, s−1δ) (−b, +, s)

Indeed at E, B one seam rotation in each column contributes jointly −1; otherwise just use Ω in the
adjoining order. All labels except the indicated a vanish by the M -factor on this pair. The scalar
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and twist powers in the formula have ratio
√

C times exactly the phase shown after conversion to
the reduced lists (l or h moves by a unit), including the removed label weight. For example in the
first entry the cap has spins −, +, and (−s−1)(i/δ)−1 = sδ as needed. In the E, B entries, move the
first E-slot concerned from first to last on the fusing side (to follow B), and move the last B-slot on
the other side from last to first (to join E); the opposite powers of twist for opposite spins have
product −1.

The remaining ratio is J(a(y −x)) for each other slot y on the side of removal (including common
ones there), exactly scalar b-fusion. Indeed another extra on that side in the same gap uses its J
pair with x, and one in the other gap uses its M with v; on the reversed side the latter kind of
factor either is 1 or supplies the new within-gap J . Here J(u − b) = J(−u), v − x = −ab. For a
remaining common slot with label j, write u = v − y. For the case a = −1, the ratios for same or
opposite list are, respectively,

D(u)P s
j,−(u)M2

j (u − b)/M1
j (u), P c

j,−(u)M1
j (u − b)/M2

j (u).

Both equal J(−u) by the displayed factors, using D(u) = J(u)J(−u); simultaneous sign and
argument reversal gives the other case.

Thus if h > l there is an extra slot in Hb whose degree after division is below the number of
prescribed values, proving equality; similarly use Eb for l > h.

The balanced residual. In the remaining case l = h, the difference is divisible by all these cap
zero factors (one degree per common-extra pair), exhausting its extra degrees. On each common
list it is also divisible by all within-list D’s from the original two common fusions: the common
insertion passes through a cap or W below by charge conservation and the projected top row fuses
as before. For the formula the old check (including same-list kernels DP s and cross-list kernels P c)
is unchanged except for each M , using, with M±

a = Ma(u ± L) of either fixed type,

M+
+ M−

0 = cos u M+(u), M+
0 M−

− = cos u M−(u),
M+

+ M−
− = cos u M0(u), M+(u)M−(u − b) = J(−u).

At common-site imaginary infinity the difference loses two powers: divide by one cosine of
difference per other slot on both sides; each column loses the site with multiplier

√
2. The formula

has relative decay unless a = 0; then the leading phases from shifts in P0j and in M0 cancel by
common-label balance and by the equal counts of extra types, leaving multiplier 2. These common
reductions use induction for m + n > 0. After the infinity cancellation, the degree at a common site
is at most 2(m + n − 1) + 2k − 2. Its cap zeros against the 2k extra slots and its within-list D’s
therefore leave, when m + n > 0,

2(m + n − 1) + 2k − 2 − 2k − 4(m − 1) = 2(n − m)

on A, and 2(m − n) on B. The only residual in the balanced case m = n is a constant (also when
m = n = 0).

With no common sites and l = h, each individual extreme column component (−l, +l) after
the within-list factor division is constant by saturation. Its value is (

√
C s)l/

√
2 by specializing

the middle pair to a b-fusion and iterating down to f0; similarly use (
√

C/s)k−l/
√

2 above. Their
product equals Qll.

Otherwise with l = h, m = n, specialize B to the reverse of A + b, all other values generic (the
already divided factors nonzero). Below, use exchange to pass Hb through B to the right; in the
resulting order all matched pairs fuse to caps. Above pass Et through A to the right; matched
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pairs fuse in reverse through the seam. Thus the columns in original order are products of crossings
applied to these fused columns, crossing each B-site with Hb below (in action rightmost to leftmost)
and each A-site with Et above (also rightmost to leftmost). Since these are opposite partner orders,
charge conservation and common-site contraction preserve the total spin on the two passing lists
between successive pairs, taking progress in one array and reverse progress in the other.

Indeed label partners by increasing slot number in A: from the fused columns back to the
original ones, pairs are processed in increasing order below, decreasing above. If the contracted spins
at a partner pair (A, B) are r, q, then the spins before crossings are r, −r below and −q, q above
by the caps. Thus each passing list has total-spin change −r − q at this pair in its own forward
computation.

The two opposite orders force every passing spin to remain positive. To make this constraint
explicit, number partner pairs in A-order, put ∆a = −ra −qa, and let Sj = ∑

a≤j ∆a. At the unfused
ends the passing spins are fixed positive. At the fused ends the remaining unpassed extra spins are
fixed negative, so total-spin conservation again forces the passing spins to be positive. Thus each
full process ends at its initial maximum and Sm = 0.

Compare the lower list after pairs 1, . . . , j with the upper list after pairs m, . . . , j + 1. Their
total spins are respectively

Lj = l + Sj ≤ l, Uj = (k − l) + (Sm − Sj) = (k − l) − Sj ≤ k − l.

Their sum is k, so both inequalities must be equalities. Hence all passing spins are +1 at each cut.
Every crossing uses a diagonal element, since a single common leg passes each list site with that
site’s input and output spin fixed to +1.

At a matched pair of values v, v + b the spins are then p, −p; the two caps and seam rotation
give i−p. Write d = x − v at any passing extra, and g(q, u) = R(u)+,q;+,q. Its diagonal factor below
is g(−p, b − d), above g(p, d), identical by (2.2). Scalar fusion on its side brings additionally J(−d);
their product equals M1

−p(d)M2
−p(d − b), by the three diagonal entries. An unpassed extra instead

receives just J(−d) = M2
−p(d)M1

−p(d − b).
This is exactly the formula: as in the unmarked balanced test only equal partner labels survive

by the cross-pair inequality and label balance, take both to be −p. Their site and pair factors (and
twist powers) supply the two scalar cap coefficients and i−pδp.

Here the two vectors after swaps are fused by the innermost pairs first below, by moving each
successive last B-site to the front and taking the first A-site above (so each upper cap carries KB(i),
on the individual B-leg). We can fuse the polynomial columns directly, hence only the exchanges at
generic unmatched differences require regularity.

Factors between matched pairs collapse independently of labels to D2 as before. The remaining
columns evaluate to the no-common-sites case. This eliminates the last possible residual, proving
(9.1).

Proposition (Physical two-edge mass). For k = 2, l = h = 1, δ = i at zero physical rapidities,
Y/f2

m+n+2 is the critical mass of individual polygons through the two prescribed row edges on the
cylinder: the E, H slots separated by lists A, B. Each simple, unoriented, unrooted polygon is counted
once.

Proof. Take the empty projections by row powers as in the cylinder calculation (wi(−v)T = ℓ−i(v),
with the rapidities zero and all tile arguments L). The fixed spins make both cut ends at E outgoing
and both at H incoming. There are therefore two oriented arcs from E to H. Name arc 1 by its
upward departure at E, and arc 2 by its downward departure. These choices give exactly one pair
of oriented arcs for each unoriented polygon through the marks.
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upper seam

joining segment

E H

corner corner

arc 1: E → H

arc 2: E → H

a1 = +

a2 = −

t

−t

Figure 5: Cuts and orientations for the marked pairing, drawn schematically in the square-tile
coordinates. The displayed contractible example has t = −1; the argument also permits essential
polygons and arbitrary segment crossings. Both arcs are oriented from E to H, so the actual polygon
is arc 1 followed by the reverse of arc 2. Only the upper part of the seam changes twist, starting at
the corner just before E; closing along the dashed horizontal segment defines the turn degrees nj .

All detached loops cancel between orientations: they cannot separate the corners just before
the marks, since those corners can be connected off the detached loops by moving to the marked
midpoints and following an arc. Their extra segment-crossing total is therefore zero, and the upper
seam-twist switch only multiplies their two orientations by a common real sign.

Figure 5 records the cuts used in the remaining phase calculation. Draw vertical tangents in the
square diagram. The two arcs start with signs a1 = +, a2 = − and end with t1 = t, t2 = −t. Write
Wj for their turns, hj for signed leftward seam crossings, and Xj for signed upward crossings of the
open joining segment. Close each arc by the horizontal leftward segment through the first list. The
resulting immersed circles have turn degrees

nj = Wj + (tj − aj)π/2
2π

.

Smoothing each transverse crossing with orientation preserved makes opposite short turns, preserving
total degree and winding while toggling component-count parity. Each final simple component
contributes odd parity, so nj + hj = 1 + Xj (mod 2).

For the simple actual polygon oriented by arc 1 followed by reverse arc 2, turn degree plus
leftward winding is ϵ = ±1, positive if its bounded or lower side lies on its left. Its turn and winding
are (W1 − W2)/(2π) (in revolutions) and h1 − h2. Also X1 − X2 = −(1 + t)/2 by testing its left
side just east of the first mark and just west of the second (indicators 0 and (1 + t)/2, respectively,
decreasing by one at upward crossings in moving eastward).

Hence Dj = nj + hj + Xj are odd with D1 − D2 = ϵ − 1. Before switching the upper twist, the
turn, seam and insertion phases have product

exp
(

i(W1 + W2)
4

)
ih1+h2iX1+X2 = iD1+D2 ,

since the endpoint corrections cancel in n1 + n2. This phase is −1 exactly when ϵ = 1. The switch
of twist upstairs toggles sign exactly in that case: its crossing parity is odd precisely when the
corner just west of E lies in the bounded or lower side. The resulting weight is therefore positive.
The unique arc orientations identified at the start show that each polygon contributes once; height
exhaustion proves the assertion.
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9.2 A direct estimate when the marks are antipodal

The homogeneous antipodal case gives a direct route from the physical pairing to the correlation
exponent using the two-line gas already constructed. It displays the quotient by the zero separating-
loop partition and derives the magnetic test potential, its scalar normalization, and the contour
estimates reused below. We retain this calculation for those identities and for its independent
homogeneous estimate, stated here at exponent-level precision. The later argument treats varying
staircase rapidities and unequal intervals with uniform constants: when d ≪ N , two long intervals
lie outside the short magnetic core, and their open operator product requires control that this
homogeneous calculation does not provide.

On the homogeneous cylinder of even period with antipodal row sites, the polygon mass just
identified satisfies

K2 ≤ (m + 1)−4/3+o(1) (period 2m + 2).

Normalization and magnetic potential. We detail the changes in the two-line gas estimate
(notation (5.3) there). Start with all common labels +. In the residue representation for k = 2, l =
h = 1, n = m, δ = i, at homogeneous extra rapidities, the extra-slot factors supply J(v)2 at an
unlowered common site of rapidity v, then multiply by cos2 z/ cos2(z + b) per lowering concentrated
at z = v − L or v − 2L, by the M -table. They therefore just supply that latter factor as additional
potential (one can still split the common poles keeping all extra variables at zero). Normalize off
the all-positive coefficient product Q11CmD(0)m(m−1)J(0)4m, calling the remaining residue sum P ′

m.
Put M = m + 1. Since D(0) = J(0)2 and Q11 = C/2, the two prefactors agree exactly:

Y = CM D(0)M(M−1)

2 P ′
m,

f2M (0)2 = CM D(0)M(M−1)

2 PM (i).

The second identity is the cylinder formula at zero separating-loop weight. Thus the physical mass
is P ′

m/PM (i).
The elementary potential at z = iw is now eMV (w)[− sin(z + L)/ sin(z − L)]. In the residue lift

use the periodized first factor from the gas argument (with M replacing m), and replace the bracket
by

UT (w) = −ST (w − iL)
ST (w + iL)

(
e−3iL ST (w − T/2 + iL)

ST (w − T/2 + 4iL)

)2
.

Indeed UT is periodic with period T , tends to the bracket and is analytic in e−T near zero there in
the sense of local germs at the finite contours. Its zero at w = iL also restores pole multiplicity m.
The lifted residue calculation is a finite grand sum analytic near the nome disk down to its center,
by splitting poles as before (same zeros enforcing exclusion on center deposits). There is no new
pole crossing in opening contours. On the right use a(w) = log UT (w), branch close at 0 to zero,
analytic and periodic on the right strip reaching any width < L on either side (real large period
for now). Indeed the first ratio’s continuous log increases by 12iL over a period, the edge ratios
together compensate by −12iL; equivalently use the coth differences for the logarithmic derivative
or the defining products, continued along the real line. Write ā for its period mean, and use hats for
the period integrals in the convention fixed at the start of Section 5.

Transforming the magnetic test. Here are details of carrying this factor through the previous
transform. First separate exp(2Kcountā): thus use r = −2ā in (5.3), with external factor exp(2Mā).
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On each original left elementary member retain e−āUT ; on the right add a − ā to each color’s Cartan
test potential. Winding phases and zero-mode constraints are unchanged. Thus in addition to
replacing m, r as indicated, and retaining the original-left factors and external factor, add to the
exponent

1
T

∑
p ̸=0

[
2Mρ̂(p)â(p) + Q+(p)â(−p)â(p) −

∑
d

e−ipsd
2π

p
eδid

xAid
(z∗)Q+(p)â(p)

]
, z∗ = ex, x = Lp,

where Q+ denotes the common-color eigenvalue of Q = K−1 in the mode calculation, and Ai

likewise the common-color coupling functions there. Indeed this is exactly the nonzero-mode Cartan
completion described above.

The analyticity for moving inverse currents and convergence for fixed left data are unchanged by
the mean-zero test. The extra Schur linear term permits the prescribed subsequent contour moves
as well (Ai are bounded on both high-frequency ends by the given rational functions, |δi| ≤ 1/2
throughout, whereas the test has decay out to any width less than L). For the original-left multipliers
one uses the larger meromorphic strip rather than the logarithm’s strip. The nearest pole boundaries
of UT , in imaginary-offset units, are

center pole-free interval
0 (−L, 7L)

T/2 (−4L, 4L)

modulo the imaginary period 8L = π. The original elementary offsets used in the deformation lie
between 0 and 37L/12, strictly inside both intervals. Thus no additional residues occur; on fusion
the linear sources add. These arguments can first be made at fixed Fourier coefficient in the common
fugacity and identified as in the justification of (5.3), using absolute convergence (also on any full
fugacity period, with weaker bulk bounds) as verified below.

Recall a0 = π/b = 8/3 and h∗ = 3πb/4 = 9π2/32. Use T ′ = ℜT = (2/a0) log M + g, with large
fixed g, allowing bounded nearby perturbation in real part and |ℑT | < π + 1. We record estimates
on the continued graph from the gas argument, taken antisymmetric and passing through ±T/2; as
before it can be varied holomorphically about the real central period, with zero displacement in the
indicated core. Constants can depend on g. On this curve

a(w) = i 6L sgn(ℜw) + O(e−c|ℜw| + e−c(T ′/2−|ℜw|)), ā = O(1/T ′)

in the central interval. Indeed this follows from the defining products; the transition profiles
remain bounded, also on small strip neighborhoods reached by displacements of any fixed width
strictly below L when the curve stays close to 0 or the corresponding period edge (use the small
Lipschitz slope relative to these centers). Direct original-left factors have bounded modulus too:
their elementary offsets above the graph are between 0 and 37L/12, lying strictly inside the relevant
pole boundaries (−L, 7L) at 0 and (−4L, 4L) at the period edge. Imaginary deviations near those
centers are controlled relatively by the small slope.

The quadratic added scalar then equals

−(6L)2

h∗
T + O(1).

To see this one may use the straight complex period just for the scalar. Integration by parts and small
parallel displacements give |â(p)| ≤ Ce−c|p|/|p| off zero by localized derivative bounds. Replacing
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Q+ by 1/h∗ thus costs O(1), by even regularity at zero and at-most-polynomial high-frequency
growth, and the remaining term integrates (a − ā)2/h∗.

The cross scalar with M including 2Mā is c3Me−T + O(1) for a constant c3. Indeed it integrates
2Ma against the periodization of ρ. The core ratio has odd log in the central interval, with the
specified branch. The normalized squared edge ratio there has log with first term e−T (d1e2w+d2e−2w),
with constant d1, d2, and bounded error Ce−2T ′+4|ℜw|, directly expanding the products away from the
edges, using boundedness near them. Keep just the unshifted density on this first term and extend
the resulting integral to the whole real line by analyticity; image terms, tails and product errors
after integration cost O(Me−a0T ′/2), using 2 < a0 = 8/3 < 4 and the explicit density. Continued
integrals have the same estimates.

Finally the added Schur per-particle term (the term with Ai) has real part
2π · 6L

h∗
Wd|ℜsd| + O(1).

Indeed Ai(1) = −Wd; retaining the pole 2πWd/(ph∗) gives this mean-zero primitive of −i(a − ā)
times 2πWd/h∗, up to an additive centering constant independent of particle except for the factor
Wd. Here and in this display such a constant is discarded by winding neutrality. The sign profile
estimate proves the formula for that primitive. The remainder multiplier at zero is regular. Its
constant value there applied to a − ā costs O(1). After subtracting that too, it acts boundedly
throughout analytic transport.

For detail, a′ is the periodization of two localized coth differences, translated by 0 and T/2.
Their whole-line transforms separately are regular at zero, decay with any exponential weight of
rate < L, and have the same bounds (measuring rate in |ℜp|) along tails of small sector slope;
indeed integrate the coth differences across one vertical period iπ, obtaining finite sums of pole
exponentials divided by 1 − e−π|p| on each real ray before continuation. Thus after the pole and
constant subtractions the products of these transforms with the remaining multiplier divided by −ip
are regular near zero and decay exponentially on slightly bent, shifted Fourier contours (allowing
also the factors with shifts δiL). Their inverse transforms decay exponentially about each respective
center along the small-slope complex graphs, by the same contour shift and tail bending used for the
regular energy symbols. Ordinary periodization gives the asserted bounded continued remainder,
with the ordinary zero mode removable (the two derivative masses sum to zero).

By neutrality the linear bias just estimated can be written, in real part and up to O(N0),
as −(12πL/h∗)∑d Wd(T ′/2 − |ℜsd|). Its unfavorable terms all have σ ̸= 0; thus a fraction of
the original suppression −cMe−a0|ℜs| absorbs them at bounded cost per particle (fixed g). Since
r = O(1/T ′), the coercivity, tilt and localization estimates (5.9),(5.11) and factorial summation now
give total cost O(1) in log from particles and the Poisson sum, apart from the already retained
scalars. For verifying convergence with an independent fugacity test on a full Fourier period one can
as before lose O(T ′) to the bounded tilt. The same estimates justify analytic transport termwise on
the small-slope graph as in the uninserted calculation.

The scalar bound and maximum modulus. The original bulk scalar with M has log real part
M2I + 2M2ℜ(Ae−2T ) + (3/8) log M + O(1)

by the scalar estimates for the gas (here M2e−a0T ′ = O(1), and the Riemann sum for the log
determinant has bounded additive error by exponential decay and integrable derivative, also replacing
T by T ′ there at bounded cost). Multiply the analytic residue sum by exp(−2AM2e−2T − c3Me−T )
and apply maximum modulus in the nome e−T ; the multiplier is 1 at the desired center. We conclude

log |P ′
m| ≤ M2I +

(
3
8 − 3

2

)
log M + O(1),

82



since (6L)2(2/a0)/h∗ = 3/2. Equation (6.1) gives log PM (i) ≥ M2I + (5/24 + o(1)) log M . Dividing
the two estimates leaves (3

8 − 3
2

)
− 5

24 = −4
3 ,

which proves the stated exponent-level bound.

9.3 Staircases and the two background lists

We now prove Theorem 1.2. Keep its notation P, d, k, N and the two marked edges. The insertion
identity (9.1) is unchanged, but its two lists now have different lengths. The proof must keep the
resulting two scales separate: a core of logarithmic length proportional to log d, and the whole
period of length proportional to log N . All constants below are independent of P1, P2 and k.

E

E + P

P ; d step
s

identification by kP ; N
= kd step

s

e1

e2

Figure 6: A monotone staircase carrying the two identical translated marks. The example has
P1 = P2 = 2 and k = 3. Translating the staircase in the third edge direction produces the lozenge
rows; the dotted segments indicate that transverse direction. The two background lists have lengths
d and N − d after adjoining one marked site to each.

Use a row cut obtained by a periodic monotone staircase in e1, e2 (period P , passing through the
marks), and translate it in the third lattice-edge direction to make rows. This tiles by lozenges with
acute or obtuse angle at the corner between the increasing row and the transverse vector; drawing
as square tiles, the same honeycomb path weights are given by R(t + vi) at argument L or 2L,
respectively (the two choices reflect the base angle, interchanging a, h and c, d in the tile notation).
By lattice reflection if necessary take the majority steps to have argument 2L. The infinite-height
projection and orientation argument for the two marks in the flip formula therefore apply verbatim
to these physical column parameters (above, their negatives in the formula by crossing). For the use
of the projection, lifted individual arches have summable mass and through-lines to height tending
to infinity have vanishing mass at fixed N . Indeed in the planar lifted slab or half-plane bounded
by these stairs the contour from a fixed boundary source has a common rotated real coefficient
bounded positively: turns to other boundary exits are given by cyclic outward-normal differences
minus π, with a single consecutive pair of lattice normals for the rounding, so only one sign of excess
up to π/3 is possible. Transversal pure cuts can truncate the sides. For decay cut further by a pure
hexagon of radius comparable to height. Mass to the hexagon cuts is ON (r−1/4): average over order
r/N translations by whole periods putting the starts at distinct positions in the central part of a
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common smaller hexagon (contour subtraction before translating), and reverse at the pure sides to
use their escape bound in a positive contour, with order r such exits. This is the flat-side argument
of the geometric estimates. Thus through-line systems disappear by absolute single-path bounds
and empty projections have the same limits.

For detail use lattice coordinates (X, Y ) along e1, e2, with transverse step e2 − e1. Between
transverse truncations (bounds on X + Y ) and the two periodic stairs this domain has lower and
upper bounds on Y as functions of X +Y , both with slopes 0 or 1. Intersecting with pure hexagons or
parallel pure half-planes (bounds on X, Y, X +Y at lattice levels) retains that same form: the bounds
use maxima/minima, with feasible section on an interval since comparison with each affine bound
uses monotonicity (of both stair coordinates). The CCW tangent directions thus occur in a lower
block alternating directions 0,1, then possibly direction 2, upper block using 3,4, possibly direction
5 (units π/3). The cyclic tangent increase to exits from a given boundary midpoint therefore stays
in either [−π/3, 2π] or [0, 2π + π/3], depending on the starting direction. Subtract π to get the path
turn by boundary closure. This gives the asserted rotated positivity since (3/8)(2π + π/3) < π,
and applies to subtraction of signed contours as before (terms on shared exits which stay inside
agree). The planar flux rule still applies in these simply connected regions. To bound through mass
from one stair in a wide truncation at fixed period, take a common lattice hexagon centered near
that start of radius comparable to slab height but small enough not to reach the opposite stair.
Start also at its period translates in the central part, and subtract the contour in the intersection to
bound the individual through masses by the mass to the hexagon cuts. Upon reversal from each
such new exit, cut again parallel to its pure side before the central targets; subtraction bounds their
mass by that to the new line, at most a constant times the straight strip bridge sum at comparable
scale. Letting the transverse truncations recede, the through masses are equal by periodicity. This
gives the bound stated above. Arch sums themselves are bounded just by the positive contour,
using exhaustion.

Both extra rapidities in each column now have the same value, denoted xe. The two common
lists have sizes m = d − 1, n = N − d − 1. Augment each for the plasma calculation by one site
at xe, forming background lists of sizes MA = d, MB = N − d, both even, now having identical
proportions of the two possible values. In this section use λb = π/(2b); write λ for the proportion of
minority steps, 0 < λ ≤ 1/2. By translation of rapidities we take the majority value to be r0L and
the minority (r0 − 1)L, where r0 = 1/4 + λ/2.

The residue calculation starts from all common labels positive (whether neutral then or not),
using its product as prefactor. Exactly as in the balanced two-leg case the potentials are now one
copy of Rgh(i(w + ive)) per augmented-list site e of color h, value ve, and the common magnetic
factor − sinh(w + ixe − iL)/ sinh(w + ixe + iL); this follows by translation in each extra-slot factor
of that calculation. Denote the remaining residue sum by P ′. The prefactor divided by f2

N in the
observable is

CN/2∏
e<f : ge=gf

D(ve − vf )
2f2

N

∏
e common

J(ve − xe)
J(xe − ve) (9.2)

by D(y) = J(y)J(−y), Q11 = C/2. Elementary lowering counts satisfy Kg = Mg + u with common
integer u.

Periodize as before, using magnetic factor

UT (w) = −ST (w + ixe − iL)
ST (w + ixe + iL)

(
e−3iL ST (w − T/2 + iL)

ST (w − T/2 + 4iL)

)2
,

and in the central theta sum include background charges qe = −qge at offsets ae = −ve (to avoid
confusion, qge itself denotes the color sign as for a particle). Thus X in the center Gaussian includes
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∑
e qeiae. This ensures periodic differentials. Initially use rapidities near zero, so all contour openings

and deformations work by continuation. The lift is still a finite sum analytic near nome zero, by
split poles as before. At final rapidities differences L in the site lists one uses limits: before opening,
the individual residue terms obtained by splitting have only denominators from the displayed shifted
ST ’s and constants, independent of counts of sites except via multiplicities. Possible singularities at
exact differences stay on the very same pair hyperplanes independently of nome on the small disk.
Removability there for the lifted sum will also follow below by analytic continuation in rapidities of
the final integral bounds (identity first for real periods). Thus maximum modulus at those values is
permitted.

9.4 The ordered magnetic gas

The staircase determines the background lists. We next express their residue sum as an ordered
gas whose integer height records the winding. Keeping the phases in this step is essential: the
interval estimate below uses the resulting transfer operator, not the absolute value of an unidentified
periodic partition function.

Here are details of extending the mode calculation. Put E(p) = ∑
e e−paeege . In the mode

matrix include extra background slots Ee with count-mode 1, pair entries from the potential factors
(so MR,EnE = −Kρ̂E), inverse couplings to them initially zero. Their mutual block is zero except
that formally at Laurent zero assign the pole terms 4qeqf /p2 + 4qeqf (ae − af )/p, of zero finite part.
Then:

• The bulk term in log is

S(T ) = 1
2T

∑
p

E(−p)tK(p)E(p)ρ̂(p)2 − 1
2(T/3 − 2 log 2)(MA − MB)2. (9.3)

Determinants and measure conventions in (5.3) are unchanged.

• Chemical potentials per final particle (before adding the magnetic test) are

2πi σi

∑
e:ge=gi

∫ s+i(ve+δiL)

0

∑
ν∈Z

ρ(z + νT ) dz, σ = (0, 1, 1, −1, 0). (9.4)

Fugacity e−ur if used still brings Tr2
j /(4h∗) − rj(u∗ + L̄). Indeed distribute 2X2 into all

pairs including background-background. The terms with (ai − aj)2 in units of 1/T again sum
to −2A2

tot with all charged offsets included; the missing constant logs from the background
block give just the second term of (9.3). Thus the same verification by γ and its two charge
conditions works with the extended block, including the center terms with l; the Laurent saddle
adds ρ̂E to the earlier residual saddle, giving the same common-integer Poisson sum and (9.3).
In the chemical calculation the old simplifications apply in both color sectors individually:
with HV defined like H using multipliers (0, −1, 0, 0, 2c, 0, 0, −1), one has (HV + Hρ̂)(a; t) at
(0; 0), (2; 1), (2; −1), (3; −1) respectively 0, 0, ρ̂, 0. Insert the rapidity shift exponent to obtain
(9.4). These formulas are for analytic continuation, so σ = 0 terms stay absent even beyond a
primitive strip.

More explicitly at zero take the raw right count vector with left and inverse modes as before,
appending background modes identically 1, and prescribe the same derivative condition qtγ′

raw =
AL +∑

e qeae + πl/2. Then the second-order and first-order poles of the extended matrix still have
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the displayed charge/offset/winding form of the gas proof, so evaluation gives the actual center
Gaussian and winding phases (including phase slopes from the potentials on left contours). The
sum of charge products for pairs including real charges but not background-background alone is
−1

2(MA − MB)2 minus half the elementary count; regular diagonals treat the latter part as before.
The additional saddle term ρ̂E neutralizes the appended charges at 0 and contributes exactly ∑e qeae

to the derivative charge sum, while its count value (MA, MB) leaves the free integer and Gaussian
shift unchanged. The assigned background block has zero contracted finite part of its own. For
(9.4) the remaining linear symbol at a particle against each same-color site is −2πσie

(ve+δiL)pρ̂(p)/p,
yielding that primitive including the finite part at zero.

We describe the ordered-position form of the residual sum. Let ℓgi count original left elementary
members of species-color index i belonging to g, write ℓΣi = ∑

g ℓgi. For particles in increasing order
of real contours, write H(s) = j +∑

ℜsd>ℜs Wd, j the Poisson integer; at a jump use its mid-value
Hm. Winding neutrality closes this integer path. Set the real row ct by

1t(J(p) − K(p)ℓ) = 2πW t/p − 2h∗ct + O(p).

(In this expression J is the coupling block of the transform, transported on the final constituents,
not the site function in (9.2).) Thus u∗ + L̄ = ctn − (πi/h∗)∑Wdsd. At zero,

Z = αWW t/p2 + M∗/p + O(1), M∗ = −2π(W̃ + Wct − cW t), (9.5)

where W̃ is an integral skew matrix. Indeed change right variables by −ℓn in the block matrix
before Schur. The non-right charges are now zero, its non-right block has simple coefficient −2πW̃
from the shifted winding matrix (Wnn − ℓtWRn − WnRℓ before subsequent branch corrections). The
remaining poles after Schur come just from the common channel as shown. Exact-offset averages for
free left clusters give integral windings here (symmetric shifts for same offset clusters; otherwise all
off singular offsets, even sum of multiplicities).

Apart from the explicit terms of (5.3) and site/test couplings the constant phases, when combined
with the ordered factor from M∗/p and the term −2πijctn, reduce up to a single unit prefactor to∏

d

ηid
exp[−2πicid

Hm(sd)] (9.6)

for fixed unit constants per species, the same for every choice of even MA, MB, including 0. Here and
below indices in such products include the color. To check this, the 1/p kernel at ordered separation
is −i/2 (positive separation), so neutrality gives the stated mid-value term and an unordered sign
(−1)W̃ab per pair. Before branch moves, original log constants have signs (−1)Wab on pairs of left
particles, plus (−1)

∑
kgPg from right-left pairs, where kg = Mg +u−

∑
i ℓgini and Pg = (WR,L′nL′)g;

backgrounds contribute no sign (zero right winding, integral left windings and even counts near zero
rapidities). Indeed for each shifted product of sinhs the positive-separation leading logs have just the
offsets times i, without extra signs before taking the indicated means and jump, since the products
use symmetric shifts. Residue orientations can add single-cluster phases only. Original right and
inverse same-side symmetrization gives exponents ∑g

(kg

2
)

+∑g,t

(ngt

2
)
, and the Weyl exponent adds∑

g⌊(1 − kg − nI,g)/2⌋, with ngt inverse counts, nI,g = ∑
t ngt. These are exactly the constant-mode

signs in the trace calculation of (5.3) (between different ordered oscillator radii the geometric log
has zero constant phase). Dependence on u cancels since each simultaneous unit increment flips∑

g(Pg + nI,g) = 0 mod 2. At u = 0 changing Mg by 2 also has no effect. Now on count space all
second differences of this total sign exponent, mod 2, are precisely W̃ : in addition to the left-left and
right-left terms, the binomials and floors (using ⌊(1 − h)/2⌋ =

(h
2
)

mod 2 for integral h) contribute
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per group the polarization entries of shift type ℓg ⊗nI,g +nI,g ⊗ ℓg +ng+ ⊗ng− +ng− ⊗ng+ (symbols
here denote linear count functions). These give the inverse-inverse and shifted right-inverse windings.
This cancels the unordered signs from (9.5), leaving just single-particle phases. Each subsequent
branch change of order ν shifts W̃ correspondingly and brings the matching constant sign (−1)ν

between the pair by the ratio of geometric factors as in the mode calculation. Fusion restricts to
sums of constituents (self-residue has only a local extra phase), with the same compensation for
exterior pair branch changes. This proves (9.6).

For the short part of pair energy we use the periodization of Gab(s) for ordered positive separations
(target to the right, source to the left), with the usual regular diagonal at contact and both periodic
continuations counted, once per positively separated pair up to translations. This denotes the
inverse Fourier kernel after removing exactly the two pole kernels in (9.5), with transpose at negative
separations. Thus the off-contact exponent in the gas is minus one copy of G per such pair, including
pairs with translated particles, and the regular contact self term with half weight. For ℜs > 0 we
have

Gab(s) =
∑
l≥1

r∗∑
k=0

Cab,l,kske−ωls, (9.7)

where ωl > 0 increase at least linearly, C grow at most polynomially and r∗ is fixed. Indeed the
rational functions in the final symbols of the two-line calculation have only unit-circle poles in eLp,
of uniformly bounded order (the extra denominators after Schur come from H∗, proportional in the
channel symbol to (1 − e)(coth(bp) − c csch(bp)), and use the earlier factorization of 1 − e). Shifting
the inverse contour downwards in imaginary-period multiples picks these residues apart from the
already separated zero pole terms. The horizontal ends can be bent down at small slope (symbols
subtracted at zero are bounded or O(1/p) there); equivalently for the unsubtracted meromorphic
symbol use a principal finite-part integral, whose zero pole contributes just the two displayed
long kernels. Along deep level shifts chosen a fixed distance from poles the tail rotation yields
exponentially vanishing remainder. This agrees at real periods with the ordinary periodized short
kernel by Fourier inversion (at contact the one-sided short parts can have a jump; for the self entry
there is no jump), and then by the continuation of (5.3). More explicitly removing αWW t/p2 +M∗/p
gives a symbol regular at zero, O(1/|p|) at either end, with inverse integrable at zero (log plus
bounded terms). Its ordinary periodization includes the exact zero harmonic; the pole kernels
separately are as in (5.11).

9.5 From periodic gas estimates to interval operators

We next construct an operator whose products describe intervals of the ordered gas. This construction
is needed because the magnetic core and the two exterior intervals have different particle potentials.
A bound on homogeneous closed periods would not by itself control their product.

Here is the required transfer estimate. Fix a large cell length S0; consider first a homogeneous
gas with no magnetic functions or (9.4), but take r = −2a′

0 constant, a′
0 = +6Li or −6Li, and allow

all five species of color A, only S, F of color B. In addition to G and (9.6) this has exponent

−h−1
∗

∫
(πH + ia′

0)2 ds + 2a′
0ctn. (9.8)

The construction below will give a common state space for the two tilts; Lemma 9.1 then states the
strict spectral bound.

Coercive gauge and nearest cells. We specify the operator since a pressure comparison on
closed periods, without controlling intervals, would not suffice. A cell state x consists of the incoming
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integer height and indistinguishable points of each species/color in an open interval of length S0,
with their factorial Lebesgue measure using the particle normalization of (5.3). Include all species
of both colors in the ambient space even if some are suppressed by zero point weights. Along an
edge x → y require outgoing height of x equals incoming of y.

Use the real reference energy at zero tilt, no extra particle potentials: A(x, y) is half each of the
two cell self energies (including π2/h∗

∫
H2), plus the real adjacent pair energy from (9.7). Cyclic

sums omit just separations of at least two cells in (9.7). By (5.11), for large fixed S0 they satisfy∑
A(xi, xi+1) ≥ 4ϵS

∑
i

|xi|20 − CSncells, |x|20 = N2
x + H2

x,in, (9.9)

where Nx is total particle count, ϵS > 0 at least inverse-polynomially small in S0. Indeed omitted
terms cost exponentially small times ∑N2

x ; interval counts in (5.11) control ∑N2
x/(1 + S0), and

incoming height is controlled by within-cell heights and counts. Here (5.11) at real large period is
independent of the number of site sources; its proof holds for every large period. One may repeat a
short cycle before applying it. Coincident points inside cells need not be used.

There is then a finite Borel real function ϕ(x) on these states away from coincidences such that

A(x, y) ≥ 2ϵS(|x|20 + |y|20) − CS + ϕ(y) − ϕ(x).

Indeed take the infimum of corrected path sums (subtract the count squares, add CS) from an
empty cell of height zero. There are finite paths both from the empty state to any prescribed state
and back, because jumps of both unit signs are available. A fixed return path and (9.9) bound all
corrected forward path costs from below; a fixed forward path bounds their infimum from above.
The infimum is therefore finite. On each component with prescribed particle counts and height, the
energy is continuous away from coincidences. Taking intermediate positions in fixed countable dense
subsets consequently leaves the infimum unchanged and makes it a Borel function of the terminal
state.

Gauge every forward transfer edge by exp(ϕ(y) − ϕ(x)). The gauge cancels on cycles. Complex
nearest-cell weights use the same split into halves on self terms including the real reference height
square, and all adjacent interactions as above; other point, height and oriented phase terms can be
assigned wholly to the first cell on its outgoing edge. The gauge provides Gaussian margins in both
endpoint states.

It still does so for small-slope complex deformations of the cells (holomorphic off null sets).
Specifically compare curves parametrized over the same real intervals with derivative within a
sufficiently small constant of 1 and with differences of successive position shifts Lipschitz-small,
including across ends. The derivative of the short kernel away from 0 on that sector is bounded by
C(1 + 1/|ℜs|)e−γ|ℜs| by contour rotation as in (5.11); self regular diagonal does not move. Thus
local short comparison costs OS(slope error)(N2

x + N2
y ). The height square has the same type of

bound with also incoming heights; Jacobians can go into point weights.

Fock encoding of longer interactions. Encoding decaying pair interactions in a bosonic
transfer space and recovering periodic partitions from determinant-corrected traces has precedents
in one-dimensional spin systems [11, Sections 4–6]. Here the preceding gauge supplies the bounds
needed for the unbounded particle counts and integer heights.

For interactions of range at least two cells add a boson symmetric Fock space over countably many
finite propagation blocks. They use semigroups Dd with each block generated by −ωl + nilpotent,
the nilpotent a bounded Jordan shift. Choose finitely many blocks per l and creation/detection
arrays ua, vb, with bilinear pairing in each block, so that

vbDdua = −Gba(d)
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term by term in (9.7). The entries of these arrays need grow only polynomially in l before a rescaling;
the unpropagated arrays need not be Hilbert-space vectors. Only the propagated sums below enter
the Fock operators, and their square-summability will follow from the exponential decay. At edge
xi → xi+1 the Fock state is passed from their common boundary to the next one; annihilate against
V = ∑

b∈xi+1 vbDdL
b

, where dL
b is displacement within that cell from its left boundary. Propagate by

Dℓ′ , ℓ′ the length (complex displacement) of xi+1; then create U = ∑
a∈xi

Dℓ′+dR
a

ua, dR
a displacement

from particle to right edge in xi. More precisely the Fock operator in forward order is

exp a†(U) Γ(Dℓ′) exp a(V ),

with creation and annihilation in exponential-vector normalization, [a(V ), a†(U)] = V U , and Γ
symmetric tensor powers including vacuum.

By the rescaling ua 7→ eωlS0/3ua, vb 7→ e−ωlS0/3vb modewise, ∥U∥ + ∥V ∥ ≤ Ce−ϵS0(Nx + Ny).
This Fock operator has trace norm at most C exp(C∥U∥2 + C∥V ∥2). Indeed one can split Γ(Dℓ′) =
Γ(1

2I)Γ(4Dℓ′)Γ(1
2I), with middle trace norm bounded by the convergent boson product of singular-

value factors by strict summable contraction. Creation exponential times Γ(1
2I) is bounded as stated

by its series (the kth power on degree m has norm at most ∥U∥k
√

(m + k)!/m!); likewise adjoint.
Thus this cost is allowed within the Gaussian margins.

The resulting integral operators including the classical state on L2 are Hilbert-Schmidt. This
remains true uniformly with bounded-above point log moduli per particle and bounded linear and
constant perturbations of the volume height energies.

Lemma 9.1 (Homogeneous interval operators). Choose S0 sufficiently large and keep it fixed. On
the common ambient cell space with Fock fibers constructed above, let T± be the homogeneous cell
operators with all five species of color A and only S, F of color B, the other species having zero
outgoing point weight. There are no magnetic functions or potentials (9.4); the constant tilt is
a′

0 = ±6Li, r = −2a′
0, and the weights consist of G, the phases (9.6), and the exponent (9.8). Then

T± are Hilbert–Schmidt and their spectral radii satisfy

spr(T±) < exp(S0/2).

Proof. The construction proves the Hilbert–Schmidt assertion. We prove the spectral bound by
identifying the cyclic traces and comparing two representations of the same residue sum.

Cyclic traces and spectrum. Their ordinary traces of cyclic products (at least two edges)
give exactly the ordered periodic gas times det(I − DT )−1, with T the whole period, this scalar
tending to 1 at large period. In fact tracing the Fock product gives, besides this determinant, all
contractions from previously propagated creations (also on earlier translates) into detections, hence
sums precisely (9.7) at positive separations of two or more cells, no others.

This identity follows simply by commuting exponentials, or Taylor-expanding on the occupation
basis in finite blocks with the convergent geometric trace. In detail after multiplying into normal
form ea†(P )Γ(DT )ea(B) times its internal contractions, the normalized trace is exp(B(I − DT )−1P ).
This follows by summing on each oscillator for diagonal DT , then for general strict contractions
in finite dimension by conjugation on tensor powers and continuity; mode cutoffs converge by the
bounds above. Internal and cyclic contractions then have the indicated time order.

The classical kernel trace formula with Fock fibers follows by Hilbert-Schmidt approximation, or
composition and the Hilbert-Schmidt pairing (absolute kernel bounds Gaussian). For a homogeneous
restriction suppressing species only by a point factor on outgoing sites the nonzero spectrum agrees
with the restriction to allowed cell states, by block triangularity.
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It suffices to bound homogeneous logarithmic trace per unit length on periods T = m0S0,
m0 → ∞. Indeed for a compact Hilbert-Schmidt operator the limsup root of absolute traces of
powers is the spectral radius. For positive spectral radius one can split off by spectral projection the
finite-dimensional outer eigenvalues with algebraic multiplicities; on the complementary invariant
space smaller radius bounds even the power traces since two initial powers provide trace class.
Leading eigenvalue powers cannot cancel at exponential scale along all integers (take simultaneous
subsequences of phases tending to 1). We use here just the usual compact-operator spectral and
spectral-radius facts (nonzero spectrum isolated poles of finite rank, lim ∥An∥1/n equals spectral
radius).

To bound those closed periods first fix real T large, and apply the two-line residue transform
with no magnetic potential, r = −2a′

0, to backgrounds MA = 0, MB → ∞ even with all variables
zero. The original sum has no A particles because their original small residue contours have no
site poles, and in particular only u = 0. Nevertheless opening and transforming both lines is still
valid (coefficientwise proof as for (5.3)). After removing (9.3) the limit of the transformed gas
keeps exactly the permitted species above, since nonzero (9.4) on B have real part strictly negative
proportional to MB uniformly around this fixed real period. Dominated convergence follows from
(5.11). By (9.5),(9.6) and Coulomb integration the remaining exponent indeed has (9.8), since∫

(H − j) = ∑
Wdsd. Its determinant scalar per unit length in log is 1/2 + o(1).

The one-line comparison. The very same residue sum (without opening A) admits the one-
right-line version of the current calculation on B. Here are verification details. Use the heat
period 2bc∗ with just one insertion in the normalized oscillator trace, K0,BB = (2π/p) coth(bp) and
dressing factor 1 − e as before. A single Weyl reflection twists oscillator trace by oscillator sign,
contributing the additional scalar ∏p>0(1 − e−2bp)/(1 + e−2bp) and replacing Cartan covariance
by (p/2π) tanh(bp) = K−1

0,BB. Indeed contractions run around with negative multiplier each time;
the two inverse sides with the Cartan exponential then have evaluation multipliers −teatp tanh(bp)
including their own e−ϕ, and the ordered inverse kernel uses this same tanh(bp) in place of the
reciprocal-channel multiplier, keeping the order subtraction in B(p). Equivalently these follow in
(5.5) by moving the reflection to the end and replacing the oscillator occupation ratio in the one-line
Wick contraction by −e−2bp for p > 0. Gaussian integration again changes the reciprocal to that of
KBB.

Zero momentum matching fixes qBl = PB + ∑
tnt, allowing every choice of residual counts;

the Laurent Schur saddle satisfies both charge conditions and no remaining mean Gaussian occurs
(kB = MB − LB fixed, Q vanishes quadratically at zero). Thus scalar (9.3) is exactly the same;
(9.4) applies, and pair symbols through final fusion are precisely the given formulas with color entry
c = 0, directly restricting original interactions to same color before Schur. Other zero factors have
only polynomial growth in T . All constant phase ambiguities here have unit modulus.

In slightly more detail, after moving the single reflection past the right inverse insertion the
Cartan source has sign qB; relative to this sign the outer and inner inverse sources have signs −1, 1.
Along the twisted oscillator trace the Cartan symmetric self contraction at harmonic ν > 0 is
ν(1−h)/(1+h), h = e−2bc∗ν , and ordered contractions use 2ν/(1+h), −2νh/(1+h); the momentum
calculation at the insertion itself is unchanged. Thus even the inverse self terms have the same
regular-diagonal convention (ordering singularity unchanged). Before the Schur step the Laurent
pole matrices with winding are just restrictions of the earlier ones; the BB density block has leading
4/p2, so its scalar equation at orders p−2, p−1 exactly enforces the count and derivative conditions
against charge, leaving no order-zero quadratic correction. The twist product comes solely from the
oscillator vacuum partition factor. No positivity of the twisted trace is being used.

90



For the analytic trace justification the preliminary inverse quadratic test from the two-line
proof now has Λ = tanh(bp), between the two tested values (the inequality is affine); all fixed-left
convergence and subsequent termwise contour deformations therefore apply as there. The final
same-color symmetric kernel is strictly positive with lower symbol bound ϵ/(1 + |p|), bounded real
part at zero and high asymptotic 2πI/|p|.

We include the coefficient verification of positivity, since the one-line estimate is needed to
control the operator on intervals. Take D0(z) = (z2 − z + 1)(z4 − z2 + 1), t = ex/12, and Hij =
t−36+12(δi−δj)D0(t12)F (0)

ij (t12), using x = Lp > 0. Clearing by positive scalars we want positivity of
(H + Ht)/(4 sinh x). Here (H + Ht)/2 is Laurent of degree at most 36 with coefficients at opposite
powers negatives of one another (by substitution in the mode rules above). Let Bj denote its
coefficient of tj , 1 ≤ j ≤ 36. Thus the matrix being tested is the sum of these with multipliers
sinh(βx)/ sinh x, β = j/12. As in the interpolation argument of (5.9), with a = 2 cosh x − 2 and
nodes 1, 4, 9 the coefficients are

u0 = β, u1 = β(β2 − 1)/6, u2 = β(β2 − 1)(β2 − 4)/120.

For noninteger β the multiplier is between u0 + u1a and u0 + u1a + u2a2 (divided differences of
sinh(

√
ux)/

√
u are positive by the power series); at integer arguments the latter is exact. Thus a

Loewner lower polynomial has first two coefficients Uk = ∑
j ukBj ; its last is

U2 =
∑

j

u2Bj − 1
2
∑
12∤j

(u2Bj + |u2| diag(|Bj |ent1)) ,

where absolute values inside diag are entrywise.
The finite coefficient check is as follows: multiplying by 1000, entries to nearest integers (error

at most 1/2) by substitution are, upper rows in succession separated by semicolons,

0 1000, 708, −958, 625, 1500; 2000, 167, −667, 1333;
2000, −1667, −1750; 2000, 1333; 3000

1 2000, 827, −1385, 684, 1818; 4000, 1327, −1920, 1673;
4000, −2809, −2031; 4000, 1673; 4000

2 565, 54, −210, 26, 146; 511, 105, −146, 166;
359, −175, −130; 468, 166; 388

For example one rule to obtain the entries is to clear each F
(0)
il by D0; place half each resulting

coefficient at degree h in the bins j = 12(h + δi − δl) − 36 > 0 of entry il, adding the same with
indices exchanged, before using the three displayed polynomials in j/12.

Subtracting 3I from each displayed integer matrix gives positive successive leading determinants
by rational elimination. Each rounding error has magnitude at most 1/2, so its 5 × 5 matrix has
operator norm at most 5/2. Thus the exact matrices 1000Uk are positive definite as well. This
proves positivity of all three Uk without using the rounded entries as exact coefficients. This yields
the asserted bound near zero and strict positivity throughout; the limit after multiplying by p/(2π)
at infinity is identity directly from the branch constants. The same smoothing/removal of regular
diagonals used for (5.11) now gives absolute convergence and uniform domination for the limit in
MB at fixed period.

Again only S, F survive. Their symmetric entries, omitting 2π/p, on the diagonal are (sinh 3x +
sinh x∓ sinh 2x)/ cosh 3x respectively, and off-diagonal (sinh(5x/2)+sinh(x/2)) cosh(x/12)/ cosh 3x.
Spatial real kernels are nonnegative off contact (each divided by p is a nonnegative mixture of
cosh(hp)/ cosh(bp) for 0 ≤ h < b, with positive inverse transforms).
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Regular diagonal of each whole-line kernel is at least 2 log L, since the diagonal multipliers F
are both at least 1 − e−x for positive x by substitution, and the regular value is 2

∫∞
0 (F (ex) − 1 +

e−x/L) dx/x in notation where F ’s argument is ex. Periodization only improves it. Hence the total
real pressure from particles is at most 1/(πL).

The one-line determinant per length gives 1/4 − 1/6 + o(1) = 1/12 + o(1) (expand the logarithms
of the product above and one copy of (1 − e)−1). Comparing both limiting expressions, the desired
homogeneous log trace per unit length is at most

1/(πL) + 1/12 − 1/2 + o(1) < 1/2.

This proves the strict spectral bound for either sign of the tilt. Indeed L = π/8 and π > 3 give
1

πL
+ 1

12 − 1
2 = 8

π2 − 5
12 <

17
36 <

1
2 .

Thus the comparison has a fixed positive margin for both choices of the tilt.

For later use, the spectral-radius formula gives a fixed block length q and ε > 0 for which both
homogeneous operators satisfy ∥T q

±∥ ≤ exp[(1/2 − ε)qS0]. Continuity of a finite ordered product in
operator norm then preserves the bound exp(qS0/2) for sufficiently close q-blocks in the same state
space and gauge. Section 9.7 will prove this closeness for the actual tail kernels; the core requires
its separate product estimate.

9.6 Localization of the magnetic source

The homogeneous interval operator is now controlled. We turn to the actual magnetic source, prove
the uniform one-particle estimates needed to compare its tails with that operator, and retain the
suppression inside the shorter core. Write a(s) = log UT (s) on the right contours, using the branch
whose bulk core log comes from the odd primitive in the centered argument s + ixe; its total winding
around the period is zero as in the balanced calculation of Section 9.2. All logarithms in exponents
are continued along the stated graphs. As there, the right mean of a gives r = −2ā and scalar
(MA + MB)ā; on the left retain direct UT factors and subtract the mean, on the right transform
insert a − ā. Completing Cartan nonzero modes exactly as in the balanced case gives the following
additional external scalar (in addition to (9.3), with the squared linear-primitive effect assigned
below):

Sa(T ) = 1
T

∑
p

ρ̂(p)1tE(−p)â(p) + 1
T

∑
p ̸=0

(
Q+(p) − 1/h∗

)
â(−p)â(p). (9.10)

The local height-square exponent is now again

−h−1
∗

∫
(πH + ia(s))2 ds. (9.11)

Indeed the added particle-source nonzero-mode multiplier is

−J(−p)t1Q+(p);

its simple pole +2πW/(ph∗) acting on a − ā provides the corresponding mean-zero primitive of
−i(a − ā). Summing jumps evaluates it by parts against H; remaining terms here are exactly the
long quadratic from (9.5), mean/fugacity tilt and the part of the test variance not kept in (9.10).
The extra exponent at each particle, besides (9.6), consists of:

(2ci − ℓΣi)a(s) +
∑

orig. left members there
log UT (s + i(δi + bi′)L) + b′

i(s). (9.12)
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Here offsets bi′ denote the indicated individual physical integer additions. The short source b′
i is the

Fourier action on a′ of

[−J(−p)t1Q+(p) − 2πW/(ph∗) − (2c − ℓΣ)]i/(−ip),

regular at 0. Indeed the definition just before (9.5) gives the indicated constant coefficient 2c − ℓΣ
using Q+ = 1/h∗ + O(p2). Its mean times the counts comes from −āℓt

Σn + 2āctn in the left and
fugacity terms; likewise the tilt with the mean of a in (9.11) uses

∫
(H − j) = ∑

Wdsd. Direct left
log terms just mean products with their integer multiplicities.

Keep the cell length S0, block length q, and spectral margin chosen above fixed. Choose the
bend size θ0 sufficiently small, then the transition length A and buffer g ≫ S0 sufficiently large to
meet the slope bounds below. The fixed boundary layers used in the product estimate may depend
on these choices, but none of these constants depends on d, N , or λ.

Take nominal period R = 2a−1
0 log N + g + O(S0), a multiple of 2S0, with a0 = π/b as in the

gas calculation. Allow |T − R| < π + 1. Use a common curve for the positions parameterized by
s = t + iy(t) + (T − R)χ(t), −R/2 ≤ t ≤ R/2, with the analytic period adjustment χ as in (5.11),
derivative O(1/g), supported near the ends within g/3, χ(±R/2) = ±1/2. Use the periodic, real,
Lipschitz-small displacement y(t) zero for |t| ≤ A, decreasing in |t| to a fixed tiny negative constant
−θ0L by |t| = 2A, then flat (A large absolute, θ0 > 0 sufficiently small). Slopes meet all earlier
smallness requirements.

Here are uniform bounds on site sources on this graph:

1. a(s) tends exponentially to a± = ±6Li away from 0 and the period edges, on ±t > 0, and
is bounded. Logs in (9.12) from direct multipliers likewise tend to these phases modulo 2πi,
with multipliers bounded. The short b′

i tends exponentially to 0 there with exp(ℜb′
i) bounded

throughout.

2. For D, I ′
+ the real exponent in (9.4) is bounded above by −c0Mge−a0|t| +O(1) with c0 > 0; the

same estimate holds for I ′
− when |t| ≥ 2A, and an upper bound O(1) everywhere. Moreover

for color A the (9.4) multipliers tend uniformly to 1 far outside |t| ≤ a−1
0 log d and away from

the period edges.

For 1, the product formula and derivative periodizations about the two centers are as in the
balanced case. Direct left physical offsets have no poles along the graph (the edge compensator
unshifted in rapidity). For the short term apply the regular multiplier on the two separate whole-line
coth derivative differences before periodization; their transforms off zero decay at the nearest
respective shifted singularity, by integrating across one coth period. Products for the core have
exponential decay in frequency (also on slightly bent shifted contours for spatial transport) uniformly
in the shifted rapidities: the rates are controlled by 1 ∓ (xe/L + δi); in a limiting case at S with
positive frequency use the additional exponential decay of A0(eLp) there. For I ′

− with negative
frequency, isolate from b′

i for this core part only the multiplier −(eδiLp − 1)/(−ip). This gives minus
the core log difference on shifting the argument by iδiL; its exponential modulus is bounded above
(a possible approach is to the pole, not the zero, of the shifted ratio) and it is localized exponentially
including its images. After this subtraction the extra exponent has uniform frequency decay since
A3 = −1. These statements use a′ itself split as periodized whole-line differences around the centers
(the opposite masses cancel globally). Contour rotation away from the centers as in (5.11) gives all
asserted periodized bounds and continuation; for the isolated log difference use direct transport, with
the limiting approach to a singularity only near t = 0 where the graph is undisplaced. Widths for the
unshifted ratios in such estimates are bounded away from singularities since −3/4 ≤ xe/L ≤ 1/2.
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For 2, images and period adjustments cost O(1) by exponential decay and the choice of period.
On the basic line the imaginary part for a single primitive at argument t + iLY is

B(u, Y ) = 1
2π

atanh 4
√

3 cosh u sin(πY/3)
3 + 4 sinh2 u + 4 sin2(πY/3)

, u = a0t,

by integration of the explicit density. Before bending, take the mixture of Y = r0 + δi, Y − 1 with
proportions 1 − λ, λ. For I ′

+ its sign is uniformly positive with size at least constant times e−|u|:
Y ≥ 2/3 and the positive function increases on 0 < Y < 1. For D, Y = 1/3 + λ/2; the same follows
by monotonicity and continuity (including as |u| → ∞ after scaling) if λ ≥ 1/3. Here are convenient
comparisons for the remaining cases: on 0 < Y < 1, 2πB divided by 4

√
3 cosh u sin(πY/3)/(3 +

4 sinh2 u) lies between 1 and atanh(
√

z)/
√

z, z = 4 sin2(πY/3)/(3 + 4 sinh2 u). Indeed compare the
argument of atanh to

√
3z + z2/(1 + z) below (the atanh at this lower value is at least

√
3z + z2

by differentiation, and atanh divided by argument increases) and 2
√

z/(1 + z) above. Thus for
D, λ ≤ 1/3 the required margin follows from

(1 − λ) sin(πY/3) − 1.33λ sin(π(1 − Y )/3) > 0

The split at λ = 1/4 makes this a quantitative comparison. For 0 ≤ λ ≤ 1/4, use sin(π/9) > 1/3 and
sin(2π/9) < 2/3; the displayed difference is at least 17/600. For 1/4 ≤ λ ≤ 1/3, use sin(11π/72) >
9/20 and sin(13π/72) < 11/20; it is at least 337/6000. The factor 1.33 = 133/100 is valid throughout
these comparisons: the relevant z is at most 5/9, and

atanh
√

z√
z

≤ 1 + z

3 + z2

5 + z3

7(1 − z) <
133
100 .

For I ′
−, Y = λ/2 ≤ 1/4, so z < 1/10 and the same series bounds the upper-comparison factor by

11/10. Moreover

11
10(1 − λ) sin(πλ/6) ≤ 11π

60 λ < λ sin(π/4) ≤ λ sin(π(1 − Y )/3).

This yields the negative sign with a fixed margin times λe−|u|. At large |t| bending down only
improves that comparison, giving an absolute margin at full bend: B/e−|u| there is uniformly
increasing with slope bounded below on the needed interval by the displayed formula. Other
comparisons are unaffected for small θ0. This proves the suppression bounds. The real-axis primitive
limits to ±1/2, unchanged on bounded parallel displacements with exponentially small error; in the
last assertion of 2 the masses Mg are even. These arguments use analytic continuation on horizontal
graphs first (|r0 + δi|, |r0 − 1 + δi| < 1 for nonzero σi) and the bend only far from core poles.

These estimates justify the mode transform at the indicated rapidities. More explicitly start at
real large T , near zero rapidities, where the analytic test can be taken through the original trace and
the final fusions without pole problems, exactly as in the balanced case. Continue rapidities linearly
to the targets on the final contours with horizontal projections (no remaining branch crossings in
the continued (9.4) or magnetic terms); absolute convergence throughout and in neighborhoods
for fixed parameters follows by (5.11) or (9.9), since only bounded one-body and at most linear
height perturbations are added. For the lift, split poles initially near the fictitious background
only for actual remaining residue sites, as in the balanced magnetic calculation (including common
sites possibly colliding with those extra values); this gives meromorphic continuation with a finite
product-sum representation. The straight continuation just given implies regularity there on the
rapidity family used, even at collision divisors where the individual split terms need limits. Now
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deform the final position graphs to include the small y at real periods by simultaneous transport
(contact repulsions have fixed continuation on the shared small-slope curve; long ordered factors can
equivalently be reassembled in their analytic pair branches; no one-body singularities are crossed).
This can also be done termwise before resumming the Poisson index by using each original Fourier
coefficient for periodicity. Equivalently the Coulomb and mid-jump rules are local on the cyclic
integer path, so after summation boundary terms always reindex periodically. Coincident loci
have no poles, only possible zeros of nonnegative integral order with analytic transport, by the
high-frequency coefficients. Uniform absolute convergence on the deformation follows as in (5.11).
Holomorphic continuation in the period disk then holds on the indicated parametrization, locally
also for rapidities near the targets. Any singularities from split residues in taking those target
rapidities at finite nome are on fixed rapidity divisors by the product rules at large ℜT , hence
the real-period regularity removes them identically near nome zero (analyticity in nome of the
desingularized finite expression). Its value at zero is the original trigonometric sum, likewise by
continuation. We thus bound on the nome circle using this common graph. Parameters can be kept
on a full fugacity period when coefficient verification is needed.

9.7 A bounded product through the core and tails

Choose u0 a nonnegative cell-boundary coordinate within bounded distance of a−1
0 log d. On the

core [−u0, u0], where χ = 0, remove the scalar h−1
∗
∫

a2 from (9.11), of real part −2(2u0) + O(1),
since (6L)2/h∗ = 2. Redistribute the principal real linear tilt on that interval using∫ u0

−u0
sgn(t)H(s(t)) dt = −

∑
d′: |td′ |<u0

Wd′(u0 − |td′ |).

It appears with positive coefficient 12πL/h∗; terms from purely imaginary tangents here have unit
modulus for this leading tilt. The unfavorable sites all have W < 0 and thus the strong chemical
suppression, which absorbs their loss at bounded additive cost per particle while retaining an overall
suppression −c1(u0 − |t|) per particle there (Mg ≥ d, and no species has W = 0). Here we actually
replace that real part of the tilt in the local edge weights on the core by the point terms from the
displayed identity; their cyclic product is unchanged. All other added terms have bounded-above
point log moduli by 1 and 2, and at most bounded linear height costs on cells, whose real coefficients
beyond the reference Gaussian tend to zero away from the center after this redistribution. There is
no winding boundary cost in this telescoping.

Every edge kernel is uniformly bounded after the scalar removal. We need the stronger assertion
that the product through the whole core has bounded norm, independently of its length. We prove
it directly. For a core cell let its depth be its minimum distance from the two core cuts, truncated
below at zero. Reserve a fixed small fraction of the remaining negative point potential −c1(u0 − |t|):
on cell i this gives an outgoing factor exp[−pi(x)], where pi(x) = δ depthiNx for a fixed δ > 0. Set
pi = 0 on the exterior states at the two core interfaces. If Ki(x, y) is the outgoing edge kernel,
replace it by

Ksym
i (x, y) = exp

[
pi(x) − pi+1(y)

2

]
Ki(x, y).

The reserved factor on this edge becomes exp[−pi(x)/2 − pi+1(y)/2]. In a product through the core
the multipliers telescope pointwise, including the interfaces where the exterior factors are one. Thus
the complete product kernel is unchanged; no boundedness of an inverse diagonal gauge is required.
Adjacent cell depths differ by at most the fixed cell length. The unused point suppression and the
Gaussian margins in (9.9) therefore remain available on both incident edges. In particular, every
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block with a nonempty state at either endpoint has operator norm at most

C exp(−c depth),

where depth is the smaller of the two incident cell depths. Here an empty state means no particles
in the cell; its integer height and Fock state are still retained.

Away from a fixed number of cells at the central transition and the two cuts, the empty-to-empty
block has norm at most one. Indeed the integer height is constant across such an edge and the
real reference exponent is −π2S0H2/h∗. The residual linear coefficient of H tends exponentially to
zero away from the transition and the cuts. Since H is an integer, its absolute contribution is then
bounded by the negative quadratic term whenever H ̸= 0; for H = 0 both contributions vanish.
The common tangent is flat there, the remaining scalar phases have modulus one, the state gauge
cancels, and the free Fock propagation is contractive. The complete edge consequently has norm at
most 1 + C exp(−c depth) on each of the two core halves outside those fixed exceptional layers. The
sum of these errors is bounded: for each depth there are only a bounded number of cells. Taking the
product proves a uniform bound on the core operator. The exceptional layers contribute only fixed
factors. We use the redistributed gauge only on core cells; the tail operators retain their original
gauges.

On each of the two tails outside the core, far from its end cuts and the period edges, (9.11),(9.12)
and (9.4) converge in the same edge-kernel sense, uniformly, to the homogeneous kernels with (9.8)
and phases (9.6), since all undesired B-species are suppressed, and points on A see the chemical
limit 1. The direct left factors with the displayed linear term in (9.12) give exactly exp(2a±ci). Pair
kernels are unchanged on the interior flat cells (their common displacement cancels). Convergence in
Hilbert-Schmidt norm as distances increase follows by bounded-state truncation and the Gaussian
majorants. Use the fixed block length q chosen after Lemma 9.1, for which each homogeneous q-fold
product has norm at most exp[(1/2 − ε)qS0]. Increase the fixed boundary layers until the q-fold
products of the actual tail edges differ in norm from their homogeneous products by less than the
available fixed margin. Their norms are then at most exp(qS0/2). The boundary layers and the
fewer than q remaining edges have bounded length and bounded norms. Consequently the two
tails together contribute at most (R − 2u0)/2 + O(1) to the logarithm of the product norm. Short
intervals and all remaining boundary layers need only the uniform edge bounds. In the cyclic trace
estimate keep two edges in Hilbert-Schmidt norm to use the remaining product bounds. Including
the core scalar but excluding (9.3),(9.10) and determinant, we obtain overall log modulus at most

−2R + 5
2(R − 2u0) + O(1). (9.13)

9.8 Matching the scalar and the Pfaffian normalization

The interval bound controls the particle integral. To recover the polygon observable we must still
match its scalar factors with the normalizing polynomial f2

N . This step is necessary even when
the staircase uses only two rapidity values, because those values may have arbitrarily unequal
multiplicities.

We first match the external scalars. Uniformly on the circle, (9.3) equals
1
2
∑
e,f

Igegf
(ve − vf ) + C2e−2T + O(1)

for a constant C2 depending on the site data. Here

Igh(v) = 2qgqh log 2 +
∫
R
[Kgh(p)ρ̂(p)2 cosh(vp) − 4qgqh/p2] dp

2π
.
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Indeed the subtracted pole all-mode sum is qgqhT/3. The ordinary regular-symbol periodization picks
corrections from poles at ±2i and an error O(N2e−a0ℜT ), by contour shifting with exponentially
bounded tails; there is at most a simple pole at ±ia0 also in the color difference channel by
substitution. We have

eIgh(v) = B(v)2 tan2(λbv)
{

1/D(v), g = h,

1, g ̸= h,
B(v) = sin(v + b) sin(v − b)/ sin v. (9.14)

To verify, first take the difference from v = 0. Indeed with t = e−Lp the multiplier (p/2π)Kghρ̂2 on
p > 0 is t2/[(1 − t + t2)(1 − t8)] times 1 + t6 or −2t3 on same or opposite color respectively. Thus it
expands as ∑k≥1 cke−kLp with

ck = −21k=±3(8) + 21k=0(8) + 21k=3(6) − 21k=0(6) + 1g=h1k=±2,±3(8).

Integrating gives the sum of −ck log(1 − v2/(kL)2), exactly the log ratio by the sine product. To fix
the constant use v = iV , V → +∞ along the analytic convolution strip: by the pole transform and
the integrable regular remainder I = 2qgqh(log 2 − V ) + o(1), matching (9.14).

Formula (9.10) equals ∑
e

log J(xe − ve)
J(ve − xe) + C1e−T + O(1).

The regular test variance part costs O(1) as in the balanced magnetic calculation of Section 9.2
(a′ localized and analytic near the right graphs). The cross part integrates a against the shifted
periodized densities (here one can use the centered straight period segment, slightly sloping for
complex periods). The log of the normalized squared edge ratio gives first terms e−T (d1e2s + d2e−2s)
across the core with constants d1, d2, with bounded error O(e−2ℜT +4|ℜs|) (product expansion;
the same error bound covers the distant images in the core log); their integrals against each
nonperiodized density ρ(s + ive) give the coefficient, all tails/images and errors after summation
costing O(1 + Ne−a0ℜT/2) since 2 < a0 < 4. The remaining principal integral per background is
the whole-line core-log convolution shifted by i(xe − ve). The derivative of that convolution has
transform

2πiρ̂(p)z − z7

1 − z8 = 2πi
z2 + z3 − z5 − z6

1 − z8 , z = e−Lp,

obtained from the localized coth difference. Thus the convolution itself is log[J(−is)/J(is)] at
s = i(xe −ve): the derivative there has the same transform by shifting across a coth period, and both
functions are odd. Contours can be displaced within this convolution strip by keeping the two sets
of poles separated (the absolute shift in the difference is at most L, individual right displacements
strictly inside their strips).

Use maximum modulus after removing C2e−2T + C1e−T by an exponential analytic multiplier.
The determinant in the two-color transform adds (3/8) log N + O(1). To retain the bounded
remainder, put d(p) = − log(1 − e(p)) and write its logarithm exactly as

2
∑
n≥1

d(2πn/T ) =
∑
n∈Z

d(2πn/T ) − d(0).

The symbol d is even, regular at zero, and exponentially decaying. Its inverse transform at nonzero
period translates is exponentially small, by a fixed contour displacement and bending of the tails.
Periodization therefore gives πT/(16L) − d(0) + O(e−cℜT ), as in the two-line calculation. The two
square-root factors have constant product. Since ℜT = (3/4) log N + O(1), the real part gives the
stated bound uniformly on the nome circle. Formula (9.14), with eIs(0)/2 = λb/

√
C, cancels the
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all-positive prefactors in (9.2) along with the site sum from (9.10), leaving exactly 2f
(0)2
N in the

numerator relative to 2f2
N , where superscript (0) indicates using h0(v) = −λb tan(λbv)/2 instead

of h. This follows also by the Schur Pfaffian product at shifted variables as in the homogeneous
calculation.

We need
log

(
f2

N /f
(0)2
N

)
≥ (5/24) log N − O(1) (9.15)

for these rapidities uniformly. Here is a shifted comparison. Temporarily center the variables in
[−L/2, L/2] and make them distinct (or perturb into a slightly larger interval). The kernels by
their partial fractions are integrations of − sinh(vp) against the two positive-ray pole densities ν0, ν
from the determinant comparison, ratio R(p) = ν/ν0 ≥ 1. Expanding a Pfaffian of size N = 2s by
antisymmetry therefore gives the integral of the exponential alternant on exponents ±p1, . . . , ±ps

against the corresponding product measure, up to common constants. One may cut off at 0 before
taking limits by entries. This alternant has fixed sign for distinct ordered variables when exponents
are laid out in pairs (pair swaps do not change sign), since exponential polynomials of N such
distinct exponents have at most N − 1 distinct real zeros by Rolle induction. Jensen thus bounds
the log Pfaffian ratio below by its linear statistic with g = log R in the h0 ensemble, equivalently
the log derivative of Pf(h0 + thg) at zero, where hg uses pole density gν0. Limits at coincidence
preserve this comparison by confluent determinants.

The doubled linear statistic has the form A log N + O(1), with a constant A independent of
the rapidities and of the even size N . We verify this uniform assertion before using coincidence to
identify a lower bound for A. Write

Ht =
[
h0(vi − vj) + thg(vi − vj)

]N
i,j=1, C(v) =

∏
j

[−i cot(λb(v − vj))].

If Γ positively encircles the distinct sites and initially no other poles, Schur’s product and its minors
give the exact identity

2 d

dt
log Pf Ht

Pf H0

∣∣∣∣
t=0

= − 4
(2πi)2

∫
Γ

∫
Γ

C(v)C(w)h0(v − w)hg(v − w) dv dw.

For the coefficient, put ri = Resv=vi C(v). Cancelling factors not incident to the two removed sites
in each Schur minor gives the undoubled derivative as −4∑i<j rirjh0(vi − vj)hg(vi − vj). The
normalized double integral equals 2∑i<j rirjh0(vi − vj)hg(vi − vj); its diagonal-site residues vanish
because both kernels are odd. Doubling the derivative therefore gives the displayed coefficient −4,
independently of the sites and of every even N . The odd function hg is bounded analytic on strict
substrips |ℜv| < 5L, by exponential decay of gν0; at frequency zero the density may have a constant
times 1/p, whose odd sine integral with cutoff remains bounded. Expand first the v contour to
a rectangle of vertical edges at ±2.2L and heights ±a−1

0 log N ; then w similarly, with imaginary
half-height one larger. Only poles crossed are now from h0 at v − w = ±b; their contributions do
not depend on the sites since C(v)C(v ± b) = 1. The remaining integral is bounded uniformly,
because |C| on the vertical edges is at most exp(−cNe−a0|ℑv|), on horizontal caps it is bounded, and
any simple poles on the contour product itself are only transversal edge-cap intersections (locally
absolutely integrable; do the deformation iteratively off these null crossing parameters). In particular
the growing vertical side lengths cost only a bounded factor:∫ a−1

0 log N

0
e−cNe−a0t

dt = a−1
0

∫ N

1
e−cx dx

x
= O(1).
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The extra unit of height for the w contour also costs only a bounded factor. For fixed v off the
transversal intersections, each crossed pole w = v ± b contributes a constant residue: the identity
C(v)C(v ± b) = 1 removes all site dependence. Its subsequent v integral has bounded horizontal-cap
contributions and vertical pieces of length 2a−1

0 log N . The coefficient in the double-residue formula
is the same for every even N , as the exact identity shows. The remaining double integral is uniformly
bounded by the estimates just given. These facts prove A log N + O(1) uniformly, and also justify
the confluent limits, where the Schur formula is nondegenerate after division by its vanishing
Vandermonde factors.

At coincidence, twice the linear statistic is exactly the compressed trace test from the homo-
geneous saturation argument, by Taylor row and column differences. That test has lower limiting
coefficient 5/24, obtained there from Fatou’s lemma and the explicit orthogonal polynomial kernel.
Hence A ≥ 5/24. Applying the same Jensen inequality at the shifted sites proves (9.15) with a
bounded additive error. This argument uses a lower bound for the explicit linear statistic, rather
than inferring a bounded error from an exponent-level asymptotic alone.

We can now assemble the estimate. The logarithm of the normalized marked-polygon mass is at
most

−2R + 5
2(R − 2u0) +

(3
8 − 5

24

)
log N + O(1).

The choices R = (3/4) log N + O(1) and 2u0 = (3/4) log d + O(1) turn this into

−4
3 log N + 15

8 log(N/d) + O(1).

Exponentiation proves Theorem 1.2. If the shorter core has only a bounded number of cells, the
same proof uses the uniform edge bounds there; increasing the absolute constant covers these small
values of d.

10 Exterior sewing and finite bridge moments
Everything here uses pure sides (lattice cuts normal to the nj), and the length of a path between
cuts counts visited triangle centers. The marked-polygon bound controls two-link events. We first
construct exterior connectors, then recover their costs by averaging the cuts. These operations will
turn the two-mark estimate into a second length moment.

Proposition 10.1 (Confined crossings). The following statements hold with constants depending
only on the fixed relative tolerances and pure normals.

• Starting at a midpoint with inward normal n, one can travel in that half-plane to a pure
terminal line at distance s from the source whose outward normal m differs from n by at
most 60◦, staying before the terminal line until crossing at the end. For any fixed positive
relative tolerance, and all sufficiently large admissible s with a threshold depending only on
that tolerance, the travel can be confined within that tolerance around the straight segment
in direction m, with mass ≳ s−1/4. Also the unrestricted mass in this two-cut domain is
O(s−1/4).

• From one specified midpoint to another on the same pure boundary at distance l > 0, one can
use half-plane arches of diameter O(l) with mass ≳ l−5/4; even without confinement the mass
is O(l−5/4).
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The boundary-to-boundary mass is also decreasing as the terminal port moves away from the source
along one straight side of a convex pure-sided truncation, whenever the compared adjacent ports
remain on that side.

Proof. For the first assertion, the upper bound is the convex diameter bound (one may truncate
by pure convex cuts). For the lower bound with a turn, choose a small fixed a > 0 in terms of the
requested confinement tolerance. Exit first through the side normal to m in the centered triangle of
size s1, averaged over admissible s1 ∈ [as, 2as]. The deep-exit estimate (7.3) retains mass ≳ s−1/4

at depth at least a smaller fixed multiple of s from the base. Then make a bridge along m to the
terminal, confined within a tolerance small even compared with this initial depth, so it stays inside
the initial half-plane. This costs ≳ s−1/4 more. Joint mass for two choices of the first level splits
at both transversal renewals into the triangle exit, the difference bridge and the final bridge, thus
averaging O(s−3/4). Cauchy–Schwarz gives mass ≳ (s−1/2)2/s−3/4 = s−1/4. Without a turn just
use the narrow-channel bound.

For the second assertion about confinement, half-plane monotonicity via an artificial arc works
also in a convex pure-sided truncation: from a < P < Q on the same straight side, with P, Q
adjacent, the arc input from a → Q directed back to P can only continue to an exit between a, P
with resulting phase z−1; from a → P via the arc to Q, the remaining chord from Q has |W | ≤ π,
and the first two turns cancel. Here we follow the orientation of the earlier adjacent-cap argument,
z = eiβπ. Thus after multiplication by z all outgoing imaginary coefficients are nonnegative just as
there. Now in a large centered half-hexagon of scale a fixed multiple of l, the loss from full half-plane
arches to ends at distances in [l, 2l] is small compared with their total mass of order l−1/4, by the
diameter bound. Apply monotonicity inside the truncation.

10.1 Two exterior sewing estimates

Choose a triangular lattice vertex as origin and take the pure-support domains D = D(0; b) of
(8.14), with |bj − R| ≤ εR for a fixed sufficiently small 0 < ε ≤ 1/20. These are convex hexagons.
Their minimum side length is then of order R, and Section 8.3 supplies the uniform nesting and
central-occupancy estimates for every such domain, including independent bounded row roundings.

Use a random nested family Dh indexed by h in a window of size cR, c > 0 small. Move each
nominal support outward at speed 1 from a regular arrangement plus a perturbation c′Rf(Vi+Aih/R),
with c′ > 0 small, f a unit-period triangular zigzag of absolute slope 1, Vi uniform modulo 1, Ai

uniform on [−1, 1], independently. Given r < s in that window, conditional on the phases at r the
nominal supports at s are independent with densities at most C/(s − r), since slopes’ parameters
remain independent and the zigzag has boundedly many monotone branches over the allowed range.

For each facet choose a fixed nondecreasing rounding map to its admissible row levels, depending
only on that facet’s nominal support and with uniformly bounded error; floor, ceiling, or nearest-level
rounding with a fixed tie rule will do. Use the same map at every h. Each nominal support has
derivative at least 1 − c′ > 0 wherever differentiable, so rounding preserves nesting. It also preserves
independence between facets conditional on their inner phases. If its error is at most Kd0, an atom
of the rounded support is the image of an interval of length at most 2Kd0. Thus the conditional
density bound becomes an atom bound C min(1, Kd0/(s − r)), sufficient for all the averages below.
Boundary gaps are O(1+s−r) and at least c0(s−r)−O(1). The particular monotone rounding here
constructs a nested family; the estimates for an individual domain allow every rounding satisfying
the displayed support bounds.

Use complete chords in Dh with ordered boundary ends p, q binned by dyadic separation l ≍ |p−q|
(of at least constant order) and by the two values ti of one plus distance to nearest corner capped at
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order l, also to within dyadic factors. Orientations do not affect any of our bounds. We describe two
sewing estimates for a chord event of mass Eh in such a bin. Its contents such as marked vertices
may be constrained arbitrarily as a deterministic event given h, Dh.

Proposition 10.2 (Exterior sewing). For the nested family, endpoint bin and deterministic chord
event just specified, the following estimates hold. The average E includes the level and the support
randomness, and the constants are uniform in the event and the admissible levels.

1. If it requires the use of two fixed internal links, the average satisfies

E ≤ Cl3/4K,

where K is the single-polygon mass using those links on a cylinder of period vector of any
lattice direction chosen for the marks and length sufficiently large compared with R.

2. For l large, suppose the goal instead is to extend to bridges between horizontal caps at heights
near ±AR, A a sufficiently large constant (each height magnitude between AR and 2AR). Let
B∗ count bridges between those caps, with base start free in a horizontal interval of size CR,
containing the required chord event for at least one choice of the supports. One can replace the
condition by any common weaker deterministic event (e.g. a length lower bound). Then

B∗ ≥ cR−1/2(l/R)C0 l1/2E.

Proof. The two completions are shown schematically in Figure 7.

p qDh p qDh

closure to a marked polygon

top cap

bottom cap
extension to a bridge

Figure 7: The two exterior sewing operations. The blue path is the chord being tested; the orange
portions stay outside the convex domain. The proof realizes these schematic curves through pure-
direction corridors and varies their intermediate cuts. The two boundary crossings recover the
original chord for a fixed cut choice.

Exterior connectors. Here are the geometric constructions and their mass bounds. For 1
close by a connector strictly in the exterior with diameter at most Cl, fixed endpoints p, q, mass
available ≥ cl−5/4. For 2 append from p, q separate exterior paths to the two caps without touching
either cap earlier, also within distance CR of the origin; together their available mass is at least
cR−1/2 exp[−C(1+log+(R/l))]. In both cases for large l arrange that both exterior branches advance
from their initial endpoints locally in disjoint patches of small size compared with l until reaching
distance ρl from Dh, and all exterior portions between/beyond these visits stay at distance at least
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ρl (sufficiently small fixed ρ > 0). Even enlarged a little each patch sees only facets of a single
consecutive-normal pair for outer and inner cuts used together below.

For 1, work in units l, so the endpoints are separated. Take initial straight pieces along their
respective outward pure normals, followed by two disjoint simple routes in the open exterior
approaching a common terminal pure line from the same side in the pure perpendicular direction
at two separated but close points. Around this terminal patch keep a free half-ball with radius
much greater than the terminal separation (so the preceding confined arch lemma applies). The
pieces other than this terminal arch can be made straight in pure directions with successive turns at
most 60◦, each traveled by the point-to-line lemma with small tolerances. We give details justifying
uniform finite choices in this assertion.

On scaling by l and translating, any sequence has a subsequence with distinct limit endpoints
and exterior of a convex polygon, wedge or half-plane as local limit (and the indicated outward
support normals among active ones). Initial rays give strictly positive distance by the corresponding
supporting lines, then one can follow disjoint smooth arcs in the open exterior into an unobstructed
ball for the parallel terminal lanes, approaching them on the same side. Indeed one can join the
initial segments by a simple detour around the enlarged convex boundary in the connected exterior,
and bend in a free middle ball to enter two parallel lanes separated by any sufficiently small distance.

One can approximate the two arcs with end straight segments retained by polygonal arcs in pure
directions: track tangent displacements on short intervals using the two adjacent pure directions
spanning the tangent, inserting a short common-direction step at sector transitions, and adjusting
the last intersections with the common line. Mesh sufficiently small gives separation for portions
distant along the arcs, and on short portions tangent continuity gives positive projection in a
common direction and hence simplicity (smooth arcs can be taken piecewise with finitely many
sector transitions). Now use fixed sufficiently small apertures on the finitely many legs. End
placement errors are also small by choosing tolerances small enough on all stages. Nonincident
portions and successive crossing neighborhoods are separated. Along a path, adjacent pieces are
disjoint by staying in the required half-planes at the transverse crossing between them; the initial
piece stays in its supporting half-plane throughout.

All choices still work along the subsequence, including the localized initial deep excursions. This
gives uniformity of lengths, number of steps and apertures at this scale. For bounded l, a local join
at bounded cost outside suffices (exterior triangles at the two edges are connected by adjacencies
around the convex flat patch or corner); no deep constraint needed.

For 2 if l is at least a fixed small multiple of R, the same construction in units R suffices without
terminal arch, following two disjoint paths to the two caps, terminating separately on each. Such
paths exist with clearance in the intervening slab by routing in a wide annulus around the convex
obstacle (in cyclic order to the outgoing lanes) before going straight to the caps.

For smaller l the points lie on the same or adjacent facets. Start along divergent pure directions:
on the same facet of normal m rotate m by 60◦ in opposite directions, heading away from one
another; on adjacent facets use their two outward normals. Distances along the chosen straight rays
from different ends at parameters x, y ≥ 0 are separated by at least c(l + x + y) by projection onto
the common separation tangent (bisecting the tangents for adjacent facets). Supporting normal
height increases at rate at least 1/2. Travel to a small fixed distance of order R along each, first
with a point-to-line crossing at scale l, then confined pure bridges along the ray to successive
heights growing by factor about 2. Tolerances a sufficiently small constant times the scales work
simultaneously (error accumulation bounded geometrically); these paths are disjoint, exterior, and
satisfy the initial depth condition. Continue from the macroscopically separated locations by finitely
many legs at scales comparable with R, as above. Uniformity here follows by the same compactness
on scale R even if the rays had coincident limiting starts, since their terminal segments are already
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outgoing and separated in the open exterior and can be continued disjointly without meeting either
ray again (route outside around the polygon and the two initial segments). The total number of
legs is at most C(1 + log+(R/l)).

Averaging intermediate levels. Fix one of these corridor constructions and keep Dh, p, q fixed.
In both cases, vary each intermediate transverse level uniformly over the admissible levels in its own
small independent window of order the local scale, the terminal pure line for case 1 shared at both
ends. Let ν be critical weight on all exterior objects with the stated confinement and depth: a path
from the labelled endpoint p to q in case 1, or an ordered pair of disjoint paths from p, q to their
assigned caps in case 2. Weight counts all centers in these exterior paths. For a cut list u, let 1u(η)
indicate that the exterior object η follows the prescribed corridors at those levels, and put

Y (η) = Eu1u(η), P =
k∏

j=1
s

−1/4
j .

Here sj are the fixed reference scales of the k legs before any completing arch; their transverse cut
separations vary within comparable windows. The indicator counts an exterior object once, since its
transversal crossings recover all pieces for a fixed cut list. Concatenating the confined crossings gives∫

Y dν ≥
{

ckl−5/4P, in case 1,

ckP, in case 2,

after reducing the constant c > 0 if necessary.
For two lists, split each branch at both choices of each varied crossing, encountered in height

order in its own crossing neighborhood, yielding a difference bridge there. Indeed nonincident pieces
stay out of this neighborhood, and between successive crossing stages from one end the two incident
half-plane constraints put all crossings of that stage in order, with an intervening portion traveling
to the next stage between its respective lines (a distance comparable to its scale). More explicitly
both possible renewals in one neighborhood occur before entering the next neighborhood along
the path, since the later pieces in each list avoid the former and earlier pieces avoid the latter;
the crossing point for each choice is unique there and the branch locally before/after satisfies its
backward/forward half-plane condition. Thus the intervening costs with incoming point prescribed
are O(s−1/4

j ) again by the upper point-to-line estimate.
In case 1 the completing arch at the later shared level costs O(l−5/4) for any attained endpoints,

and the shared difference gives two bridge costs of order (1 + |gap|)−1/4 (the arch and the last
incident pieces stay after/before the shared line, other pieces avoid this terminal patch including
all confined arches). Averaging the joint costs supplies an extra s

−1/4
j for each varied renewal per

branch at scale sj . The shared difference has power 1/2, so this average is still integrable. In case 2
only the two final cap levels are fixed; their endpoints remain free, and both final legs have scale
comparable to R. Consequently∫

Y 2 dν ≤
{

Ckl−5/4P 2, in case 1,

CkR1/2P 2, in case 2.

The factor R1/2 in the second line removes from the second copy of P the two factors corresponding
to the fixed cap levels.

Cauchy–Schwarz now gives

ν{Y > 0} ≥ (
∫

Y dν)2∫
Y 2 dν

≥
{

ck
1l−5/4, in case 1,

ck
1R−1/2, in case 2,
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for a fixed 0 < c1 < 1. The number of legs is bounded in case 1. In case 2 it is at most
C(1 + log+(R/l)), so ck

1 ≥ c min(1, (l/R)C0) for a fixed C0 > 0. These are the asserted connector
masses. The next average varies Dh itself, using these completed exterior objects.

A common target measure. Trim the exterior choices by fractional indicators down to precisely
a common lower mass F ≍ l−5/4 or F ≍ R−1/2 min(1, (l/R)C0), respectively, pointwise for p, q, h, Dh.
The augmented object is a polygon injecting into the cylinder in 1 (both Dh and the augmentation
near zero within a small fraction of the period length), or a full bridge in 2. For a fixed cut choice
one recovers the decomposition up to bounded multiplicity since there are exactly two crossings of
its boundary.

Here is the common measure used for the second moment. Let Ω contain all six phase–slope
pairs, with their product probability law, and let µ be critical weight on target polygons through
the prescribed links, or on target bridges satisfying the common deterministic event in 2. Its total
mass is at most K or B∗, respectively. In a level window I of size comparable to ϵl, define bh(Γ, Ω)
to be the sum over recovered ordered decompositions of Γ at ∂Dh of the chord-event indicator times
the exterior trimming factor. The recovery bound gives 0 ≤ bh ≤ C. Put

X(Γ, Ω) = average
h∈I

bh(Γ, Ω).

The overbar below includes both this level average and support randomness. Weight multiplication
and recovery give ∫

X d(µ ⊗ PΩ) ≍ FE. (10.1)

Both factors in X2 are tested on the same target Γ and the same Ω.
Choose the two levels independently and uniformly in I. By symmetry it suffices to integrate

over r < s, with the original product measure restricted to this half-square, plus any diagonal
atoms. This restriction is not renormalized: conditional on r, the remaining s-measure has density,
or rounded atom mass, at most C/l. For ϵ > 0 sufficiently small, a simultaneous event splits into
the chord event for Dr, two exterior bridges crossing the band to ∂Ds, and then the augmentation
from there; keep only the latter trimming factor. Boundary crossings are unique on the separate
branches, localized by the depth condition because the boundary moves by at most Cϵl + O(1). For
bounded s − r, or bounded l, the indicator at r alone suffices. We will bound the averaged cost Ξ of
the two band bridges uniformly conditional on the inner level and phases. This gives∫

X2 d(µ ⊗ PΩ) ≤ CFE Ξ. (10.2)

The two band bridges. Put g = s − r. We bound the bridges for large g as follows. Fix for
each bridge the possible target normal in the local facet pair. Drop all other outer cuts, keeping the
entire inner elbow in a local patch with two lateral pure trims transversal to both tangent directions
containing the bridge portions; the domain is a polygonal strip between this outward cut line and
the flat or elbow piece of Dr. The inner obstacle here keeps just the two corresponding consecutive
constraints (or just one for a common flat region), extended throughout the strip patch; this agrees
locally on the required bridge portions. The target outward cut line is thus disjoint from it by
the positive gap. Trims may for instance bound projection on the common tangent bisector for a
consecutive pair (a pure normal direction), wide enough to enclose the localized portions and leave
clearance at the source, and can be fixed independently of the dropped outer facets.

There is a positive contour (after a possible rotation) from the inner source. Indeed closing a
chord along the boundary gives W equal to lifted outward-normal change minus π going round
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the counterclockwise perimeter from source to exit. There is only one possible reflex corner on the
inner elbow, with outward normal decreasing by π/3, and its two outward normals and the outward
normals on trim sides and target line are in cyclic order except for this one corner (the trims use
a pure direction strictly between opposing boundary sectors). Thus from a given inner source at
most one sign of excess beyond [−π, π] occurs, and by at most π/3; rotating gives real coefficients
bounded below positively since β = 3/8. Convexity is not needed for the contour identity on this
simply connected domain.

Cut down by a centered triangle at scale a small multiple of min(g, ti), where the inner source
is on a flat side. By contour subtraction and the escape upper estimate its bridge cost is O((1 +
min(g, ti))−1/4). This also holds by the full positive contour when the minimum is bounded.

For the corner gain, put t = mini ti. Both tests in X2 use the same dyadic endpoint bins: the
two inner bin sizes are at least t, and one outer bin has size of order t. Sum over the finitely many
choices of that outer endpoint and of the facet it reaches. For each choice, condition on the six
phases at r, making the inner chord event measurable, and on the support position of the selected
target facet at s. Figure 8 shows the adjacent outer facet whose support has not been revealed.

Dr Ds \ Dr

inner corner

retained target line
moving corner

adjacent outer facet
dropped from bridge domain

cs

p

z

O(t)

ti

≍ g

Figure 8: The selected band bridge from an inner port p to an outer port z, with g = s − r. The
inner elbow is retained when bounding the bridge, while the dashed adjacent outer facet is dropped.
After fixing the target support, the adjacent support is still independent and has conditional density,
or row-atom bound, O(1/g). Its intersection cs with the target therefore falls within O(t) of a fixed
z with probability at most C min(1, t/(1 + g)), including row rounding. The diagram is schematic;
the second band bridge is bounded uniformly without revealing this support.

For any attained outer endpoints and support choices, integrate the outer completion to its
constant trimmed mass F . Bound the other band bridge uniformly after dropping its extra avoidance
constraints. This bound does not require revealing the adjacent outer support, even if the other
bridge ends on that facet.

The adjacent outer facet defining the selected endpoint’s corner is therefore still unconditioned.
Its position is independent of the selected target support, conditional on the inner phases, and has
density O(1/g). This remains true because Vi + Air/R modulo one is uniform and independent of
Ai. Since that adjacent facet was dropped from the selected bridge domain, each possible end has
probability at most C min(1, t/(1 + g)) of being within O(t) of its corner, also after lattice rounding.
We average this corner event instead of conditioning on it. Both inner endpoint bin sizes are at
least t, so the product of the two bridge bounds is uniform in the support parameter still being
averaged. The resulting joint cost is therefore

C(1 + min(g, t))−1/2 min{1, t/(1 + g)} ≤ C(1 + g)−1/2.
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The conditional gap estimate gives Ξ ≤ Cl−1/2 on each window. Applying Cauchy–Schwarz to
(10.1)–(10.2) yields

E ≤ CK Ξ/F, B∗ ≥ cFE/Ξ,

respectively. Substitution of F and Ξ proves both sewing assertions. Averaging these inequalities
recombines the windows.

10.2 Corner gains and the marked-pair sum

The previous estimate is sufficient for one endpoint bin. To sum all bins with a bounded constant,
we retain the gain when an endpoint lies close to a corner. Write t = min(t1, t2), with 1 ≤ t ≤ l.
The two estimates before averaging the cut gap g give the combined cost

C(1 + min(g, t))−1/2 min{1, t/(1 + g)}.

For each fixed inner level r, the unnormalized gap law on the half-square r < s has density at most
C/l over an interval of length O(l), with the analogous bound for its rounded discrete law. This
uniformity allows the estimate to be integrated against the possibly nonconstant mass Er. Splitting
at g = t shows that its average is at most

C

l

(∫ t

0
(1 + g)−1/2 dg + t(1 + t)−1/2

∫ Cl

t

dg

1 + g

)
≤ Cηl−1/2(t/l)η

for any fixed 0 < η < 1/2. The bounded-gap atoms satisfy the same estimate after increasing Cη.
Keeping this gain in the first sewing argument gives

E ≤ Cηl3/4(t/l)ηK. (10.3)

Indeed the first moment in the target polygon measure is at least cFE, while the second is at most
CFE l−1/2(t/l)η; use F ≍ l−5/4. For each smaller corner bin t, the larger one has only O(1+log(l/t))
possible dyadic values. Thus their total contribution is bounded by

Cη

∑
j≥0

(1 + j)2−jη < ∞.

The same summation shows that bins with t/l ≤ δ have total coefficient tending to zero as δ ↓ 0.
Let ℓh denote the length of a chord in Dh, and retain chords of diameter at least R/3. Their

mass is at most CR3/4. Their first-length mass is at least cR25/12: every path through a sufficiently
central link is macroscopic, and Proposition 7.4 with Theorem 1.3 supplies mass at least cR1/12 at
each of cR2 such links. The upper first-length mass over all chords is CR25/12 by the same identity.

To estimate the second moment, first omit the initial and terminal visited centers. The ordered
pairs involving these at most two centers number O(ℓh), so their integrated contribution is absorbed
by the first-length bound. At each remaining center, record the directions of the two tiling edges
crossed by its incident path links. Divide these centers into finitely many classes according to
triangle type, lattice translation modulo two, and that pair of tiling-edge directions. The square of
the total number of remaining centers is bounded by a fixed multiple of the sum of the squares of
the class counts. Within a class, pairs with axial or zero displacement contribute at most CRℓh for
each chord: a bounded domain of diameter CR has only CR positions on the finitely many axial
lines through a given center. Their integrated contribution is therefore at most CR37/12.

For a remaining ordered pair, choose the two lattice axes spanning the strict sector containing its
displacement. At least one of the two recorded tiling-edge directions is one of those axes. Since the
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two centers have the same triangle type, the corresponding crossed edges are translates and supply
identical axial marks used by internal links of the chord. Their displacement has even coordinates in
the chosen lattice basis, by the translation class modulo two. Hence d = P1 + P2 is even, as required
in Theorem 1.2. Choose an integer period multiple kP with length comparable to a sufficiently
large constant times R, so the sewn polygon projects injectively. Then N ≍ R and

K ≤ CR−4/3(R/d)15/8.

There are O(R2) choices of the first center and O(d) displacements with P1 + P2 = d. Consequently∑
eligible pairs

K ≤ CR2R−4/3R15/8 ∑
1≤d≤CR

d1−15/8 ≤ CR8/3. (10.4)

Apply (10.3) to each pair event. The corner bins sum with bounded total coefficient, and the
separation factors l3/4 sum geometrically up to CR. We obtain∑

γ macroscopic in Dh

ℓ(γ)2w(γ) ≤ CR41/12. (10.5)

The contribution from bins l ≤ δR has upper bound Cδ3/4R41/12 + CR37/12. On the remaining
separations, bins with t ≤ δ′R likewise have arbitrarily small relative coefficient when δ′ is sufficiently
small. These are estimates for actual endpoint restrictions on the chords, not an assumption that
endpoints avoid corners.

10.3 A positive fraction of long bridges

We now prove (1.3). Write M1 for the averaged first-length mass of the macroscopic chords. We
have M1 ≥ c1R25/12. By Cauchy–Schwarz, a class with second moment at most εR41/12 contributes
at most

(CR3/4 · εR41/12)1/2 = C
√

ε R25/12

to M1. Choose δ > 0 and then δ′ > 0 so that removal of close endpoints and small corner bins loses
less than one quarter of M1. Chords shorter than aR4/3 contribute at most CaR25/12, which is less
than another quarter if a > 0 is fixed sufficiently small.

The retained chords therefore have averaged first-length mass at least c2R25/12. Their endpoint
separation and corner distances are all bounded below by fixed multiples of R, so they occupy
only a bounded number of bins. In at least one bin the first-length mass has the same lower order.
Applying Cauchy–Schwarz to that bin and (10.5) gives its averaged ordinary mass at least

c
R50/12

R41/12 = cR3/4.

The second sewing estimate extends these chords to bridges between any prescribed pair of horizontal
caps whose distances above and below the origin lie in [AR, 2AR], for a fixed sufficiently large A.
Since l ≍ R, that estimate gives total bridge mass at least cR3/4 when the bottom start is free over
the permitted interval of O(R) ports. Every output bridge contains the retained chord, and hence
has length at least aR4/3.

Translation invariance makes the unrestricted mass from each bottom port equal. Removing the
confinement and dividing by the number of permitted starting ports yields

Bh{ℓ ≥ aR4/3} ≥ cR−1/4

for every admissible cap separation hd0 ∈ [2AR, 4AR]. For an arbitrary sufficiently large integer h,
choose R proportional to h so the selected caps lie in these ranges; admissible rounding changes
only fixed constants. This proves (1.3) at every sufficiently large height.

107



10.4 The strip first moment and completion of the proof

It remains to prove the first-length upper bound. In the infinite strip, summing occurrences of
internal links over bridges from one fixed bottom port is the same as summing the occurrence mass
with free bottom port over link representatives modulo translations along the strip. There are
O(h) such representatives. Proposition 7.4, first in finite convex truncations and then by monotone
exhaustion, bounds the occurrence mass at each link by the positive enclosing-polygon partitions at
its adjacent lattice points.

These partitions are at most Ch1/12 even though the strip is infinite. To see this, take a pure
lattice period vector tilted relative to the strip’s horizontal tangent, of sufficiently large even length
comparable to h, with transverse projection greater than 2hd0. The strip and its translate by half
this period embed disjointly in the resulting cylinder. The disk enclosed by each polygon stays
inside its convex strip, so it cannot contain the mark in the translated strip. Thus two independent
systems enclosing corresponding points inject into a system separating the antipodal marks. The
bounded-factor cylinder estimate in Section 8 is at most Ch1/6, so the square of the strip partition
is at most that quantity.

Summing over the O(h) link representatives gives∑
γ∈Bh

(ℓ(γ) − 1)w(γ) ≤ Ch13/12.

The missing one center per bridge adds only Bh ≤ Ch−1/4. This proves (1.2). The strip mass (1.1)
was proved in Sections 2–3, and Proposition 7.1 gives (1.4). Theorem 1.1 is complete.
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