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Abstract
For every integer d ≥ 3 and inverse temperature β ≥ 0, the free zero-field ferromagnetic

Ising measure on the infinite d-regular tree is a factor of IID exactly when tanh β ≤ (d− 1)−1/2.
We prove the positive implication, including equality, resolving the conjecture of Nam, Sly and
Zhang; the strict converse is known. The spin factor can be chosen to commute with every tree
automorphism on every label input.

1 Introduction
Can the free Ising state on a regular tree be generated from independent vertex labels without
choosing a root? The broadcast description of the state begins at a vertex and propagates a random
spin along the edges. Its law does not depend on that vertex. A factor construction must also
remove the distinguished vertex from the rule that generates the spins.

Let Td = (V, E) be the infinite d-regular tree, d ≥ 3, and put b = d− 1 and θ = tanh β for β ≥ 0.
The free zero-field Ising law µd,β is obtained by choosing a fair spin at one vertex and, independently
along edges directed away from it, letting a child agree with its parent with probability (1 + θ)/2.
Its marginal on any finite connected subtree D is

µd,β(σ|D = η) = 1
2

∏
{u,v}∈E(D)

1 + θηuηv

2 .

This expression also verifies that the law is invariant under all tree automorphisms and independent
of the chosen broadcast root.

We call a spin law a factor of IID if it is the law of Φ(U) for independent uniform labels (Uv)v∈V
and a measurable map Φ : [0, 1]V → {−1, 1}V satisfying

Φ(gU) = gΦ(U) almost surely for each fixed g ∈ Aut(Td), (gx)v = xg−1v. (1.1)

The exceptional null set may depend on g. For spin laws this convention is equivalent to requiring a
Borel factor equivariant on every input: Lemma 8.5 constructs such a version. The input contains
no distinguished root or end. Measurability does not require a spin to be determined by finitely
many labels; no finitary coding or coding-radius estimate is asserted.

Theorem 1.1. For every integer d ≥ 3 and every β ≥ 0, the free zero-field Ising law µd,β is a factor
of IID in the sense of (1.1) if and only if

tanh β ≤ (d− 1)−1/2.

In this range the factor can be chosen to commute with every automorphism on every label input.

1



The construction proves the positive implication, including equality. The strict converse is
known: the obstruction beyond the reconstruction threshold is due to Sly, as recorded and proved
in Lyons [12, Section 3 and Corollary 3.2]. We use the quantitative correlation bound of Backhausz,
Szegedy and Virág [1, Theorem 3.1 in arXiv:1305.6784v1] to give that implication below. The map
is obtained for each fixed d and β in the permitted range; no parameter-uniform or computational
bound is asserted.

For the free state on Td, reconstruction from distant levels is possible exactly when bθ2 > 1;
equivalently, the free Gibbs state is extremal exactly when bθ2 ≤ 1. For the regular-tree result,
including equality, see the Bethe-lattice work of Bleher, Ruiz, and Zagrebnov [3] and Ioffe [9].
Ioffe [10] and Evans, Kenyon, Peres, and Schulman [6] developed branching-number criteria on
general trees away from equality. Pemantle and Peres [17, Theorem 2.1] later gave an electrical-
capacity criterion for free-state extremality for couplings bounded above and away from zero, which
also covers critical cases.

Reconstruction asks whether distant spins retain information about a fixed spin. The factor
question asks for a rule that generates the entire law from independent labels. Nonreconstruction
supplies no such rule, and a weak limit of factor laws need not itself be a factor [12, Corollary 3.3].
Thus equality requires a construction that retains measurable dependence on its independent input.

In the uniqueness range θ ≤ b−1, including equality, a finite-cluster construction gives the factor;
see Lyons [12, Section 3]. Nam, Sly and Zhang [14, Theorem 1 and Section 2.2 in arXiv:2012.09484v2]
used posterior-drift stochastic differential equations driven by IID Brownian motions to construct the
free Ising law as a factor for d ≥ d0 and θ ≤ c/

√
d− 1, for unspecified absolute constants c, d0 > 0.

Their construction takes root-independent limits of finite-volume solutions. Theorem 1.1 proves
their conjecture for every d ≥ 3, including equality and their pointwise convention for equivariance.

The known converse. For a centered variance-one real vertex factor, the BSV bound is

|E[ZoZv]| ≤
(

1 + d− 2
d

n

)
b−n/2, dist(o, v) = n.

It applies also under (1.1). To check this, condition the observable at o on the labels in its radius-R
ball and average a Borel version over the finite automorphism group of that rooted ball. Every such
permutation extends to a tree automorphism fixing o, so uniqueness of conditional expectation leaves
this average unchanged almost surely. It now defines an exactly invariant local rule. Apply the same
rule at every vertex. These local factors converge in L2 at each vertex to the original factor, because
the balls exhaust the label coordinates. For all sufficiently large R their variances are positive.
Center and normalize them, apply BSV, and pass to the limit in variances and covariances on this
same IID probability space. Since the Ising spins have mean zero, variance one and correlation θn,
the bound would require (θ

√
b)n ≤ 1 + (d− 2)n/d. This is impossible when θ > b−1/2.

1.1 Why independent innovations determine the spins

We follow the observation framework of Nam–Sly–Zhang. On an auxiliary probability space, sample
the desired spin configuration σ and independent standard Brownian motions Bv, and observe

Xv(t) = tσv +Bv(t), mv(t) = E[σv | Xu(s) : u ∈ V, 0 ≤ s ≤ t].

The finite-dimensional posterior evolution also belongs to stochastic localization. Eldan [5] developed
the underlying localization scheme, and El Alaoui and Montanari [4, Section 3, Theorem 2] give the
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fixed-covariance Gaussian-observation formulation used here. Subtracting the conditional drift gives

Wv(t) = Xv(t) −
∫ t

0
mv(s) ds.

These innovations are independent Brownian motions in the observation filtration. This property
alone does not make X a function of W : the original construction still used the spins. Classical
innovations theory separates the Brownian property from generation of the observation filtration [7,
Lemma 2.2 and Remark 2.2]. Proving that the innovations determine X is the central step here.

A companion construction for the free uniform spanning forest uses a uniform Lipschitz response
bound in the coordinate supremum norm to invert the innovations causally for every continuous
input [15, Section 4]. Here recovery instead follows from equality of conditional copies under the
observation law.

Take two observations X,X ′ independently conditional on the entire innovation array W . They
have the same marginal law and share the same innovations. Conditioning on the full paths could
in principle expose their future increments through an observation past. We prove that it does
not: the conditional law of either observation past given all of W depends only on the past of W .
Hence W remains Brownian in the joined filtration, and the equations for both observations use
the same driving Brownian motions. This is the compatibility principle for conditional copies [11,
Lemmas 2.11–2.12 in arXiv:1305.6747v2]; we prove the required statement and the transport of the
stochastic integrals directly.

We then show that these particular copies agree. For each coordinate, conditional independence
gives

E[(Xv(t) −X ′
v(t))2 | W ] = 2 Var(Xv(t) | W ).

Equality therefore forces the conditional law of X given W to be a point mass. Finally

Xv(n)
n

−→ σv almost surely

recovers the spins from W . A common measurable sampler converts one uniform label at each
vertex into its Brownian path. This gives a spin factor satisfying (1.1); finite-ball averaging then
selects an everywhere equivariant version with the same law.

1.2 What changes at the critical point

The tree gives a concrete equation for comparing the copies. Set hv = atanhmv. If Tj→i is the
component containing j after deleting ij, define its field by

hj→i(t) = atanhE[σj | Xu(s) : u ∈ Tj→i, 0 ≤ s ≤ t],

using the unconditional prior on that component. For a path v = v0, . . . , vr = u, the field-response
coefficient is

cvu = θr
r∏

i=1
a(hvi→vi−1), a(z) = 1 − tanh2 z

1 − θ2 tanh2 z
, cvv = 1.

The innovation equation is

dhv =
∑

u

cvu dWu +mvAv dt, Av =
∑

u

c2
vu.

Its infinite sum requires proof. At criticality we obtain EAv(t) ≤ C/min(
√
t, 1) for t > 0, so the

row is integrable down to time zero. An exact covariance-energy identity and a testing argument
establish the equation without a residual martingale.
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For the conditional copies, let V (t) = E[(ho(t) − h′
o(t))2]; invariance makes the choice of o

irrelevant. It starts at zero. Below the threshold, the squared factor θ2r and the shell size dbr−1

give a summable geometric series, yielding V ′ ≤ CV and thus equality of the copies. At bθ2 = 1
those two factors cancel exactly.

Three estimates replace the lost geometric decay. First, an intact side branch attenuates a path
product on the length scale t−1/2 at small times. Second, spatial cancellation bounds the variance
of a sum of differences between the two copies’ log a(hj→i) factors by the path length times the
variance at one edge. The spectral bound is proved for differences f(X) − f(X ′), with the same
square-integrable equivariant vertex observable f applied to each copy, and their closed linear span.
No spectral bound for every function of the pair is assumed. The operator argument is related to the
correlation methods of Backhausz–Szegedy–Virág [1] and Backhausz–Gerencsér–Harangi–Vizer [2].
Third, concentration of path averages makes the attenuation usable with discrepancy weights that
depend on the same observations. Both path orientations are needed in this averaging argument.

These estimates leave one small-time difficulty: the leading noise term is of order S(t)/t, where

S(t) = E
[(

log a(hj→i(t)) − log a(h′
j→i(t))

)2]
.

The elementary bound S ≤ CV would leave a nonintegrable coefficient. We prove instead a small-
field tail estimate and use the vanishing derivative of log a at zero to improve that comparison. The
complete noise and drift calculation then gives an integrable Osgood-type inequality for V , forcing
V = 0. The moment estimate is proved beside this final comparison, where its purpose becomes
explicit.

Notation and organization. The case θ = 0 is already IID, so the proof below assumes
0 < θ ≤ b−1/2. Constants c, C > 0 may depend on the fixed d, θ and may change between
occurrences; a subscript T permits additional dependence on a fixed finite time horizon. Every path
is simple unless specified otherwise, and all logarithms are natural. Roots used to describe subtrees
or compute norms are auxiliary choices in the proof, not inputs to the factor.

Sections 2–4 develop the posterior identities, critical information bounds, and infinite innovation
equation. Section 5 constructs the conditional copies and proves their equality below the threshold.
Sections 6 and 7 establish spatial cancellation and concentration of path averages. Section 8 proves
the small-field tail estimate, completes the critical comparison, and recovers the factor from the
innovations.

2 Posterior fields along the tree
The observation construction reduces the factor problem to a question about conditional spin laws.
We first describe those laws on a finite subtree, where the Gaussian likelihood is explicit. The
tree structure then expresses each covariance as a product along the connecting path. Passing
these formulas to the whole tree will identify the response coefficients whose squared rows must be
integrable in time.

For the affirmative implication, write b = d− 1 and assume 0 < θ = tanh β ≤ b−1/2; the case
θ = 0 is already IID. On an auxiliary probability space sample the free Ising configuration σ, and
independently sample standard Brownian motions (Bv)v∈V , independent across vertices. Set

Xv(t) = tσv +Bv(t), F0
t = σ{Xv(s) : v ∈ V, 0 ≤ s ≤ t}. (2.1)

The Bv’s are the noise used to plant these observations. The innovations Wv, obtained later by
subtracting the conditional drift from Xv, are different processes. In this section F0

t is the raw
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observation filtration; we reserve Ft for its usual augmentation. For any D ⊆ V, write

FD
t = σ{Xu(s) : u ∈ D, 0 ≤ s ≤ t}.

The Gaussian observation framework follows Nam–Sly–Zhang [14]. In finite volume it is the
observation form of stochastic localization described by El Alaoui–Montanari [4, Section 3]. We
derive the finite posterior directly, since its derivative and its tree factorization will both be needed.

2.1 The finite posterior and its branch messages

Let D be a finite connected subtree. Its broadcast marginal is

P(σD = η) = 2−|D| ∏
{i,j}∈E(D)

(1 + θηiηj) ∝ exp

β ∑
{i,j}∈E(D)

ηiηj

 , η ∈ {−1, 1}D.

Indeed, choose any vertex of D as the broadcast root and multiply its probability 1/2 by the
transition probabilities on the |D| − 1 edges; also 1 + θs = eβs/ cosh β for s ∈ {−1, 1}. Conditional
on σD = η, the likelihood of the observation paths through time t, relative to product Wiener
measure, is

exp
(∑

u∈D

ηuXu(t) − t|D|
2

)
.

The last term is independent of η. Bayes’ formula gives, for every finite terminal vector x ∈ RD,

πD
x (η) = 1

ZD(x) exp

β ∑
{i,j}∈E(D)

ηiηj +
∑
u∈D

xuηu

 , x = XD(t). (2.2)

Here ZD(x) is the positive finite partition function. This calculation shows that the terminal vector
is sufficient for the spin posterior; it does not identify the terminal-vector sigma-field with the entire
observation history.

Let

MD
v (x) =

∑
η

ηvπ
D
x (η), mD

v (t) = MD
v (XD(t)), hD

v (t) = atanhmD
v (t).

By Bayes’ formula, mD
v (t) is a version of E[σv | FD

t ]. All posterior masses are positive, so |MD
v (x)| < 1

and the field is finite. The functions MD
v are smooth. If u, v ∈ D, then differentiating the finite

sum in (2.2) gives
∂MD

v

∂xu
(x) = CovπD

x
(ηv, ηu). (2.3)

At x = XD(t) we denote this conditional covariance by CD
vu(t).

For an oriented edge v → w, let Tv→w be the component containing v after deletion of {v, w}.
If both vertices belong to D, define

hD
v→w(t) = hD∩Tv→w

v (t).

Thus a component field uses only its own component’s observations and the unconditional free prior
on that component. It is not the field at v after observing the opposite side or specifying the spin
at w. The same distinction will be essential on the infinite tree.

5



Lemma 2.1 (Posterior identities). For a fixed deterministic time t ≥ 0, set

mv(t) = E[σv | F0
t ], mv→w(t) = E[σv | FTv→w

t ].

These means lie in (−1, 1) almost surely. Write hv = atanhmv and hv→w = atanhmv→w, and
define

ψ(z) = atanh(θ tanh z), a(z) = 1 − tanh2 z

1 − θ2 tanh2 z
.

At each fixed time, almost surely,

hv→w(t) = Xv(t) +
∑
u∼v
u̸=w

ψ(hu→v(t)),

hv(t) = Xv(t) +
∑
u∼v

ψ(hu→v(t)) = hv→w(t) + ψ(hw→v(t)).
(2.4)

The fields have causal, progressively measurable Borel versions as functions of the observation paths.
The component version uses only paths in Tv→w. These versions require no distinguished root and
satisfy, at every input and time,

|hv(t) −Xv(t)| ≤ dβ, |hv→w(t) −Xv(t)| ≤ bβ. (2.5)

In the process formulas below, use these chosen field versions and set mv(t) = tanh hv(t) and
mv→w(t) = tanh hv→w(t). For the simple path v = v0, v1, . . . , vr = u, define

cvu(t) = θr
r∏

i=1
a(hvi→vi−1(t)), cvv(t) = 1,

Cvu(t) = (1 −mv(t)2)cvu(t).
(2.6)

The last expression is a progressively measurable version of Cov(σv, σu | F0
t ) at each fixed time. The

cavity and covariance formulas also hold in every finite connected subtree, with branches restricted
to that subtree. For all real z,

0 < a(z) ≤ 1, |ψ(z)| ≤ β, ψ′(z) = θa(z) ∈ (0, θ],

and 0 ≤ Cvu(t) ≤ θdist(v,u) at each fixed time.

Proof. We first establish the identities in a finite connected subtree D. A branch whose root has
field z assigns that root probabilities proportional to ez and e−z. Summing its root spin against the
edge interaction gives a factor proportional to cosh(z+βs) when its parent spin is s. Its contribution
to the parent’s half log-odds is therefore

1
2 log cosh(z + β)

cosh(z − β) = atanh(θ tanh z) = ψ(z).

The branch likelihoods multiply because the components are disjoint conditional on the parent spin.
Adding their half log-odds and the own observation Xv(t) proves the finite cavity formulas. Since
|ψ| ≤ β, the site field differs from Xv(t) by at most dβ, and a component field by at most bβ.

We next follow a path v0, . . . , vr in D. With the observations fixed, sum the posterior in (2.2)
over all spins off the path. Given the preceding path spins, the conditional mean of the spin at vi

uses only σvi−1 and the field on the side excluding that predecessor:

E[σvi | σv0 , . . . , σvi−1 ,FD
t ] = tanh(z + βσvi−1) = pi + qiσvi−1 , z = hD

vi→vi−1(t).
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Here pi is an intercept depending on the observations, and

qi = tanh(z + β) − tanh(z − β)
2 = θ

1 − tanh2 z

1 − θ2 tanh2 z
= θa(z).

Iterating these affine conditional means makes the slope of the conditional mean at vr, as a function
of σv0 , equal to

∏r
i=1 qi. Taking covariance with the first spin gives

CD
v0vr

(t) = (1 − (mD
v0(t))2)

r∏
i=1

qi.

This proves the finite path formula, including the empty product at r = 0. The coefficient cD
vu is

directed even though the covariance is symmetric: its normalization uses the variance at v. In fact,
(2.3) gives

∂

∂xu
atanhMD

v (x) =
CovπD

x
(ηv, ηu)

1 −MD
v (x)2 ,

which is the path product just obtained. Thus cD
vu is the finite field’s response to the observation at

u.
Now fix t and exhaust the tree by increasing finite balls. The conditional expectations of a fixed

spin, or a product of two fixed spins, converge almost surely and in L2 to conditioning on F0
t . This

is increasing-sigma-field convergence for bounded random variables. Intersecting the balls with
Tv→w gives the corresponding convergence for the component posterior. The finite field bounds
place each mean in the random compact interval

[tanh(Xv(t) − kβ), tanh(Xv(t) + kβ)] ⊂ (−1, 1), k = d or b.

Thus the limiting means remain strictly inside (−1, 1), and their inverse hyperbolic tangents converge
to finite fields. For a fixed path, take balls large enough to contain it. Their intersections with
the finitely many directed components on the path exhaust those components. The finite cavity
sums and path product therefore pass to the limit; convergence of the two-spin moments identifies
the limit as the conditional covariance. Any other centered exhaustion gives the same conditional
expectations, since its histories generate the same sigma-fields.

It remains to choose process versions without presupposing a continuous infinite-dimensional
filter. On the canonical space of continuous observation paths, evaluate the finite field formulas
on BR(v) for a site and on BR(v) ∩ Tv→w for a component, with R = 0, 1, . . .. Define each raw
field to be the pointwise lim supR→∞ of these finite fields. Each finite expression is a continuous
adapted terminal-array function. Its upper limit is Borel and progressively measurable, for the
whole observation filtration or for the specified component filtration respectively. The finite bounds
make the upper limits finite and preserve (2.5) at every input and time. At each fixed time they
agree almost surely with the conditional fields proved above. Their hyperbolic tangents and the
finite products in (2.6) give the claimed mean and covariance versions.

These formulas use only the terminal array at the evaluated time, and in particular only the
histories up to that time. Centering every ball at its indexed vertex makes the formulas commute
with graph relabeling. Joint measurability and Fubini’s theorem turn the fixed-time algebraic
identities into identities for almost every time, almost surely. Countability of the vertices, oriented
edges, finite paths, and integer time horizons permits all these time-probability statements to hold
simultaneously. Continuity and identities simultaneous at every time are not needed here; they will
be obtained after the filtering argument in Section 4.
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Finally, direct differentiation gives ψ′(z) = θ(1 − tanh2 z)/(1 − θ2 tanh2 z). Since 0 < θ < 1,
its bounds and 0 < a ≤ 1 follow. The covariance bound follows from the finite product and
1 −m2

v ≤ 1.

The normalized response cvu, rather than the covariance alone, is the coefficient that will occur
in the field equation. At distance r, its deterministic bound is θr. Below the threshold this already
gives a summable squared row. At equality, the size of a distance shell cancels θ2r; the next section
obtains the additional decay from the observations in side branches.

3 Critical information controls the response row
At the critical parameter, the squared edge factor in (2.6) is exactly balanced by the number of
vertices at that distance. To sum a response row, we must therefore obtain decay from the factors
a(hvi→vi−1). We will show that the observations in one intact infinite side branch supply a loss of
order

√
t at each path step for small t. The resulting expected squared row is of order at most t−1/2,

which is integrable at the initial time.
Until the final row estimate, assume b = d − 1 ≥ 2 and θ = b−1/2. Constants in the critical

estimates depend only on the fixed degree d. We work at a fixed deterministic time t > 0 with the
raw posterior versions from Lemma 2.1; their continuity is not needed. For an oriented edge v → w,
put

Y = hv→w(t), M(t) = E tanh2 Y, ω(t) = min{
√
t, 1}.

The law of Y is independent of the oriented edge. It is symmetric: reversing all spins and all
observations preserves their joint law and negates the conditional field almost surely at this fixed
time. We first determine the scale of M(t). Its lower bound gives path decay, while the whole-site
upper bound will control the early-time energy in the filtering limit.

3.1 Combining symmetric binary signals

Combining two branches loses a definite amount of second-moment information compared with
adding their separate contributions. This quadratic loss is related to Ioffe’s recursive second-moment
estimates for Ising trees [10, Proposition 4]. The following elementary formulation will allow us to
keep the loss explicit.

Lemma 3.1 (Symmetric binary-signal fusion). Let ε be a uniform sign and let two random elements
of standard Borel spaces be independent conditional on ε. Let U, V be the posterior means of ε from
the respective signals. Suppose that their marginal laws are symmetric and |U |, |V | < 1 almost surely.
If Eprod denotes expectation under the product of these two marginal laws, then the posterior mean
from both signals is (U + V )/(1 + UV ), and its second moment is

EU2 + EV 2 − Eprod
U2V 2(2 − U2 − V 2)

1 − U2V 2 . (3.1)

In particular this second moment is at most EU2 + EV 2. If |U |, |V | ≤ θ, the subtracted term is at
least 2(1 − θ2)EU2 EV 2.

Proof. For a signal with marginal law ν and posterior mean u, the conditional signal law given ε = η
has density 1 + ηu with respect to ν, for η ∈ {−1, 1}. Indeed, condition the indicator of {ε = η} on
the signal and use its posterior probability (1 + ηu)/2. Conditional independence then gives joint
marginal density 1 + UV relative to the product of the two signal laws. The signed difference of

8



the two conditional densities gives the combined posterior mean (U + V )/(1 + UV ). Pushing the
product signal law forward to the product of the marginal laws of U, V , its second moment is

Eprod
(U + V )2

1 + UV
.

The integrand is at most 2, so it is legitimate to average it under the symmetry V 7→ −V . The
result is

U2 + V 2 − 2U2V 2

1 − U2V 2 = U2 + V 2 − U2V 2(2 − U2 − V 2)
1 − U2V 2 ,

which proves (3.1). The loss is nonnegative. Under the additional bound by θ, its numerator factor
2 − U2 − V 2 is at least 2(1 − θ2) and its denominator is at most one. The expectation of U2V 2

under the product law is EU2 EV 2, proving the final assertion.

The subadditivity in this lemma can be iterated over the branches of a vertex. A collection of
already combined signals remains independent of every unused signal conditional on the spin. Its
posterior mean remains symmetric, and remains strictly inside (−1, 1), since

1 −
(
u+ v

1 + uv

)2
= (1 − u2)(1 − v2)

(1 + uv)2 > 0 (|u|, |v| < 1).

Only the first two child signals below will require the sharper loss for means bounded by θ.

3.2 The amount of information in one component

For a lower bound, we use a weighted linear estimator in the tradition of second-moment recon-
struction estimates on trees [6]; see also Mossel–Peres [13, Section 5, Lemma 5.3]. Here it uses the
Gaussian observations at all depths up to a cutoff. The cutoff balances the independent noise against
the correlations among the spins. For the upper bound, the fusion loss gives the complementary
estimate.

Lemma 3.2 (Critical posterior information). There are constants c, C > 0, depending only on d,
such that for every t > 0 and every vertex v,

cω(t) ≤ M(t) ≤ Cω(t), Emv(t)2 ≤ Cω(t). (3.2)

One may take c = 1/5. In particular both upper bounds are C
√
t for 0 < t ≤ 1.

Proof. Root Tv→w at v. It is a rooted b-ary tree; write |u| for the depth of u in it. For an integer
n ≥ 0, form the component-observable statistic

Zn =
∑

|u|≤n

θ|u|Xu(t).

The broadcast covariance is E[σuσz] = θdist(u,z). Since bθ2 = 1,

E[σvZn] = t
n∑

k=0
bkθ2k = t(n+ 1). (3.3)

The Brownian part of Zn has variance t(n+ 1) and is independent of its spin part.
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We count the latter part’s second moment. If an ordered pair (u, z) has depths k, ℓ and its last
common ancestor has depth j, its weighted spin covariance, before the factor t2, is

θk+ℓ+dist(u,z) = θ2(k+ℓ−j) = b−(k+ℓ−j).

When j < min(k, ℓ), choose the common ancestor, the two distinct first children in their ordered
roles, and then the remaining descendants. The exact count is

bj b(b− 1) bk−j−1bℓ−j−1 = (b− 1)bk+ℓ−j−1.

When j = min(k, ℓ), the shallower vertex is an ancestor of the deeper one. There are bmax(k,ℓ) such
ordered pairs; this includes the bk diagonal pairs when k = ℓ = j. Each count is at most bk+ℓ−j .
Thus the weighted contribution for each triple (k, ℓ, j) is at most one, and

EZ2
n ≤ t(n+ 1) + t2

n∑
k,ℓ=0

(
min(k, ℓ) + 1

)
= t(n+ 1) + t2

n∑
j=0

(n− j + 1)2 ≤ t(n+ 1) + t2(n+ 1)3. (3.4)

Because Zn is measurable from the component observations, E[σvZn] = E[(tanhY )Zn]. Cauchy–
Schwarz and (3.3)–(3.4) therefore give

M(t) ≥ t(n+ 1)
1 + t(n+ 1)2 . (3.5)

For 0 < t ≤ 1, take n = ⌊t−1/2⌋. Then t−1/2 ≤ n+ 1 ≤ 2t−1/2, so the last bound is at least
√
t/5.

For t ≥ 1, take n = 0 to obtain M(t) ≥ t/(1 + t) ≥ 1/2. This proves the lower bound with c = 1/5.
For the upper bound, condition on the component root spin. Its own observation history and

the b child-component histories are conditionally independent. The own signal has posterior mean
tanhXv(t), by the one-spin version of (2.2), and

q0(t) := E tanh2Xv(t) ≤ EXv(t)2 = t+ t2.

One child’s entire observation history has posterior mean θ tanhY about the root spin: conditional
on the child spin, the root has mean θ times that spin. Its second moment is θ2M(t), and its
magnitude is at most θ. These statements concern full infinite component histories; their conditional
independence follows from the broadcast construction and the independent Brownian noises, first
for cylinder events and then for the sigma-fields they generate.

There are at least two child signals because b ≥ 2. Combine two of them first. Lemma 3.1
subtracts at least 2(1 − θ2)θ4M(t)2. Add the other b − 2 child signals and the own signal by
subadditivity. The combined signal is the full component history, and hence

M(t) ≤ bθ2M(t) − 2(1 − θ2)θ4M(t)2 + q0(t).

The linear terms cancel at bθ2 = 1. Since q0(t) ≤ 2t for t ≤ 1, this yields M(t) ≤ C
√
t. At a whole

vertex there are d child components, so subadditivity alone gives

Emv(t)2 ≤ q0(t) + dθ2M(t) ≤ C
√
t (0 < t ≤ 1).

Both second moments are at most one for t ≥ 1, completing (3.2).
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We have now identified the critical information scale. To turn its lower bound into decay along a
path, we need the conditional variation of a side branch’s outgoing message, even when the attaching
spin has been specified.

Lemma 3.3 (Conditioning a component on a neighboring spin). For every integrable function f(Y )
and η ∈ {−1, 1},

E[f(Y ) | σv = η] = E[f(Y )(1 + η tanhY )],
E[f(Y ) | σw = η] = E[f(Y )(1 + ηθ tanhY )].

(3.6)

In particular either conditioning leaves the expectation of every integrable even function of Y
unchanged.

Proof. Let G = FTv→w
t . Since σv is a uniform sign and E[σv | G] = tanhY , conditioning the indicator

of {σv = η} on G proves the first identity. The component observations are independent of σw

conditional on σv, and E[σw | σv] = θσv. It follows that E[σw | G] = θ tanhY ; the same indicator
calculation proves the second identity. The multiplying densities are bounded, so the formulas apply
to every marginally integrable f(Y ). If f is even, its product with tanhY is odd. Symmetry of the
marginal law of Y makes that correction vanish.

3.3 Attenuation from an intact side branch

The next argument uses the full infinite component beyond one side edge. Its conditioning specifies
the spins on a deterministic path, while leaving the selected side branches unobserved. This is the
setting in which the information lower bound supplies a loss uniformly over the contribution from
the rest of the tree.

Lemma 3.4 (Conditional path attenuation). There is c0 > 0, depending only on d, such that for
every t > 0, every z ∈ R, and η ∈ {−1, 1},

E
[
a
(
z + ψ(hv→w(t))

)2 ∣∣∣σw = η
]

≤ 1 − c0ω(t). (3.7)

For every deterministic simple path v0, . . . , vr, r ≥ 1,

E
[

r∏
i=1

a(hvi→vi−1(t))2
∣∣∣∣∣σv0 , . . . , σvr

]
≤ e−c0ω(t)r. (3.8)

The same bound holds for the reverse product
∏r

i=1 a(hvi−1→vi(t))2, and both bounds also hold without
conditioning on the path spins.

Proof. Set G = ψ(Y ) and condition on the attaching spin σw = η. We have |G| ≤ β. The second
identity in (3.6), symmetry, and Cauchy–Schwarz give

E[G2 | σw = η] = EG2, |E[G | σw = η]|2 = θ2|E[G tanhY ]|2 ≤ θ2EG2.

Moreover |ψ(y)| ≥ θ| tanh y|, since | atanh u| ≥ |u|. Consequently

Var(G | σw = η) ≥ (1 − θ2)EG2 ≥ (1 − θ2)θ2M(t). (3.9)

The conditional variance is the useful quantity here: unlike an uncentered second moment, it cannot
be eliminated by adding a shift.

For any random variable G supported on [−β, β], there is a constant cβ > 0 such that

E tanh2(z +G) ≥ cβ Var(G) for every z ∈ R. (3.10)

11



To see this, first suppose |z| ≤ β + 1. Then |z + G| ≤ 2β + 1. The ratio tanh2 u/u2, extended
continuously to be one at u = 0, has a positive minimum on that compact interval. Hence
E tanh2(z +G) ≥ cβE(z +G)2 ≥ cβ Var(G). If |z| > β + 1, then |z +G| > 1, so the left side is at
least tanh2(1); use Var(G) ≤ β2 and decrease cβ if needed. This proves (3.10) for the conditional
laws in (3.9) as well.

For u = tanh2 h, the elementary bounds on a give

a(h)2 ≤ a(h) = 1 − (1 − θ2)u
1 − θ2u

≤ 1 − (1 − θ2)u.

Apply this with h = z +G. Equations (3.10) and (3.9), followed by M(t) ≥ ω(t)/5, prove (3.7), for
example with

c0 = min
{

1
2 ,

cβ(1 − θ2)2θ2

5

}
.

The same estimate may be used with a random shift after conditioning on data that fix the shift
and are independent of the selected branch given its attaching spin.

For the path estimate, choose at each target vi, using only the path geometry, one neighbor si

that is not on the path. There are d − 2 ≥ 1 choices at an internal target and d − 1 at the last
target. The components Ri = Tsi→vi are disjoint and infinite. In particular, when d = 3 an internal
target still has one full infinite side component.

Let
H = σ

(
σv0 , . . . , σvr , Xu(s) : u /∈

⋃
iRi, 0 ≤ s ≤ t

)
.

Conditional on H, the selected component observation arrays are independent, and the law in Ri

depends only on its attaching spin σvi . This follows directly by rooting the broadcast at v0: the
multiplier on each attaching edge, the multipliers inside its selected component, and its Brownian
motions form one independent group. The outside observations use none of these groups once the
path spins are specified. The assertion for the full observation arrays follows from the corresponding
assertion on finite cylinder events.

At this fixed time, the cavity identity gives, almost surely,

hvi→vi−1 = ψ(hsi→vi) +

Xvi +
∑
u∼vi

u̸=vi−1, si

ψ(hu→vi)

 .
When all other selected arrays are held fixed, the parenthesized quantity is a fixed shift independent
of the array in Ri conditional on σvi . Integrate R1 first. Every factor at a later target vj , j > 1,
uses its component on the side excluding vj−1, and hence does not use R1. Thus (3.7) removes the
first squared factor at a cost at most 1 − c0ω(t). Repeating in the order R2, . . . , Rr gives

E
[

r∏
i=1

a(hvi→vi−1)2
∣∣∣∣∣H
]

≤ (1 − c0ω(t))r ≤ e−c0ω(t)r.

Taking a conditional expectation given only the path spins proves (3.8). Reversing the deterministic
path gives the stated reverse product. Finally average over its spins.

The loss above comes from the posterior information in an intact infinite branch. It is not a
claim about arbitrarily truncated branches: a finite boundary will require a separate estimate using
the target’s own Gaussian observation. For the present response row, the infinite-branch estimate is
exactly what is needed.
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3.4 Time-integrable response rows

Return to the full range 0 < θ ≤ b−1/2. For the progressive coefficients in (2.6), define the extended
nonnegative sum

Av(t) =
∑
u∈V

cvu(t)2.

It is measurable as a countable sum. The following estimate is the input that permits division by
the posterior variance when the filtering equation is converted to a field equation.

Proposition 3.5 (Time-integrable response rows). For every vertex v, there is C < ∞, depending
only on d at the critical parameter, such that

Av(t) ≤ 1 + dθ2

1 − bθ2 if bθ2 < 1, t ≥ 0,

EAv(t) ≤ C

ω(t) if bθ2 = 1, t > 0,

E
∫ T

0
Av(t) dt < ∞ for every T < ∞ in either case.

(3.11)

The same fixed-time and integrated upper bounds hold with
∑

uCvu(t)2 in place of Av(t).

Proof. There are dbr−1 vertices at distance r ≥ 1 from v. If bθ2 < 1, the pointwise bound a ≤ 1
gives

Av(t) ≤ 1 +
∑
r≥1

dbr−1θ2r = 1 + dθ2

1 − bθ2 .

At equality, dbr−1θ2r = d/b. Tonelli’s theorem and Lemma 3.4 give, for t > 0,

EAv(t) ≤ 1 + d

b

∑
r≥1

e−c0ω(t)r = 1 + d/b

ec0ω(t) − 1
≤ 1 + d

bc0ω(t) ≤ C

ω(t) .

Here ex − 1 ≥ x and ω(t) ≤ 1. Since∫ T

0

dt
ω(t) =

{
2
√
T , 0 ≤ T ≤ 1,

T + 1, T ≥ 1,

another application of Tonelli proves the integrated bound. Finally
∑

uC
2
vu = (1 −m2

v)2Av ≤ Av by
(2.6).

In particular, Av(t) is finite almost surely at each fixed positive time and is finite for almost
every time almost surely on each compact horizon. At criticality the raw sum at t = 0 is infinite: all
fields vanish, a(0) = 1, and every positive-distance shell contributes d/b. That single time has zero
Lebesgue measure. The integrated estimate, rather than a bound at time zero, is the conclusion
used in the construction of the infinite innovation equation.

4 Constructing the infinite innovation equation
The posterior fields describe how the observations affect the spins. We now turn that description
into a stochastic equation driven by independent Brownian motions. This is the equation that will
allow us to compare two observation processes driven by the same noise. Throughout the section,

b = d− 1, 0 < θ = tanh β ≤ b−1/2.
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We use the raw observation versions from Lemma 2.1. In particular, at this stage a posterior identity
holds almost surely at each fixed time, and therefore outside a dt dP-null set; continuity of the
infinite filter has not yet been established.

For each vertex define its innovation by

Wv(t) = Xv(t) −
∫ t

0
mv(s) ds. (4.1)

The integrand is a bounded, progressively measurable observation function. Thus this formula
defines continuous paths for every observation input. Their values through time t use only the
observation history through t. The time integrals are Borel functions of that history, so X 7→ W is a
causal Borel map on the countable product of continuous path spaces. The centered-ball definitions
of the posterior means also show that this map commutes with graph relabeling.

The innovation construction is classical in nonlinear filtering [7] and is the starting point of
the Brownian Ising construction of Nam, Sly, and Zhang [14]. Here we must justify its equation
for countably many observations. We will first prove that W is Brownian, then identify the entire
posterior martingale using an exact energy limit. Neither step assumes that W determines X.

Proposition 4.1 (Infinite innovation equations). In the planted observation law Xv(t) = tσv +Bv(t),
every finite subvector of (Wv)v∈V is a standard vector Brownian motion in both the raw observation
filtration (F0

t ) and its usual augmentation (Ft). In particular W has product Wiener law.
The posterior means have continuous versions, starting at zero, and

mv(t) =
∑
u∈V

∫ t

0
Cvu(s) dWu(s). (4.2)

At each fixed time these versions are E[σv | Ft], and Cvu is the covariance conditional on Ft. The
site fields and the component fields can be chosen as jointly Borel, progressively measurable functions
of time and observation history that are continuous in time almost surely. For every input, the
chosen function hv→w(t) uses only observations in Tv→w through time t. Almost surely the cavity
identities and the bounds (2.5) then hold simultaneously at all times and all their indices.

With the response coefficients cvu from (2.6) and Av =
∑

u c
2
vu from (3.11), the continuous site

field satisfies the equation below. In every integral, Av is assigned value zero wherever this sum is
infinite.

hv(t) =
∑
u∈V

∫ t

0
cvu(s) dWu(s) +

∫ t

0
mv(s)Av(s) ds. (4.3)

Each Brownian sum in this proposition converges, along any exhaustion by finite vertex sets, in the
norm

∥Z∥M2
T

=
(
E sup

0≤t≤T
|Z(t)|2

)1/2

(T < ∞).

The drift in (4.3) is absolutely integrable on each such horizon almost surely and in expectation.

The raw and augmented filtrations both occur in the proof. We record the elementary passage
between them once. If (G0

t ) is a raw filtration, write Gt =
⋂

r>t G0
r for its usual augmentation, where

the bar includes the null sets of the ambient probability space.

Lemma 4.2 (Passage to the usual augmentation). If Y is a continuous square-integrable martingale
in (G0

t ) and is continuous in L2 at each time, then it is also a martingale in (Gt). More generally, if
Z is integrable and a version M(t) = E[Z | G0

t ] is continuous in L1, then M(t) = E[Z | Gt] at every
fixed time.
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Proof. For s < t, choose sn ↓ s with sn < t. The completed sigma-fields G0
sn

decrease to Gs. Reverse
conditional expectation convergence gives

E[Y (t) | Gs] = lim
n

E[Y (t) | G0
sn

] = lim
n
Y (sn) = Y (s)

in L1; the last limit even holds in L2. Completion does not change conditional expectations up to
null sets. The same argument, with Z in place of Y (t), proves the second assertion. A continuous
bounded process is continuous in every finite Lp, by dominated convergence, so the second assertion
applies to the bounded posterior versions constructed below.

4.1 Brownian innovations and finite posterior energy

We first prove the asserted Brownian property. For 0 ≤ s < t, the future increments of the planted
Brownian motions are independent of all spins and of their Brownian pasts. Conditioning on the
smaller raw observation history therefore gives

E[Xv(t) −Xv(s) | F0
s ] = (t− s)mv(s).

For every deterministic r ≥ s, the tower property for the bounded raw posteriors also gives
E[mv(r) | F0

s ] = mv(s). Conditional Fubini is applicable because |mv| ≤ 1. Subtracting the
conditional means of the two increments in (4.1) shows that Wv is a continuous square-integrable
martingale in (F0

t ).
This conclusion concerns the innovations, not the planted noises. In the filtration containing all

spins at time zero and all Brownian histories, their relation is

Wv(t) = Bv(t) +
∫ t

0
(σv −mv(s)) ds.

The added path has finite variation. Hence the pathwise quadratic covariations are

[Wv,Wu]t = 1{v=u}t.

The bounded drift and L2 continuity of Bv give L2 continuity of Wv. Lemma 4.2 makes each
coordinate a martingale in (Ft). Lévy’s characterization applied to each finite vector, with the
displayed covariations, proves that vector is standard Brownian motion in (Ft) and hence also in
the smaller raw filtration. Its future increments are independent of the observation past. By a
monotone-class argument over finite vertex sets and rational future times, the entire future increment
field (Wv(t+ s) −Wv(t))v∈V,s≥0 is independent of Ft for every fixed t.

Finite observation sets have their own innovations. They will provide an exact scalar energy
identity, but we will never identify their Brownian paths with the infinite innovations.

Lemma 4.3 (Finite posterior energy). Let D be a finite connected subtree. For u ∈ D put

WD
u (t) = Xu(t) −

∫ t

0
mD

u (s) ds.

The vector WD is standard Brownian motion in the usual augmentation of (FD
t ), and, for v ∈ D,

mD
v (t) =

∑
u∈D

∫ t

0
CD

vu(s) dWD
u (s),

E[mD
v (t)2] = E

∫ t

0

∑
u∈D

CD
vu(s)2 ds.

(4.4)
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Proof. The preceding conditional-increment and covariation calculation works with the observations
restricted to D, and proves the Brownian assertion. The finite posterior formula (2.2) gives
mD

v (t) = MD
v (XD(t)) for a smooth function MD

v . It is a bounded continuous martingale in the raw
filtration, since it is a version of E[σv | FD

t ]. It is continuous in L2, so Lemma 4.2 also makes it a
martingale in the augmented finite observation filtration.

Apply finite-dimensional Itô’s formula to MD
v (XD) using dXu = mD

u dt+ dWD
u . By (2.3), its

continuous local martingale part is
∑

u∈D

∫
CD

vu dWD
u . The remaining part is continuous and has

finite variation locally. Since mD
v is itself a martingale, that part is also a local martingale and must

vanish. The covariance coefficients are bounded, so the finite Brownian sum is square integrable
on every finite horizon. The free prior has mean zero. This proves the first identity in (4.4), and
orthogonality of the Brownian coordinates and Itô’s isometry prove the second.

4.2 No covariance energy escapes to the boundary

The finite energy identity does not yet imply its infinite analogue: coordinatewise convergence could
leave a positive amount of energy at ever more distant vertices. We control that possibility in
two intervals. Away from time zero, each vertex’s own Gaussian noise attenuates its path factor,
including at a finite-tree leaf. Near time zero, the whole-site information estimate bounds the entire
finite energy at once.

Lemma 4.4 (Gaussian attenuation away from time zero). For every δ > 0 there is κδ ∈ (0, 1) such
that, for every finite connected subtree D, every v, u ∈ D, and every s ≥ δ,

E[CD
vu(s)2] ≤ θ2r(1 − κδ)r, r = dist(v, u). (4.5)

The same inequality holds for the whole-tree covariance Cvu(s).

Proof. Choose εδ > 0 with 2εδ/
√

2πδ ≤ 1/2. A Gaussian random variable Z of variance s ≥ δ, with
any mean, has P(|Z| ≤ εδ) ≤ 1/2 by its density bound. Since

a(z)2 ≤ a(z) ≤ 1 − (1 − θ2) tanh2 z,

it follows that
E[a(Z)2] ≤ 1 − κδ, κδ = 1 − θ2

2 tanh2 εδ ∈ (0, 1).

The estimate is uniform in the mean.
Let v = v0, . . . , vr = u be the path in D. In the squared covariance formula, discard the initial

factor (1 − (mD
v )2)2 ≤ 1. At the fixed time s the remaining factors depend only on terminal

observations. Conditional on all spins and all terminal Brownian coordinates other than Bv1(s), the
cavity recursion has the form

hD
v1→v0(s) = Bv1(s) + z,

where the shift z is fixed: all branch fields in this recursion exclude v1. The later fields hD
vi→vi−1 ,

i > 1, also exclude v1. Conditional on the spins, the terminal Brownian coordinates are independent
Gaussians of variance s. Integrating Bv1(s) first therefore removes the first squared factor at a
cost at most 1 − κδ, without changing the later ones. Integrate Bv2(s), . . . , Bvr(s) in that order.
Iteration proves (4.5), even conditional on the spins. At a leaf the shift is simply its planted spin
drift; the argument still applies. No infinite side branch is used here.

For fixed v, u, s, exhaust the tree by finite connected subtrees containing the path. Bounded
conditional-expectation convergence from Lemma 2.1 gives CD

vu(s) → Cvu(s) in L2. Passing to the
limit proves the whole-tree inequality.

16



Fix v and let DR be its radius-R ball. Extend CDR
vu by zero for u /∈ DR. For each fixed u and

T < ∞,
CDR

vu −→ Cvu in L2([0, T ] × Ω, ds dP). (4.6)

Indeed, at each deterministic s, increasing-sigma-field convergence applies to the bounded variables
σv, σu, and σvσu. Their conditional means determine the covariance. The covariances are uniformly
bounded, so dominated convergence also integrates the resulting L2 convergence in time.

When bθ2 < 1, the pointwise bound CDR
vu (s)2 ≤ θ2 dist(v,u) controls all spatial tails: there are

nr = dbr−1 vertices at distance r ≥ 1, and

sup
R

E
∫ T

0

∑
dist(v,u)>L

CDR
vu (s)2 ds ≤ d

b
T
∑
r>L

(bθ2)r −→ 0.

The same deterministic estimate holds for the infinite coefficients.
At equality, fix 0 < δ ≤ min{T, 1}. The tower property gives mDR

v (δ) = E[mv(δ) | FDR
δ ].

Conditional Jensen, the finite energy identity, and the whole-site estimate in (3.2) yield

E
∫ δ

0

∑
u

CDR
vu (s)2 ds = E[mDR

v (δ)2] ≤ E[mv(δ)2] ≤ C
√
δ. (4.7)

On [δ, T ], Lemma 4.4 applies uniformly in R, and now nrθ
2r = d/b. Thus

sup
R

E
∫ T

0

∑
dist(v,u)>L

CDR
vu (s)2 ds ≤ C

√
δ + d

b
T
∑
r>L

(1 − κδ)r. (4.8)

This also bounds the infinite tail. To see this without assuming its finiteness, first restrict that tail
to a finite annulus, pass R → ∞ using (4.6), and then increase the outer radius using monotone
convergence. First send L → ∞ with δ fixed, so that the geometric term vanishes. Then send δ ↓ 0.
The order matters: κδ may shrink as δ tends to zero. We have proved that the integrated spatial
tails of both the finite and the infinite rows vanish uniformly.

For a fixed L, the sum over dist(v, u) ≤ L is finite. Equation (4.6) passes its squared energy to
the limit in L1. The uniform tail estimates then pass the complete energy to the limit. At each
fixed t we also have mDR

v (t) → mv(t) in L2. Consequently (4.4) gives the exact infinite identity

E[mv(t)2] = E
∫ t

0

∑
u∈V

Cvu(s)2 ds (t ≥ 0). (4.9)

At t = 0 both sides are zero. Only the scalar energies have been passed to the limit; the distinct
processes WDR have played no part in this limiting operation.

4.3 Identifying the entire posterior martingale

The energy identity gives the norm that a Brownian representation must have. A second identity
identifies its inner product with the posterior. Together they determine the posterior itself and
exclude any additional martingale orthogonal to the innovations.

We first record the approximation that permits coefficients to be used in this test. It will also
let the subsequent conditional-copy construction transport individual stochastic integrals.
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Lemma 4.5 (Observation-adapted step approximation). For fixed v, u and T < ∞, each of Cvu

and cvu is the L2([0, T ] × Ω, ds dP) limit of bounded elementary processes

G(s) =
N−1∑
j=0

ξj1(tj ,tj+1](s), 0 = t0 < · · · < tN = T,

where ξj is a bounded Borel function of finitely many observations at time tj. In particular each
coefficient has a predictable representative for stochastic integration.

Proof. For R large enough to contain the path from v to u, the finite coefficient CDR
vu is a bounded

continuous function of the terminal observations in DR, and is therefore a continuous raw adapted
process. It converges to Cvu in the required space by (4.6). For the response coefficient use

cDR
vu = θdist(v,u)

dist(v,u)∏
i=1

a(hDR
vi→vi−1).

The component convergence in Lemma 2.1 gives fixed-time convergence to cvu; the common bound
|cDR

vu | ≤ θdist(v,u) ≤ 1 again gives convergence in the stated L2 space. This finite coefficient is also a
continuous raw adapted function of finitely many terminal observations.

For either finite coefficient, sample its values at the left endpoints of a deterministic mesh. As
the mesh tends to zero, continuity and the common bound imply convergence in L2( ds dP) by
dominated convergence. Choose a diagonal sequence of radii and meshes. These are the asserted
elementary processes. A subsequence converges ds dP-almost everywhere; its pointwise limit where
finite, with value zero elsewhere, is predictable because each elementary process is predictable. This
representative agrees with the original coefficient in the required product-measure sense.

Fix v, u and t < ∞. For any bounded elementary process of the same form whose ξj is merely
F0

tj
-measurable, we claim

E
[
mv(t)

∫ t

0
G(s) dWu(s)

]
= E

∫ t

0
G(s)Cvu(s) ds. (4.10)

For an elementary process, the integral is the finite sum of ξj(Wu(tj+1)−Wu(tj)), hence is measurable
in F0

t . In its expectation against mv(t) we may therefore replace mv(t) by σv. In the planted
filtration,

dWu(s) = dBu(s) + (σu −mu(s)) ds.

Here σvG is a bounded predictable integrand: σv is known at time zero and every raw observation
past is contained in the planted past. Thus E[σv

∫ t
0 GdBu] = 0. For the finite-variation part,

condition at time s on the raw observation history:

E[σv(σu −mu(s)) | F0
s ] = E[σvσu | F0

s ] −mv(s)mu(s) = Cvu(s).

Boundedness permits Fubini, proving (4.10). This argument has used only the fact that W is a
function of the observation past, not any converse measurability.

Apply Lemma 4.5 to Cvu. Itô’s isometry for Wu and Cauchy–Schwarz on the two sides of (4.10)
pass to the limit, so the identity also holds with G = Cvu. For a finite vertex set F let

Sv,F (t) =
∑
u∈F

∫ t

0
Cvu(s) dWu(s).
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The integrals for different u are orthogonal, even though their integrands may depend on every
observation: their driving Brownian coordinates have zero mutual quadratic covariation. The
isometry and the testing identity give

E[Sv,F (t)2] =
∑
u∈F

E
∫ t

0
Cvu(s)2 ds = E[mv(t)Sv,F (t)].

Combining this with the exact energy (4.9) yields the useful squared-error identity

E[(mv(t) − Sv,F (t))2] =
∑
u/∈F

E
∫ t

0
Cvu(s)2 ds. (4.11)

The right side tends to zero as F exhausts the vertices. This is precisely the step that eliminates a
possible residual martingale.

There is also convergence of the processes, rather than just their values at a fixed time. For
F ⊆ F ′, Doob’s maximal L2 inequality gives

E sup
0≤s≤T

|Sv,F ′(s) − Sv,F (s)|2 ≤ 4
∑

u∈F ′\F

E
∫ T

0
Cvu(s)2 ds.

The total energy is finite by (4.9). The partial sums therefore converge in M2
T to a continuous

square-integrable martingale. The limits agree on overlapping horizons, and (4.11) identifies each
fixed-time value with the raw posterior mv(t). Countability of the vertices lets us choose these
continuous versions simultaneously. This proves (4.2).

4.4 Continuous versions that retain component locality

The Brownian representation has supplied a continuous version of each site mean. We now select
Borel observation functions realizing this version and continuous component fields. Constructing
component fields from site fields could apparently use information from the opposite side of an edge.
We first establish continuous component modifications, then choose them by explicit past-observation
formulas that retain the required component restriction.

Write Mv for the continuous mean version temporarily. At every rational time it agrees almost
surely with the raw mean from Lemma 2.1. Intersect these events over all vertices and rational
times. The raw field bound and continuity of Mv and Xv imply, on this one event,

|Mv(t)| ≤ tanh(|Xv(t)| + dβ) < 1 (t ≥ 0).

Indeed the inequality holds first at rational times and then passes to every time by continuity. On
each compact interval,

sup
0≤t≤T

|Mv(t)| ≤ tanh
(

sup
0≤t≤T

|Xv(t)| + dβ

)
< 1.

Thus Hv = atanhMv is continuous. The stronger inequality |Hv − Xv| ≤ dβ also passes from
rational times to all times.

For adjacent vertices, consider for arbitrary real H,K the equations

x+ ψ(y) = H, y + ψ(x) = K.
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They have a unique solution. In fact x is the unique fixed point of

x 7−→ H − ψ(K − ψ(x)),

a contraction of the complete space R with constant at most θ2 < 1, and y = K −ψ(x). Comparing
two solutions gives

|x− x̃| ≤ |H − H̃| + θ|K − K̃|
1 − θ2 ,

and the analogous bound for y. The solution therefore depends continuously on (H,K).
Apply this construction to (Hv(t), Hw(t)) and denote the resulting continuous processes by

(Hc
v→w, H

c
w→v). At every fixed time the raw cavity identities identify this solution almost surely

with the raw component fields, by uniqueness. After intersecting over rational times and oriented
edges, continuity therefore extends both cavity identities and the component bound to all times.
This proves existence of continuous component modifications. The construction by adjacent site
fields is used only for that existence assertion.

We now specify the observation functions actually used in the rest of the proof. Let m0
v(t, x) and

h0
v→w(t, x) be the original raw functions obtained from the centered finite-ball limits in Lemma 2.1.

For qn(t) = 2−n⌊2nt⌋, set

m̂v(t, x) =

 lim
n→∞

m0
v(qn(t), x), if the limit exists in (−1, 1),

0, otherwise,

and set ĥv = atanh m̂v. For every oriented edge, set

ĥv→w(t, x) =

 lim
n→∞

h0
v→w(qn(t), x), if the limit exists in R,

0, otherwise.

For each n the sampled process is constant on the half-open dyadic time intervals, and its value
there is a Borel function of the appropriate observation history at the left endpoint. It is therefore
progressively measurable. Real convergence is a countable Cauchy condition. For the site selector,
membership of the resulting limit in (−1, 1) is an additional Borel condition. Taking these limits with
the displayed defaults therefore preserves Borel and progressive measurability. For the component
expression both the entire sequence and its default decision use only observations in Tv→w through
time t. In particular, two inputs agreeing on that component history have the same sequence and
the same chosen value. This is pointwise component locality, including on inputs where the limit
fails.

At every dyadic time the raw site mean agrees almost surely with Mv, and the raw component
field agrees almost surely with Hc

v→w. Intersecting over the countable dyadic times and indices
gives one event of probability one. On that event, for every real t the sampled values above are
values of the respective continuous modifications at qn(t). Since qn(t) → t, continuity makes their
limits agree simultaneously for every t. Thus the chosen functions are indistinguishable from the
continuous modifications. They retain all the all-time cavity identities and bounds just proved. The
same dyadic rule and the same defaults at every index also preserve the graph-relabeling covariance
of the raw functions.

We henceforth use these chosen versions and omit the hats. Define cvu again by its finite path
product and Cvu = (1 −m2

v)cvu. These are continuous in time almost surely, and they agree at each
fixed time with their former raw versions. Consequently every changed coefficient agrees with its
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former version outside a dt dP-null set. Likewise, Fubini and boundedness give equality of the old
and new mean integrals on each integer horizon, and hence, after a countable intersection,∫ t

0
m0

v(s,X) ds =
∫ t

0
mv(s,X) ds simultaneously for all t ≥ 0 almost surely.

Thus the innovation paths have not changed.
These versions are also the posteriors for the usual filtrations. For a fixed time t, apply the second

part of Lemma 4.2 to the bounded continuous version of E[σv | F0
t ]. It gives mv(t) = E[σv | Ft].

The process Cvu + mvmu is a bounded continuous version of the raw conditional mean of σvσu;
applying the same argument identifies it with that conditional mean in Ft. This identifies Cvu as the
augmented conditional covariance. Applied instead to tanh hv→w and the raw component filtration,
the argument gives the corresponding assertion for its usual augmentation. These statements include
time zero. The one-spin site and component means start at zero. The two-spin posterior starts at
its prior value E[σvσu] = θdist(v,u), including value one when u = v.

4.5 The field equation

It remains to pass from the posterior mean to its field. This requires the response row Av =
∑

u c
2
vu,

rather than merely the covariance row: the transformation divides by 1 −m2
v. The estimate (3.11),

proved before this section, gives

E
∫ T

0
Av(s) ds < ∞ (T < ∞).

Its strict case follows from a deterministic geometric sum. At criticality it follows from the
intact infinite-side-branch estimate EAv(s) ≤ C/min{

√
s, 1} for s > 0. This is a different use of

attenuation from the finite-boundary Gaussian estimate above. The inputs here are the second-
moment information and forward infinite-branch attenuation already proved.

For clarity, define the version used in the drift directly from the chosen observation functions:

Av(s, x) =


∑
u∈V

cvu(s, x)2, if this sum is finite,

0, if this sum is infinite.

The extended nonnegative sum is a countable sum of Borel progressive functions, so this finite-or-zero
version is again a causal Borel progressive observation function. Permuting the summation index
and using the same default preserve graph relabeling. The integrated row estimate shows that this
version agrees with the extended sum outside a ds dP-null set. The predictable representatives used
for Brownian integration agree with the chosen path functions outside one such null set for all u, by
countability. Their squared sum therefore agrees with this Av there. At criticality the unmodified
row is infinite at time zero, as noted after (3.11); the displayed convention supplies the value used
in the drift.

The Brownian representation and the covariance formula now imply, as an equality of densities
up to ds dP-null sets,

d⟨mv⟩s =
∑

u

Cvu(s)2 ds = (1 −mv(s)2)2Av(s) ds.

One may obtain the first equality from finite Brownian sums: their brackets converge in L1 total
variation on every finite horizon, by (4.9), while their martingales converge in M2

T . The defining
bracket identity then passes to the limit.
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For n ≥ 2 let
τn = n ∧ inf{t ≥ 0 : |mv(t)| ≥ 1 − 1/n}.

On the stopped interval the derivatives

(atanh)′(x) = 1
1 − x2 , (atanh)′′(x) = 2x

(1 − x2)2

are bounded. Itô’s formula for the stopped continuous martingale therefore gives

hv(t ∧ τn) =
∑

u

∫ t∧τn

0

Cvu(s)
1 −mv(s)2 dWu(s) +

∫ t∧τn

0
mv(s)Av(s) ds.

The Brownian coefficient is exactly cvu. The equality of this countable Brownian sum with the
transformed mean integral follows first for finite sums and then by the isometry; on the stopped
interval the derivative is bounded.

The global Brownian sum with coefficients cvu exists in M2
T . Indeed, for finite F ⊆ F ′, Doob’s

inequality gives

E sup
0≤t≤T

∣∣∣∣∣∣
∑

u∈F ′\F

∫ t

0
cvu(s) dWu(s)

∣∣∣∣∣∣
2

≤ 4
∑

u∈F ′\F

E
∫ T

0
cvu(s)2 ds.

The right side tends to zero along an exhaustion by the integrated row estimate. Also
E
∫ T

0 |mv|Av ds ≤ E
∫ T

0 Av ds < ∞. Finally τn ↑ ∞ almost surely: the continuous mean stays
strictly inside (−1, 1) on every compact interval. The stopped identities hold simultaneously in time
by continuity. On any fixed compact interval, almost every path therefore agrees with one of these
identities for all sufficiently large n. Removing the stopping yields (4.3).

We now have the full innovation-driven field equation in the observation filtration, with both
Brownian and drift terms integrable. The next comparison must prove that the same innovations
remain Brownian when two conditional observation histories are put together; that compatibility is
the next step of the argument.

5 Comparing observations with the same innovations
The innovations constructed in the preceding section are independent Brownian motions, but that
fact alone does not show that they determine the observations. We now turn this question into
a comparison of two observation processes. We sample them independently conditional on the
same entire innovation array, prove that they can still be driven by the same Brownian motions
in their joint filtration, and derive an equation for their discrepancy. This is the conditional-copy
compatibility method developed by Kurtz [11]; we prove the specific compatibility and transport
statements needed here.

Throughout this section, d ≥ 3, b = d− 1, and 0 < θ = tanh β ≤ b−1/2. We use the continuous
causal observation functions selected in Proposition 4.1. With the selected means, the innovation
map

Wv(t) = Xv(t) −
∫ t

0
mv(s) ds

is a Borel function of X whose restriction to [0, t] uses only observations up to t. By Section 4 and
a countable intersection over vertices, this selected-mean innovation map agrees with the original
raw innovation map as a whole-path map almost surely under the observation law. We use this
selected version throughout. The field equation (4.3) and the integrated row bound (3.11) have
already been proved in the observation filtration. No inverse map from W to X is assumed in what
follows. For drift integrals involving Av, we use the finite-or-zero drift convention fixed in Section 4.
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5.1 Conditioning on the complete innovations

Write
C0([0,∞),R) = {x ∈ C([0,∞),R) : x(0) = 0},

X = W = C0([0,∞),R)V .

Give the path space its locally uniform Polish topology and the arrays the countable product
topology. The subscript 0 specifies the value at time zero and imposes no condition at infinity. Let
Q be the joint law of (X,W ) from the planted observation construction. Its W -marginal is product
Wiener measure, denoted by w. These are standard Borel spaces, so there is a regular conditional
probability K(w, dx) for X given W = w. Define a probability law on the three path arrays by

Q̂( dw, dx, dx′) = w( dw) K(w, dx) K(w, dx′). (5.1)

Write X1, X2,W for its coordinates. Each pair (Xj ,W ) has law Q, while X1 and X2 are independent
conditional on W . The conditioning in (5.1) uses every coordinate of W at every time, not only the
portion already observed.

For t ≥ 0, let H0
t be the raw sigma field generated by X1

v (s), X2
v (s),Wv(s) for v ∈ V and

0 ≤ s ≤ t, and let (Ht) be its usual augmentation. All posterior fields and coefficients attached to
copy j below are obtained by applying the same causal observation functions to Xj .
Proposition 5.1 (Compatible conditional copies). The law (5.1) is invariant under the simultaneous
action of each fixed automorphism of Td. Every finite subvector of W is standard vector Brownian
motion in (Ht). For each copy j, both equations (4.2) and (4.3) hold in this filtration, with the
coefficients of that copy and the common Brownian motions W . Their infinite Brownian sums
converge in the maximal L2 norm on every finite time interval.
Proof. We first prove that the future of W is not exposed by either observation past. Fix a
deterministic t ≥ 0, write W≤t for the restriction of W to [0, t], and define its future increment array
by

Zt
v(s) = Wv(t+ s) −Wv(t), s ≥ 0.

In the original law Q, Zt is independent of the raw observation past F0
t . Indeed, the Brownian

property in Proposition 4.1 gives the assertion for every finite set of sites and future times. Rational
times generate the Borel sigma field of a continuous path; a monotone-class argument over the
countably many sites and rational times gives the assertion for the whole increment array. Causality
also makes W≤t F0

t -measurable.
It follows that, for every bounded Borel function F of the observation past,

EQ[F (X≤t) | W ] = EQ[F (X≤t) | W≤t] almost surely. (5.2)

To verify the identity, denote the right side by J(W≤t) and test against u(W≤t)v(Zt), with bounded
Borel u, v. Independence of Zt from F0

t factors Ev(Zt) out of the expectation containing Fu. It
does the same for Ju, and the remaining expectations agree by the definition of J . These products
generate σ(W ): its past together with Zt reconstructs every path value of W . This proves (5.2).

Conditional independence in (5.1) gives, for bounded past functions F,G,

EQ̂[F (X1
≤t)G(X2

≤t) | W ] = EQ[F (X≤t) | W ]EQ[G(X≤t) | W ].

Both factors on the right depend only on W≤t by (5.2). Product Wiener measure makes Zt

independent of W≤t, and hence

EQ̂[u(W≤t)F (X1
≤t)G(X2

≤t)v(Zt)]

= EQ̂[u(W≤t)F (X1
≤t)G(X2

≤t)]Ew[v(Zt)].
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Another monotone-class argument shows that Zt is independent of the full sigma field H0
t . Thus

every finite subvector of W is Brownian in the raw joined filtration.
Each Wv is a continuous square-integrable martingale in the raw joined filtration and is L2-

continuous because its marginal law is Wiener measure. Lemma 4.2 therefore makes it a martingale
in (Ht). The quadratic covariations, determined by the Brownian paths, remain [Wu,Wv]t = 1{u=v}t.
Lévy’s martingale characterization applied to each finite subvector proves the claimed Brownian
property in (Ht).

We next check invariance. The selected field functions commute with graph relabeling, so the
innovation map does too. Since the observation law is invariant, Q is invariant under (X,W ) 7→
(gX, gW ). For one fixed automorphism g, uniqueness of regular conditional probabilities now gives

K(gw, ·) = g∗K(w, ·) for w-almost every w. (5.3)

To obtain equality as probability measures, first check it for a countable determining algebra
generating the Borel sets of X and intersect the resulting full-measure sets. Applying this identity
to both factors in (5.1) proves invariance of the joined law. This argument is made separately for
each fixed g.

It remains to justify the stochastic equations in the enlarged filtration. We give the approximation
argument because an Itô integral cannot simply be identified across filtrations from a formal equality
of pair laws. For either coefficient kvu = cvu or kvu = Cvu, fix v, u and a finite horizon T . Lemma 4.5,
applied to the X-marginal of Q, supplies bounded causal Borel elementary processes

Gn(t,X) =
∑

i

γn,i(X≤tn,i)1(tn,i,tn,i+1](t),
∫ T

0
EQ|Gn − kvu|2 dt −→ 0,

where each γn,i is a bounded Borel function of finitely many observations at time tn,i, viewed as a
function of the indicated past.

The elementary integral against Wu is the Borel path functional

In(t;X,W ) =
∑

i

γn,i(X≤tn,i)
(
Wu(t ∧ tn,i+1) −Wu(t ∧ tn,i)

)
.

The Brownian isometry and Doob’s maximal inequality show that these integrals converge in
L2(C([0, T ])) to the original Itô integral. A deterministic subsequence converges uniformly almost
surely; its limit on the Borel set of uniformly Cauchy inputs, with the zero path as default, is a Borel
version of that integral as a function of (X,W ). The same subsequence has that pathwise limit in
each joined pair, since (Xj ,W ) has law Q. On the other hand the same isometry and maximal
inequality in (Ht) show that In(·;Xj ,W ) converges to the joined Itô integral of kvu(·, Xj). The two
limits agree. This proves transport of each individual integral, including its continuous path version.

For either coefficient family the integrated squared row is finite: this is (3.11) for c, and follows
for C also from Cvu = (1 −m2

v)cvu. If F ⊂ F ′ are finite vertex sets, the joined integral tails satisfy

EQ̂ sup
t≤T

∣∣∣∣∣∣
∑

u∈F ′\F

∫ t

0
kvu(s,Xj) dWu(s)

∣∣∣∣∣∣
2

≤ 4
∑

u∈F ′\F

EQ

∫ T

0
kvu(s,X)2 ds.

The right side tends to zero along an exhaustion. The drift at any fixed time is a Borel observation
functional, obtained by time integration; its absolute integral is finite almost surely because |mv| ≤ 1
and E

∫ T
0 Av dt < ∞. Assigning zero to exceptional nonfinite integral values supplies a Borel scalar

version if needed. Transport the original equations with finite partial Brownian sums at rational
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times and let the partial sums increase: their residuals converge in probability under Q, hence
under each identical joined pair law, while their joined integral limits have just been identified. The
equations therefore hold at all rational times in the joining. Continuity of the fields and Brownian
sums, and absolute continuity of the drift integrals, extend them to all times. Taking countable
intersections over vertices and integer horizons finishes the transport assertion.

The purpose of this construction can already be stated precisely. For each vertex v and
nonnegative rational q, EQXv(q)2 = q + q2 < ∞. Conditional independence gives

EQ̂[(X1
v (q) −X2

v (q))2 | W ] = 2 VarQ(Xv(q) | W ) almost surely. (5.4)

Thus equality of the two observation paths would make every rational coordinate have zero conditional
variance. These countably many coordinates determine a continuous path configuration. The final
section will turn that implication into a Borel recovery map after the comparison has proved equality;
no equality has been assumed here.

5.2 The field discrepancy and its variance

From now on unprimed quantities refer to the first copy, primed quantities to the second, and ∆
means their difference. All expectations in the comparison are under Q̂. Every one-copy estimate
proved earlier remains valid because the marginals have not changed.

Fix T > 0. In each pair the defining innovation identity holds as an identity of continuous paths.
Subtracting the two identities gives

∆Xv(t) =
∫ t

0
∆mv(s) ds, |∆Xv(t)| ≤ 2t.

Together with |hv −Xv|, |h′
v −X ′

v| ≤ dβ, this gives

|∆hv(t)| ≤ HT := 2T + 2dβ (v ∈ V, 0 ≤ t ≤ T ) (5.5)

on one full-probability event. The field bounds and identities hold simultaneously because the
chosen fields are continuous and the vertices are countable.

Choose a vertex o only for taking expectations, and put

V (t) = E[(∆ho(t))2].

Invariance of the joined law makes the value independent of the choice of o. It is nonnegative,
bounded by H2

T on [0, T ], and V (0) = 0. We need the full variance equation, including its drift.

Lemma 5.2 (Variance of the discrepancy). The function V is absolutely continuous on every finite
interval. For almost every t,

V ′(t) =
∑
u∈V

E[(∆cou(t))2] + 2E[∆ho(t)(mo(t)Ao(t) −m′
o(t)A′

o(t))]. (5.6)

Proof. Subtract the two field equations in the common filtration. The martingale part is Mo =∑
u

∫
∆cou dWu, and, outside the dt dQ̂-null set where a row diverges,∑

u

(∆cou)2 ≤ 2(Ao +A′
o).
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The integrated expectation of the right side is finite. Thus the sum defining Mo converges in
maximal L2, and its bracket is

⟨Mo⟩t =
∫ t

0

∑
u

(∆cou(s))2 ds.

This follows first for finite sums from the zero cross-covariations of distinct Brownian coordinates,
then for the limit by the L1 convergence of the integrated squared row tails. Itô’s formula for (∆ho)2

gives

(∆ho(t))2 = 2
∫ t

0
∆ho(s) dMo(s) +

∫ t

0

∑
u

(∆cou(s))2 ds

+ 2
∫ t

0
∆ho(s)(mo(s)Ao(s) −m′

o(s)A′
o(s)) ds.

The first integral is a square-integrable martingale: by (5.5), its expected bracket is at most
8H2

TE
∫ T

0 (Ao +A′
o) ds. The absolute values of the other two integrands have expectations bounded

respectively by 2E(Ao +A′
o) and 2HTE(Ao +A′

o), which are integrable in time. Taking expectations
therefore gives an integral of an L1([0, T ]) function. This proves absolute continuity and its
almost-everywhere derivative (5.6).

The coefficients in this equation are products along directed paths. We first control the difference
of one factor. For a directed edge e = (i, j) define

De(t) = log a(hj→i(t)) − log a(h′
j→i(t)), S(t) = E[De(t)2]. (5.7)

Transitivity on directed edges makes S independent of e. The two cavity identities at the ends of ij
give

|∆hj→i| ≤ |∆hj | + θ|∆hi→j |, |∆hi→j | ≤ |∆hi| + θ|∆hj→i|.

Substituting the second inequality into the first yields

|∆hj→i| ≤ |∆hj | + θ|∆hi|
1 − θ2 . (5.8)

In particular, on [0, T ] it is bounded by HT /(1 − θ); Minkowski’s inequality and invariance also give
∥∆hj→i∥2 ≤

√
V /(1 − θ).

Direct differentiation gives

(log a)′(z) = −2(1 − θ2) tanh z
1 − θ2 tanh2 z

, |(log a)′(z)| ≤ 2| tanh z| ≤ 2. (5.9)

Here the first inequality uses 1 − θ2 tanh2 z ≥ 1 − θ2. We conclude that

|De(t)| ≤ 2HT

1 − θ
, S(t) ≤ 4

(1 − θ)2V (t) (0 ≤ t ≤ T ). (5.10)

Also (log a)(0) = 0, so | log a(hj→i(t))| ≤ 2|hj→i(t)| ≤ 2(|Xj(t)| + bβ). Since EXj(t)2 = t+ t2, each
one-copy log factor is square integrable. Equality of the marginal laws then gives EDe(t) = 0.
These facts will permit the later spatial cancellation estimate to be applied to this particular edge
observable.
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5.3 Reducing the comparison to path estimates

For a directed simple path v0, . . . , vr, r ≥ 1, let ei = (vi−1, vi). At a common time t, set

Pr =
r∏

i=1
a(hvi→vi−1), Zr =

r∑
i=1

Dei ,

Qr = E[(P 2
r + (P ′

r)2)Z2
r ], Lr = E[(∆hv0)2P 2

r ].
(5.11)

The orientation matters: every factor uses the component at the next vertex excluding the preceding
one. Invariance makes these expectations depend only on r and t, so we suppress the particular
path. Both Pr and P ′

r lie in (0, 1], and logPr − logP ′
r = Zr. The mean-value theorem, first for ex

and then for e2x, gives

E[(Pr − P ′
r)2] ≤ 2Qr, |P 2

r − (P ′
r)2| ≤ 2(P 2

r + (P ′
r)2)|Zr|. (5.12)

For example, the derivative of ex on the segment joining logPr and logP ′
r is at most Pr + P ′

r;
squaring and using (Pr + P ′

r)2 ≤ 2(P 2
r + (P ′

r)2) proves the first bound. The derivative of e2x on the
same segment is at most 2(P 2

r + (P ′
r)2), proving the second.

There are nr = dbr−1 vertices at distance r ≥ 1 from o. The diagonal coefficients are coo = c′
oo = 1,

and the coefficient along any positive-length path is θrPr. Tonelli’s theorem and (5.12) therefore
bound the noise term in (5.6) by ∑

u

E[(∆cou)2] ≤ 2
∑
r≥1

nrθ
2rQr. (5.13)

The drift contributes a second, different path sum:∣∣E[∆ho(moAo −m′
oA

′
o)]
∣∣ ≤ V +

∑
r≥1

nrθ
2r
(
Lr + 2

√
2V
√
Qr

)
. (5.14)

To prove this, write moAo −m′
oA

′
o = (mo −m′

o)Ao +m′
o(Ao −A′

o). Since tanh is 1-Lipschitz, the
first part is bounded by

E[(∆ho)2Ao] = V +
∑
r≥1

nrθ
2rLr.

For the second, use |m′
o| ≤ 1. The diagonal terms of Ao −A′

o cancel. For each remaining path, put
wr = P 2

r + (P ′
r)2 ≤ 2. The second inequality in (5.12) and weighted Cauchy–Schwarz give

E[|∆ho| |P 2
r − (P ′

r)2|] ≤ 2
√
E[(∆ho)2wr]

√
E[wrZ2

r ]

≤ 2
√

2V
√
Qr.

Summing proves (5.14). These inequalities may first be read for finite spatial sums and then with
nonnegative extended right sides; the estimates at their subsequent uses make those right sides
finite. In particular no independence between a path product and its discrepancy is used. The
square-root sum in the drift must be controlled along with the noise sum.

Proposition 5.3 (Uniqueness below the threshold). If bθ2 < 1, then V (t) = 0 for every t ≥ 0.

Proof. Since the products in (5.11) are at most one, Lr ≤ V . Cauchy–Schwarz in the sum Zr gives

Qr ≤ 2EZ2
r ≤ 2r

r∑
i=1

ED2
ei

= 2r2S.
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Use this with (5.10) in the noise and drift bounds. The contributions are bounded by V times sums
of r2, 1, and r, respectively, against

nrθ
2r = d

b
(bθ2)r.

All three series converge when bθ2 < 1. Equation (5.6) therefore gives V ′ ≤ CV almost everywhere
on [0, T ], for a finite constant depending on the fixed parameters. Absolute continuity and V (0) = 0
imply V = 0 there by Gronwall’s inequality. The horizon T was arbitrary.

At equality, nrθ
2r = d/b, so the geometric decay in this proof disappears. The next two sections

will replace the elementary r2S loss by spatial cancellation of order rS and attenuation on the
length scale ω(t)−1. Their leading noise estimate has the form Qr ≲ rS(t)e−cω(t)r. Near time zero,
where ω(t) =

√
t, its sum has size

S(t)
∑
r≥1

re−c
√

t r = S(t) e−c
√

t

(1 − e−c
√

t)2
≍ S(t)

t
.

Thus even those two estimates, combined only with S ≤ CV , would leave a nonintegrable coefficient
at time zero. The final comparison will improve the relation between S and V using small component
fields, while also retaining the square-root drift sum. This is the remaining obstruction at the
critical parameter.

6 Cancellation along a path
The comparison of the two observation copies led to sums of the edge differences De(t). Cauchy–
Schwarz bounds the second moment of a sum over r edges by r2S(t), where S(t) = EDe(t)2. We
now improve the factor r2 to r by proving that the correlations of these differences are summable
along a path. The proof begins with local correlations under one observation law and passes to
the joining through the closed space generated by differences of marginal functions. Although only
equality remains in the comparison, this path estimate holds throughout 0 < θ ≤ b−1/2.

Here and below ν is the observation marginal of the original joint law Q, namely the law of the
entire array

X = (Xv)v∈V in X = C0([0,∞),R)V .

Here C0 again means continuous paths starting at zero, with the topology of uniform convergence
on compact time intervals. The vertex and nonbacktracking operator geometry used in this
argument is related to the correlation arguments of Backhausz, Szegedy, and Virág [1, Theorem 2.2
in arXiv:1305.6784v1] and Backhausz, Gerencsér, Harangi, and Vizer [2, Theorems 4.1–4.2 in
arXiv:1603.08423v2]. The proof below supplies the precise transfer to differences of marginal
observation functions.

Proposition 6.1 (Path variance). Let d ≥ 3, b = d− 1, and 0 < θ ≤ b−1/2. Let π be a probability
law on X2 with both marginals equal to ν, invariant under the simultaneous action of Aut(Td).
Suppose that g = (ge) assigns a measurable real function of X to every directed edge, with Eνg

2
e < ∞,

and that for each fixed γ ∈ Aut(Td) and directed edge e,

gγe(γx) = ge(x) for ν-almost every x.

Here γ(i, j) = (γi, γj). For the two coordinate arrays X,X ′ under π, set

De = ge(X) − ge(X ′), S = EπD
2
e .
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The value of S is independent of the directed edge. There is a constant Cd < ∞, depending only on
d, such that for every integer r ≥ 1 and every simple path v0, . . . , vr,

Eπ

( r∑
i=1

D(vi−1,vi)

)2
 ≤ CdrS,

Eπ

( r∑
i=1

D(vi,vi−1)

)2
 ≤ CdrS.

(6.1)

In particular, take π to be the (X,X ′)-marginal of the joining in Proposition 5.1. Then this holds
for the differences De(t) in (5.7) at each fixed finite time, with S = S(t).

We prove the proposition in three steps. First, local observation functions have exponentially
small correlations across a long connecting path. This bounds the self-adjoint neighbor average on
centered vertex functions. Second, the bound transfers to a closed space of differences inside the
joining. Finally, head and tail lifts of that vertex space control the nonbacktracking edge average.
Its powers are summable, which gives the linear variance in (6.1). All equivariance identities in this
section are understood separately for each fixed automorphism, as in the proposition.

6.1 The vertex bound for one observation law

We shall use the same Hilbert-space notation for several invariant configuration laws. For such a
law η, a vertex assignment is a family f = (fv)v∈V of measurable real functions satisfying

fγv(γx) = fv(x) η-almost surely, for each fixed γ, v.

Let Hv(η) be the space of square-integrable vertex assignments, modulo almost sure equality at
each vertex, with

⟨f, k⟩v,η = Eη[foko].

Transitivity and invariance make this independent of the vertex o. The analogous space He(η)
consists of assignments to directed edges, with inner product at any one directed edge. These spaces
are Hilbert spaces: a Cauchy sequence has an L2 limit at each index, and the equivariance identity
for any fixed automorphism passes to the limits because that automorphism preserves η. There are
countably many indices, so equality in the indicated norm is equality of assignments. We use real
spaces; the usual spectral theorem applies after complexification if needed.

On Hv(η) define the neighbor average

(Aηf)v = 1
d

∑
u∼v

fu.

Jensen’s inequality and invariance give ∥Aη∥ ≤ 1. For adjacent o, u, an automorphism interchanging
them gives Eη[foku] = Eη[fuko]. Averaging this identity over the neighbors of o proves that Aη is
self-adjoint. It preserves the closed subspace of centered assignments Eηfo = 0. This subspace
is reducing: if y is orthogonal to it, then ⟨Aηy, f⟩ = ⟨y,Aηf⟩ = 0 for every centered f . Thus the
restriction to that subspace is again self-adjoint.

Lemma 6.2 (Marginal vertex spectrum). For the full observation law ν, the spectrum of Aν on
centered vertex assignments is contained in [−ρ, ρ], where

ρ = 2
√
b

d
< 1. (6.2)
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Proof. We first prove a correlation bound for an assignment f that is centered and measurable, at
vertex v, from the entire observation paths at the vertices in a fixed ball BR(v). Square integrability is
enough; write ∥f∥2 = Eνf

2
o . Write Epl for expectation in the planted spin-and-Brownian construction,

whose observation marginal is ν.
Suppose that dist(u, v) = k > 2R, and let a and c be the respective endpoints of the path joining

BR(u) to BR(v). Then dist(a, c) = k − 2R. In the planted broadcast construction, conditional on
(σa, σc), the observation arrays in these two balls are independent. The conditional law in the first
ball depends only on σa, and the law in the second only on σc. To see this, root the broadcast
at a. Once the endpoint spins are fixed, the edge multipliers inside the two balls are taken from
disjoint branches off the connecting path. They are independent of that path and of one another,
and the Brownian paths at the two disjoint sets of vertices are independent as well. The assertion
for products of square-integrable functions follows from its bounded version by truncation.

The endpoint spins are uniform signs. Since fu, fv are centered, their conditional expectations
have the form

Epl[fu | σa] = αuσa, Epl[fv | σc] = αvσc.

L2-contraction of conditional expectation gives |αu|, |αv| ≤ ∥f∥. The broadcast correlation along
the connecting path is Epl[σaσc] = θk−2R. It follows that

|Eν [fufv]| = |αuαv|θk−2R ≤ ∥f∥2bRb−k/2.

For k ≤ 2R the same bound follows from Cauchy–Schwarz, since bRb−k/2 ≥ 1. We have therefore
proved

|Eν [fufv]| ≤ Cfb
− dist(u,v)/2 for all u, v, Cf = bR∥f∥2. (6.3)

This calculation uses the planted spins to describe the law, while the assignment itself remains a
function of the observations alone.

We now turn spatial decay into an operator bound. Let pn(o, v) be the n-step transition
probabilities of simple random walk on the tree and put q(v) = b− dist(o,v)/2. For the deterministic
neighbor average P on functions of vertices,

(Pq)(v) = ρq(v) (v ̸= o), (Pq)(o) = b−1/2 ≤ ρq(o).

The first identity uses one neighbor closer to o and b farther away. Positivity of P gives Pnq ≤ ρnq
by induction, and hence ∑

v

pn(o, v)q(v) ≤ ρn.

Only finite-step random-walk averages are used here; q need not belong to ℓ2(V). Self-adjointness of
Aν , its finite-walk expansion, and (6.3) now give, for every n ≥ 0,

∥An
νf∥2 = ⟨f,A2n

ν f⟩ =
∑

v

p2n(o, v)Eν [fofv] ≤ Cfρ
2n. (6.4)

Let µf be the spectral measure of f for the self-adjoint restriction of Aν to centered assignments.
For ε > 0, (6.4) implies

µf {|λ| ≥ ρ+ ε} ≤ Cf

(
ρ

ρ+ ε

)2n

.

Letting n → ∞ proves that µf is supported on [−ρ, ρ].
It remains to pass from local assignments to all centered ones. For f ∈ Hv(ν) centered, let

f (R)
v = Eν [fv | σ{Xz(s) : z ∈ BR(v), s ≥ 0}] .
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These are centered square-integrable local assignments. To verify their equivariance, pull the
conditional expectation at γv back by a fixed automorphism γ. Invariance of ν pulls its conditioning
sigma-field back to that for BR(v), and equivariance pulls its integrand back to fv. Uniqueness
of conditional expectation gives the required identity almost surely for that γ, v. As R → ∞, the
conditioning sigma-fields generate the complete observation array, so f (R)

o → fo in L2. This proves
density of the local assignments just used. Equally, truncating and recentering f first gives a bounded
local dense family. The range of the corresponding spectral projection 1[−ρ,ρ](Aν) on the centered
space is closed and contains every such local assignment. It is consequently the entire centered
space, proving the lemma. Finally, ρ < 1 follows from d = b+ 1 and (b+ 1)2 − 4b = (b− 1)2 > 0.

6.2 Passing the bound to marginal differences

Fix the joining π in Proposition 6.1. For a marginal vertex or edge assignment define

(δf)(X,X ′) = f(X) − f(X ′).

This is well defined on the marginal L2 equivalence classes: each coordinate under π has law ν. The
same observation and the triangle inequality give ∥δf∥π ≤ 2∥f∥ν . In the joined assignment spaces
put

K = δHv(ν) ⊆ Hv(π), D = δHe(ν) ⊆ He(π),
where the closures use the respective L2(π) norms. These are closed linear spaces.

The vertex neighbor averages for ν and π commute with δ, since they use the same finite
sums over neighboring vertex indices. Thus AπK ⊆ K. The joined Aπ is self-adjoint, so the
same orthogonality argument as above shows that K is reducing and its restriction AK := Aπ|K is
self-adjoint.

Subtracting the constant Eνfo from a marginal vertex assignment does not change its difference.
Lemma 6.2 therefore gives

∥An
πδf∥π = ∥δ(An

ν (f − Eνfo))∥π ≤ 2ρn∥f − Eνfo∥ν (n ≥ 0). (6.5)

Applying the spectral-measure argument from (6.4) to the joined self-adjoint operator Aπ shows
that the spectral measure of δf is supported on [−ρ, ρ]. The constant on the right of (6.5) may
depend on the chosen preimage f ; only its exponential rate matters as n → ∞. In particular, no
lower comparison between ∥δf∥π and ∥f − Eνfo∥ν is used. The closed range of the joined spectral
projection 1[−ρ,ρ](Aπ) contains the closure of all these differences. Hence

∥AK∥ ≤ ρ. (6.6)

This is the vertex estimate needed below. Its domain is K, the closed space generated by marginal
differences.

6.3 From vertices to nonbacktracking edge averages

A vertex assignment can be read at either endpoint of a directed edge. We compare these two lifts
and then isolate the part of an edge assignment orthogonal to both. On the joined assignment spaces
define the tail and head lifts F,H : Hv(π) → He(π), the reversal J, and the forward nonbacktracking
average N by

(Ff)(i,j) = fi, (Hf)(i,j) = fj , (Jg)(i,j) = g(j,i),

(Ng)(i,j) = 1
b

∑
k∼j
k ̸=i

g(j,k).
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Invariance makes the two lifts isometries and makes J a self-adjoint isometry with J2 = I. Jensen’s
inequality makes N a contraction. The adjoints of the lifts are

(F∗g)v = 1
d

∑
u∼v

g(v,u), (H∗g)v = 1
d

∑
u∼v

g(u,v). (6.7)

Indeed, in the edge inner product we may average the fixed outgoing edge over all neighbors of
its tail, because the tail stabilizer is transitive on those neighbors. This proves the first formula.
Interchanging the endpoints first proves the second. In particular,

F∗H = H∗F = Aπ, JF = H, JH = F.

Direct substitution in the definitions gives

N = d

b
HF∗ − 1

b
J, N∗ = d

b
FH∗ − 1

b
J, (6.8)

NF = H, NH = d

b
HAπ − 1

b
F. (6.9)

Thus (N∗g)(i,j) = b−1∑
k∼i, k ̸=j g(k,i) and N∗ = JNJ.

The same formulas act on the marginal assignment spaces. They use finite sums over neighboring
indices, selections of endpoint values, and edge reversal, so they commute with taking marginal
differences. Apply this first on the ranges of δ, and then use boundedness to pass to their closures.
We obtain

FK,HK ⊆ D, F∗D,H∗D ⊆ K, JD = D.

Equation (6.8) now shows that both N and N∗ preserve D. Thus D is a reducing subspace for the
nonbacktracking operator.

Define
R : K ⊕ K −→ D, R(f, g) = Ff + Hg.

The adjoint identities and (6.6) give

∥R(f, g)∥2 = ∥f∥2 + ∥g∥2 + 2⟨f,AKg⟩,
(1 − ρ)(∥f∥2 + ∥g∥2) ≤ ∥R(f, g)∥2 ≤ (1 + ρ)(∥f∥2 + ∥g∥2). (6.10)

Here 2|⟨f,AKg⟩| ≤ ρ(∥f∥2 + ∥g∥2). Because ρ < 1, R is injective with closed range

L = FK + HK.

In fact, the lower bound makes the preimages of a convergent sequence in the range Cauchy. It also
gives ∥R−1∥ ≤ (1 − ρ)−1/2 on L, while the upper bound gives ∥R∥ ≤ (1 + ρ)1/2.

For y ∈ D ⊖ L, the vectors F∗y,H∗y lie in K and are orthogonal to every vector in K; for example
⟨F∗y, f⟩ = ⟨y,Ff⟩ = 0. Both therefore vanish. Reversal preserves D and interchanges the two lifts
in L, so it preserves D ⊖ L as well. On this complement, (6.8) reduces to

Ny = −b−1Jy, ∥Nny∥ = b−n∥y∥ (n ≥ 0). (6.11)

The space L is also invariant under N by (6.9). We have split D into two orthogonal invariant spaces.
The complement already decays geometrically; it remains to bound powers on the head and tail
range.
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On K ⊕ K, (6.9) reads

R−1NR = T =
(

0 −b−1I
I (d/b)AK

)
.

This matrix need not be normal. We bound its powers by its second-order recurrence. Put

Z =
√
bT, B = d

2
√
b

(
AK 0
0 AK

)
.

The operator B is self-adjoint and ∥B∥ ≤ 1. Matrix multiplication gives

ZB = BZ, Z2 − 2BZ + I = 0. (6.12)

Let U−1 = 0, U0 = 1, and Um+1(x) = 2xUm(x) − Um−1(x) be the Chebyshev polynomials of the
second kind. Induction using (6.12) gives

Zn = Un−1(B)Z − Un−2(B) (n ≥ 1).

For m ≥ 0, the trigonometric identity

Um(cos s) =
m∑

j=0
e i(m−2j)s

gives sup[−1,1] |Um| ≤ m+1, including the endpoints. The spectral theorem applied to the self-adjoint
contraction B therefore yields

∥Zn∥ ≤ n∥Z∥ + (n− 1) (n ≥ 1).

For completeness, the off-diagonal part of Z has norm
√
b, while its only nonzero diagonal block

is (d/
√
b)AK, of norm at most 2. Thus ∥Z∥ ≤

√
b+ 2. At the allowed scalar endpoints ±1 for B,

the characteristic polynomial in (6.12) has a double root. The linear factor in n accounts for this
endpoint behavior.

Using Tn = b−n/2Zn and the two bounds for R and R−1, we conclude that ∥Nn|L∥ ≤ Cd(n +
1)b−n/2. Together with (6.11) and the orthogonal invariant decomposition, this gives

∥Nn|D∥ ≤ Cd(n+ 1)b−n/2 (n ≥ 0). (6.13)

The same estimate holds for (N∗)n on D, by reversal. The spectral theorem was used only for the
self-adjoint vertex averages and B; the edge estimate follows from the displayed recurrence.

6.4 Summing the edge correlations

Let D = δg ∈ D be the difference in the proposition. Its mean at every directed edge is zero, since
the two marginals are equal, and ∥D∥2 = S. Fix a directed simple path and write ei = (vi−1, vi). If
i < j, invariance and transitivity on directed simple paths give

Eπ[DeiDej ] = ⟨D,Nj−iD⟩e,π. (6.14)

Indeed, Nj−i averages over the bj−i nonbacktracking continuations of a fixed directed edge. On
a tree each such continuation is simple. An automorphism carries it to the corresponding fixed
subpath, so every term has the expectation on the left. This is a finite average of identities for fixed
automorphisms.
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By (6.13), the absolute value of the lag-n correlation is at most Cd(n+ 1)b−n/2S. Expanding
the square of the sum and grouping equal lags therefore gives

Eπ

( r∑
i=1

Dei

)2
 = rS + 2

r−1∑
n=1

(r − n)⟨D,NnD⟩

≤ rS

(
1 + 2Cd

∞∑
n=1

(n+ 1)b−n/2
)

≤ C ′
drS.

The series converges because b ≥ 2. If all edges are reversed, order them as (vr, vr−1), . . . , (v1, v0).
They are the forward edges of the reversed simple path, and their sum is unchanged by this
reordering. The same argument proves the second inequality of (6.1).

Finally, take π to be the (X,X ′)-marginal of the joining in Proposition 5.1, forgetting its common
innovation coordinate. At a fixed finite time t, use

g(i,j)(X) = log a(hj→i(t)).

The component versions constructed earlier make this an equivariant marginal assignment. The
cavity field bound and (log a)(0) = 0, |(log a)′| ≤ 2, imply

|g(i,j)(X)| ≤ 2|hj→i(t)| ≤ 2
(
|Xj(t)| + bβ

)
.

Since EνXj(t)2 = t+ t2, it is square integrable. Its difference is precisely D(i,j)(t). Applying the
general estimate completes the proof of Proposition 6.1. The bound is uniform in the time and in
the joining because its constant depends only on d.

7 Attenuation with dependent path weights
The path variance estimate controls sums of edge discrepancies, but the critical comparison also
needs decay of the products multiplying those sums. Those products and differences depend on the
same observations. We therefore average over paths before using the variance estimate. Keeping
the first half of a path fixed gives an outward continuation; keeping the second half fixed requires
enumerating the first half backward. This is why we need concentration in both directions.

Throughout this section, b = d− 1 ≥ 2, θ = b−1/2, and ω(t) = min{
√
t, 1}. We first fix t > 0 and

work with the spins and observations in the planted realization of one marginal. All fields below
are evaluated at this time, which we usually suppress. In particular, hv→w is the previously chosen
measurable function of the observation history in Tv→w alone. We use the shifted estimate from one
branch (3.7): for an intact infinite component attached to a spin σw, every real z, and either value
s of that spin,

E
[
a
(
z + ψ(hv→w)

)2 | σw = s
]

≤ 1 − c0ω(t), 0 < c0 ≤ 1
2 . (7.1)

Here c0 depends only on d. The shift may be fixed by conditioning on other variables as long as the
selected component retains its law conditional on its attaching spin. This is the only quantitative
information estimate used in the present section.

7.1 Products in both directions

For a vertex z and either the empty set or a singleton F ⊆ {u : u ∼ z}, let Pℓ(z;F ) consist of the
simple paths γ = (z0, . . . , zℓ) that start at z and, when ℓ ≥ 1, have z1 /∈ F . Thus

|Pℓ(z;F )| = (d− |F |)bℓ−1 (ℓ ≥ 1), P0(z;F ) = {(z)}.
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Define the two squared products and their averages over paths by

R+
γ =

ℓ∏
i=1

a(hzi→zi−1)2, G+
ℓ (z;F ) = 1

|Pℓ(z;F )|
∑

γ∈Pℓ(z;F )
R+

γ ,

R−
γ =

ℓ∏
i=1

a(hzi−1→zi)2, G−
ℓ (z;F ) = 1

|Pℓ(z;F )|
∑

γ∈Pℓ(z;F )
R−

γ .

Empty products are one, so G+
0 = G−

0 = 1. We call the products outward and inward according
to the coefficient traversal: R+ is traversed from z0 to zℓ, and R− from zℓ to z0. In each factor
the field arrow names the component root and its excluded neighbor, and points opposite to that
coefficient traversal.

We will split the path at an intermediate vertex and average its continuations inside disjoint
descendant components. Outward continuation products already use only their descendant observa-
tions. An inward product can also see the observations above the split. The next lemma removes
the one entering message that causes this dependence.

Lemma 7.1 (A continuation below a cut). Let y and p be adjacent vertices, and root the component
Ty = Ty→p at y. Write Ch(w) for the children of w in this component. For a descendant path
y = w0, w1, . . . , wL of length L ≥ 1, set Hi = hwi→wi+1 for 0 ≤ i < L and define

H̃0 = Xy +
∑

u∈Ch(y)\{w1}
ψ(hu→y),

H̃i = Xwi + ψ(H̃i−1) +
∑

u∈Ch(wi)\{wi+1}
ψ(hu→wi), 1 ≤ i < L. (7.2)

Each H̃i is a function only of the observations in Ty. With

Ccut = exp
( 4β

1 − θ

)
,

the original and modified inward products obey, almost surely,∣∣∣∣∣log
∏L−1

i=0 a(Hi)2∏L−1
i=0 a(H̃i)2

∣∣∣∣∣ ≤ 4β
1 − θ

. (7.3)

Moreover, conditional on the true spins of this path, both the outward product and the modified
inward product satisfy

E
[

L∏
i=1

a(hwi→wi−1)2
∣∣∣∣∣σw0 , . . . , σwL

]
≤ e−c0ω(t)L,

E
[

L−1∏
i=0

a(H̃i)2
∣∣∣∣∣σw0 , . . . , σwL

]
≤ e−c0ω(t)L.

(7.4)

The constants are independent of t, L, and the choice of path.

Proof. The recurrence deletes only the contribution from p at y and propagates that change forward;
every field from a side child is unchanged. All these fields use components contained in Ty, so the
claimed locality follows by induction. The modified fields are used as functions of the descendant
observations; no posterior interpretation for a truncated model is needed.
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The cavity identity gives H0 − H̃0 = ψ(hp→y). At each subsequent step, only the predecessor
message differs. Since |ψ| ≤ β and |ψ′| ≤ θ, induction yields

|Hi − H̃i| ≤ βθi (0 ≤ i < L).

The bound |(log a)′| ≤ 2 from (5.9) now gives∣∣∣∣∣log
∏L−1

i=0 a(Hi)2∏L−1
i=0 a(H̃i)2

∣∣∣∣∣ ≤ 4
L−1∑
i=0

|Hi − H̃i| ≤ 4β
L−1∑
i=0

θi ≤ 4β
1 − θ

.

This proves (7.3). In particular, obtaining component locality costs a multiplicative factor at most
Ccut, independent of the length and time.

The outward inequality in (7.4) is the conditional path estimate of Lemma 3.4, applied to
w0, . . . , wL. We prove the modified inward inequality by integrating intact side components from
the far end back toward the cut.

At each target wi, 0 ≤ i < L, choose one child off the path, using only the path geometry. There
are b − 1 = d − 2 ≥ 1 choices, including at w0 after deleting its parent and excluding w1. The
selected child components are disjoint and infinite; this also covers d = 3 and L = 1.

Condition on the true path spins. The selected component observation histories are independent
of each other and of the remaining observation histories, and their laws depend only on the attaching
path spins. Indeed, root the broadcast at w0 and group each selected component’s attaching-edge
transition, internal transitions, and Brownian noises. These groups are mutually independent;
once the path spins are specified, the observations outside the selected components use none of
them. This factorization passes from finite cylinder events to the sigma-fields of the full observation
histories. Thus fixing the other observation histories leaves each selected component with exactly
the conditional law used in (7.1).

Integrate the selected components in the order wL−1, wL−2, . . . , w0. In (7.2), H̃i is its selected
side message plus a shift fixed by the other observations. Every field still present after its factor is
removed has index less than i and does not use that message. Equation (7.1) therefore removes
each squared factor at a cost at most 1 − c0ω(t). The resulting bound is (1 − c0ω(t))L ≤ e−c0ω(t)L,
as required.

Proposition 7.2 (Concentration of path averages). Set

η = min
{
c0
4 ,

log b
8

}
, C0 = max

{
2, 4 log 2

c0

}
, ℓ∗(t) =

⌈
C0
ω(t)

⌉
.

For every t > 0, every vertex z, every allowed first-step restriction F , either orientation ε ∈ {+,−},
and every integer ℓ ≥ ℓ∗(t),

P
(
Gε

ℓ(z;F ) > Ccute
−ηω(t)ℓ

)
≤ exp

(
−bℓ/4

2b

)
. (7.5)

The constants depend only on d and are uniform in the time, vertex, first-step restriction, and
orientation.

Proof. Root the tree at z and put k = ⌊ℓ/2⌋ and L = ℓ− k. The threshold ensures k ≥ 1. Let Yk

be the vertices at depth k whose path from z obeys the restriction F . There are

N := |Yk| = (d− |F |)bk−1 ≥ bk (7.6)
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such vertices, and each has exactly bL descendant continuations of length L. Since every squared
factor lies in (0, 1], deleting the first k factors increases either product. The average of the remaining
products is consequently an equal-weight average of N continuation averages.

For y ∈ Yk, let p(y) be its parent and Ty = Ty→p(y). Let Z+
y be the average of

L∏
i=1

a(hwi→wi−1)2

over its bL continuations y = w0, . . . , wL. Let Z−
y be the average of

∏L−1
i=0 a(H̃i)2 for the same

continuations, using (7.2) separately for each one. Both variables lie in [0, 1] and are functions only
of the observation histories in Ty. Deleting the first k factors and applying (7.3) gives

Gε
ℓ(z;F ) ≤ Ccut

N

∑
y∈Yk

Zε
y , ε ∈ {+,−}. (7.7)

For + the multiplier can be replaced by one.
Averaging (7.4) first over the continuation spins conditional on σy, and then over the continuation

choices, yields
E[Zε

y | σy] ≤ e−c0ω(t)L, ε ∈ {+,−}. (7.8)

Now condition on the sigma-field of true cut-level spins

Hk = σ(σy : y ∈ Yk).

The observations in the disjoint components Ty are independent under this conditioning, with each
component law depending only on its own root spin. Indeed, after specifying the cut-level spins, all
broadcast transitions and Brownian noises strictly below the cut, together with the Brownian noise
at each cut vertex, can be sampled independently across these components. The same statement
holds when F forbids one first neighbor, since that simply omits one collection of components. The
cut-level spins themselves need not be independent. Thus the Zε

y are conditionally independent
variables in [0, 1], and their conditional means given Hk satisfy (7.8).

Write τℓ = e−ηω(t)ℓ. Since L ≥ ℓ/2, ω(t)ℓ ≥ C0, and η ≤ c0/4, the chosen constants give

E[Zε
y | Hk] ≤ e−c0ω(t)ℓ/2 ≤ 1

2τℓ.

Apply Hoeffding’s bounded-sum inequality [8, Theorem 2] to each conditional product law. Because
the distance from the conditional mean of the average to τℓ is at least τℓ/2, it gives

P
(

1
N

∑
y

Zε
y > τℓ

∣∣∣∣∣Hk

)
≤ exp

(
−2N(τℓ/2)2

)

= exp
(
−1

2Ne
−2ηω(t)ℓ

)
≤ exp

(
−bℓ/4

2b

)
.

For the last inequality, k ≥ ℓ/2 − 1, ω(t) ≤ 1, and 2η ≤ (log b)/4 imply

Ne−2ηω(t)ℓ ≥ bℓ/2−1e−(log b)ℓ/4 = bℓ/4/b.

The conditional bound holds almost surely. Taking expectations and using (7.7) proves (7.5).
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Here is the consequence that makes concentration useful for dependent weights. Let ζ be any
bounded nonnegative random variable on a probability space carrying an observation array with the
planted marginal law. It may also depend on further variables coupled to that array. For ℓ ≥ ℓ∗(t),
split according to the event in (7.5); on its complement use the displayed bound for Gε

ℓ , and on the
event use Gε

ℓ ≤ 1. Then

E[ζGε
ℓ(z;F )] ≤ Ccute

−ηω(t)ℓEζ + ∥ζ∥∞εℓ, εℓ := exp
(

−bℓ/4

2b

)
. (7.9)

Only the observation marginal enters the event probability. The principal term therefore pays the
mean of the weight even when the weight depends on all those observations.

7.2 Averaging with the discrepancy weights

Return to the invariant joined law of the two observation copies. Recall from (5.11) that, on a
directed path v0, . . . , vr with ei = (vi−1, vi),

Pr =
r∏

i=1
a(hvi→vi−1), Qr = E

(P 2
r + (P ′

r)2)
(

r∑
i=1

Dei

)2
 , Lr = E[(∆hv0)2P 2

r ].

Here D(i,j) = log a(hj→i) − log a(h′
j→i), S = ED2

e , and V = E(∆hv)2. Invariance makes S, V,Qr, Lr

independent of the chosen edge, vertex, or directed path of that length. The path averages below
use that invariance and leave all observation fields unconditioned.

Proposition 7.3 (Weighted path bounds). For every finite T > 0 there are c, C > 0, depending
only on d, and CT < ∞, depending also on T , such that for 0 < t ≤ T and every integer r ≥ 2ℓ∗(t),

Qr(t) ≤ Ce−cω(t)r rS(t) + CT r
2 exp(−cbcr),

Lr(t) ≤ Ce−cω(t)r V (t) + CT exp(−cbcr).
(7.10)

At every integer r ≥ 1, without a lower length restriction,

Qr(t) ≤ 2CvarrS(t), Lr(t) ≤ V (t), (7.11)

where Cvar is the constant in Proposition 6.1. The hypothesis for (7.10) follows in particular from
r ≥ 2(C0 + 1)/ω(t).

Proof. Fix T and put
HT = 2T + 2dβ, Dmax,T = 2HT

1 − θ
.

The site bound (5.5), the component comparison (5.8), and |(log a)′| ≤ 2 imply

|∆hv| ≤ HT , |∆hj→i| ≤ HT + θHT

1 − θ2 = HT

1 − θ
, |De| ≤ Dmax,T . (7.12)

Dropping P 2
r , (P ′

r)2 ≤ 1 and applying Proposition 6.1 gives the first bound in (7.11); dropping P 2
r

gives the second.
For the longer paths, set

p = ⌊r/2⌋, q = r − p, U =
p∑

i=1
D(vi−1,vi), Z =

r∑
i=p+1

D(vi−1,vi).
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Since (U + Z)2 ≤ 2U2 + 2Z2,

Qr ≤ 2E[(P 2
r + (P ′

r)2)U2] + 2E[(P 2
r + (P ′

r)2)Z2]. (7.13)

Figure 1 displays the two path averages that control these terms.
First fix the prefix (v0, . . . , vp) and vary all length-q extensions from vp that avoid vp−1 on

their first step. The pointwise stabilizer of the prefix is transitive on these extensions: map the
successive descendant branches of one extension to those of the other, and extend independently to
the remaining regular rooted subtrees. The invariance of the joined law consequently makes the
expectation of the product for each complete path, multiplied by U2, the same for every extension.
In a fixed joined observation configuration, U also denotes the same quantity in every term of this
finite average: its indexed directed edges stay fixed. This statement places no locality restriction on
their fields. Dropping the prefix factors from the product gives

E[P 2
r U

2] ≤ E[U2G+
q (vp; {vp−1})]. (7.14)

For the other term, fix the suffix (vp, . . . , vr) and vary a reversed prefix w0 = vp, w1, . . . , wp with
w1 ̸= vp+1. The resulting complete directed path is

(wp, wp−1, . . . , w1, vp, vp+1, . . . , vr).

The pointwise stabilizer of the suffix is transitive on these choices; it may move the original starting
vertex v0, which invariance under the full automorphism group permits. The suffix sum Z has the
same indexed edges in every term. In the direction of the complete path, its prefix product is exactly

p∏
i=1

a(hwi−1→wi)2,

the inward product along the reversed geometric prefix. Dropping the suffix factors therefore yields

E[P 2
r Z

2] ≤ E[Z2G−
p (vp; {vp+1})]. (7.15)

Each path average is finite. Thus its use of equivariance requires only a finite intersection of
almost-sure identities for fixed automorphisms, consistent with the theorem’s convention.

v0
vp

vr

fixed prefix: U
average suffix: G+

q

wp
vp

vr

fixed suffix: Z

average reversed prefix: G−
p

Figure 1: The two averages in the half-path argument. Solid halves are fixed and dashed halves
are varied; each segment represents a half-path, with one representative pair of endpoints labeled.
Arrows show the direction in which geometric extensions are enumerated. In the lower row, the
prefix is enumerated from vp toward wp, while its coefficients are traversed from wp to vp, giving
the inward average G−

p . The observation fields remain unconditioned.
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Suppose r ≥ 2ℓ∗(t). Then p, q ≥ ℓ∗(t). Apply (7.9) to the right side of (7.14) with ζ = U2. The
unconditional path variance bound and (7.12) give EU2 ≤ CvarpS and ∥U2∥∞ ≤ p2D2

max,T . Hence

E[P 2
r U

2] ≤ CcutCvare
−ηω(t)qpS +D2

max,T p
2εq. (7.16)

Applying the same bound to (7.15), now with ζ = Z2, gives

E[P 2
r Z

2] ≤ CcutCvare
−ηω(t)pqS +D2

max,T q
2εp. (7.17)

These applications use the probability, under the joined law, of the corresponding event determined
by one observation marginal. They do not require a conditional variance bound or independence of
that event from the discrepancy. The identical reasoning applies to (P ′

r)2 using the second marginal’s
path averages.

For r ≥ 2, both p and q are at least r/3. Inserting the four estimates into (7.13), and using
p+ q = r and p2 + q2 ≤ r2, proves the explicit inequality

Qr ≤ 4CcutCvare
−ηω(t)r/3rS + 4D2

max,T r
2 exp

(
−br/12

2b

)
. (7.18)

Finally fix v0 and average the entire directed path over Pr(v0;∅). The stabilizer of v0 is transitive
on these paths, and the vertex quantity ∆hv0 is fixed in every term. Invariance gives the exact
identity

Lr = E[(∆hv0)2G+
r (v0;∅)].

For r ≥ ℓ∗(t), use (7.9) with ζ = (∆hv0)2, whose mean is V and whose essential supremum is at
most H2

T . This yields

Lr ≤ Ccute
−ηω(t)rV +H2

T exp
(

−br/4

2b

)
. (7.19)

Choosing one sufficiently small positive c in the two explicit bounds gives (7.10). Finally, ℓ∗(t) ≤
(C0 + 1)/ω(t) since ω(t) ≤ 1, which proves the stated sufficient length condition.

8 Critical comparison and recovery
We now show that two conditional copies with the same innovations agree at the critical parameter
θ = b−1/2, where b = d− 1 ≥ 2. The weighted path estimates reduce the question to the variance
V (t) = E[(∆ho(t))2] of the site-field difference. Their principal noise term has the scale

S(t)
∑
r≥1

re−c
√

t r ≍ S(t)
t

(t ↓ 0),

where S(t) = E[De(t)2] and D(i,j) = log a(hj→i) − log a(h′
j→i). The earlier estimate S ≤ CV would

leave a coefficient 1/t, which is not integrable at zero. We improve it by using the fact that (log a)′

vanishes at the origin. A field is usually small at early times; the first result below makes the
exceptional probability small enough to compare it with any positive value of V .
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8.1 All moments and a small-field tail

We use the fixed-time posterior identities and critical information estimate already proved for one
observation process. At a deterministic time t > 0, fix an oriented edge v → w and write

Y = hv→w(t), M(t) = E tanh2 Y.

The law of Y is independent of the choice of edge and is symmetric. Recall that M(t) ≤ C
√
t for

0 < t ≤ 1, that |Y −Xv(t)| ≤ bβ, and that Xv(t) = tσv +
√
tG with G a standard normal variable

independent of the spin. These are statements about the planted observation law. Each marginal of
the conditional coupling has this same law.

The second moment is critical because bθ2 = 1, whereas bθp < 1 for every integer p ≥ 3; this
strict contraction lets the recursion propagate the second-moment scale to every higher integer
order.

Lemma 8.1 (Critical field moments and tail). There are constants 0 < K < ∞ and t0 ∈ (0, 1),
depending only on d, such that for every integer p ≥ 1 and every 0 < t ≤ t0,

E|hv→w(t)|p ≤ eKp2
tp/4. (8.1)

There are also c > 0 and ttail ∈ (0, t0] such that

P
(
|hv→w(t)| > t1/8) ≤ exp

(
−c log2(1/t)

)
, 0 < t ≤ ttail. (8.2)

Both inequalities hold as well when conditioned on either value of the component-root spin σv, or on
either value of the deleted-neighbor spin σw.

Proof. We begin with the second moment. On {|Xv(t)| ≤ 1} the cavity bound gives |Y | ≤ 1 + bβ.
Comparison on this compact interval therefore gives Y 2 ≤ C tanh2 Y . On its complement we use
Y 2 ≤ 2Xv(t)2 + 2b2β2. For t ≤ 1/2, the event |tσv +

√
tG| > 1 requires |G| > 1/(2

√
t). Integration

of the normal density, decreasing the positive exponent constant if necessary, yields

E
[
(1 +Xv(t)2)1{|Xv(t)|>1}

]
≤ Ce−c/t.

Combining the two events with M(t) ≤ C
√
t proves that, after fixing some t0 ≤ 1/2,

A2(t) := E|Y |2 ≤ C
√
t, A1(t) := E|Y | ≤ C1/2t1/4 (0 < t ≤ t0). (8.3)

The second inequality is Cauchy–Schwarz. The cavity bound also shows that Ap(t) := E|Y |p is finite
for every integer p ≥ 1.

We next explain why the recursion can be expanded using independent terms without changing
these absolute moments. For an integrable function f , the spin-tilt identities from the posterior
calculation are

E[f(Y ) | σv = η] = E[f(Y )(1 + η tanhY )],
E[f(Y ) | σw = η] = E[f(Y )(1 + ηθ tanhY )], η ∈ {−1, 1}.

These are the identities (3.6) from Lemma 3.3. Because Y has a symmetric marginal law, the term
containing tanhY integrates to zero against every even function of Y . In particular conditioning on
either spin leaves each Ap(t) unchanged.

Condition now on σv = +1 in the cavity recursion at v. The own observation and the b child-
component observations are independent under this conditional law: their spin transitions and their
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planted noises lie in disjoint branches given the root spin. The own observation has law t+
√
tG. A

child field is conditioned through its deleted-neighbor spin, so the even-function consequence of the
second tilt gives, for every integer r ≥ 1,

E
[
|ψ(hu→v(t))|r | σv = +1

]
= E|ψ(Y )|r ≤ θrAr(t). (8.4)

Here ψ(0) = 0 and 0 < ψ′(z) ≤ θ imply |ψ(z)| ≤ θ|z|.
There is an absolute constant K0 such that

E|t+
√
tG|r ≤ eK0r2

tr/4 (r ≥ 1 an integer, 0 < t ≤ 1). (8.5)

Indeed, |t+
√
tG| ≤

√
t(1 + |G|) in this time range, and E|G|r ≤ (C

√
r)r. The inequality (x+ y)r ≤

2r−1(xr + yr) for nonnegative x, y bounds the remaining constant by eK0r2 , uniformly over integer
r. We also used tr/2 ≤ tr/4.

Choose K ≥ 2K0 large enough that (8.1) holds for p = 1, 2, using (8.3). Suppose it holds for all
positive integers below p, where p ≥ 3. The triangle inequality in the cavity recursion, followed by
the multinomial expansion and the conditional independence just established, bounds Ap(t) by the
expectation of the pth power of the sum of the absolute values of the own term and the b child terms.
The terms with exponent p on a single child contribute at most bθpAp(t). The term supported on
the own observation is at most eKp2/2tp/4 by (8.5).

Every other exponent vector (r0, r1, . . . , rb) has sum p and at least two positive entries. Hence
every positive entry is below p, and the induction hypothesis applies to its child factors. Using (8.5)
for its own factor, if present, and discarding powers of θ ≤ 1, its product of moments is at most

eK
∑b

i=0 r2
i tp/4.

For such a vector,
∑

i r
2
i ≤ (p − 1)2 + 1 = p2 − 2(p − 1): merging positive entries until only two

remain, then moving units to the larger one, can only increase the sum of squares. The sum of all
multinomial coefficients in b+ 1 slots is (b+ 1)p. Thus

(1 − bθp)Ap(t) ≤ eKp2
tp/4

[
e−Kp2/2 + (b+ 1)pe−2K(p−1)

]
. (8.6)

The coefficient on the left is positive uniformly over p ≥ 3:

1 − bθp = 1 − b1−p/2 ≥ κb := 1 − b−1/2 > 0.

Enlarge the same constant K once more so that

2K > log(b+ 1), e−9K/2 + (b+ 1)3e−4K ≤ κb.

Both terms in brackets in (8.6) decrease as the integer p increases from 3. Their sum is therefore at
most κb ≤ 1 − bθp for every such p. Absorption proves (8.1) with this single K, for every integer
order and all t ≤ t0.

To obtain the tail, put L = log(1/t) and choose the integer p = ⌊L/(16K)⌋. If L ≥ 32K, then
L/(32K) ≤ p ≤ L/(16K). Markov’s inequality gives

P(|Y | > t1/8) ≤ eKp2−pL/8 ≤ e−pL/16 ≤ e−L2/(512K).

Take ttail ≤ min(t0, e−32K). Both |Y |p and the indicator of the tail event are even functions of Y ,
so the spin-tilt identities prove all the conditional assertions as well.
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8.2 Comparing log-factor and site-field differences

Fix a finite horizon T > 0. The conditional-copy construction gives

|∆hv(t)| ≤ HT := 2T + 2dβ, 0 ≤ V (t) ≤ H2
T (0 ≤ t ≤ T ),

and Lemma 5.2 makes V absolutely continuous, with V (0) = 0. Choose a constant, fixed throughout
this horizon,

KT > max{1, H2
T }, I(t) = 1 + log KT

V (t) when V (t) > 0. (8.7)

In particular I(t) > 1, including at times when V (t) ≥ 1.

Lemma 8.2 (Small-time log-factor estimate). There is a fixed t∗ ∈ (0,min{ttail, e
−1}] such that,

for 0 < t ≤ min{t∗, T} with V (t) > 0,

S(t) ≤ CTV (t)
(
t1/4 + I(t)

log2(1/t)

)
. (8.8)

At every time in [0, T ], the bound S(t) ≤ CV (t) remains valid.

Proof. Write Y = hj→i(t) and Y ′ = h′
j→i(t) for the edge used to define S(t). The two cavity

equations on this edge and |ψ′| ≤ θ give the earlier comparison

|Y − Y ′| ≤ |∆hj | + θ|∆hi|
1 − θ2 .

Invariance and Cauchy–Schwarz consequently give

E|Y − Y ′|2 ≤ V (t)
(1 − θ)2 , |Y − Y ′| ≤ HT

1 − θ
. (8.9)

Also
|(log a)′(z)| = 2(1 − θ2)| tanh z|

1 − θ2 tanh2 z
≤ 2| tanh z| ≤ 2.

The global bound gives S(t) ≤ 4V (t)/(1 − θ)2 and |De(t)| ≤ 2HT /(1 − θ).
On the event |Y |, |Y ′| ≤ t1/8 the segment between them also lies in that interval, and

|(log a)′(z)| ≤ 2t1/8 there. The mean-value theorem and (8.9) therefore give

E[De(t)2; |Y |, |Y ′| ≤ t1/8] ≤ 4
(1 − θ)2 t

1/4V (t).

For the complementary event the global square-integrable bound gives CV (t), while the deterministic
bound on De and a union bound using (8.2) in the two marginals give CT e

−c log2(1/t). Thus

E[De(t)2; max(|Y |, |Y ′|) > t1/8] ≤ min{CV (t), CT e
−c log2(1/t)}. (8.10)

The argument uses only the two marginal probabilities; it requires no independence between the
two fields.

Set u = V (t) > 0 and J = log2(1/t) ≥ 1. If u ≤ e−cJ/2, then I(t) ≥ cJ/2, so the first member of
the minimum in (8.10) is at most CuI(t)/J . If u > e−cJ/2, the second member divided by u is at
most CT e

−cJ/2. Since Je−cJ/2 is bounded for J ≥ 1 and I(t) ≥ 1, this is at most CT I(t)/J . Adding
the small-field contribution proves (8.8).
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8.3 A cutoff depending on the discrepancy

We next sum the weighted estimates. Recall ω(t) = min{
√
t, 1}, and suppress t at a fixed time with

0 < t ≤ T and V (t) > 0. The preceding path results give

Qr ≤ CrS, Lr ≤ V (r ≥ 1),
Qr ≤ Ce−cωrrS + CT r

2e−αbγr (r ≥ C ′
0/ω),

Lr ≤ Ce−cωrV + CT e
−αbγr (r ≥ C ′

0/ω),

for fixed positive constants c, α, γ, C ′
0 depending only on d. The last two lines follow from Proposi-

tion 7.3, with constants decreased or enlarged so that both exceptional terms have the indicated
common form. These estimates include weights and discrepancies formed from the same observations.

Choose C1 sufficiently large that

C1 ≥ C ′
0, γC1 log b ≥ 1, (α/2)bγC1 ≥ 2,

and take the integer
R =

⌈
C1
(
ω−1 + log I

)⌉
. (8.11)

The weighted estimates apply for r > R. Since ω−1 ≥ 1 and I > 1, the choices above also give

(α/2)bγr ≥ (α/2)bγC1ω−1
IγC1 log b ≥ 2I (r > R).

Splitting the exceptional exponent into equal halves therefore gives

e−αbγr ≤ e−2Ie−(α/2)bγr = e−2
(
V

KT

)2
e−(α/2)bγr ≤ V 2e−(α/2)bγr (r > R). (8.12)

The last step uses KT > 1, and so remains valid when V ≥ 1.

Lemma 8.3 (The noise and drift path sums). At each time 0 < t ≤ T with V (t) > 0,∑
r≥1

Qr ≤ CT

[
S
(
ω−2 + (log I)2)+ V 2

]
,

∑
r≥1

√
Qr ≤ CT

[√
S
(
ω−3/2 + (log I)3/2)+ V

]
,

∑
r≥1

Lr ≤ CT

[
V
(
ω−1 + log I

)
+ V 2

]
.

(8.13)

Proof. For r ≤ R, the estimates Qr ≤ CrS and Lr ≤ V give the respective bounds

CS
∑
r≤R

r ≤ CSR2, C
√
S
∑
r≤R

√
r ≤ C

√
SR3/2,

∑
r≤R

Lr ≤ V R.

For the ordinary exponential terms at r > R, use∑
r≥1

rpe−cωr ≤ Cp,cω
−p−1

(
p ∈

{
0, 1

2 , 1
}
, 0 < ω ≤ 1

)
. (8.14)

For example, compare the sum with
∫∞

0 (x+ 1)pe−cωx dx and put y = ωx; since ω ≤ 1, the resulting
integral is bounded by ω−p−1 ∫∞

0 (y + 1)pe−cy dy. This gives CSω−2 for the first sum and CV ω−1
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for the third. For the middle sum use
√
x+ y ≤

√
x+ √

y; the ordinary exponential contribution is
bounded by C

√
S
∑

r≥1 r
1/2e−cωr/2 ≤ C

√
Sω−3/2.

For the exceptional terms, (8.12) bounds their three contributions by constants times

V 2 ∑
r≥1

r2e−(α/2)bγr
, V

∑
r≥1

re−(α/4)bγr
, V 2 ∑

r≥1
e−(α/2)bγr

,

respectively. Each series is finite because its exponential exponent grows exponentially in r. In
the middle series the square root of the V 2 factor is V , which is why the drift sum has this order.
Finally ω−1 + log I ≥ 1, so the ceiling in (8.11) gives R ≤ (C1 + 1)(ω−1 + log I). Bounding each
power of this sum by a constant times the sum of its corresponding powers proves (8.13).

8.4 An integrable comparison at time zero

Proposition 8.4 (Critical conditional-copy uniqueness). For the invariant conditional coupling
with common innovations at θ = b−1/2, the site-field discrepancy satisfies V (t) = 0 for every t ≥ 0.

Proof. Work on the fixed horizon [0, T ] used above. Inserting the noise and drift bounds (5.13)
and (5.14) into the variance identity (5.6), and using nrθ

2r = dbr−1b−r = d/b for r ≥ 1, gives

V ′(t) ≤ C

V (t) +
∑
r≥1

Qr(t) +
∑
r≥1

Lr(t) +
√
V (t)

∑
r≥1

√
Qr(t)

 (8.15)

for almost every t. The sums in Lemma 8.3 are finite at the positive times with V (t) > 0 where we
now use this inequality.

Insert those three bounds into (8.15). Use S ≤ CV , and hence
√
V S ≤ CV , for all terms except

Sω−2. The bounds V ≤ H2
T imply V 3/2 ≤ HTV and V 2 ≤ H2

TV . Finally

(log I)p ≤ CpI (I ≥ 1, 0 < p ≤ 2),

since xpe−x is bounded on x ≥ 0. As ω−1 ≤ ω−3/2, all the terms just treated are at most

CTV
(
I + ω−3/2).

This identifies the worst drift contribution explicitly:
√
V S ω−3/2 ≤ CV ω−3/2.

For 0 < t ≤ min{t∗, T}, we have ω =
√
t. Lemma 8.2 gives the remaining estimate

Sω−2 ≤ CTV

(
t−3/4 + I

t log2(1/t)

)
.

Together with I ≥ 1, the preceding bounds prove

V ′(t) ≤ kT (t)V (t)
(

1 + log KT

V (t)

)
for almost every t ∈ (0, T ] with V (t) > 0, (8.16)

where, after increasing CT , we may take

kT (t) =

CT

(
1 + t−3/4 + 1

t log2(1/t)

)
, 0 < t ≤ min{t∗, T},

CT , t∗ < t ≤ T.

(8.17)
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For the second branch, ω(t) ≥
√
t∗ > 0 because t∗ ≤ 1; there we use S ≤ CV also for Sω−2. Thus

that branch is bounded on the whole later interval. If T ≤ t∗ there is no later interval. The
small-time expression is used only for t ≤ t∗ ≤ e−1, and it is integrable there:∫ t∗

0
t−3/4 dt = 4t1/4

∗ ,

∫ t∗

0

dt
t log2(1/t)

= 1
log(1/t∗) .

In particular kT ∈ L1(0, T ).
We finish with an Osgood-type comparison [16], proving the needed absolutely continuous form

directly. Suppose that V is positive somewhere on [0, T ]. Choose such a time t, and let a < t be the
left endpoint of its component in the positivity set of V . Continuity and V (0) = 0 give V (a) = 0.
On any closed interval [u, t] with a < u < t, continuity bounds V away from zero. The function
z 7→ log(1 + log(KT /z)) has bounded derivative on the range of V on that interval. Its composition
with the absolutely continuous function V is therefore absolutely continuous, and the chain rule
and (8.16) give

(log I)′ = − V ′

V I
≥ −kT almost everywhere on [u, t].

Integrating yields

log I(u) ≤ log I(t) +
∫ t

u
kT (s) ds ≤ log I(t) +

∫ t

a
kT (s) ds < ∞.

The last bound is independent of u. But V (u) → V (a) = 0 as u ↓ a, so I(u) → ∞ and log I(u) → ∞,
a contradiction. Hence V vanishes on [0, T ]. Since the horizon was arbitrary, it vanishes at every
time.

8.5 Recovering the observations and the spin factor

The comparison has now proved V (t) = 0 for the particular copies sampled in (5.1): Proposition 5.3
handles bθ2 < 1, and Proposition 8.4 handles bθ2 = 1. We first deduce equality of their observation
paths and turn it into a Borel map from innovations to observations. The spins will then be read
from the integer-time slopes of those paths.

The final passage to a spin map equivariant on every input uses local conditional expectations.

Lemma 8.5 (Pointwise equivariance of spin factors). Let (Uv)v∈V be independent uniform labels on
Td. Suppose a Borel map Φ : [0, 1]V → {−1, 1}V satisfies Φ(gU) = gΦ(U) almost surely for each
fixed g ∈ Aut(Td). There is a Borel map Ψ : [0, 1]V → {−1, 1}V such that Ψ(U) = Φ(U) almost
surely and

Ψ(gx) = gΨ(x) for every x ∈ [0, 1]V and g ∈ Aut(Td).

Proof. Fix an auxiliary vertex o. For each integer R ≥ 0, choose a Borel function hR : [0, 1]BR(o) →
[−1, 1] representing

E[Φ(U)o | U |BR(o)].

A Borel version exists, and clipping it to [−1, 1] preserves this conditional expectation. Let GR be
the finite automorphism group of the rooted ball BR(o), and average:

qR(y) = 1
|GR|

∑
a∈GR

hR(ay).

Every a ∈ GR extends to a tree automorphism fixing o: outside the ball, match the isomorphic
rooted components attached to its boundary. Such an extension preserves the IID law and the ball’s
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label sigma-field. The assumed almost-sure equivariance therefore makes hR(a(U |BR(o))) another
version of the same conditional expectation. Thus qR still represents that conditional expectation,
and is Borel, bounded by one, and invariant under GR on every input.

Apply this same local rule at every vertex. Explicitly, for a rooted isomorphism ι : BR(o) →
BR(v), put

AR(x)v = qR

(
(xι(u))u∈BR(o)

)
.

Two choices of ι differ by an element of GR, so the value does not depend on this choice. The maps
AR are consequently Borel and satisfy AR(gx) = gAR(x) for every input and automorphism. Each
ι also extends to a tree automorphism taking o to v. Transporting the conditional expectation by
this fixed automorphism shows that

AR(U)v = E[Φ(U)v | U |BR(v)] almost surely.

The ball sigma-fields increase to the full label sigma-field. Upward martingale convergence, together
with a countable intersection over vertices and radii, gives AR(U)v → Φ(U)v simultaneously at every
vertex almost surely.

On every label input define

Ψ(x)v =
{

1, lim supR→∞AR(x)v ≥ 0,
−1, lim supR→∞AR(x)v < 0.

Boundedness makes each limsup finite, and this formula defines a Borel spin map. The pointwise
equivariance of every AR passes through the limsup and the common threshold. On the simultaneous
convergence event the limits belong to {−1, 1}, so Ψ(U) = Φ(U) almost surely.

Proposition 8.6 (Recovery of observations and spins). Fix d ≥ 3 and 0 < θ = tanh β ≤ (d−1)−1/2,
and retain the path spaces and laws Q,w,K defined in Section 5. There is a Borel map F : W → X
such that

K(w, ·) = δF (w) for w-almost every w, X = F (W ) Q-almost surely.

For each fixed g ∈ Aut(Td), F (gW ) = gF (W ) almost surely. The free Ising law is the law of a Borel
map of vertex IID uniform labels which commutes with every automorphism on every label input.
The same spin-factor conclusion holds at θ = 0.

Proof. First suppose θ > 0. The two uniqueness propositions give V (t) = 0 for every deterministic
time in their respective parameter ranges. Invariance permits any vertex in place of the auxiliary
vertex o. Intersecting the full-probability events for all vertices and nonnegative rational times gives
hv(q) = h′

v(q) simultaneously at those indices. Both field arrays are continuous, so they agree at
every time and vertex. Hence their magnetizations agree, and the common innovation identity gives

Xv(t) = Wv(t) +
∫ t

0
mv(s) ds = Wv(t) +

∫ t

0
m′

v(s) ds = X ′
v(t).

Thus Q̂{X = X ′} = 1 as an equality of full path configurations. The use of rational times avoided
an uncountable intersection over time.

For v ∈ V and q ∈ Q≥0 choose the finite Borel version

fv,q(w) =
∫
xv(q) K(w, dx)
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when the absolute integral is finite, and set it to zero otherwise. Kernel integration makes this
Borel, and integrability of Xv(q) ensures that the exceptional inputs have w-measure zero. Taking
expectations in (5.4) and using X = X ′ gives

0 = EQ̂(Xv(q) −X ′
v(q))2 = 2EQ Var(Xv(q) | W ).

It follows that Xv(q) = fv,q(W ) almost surely. We may impose these identities simultaneously for
all the countably many pairs (v, q). Disintegrating them shows that, for w-almost every w, K(w, ·)
gives mass one to

{x ∈ X : xv(q) = fv,q(w) for every v, q}.
This set has at most one element, since continuous paths are determined by their rational-time
values. Its conditional mass one also makes it nonempty. Thus K(w, ·) is a point mass for almost
every w.

The conditional point-mass principle for measurable recovery also appears in Kurtz [11,
Lemma 1.3 in arXiv:1305.6747v2]. We give a Borel choice of that path, including values on all other
inputs. For each v and integer j ≥ 1, let pv,j(w) be the piecewise linear path whose value at k2−j is
fv,k2−j (w) for every integer k ≥ 0. These are Borel maps to C([0,∞),R) with its locally uniform
topology. Let G be the set of w for which, at every vertex, these paths are Cauchy uniformly on
every compact interval and fv,0(w) = 0. This set is Borel. Indeed, the uniform Cauchy condition on
[0, N ] can be tested by the supremum over rational times there, and the quantifiers over vertices,
integers N , error levels, and pairs of sequence indices are all countable. On G the limits are
continuous paths starting at zero. Define Fv(w) to be this limit for w ∈ G, and let F (w) be the
all-zero path configuration for w /∈ G. The limit map on the Cauchy set of a Polish space is Borel,
so this defines a Borel map F : W → X.

For almost every w, the rational coordinates just specified are those of the unique path con-
figuration charged by K(w, ·). Uniform continuity of each such path on compact intervals shows
that its dyadic linear interpolants converge uniformly there. Consequently w ∈ G and F (w) is that
configuration. This proves both K(w, ·) = δF (w) almost everywhere and X = F (W ) in the original
law.

Fix now one automorphism g. Invariance of Q and uniqueness of conditional expectations imply

fv,q(gw) = fg−1v,q(w) for w-almost every w (8.18)

for each v, q. Intersecting over those countably many pairs gives all these identities simultaneously
for this fixed g. The dyadic interpolants then obey pv,j(gw) = pg−1v,j(w) for every v, j. On this
full-measure set, w ∈ G if and only if gw ∈ G, because its defining Cauchy conditions are the
same after permuting vertices. The all-zero default is invariant as well, so F (gw) = gF (w) almost
surely. The full-measure set in this argument is allowed to depend on g; none is asserted for all
automorphisms at once.

Define a spin map on every innovation input by

Hv(w) =

 lim
n→∞

Fv(w)(n)
n

, if this limit exists and belongs to {−1, 1},

1, otherwise.
(8.19)

Existence of either indicated limit is a Borel condition expressed through countably many error
bounds and integer indices. Thus each Hv is Borel, and so is H into the countable spin product.
On the planted probability space,

Fv(W )(n)
n

= Xv(n)
n

= σv + Bv(n)
n
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simultaneously for the integer indices. For every ε > 0, the Gaussian tail bound gives∑
n≥1

P(|Bv(n)| > εn) ≤
∑
n≥1

2e−ε2n/2 < ∞.

Borel–Cantelli, first for positive rational ε and then over the countable vertex set, gives Bv(n)/n → 0
simultaneously for every vertex. Therefore H(W ) = σ almost surely. Under product Wiener input,
H has exactly the free zero-field Ising law. For the fixed g above, the identity F (gw) = gF (w)
makes the sequences in (8.19) agree after the same permutation. Their limits and their failure cases
consequently agree. The same default sign at every site gives H(gw) = gH(w) almost surely.

Finally, Wiener measure is a Borel probability measure on the Polish space C0([0,∞),R). The
standard Borel sampling theorem therefore supplies a Borel map ξ : [0, 1] → C0([0,∞),R) which
sends Lebesgue measure to Wiener measure. For independent uniform labels (Uv), set

Φ(U) = H
(
(ξ(Uv))v∈V

)
.

Applying the same ξ at every site gives product Wiener law and commutes pointwise with every
vertex permutation. Thus Φ is Borel, has law µd,β, and satisfies Φ(gU) = gΦ(U) almost surely for
each fixed g. Lemma 8.5 replaces Φ by a Borel map with the same law that is equivariant on every
label input.

When θ = 0, the broadcast law is already a product of fair signs. The rule Φv(U) = 1 for
Uv ≤ 1/2 and Φv(U) = −1 otherwise gives that law and commutes with every permutation for every
input. All choices above are for the fixed pair (d, β). Together with the known converse in Section 1,
this proves Theorem 1.1.
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