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Abstract

At the critical inverse temperature § = 1, we prove slow mixing for zero-field Gaussian
Sherrington—Kirkpatrick heat-bath dynamics from typical equilibrium configurations held fixed
as initial states. For every deterministic sequence t,, = o(n?/?) in rate-one-per-site time, the
Gibbs mass of initial states whose time-t,, total-variation distance from equilibrium exceeds 1/4
tends to one in probability over the disorder. The same statement holds for every deterministic
integer sequence k,, = 0(n5/ 3) of uniform-site update attempts.

1 Introduction

At the critical temperature of the Sherrington—Kirkpatrick model, equilibrium fluctuations contain
a direction that local spin updates can change only slowly. We use this fluctuation to prove
a total-variation obstruction for most equilibrium configurations viewed as fixed initial states.
The same static estimates determine the covariance scale and the relaxation detected by linear
observables.

1.1 The model and main results

The model introduced by Sherrington and Kirkpatrick [26] places spins on ©,, = {—1,1}" and
couples every pair through an independent Gaussian variable. At inverse temperature § = 1 and
zero field, W;; ~ N(0,1/n) for i < j, and

pw (z) o< exp ZWijxixj , xe{-1,1}" (1.1)
1<j

Here 8 = 1 marks the large-n equilibrium spin-glass transition [11, Section 1, after Equation (1.4)].
The overlap n~ 2Ty of two independent equilibrium replicas has scale n=1/3 at criticality, compared
with its Gaussian n~1/2 scale at each fixed 3 < 1 [12, Equation (1.1) and Theorem 1.1]. A heat-bath
update resamples one spin from its conditional law under . We use two clocks: in continuous
time each site has an independent rate-one clock; in discrete time each step attempts one update
at a uniformly chosen site. An attempt may leave the spin unchanged.

For fixed disorder and initial configuration z, let d*(W, x) and dit(W,z) denote the total-
variation distances of the corresponding transition laws from puys. Section 2 gives the operators
and conventions in detail. Our first result concerns an equilibrium configuration after its realized
value has been fixed as the initial state. All probability limits in the main results are over the
original off-diagonal Gaussian disorder.



Theorem 1.1 (Realized equilibrium initial states). For every deterministic sequence t, > 0 with
tn = o(n?/3),
pw{a s S (W) > 1/4) 5 1.

For every deterministic integer sequence ky > 0 with k, = 0(n5/3),
pw A : dit (W, z) > 1/4} 5
The convergence is in probability over the disorder.

The theorem tests each realized start separately: averaging its transition law over the equilibrium
initial configuration would give the stationary law uy. It also treats each prescribed deterministic
time sequence separately; the set of slowly mixing starts may depend on that sequence.

To state the static conclusion, set ¥ = Cov,,, (v) and define the unscaled conditional-variance

form
n

Doy (f) = pw[Var(f | ).
i=1
Here x_; comprises every spin except ¢. This is the Dirichlet form for the rate-one-per-site clock.
The largest inverse Rayleigh quotient among linear functions is

Var al'z
Rim(pw) =  sup LT)
ack\{0} Dy (a''z)
Theorem 1.2 (Covariance and linear tests). For every positive deterministic sequence M, — oo,
with probability tending to one both |X| and Rin(puw) belong to

2/3
[TZL\J/H’ Man/ 3] .

The factor M,, may diverge more slowly than any prescribed power or logarithm. Because the
quotient here ranges only over linear functions, its upper bound does not control the full inverse
spectral gap.

For comparison with customary worst-start mixing, let ¢,ix and knix be the first continuous
time and the first integer step, respectively, at which every initial configuration has distance at
most 1/4. Theorem 1.1 gives the lower bounds below. An independent comparison with one fixed
high-temperature model gives the subexponential upper bounds.

Theorem 1.3 (Critical mixing bounds). For every fixed € > 0,

P{n?3=¢ <t < e} — 1, (1.2)

P{n?/57¢ <l < e — 1. (1.3)

1.2 Historical and mathematical context

Critical spin-glass relaxation has been studied through several models and convergence criteria.
Kirkpatrick and Sherrington [15] investigated Glauber autocorrelations above the critical tempera-
ture using a linearized mean-field treatment. Sompolinsky and Zippelius developed equations for
disorder-averaged correlation and response [27], and treated soft-spin Langevin dynamics in [28].
For Ising dynamics, Billoire and Campbell [4] numerically examined equilibrium autocorrelations



on an n?/3 scale, with time in updates per spin. These studies concern correlation and response;
the present paper instead tests total variation after each realized equilibrium start.

Our static comparison uses a spherical model, a classical counterpart of the Ising spin glass.
In their thermodynamic analysis, Kosterlitz, Thouless, and Jones [16] located its transition
at the spectral edge and identified the top eigenmode as the ordering direction. Comets [10,
Equations (2.1)—(2.2)] gave the fixed-spectrum Haar-averaging identity relating the two partition
functions. Baik and Lee [1] proved Gaussian and Tracy—Widom spherical free-energy limits at fixed
temperatures on the two sides of criticality, and Landon [19] treated the critical Gaussian limit
and the saddle’s n=2/3 edge scale. Bhattacharya and Sen [3] reduced fixed-spectrum Haar second
moments through the two eigenvalues 1 + ¢, where ¢ = z”y/n is the overlap of two vectors of
norm +/n, comparing free-energy exponential rates under high-temperature spectral assumptions.

The critical results of Du and Huang are close predecessors of the static estimates used here.
For the normalized Ising and spherical partition functions Zis and Zgpy, built from the same GOE
matrix, their free-energy work [11, Theorems 1.4 and 1.6] proves

2
E (ZIS - 1) =0(n'7%)

Z, sph

and an annealed squared-overlap estimate of order n~2/3. Their subsequent work [12, Theorem 1.1]
determines the limiting quenched critical overlap distribution.

Those results also give an alternative route to the static inputs of this paper. Proposition 4.1 in
[12] gives convergence of the rescaled spectral coefficients, while the proof of Lemma 4.5 identifies
the corresponding spherical coordinates. Together with the fixed-coordinate convergence in the
proof of Lemma 4.7, Equations (4.24)—(4.26), and the absolutely continuous limiting marginal in
Equation (2.14), these facts imply vanishing mass in every deterministic shrinking top-coordinate
window. The restricted Haar first moment and the partition comparison in [11, Theorem 1.6]
then transfer this estimate to the cube. The annealed squared-overlap bound also implies, by
Markov’s inequality, that n?/ 3E#®2q(:1:, y)? is bounded in probability; this is the overlap input for
the covariance upper bound and ‘?ile cavity argument. The sign and cavity arguments in Section 6
give the additional dynamical and linear-observable deductions. Our technical sections provide
a separate static proof, uniform on chosen deterministic spectral events, using exact Gaussian
conditioning, a quantitative cubic deficit, and monotone outward overlap bins.

Two further groups of methods enter the proof. The GOE tridiagonal representation is classical
[13]; our spectral estimates develop the quadratic-form approach of Ramirez, Rider, and Virag
[25] and Ledoux and Rider [20]. For the independent upper comparison we use the fixed-5 < 1,
zero-field heat-bath Poincaré theorem [23, Theorem 1.1]. Bauerschmidt and Bodineau [2] proved a
logarithmic Sobolev inequality with the full spin-flip-gradient form, while Eldan, Koehler, and
Zeitouni [14] proved a heat-bath Poincaré inequality for interaction matrices satisfying 0 < J < 1.
After a diagonal shift, their SK applications reach 5 < 1/4. More recently, Wang [30] proved
worst-start heat-bath mixing to total-variation error € in Og(nlog(n/e)) attempted updates for
fixed 5 < 1/2, uniformly over external fields on one high-probability disorder event. Boban, Li,
and Oveis Gharan [6] proved a constant unscaled gap and zero-field worst-start mixing in O(n?)
attempted updates for 5 < 1/2 + ¢¢ with an absolute g9 > 0, with high probability over the
disorder. The fixed-8 < 1 companion input used here covers the temperatures required by the
comparison in Section 6, which fixes 5 before taking n to infinity.

The companion Critical mizing in the Sherrington—Kirkpatrick model [24, Theorem 1.1] proves
matching mixing exponents in probability over the disorder: n2/3t°(1) in continuous time and



n5/3+0(1) attempted updates, together with exponent 2 /3 for the full relaxation and inverse classical
logarithmic Sobolev constants. Each exponent statement allows every fixed positive power slack. Its
lower and static inputs are the realized-start and covariance/linear results in Theorems 1.1 and 1.2
here; its upper estimates use separate arguments. The independent comparison in Theorem 1.3
remains part of the present paper.

1.3 How the proof works

Following the augmentation used by Comets [10, Equation (1.1)], add an independent Gaussian
diagonal to the coupling matrix. Its energy is constant on the cube, so the Gibbs law and both
chains stay the same, while the augmented matrix is GOE. Let v be a unit top eigenvector of that
matrix. The main static input is

pw {|vT x| < b,n'/3} — 0 in probability for every positive deterministic b, — 0.

Thus the equilibrium projection is rarely small on the n!/3 scale. In contrast, Dy (vTz) < 1.
Reversibility bounds the mean-square change along a stationary trajectory by 2t in continuous
time and 2k/n after k attempted updates. At each prescribed deterministic time that is little-oh
of the corresponding n2/3 or n5/3 scale, the two endpoint projections have the same nonzero sign
with high probability. For each fixed initial state, that sign defines a half-space whose equilibrium
mass is at most one half, giving the total-variation test in Theorem 1.1.

The scale of the projection comes from the spectral edge. Three static stages make this
connection precise. Section 3 controls the leading eigenvalues and two resolvent traces at distance
so = L,n~2/3 above the GOE edge, on an event depending only on eigenvalues. Here L, may
diverge arbitrarily slowly. Section 4 writes the tilted spherical law as follows: for the ordered
eigenvalues \;, set A = diag(\1,...,\,) and tilt uniform measure on {u € R™ : |lu||> = n} by
exp(u” Au/2). This law is represented by independent Gaussian coordinates conditioned on their
squared norm. The edge estimate gives the leading coordinate a Gaussian variance at least
a constant times s, ! so its standard deviation is at least a constant times n'/?/\/L,. Lower
and upper radial-density bounds control the effect of conditioning, giving small-projection and
squared-overlap estimates on the sphere.

Section 5 transfers these estimates to the cube. Haar averaging identifies the first moment of
an Ising partition sum with the spherical integral. To control normalized Gibbs probabilities, the
section also proves concentration of that partition sum. Its second moment integrates the same
pair integral against two overlap laws: a binomial law on the cube and a continuous law on the
sphere. The spectral resolvent and spherical saddle estimates give a cubic deficit that suppresses
large overlaps. For small overlaps, disjoint outward bins and monotonicity compare the discrete
sum with the spherical integral without differentiating the pair integral. The first-moment identity
and partition concentration then transfer small projections, while the weighted second moment
transfers the squared-overlap bound.

These two outputs give opposite sides of the covariance estimate: the top projection gives a
lower bound, and the squared overlap controls Tr ¥? and hence gives an upper bound. For linear
inverse Rayleigh quotients, covariance alone is not enough, since the Dirichlet denominator weights
each coeflicient by a mean one-site conditional variance. Section 6 uses spin deletion to show that
sites with large reciprocal weights contribute only a smaller covariance block. The same section
proves the sign test, the independent high-temperature upper comparison, and the three main
results. Choosing L,, after each prescribed deterministic threshold preserves the quantifiers in the
realized-start and static results. Figure 1 summarizes the lower and static argument; Appendix A
gives elementary examples clarifying the role of the update rule, clock, and disorder quantifiers.
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Figure 1: The lower and static argument. The direct arrow from the spectral estimates to Haar
comparison records their additional use in the cubic overlap deficit. The restricted first moment
transfers the small-projection numerator, while partition concentration controls its normalization;
a weighted second moment transfers squared overlap. Small projections give the covariance lower
bound and squared overlap gives its upper bound. A separate cavity estimate then controls the
linear inverse Rayleigh quotients. The independent subexponential upper comparison is outside
the diagram.

2 Model, clocks, and conventions

This section fixes the normalization shared by the static and dynamical arguments. In particular,
adding a GOE diagonal will provide spectral test vectors without changing any quantity intrinsic
to the spin law.

Throughout, n — oco; arguments using three distinguished coordinates are applied for n > 3.
Constants ¢, C' > 0 are independent of n, may change from line to line, and have only the additional
dependencies explicitly indicated. Vector norms are Euclidean and matrix norms are operator
norms. We write Op(1) for a sequence whose laws are tight. Equivalently, its absolute value
exceeds any positive deterministic divergent threshold with probability tending to zero. The ability
to test every such threshold will be used in the covariance argument.

Following the Gaussian diagonal augmentation in [10, Equation (1.1)], let W be a real symmetric
GOE matrix with independent entries on and above its diagonal, with

WijNN(O,l/’I’L) (i<j), WiiNN(O,Q/n).



Set Q, = {—1,1}" and
eHw ()

ZyEQn eHW (y)*

We abbreviate pp to p when the disorder is fixed. Because every z7 = 1, the diagonal contributes
the same quantity %ZZ Wi to every configuration. It cancels from the Gibbs normalization,
leaving precisely (1.1). Covariance, heat-bath kernels and mixing times therefore depend only on
the original off-diagonal disorder. A spectral direction may still depend on the added diagonal. In
the realized-start proof we use that direction to test an intrinsic total-variation distance, and only
then integrate out the diagonal. This distinction avoids imposing an unnecessary simultaneous
choice of a test direction for all initial states.
For functions f,g: Q, — R, write

Hy (x) = %wTWx, uw (x) =

n

1
i=1 i=1
The two transition operators are e’ and P*. Their exact relation is £ = n(P — Id); time in one
clock must therefore not be read as a number of attempts in the other. Every conditional spin
probability is positive. Single-site updates connect the cube, and the discrete chain can hold, so
both chains are irreducible and the discrete chain is aperiodic.

Lemma 2.1 (Heat-bath forms). Each P; is an orthogonal projection in L?*(n). The unscaled
Dirichlet form is

Du(f) = =, £F)u = ZM[(f — P.f)?] (2.1)

pr— . f B z _Z 2 |
i hi5{—171]%n—1_>R'u[(f h (x )) ]

The discrete form is (f, Id—P)f), = Du(f)/n, and P has spectrum in [0, 1]. For a linear function,

Dula"z) =) ajai, ;= plsech®gi], gi(x) = Wijz;. (2.2)
i i

Proof. Conditional expectation is the orthogonal projection onto functions of z_;. Hence (f, (Id —

P)fyu=If-PBf H%Q(u), and this squared distance is the infimum over all such functions. Summing

proves (2.1); averaging instead proves the discrete form identity. Moreover 0 < (f, Pf), < (f, f)u
for every f, so the spectrum of P lies in [0, 1].

For a linear observable, all terms except a;x; are fixed after conditioning on z_;. The conditional

mean and variance of z; are tanh g; and sech? gi, respectively. Its contribution to the form is

therefore a?p[sech? g;], which gives (2.2). O

For probability laws v, u on €, use

v = plley =3 |v(z) — pla)| = sup [v(A) — u(A)l.

=sin

Define
dgt(VV, x) = Hew(a:, ) = pwllTv, tmix = inf{t > 0: max dgt(W, x) < 1/4},
d%t(VV, x) = ||Pk(x, ) = pwllTv, kmix = min{k € NU {0} : max dﬁt(W, x) < 1/4}.



All limits in probability and statements holding with high probability refer to the disorder, together
with explicitly introduced auxiliary randomness. No uniform assertion over disorder-adaptive time
sequences is implicit.

We finish with the static identity that will turn overlap bounds into covariance bounds. Zero
field gives p(x) = p(—x), so every spin has mean zero. Consequently

T xTy
¥ = Covy(x) = plea’ ], Yi=1, q(x,y) = -
For independent samples from p, expansion of the square gives
Tr 22 = n’E0,.q° (2.3)

3 Spectral estimates at a slowly enlarged edge scale

Our objective is to control the leading GOE eigenvalues and the first two resolvent traces just
above the edge on an event independent of eigenvector orientation. These estimates enter both
the Gaussian conditioning argument in Section 4 and the variational deficit in Section 5. A
fixed logarithmic enlargement would lose the strongest quantifiers of the main theorems, so the
enlargement below may diverge as slowly as needed.

The proof has three parts. Tridiagonalization isolates independent noise; a simultaneous
quadratic-form estimate compares that noise with a deterministic confinement energy; and a
Hermite identity evaluates the deterministic resolvent. Here C, ¢ > 0 are universal, while Cj; may
also depend on a fixed M < .

Let L,, — oo be any positive deterministic sequence with L, < logn for all sufficiently large n,
and set

Sk = n72/37 50 = LnSx, hyp = L}L/S, Ap = hy + \/ log(2 + Ln)a T = AnL;3/4'
(3.1)
In particular, n, — 0. Define

C24s—/s(d+5)

R(s) et

s> 0.

Proposition 3.1 (An eigenvalue-only good event). Let W have the GOE normalization of
Section 2, and write its eigenvalues as \1 > --- > \,. There are events G, (L, ), measurable with
respect to these eigenvalues alone, such that

P(Gn(Ly)°) < Cexp(—cLY?)

for all sufficiently large n. On the same events, for every fixed M < oo,

n2aison ~ D e u s~ < s < M).
I T A G Miees et S CETERY

All denominators in these formulas are positive. The little-oh terms have deterministic bounds,
uniformly over the event: the first three eigenvalue errors divided by so are at most C(L,* +ny),
and the first resolvent error divided by /s is at most C'M(L;‘g/2 +ny). The event does not depend

on M.



3.1 Tridiagonal reduction and concentration of its entries

The following reduction is the GOE tridiagonalization of [13, Theorem 2.1]. We include the
argument to fix both its normalization and its independence properties.

Lemma 3.2 (Tridiagonal representation). The eigenvalues of W have the same law as those of a
symmetric tridiagonal matrix T whose entries

Xn—i

NLD

are independent. Here x.,, is the Euclidean norm of m independent standard normal variables.

Tii ~ N(0,2/n), Tiiv1 = Tig1,i ~

(1<i<n)

Proof. We expose one column at a time. The first diagonal entry, the rest of the first column, and
the trailing square block are independent; this independence will persist after each rotation. The
column vector has n — 1 independent N(0,1/n) entries. Choose an orthogonal transformation of
the trailing coordinates that sends this vector to its nonnegative length times the first coordinate
vector. Conjugation by this transformation produces the desired first off-diagonal entry.

To justify the next exposure, observe that the trailing block has density proportional to
exp(—n Tr B?/4). Both this density and Euclidean volume are invariant under orthogonal conju-
gation. Conditional on the column vector, the chosen transformation is fixed, so the conjugated
trailing block still has the same GOE density and its conditional law does not depend on the column.
It is therefore independent of all entries already exposed. Repeat the construction inside that
block, then inside each successive trailing block. At step i the fresh column has n — ¢ independent
N(0,1/n) entries. This proves both the stated distributions and their joint independence. The
conjugations preserve eigenvalues. [

The reduction leaves Gaussian diagonal noise and centered chi noise off the diagonal. Both
satisfy a dimension-independent exponential estimate. For the latter, the two estimates we need
are

Eexp (t’m‘ﬁ"m) < exp(CP/n),  0< v/ —Exm < (3.3)
n

C
vm’
Here and below a moment-generating bound is asserted for every real t. For completeness, the
Gaussian-square moment-generating function and Chernoff’s inequality give

P{xp, = ma} < (ac'™ )™ (a>1),
with the same right-hand side for the lower-tail event when 0 < a < 1. Since

a—1—loga> (vVa—1)?

it follows that P{|xm — v/m| > r} < 2¢7"*/2 for r > 0. This tail bound gives Var(x,;,) < C and,

by Jensen’s inequality,
Var(xm) < C

vm+Ex, — /m
To prove the centered exponential bound without an extra prefactor, let X, X’ be independent
copies of x,, and put Z = X — X’. Then Z is symmetric and

\/%_EXTVL:

P{|Z| >r} <4e/8,  Ez* <4.8K (k>1).



The moment bound follows by integrating the tail. Jensen’s inequality conditional on X, followed
by the power series of cosh, gives

Ee!X—EX) < Eet” = R cosh(t2)

S1+428 ' §1+4(68t2—1)§€32t2_
2 (2h)!

We used (2k)! > (k)2 and (1 + u)* > 1 + 4u for u > 0. The Gaussian tail ensures exponential
integrability, and Tonelli’s theorem also justifies the nonnegative cosh series. Replacing ¢ by t/y/n
proves (3.3). The centered diagonal entries satisfy the same exponential estimate directly.

3.2 A simultaneous quadratic-form estimate

The quadratic-form estimate follows the approach used in soft-edge analysis for tridiagonal
ensembles. Ramirez, Rider, and Virdg [25] developed a variational approach involving discrete
gradient and confinement energies. The block summation-by-parts estimate of Ledoux and Rider
[20, Proposition 7 and Lemma 8] is particularly close to the noise control used here. Their proof
of Theorem 1 (Right-Tail), on page 1329 immediately before Lemma 9, gives the corresponding
substitution for off-diagonal weights. We arrange that control simultaneously over energy scales
and spatial shells, then use a deterministic Hermite resolvent identity. This provides the first and
second resolvent bounds needed here for every slowly diverging edge enlargement.
Let D be the deterministic tridiagonal matrix with zero diagonal and off-diagonal entries

ci=1/1—i/n (1<i<n), E=2I—-D.

For later boundary formulas set ¢g = ¢, = 0.

Lemma 3.3 (Noise controlled by deterministic energy). There is a universal constant Cy such
that, with

®,(z) = Con™ 2 A, (z + 50)1/4\/1 +log(1 + x/s0), x>0,

the matriz H =T — D satisfies, simultaneously for every unit vector u € R,
lul Hu| < ®,,(u? Fu) (3.4)
on an event F,, with P(F5) < C’exp(—cL}l/él) for all sufficiently large n. Moreover,

sup |, (x)| < Cny, ®,,(0) < Cnpso. (3.5)
x>0

Proof. We prove the lemma in three steps: the deterministic energy controls where a vector can
concentrate, one noise event controls block prefixes at every relevant scale, and summation by
parts combines these controls.

Energy controls spatial mass and gradients. For a unit vector u, write e = ! Eu. Expanding gives

n

e = Z ci(ui — ui+1)2 + 2(2 —C; — ci,l)u?. (3.6)

i<n =1



The row sums of D are at most two, so 0 < F < 41. The coefficients 2 — ¢; — ¢;_1 are at least
i/(2n): for interior indices this follows from 1 — /1 —t > t/2, and the boundary indices satisfy
the same inequality directly. Also ¢; > 1/v/2 when i < n/2. Thus (3.6) implies

> %u? < 2e, S ouf+ > (ui —ui1)? < Ce. (3.7)

i>n/2 i<n

For the second inequality, control gradients in the first half by the weighted gradient term, and
use (u; — uip1)? < 2uf 4 2u?, | for the remaining edges.
One event for every energy. The vector will be selected after the matrix has been realized, so the
probability estimate must be simultaneous. We first prepare blocks at every dyadic energy scale.
Set

0j=Ys,,  0<j<Jy=logy(4/s.)],  dj =max{l,|o; "?]}.

For each of the two independent-entry sequences (diagonal entries and centered off-diagonal entries),
partition its index set into consecutive blocks of lengths between d; and 2d;. Such a partition is
obtained by merging a last short block with its predecessor. Assign label r = 0 when the first
index of a block is at most 2no;; otherwise assign r > 1 when that index is in (2"noj, 2" no;].
If &; is either centered entry sequence and a block has length m < 2d;, its partial sums S}, obey

2
na
P > <2 —— .
{I]glgaésk\ > a} < exp( Cdj>
Indeed, exp(tSy — Ckt?/n) is a nonnegative supermartingale by (3.3). Stopping it at its first
crossing of a bounds the one-sided probability by exp(—ta + Cmt?/n); optimizing ¢t > 0 and
repeating for —Si proves the displayed estimate.
At a fixed pair (j,7), the number of blocks is at most

C <1 12 ;f’j ) < C2'no? = C2rt¥2,
J

For o; <1, use d; > 051/2/2; for o; > 1, use d;j = 1. The additive constant is absorbed because

naj-’/ 2 > 1. Consequently, for a sufficiently large fixed constant K, there is an event J;, on which

every block of both sequences has all its centered partial sums bounded by

Ky/dj/n (hy + /35 +1), (3.8)

and
P(FS) < C S 2rt3i/2e=ek2 (i)
Jr=0

1/4
< Ce=Mn = C'e_C/L"/ .

Here K is chosen so that the factors in j and r form summable geometric series. This bound does
not acquire a factor from the number of scales.

From block prefizes to quadratic forms. We may now fix the noise event and choose an arbitrary
unit vector. Select the first j for which e < ;. Since e < 4, this index exists, and

oj < 2(6 + S*).

10



For the weights w; = uf or w; = u;u;4+1, the sum of their absolute values over all blocks with
label r is at most C27". For r > 1, every coordinate used is beyond 2"no;, and (3.7) bounds
its total squared mass by 2e/(2"70;) < 2'7". The off-diagonal weights obey the same bound by
luiuis1| < (u? +u? ,)/2. For r = 0, use the unit norm.
The summed variation of these weights within those blocks is at most C27"/2\/e. To verify
this assertion, use
U%H —u? = (w1 — ui)(uig1 + ug)

for diagonal weights and

Uip 1 Uih2 — Uilip1 = Wit [(Wige — Wit1) + (Uir1 — ;)]

for off-diagonal weights. Cauchy—Schwarz combines the preceding tail mass bound with the total
gradient bound in (3.7); each coordinate or edge is counted at most a fixed number of times.

For clarity, the summation-by-parts step can be made blockwise. Suppose all centered entry
prefixes in a block are bounded by B, and let £ be the entry average on that block. Then |¢| < B/d;.
The prefixes of & — € are at most 2B and vanish at the block end. Therefore

> G

B
ST Yo lwil+2B Y fwin —wil.
% in block

J 4 in block i,i+1 in block

Using (3.8) and summing by labels proves that either centered weighted sum is bounded by

Cn 23 (hy + VG4 7) (d) 2277 + 4 P22 )

r>0
< Clhy + Jn 2a )™,

j 1/2 and e < ;. For 1 <o, <8, it follows from d; = 1 with
a changed universal constant. The series in r converges geometrically, including its /r factor.
The centered entries have now been controlled uniformly in u. The only remaining part of
T — D is the deterministic error in the off-diagonal means. By (3.3), their difference from ¢; is
at most C/(y/ny/n —1). It is at most C'/n for i < n/2 and at most C/\/n thereafter. Thus their
quadratic-form contribution is at most

For o; <1, the last step uses d; < o

C/n+ Ce/v/n,
using again the tail mass bound. Finally,
j < Clog(2+e/ss) < Cllog(2+ Ly) + log(1 +e/s0)]-

Together with o; < 2(e + s4) and s, < s¢, this converts the centered estimate into (3.4). The
mean errors are absorbed into the same bound because 0 < e < 4 and L,, > 1 for large n. Both
sequences, and the factor two from off-diagonal entries, are absorbed by choosing Cy once and for
all.

Finally, the scalar comparison must be stable under changing the energy. Put ¢(z) = 1 +
log(1 4 x/sg). Direct differentiation gives

@ (z) = Con Y2 Ay (z + 50) 73/ ( a(2) + L ) :

4 2y/q(x)

Since y~3/4\/1 + logy is bounded for y > 1, its supremum is at most Cn_l/zAnsa3/4 = Cny. The
equality ®,,(0)/so = Cony,, proves the other assertion in (3.5). O

11



3.3 The deterministic resolvent

The noise bound reduces the random trace problem to D. Its entries were chosen so that the
characteristic polynomials satisfy a Hermite recurrence. The resulting scalar differential equation
will control both the resolvent and the number of eigenvalues near the edge.

Lemma 3.4 (Hermite resolvent estimates). Let e; < --- < e, be the eigenvalues of E = 21 — D,
and set

Rp(s) = %Tr(s FE)YL Tp(s) = %Tr(s FE)2 = —Rly(s).

For every fixred M < oo and all sufficiently large n, uniformly for so < s < M,

To(s) < Cas~2, 0 < R(s)— Ro(s) < % (3.9)
Moreover,
N(t):=#{i:e; <t} <Cnt??  (t > s). (3.10)

Proof. We first derive the differential equation and locate its relevant quadratic root, then absorb
its finite-dimensional error at s > so. Reverse the coordinates of D. Its off-diagonal entries become
Vk/n, 1 <k < n,so the characteristic polynomials of its successive principal minors satisfy

Py(z) =1, Pi(z) =2z, Pri1(2) =2P(2) — (k/n)Px_1(2).

Induction gives P| = kPj_;: differentiation of the recurrence and the recurrence one step earlier
show that P, = P + kP;. Consequently

P! —nzP) +n*P, = 0.

Since P, is the characteristic polynomial of D, Rp(s) = P,(2+ s)/(nP,(2 + s)). The differential
equation yields

TD(S)

Rp(s)> = (24 8)Rp(s) +1 = > 0. (3.11)

For every s > 0, Rp(s) is finite because £ > 0. The two roots of the quadratic on the left are

R(s) and
24+ s++/s(4+s)
R+(S) — 9 .
At large s, Rp(s) — 0 whereas R, (s) — oo. Positivity in (3.11) thus places Rp below the
smaller root there, and continuity prevents it from crossing either root anywhere on (0,00). If
d(s) = R(s) — Rp(s), factoring the quadratic gives

0<46(s) < (3.12)

Termwise comparison of resolvents shows that

To(s) < 2 [Rp(s/2) ~ Ro(s)] < = [R(s/2) ~ Bls) +5(s)].

®» | N

Differentiating the explicit expression for R gives

\)

1

VAT Bt st sATe) S 2vs

12

0<—R'(s) =




Integrating from s/2 to s therefore gives R(s/2) — R(s) < /s —+/s/2 < /s. Hence

C 2Tp(s)
Tols) < NG * ns\/s(4+s)

For s > 50, the coefficient of the last term is at most (nsg/ 2)_1 =L 0. Absorbing it proves

the bound on Tp, and (3.12) then proves the bound on §. Notice that Rp(s/2) < R(s/2) was
established for every positive s/2; it does not require s/2 > sg.

The second-trace estimate also gives the counting estimate needed for the later dyadic transfer.
For sg <t < 1, each e; < t contributes at least (2t)~2 to nTp(t). Thus N(t) < 4nt>Tp(t) < Cnt3/2,
For t > 1, the same bound follows from N (t) < n. O

3.4 Eigenvalue comparison and transfer of the traces

Proof of Proposition 3.1. The previous lemmas supply the noise control and the reference traces.
We now transfer them to an event defined entirely by the eigenvalues. There are three tasks:
compare ordered eigenvalues, locate the top three, and compare the two traces.

Ordered eigenvalues. Work first in the tridiagonal realization. On F,, (3.4) bounds the Rayleigh
quotient of E — H = 21 — T between

f-(e) ==e—P,(e) and fi(e):=e+ Py(e).

By (3.5), both functions are increasing for large n. The span of the first i eigenvectors of E has
every unit-vector energy at most e;, so the min—max principle gives 2 — A\; < f1(e;). On the span
of eigenvectors ¢ through n, every energy is at least e;; the complementary max—min principle
gives 2 — \; > f_(e;). Therefore

’2_>\i_ei| §®n(ei), 1 §z§n (313)

This argument uses monotonicity of scalar functions of Rayleigh quotients, and does not require
an operator-monotonicity assertion.

Define G,,(Ly) to be precisely the event (3.13), with the deterministic e; and ®,, constructed
above. It depends only on the ordered eigenvalues. The tridiagonal event F,, implies it; hence
Lemma 3.2 transfers its probability bound to W. All remaining conclusions are deterministic on
Gn(Ln).

The first three directions. The conditioning argument will need three large coordinate variances.
To locate the corresponding eigenvalues, take m = |n'/3| and the span of the first three discrete
Dirichlet sine modes on {1,...,m}, extended by zero. The Dirichlet Laplacian on this segment
has eigenvalues 4sin?(kn/[2(m + 1)]), so its quadratic form on this span is at most C/m?. On
vectors supported on the segment, the form difference between E and that Laplacian has absolute
value at most
212’2}% 11— ¢ Z luitiv] < Cm/n.
<m
The min-max principle therefore gives 0 < 1, ea,e3 < C(m~2 +m/n) < Cn~2/3. Equations (3.5)
and (3.13) imply
A = 2] 1
I?Sa?))(T < C(L,," +1n)-
Also every e; € [0,4], so max; [A\;| < 24 ®,(4). The assumption L,, < logn gives ®,(4) = o(1),
proving the stated bound by three.

13



Resolvent traces. The eigenvalue comparison also controls every denominator: for every s > sg
and every e € [0,4],

(I)n(e) < (I)n(o) + Cnne < Cn,. (3.14)
s+e s+e
Thus (3.13) makes 2 4+ s — \; positive and equal to (s + €;)(1 + O(ny)), uniformly in both i and
s > sp. The normalized second trace is consequently at most a constant times Tp(s), proving its
bound in (3.2).
For the first trace, subtract term by term and use (e; + sg)'/* < (s + €;)'/* to obtain

1

n

1
Z2+S—)\Z’_RD(S)

)

1
Cn Ann % (s+ei) \/1 + log(1 + e;/s0) (3.15)

We spell out the dyadic sum because its uniformity near sg is useful. The range e; < s contributes
at most

087/4]\25)\/1 +log(1+ s/s0) < 03*1/4\/1 +log(1 + s/s0).

For k > 0, the shell 2ks < ¢; < 2Kt1lg contributes at most

05—1/42—k/4\/1 + log(1 + s/s0) + (k + 1) log 2,

by (3.10). This counting estimate remains valid above one, so all shells are covered. The convergent
geometric series, with its additional square-root factor, bounds the sum in (3.15) by

C’Ms_l/4\/1 + log(1 + s/s0).

Dividing the resulting trace error by /s and writing r = s/sg gives

CMnnr_?’/‘l\/l +log(1+7) < Cuymn (r>1).

Finally, Lemma 3.4 gives
Bo(s) =R _ Cu _ (1 a2
Vs ns3/2 "
This proves the quantitative first-trace error and completes all of (3.2). The event was defined
before M was chosen, and each displayed error is deterministic on that event. Consequently every
deterministic sequence of spectra in G, (L, ) satisfies the estimates for every fixed finite M, without

any condition on eigenvector orientation. O

4 Gaussian conditioning on the sphere

Conditioning independent centered Gaussian coordinates on their squared radius gives an exact
representation of a quadratic tilt of uniform sphere measure. We quantify that representation
in two stages. For bounded deterministic spectra, radial-density estimates compare partition
integrals on the full sphere and its intersections with hyperplanes through the origin with the
same variational value. We then impose the edge estimates of Section 3 to bound small coordinate
projections and squared overlaps at criticality.
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4.1 Radial representation and partition estimates

We begin with a deterministic ordered spectrum \; > - -+ > \,,, where n > 3 and max; |\;| < 3, and
set A = diag(\1,...,\n). Let o, be uniform probability on {u € R : ||lu|?> = n}. For 0 < a < 2,
define

_ auT Au/2 — Z_l_i - _ )
S(a) / e ouldu),  Bla)= inf { - glog(z )b ()
The associated tilted probability is

opa(du) = S(a) Te™ A2 6 (du),  op = op,.

Quadratic exponential laws on a sphere belong to the Bingham family [5]. Their representation
through a Gaussian conditioned on its radius, and the associated radial-density formula, are
classical in the analysis of Bingham and Fisher-Bingham normalizing constants [18, 17]. Gaussian
integration and spherical saddles also enter the SK analyses of Baik and Lee [1], Landon [19], and
Du and Huang [11, 12]; the proof of Lemma 4.5 in [12] uses the same representation by Gaussian
coordinates conditioned on the radius. We prove the exact identity with the probability normal-
ization and squared radius used here; no saddlepoint approximation is used in this conditioning
step.

Lemma 4.1 (Gaussian representation). For every a € [0,2], the infimum defining B(a) has a
unique minimizer zq,. With

ki(a) = (24 — aXg) 7t Z ki(a) = n, (4.2)

one has 1
— < kj(a) < n.

Let Y; be independent N (0, k;(a)) variables, and let p, be the density of 3; Y;2. Then

1+al, <zg <14+al,

S(a) = e"B(@ m. (4.3)
Xn

The conditional law of Y given |Y||* = n, defined by radial disintegration, is o 4.

Proof. First choose the Gaussian variances so that the squared radius has mean n. Then compare
its radial density with the standard Gaussian density at that same radius. To implement the first
step, denote the objective in (4.1) by F,(z). On z > alq,

1 1 1 1 _o
Fl(2) = 3 5, i (z—aX)" ", Fl(z) = o ZZ:(,Z —a\;) “>0.
The derivative tends to —oo at the left endpoint and to 1/2 at infinity. The function itself tends
to +oo at both ends. This proves existence, uniqueness, and (4.2).
The average of the reciprocals of z, — a); is one. Their minimum is therefore at most one, and

their maximum is at least one, giving the stated bounds on z,. Consequently

0<zg—aN <1l+al\—)\,) <13.
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The lower bound for k;(a) follows; the upper bound follows from their positivity and sum n. At
a = 0 these formulas give zp = 1, k;(0) = 1, and B(0) = 0.

The minimizer is now fixed. The radial comparison itself is exact at any admissible z: put
Q = zI — aA and let Y*% ~ N(0,Q™1). Its density relative to a standard Gaussian vector at
y € R"is

z—1 a
(det Q)2 exp (-l + 55 Ay)

The standard Gaussian has uniform conditional angular law. Integrating this ratio over the sphere
of squared radius n gives

n
pz,a( ) _ (detQ)l/Qe_"(z_l)/2S(a), (44)

Py2 (TL)
where p, 4 is the density of [|[Y*%|%. This identity is a polar-coordinate identity between continuous
radial densities at a positive radius. At z = z,, its rearrangement is (4.3). The same density ratio,
with the radius fixed, proves the assertion about the conditional law. ]

We will repeatedly use the two-square smoothing calculation also appearing in [7, Eq. (7)]. If
G, H are independent standard Gaussians and d, e > 0, then the density rq . of dG? 4 eH? satisfies
1 t p—x/(2d)~(t—2)/(2e)
rde(t) = dx

2mv/de Jo Vot — ) (4.5)
1

<——,  t>0.
T 2v/de

The integral of [z(t—x)]~ /2 over (0,) is 7. Convolving with further independent random variables
preserves this upper bound.

The next estimate is required at the mean of the weighted sum, including arrays with a dominant
weight. The Fourier majorant in its proof is the weighted-square estimate of Bobkov, Naumov,
and Ulyanov [7, Lemma 3|, which we reproduce. The compactness argument has the classical
Gaussian-plus-quadratic limiting structure described by Nourdin and Poly [21, Theorem 3.1];
we give the needed positive-weight argument directly. Their erratum [22] concerns separate
finite-cumulant statements.

Lemma 4.2 (Density at the mean). There is a universal constant ¢ > 0 such that, for every
n >3 and every ky,. .., ky > 0 with 3, k; = n, the density p of >, kiG?, for independent standard
Gaussians G;, satisfies

~1/2
p(n) >c (Z kf) . (4.6)

Proof. After normalization, it is enough to exclude a sequence of densities vanishing at zero. There
are two ways such a sequence of weights can behave: all weights vanish individually, giving a
Gaussian limit, or a positive largest weight remains and supplies a density bounded below near
zero. The proof treats these cases separately.

Set 7 = (3, k2)'/? and d; = k;/7. The centered random variable

S kG2 —n

T

Ty = Y462 1)

has density fy with f4(0) = 7p(n), and 3, d? = 1. Thus it suffices to bound f;(0) below uniformly
over all such finite arrays. Each array has at least three positive weights. Its characteristic function
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is integrable, since its absolute value decays as O(|t|~™/?) at infinity; we always take the resulting
continuous version of its density.
Suppose, to the contrary, that arrays d™) satisfy f4(0) = 0. Sort each array in nonincreasing

order and extend it by zeros. A diagonal subsequence has dz(»r) — ¢; for every i, with 37, ¢ < 1.
We consider the two possible values of ¢;.

Case ¢c1 = 0. For d > 0, define
Ya(t) = B = e=itd(1 — 2td) =12,

For logarithms of characteristic functions, use the continuous branch equal to zero at ¢t = 0. For
fixed ¢ and |td| small, expansion gives

log ¥4(t) = —t2d* + O(|t|>d®).

It follows that the characteristic function ¢, (t) = [[; ¢ 4 (t) converges pointwise to e_tz, because

S(d) < di? oy (d)? = di).

Weak convergence alone does not control a density at one point. To pass through Fourier
inversion we need an integrable bound uniform in r. Concavity of log(1 + z) and Zi(dl(.r))2 =1
give

_ _ (r)
|¢r(t)| _ H(l +4(d§r))2t2) 1/4 < (1 +4(dg7’))2t2) 1/(4(dy )2)

)

The function z — log(1 4+ Az)/x is decreasing for A > 0. Once (dgr))2 < 1/8, the last expression
is at most (1 4 ¢?/2)~2. Fourier inversion and dominated convergence imply

1 1 42 1
fd(r)(o)_ﬂ/ﬁggﬁr(t)dt—)%/Re dt—ﬁa

a contradiction.

Case ¢; > 0. Remove the largest coordinate and write

R, =Y d"(G? 1)

i>2

We claim that R, converges in distribution to

R=> ¢(Gi-1)+2Z, Z~N(0,2(1—Zc§>), (4.7)

i>2 i>1

where Z and the displayed Gaussians are independent. The series converges in L?, since the tail
beyond m has variance 23 ,.,, c? — 0. To identify the limit, note that the sorted weights satisfy

dS;)H < (m+ 1)_1/ 2. For fixed t and sufficiently large m, the same logarithmic expansion as above
gives, uniformly in r,

. m m t|3
log Beltfr — §71 -2 (1S vo ().
ogEe goglﬁdg)() < ;(z) + T

First let 7 — oo and then m — oco. The resulting characteristic function is exactly that of (4.7),
which proves the claim.
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The residual limit has positive mass arbitrarily close to zero. This is the fact that allows the
surviving largest coordinate to control the convolution density. For any § > 0, choose a finite
truncation of its series whose remaining tail variance is less than §2/16. Each nonzero summand
in the finite part has a density positive near zero, so the finite part together with Z has positive
probability in (—§/2,8/2). Zero summands or a degenerate Z cause no difficulty. The independent
tail has positive probability in the same interval by Chebyshev’s inequality. Intersecting these
events proves the assertion. This argument uses square summability of (¢;), not summability.

In particular, by convergence in distribution and the open-set inequality,

lim inf P{|R, | < ¢1/3} > P{|R| < 1/3} > 0.

The density of d(G? — 1), for d > 0, is

e—(z+d)/(2d) )
ga(z) = m {z>—d}-

For d in a sufficiently small neighborhood of ¢;, this density is bounded below by a positive
constant depending on ¢; whenever |z| < ¢;/3. This interval stays strictly inside its support.
Independence now yields the pointwise convolution identity

far (0) =E [gdgr) (=Ry)].

To justify it at this particular point, rather than only almost everywhere, the residual R, has

a bounded density by (4.5), using two of its positive coordinates. Convolution of that bounded

density with the L' function g 4 1s continuous: its change under translation by h is bounded by
1

the residual density supremum times [|g (- + ) — g, [|r1, which tends to zero. It therefore
1

equals the continuous density f;) everywhere. Consequently
lirrr_1>£101f fam (0) > ¢(cr) liTrggolf]P’{\Rr\ <c1/3} >0,

again a contradiction. The constant may depend on the subsequential limit: any positive liminf
contradicts the chosen sequence tending to zero. The two cases prove a universal lower bound and
hence (4.6). O

We now use the radial estimates to compare S(a) with e"2(%). The orientation argument also
fixes one sphere vector and integrates a second over its orthogonal hyperplane. For that step, we
need the same upper comparison on every such hyperplane.

Lemma 4.3 (Partition bounds on the sphere and hyperplanes). There are universal constants
¢, C' > 0 such that, for every n > 3, every ordered spectrum Ay > --- > A, satisfying max; |\;| < 3,
and every a € [0,2],

cn—l/QenB(a) < S(a) < Cn1/2enB(a)‘

If H C R"™ is any subspace of dimension n—1, and oy, is uniform probability on {u € H : ||u|* =
n}, then

Su(a) = /ea“TA“/2 o1 (du) < Cnt/2enB@),

The same constant C works for all H and all a € [0,2].
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Proof. For the full sphere, the radial identity and the density-at-the-mean lemma give both bounds.
For a hyperplane, only an upper density bound is needed; interlacing allows us to use the full-space
saddle without asserting it is a saddle for the compression.

The chi-square density is

T,m/2—1e—r/2

72m/2f(m/2)’ r > 0.

Pyz2, (T) =
Stirling’s formula gives

cn_1/2§pxgn(n)§0n_1/2 form=norm=n-—1, n>3;

the constants absorb the finitely many small dimensions. By Lemma 4.2 and (3, ki(a)?) /" <
Y i ki(a) = n, we have p,(n) > ¢/n. By (4.5) and k;(a) > 1/13, we also have sup, p,(r) < C.
Lemma 4.1 proves the two full-space bounds.

We now pass to a hyperplane. Let Apy denote the compression of A to H, and write its
eigenvalues as 61 > --- > 6,_1. The min—max principle gives \; > 6; > \;11. At the full-space
minimizer z = z,, the matrix Qg = 2,y — alj is positive definite. Since a > 0, interlacing gives

(detQp) ™V < Hz —a)) 2
i=1

(ﬁ —a\;) 1/2> Za — Ay

(4.8)

The last square root is at most v/13.
Let ppq be the squared-norm density of a Gaussian on H with covariance Qﬁl. The same
polar-coordinate calculation as in (4.4), now in dimension n — 1 but still at squared radius n, yields

Sp(a) = "G/ (det Q) ~1/2 P12
Py, (n)

Every eigenvalue of Qp is at most z, — a\, < 13, so all its Gaussian variances are at least 1/13.
There are at least two of them, and (4.5) gives py(n) < C. Combining this bound with (4.8)
proves the assertion. Only an upper density bound is used: the compressed Gaussian need not
have mean squared radius n, and z, need not minimize its own variational problem. ]

4.2 Critical projections and overlap

The preceding bounds require only a bounded deterministic spectrum. We now impose Proposi-
tion 3.1 to obtain the critical projection and squared-overlap estimates used in Section 5. Fix any
deterministic L,, — co with L,, < logn, put so = L,n~2/3, and take spectra in that proposition’s
good event. All statements below hold for all sufficiently large n, uniformly over these spectra. At
a = 1, abbreviate

ki = ki(1), Y; ~ N(0, k;) independently, p = p1.

For each i, let p_; be the density of 3_,; YjQ.
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Lemma 4.4 (Gaussian parameters at criticality). With the preceding notation,

1/2
A1 < 21 < 2+ s, (Z k?) < Cn\/%, k‘j > C/SO (1 <j< 3). (4.9)
Moreover,
c
n) > , supp—_;(r) < Cs 1< <n).
p()_n\/% Teﬂgp() o ( )

Proof. We compare the exact saddle with the explicit point 2 + sg. The first trace locates the
saddle and controls the total increase in variances when moving to it; the second trace bounds the
variances at the explicit point. Set h; = (2 + sg — A;) !, whose denominators are positive by the
edge estimates. Since R(s) =1 — /s + O(s) as s | 0, Proposition 3.1 gives, uniformly over the
good spectra,

Zhi:n(l—\/%—i—o(\/%)) < n.

The function z +— 3,(2 — A\;) 7! is strictly decreasing from infinity on (A1, 00). Its value at 27 is n;
hence \; < 21 < 2+ sp and k; > h;. Because ), k; = n, the total increase is exactly

D (ki—hi)=mn-— th’ =ny/so(1+o(1)).

(2

A nonnegative vector has Euclidean norm at most the sum of its coordinates. The triangle
inequality and the second resolvent bound therefore give

1/2 1/2
(Z k?) < (Z h?) + 3 (ki = hi)
< Cynsg ' + Cny/s0 < Cno/o.

,1/2863/4 _ L;3/4

For the last step, n — 0. For 57 < 3, the edge estimates also give

0<21—)\j§2+80—)\j§080,

which proves the lower bounds on the first three variances. Lemma 4.2 now gives the asserted
lower bound on p(n).

The three leading variances are needed for a uniform deletion estimate: after deleting any
one index 7, at least two of the indices 1,2, 3 remain. Applying (4.5) to their squares, and then
convolving with the other squares, yields sup, p_;(r) < Csp. O

Proposition 4.5 (Small coordinate projections on the tilted sphere). For every b > 0, the
preceding good spectra satisfy
on{lur| < bnt/?} < CL2b. (4.10)

In particular, given any positive deterministic b, — 0, one can choose L, — oo with L, <logn
and L2b, — 0, so that the probability in (4.10) tends to zero uniformly over the resulting good
spectra.

Proof. Conditioning a single coordinate makes the role of the radial estimates transparent. Its
unconditioned Gaussian mass is small, and the ratio of the residual radial density to the full radial
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density quantifies the cost of conditioning. Let ¢y be the density of N(0, k). Lemma 4.1 gives, for
T >0,

1
ol Ty = oo [ o @paatn—v) dy
Y=

p(n)
CSO

_p()

The densities of the nonnegative residual sums are taken to be zero at negative arguments. By
Lemma 4.4 and the Gaussian density bound,

P{vi| <T}.

CSO b

p(n)

<onst? Py <3< <czm1/3\ﬁ Cbv/L,

Their product is CbL?, proving (4.10). For the final assertion, for example, L,, = min{logn, b, 1 4}

for all sufficiently large n has the required properties. ]

Lemma 4.6 (Coordinate moments and squared overlap). The probability op has mean zero and
diagonal covariance in the eigenbasis of A. For every coordinate,

Csok;
2 i
uj op(du) < . 4.11
[ ontaw < < (4.11)
Consequently, for independent U,V with law oy,
2
utv Cs3 9 9
E < k2 < Cn 3Lt 4.12
() < i yt oo )

Proof. We reuse the same one-coordinate conditioning, now with the weight y2. First, the defining
density of o, is unchanged by changing the sign of any individual coordinate. This proves the
assertions about its mean and off-diagonal covariances. Conditioning as in the preceding proof,
now with the nonnegative integrand y?, gives

. C'so Csok;
/ ui op(du) = p(n)/R?/%ki (y)p-iln —y*)dy < p(n) EYE = p(n)

Write m; = [ u? op(du). Independence of U,V and diagonality give

T 2
B(5F) - St st e

n

Lemma 4.2 bounds p(n)~2 by CZ@ 2, and Lemma 4.4 bounds the latter sum by Cn?sg. The
resulting upper bound is Cn?s§ = Cn~ 2/ 3L% as claimed. 0

5 Transfer from the sphere to the cube

We now transfer the spherical conclusions to the Ising cube. Conditional on the spectrum, GOE
eigenvectors are Haar oriented. Averaging over that orientation turns a single cube point into a
uniform sphere point. To use this first-moment identity for normalized Gibbs probabilities, we
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must also control the random Ising partition sum. A relative second-moment estimate supplies
that control and then transfers both small projections and the squared overlap.

The first-moment Haar-averaging identity is the fixed-spectrum spherical comparison of Comets
[10, Equations (2.1)—(2.2)]. The fixed-spectrum Haar second-moment setup and its two-replica
reduction have antecedents in Bhattacharya and Sen [3, Section 3.2.1]. Du and Huang [11,
Theorem 1.6] prove an unconditional shared-GOE mean-square partition-ratio error of order
O(nfl/ 3) at criticality. Here we prove the conditional comparison uniformly on the particular
spectral events of Section 3. The central lattice comparison uses outward bins and monotonicity;
it needs no derivative bound for the reweighted pair integral.

Throughout this section, let L,, — oo with L,, < logn and sqg = Lnn_Q/ 3. Write G,, for the
eigenvalue-only good event in Proposition 3.1. We initially fix a deterministic sequence of spectra
in these events and use the notation A = diag(A1,...,\,), S(a), B(a), z4, and o, from Section 4.
The error bounds supplied by Proposition 3.1 are deterministic on G, and hold there for every
fixed finite upper resolvent parameter.

5.1 Haar averaging and the two overlap laws

Let O be Haar distributed on the orthogonal group, independent of the ordered spectrum, and put
W = OAOT. Orthogonal invariance of GOE justifies this representation: Haar averaging a test
function of a symmetric matrix depends only on its eigenvalues, and gives the invariant probability
measure on their conjugacy orbit. We write Ep and Py for expectation and probability over O

with A fixed. Define . T
=2 % exp<m> . (5.1)

ze{-1,1}" 2

For every fixed cube point z, the vector Oz is uniform on the sphere of radius /n. Averaging
each summand therefore gives the exact first-moment identity

Eol = 5(1).

To control the normalization of the Gibbs law, we will compare the second moment of I with S(1)2.
Both quantities can be expressed using the same pair integral; only their overlap laws differ.

Let
n

1+q)/2

This is the overlap law of two independent uniform cube points.
Let (U, V') be a uniformly oriented orthogonal pair, each vector having norm +/n, and define,
for —1 < ¢ <1,

Qn:{_1+2j/n0§j§n}v pI(Q):2n<n( ) (qun)‘

(5.2)

T . T
M(q):EeXp<(1+q)U AU—;(l QV AV)l

If cube points z, y have overlap ¢ € (—1, 1), their normalized sum and difference

r+y r—y

V0tg) VA9

are orthogonal and both have norm /n. Rotating them by O gives the pair in (5.2). At ¢ =1
or ¢ = —1, the points satisfy y = = or y = —z, respectively, and the combined energy is 7 Wx;
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accordingly M (1) = M(—1) = S(2). Thus the second-moment identity holds at every lattice point:

Eol” = ) pi(q)M(q). (5.3)
q€Qn

The exchangeability of U,V shows that M is even and nondecreasing in |gq|. More explicitly, if
A=UTAU and D = VTAV, then

M(q) =E 5

(4212 o (1A D)),

whose integrand is nondecreasing in |g|.
For two independent uniform sphere points the overlap has density

T2
VAT((n—1)/2)

To see this, fix the first point by rotation and integrate the remaining n — 1 coordinates of the
second point; the resulting one-coordinate density is proportional to (1 — q2)(”*3)/ 2 with the
displayed normalization given by the beta integral. Conditional on this overlap, the normalized
sum and difference are again the orthogonal pair above. Independence of the two spherical points
consequently gives the exact identity

fs(q) = ca(1—gH=2 ¢,

(—1l<g<1).

[ @sstayda = 507 6.4

The moment identities reduce concentration to a comparison of the two overlap laws. Because
Eol = S(1), it is enough to prove

> pr@M@) < (L+0(1) [ M(a)fs(a) da

qeEQn

with a deterministic o(1) uniform over G,,. We will use a variational estimate for large overlaps
and a direct comparison of the unweighted overlap laws near zero.

First consider the size of the pair integral. By evenness it suffices to take ¢ > 0. Conditional on
U in (5.2), the vector V is uniform on the radius-y/n sphere in U+. The codimension-one bound
of Lemma 4.3 controls its integral at parameter 1 — ¢, uniformly in U. The full-space bound then
controls the remaining integral at parameter 1 4 ¢. Dividing by the lower bound for S(1)? from
the same lemma gives

5 < On’exp(n[B(1+|q]) + B(1 —|q]) — 2B(1)]). (5:5)

This remains valid at |g| = 1, since the integral with parameter zero equals one.

The cube overlap mass satisfies pr(q) < e~"94°/2 Indeed, for a mean of n independent uniform
signs, the exponential moment bound cosht < /2 follows by integrating (logcosht)” <1 twice
from zero. Optimizing the resulting Chernoff bound and using symmetry gives the stated bound on
each lattice mass. Thus a margin below ¢?/2 in the exponent of (5.5) will suppress large overlaps.

We split the overlap range at

g =n"T/%,
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The proof uses three scale relations:

S
ngg = n'/® — oo, ngy = n~Y6 — 0, —g = L,n 12 0.
40
The first turns a cubic variational margin into a negligible tail. The second permits a relative local
comparison of the unweighted cube and sphere overlap laws. The third absorbs the spectral error

in the cubic estimate; it uses L, < logn.

5.2 The variational deficit

The next lemma supplies the margin needed in (5.5) for |g| > qo.

Lemma 5.1 (Cubic deficit). There is a universal constant ¢ > 0 such that, for all sufficiently

large n, uniformly for spectra in G, and qop < ¢ <1,

B +q)+B1-g-280)< L~ (5.6)

One may take ¢ = 1/24.

Proof. We estimate the derivative of the spherical variational value on both sides of the critical
parameter a = 1. Close to that parameter the resolvent estimates give a quantitative margin; away
from it a bounded-convergence argument suffices. The saddle equation in Lemma 4.1 and implicit
differentiation show that z, is continuously differentiable in a. Differentiating the objective at its
minimizer gives

1 & A 1
Ba)=—Y ——— B'(a) = > 0). 5.7
W=l B@=" @) (57)
The first identity also holds at a = 0, with a one-sided derivative at the endpoint. Since the
positive weights (2, — a);)~! sum to n,

1 3
Bo) < gmax|n| <2 (0<a<2)
1
For a > 0, put r, = z,/a and
1
mn(s):ﬁ E (2+s5—X\)!

The saddle equation is equivalently
1 _
Ezi:(ra ) t=ua.

At s = s, the spectral estimates give my,(sg) =1 — /sp + 0o(1/S0) < 1. Thus, for a = 1 4+ u with
0 < u < 1, monotonicity of this resolvent gives r, < 2 + sg and hence
1+u u? S0

Bll+u) = - 5o+ (5.8)

The upper derivative estimate must be paired with a lower estimate below a = 1. The small-
overlap range requires the following quantitative comparison. If 4,/50 < u < 1/4, set t = u?/(1—u).
Then ¢t < 1/12 and 0.9t > 14.4sp. The function R from Proposition 3.1 satisfies

R(t)=1—u, —R/(S):ﬁ_

1
2/s(d+s) 2

24

Cc
> 1
S

7 (0<s<1/12)



for a universal ¢; > 0. Integrating the last bound from 0.9¢ to ¢ therefore gives
R(0.9t) — (1 —u) > eVt > cou.

The error in m,,(0.9t) = R(0.9t) + o(+/t) is uniform over the indicated range. It is smaller than this
fixed positive margin for all sufficiently large n. Consequently m,,(0.9¢) > 1 — u, so monotonicity
implies r1_, > 2+ 0.9¢. Substitution in (5.7) yields

—Uu u2
B —u)> i v Su<i), (5.9)

For 0 < u < 4,/50, use instead 71—, > A1 = 2+ 0(s0) to obtain

1—u u? 1—u

B'(1—u) > 5 —2(1_u)—0(80)2 — Csp.
Write F(q) = B(1+q)+B(1—¢q)—2B(1). On0<u <1/4,
1 1 S 1
21+u) 201 —wu) — 3

Combining the preceding bounds, and absorbing u? < 165 on the short interval u < 4,/sy into

the error, gives
2

F'(u) gu—%+080 (0 < u<1/4).

Since F(0) =0,
3

2
Flg)< % -5 +Cs00  (0<q<1/4). (5.10)

For ¢ > qq, the last error divided by ¢> is at most

C2 — L, 0,
40

Thus (5.6) holds on [go, 1/4], even with ¢ = 1/18.

It remains to cover overlaps bounded away from zero. Here a uniform additive error tending to
zero is enough. Fix a € (0,1). The identity R(a +a~! — 2) = a, the strict monotonicity of R, and
the spectral resolvent estimate imply

ra —a+a B'(a) — a/2.

Indeed, evaluating the empirical resolvent at a + = #+ 6, with § > 0 small enough that the lower
point is above 2, traps r, between these two points for all large n. The upper resolvent parameter
needed here is finite for each fixed a. No estimate uniform as a J 0 is used.

The bound |B’| < 3/2 now gives, by dominated convergence,

1
P = / |B'(a) — a/2| da — 0.
0

Integrating (5.8) and bounding the subcritical error by p,, gives, uniformly for 0 < ¢ <1,

2 2
q 7 u 50
Fiy<L [ % 4 20
(@) =3 /0 ditw TS
2 3
q q S0
<L _ L 20 5.11
<GS gttt (5.11)
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When ¢ > 1/4, the cubic term is bounded away from zero, so the last two errors are absorbed
with ¢ = 1/24. This also covers ¢ = 1.

The conclusion must hold uniformly over the entire deterministic spectral event. The estimates
in the shrinking range already have that uniformity. The same is true of p, — 0: otherwise one
could select spectra from G, along a violating subsequence. Their deterministic spectral bounds
would still imply the pointwise convergence and bounded domination just proved, a contradiction.
Thus the two ranges give the claimed uniform statement. O

5.3 Concentration over the orientation
Proposition 5.2 (Conditional partition concentration). For spectra in G,
I 2
Eol = S(1), :élganol<S<1)—1) ] — 0.
In particular, under the GOE law, I/S(1) — 1 in probability.

Proof. The first-moment identity was established above. We now bound the exact second moment
by treating the two overlap regions separately.

Large overlaps. Combining (5.5), the Chernoff bound p;(q) < e_"q2/2, and Lemma 5.1 gives

M(q _ 3
pr(q) ( 3 < Cn?e~enl (¢ € Qn, lal = qo)-
S(1)
There are at most n + 1 lattice points. Since nqg‘ =nl/8,

M

> pilg) (qﬁ < CnPe " =i 1, (5.12)
S(1)

q€Qn

lgI>q0

In particular, 7,, is smaller than every fixed negative power of n.

Central overlaps. The remaining obstacle is that M (¢) may vary too rapidly for a derivative-based
Riemann-sum estimate. We compare the unweighted overlap laws locally, then move each lattice
mass outward, where M is larger. Let A = 2/n. Stirling’s formula, uniformly for |¢| < qo, gives

2
(1 — ¢?)
(1+q)log(l+¢q)+ (1 —q)log(l—q)

J(q) = 5 :

Here J(q) = ¢*/2 + O(q*). Likewise ¢, = /n/(27)(1 + O(n™ 1)) and log(1 — ¢%) = —¢*> + O(g*).
Dividing the two expressions shows that

pr(q) = e D (1+0(n™),

p1(q)
Afs(q)

with a uniform relative error, since nqé1 — 0.
Assign to each retained lattice point the outward bin

=exp(O(n~ '+ ¢ + ng*)) = 1+ 0(1), lq] < qo, (5.13)

lq,q+ Al q>0,
[_A/27 A/2]7 q=0.
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For even n, the lattice near zero is ..., —2A, —A,0,A,2A,.... The centered zero bin leaves gaps
between A/2 and A, and between —A and —A/2. For odd n, the nearest points are —A/2, A/2,
whose outward bins leave the gap (—A/2,A/2). In both cases all bin interiors are disjoint. Every
r € By satisfies |r| > |¢|, and all these bins lie in [—gp — A, go + A] C (—1,1) for large n.
On each such bin,
fs(r)

’log fs(a)

because (log fs)'(r) = —(n — 3)r/(1 — r?). It follows from (5.13) that there is a deterministic
dn — 0 such that, for every nonnegative even function h nondecreasing in |q|,

\ < Cn(go + M)A < Clgo + A),

prQ)h(q) < (1 +6,) /B W) fs(rydr (g€ Qn, lal < q0)- (5.15)

Indeed, the integral is at least Ah(q)fs(q)e_c(q0+A)7 whereas the lattice mass is at most (1 +
en)Afs(q) for a deterministic e, — 0. One can take 1+ 6, = (14 e,)e¢@+2) This estimate does
not depend on how rapidly h varies. The outermost bin may extend beyond ¢g, which causes no
difficulty because the comparison integral is over the full interval [—1, 1].

Combining the two regions. Apply (5.15) with h = M. Because the bin interiors are disjoint, their
sum is bounded by the full spherical integral. Together with (5.12) and (5.4), it yields

The first-moment identity therefore gives

I 2
E — =1
© [(sm )
The bin error is independent of the spectrum, and the tail estimate is uniform on G,, by Lemma 5.1.

Thus the relative variance bound is uniform there. The unconditional assertion follows by
Chebyshev’s inequality and P(G¢) — 0. O

< 6p+Tn — 0. (5.16)

5.4 Small projections and the squared overlap

Theorem 5.3 (Small projections in the Ising law). Let W be the augmented GOE matriz and let
v be a unit top eigenvector. For every positive deterministic sequence b, — 0,

plx: wlz] < bn'/3y — 0 in probability. (5.17)

The probability here includes the auxiliary diagonal used to define v; the Gibbs measure itself does
not depend on that diagonal.

Proof. The restricted partition sum has a small first moment, while the unrestricted sum is close
to its spherical mean. We choose the auxiliary spectral event after the prescribed threshold b,,:
take L, — oo with L, <logn and L2b, — 0. For example, for all sufficiently large n one may
take L, = min{logn, b;1/4}. In the representation W = OAO”, take v = Oe;, and define the
restricted normalized sum

_ T
Iy =27"3 L urgcpmmye” 2
x
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For every fixed x, OTx is uniform on the sphere and its first coordinate is v’z. Consequently
Proposition 4.5 gives, conditional on any spectrum in G,,

Iy

_v _ < 1/3 < 2 . )
Eo g o {|U1] < bn'/3} < CL2b, (5.18)

For every fixed € > 0, Markov’s inequality and Proposition 5.2 imply

I I 1\ 2. I
Pp (22 <Po(—— < =)+ 2Eyp—2
O(I >5)— O(S(1)<2>+5 05(1)_>0

uniformly over the good spectra. The ratio [,/I is the desired Gibbs mass, so adding P(Gf,) proves
the claim. GOE has a simple spectrum almost surely: the set of matrices with repeated eigenvalues
is the zero set of the nonzero discriminant polynomial and has Lebesgue measure zero, whereas
GOE has a density. Thus any choice of the unit top eigenvector differs from Oe; only by sign,
which leaves the asserted event unchanged. O

Proposition 5.4 (Squared overlap). Let Q, = E e2q(, y)2. Thenn?/3Q, is bounded in probability.
FEquivalently, for every positive deterministic sequence T, — oo,

P{n?3Q, > T,,} — 0. (5.19)
This assertion concerns the original off-diagonal SK disorder.

Proof. To prove tightness rather than a bound with a fixed logarithmic loss, keep L,, free until the
tail threshold has been specified. The same second-moment comparison works with the nonnegative
overlap weight ¢?. Expanding two Gibbs weights gives the exact identity

2
EO[(S{U) in = 5(11)2 > prl@)@®M(q). (5.20)

q€EQn

The function ¢?>M (q) is nonnegative, even, and nondecreasing in |g|. The central terms therefore
satisfy the same bin comparison (5.15); the tails are at most 7,, because ¢> < 1. Moreover,

UTV>2

n

1

1
s |, M @s()do =g (

Here U,V are independent under the tilted spherical law. Lemma 4.6 bounds this expectation by
Cn~2/3L%. Thus (5.20) gives

w| () e

for all large n, uniformly on G,.
The weighted estimate is now available for every admissible L,,. Given an arbitrary deterministic
T,, — o0, choose L,, = min{logn, Trl/ 8} for all sufficiently large n. Then L, — oo and L1 /T, <

T, 2 0. Writing I = I /S(1), conditional Markov’s inequality gives

< CLY 40?37, <C'LA (5.21)

CcL}
T,

Po(n?3Q, > T,) < Po(I < 1/2) + TiEO[Pn?/?’Qn] <o(1) +
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The first error is uniform on G, by Proposition 5.2. Adding P(GS;) — 0 proves (5.19).

The random variable n?/3Q,, has one fixed law for each n throughout this argument: it is a
function of the off-diagonal disorder alone. Changing L,, changes only the auxiliary good event
and estimates used to prove the assertion, not this law. To verify explicitly that (5.19) implies
boundedness in probability, suppose tightness failed. Then there would be an € > 0 and increasing
indices n; with

}P’(ng/San > j) >e.

Define a deterministic staircase by T}, = j for n; < n < nj41, with an arbitrary positive initial
segment. This sequence tends to infinity and contradicts (5.19) at n = n;. Conversely, tightness
directly implies (5.19) by comparing a divergent threshold with any fixed threshold. Finally,
because the Gibbs law is invariant under adding a diagonal to W, integrating out the auxiliary
diagonal preserves the asserted probabilities. ]

Corollary 5.5 (Covariance scale). For every positive deterministic sequence M, — oo,

n2/3 0/3
P S S]] < Mpn2/3 3 — 1.
Proof. The upper and lower bounds use different outputs of the transfer: squared overlap bounds

the covariance norm from above, while the top projection bounds it from below. Spin-flip symmetry
gives p[z] =0, so ¥ = p[zz’] and

Try? = Z,u[wixj]z = n?IEM@zq(al:,y)2 = n?Qp. (5.22)
Z'7j

Since ¥ is positive semidefinite, || X||? < Tr X2, The upper bound follows from Proposition 5.4
with threshold T}, = M?2.

For the lower bound use Theorem 5.3 with b, = M, /* and put B, = p{|lvTz| < b,n'/3}.
Then B,, — 0 in probability and

1211 > oS0 = ul("2)?] > Bn?/3(1 - B,).

On B, < 1/2, for all sufficiently large n this is at least n?/3/(2y/M,) > n?/3 /M,,. Both bounds hold
simultaneously with probability tending to one by a union bound. The covariance is unchanged by
the auxiliary diagonal, so these probabilities are also those of the original SK disorder. O

6 Consequences for heat-bath dynamics

The preceding section provides the static inputs used here. A top-eigenvector projection rarely
lies near zero, while Q,, = Op(n~%/?) and the covariance norm has the critical scale. A stationary
increment estimate converts the projection bound into a sign test for each realized start. For linear
functions, a cavity comparison uses the squared-overlap bound to control the contribution of sites
with small average conditional variance, and then compares inverse Rayleigh quotients with the
covariance norm. Finally, a density comparison with one fixed subcritical temperature proves the
subexponential upper bound and completes Theorem 1.3.
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6.1 Stationary increments and typical starting configurations

Lemma 6.1 (Stationary increments). Fiz the disorder and a function f: {—1,1}" — R. Let
(Xt)e>0 be the continuous-time heat-bath chain with generator L, and let (Y)r>o be the discrete-time
chain with transition operator P, each started from u. Then

Eu[(f(Xe) = f(X0))?] 2t Du(f),  t20, (6.1)
E.[(f(Y) = f(¥0))?] < % D.(f),  ke{0,1,2,...}. (6.2)

Here the expectations average only over the initial configuration and the trajectory. In particular,
if g(x) = v x and ||v|]| = 1, the two right-hand sides are at most 2t and 2k/n, respectively.

Proof. For either clock, reversibility diagonalizes the mean-square increment in the same basis as
the Dirichlet form. In the inner product (f, h), = p[fh], stationarity gives

Eu[(f(Xe) = f(X0))?] = 2(f, (Id — €“) f) ..

The operator —L is self-adjoint and nonnegative. Expanding in an orthonormal eigenbasis and
using 1 — e~ < ¢\ gives (6.1), because (f, —Lf), = Du(f) by Lemma 2.1.

Each conditional expectation P; is an orthogonal projection in L?(u). Thus P = n~' Y, P;
is self-adjoint with spectrum in [0,1]. The discrete stationary increment is 2(f, (Id — P*)f),.
For 0 <0 <1,1—6%<k(1-6), while (f,(Id — P)f), = D,(f)/n. This proves (6.2). Finally,
Lemma 2.1 gives

Du(v"z) = ofuVar(z; [2-)] <Y v =1.
=1 =1

O]

Proof of Theorem 1.1. We prove the continuous-time statement in three steps. Choose a projection
threshold above its root-mean-square increment scale, use its sign as a test for each fixed starting
state, and average only the resulting intrinsic bad-state indicator. This last step will remove the
auxiliary diagonal without averaging away the distance being tested.

Let t, = 0o(n*/3) be deterministic and nonnegative. Choose a positive deterministic b, — 0

such that y

n .
b2n?2/3 —0

for example, b, = (tn/n2/3)1/4 +n~! works. Put a, = b,n'/3.

A sign that persists. Separate the auxiliary randomness by writing W = A + D, where A has
zero diagonal and D is the independent Gaussian diagonal. The Gibbs law p4 = pw and the
heat-bath transition laws depend only on A. The unit top eigenvector v = v(A + D) is allowed
to depend on both matrices. Set g(x) = v 2. Conditional on A, D, start the trajectory from p 4.
If |g(Xo)| > an, failure of the two endpoint projections to have the same nonzero sign requires
lg(X+,) — g(Xo)| > an. Hence Lemma 6.1 and Markov’s inequality give

2t
P, (9(Xo0), 9(Xt,) do not have the same nonzero sign | A, D) < pa{lg| < an} +—.  (6.3)
a

n

By Theorem 5.3, the first term tends to zero in probability over A, D. It also tends to zero in
expectation, since it lies in [0, 1]. Therefore the deterministic quantity

2t
en :=Eappra{lgl San}—i—a—; — 0 (6.4)

n
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bounds the average sign-failure probability.

Testing each realized state. We now fix the initial configuration before defining its test event. For x
with g(x) # 0, let

Hyo={y:9(y)g(x) >0}, (A D,x)=1-("1p,,)(z).

For g(x) = 0, set r,(A, D,z) = 1. This definition includes every zero projection in the failure
event, and (6.3) implies
EA,DMA[TTL(A7 D, )] < en.

Spin-flip symmetry gives pa(Hy ) < 1/2. If g(x) # 0, testing total variation against this half-space
yields

1
a5t (A,z) > 5 rn(A, D, ).
When g(z) = 0 the following consequence remains valid because r,, = 1:
Liagt (A)<1/4y < 4ra(A, D, 2). (6.5)

Removing the auziliary diagonal. The test half-space depends on D, but the bad-state indicator

on the left does not. We can therefore integrate (6.5) to obtain
Eapa{z: df' (A, ) <1/4} =Eappafz : dit (A, z) < 1/4} < 4e,,.

In particular, for every fixed § > 0,
ot den,
Pa(pafe: it (4,2) > 1/4} <1-6) < 0. (6.6)

This is the asserted convergence in probability over the original off-diagonal disorder. The argument
integrates an intrinsic distance; it does not require choosing one auxiliary diagonal that works for
a prescribed collection of initial states.

For deterministic integers k, = o(n®?), use b, = (k,/n°/)"/* +n=" and the discrete increment
bound. The same proof replaces 2t, /a2 by 2ky/(naZ%) and proves (6.6) with dif. These are
distances conditional on the realized initial configuration. Averaging the transition law itself over
a Gibbs initial configuration would instead leave it equal to pua by stationarity. ]

6.2 Inverse Rayleigh quotients of linear functions

The covariance estimate controls variances of linear functions. To control their inverse Rayleigh
quotients, we must also account for sites with small average conditional variance.

We use the standard spin-deletion cavity reweighting; see Talagrand [29] and Chen [9]. Refined
cavity and local-field limit theorems have been proved under high-temperature hypotheses by
Chatterjee [8] and Chen [9]. The calculation below uses only exact deletion identities and
conditional Gaussian second moments, which hold at the critical temperature.

Proposition 6.2 (Linear tests). With probability tending to one,
IZ]) < Riin() < 16][S]| + 0/, (6.7)

In particular, n=2/3Ryy, (1) is bounded in probability.
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Proof. The denominator in the inverse Rayleigh quotient of a linear function is diagonal in its
coefficients. We first rewrite the quotient as a weighted covariance norm, then show that the sites
with large weights form a sufficiently small exceptional set.

Weighted covariance. For each site define its local field and average conditional variance by

gi(z) = ZWijxj, o; = u[sech2 gil-
JF#i

Thus 0 < a; < 1, and Lemma 2.1 gives

D,(a’z) = Z oia?, Var,(a’ z) = o’ Xa.
i

It follows by the change of variables b; = /aja; that

Rin(p) = [T, T = diag(e; /%)% diag(a; /?). (6.8)

i

For every nonzero a, the inequalities a;; < 1 and the nonnegativity of the variance give
a’Ya S a’Ya
Yiaiai ~ al?

Taking the supremum proves the lower bound in (6.7) deterministically.

Deleting one spin. To control a site’s weight, let v; be the Gibbs law on the other n — 1 spins after
deleting site ¢ and all its incident couplings, without rescaling the remaining couplings. Write j;
for the corresponding marginal of 1 and set
2
xziy—i
. :

dp;  coshyg; - vi[(coshg;) ']
dl/l' N Zz ’ 4=

Z; = vj[cosh g4], R; = Ey,0u,

Summing over z; gives the exact identities

> 772
Z; -

where the last step is Jensen’s inequality for the reciprocal function. Since cosh g; > 1, the product
marginal comparison and (q — z;;/n)? < 2¢% + 2n~2 imply

ﬂ:’T ; 2
R; < ZiQEﬁi(@ﬁi [( —;y—l>

Let F; be the sigma-field generated by the matrix with row and column ¢ deleted. Conditional
on F;, the law v; is fixed and the incident couplings are independent N (0,1/n) variables. For a
fixed spin configuration, g; is consequently a centered Gaussian with variance a%oc =(n—-1)/n.
For every fixed integer m > 1, Jensen’s inequality yields

< 272(Qn +n73). (6.9)

E[Z]" | Fi] < Egy(p2 lcosh™ G] < 2¢™°72.

Taking, for example, m = 200 and using a union bound gives

P (max Z;i > n1/100> — 0. (6.10)
7
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Proposition 5.4 says that n?/3Q,, is bounded in probability. Combining it with (6.9) and (6.10),
we obtain
P(En) — 17 En = {maXRz < T’n} ) Tn = n77/12~ (611)

For clarity, the exponent slack here is 1/12 — 1/50 = 19/300 > 0: on max; Z; < n'/1% and
Qn < %n_2/3+19/300, the first term on the right of (6.9) is at most 7,/2, and its second term is at
most 7, /2 for all sufficiently large n.

Counting exceptional sites. The uniform polynomial bound on Z; is not by itself enough. We also
need most Z; to stay below a fixed constant. Conditional on F;, for two configurations of the
remaining spins put ¢ = :c?iy_i /n. Their two local fields have variances 0120C and covariance c, so
E[cosh g;(z) cosh ¢;(y) | Fi] = e%ioc cosh c.
It follows that
E[Z; | Fi] = e%ioc/?, (6.12)
Var(Z; | F;) = e%iocE,, 0. [coshe — 1] < CR;, (6.13)
because |c| < 1 and coshe — 1 < Cc? on this interval.

The event E,, depends on many incident rows. To use (6.13) with its stated conditioning,
introduce the clipped count

N, = Z 1igr,<ryl{z;>4}-
i=1

The variable R; is F;-measurable, and 4 — Tloc/? >4 — el/2 > (0. Thus conditional Chebyshev gives

ENy = ZE{l{Riﬁrn}P(Zi >4 | ]:z)} < Cnr, = Cn®/12,

On E,, the clipped count equals |B|, where B = {i : Z; > 4}. Consequently,
P(|B| > n'/?) < P(ES) + P(N,, > n'/?) <P(ES) + Cn~ /2 — 0. (6.14)

No independence between sites, or conditioning on E, in the Gaussian calculation, is used.

Combining the covariance blocks. The probabilistic work is complete. Work on the event {max; Z; <
n'/190 | B| < n!/2}, whose probability tends to one by (6.10) and (6.14). Let G = B¢. On G,

o, 1/2 < Z; <4, so the principal blocks of the positive semidefinite matrix I' satisfy

ICoal <16I2),  ITssll < Trlpp =) o;' < |Bjmax 27 < n'%/%,
i€B

Here Xj; = 1 by spin-flip symmetry. Positivity also controls the cross block: for u € R“ and
w € RB,
]uTI‘GBw]2 < (uTI‘GGu)(wTI‘BBw).

This follows by applying nonnegativity to the quadratic form at (u, sw) for all real s. If a = ||Tgq||
and b = ||[T'gg|, it follows that

(u,w) T, w) < (Vallul + Vo [wl)? < (a+0)([ul® + Jwl).

The same bound holds when either block is empty. Therefore ||| < 16| + n'3/2%, proving (6.7).
Corollary 5.5 and 13/25 < 2/3 give the final assertion. O
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Proof of Theorem 1.2. The factor in the linear comparison is fixed, so it can be absorbed while
preserving every divergent threshold. Let M, — oo be positive and deterministic. Apply Corol-
lary 5.5 with the divergent threshold M,,/32, and intersect its event with that of Proposition 6.2.
With probability tending to one,

32n2/3 M,n2/3 M, n2/3
<3| < Yl < Ry < Ty i3/,
T SIEI S T IS S Rin() < T

Since 13/25 < 2/3, the final term is at most M, n2/3 /2 for all sufficiently large n. These inequalities
give the claimed common interval for both quantities. O
6.3 Comparison with the high-temperature model

For the upper bound we combine the high-probability norm estimate of Proposition 3.1 with
the following fixed-temperature, zero-field functional inequality. Its constant may depend on the
chosen temperature.

Theorem 6.3 (High-temperature spectral gap [23, Theorem 1.1]). Fiz 0 < 8 < 1. Let J be a
symmetric matriz with zero diagonal and independent entries J;j ~ N(0,%/n) fori < j, and let

vy(z) = Z;" exp(32” Jz), re{-1,1}"
There is a finite constant Cg, depending only on 3, such that
P;{Var,,(f) < CgD,,(f) for every f:{-1,1}" - R} — 1.

Here D,, is the unscaled sum of conditional variances. Consequently, the discrete-time heat-bath
chain choosing one uniform site has spectral gap at least 1/(nCg) with probability tending to one.

The complete proof is supplied by the separate companion [23, Theorem 1.1]. The constant
Cj is required only for each fixed 8 < 1: we select 3 after the desired exponential tolerance and
before taking the limit in n.

Lemma 6.4 (Comparison of conditional-variance forms). Let p,v be probability measures with
full support on {—1,1}". Suppose

0<m<

<M< x for every x.
If Var,(f) < C,D,(f) for every f, then
Var,(f) < %C’ﬂ)p(f) for every f. (6.15)

In particular, for p(z) < €@ and v(z) o« PH@)  with B < 1, one may take M/m = e(l=FloscH

Proof. The comparison works directly with least-squares characterizations; one need not compare
the conditional kernels pointwise. For any full-support probability measure 7,

Vary(f) = inf n[(f = )", Dy(f) = Ziiﬂf”[(f — hi(z—3))?, (6.16)
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where every h; ranges independently over all functions of the other coordinates. For the second
identity, conditional expectation gives the orthogonal decomposition

n[(f = ha)?] = 0l(f = nlf [2=])?] +nl(lf | 2=] = ha)?)-

The first identity follows by the same decomposition with constants. The density bounds and
(6.16) imply
Var,(f) < M Var,(f),  Dy(f) =mD,(f),

which prove (6.15). For the exponential densities, p(z)/v(x) is a constant times e(!=»H(®); the
common normalization cancels in the ratio of its maximum and minimum. O

Proposition 6.5 (Subexponential upper bound). For every fized € > 0,
IP){tmix < eEn’ kmix < een} — 1.

Proof. We keep the order of parameters explicit: first the requested exponential tolerance, then
a fixed subcritical temperature, then the dimension. Fix € > 0 and choose 8 € (0,1) such that
3(1—p) <e. Let pg(z) ePHw (@) The zero-diagonal part of W satisfies exactly the hypotheses
of Theorem 6.3; omitting its diagonal changes the Hamiltonian by a constant. With probability
tending to one,

Var, (f) < CgDp,(f) for every f.

Intersect this event with ||[I¥/ ]| < 3, whose probability tends to one by Proposition 3.1. On their
intersection,

osc Hyy < 3n, fimin := min p(z) > 9= 05 Hw > —(3+log2)n
€T

Lemma 6.4 now gives

Var,(f) < CoDu(f),  Cp = Cpe®I=9m, (6.17)

We may increase Cz to be at least one.

The comparison has produced a full Poincaré inequality. To obtain worst-start total variation
for both clocks, combine its spectral decay with the lower bound on the smallest Gibbs mass.
We give the conversion explicitly so that the factor n in attempted updates remains visible. By
Lemma 2.1, (6.17) gives a continuous-time gap at least 1/C,, and a discrete-time gap at least
1/(nCy,). Since P is an average of orthogonal projections, its spectrum is nonnegative. Spectral
decomposition on the mean-zero subspace therefore yields

el 2y < eI IPER] 2 < e H/ 1R 2.

n)»

For a starting configuration x, take h,(y) = 1yy—py/pu(x) — 1, whose squared norm is p(z)~! — 1.
Reversibility identifies the transition density relative to i, minus one, with e*“h, or P*h,. The L'
expression for total variation and Cauchy—Schwarz give

max d§ (W, z) < Sptl e/, (6.18)
max di (W, 2) < Sl e/ 00, (6.19)

With B, =log2 + %(3 + log 2)n, these bounds imply

tmix < Can, kmix < [nCan—| .
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The two right-hand sides grow at most as a fixed constant depending on 3 times n2e3(1=57 plus
the rounding term. Since (3 is fixed and 3(1 — ) < ¢, both are at most e for all sufficiently large
n. The two events used above have an intersection of probability tending to one without any
independence assumption. Finally, the mixing times depend only on the off-diagonal disorder, so
averaging out the auxiliary diagonal preserves the conclusion. O

Proof of Theorem 1.3. The independent upper comparison is now proved. It remains to extract
worst-start lower bounds from the stronger realized-start statement. Fix ¢ > 0 and apply
Theorem 1.1 to

t, = n2/376’ k, = LnS/?ﬁﬁJ.

For each clock, with probability tending to one there is a starting configuration whose distance at
the displayed time exceeds 1/4. Worst-start distance is nonincreasing in time by contraction of total
variation under a Markov kernel. Hence t,ix > t, and knix > ky, on those events. Since kpix 1S an
integer, the latter implies kpix > n®/ 3=, including when k,, = 0. Intersect these two lower-bound
events with the event in Proposition 6.5 to obtain all four asserted bounds simultaneously. O

Remark 6.6. Theorem 1.2 retains arbitrary divergent factors because it concerns linear functions.
The full Poincaré constant is a supremum over all nonconstant functions, and its upper bound does
not follow by enlarging the class in that theorem. Proposition 6.5 is the independent all-function
comparison proved here. The stronger critical exponent results in [24, Theorem 1.1] use separate
arguments and have fixed positive exponent slack in their all-function upper bounds.

A Why an equilibrium model alone has no mixing time

The results in the main text specify both the update rule and the clock. Two elementary
constructions show why these are mathematical assumptions, even if the equilibrium law and
reversibility are already fixed. A third calculation distinguishes high-probability asymptotic bounds
from essential bounds over every disorder realization.

Proposition A.1 (Arbitrary refresh times). Fiz any realization of the SK measure on Qy,, n > 2.
For every positive integer r, there is an irreducible, aperiodic, reversible Markov kernel with
stationary law p whose worst-state threshold-1/4 mixing time equals r.

Proof. At each step, refresh the whole configuration from p with probability p and otherwise
leave it fixed. In operator notation, II(z,y) = u(y) and K, = (1 — p)Id + pII, where 0 < p < 1.
All entries of K, are positive, and u(z)K,(z,y) = u(y)K,(y, z). The identity II? = II gives, for
O<p<l,

Ky =T+ (1-p)"(1d —10),  max||K}(z,-) = pllrv = (1= p)* (1 = pimuin)-

Here fipin < 27" < 1/4. Choosing

1 1/r
! P |:4<1 - Mmin):|

gives distance exactly 1/4 at r and strictly larger at every earlier integer. The case p = 1 also has
mixing time one. O
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The same freedom remains if transitions are required to change at most one spin. Given the
uniform-site heat-bath kernel P, the kernel (1 — p)Id + pP has the same stationary law, detailed
balance, irreducibility, and transition restriction. Starting from a minimum-mass state, its distance
after k steps is at least (1 — p)¥ — pumin, by the event that no update was attempted. Its mixing
time consequently diverges as p | 0. Allowing p to depend on n changes possible growth classes as
well.

We next fix the dynamics completely. The remaining distinction is between typical disorder as
n grows and all disorder at a fixed dimension. Unbounded Gaussian couplings already separate
those notions for two spins.

Proposition A.2 (A two-spin example). For n =2 and the discrete uniform-site heat-bath kernel,
the mizing time has no finite deterministic essential upper bound over the Gaussian coupling,
although it is finite for every realization.

Proof. A large positive coupling keeps the two aligned states persistent. This can be quantified
using the linear observable g(x) = z1 + z2. Put w = Wiy. Spin-flip symmetry gives u[g] = 0, and
conditional expectation computes the eigenvalue exactly:

B 1+ tanhw

Pg =0y, 0 5

Starting at (1, 1), the expectation of g after k steps is 20*. Since ||g||oo = 2, the dual total-variation
bound yields
IP*((1,1),-) = pllrv > 36%.

For each fixed k, this exceeds 1/4 when w is sufficiently large and positive. Every such Gaussian
tail has positive probability. The chain for any finite w remains finite, irreducible and aperiodic,
so its own mixing time is finite. O

Proposition A.2 concerns essential bounds over all disorder realizations at fixed n. It does not
contradict the typical-disorder asymptotic statements in Theorem 1.3.
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