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Abstract

For every fixed degree d > 3, we prove fixed-energy GOE universality for the adjacency
matrix of a uniformly random simple labelled d-regular graph with independent uniform
diagonal disorder. The disorder strength is positive, sufficiently small, and fixed as the graph
grows. At each fixed energy in a compact subinterval of the clean spectral band, the full
microscopic eigenvalue point process converges to the GOE bulk process after rescaling by the
positive density of states of the corresponding infinite-tree operator. The permitted disorder
strength depends on the degree and the distance from the clean spectral edges.

1 Introduction

Independent diagonal disorder changes both the spectrum of a graph and the spatial distribution
of its eigenvectors. Anderson introduced this model to describe how randomness in a medium
can prevent electronic transport [6]. On the infinite regular tree, or Bethe lattice, removing an
edge separates independent branches. The resulting recursive distributional equations for Green
functions underlie the self-consistent theory of Abou-Chacra, Thouless, and Anderson [1] and
make the tree a basic setting for studying the transition between localized and extended states.

The weak-disorder regime on the tree has a rigorous foundation. Klein [23, 24| proved purely
absolutely continuous spectrum on compact subintervals of the clean spectral band for sufficiently
small disorder, for every regular-tree degree at least three. He also proved that the integrated density
of states is continuously differentiable there, so the density of states is continuous. Aizenman,
Sims, and Warzel [2] developed a fluctuation approach to the stability of absolutely continuous
spectral weight as disorder tends to zero. Froese, Hasler, and Spitzer [19] gave a geometric proof
for the degree-three tree, using the hyperbolic geometry of the Green-function recursion. We
establish within the paper the quantitative recursion stability and boundary regularity required
for the finite-graph argument.

A random regular graph of fixed degree is locally a tree, while its finite spectrum raises a
further question: do eigenvalues in a window of length comparable to the inverse graph size have
the statistics of a real symmetric Gaussian matrix? The present paper answers this question in
the clean bulk for sufficiently weak positive disorder that remains fixed as the graph grows. The
conclusion holds at each fixed energy and identifies the entire microscopic point-process law.

For the clean model, the tree spectral measure and the limiting empirical density are the Kesten—
McKay law [22, 27]. Local laws and eigenvector delocalization were established for growing degrees
by Bauerschmidt, Knowles, and Yau [10], and for sufficiently large fixed degrees by Bauerschmidt,
Huang, and Yau [9]. Huang and Yau [21] extended the fixed-degree theory to every degree at least
three, including the spectral edges. Microscopic statistics require further input: Bauerschmidt,



Huang, Knowles, and Yau [8] proved bulk GOE gap statistics and energy-averaged correlation
statistics for a range of polynomially growing degrees. Huang, McKenzie, and Yau [20] established
optimal rigidity and edge universality at every fixed degree at least three. The companion [28]
proves fixed-energy bulk universality for the clean fixed-degree model. We adapt its combinatorial
entropy and Gaussian insertion arguments below.

For positive disorder, Anantharaman and Sabri [4] proved quantum ergodicity for the Anderson
model on expanding regular graphs converging locally to the regular tree, at weak disorder in
compact subsets of the clean band. Their general framework [5] relates spatial equidistribution
to quantitative regularity of tree Green functions. These conclusions concern averaged spatial
equidistribution. The present theorem concerns joint eigenvalue statistics in a microscopic window
around a fixed energy.

The eigenvector part of our proof follows the entropy method of Backhausz and Szegedy [7].
They connect almost eigenvectors of finite random regular graphs to Gaussian waves on the tree
through local type counts, Gaussian smoothing, weighted Fisher-information inequalities, and their
equality cases. Their limiting Gaussian law allows loss of variance under weak convergence. Here
we separately preserve second moments in the microscopic limit and adapt the entropy argument
to laws conditioned on the random potential. The conditional covariance is determined by the
random tree Green function.

The final identification uses the dynamics introduced by Dyson [16]. The local relaxation
method of Erdés, Schlein, and Yau [17] and the homogenization argument of Bourgade, Erdés, Yau,
and Yin [12] established key links between short-time Dyson Brownian motion and universal local
statistics. For deterministic initial data with a regular local density, Landon and Yau [26] proved
short-time gap and energy-averaged universality, and Landon, Sosoe, and Yau [25] proved the
fixed-energy version. We apply the latter theorem after comparing the effect of measure-preserving
potential changes with a Gaussian perturbation and verifying the required regularity and density
normalization.

1.1 Model and main result

Fix an integer d > 3. For n > d with nd even, let G, ; be uniform among all simple labelled
d-regular graphs on {1,...,n}, and let A, 4 be its adjacency matrix. Let (w,);_; be independent
uniform random variables on [—1, 1], independent of the graph. For w > 0, put

Hy g0 = Apa+wdiag(wi, ..., wy).

We use ordinary adjacency, without dividing by v/d — 1, and count all eigenvalues Ay, ..., A, with
multiplicity. The graph law has no further conditioning.
Let T4 be the infinite d-regular tree with root o, equipped with independent uniform potentials
€ [—1,1]. Its density-of-states measure is the deterministic probability measure

Vaw(B) = E (6, 15(Ar, + w diag(wy))ds) B C R Borel. (1)

This definition fixes the unfolding density directly from the tree operator. Write M,, for normalized
GOE: its entries on and above the diagonal are independent centered real Gaussians, with variance
1/n off the diagonal and 2/n on the diagonal. If its eigenvalues are p, ..., py,, the unit-intensity
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Theorem 1.1 (Fixed-energy universality). For every d > 3 and every 0 < k < 2v/d — 1, there is
wo = wo(d, k) > 0 with the following property. For each fired 0 < w < wy, the restriction of vq
to an open neighborhood of

Iiw=[-2Vd =14k, 2V/d—1— &)

has a continuous density pq ., strictly positive on 1, ,. For every fived E € Iy, set

n
08 = D Oy (E) (M~ E)
=1
Then, for every nonnegative f € C.(R),

‘Eexp ( / den’E> —Eexp ( / deSOE)‘ —0 (2)

as n — oo through all sizes n > d with nd even.

The disorder strength, degree, energy, and test function are fixed before the graph size tends
to infinity. The conclusion identifies the full microscopic point-process law. The tree density in (1)
also determines the variance profile of the eigenvector marks used in the proof.

1.2 Proof strategy and the role of the environment

The first task is to compare finite-graph resolvents with random tree resolvents. A branch Green
function satisfies a scalar recursion whose inputs come from independent child branches. Section 2
proves stability of this recursion near the clean bulk solution, including control of values close to
the boundary of the upper half-plane. Section 3 then derives an approximate recursion for the
empirical law of finite-graph cavity resolvents. It uses switches of a bounded number of edges,
spectral averaging in the potentials, and the Ward identity. The result is a distributional local
law: the random environment remains visible in the limiting resolvent.

The second task is to identify eigenvector marks at sampled vertices. Normalize an eigenvector
u; by ||u;]|> = n and consider a fixed finite list of eigenvalues within distance O(n~!) of E. In
a subsequential local limit, the corresponding coordinates at a sampled root satisfy the tree
eigen-equation. Microscopic uniform integrability preserves their exact second moments. A small
simultaneous change of all potentials, combined with spectral averaging, eliminates conditional
means. Section 4 establishes an entropy inequality for these marks conditional on the entire tree
environment.

The Gaussian comparison field has covariance given by the imaginary part of the tree Green
function at £ + 0. Like the eigenvector marks, it satisfies the tree eigen-equation, which imposes
one linear constraint for each eigenvector coordinate on a star. On that constraint space, its
precision splits into contributions from the incident edges; the two contributions at either end
of an edge add to the edge precision. Section 5 uses this identity and re-rooting invariance in a
Fisher-information comparison. After removing the directions normal to the constraint space and
subtracting the Gaussian entropy constants, the counting inequality makes the entropy difference
nonnegative, while the comparison makes it increase to zero as Gaussian noise is added. Equality
is therefore forced, and its equality case gives independent Gaussian coordinates at the root,
conditional on the environment, with variance

Smo(E + i0)

ﬂ'pd’w(E) mo(C) = <5oa (ATd + wdiag(w,) — C)_150> '



This conditional statement retains information that would be lost by replacing the random variance
by its average.

The final task is to determine the microscopic eigenvalue process. Section 6 represents sampled
resolvents by Gaussian marks on that process, with the real additive constants fixed by the joint
local law. Resampling one potential gives an exact rank-one identity. Together with Gaussian
concentration, it improves the initial slow estimates to uniform regularity of the limiting Stieltjes
transform. Measure-preserving exchanges of short intervals in the potential law then provide many
small perturbations. Their number increases inside the already constructed limiting law. After
truncating distant microscopic positions, the switch identity represents their effect by a sum of
small signed rank-one matrices formed from the Gaussian marks. Section 7 replaces the centered
sum by GOE noise. Because the potential exchanges preserve the ensemble, this construction
approximates each subsequential point-process law by the eigenvalues of a finite diagonal matrix of
the retained positions, plus a scalar shift and GOE noise. This comparison is made after averaging
over the sampled environments. Section 8 then applies fixed-energy Dyson Brownian motion to
these matrices, checking their regularity and density normalization. The resulting unfolding is
exactly the one in Theorem 1.1.

The distributional local law, the environment-conditioned entropy argument, and the use of
potential resampling to improve microscopic regularity are the principal intermediate constructions.
Their proofs keep the random tree response explicit until the final Gaussian comparison.

1.3 Conventions

We write V,, = ww,, so that potentials denoted by V include the coupling constant and are uniform
on [—w,w]. We suppress n,d,w in H when they are fixed, and use G(¢) = (H — ¢)~! for ¢ € H;
imaginary parts of diagonal resolvents are positive. Set b = d — 1. Choose once and for all a
compact interval J in (—2\/13, 2\/5) whose interior contains Ig,. All small-coupling choices will be
uniform for energies in J. Constants in finite-graph estimates may depend on the fixed positive w.

The notation Ws denotes quadratic Wasserstein distance for the specified Euclidean met-
ric. Conditional laws of colors in the entropy argument refer to the finitely many eigenvector
coordinates; these colors are independent Gaussian coordinates only after that conclusion is
proved. An environment consists of the potentials, including their coupling constant. Probability
and expectation also include auxiliary uniform vertex or edge samples when these have been
introduced.

2 Boundary Green functions and stability on the tree

The local law will compare a random empirical distribution of Green functions with the cavity
Green function on the infinite tree. We first prove the distributional stability needed for that
comparison. The same argument constructs boundary values in the common potential environment
and supplies the integrability needed when we later take entropies of Gaussian fields on an edge or
a star.

Weak-disorder absolute continuity on regular trees was established by Klein [24]; the stability
of absolutely continuous spectral weight was studied by Aizenman, Sims, and Warzel [2]. The
geometric Green-function argument of Froese, Hasler, and Spitzer [19], for the tree of degree
three, is a precedent for using the half-plane geometry of the recursion. We give the quantitative
estimates used here, including their proofs, for every fixed d > 3.



Fix a compact interval J C (—2\/5, 2\/5), where b = d — 1. A forward tree is the component
left after removing the edge from its root towards its parent. Its root has b children. Write g(()
for its diagonal Green function, with { = e 4+ in and n > 0. Schur complementation gives
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b
9(Q) = (V —(- Zm(@) ) (3)
i=1

where the g; are the cavity Green functions of the child branches. For independent potentials these
branches are independent and have the same law as g, independently of V. The clean boundary

solution is
—e +iv4b — e?

_ _ —(p_p L _p-1/2
q=q(e) 55 ;o g=(-e=bg)", [qgl=b"""
We use the disk coordinates
g—q(e) q(e) — xq(e) 1
=—r=, T(e)=—""F——, D)=—- (4)

Thus X, : H — D and T, = X, !. When the real part is understood we write X = X.. Put
Y(e,n) =Y (e+in) = Xc(g(e+in)). For j > 1, let Fj be the map from the &’ disk-valued leaves
to the root obtained by applying (3) through j levels and then using X,. Its other arguments are
the 14+ b+ ---+ ! internal potentials. Whenever F}; is used as a map on probability laws, these
potentials are independent and uniform on [—w,w], independently of the leaves. The notation
| Z||2 means (E|Z|?)Y/2, and W5 is the Euclidean Wasserstein distance on D.

Proposition 2.1 (Tree stability). There is an integer £ > 1, depending only on b, J, with the
following properties. Given any finite order p, > 0 and a sufficiently small prescribed number
Otree > 0, one can choose h,wg > 0 so that, uniformly foree J, 0 < w < wg, and 0 <n < h,

1Y (e,n)ll2 < dtree;  ED(Y(e,n))” < Kp (0 <p<py) (5)

The choices also include the additional fized finite moment orders required by the stability assertion
that follows. There are constants 6, > 0 and C < oo such that, if a probability law P on D satisfies
[|z|?dP(x) < 62 and

WQ(P,L&W(Fj(Xl,...,ij))) §u, j:LE,
where the X; are independent with law P, then
Wa(P,Law(Y (e,n))) < Cu. (6)

The constants Ky, 0., C can be fized before decreasing the parameters further to make diree much
smaller than .. On a fized tree with its fixed potential variables, (e,n) — Y(e,n) extends
continuously in L? to J x [0,h]. The boundary values belong to D almost surely, obey (5), and are
measurable functions of the potentials.

The proof separates the deterministic geometry from the probabilistic contraction. A single
level need not contract the mean, and arbitrary disk inputs need not have uniformly bounded
Euclidean derivatives. The useful facts are that the mean multiplier is separated from 1, and that
many levels strongly damp a perturbation arriving through one leaf. Independence lets us combine
these two facts.



2.1 Deterministic estimates for the recursion

All constants in this subsection are uniform for e € J and for sufficiently small bounded |[V|,n. At
V =7 =0, with all but one child equal to 0 in disk coordinates, the one-level map is

ax 9

H(az):m, a = bq”.

Here |a| = 1 and inf.cs |1 — a(e)| > 0. Along a path through j levels, all other leaves being zero,
the map is H®. Direct composition gives

| .
Hoi(e) = WO (1 - 2) S (a/b)*.

- )
1—cjz =0

The limiting coefficient is (b — 1)/(b — a) and has modulus strictly less than one, uniformly on J.
Consequently, for all sufficiently large 7,

sup |H (z)| < Cb 7, sup |(H*) (x)] < Cb™7. (7)
|z[<1 |z<1

Fix ¢ large enough that the first bound is less than 1/2 and 2Cb~*/? < 1/10. The maps and their
derivatives remain bounded on a neighborhood of each set with one unrestricted input |z;| <1
and all other inputs zero. Indeed, siblings whose disk coordinates are close to zero have Green
functions close to ¢, so the one-variable fractional-linear map has no pole on the closed disk; the
apparent singularity at x; = 1 cancels after multiplication by 1 — z;. At successive vertices on
the path the same statement applies, while off-path branches remain close to their clean values.
Compactness and (7) therefore give, after decreasing h, wo,

Lip(z +— F(0,...,,...,0)) < 2007, (8)

and a strictly positive output margin whenever all but at most one leaf have modulus at most
a fixed sufficiently small » > 0. The derivatives needed in such neighborhoods are uniformly
bounded.

Two estimates handle the remaining inputs. For g € H,

_1+4]g]?
Sg

D(Xe(9)) 9)

To verify this, use 1 — | X.(9)|* = 43¢Sg/|g — q|* and |g — ¢|* < 1 + |g|?, uniformly in e € J. If
A=V —e—in—>, g, then —JA=n+ 3", 3¢, and

LEATE AP s TP

3(A-Y  n+Y;Se Sg;

i
The last inequality uses boundedness of V — e —in and | ¢;|> < b3 |g:|?. Thus

D(Fi(y1,---sup)) < CZD(%)~ (10)

Its iteration bounds the output inverse margin by C; 3, D(y;). The same one-level estimate holds
with d children at a full root.



For each fixed j, there is a finite exponent A; such that

bI
|Fj(2) = Ej ()| < C; > ey — il [T D)™ (11)
i=1 ki

The exclusion of 7 from its coefficient is essential: the first input law in Proposition 2.1 has no
inverse-margin assumption. Here is a proof. For one level choose an index r with smallest reference
margin 1 —|y,|, and let ¢ be the smallest margin among the other reference inputs. If |z —yx| > t/2
for some k # r, the kth summand on the right, already with exponent one, is at least 1/2, since it
contains D(y,) > 1/t. Increasing the constant bounds the left side by its trivial upper bound 2.

Otherwise every input other than r, along the straight segments from y to x, has margin at
least t/2. We claim that all partial derivatives of F} there are bounded by a fixed power of t~1
even when the rth input is anywhere in the closed disk. Holding the siblings fixed, put

So:erfianTe(x;@), p=25S0—1/q.
k#r

The pole in the unrestricted Green variable is p, with Sp < —3(1/9) < —c and |p| < C/t. After
substituting T¢(x,) and clearing 1 — x,, the denominator is, up to a nonzero uniformly bounded
factor, (¢ — p) — (¢ — p). Its modulus is at least

—43qSSp
— > ct.
lg —pl+ |q — pl

lq—p|—1qd—pl =

Numerator coefficients are polynomially bounded in ¢~!; sibling derivatives have the same property
because |T(zy)| < Ct~2. This proves the claim, including the removable value z,. = 1. Integration
along the segments proves (11) for j = 1: for i = r its product contains an input with margin ¢,
and for ¢ # r it contains r. For the induction, apply the one-level estimate to the outputs of the
child subtrees and then apply it inside the subtree containing the varied leaf. By (10), each inverse
margin arising in another subtree is bounded by a sum of its leaf inverse margins. Since D > 1
and the number of leaves is fixed, these sums and their powers are bounded by a constant times a
product of sufficiently high powers. None contains the varied leaf. This proves (11) for every fixed
j. The one-level proof is unchanged for d inputs at a full root, and hence also for a fixed-depth
recursion with that root degree.

2.2 Mean and fluctuation contraction

We next convert these deterministic estimates into a coupling bound. Let (X, Z) be a coupled pair
of disk variables, let B = || X — Z||z and M = E(X — Z), and suppose both marginal L? norms are
small. Only Z is assumed to satisfy an inverse-margin bound ED(Z)P < K for a sufficiently large
fixed p. Take independent copies (X;, Z;) at the leaves, independent of the internal potentials, and
use identical internal potentials in the two evaluations. We claim that, for any prescribed € > 0,
sufficiently small marginal norms and sufficiently small A, wy imply

IE{F\(X.) — F{(Z)} — aM| < B, (12)
IFo(X.) — Fy(Z)]]2 < %OB+Cg|M] +eB. (13)

The smallness threshold may depend on K, p,e,b, J, £, but not on the coupling.



We supply the decomposition behind this claim. Fix j = 1 or £, write N = b/, and, conditional
on the internal potentials, set f;(x) = F};(0,...,z,...,0). Then

N
Fj(X) = Fj(Z) =) _(fi(Xi) = fi(Z)) + R, ||Rl|l2 <eB, (14)

=1

with any prescribed error after adjusting the thresholds. Choose a small number r > 0 and call
pair ¢ bad when max(|X;|,|Z;|) > r. If no pair is bad, telescoping over coordinates and comparing
each derivative with the corresponding one-variable derivative gives |R| < w(r) >, | X; — Z;|, where
w(r) — 0. If only pair k is bad, the smoothness on the one-unrestricted-input neighborhoods
proved above gives
i#k

For the latter terms we retain the indicator that pair & is bad; it is independent of (X, Z;). Their
L? norms are therefore at most CB\/P(k is bad).

On the event of at least two bad pairs, use (11), together with the bounded derivatives of the
fi- Each summand has the form

C‘Xz - Zz‘ H D<Zk>Aj1{some k+#1i is bad}-
k#i

Its L? norm is B times the L? norm of the remaining factor. For example, if p > 4A;, Holder’s
inequality and independence bound that norm by

On.xP(some k # i is bad)/4.

The bad-pair probability tends to zero with || X||2 + || Z]|2, by Markov’s inequality. First choose r
so that w(r) is small; then choose the marginal norms small. Summing the finitely many estimates
proves (14). This also explains why no inverse-margin bound for X is required.

The one-variable means satisfy, uniformly conditional on internal potentials,

|E[fi(X:) — fi(Z;) | internal potentials] — f;(0)M| < eB. (15)

On |X;|,|Z;| < r this follows from derivative continuity. Off that event, the global bounded
derivative of f; and Cauchy—Schwarz give an error at most C'B+/PP(i is bad). At one level the clean
sum of derivatives is b(a/b) = a; its perturbed value differs by O(h 4 wg). Equations (14) and (15)
prove (12). At level ¢, the centered single-input differences are independent conditional on the
internal potentials. By (8), their sum has conditional centered L? norm at most b*?2Cb~*B < B/10.
The sum of their conditional means is bounded by Cy|M|+ B, after making the individual errors
smaller by the fixed factor N. Together with (14), this proves (13).

2.3 Smallness, inverse margins, and boundary continuity

We can now prove Proposition 2.1. First compare the actual tree input with Z = 0. This
comparison has inverse-margin bound one and thus uses no unproved moment estimate for the
tree. As long as B = ||Y||2 is below the smallness threshold, stationarity of the recursion and
1E5(0)]l2 < Cj(h + wo) give

|(1-a)EY|<eB+C(h+wy), B< B+ CEY|+eB+ Cp(h+ wp).



Since |1 —a| > ¢ > 0, choose € small enough to absorb the terms proportional to B. It follows that
1Y (e,m)ll2 < C(h + wo) (16)

whenever the initial smallness assumption holds.

Here is a starting point and continuation argument for that assumption. At height h, the
clean cavity function, obtained from its quadratic equation, differs from ¢(e) by O(h) uniformly
on J. The resolvent identity for adding the bounded potential changes a cavity entry by at most
wo/h%. The map X, has uniformly bounded derivative on H, so the starting disk norm is at most
C(h + wg/h?). Choose h small and then wg/h? small enough to start strictly inside the threshold
and to make the right side of (16) less than half that threshold. For each fixed e, w, the tree
resolvent, and hence its disk-valued L? norm, is continuous for n > 0. A first crossing of the
threshold on decreasing 1 would contradict the improved bound. This proves (16) throughout
(0, h], uniformly in e, w. Decreasing the parameters makes the resulting norm as small as any
prescribed fixed number.

Next fix a finite moment order p. At every strictly positive height all inverse margins have
finite deterministic bounds: for the bounded tree operator, |g| < n~! and Ig > n/(C? +n?) on
our bounded energy range. It is therefore legitimate to absorb an as yet nonuniform moment. Let
N = b’ and use the radius 7 for which (8) has a uniformly interior image when at most one leaf
is outside |z| < 7. On that event D(Fy(Y.))? < Cp. On its complement, (10) iterated through ¢
levels gives D(Fy(Y.))P < Cp >, D(Y;)P. For each summand the complement implies that some
other leaf is outside |z| < r. Independence and recursion stationarity yield

ED(Y)? < C, + C,N(N — DP(]Y] > r) ED(Y)P.

By (16), the probability coefficient can be made less than 1/(2C, N(IN — 1)). Absorption gives a
uniform bound 2C),. Taking the largest of finitely many required orders handles all of them, with
constants that remain bounded as the parameters decrease further.

We have now obtained smallness without moments and then obtained moments from smallness.
Fix those moment constants and apply the coupling estimates with Z having the tree law. Choose
an optimal coupling of P and that law, so B = Wy(P,Law(Y)) and M = E(X —Y). The first
approximate recursion and (12) imply [(1 — a)M| < u+ eB, hence |M| < C(u + €B). The second
approximate recursion, the coupling through identical internal potentials, and (13) give

B <u+ 5B+ C|M| +¢B.

Absorbing again proves (6). The coupling smallness threshold §, is now fixed. Decreasing h, wy
once more makes the actual tree size arbitrarily smaller than d, without enlarging its moment
bounds. This is the parameter order asserted in the proposition.

Finally compare the two actual tree variables on the same potentials at parameters (e,n) and
(e/,n), both at positive height. Use their own coordinates X, X, and write the coupled variables
as Y,Y’. Their leaf pairs are independent across branches, and recursing preserves this particular
coupling. When the second evaluation is temporarily made using the first parameters, the coupling
estimates apply with B = ||Y — Y|, rather than merely with a transportation distance. The
parameter replacement error in either F; or Fy has L? norm at most a modulus ro(|e —€'| + |n —7'|)
tending to zero uniformly. To see this, restrict all finitely many leaves to D(Y;) < R; on that
compact subset the recursion maps are uniformly continuous in their parameters, including at
height zero. The complementary probability is at most NK,R™P, and the disk-valued difference



is bounded by 2. First choose R large, and then make the parameter distance small. Thus the
preceding mean and norm inequalities now have rg in place of u, and imply

1Y (e,n) =Y (',n)|]2 < Cro(le — €| + |n — 1f']).

Completeness of L? gives the asserted continuous extension. Fatou’s lemma along almost surely
convergent subsequences preserves all inverse-margin bounds, so the limit lies in the open disk.
Each boundary variable is a limit in probability of measurable functions of the potentials and is
therefore measurable in that environment. Since the finitely many child limits lie in the open disk,
continuity of the recursion also passes (3) to height zero. These identities hold simultaneously at
all vertices for each fixed energy, by taking the intersection of countably many probability-one
events. This finishes the proof of Proposition 2.1.

2.4 Spatial covariances and the density of states

At the full root, let g1,...,gq denote the incoming cavity functions, and put

-1

d
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The next lemma makes explicit which spatial estimates are required later. A star consists of the
root and its d neighbors. By a retained star we mean the coordinate set obtained by omitting one
neighbor, while keeping the root and the other d — 1 neighbors.

Lemma 2.2 (Tree covariance and logarithmic integrability). Fiz a finite exponent pg > 1 before
choosing the disorder threshold. Taking the finite order p,. in Proposition 2.1 sufficiently large, the
full-root Green function and every entry of the star Green matrix extend continuously in LP° to
J x [0, h] on the common environment. Their boundary values have strictly positive root imaginary
part. If K(C) is the imaginary part of the Green matrix compressed to an edge or a retained star,
then K (e 4 i0) is positive definite almost surely. Uniformly for e € J and 0 < n < h, the variables
log det K (e +in) are uniformly integrable, and they converge in L' when (e,n) converges. These
assertions require only a finite collection of inverse-margin moments of spatial cavity variables,
independent of the number of colors in a Gaussian field.

Proof. Put My =24 Y%, D(Y;). The comparison (9) gives polynomial bounds in My for |g;|,
lgi| 71, and (Sg;)~L. For A=V, —(—3, gi, we have |A] < CMy and —3A4 > cMo_l. Hence |my|,
|mo| ™1, and (Sm,) ! are also bounded by fixed powers of My. In particular Sm,(e + i0) > 0
almost surely.

The inverse star Green matrix and its inverse have the explicit forms

Vo—C 1 o 1

1 1 0 _ .
S — ] /gl ‘ ’ S—l — mo T ( mOgZ)Z ) (17)
: - (=mogi);  (6ij9i + gimogy)ij
1 0 1/94
Thus ||S]| + [|S7}Y| < CMOC. Also

. Sag1 39d> -1 -1 -1
~3S = dia ( oSS = (57H(—39) 5L
B TP TP (57)(=S9)
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Each neighbor diagonal in —35' is at least cM; ¢ For a vector z supported on a retained star,
let the omitted neighbor be r and put y = S~'x. The unused row says 0 = vy, + ¥»/gr, SO
[Yo| < CM§ |y,|. Consequently

|z| = |Sy| < CMOC|(y1, cesya)ls x*(%Sil)az > CMO_C\x|2.

Together with the upper bound for S~!, this bounds every eigenvalue of the retained covariance
between cMy ¢ and CM§'. The same bounds hold for an edge covariance: choose a retained star
that contains the edge and restrict its quadratic form. This is possible since d > 3. The bounds
hold equally at height zero by the displayed formulas and the almost sure positivity of all incoming
imaginary parts.

All formulas are continuous when their inputs lie in D. Proposition 2.1 therefore gives
convergence in probability. The polynomial bounds and sufficiently high, but finitely many,
inverse-margin moments give the claimed LP° convergence by uniform integrability. Moreover

|logdet K| < C(1 + log Mp).

Any fixed positive moment of My bounds, for example, the second moment of this logarithm.
The logarithms are consequently uniformly integrable and converge in L'. Tensoring K with the
identity on m colors multiplies logdet K by m; it does not require any larger spatial moment
order. O

Corollary 2.3 (Continuous positive density of states). For the above smallness choices, the
restriction of vq ., to the interior of J has the continuous strictly positive density

1
pdw(e) = ;E%mo(e +1i0). (18)
In particular this holds on an open neighborhood of 1, when that interval lies in the interior of J.

Proof. By the definition of the density-of-states measure, Em,(¢) = [(t—¢) ™! dvg(t). Lemma 2.2
gives L! continuity of m, on J x [0, ], uniformly on this compact parameter set. Thus 7~ 'ESm,(e+
in) converges uniformly on J to the continuous function in (18). For every continuous compactly
supported f in the interior of J, Poisson kernel approximation and Fubini’s theorem give

/fdyd,w—hm /f ole+in) de—/f )Pd,w(e) de.

This identifies the entire restricted measure, including the absence of a singular component. Since
the root imaginary part is strictly positive almost surely, its finite expectation is strictly positive
at every e € J. ]

3 A distributional local law on the finite graph

We now transfer the tree recursion to the finite random graph. The quantity to be approximated is
an empirical distribution of Green functions: the diagonal at a typical vertex retains randomness
from its nearby potentials even when the graph is large. The main step is to show that the
empirical distribution nearly satisfies the independent branch recursion. Independence will be
obtained by sampling and switching edges, rather than imposed on the branches of the finite graph.
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Throughout this section, w > 0 is fixed below the threshold in Proposition 2.1; constants may
depend on w. We write

(=e-+1in, e€J, 0<n<h, Yy =nn.

A positive exponent denoted by ¢ may be decreased in successive estimates. All such exponents
are independent of n, e, n in this range.

For an oriented edge (v,v’), let H '] be the Hamiltonian obtained by deleting that edge,
keeping every potential, and let GI'V'(¢) = (H!"*'l —¢)~1. Define the random probability measures

on D by
1 1

0
Pr = nd 2 5X(G7[J”U“,](§))’ Py = n > X (G (0))- (19)

(v,0) v

The first sum is over all oriented edges, and X uses g(e) as in Section 2. Let Q- = Law (Y (()) be
the tree cavity law in disk coordinates, and let Qg = Law (X (m,(¢))) be the full-root law.

Proposition 3.1 (Distributional local law). There are ¢,C > 0 and yo < oo such that, for
Yy =mnn = Yo,
P {Wa(Pr, Qc) + Wa(Pfy, Q) >y} < Cy . (20)

Here Wy is transportation distance for the Fuclidean metric on the disk. The estimate is uniform
meé€J and0<n<h.

We prove this proposition after developing the sampling estimates and the empirical recursion.
The estimates are intentionally only powers of nn; later we will first pass to a microscopic limit
and then let its imaginary argument grow.

3.1 Averaging potentials and sampling resolvent entries

The following bounds hold without a local law. Their uniformity under bounded graph modifications
is what permits their use during switching.

Lemma 3.2 (Spectral averaging and compression tails). Let H = A + diag(V,), where A is a real
symmetric matriz independent of the iid uniform potentials V,, € [—w,w]. For I > 0,

ESGyu(C) < Cw,  ETr1;(H) < Cunll| (21)

for every interval I C R. If S consists of at most k wvertices chosen without reference to the
potentials, then

P{||Gss(¢)|| > D} < CuiD~V2  D>1. (22)

The same conclusions hold after any graph modifications chosen independently of the potentials.
The compression estimate also holds for the inverse of a fized strictly dissipative k x k matriz plus
an tid uniform real diagonal; its constant is independent of that matriz.

Proof. Condition on A and all potentials other than V. Schur complementation gives

G’UU(C) = (% - AU(C) - Z’Bv(g))ilﬂ Bv(g) >0, (23)

where A,, B, do not depend on V,,. Integration of the Poisson kernel over the allowed interval gives
Ey, 3Gy < 7/(2w). Integrating in the real spectral parameter, followed by Stieltjes inversion,
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gives the second inequality in (21). This is the usual rank-one spectral-averaging proof of the
Wegner estimate [32]; the arbitrary finite-matrix scope is also recorded in [3, Lemma 3.2].

For the last assertion, write the inverse as (T + diag(v1, ..., vx)) ! with ST < 0. Use vy and
the differences v; — vy as coordinates. The joint density is bounded, all the differences range over a
fixed compact set, and the remaining variable adds a scalar multiple of the identity on a bounded
interval. For any unit vector a, the function

f(Z) = <CL, (TO - Z)_1a>a z € H,

where ST} < 0, takes values in H and satisfies |f(i)| < 1. The function u(z) = R(e~"/*/f(2)) is
positive harmonic and satisfies u(z) > 27'/2|f(2)|"/2. The Poisson inequality at i, whose kernel
is bounded below on each fixed bounded real interval, therefore bounds the integral of | f(t)|*/?
on that interval. This remains valid by boundary limits if necessary. Polarization, a fixed basis,
and equivalence of norms in dimension k£ give a uniform bound on the integral of the half power
of the inverse norm. Markov’s inequality proves (22). To apply this to Ggg, condition also on
the potentials outside S and take its Schur complement. Its effective matrix has strictly negative
imaginary part. All conditioning and integration arguments remain valid for graph-selected sets
and for graph modifications independent of the potentials. O

Lemma 3.3 (Ward estimate for independently sampled locations). Let v,v’ be independent
uniform vertices, conditionally on H. Then

1 1 Cy
Bitor |G Q) = 2B (1 TG(0)) < 2. (24)

The same estimate applies to vertices read at prescribed positions of two independently sampled
oriented edges or finite ordered nonbacktracking tree explorations.

Proof. The identity G*G = 1~ 'QG, followed by averaging its diagonal, gives the equality.
Lemma 3.2 gives the inequality. For the final assertion, begin each exploration at a uniform
vertex or uniform oriented edge. At each occurrence of a vertex in the nonbacktracking lift,
independently order the allowed outgoing stubs, excluding the incoming stub. In an edge-rooted
exploration, exclude the marked base edge at its initial vertex as well. Every fixed position then
has uniform vertex marginal, because the graph is regular. Different explorations are independent
conditional on the graph. This remains true when their images intersect or fail to form trees; no
claim of independence among positions within one exploration is used. O

In a bounded collection of these samples, a collision or a failure of any prescribed fixed-radius
tree neighborhood has probability O(n~!). One can expose the configuration matching one pair at
a time: each exposure has probability O(n~!) of hitting the bounded set already seen. Conditioning
on simplicity multiplies the bound by a fixed constant, since its positive limiting probability for
fixed d follows from Bollobas’s enumeration formula [11]; see also [28, Lemma 2.1]. Ordering seeds
may be retained as marks in this exploration.

3.2 Switching the boundary of a finite tree

Local edge switchings are also used to recover probabilistic averaging in local laws for random
regular graphs [10, 9]. Here they will compare a random empirical cavity law with its own
independent-input recursion; the potential-dependent target is the distributional tree law.
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For a probability measure P on D, let ®;(P) be the law obtained from a forward tree with j
levels: assign iid potentials to its internal vertices, assign iid P-distributed disk values at its &’
leaves independently of those potentials, and apply F;. Thus internal vertices are at distances
0,...,7 — 1 from the root and the input leaves are at distance j. Define <I>§-) (P) with d children
at the root and b at all later internal vertices. We also use the augmented laws which record, in
their prescribed order, the potentials at all internal vertices together with the output disk value.
Empirical observations record the same coordinates from the ordered finite-graph exploration; on
failure to form a tree they are assigned a fixed default value. These added coordinates have their
ordinary Fuclidean metric.

Proposition 3.4 (Empirical recursion). For each fized j > 1 there are ¢,C,yy > 0 such that,
when y 2> yo,
P{W2(Py, ®;(Pn)) >y} < Cy*. (25)

The same assertion holds with Py on the left and @?(PH) on the right. Both assertions also hold
for the augmented observations just defined. Probabilities in these estimates average over the graph

and potentials; the measures being compared are conditional laws obtained by sampling on the
realized H .

Fix one of the cavity, full-root, or augmented observations in the proposition. For a real test
f on its coordinate space, bounded by one and with Lipschitz constant at most one, write ag
for its expectation under that empirical observation law and dgy for its expectation under the
corresponding recursion law. Our immediate objective is

]E|CLH — dH|2 § C'y_c.

This compares the two laws on the same realized graph; comparison of their ensemble averages
would not suffice for tree stability.

The marked switch below preserves the joint law of the graph and its sampled observations. It
couples one or two observations in a common switched graph H with recursion outputs that are
independent conditional on the original graph H. Two observations will therefore compare Ea%
with Ed%[. For the mixed moment E(agdy) we also need to control dﬁ — dy: the prediction on
the original graph must be compared with the prediction on the switched graph.

The marked switch. Represent the simple graph by a configuration matching conditioned on
simplicity, with d distinguishable stubs at every vertex. Choose a base vertex, or an outgoing
base stub whose matched edge will be deleted for the cavity observation. Explore its internal
tree of j levels, using the independent ordering seeds from Lemma 3.3. Each pending downward
edge can be written p — ¢, where p is internal and ¢ is at the input level. For each pending stub
independently choose a uniform outgoing far stub, with matched edge denoted u — v, and replace

(p—t, u—v) — (p—u, t—o). (26)

The operation is performed on the indicated stubs, so several pending edges at one vertex are
distinguished. Keep the base mark, internal connecting stubs, and ordering seeds. Replace the far
outgoing mark at u by the stub at ¢ that was formerly paired with p. On reversal, this new far
mark specifies ¢ — v, and the pending stub at p now specifies p — u; a second application restores
the old pairs and marks. Figure 1 distinguishes this switch from a further re-pairing used below.

Apply the switch only when the internal exploration has no collisions, the required parent
and pending stub data are distinct except for shared internal vertices, the far pairs have distinct
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boundary switch

Peoe— e ¢ Pe [ 33

l T
U —O——— e v u v

far mark moves from u to ¢

re-pairing before two cuts

Qe ------- 'Y ae’ “e )

delete both dashed edges: the remaining graph is identical

Figure 1: The upper switch attaches a sampled cavity at u to the internal vertex p, retaining a
reversible stub mark. The open circles mark the selected outgoing stubs at u before the switch and
t after it. The lower re-pairing is used only to estimate Green entries between the two endpoints of
a cut edge. After both displayed edges are removed the graph is unchanged, while v and v belong
to different sampled edge groups. The drawings specify stub pairings; they assert no independence
of neighboring Green functions.

data disjoint from the explored data, all replacements are simple, and the inverse instructions
are applicable and restore the input. On the complementary set define the transformation to be
the identity. This definition makes it an involution of the marked sample space. Its nontrivial
part preserves weights: the underlying matching, each base mark, each far outgoing stub, and
each ordering seed have the same weight before and after the operation. A bounded collection of
initially separated tree neighborhoods satisfies all the requirements. In such neighborhoods no
new edge duplicates an old edge, and reversal reads the same pending positions and distinct far
data. Consequently the excluded set has probability O(n™!).

This also applies to two independently sampled bases, whose internal trees are disjoint outside
an O(n~!) event. The two observations use one common switched graph; a cavity observation
deletes only its own marked base edge from that graph, not the other observation’s edge. We do
not require additional acyclicity among exterior vertices as a condition of reversal. Thus bounded
switch averages may ignore failures at cost O(n~!) and otherwise use the original joint law of the
graph and its marks. Potentials are attached to vertices and are never used in choosing a switch,
so their iid law is preserved.

Resolvent comparison after switching. For the next argument, say that a scalar or fixed-
dimensional matrix error is small if it has norm at most y~¢ outside an event of probability at
most Cy~%, for some a > 0. There are only boundedly many entries and operations, with bounds
depending on j,d. Lemma 3.2 permits multiplication of a small error by every fixed number of
Green entries that occurs below. Indeed, if the original exponent is a and at most N factors occur,
restrict each factor to at most y¢ with € < a/(2N). The product still has a negative-power bound,
and the union of tail exceptions has a negative-power probability. Also n~% is small in this sense
since y < hn.

Partition the selected coordinates according to their independent samplings: one group for each
base and its internal vertices, original boundary endpoints, and designated parent if present; one
group for each far pair. Lemma 3.3 and Markov’s inequality show that in the unmodified Green
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matrix all entries joining different groups are small. First sever every pending edge and every far
edge, and also sever the base edge for a cavity observation. We claim that the cross-group entries
stay small and that each far-pair block stays close to its block with only its own edge deleted.
Here is the finite-rank calculation behind this claim. Suppose a bounded update B is supported
in a single group S, let @ = Ggg, and let Q' = G'sg be its updated compression. The identities

(I+BQ)™'=1-B¢,

/ 1 (27)
Guw — Guw = —Gus(I + BQ)” " BGsw

hold for any two coordinate sets U, W. Both @ and @’ have the bounds allowed above, since the
updates and coordinate choices are independent of the potentials. If U and W are distinct groups,
at least one factor crossing to S is small; if both belong to a different group, both crossing factors
are small. Formula (27) also applies when one of U, W is S. Severing one group at a time proves
the claim. To compare a given far block with its individual single-cut block, perform that group’s
cut first.

We still need smallness between the two ends of a severed far edge. This does not follow from
the Ward estimate for independent locations, since the endpoints of an uncut edge were sampled
together. Introduce another independently sampled far pair, if one is not already available, and
write the two pairs as (u,v) and (a,b). Re-pair them as (u,b) and (a,v), and then sever both
pairs. The resulting double-cut graph is exactly the same as when (u,v) and (a,b) were severed.
The re-pairing is an equal-weight marked switch with O(n~!) failure probability, by the preceding
construction. In its new marked representation, u and v belong to different edge groups. The
cross-group estimate already proved therefore makes their entry in the double-cut graph small. If
the second pair was introduced solely for this argument, restore its original edge: the cross entries
between the original groups {u,v} and {a, b} are small, so (27) preserves the conclusion. This
proves the required estimate without any assumption about a cut edge’s two endpoints.

At this point the internal tree to be observed is isolated. Restore all exterior replacement edges
t — v, postponing attachment of this internal tree until the end. For two bases, also perform the
other base’s updates; its parent edge is restored to its ordinary uncut status because the present
cavity observation deletes only its own base edge from the common switched graph. Every cross
entry from a new leaf u to these update coordinates is small, including the entry to its former
partner v just treated by re-pairing. Here take S to be exactly the coordinates changed in this
exterior step: the relevant t’s and v’s and, when present, the other base’s update coordinates. This
set excludes the present input leaves and need not be a union of original groups. Formula (27)
applies to this support as well: every entry from a present leaf to S is small, and the inverse factor
on S still has the fixed-dimensional compression bound. Therefore the boundary Green matrix on
the new leaves differs by a small error from the diagonal matrix whose entries are

Gl ()

in the original graph with the individual far edge deleted.

Finally add the p — u edges. On the internal tree the exact Schur matrix uses this boundary
compression. The inverse of that Schur matrix is the internal compression of the final graph
resolvent, so its norm is at most any fixed small positive power of y outside a negative-power
exception, by Lemma 3.2. Replacing the boundary matrix by its diagonal approximation changes
the Schur matrix by a small error. The inverse identity, or its Neumann expansion once the
product of inverse norm and error is less than 1/2, shows that its inverse changes by a small error
as well. With the diagonal substitution, successive leaf elimination is exactly the recursion F7}, or
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its full-root version, with the original internal potentials. The map X has bounded derivative on
H, uniformly for e € J, and so conversion to disk coordinates preserves the error estimate. This
establishes the claimed recursion comparison for each of one or two switched observations on the
same switched data.

Replacing empirical internal potentials by iid potentials. The preceding comparison
still uses potentials at an empirically sampled base. We next replace their empirical law by the
deterministic iid law while keeping independence from the sampled cavity inputs. Let k; be the
number of internal vertices. Bin each potential coordinate on a mesh n~™%, with « > 0 sufficiently
small for this fixed k;. Let uy be the empirical law of the internal potential vector, including the
ordering randomness and a default on tree failures, and let u be the iid potential law. For each
product bin B, one- and two-base explorations give

[Epr(B) = w(B)|=0(n™),  [Bup(B)* —u(B)?| =0

Indeed disjoint valid neighborhoods have independent potential vectors, and all failures cost
O(n™1). Hence E|uy(B) — u(B)| = O(n~Y/2). There are O(n®*s) bins, so choosing ak; < 1/4, for
example, bounds the expected total variation of the binned laws by a negative power of n.

Couple the bins maximally and, on a matched bin, fill in an iid vector with its conditional
distribution inside that bin. Thus internal potential vectors can be coupled with coordinate error
O(n™%) outside an event of negative-power probability. Given H, this coupling uses only the
base sampling and additional randomness. It is consequently independent of all far-edge samples,
which give iid single-cut values with law Ppg conditional on H. For two bases use independent
such couplings conditional on H; their target potential vectors are iid and independent of both
collections of inputs. Dependence of Py on the potentials creates no difficulty in this conditional
assertion.

Changing the finitely many internal potentials by the coupled error changes the finite-tree
recursion by a small error. This follows from the same Schur inverse perturbation just used.
Alternatively, with iid internal potentials the effective finite-tree inverse satisfies the final assertion
of Lemma 3.2, uniformly in its dissipative leaf data. The comparison also records the internal
potential coordinates themselves, which proves the augmented version of the approximation.

We have thus constructed the coupling announced above. For one or two bases, O; is the
observation at base ¢ in the common switched graph, and R; is the recursion output formed from
its original far-edge samples and the coupled iid internal potentials. The bounded test f turns the
comparison errors into

E|f(O:) — f(R:)| < Cy~™. (28)

Conditional on H, the R; are independent and E[f(R;) | H] = dgy. Marked-switch invariance
preserves the joint law of H and its sampled observations O;, while their comparison partners R;
use the original H.

Stability of the recursion prediction under a switch. For the mixed-moment comparison,
we need
E|dﬁ —dyg| < Cy~“. (29)

To prove it, use fresh independent far-edge samples for the inputs defining d. Couple the samples
in H and H by their outgoing stubs; they agree away from the bounded set of modified stubs,
and overlap with update data has probability O(n~!). The old Green entries between each fresh
sample group and the update groups are small by Lemma 3.3. Sever its own edge first and apply
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(27) through the remaining cuts and updates, using the union of their coordinates as the support
S when an update joins different original groups. These cross entries stay small, and its single-cut
diagonal changes by a small error, in half-plane as well as disk coordinates. Use the same fresh
iid internal potentials for the two predictions. The dissipative finite-tree compression bound
in Lemma 3.2 and inverse perturbation compare the two outputs. Boundedness of f turns the
exceptional probabilities and the good-event errors into (29).

Two observations and transportation distance. We can now complete the proof of Proposi-
tion 3.4. With two bases, switch invariance and conditional independence give

E[f(01)f(02)] = Ea%, E[f(R1)f(Re)] = Edj;.

The coupling bound (28) and |f| < 1 therefore imply |Ea%, — Ed%;| < Cy~¢. With one base, switch
invariance gives E[f(@l)dﬁ] = E(agdy). Replacing the multiplier by dy costs Cy~¢ by (29);
replacing f(O1) by f(R1) costs the same by (28). Finally, E[f(R))dy] = Ed%, by conditioning on
H. Thus

|E(agdy) — Bdy;| < Cy~°.

Combining these two comparisons yields
Elag — dH|2 < Cy°. (30)

In particular the comparison is within each random empirical law, not just after ensemble averaging.

For completeness, pass from tests to transportation as follows. Embed the compact coordinate
space in a fixed Fuclidean cube and use a tent partition of unity on a mesh § = y=¢. There
are O(6~*) functions for a fixed dimension k, each bounded by one and with Lipschitz constant
O(671). Applying (30) to rescaled functions bounds the expected sum of their mass discrepancies
by C'6~%~1y=¢/2. Match the common mass in each tent and couple the unmatched mass arbitrarily.
Since each tent has diameter O(J) and the whole space has bounded diameter, the resulting
squared transportation cost is at most a constant times 62 plus that sum of discrepancies. Choose
e small and apply Markov’s inequality. This gives (25), with a smaller positive exponent, for the
cavity, full-root, and augmented laws. The proof of Proposition 3.4 is complete.

3.3 Descending the imaginary part

The empirical recursion now supplies the hypotheses of the tree stability theorem, except for its
smallness condition. We establish that condition at a fixed positive height and retain it while
descending.

Proof of Proposition 3.1. At n = h, the cavity resolvent at a vertex with a sufficiently large fixed
tree neighborhood is close to the clean-tree cavity value, first by polynomial approximation of the
resolvent and then by the norm perturbation bound Cw/h?. Equivalently one may approximate
the disordered resolvent locally and use its bounded potential perturbation. The polynomial degree
is fixed after h and the desired accuracy are chosen; the Hamiltonians have uniformly bounded
spectra. The fraction of vertices failing this fixed tree test has expectation O(n~!). Write 6, for
the fixed L? smallness threshold in Proposition 2.1. As permitted by its parameter order, take h
small and then wg/h? small enough that the starting disk norm is below d,/2, and take the target
tree norm below ¢, /4. Polynomial approximation with a sufficiently small fixed error then places
Py inside the threshold with failure probability O(n=1!).
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Fix r € (0,1) sufficiently close to one. For any diagonal Green function of a fixed graph or
cut graph, Schwarz—Pick applied to its map from H to ID implies a uniform bound on its change
between e + in and e + irn tending to zero as r 1 1. Choose r so that this change is smaller
than the gap between the improved smallness bound and the threshold. Starting at h, descend
through h,rh,r2h, ..., shortening the last step to reach the prescribed 7. At each height apply
Proposition 3.4 for j = 1, ¢ and then Proposition 2.1. Its conclusion places Py within C(nn)~¢ of
Q¢, hence back well inside the threshold when yq is large. This closes the induction.

The failure probabilities sum geometrically from the smallest height: if 7, is the terminal
height, then

Y Clung)™¢ < C'(nm) "
heights ng >nx
The initial O(n~"!) failure fits this bound after decreasing c. We obtain (20) for Py. For the
full-root law, use the full-root version of Proposition 3.4 with one internal level. Couple the
cavity inputs to iid tree inputs optimally and apply the sibling estimate (11), with d children. Its
coefficients involve inverse margins of the other tree inputs, whose required fixed moments are
bounded. Independence of the coupled input pairs therefore bounds the output L? error by a
constant times the input W5 error. This proves the full statement. ]

3.4 Environment, trace, and microscopic integrability

The disk metric was convenient for stability because it is bounded. For later spectral and eigenvector
arguments we need consequences in half-plane coordinates, where large values must be controlled.
The intercept B, in (23) provides that control because it is independent of the potential at the
observed site.

Corollary 3.5 (Consequences of the local law). Fix E in the interior of J and s € R. The
following statements hold.

1. At ( = E + (s +1iy)/n, in the order n — oo and then y — oo, the diagonal G,,(¢) at a
uniform vertex, jointly with every fized ordered neighborhood of potentials around v, converges
to the tree diagonal m,(E + i0) with the corresponding tree environment. For any fized
number of independently sampled vertices the joint assertion holds with independent tree
environments, and their off-diagonal Green entries tend to zero in probability. The diagonal
assertion also holds along every sequence nn — oo, (e,n) — (E,0).

2. There are ¢,C > 0 such that, for every sufficiently large fized y,

s+1y

1
lim supP{‘% TrG (E + ) - Wpd,w(E)‘ > y_c} <Cy - (31)
n—00 n

The constants are independent of the fixed real number s.

3. For each fixred s € R and y > 0, the sampled diagonal imaginary parts are uniformly integrable
in the following limiting sense:

s+ay
n

lim limsupEp, {%Gw <E +

T—o0o n—oo

) 1{%G1,U(E+(s+iy)/n)>T}} =0. (32)

The double-limit assertion in the first item means that, for bounded continuous tests, the limsup of
the discrepancy as n — oo tends to zero as y — 00.
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Proof. For the first item, take the augmented recursion of Proposition 3.4 with internal levels
covering the prescribed neighborhood. By Proposition 3.1, its input law tends to the tree cavity
law. Its internal iid potential coordinates are independent of these inputs by construction. The
tree recursion with these data is exactly the joint tree law of the diagonal and the observed
neighborhood. For any fixed additional depth this passage only needs weak convergence: all
limiting input values lie in the open disk almost surely, where the finite recursion is continuous.
Thus no higher inverse-margin order is required as the observed radius grows. Proposition 2.1
supplies the common-environment boundary continuity. Conversion back to the half-plane is valid
since the limiting tree value is finite almost surely. The empirical-law conclusion gives product
limits for independently sampled vertices, and their mutual Green entries vanish by (24). These
arguments apply along every parameter sequence stated in the corollary. A diagonal choice of
sequences gives the stated double-limit formulation. Letting the finite radius increase identifies
the limit with the measurable function m,(E + i0) of its complete tree environment.

We next obtain a useful quantitative bound on small intercepts. For a half-plane value g and
x = X(g), the comparison used in (9) gives

Sy

g = (1= Jzf).

s
Couple P, with the tree law using (20). The bounded diameter of the disk also bounds the
expectation of its squared transportation error by a negative power of y. Markov’s inequality for
this coupling and the tree inverse-margin moments show, for a sufficiently small ¢ > 0, that

Pro{Bu(Q) <y} < Cy~*. (33)

For example, if the tree disk margin is at least 26 and the coupling distance is below ¢, the finite
margin is at least &; take § to be a sufficiently small power of y~!. This proves the bound directly
from the two respective tail estimates.

The intercept formula gives IG.,, < B, L. Since B, is independent of V,, conditional spectral
averaging implies, for every T > 0,

E[SGulisc,,>1}] < E[SGuwl(p,<r-13y] < CuP{B, <T7'}. (34)

This estimate applies after averaging over the uniform vertex as well. Thus truncating the imaginary
part at T' = y° loses only a negative-power amount in expectation, by (33). Tree tails have the
same property by their moment bounds.

To compare truncated imaginary parts through the disk local law, first introduce a disk cutoff
with margin 4 ~¢. On the remaining compact subdisk, the function 2 — X ~(z) has a Lipschitz
constant bounded by a fixed power of y¢. Choose ¢ small enough for the transportation estimate
to absorb this factor. The mass removed by the cutoff has a negative-power bound by the same
coupling argument. Choose the clipping exponent ¢ still smaller, so that multiplying this mass
by y¢ retains a negative-power bound. Combining the comparisons and then using Markov’s
inequality gives a negative-power bound for the difference between the empirical imaginary trace
and ESQmy(e+1in). In the microscopic substitution with fixed s, y, continuity of the tree expectation
gives EQm, — mpg.(E) by Corollary 2.3. This proves (31), after decreasing c. All finite-graph
constants were uniform in e € J, hence are independent of fixed s.

Finally fix a possibly small microscopic height y > 0. The quantity B,(() is the imaginary
part of the Herglotz function

¢+ (ay, (HY = )7 ay),
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where H®) deletes the vertex and a, is its adjacency column. For Y > y, Harnack’s inequality at
the same real part yields

. v
BU(E+S+Zy)2yBU(E+S+Z )
n Y n

Choose a sufficiently large fixed Y. Once § < (y/Y)Y ¢, the probability that the left intercept is

below § is at most the small-intercept probability at height Y. Consequently

s+ 1y
n

lim lim sup P {Bv (E + ) < 5} <CY~°“.

510 n

Let Y — oo and apply (34) to obtain (32). This last conclusion will retain the normalization of
eigenvector marks when taking microscopic limits. O

4 Empirical eigenvector laws and conditional entropy

Fix E € I4,, and abbreviate p = pg.,(E) > 0. The local law describes the environment seen by a
typical vertex. We now retain eigenvector coordinates at that vertex as well. The objective of
this section is an entropy inequality for their law conditional on the entire potential environment.
In Section 5, equality in a complementary entropy bound will identify this conditional law as
Gaussian.

Choose a measurable real orthogonal eigenbasis uy, . . . , uy, ordered by eigenvalue and normalized
by (u;,uj) = nd;;. Write

n
x; =n(\ — E), Up = 265’%" (35)
i=1
A finite list of eigenvectors gives each vertex an R™-valued mark, one coordinate for each member
of the list. We call these coordinates colors. All lists below are finite, but their length is arbitrary
and imposes no additional smallness condition on w.

4.1 Keeping the empirical law in the limit

For a fixed finite list, sample a uniform vertex and read its marked neighborhood. On a tree
neighborhood use a uniformly ordered rooted tree isomorphism; outside it use the nonbacktracking
lift, recording a failure flag. Conditional on the graph, potentials, and eigenvectors, this procedure
defines an empirical probability law. It is important to retain this law, rather than just its average:
independent vertex samples are independent conditional on the empirical law.

Proposition 4.1 (Marked subsequential limits). Every sequence of admissible sizes tending to
infinity has a subsequence on which v, converges in law to a locally finite point measure v. On a
further subsequence one can retain jointly the positions and the empirical marked-neighborhood
laws for the eigenvalue-ordered lists in an exhaustion by bounded intervals, together with all their
finite truncations and restrictions. Repeated limiting positions retain separate marks.

Almost every resulting empirical law L, with m colors, is an automorphism-invariant law on
the d-reqular tree, whose potential marginal is the deterministic iid uniform law on [—w,w]. If
U, € R™ is its mark at v, then

ECUOUOT =1, (Vo — EYU, + Z U, =0 at every v. (36)

u~v

The empirical laws and their restrictions to smaller lists can be chosen consistently.
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Proof. The Wegner bound of Lemma 3.2 gives tightness of the point measures on each compact
interval. Choose interval endpoints uncharged almost surely by a subsequential limit; such an
exhaustion exists, since the expected limiting counts are bounded by the same constant times
interval length. Truncate each list length and then stratify by that length. At a uniformly sampled
vertex the sum of squared coordinates of a list of length m has mean m. This proves tightness of
all finite-radius observations. A diagonal extraction retains all radii, list truncations, and interval
restrictions, as well as their positions.

For each fixed radius the fraction of vertices with a non-tree neighborhood tends to zero.
Uniform rooted orderings give invariance under root-preserving automorphisms. Sampling an
oriented edge and reversing it gives invariance under re-rooting across an edge; together these
give full tree-automorphism invariance. The empirical law of the potential labels alone converges
in probability to their iid tree law: one and two sampled bounded neighborhoods have this law
asymptotically, and two disjoint neighborhoods use independent potentials. Thus this marginal is
deterministic inside each limiting L.

The second-moment assertion needs more than tightness. If the list comes from [—L, L],
spectral decomposition gives

3 w)? < (14 L)SGo(E +i/n). (37)

4 in list

The right side is uniformly integrable at a sampled vertex by Corollary 3.5. Consequently the
limiting empirical second moments lose no mass. More explicitly, represent the joint convergence
almost surely, first pass bounded second-moment truncations, and then remove the truncation
using the tail bound in expectation. The empirical moments before taking the limit are exactly d;;,
so their limits are the same almost surely; polarization handles the mixed moments. The eigenvalue
equations pass to the limit on every finite neighborhood because \; = E + O (n~!). Countable
consistency gives the assertions simultaneously at all vertices and for all retained lists. O

We henceforth fix one such £ when making assertions about a conditional law. We write
w = (Vy)ver, for its full potential environment; thus w here records the coupled potentials
themselves. Expectations with respect to its deterministic iid marginal are denoted E,,.

4.2 Eliminating a conditional mean

Orthogonality alone does not show that E.[U, | w] vanishes. A coherent component depending on
the potential environment would survive it. The following perturbation averages such a component
over a physical energy interval longer than the microscopic window, while changing the ensemble
by a vanishing total variation distance.

Lemma 4.2 (Conditional centering). For almost every empirical law in Proposition 4.1,
Es[Uy |w] =0 at every verter v. (38)

Proof. Let f be a bounded Lipschitz function of the potentials in a fixed rooted ball. Average
over its branch orderings and put the corresponding finite-graph value f(v) equal to zero at tree
failures. First require that f vanish unless the central potential belongs to a compact subinterval
of (—w,w). Choose by € C2°((—w,w)), nonnegative and bounded below by a positive constant on
that subinterval. For 0 < t < a,, := n~2/3, change every potential by

Vo — V,, —I—tbo(Vv).
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For large n this is a diffeomorphism of [—w, w], identical near its endpoints. The one-site density
ratio is 1 + O(t), has integral one, and has second moment 1 + O(#?). Independence therefore
bounds the total variation distance of the product laws by O(y/nt) = o(1), uniformly over this
range. The normalized test vector f/y/n changes by O(t) in Euclidean norm.

For the original configuration set B = diag(bo(V,)). The support condition writes f/y/n =
Bl/qu, with ||gr|| < C}. Scalar spectral averaging gives, for every interval I,

/Oan (f//m, 1 [(H +tB)f//n) dt < Cy|I|. (39)

For completeness, compress the resolvent by Schur complement to the indices where B > 0, and
conjugate by B'/2. It becomes (tI — T')~! with ST > 0 at positive spectral height. The integral
of its imaginary part in a vector, over the real t-axis, is at most 7 times that vector’s squared
norm. The Herglotz representation, followed by spectral inversion, proves (39); restricting the
nonnegative integrand to [0, a,| preserves the bound.

Take I = E + [—L, L]/n, divide by a,, and average over the original data. Total variation
comparison and the change in the test vector show that

E(f/v/n,11(H)f//n) < Os(n™ ) +o(1).

The left side is E>", c_ 1 1 (n=1Y, f(v)u;(v))?. Hence every empirical root average against f
vanishes in the limit. Passing these first moments is justified by the uniform second-moment bounds.
A countable dense collection of tests on all finite balls, followed by an exhaustion of (—w, w) in the
central coordinate, determines the full conditional mean. Averaging tests over branch orderings
loses no information, since the rooted joint law is invariant under those permutations. Re-rooting
proves the claim at every vertex. O

4.3 Counting labels while retaining the environment

We use natural logarithms, write H for discrete entropy, and write H for differential entropy.
Conditional differential entropy means the integral of the entropy of the conditional law. Our
entropy argument follows the colored-tree and Gaussian-smoothing framework of Backhausz and
Szegedy [7, Theorems 6.1 and 8.1]. The extra issue is that the conditioning environments attached
to adjacent vertices overlap. We keep these labels in the count, and later compute their entropy
contribution explicitly.

Fix a radius R > 0 and divide [—w, w] into @ equal intervals. The environment label at a vertex
records the rooted isomorphism type of its radius-R neighborhood with these binned potentials,
including its central bin. Adjoin a label from any fixed finite alphabet for its mark. Tree failures
may use a separate label, which still records the central potential bin. The resulting alphabet has
fixed finite size M. For any vertex labeling let T" be its ordered star histogram, symmetrized over
neighbor permutations, and let S be its oriented-edge histogram.

With probability tending to one over the graph and potentials, simultaneously for all such
histograms, the number of labelings whose prescribed central bins are correct is at most

exp {n [H(T) - gH(S) —logQ + 0(1)} } . (40)

The requirement that an entire environment label be correct can only decrease this number. Here
is the first-moment count, including the normalization of the potential term. In the configuration
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model, prescribe each vertex label and the labels desired at its ordered half-edges. If mgy, =
ndS(a,b), the probability of a compatible matching is

[Ta<p mab! [1.(maa — DY
(nd — 1! ’

and is zero unless my, = My, and all my, are even. Its logarithm is —ndH(S)/2+ Ops(logn). The
arrays of each ordered star type Tp number at most exp(nH(Tp)), with H(Ty) < H(T). There
are only polynomially many types for fixed M. Independently, the prescribed central bins agree
with the iid potentials with probability exactly Q~". Stirling’s formula, Markov’s inequality with
a sublinear exponential allowance, and a union bound prove (40). Conditioning on simplicity
changes the estimates by a bounded factor. This is the fixed-alphabet form of the count in [28,
Section 3.1, Lemma 3.2]; its argument is independent of the eigenvectors and remains valid with
the added labels.

4.4 From the count to full conditional entropy

Fix n > 0 before taking the graph-size limit. Add to the mark array a centered Gaussian field,
with independent colors and covariance in each color

T, =S(H-E—in)~' = m (41)
Let F be the limiting sum of marks and noise. At this fixed height polynomial approximation on
the uniformly bounded spectra identifies the local noise covariance with the infinite-tree covariance
S(Hr, — E — in)~!. Given w, the noise is independent of the marks. Fix neighbor indices 1,...,d
on the rooted tree used for £. A star observation consists of the root followed by these neighbors;
an edge observation consists of the root and neighbor 1. Their ordering is inherited from the
uniformly ordered finite lift, and is the same ordering used in w.

Proposition 4.3 (Entropy conditional on the tree environment). For almost every empirical law
L with m > 1 colors, and for every fixed height in any prescribed countable set of positive heights,

d
H(Fifar | @) = G H(Flg | @)
1 (42)
> m [21%(2%77) - /log!t — B —in|dvau(t)| .

Proof. For fixed environment radius R and number of bins @, let Ag ¢ and Bg g be the tuples
of environment labels seen by the ordered star and edge, respectively. The count first gives an
inequality with these finite conditioning data:

m [; log(2ren) — / log [t — E — i) dud,w(t)}
d d
S H(Fdar | ArQ) = 5H(Fotge | Bro) + H(ARQ) = 5H(Brg) — log Q- (43)

We shall derive this inequality by removing the mark bins at fixed R, Q). The remaining environment
contribution is

H(AR,Q) — gH(BR,Q) — log Q (44)

Its limit is zero as () — oo at fixed R; after that cancellation, increasing R gives conditioning on w.
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We first keep the environment radius, its bins, and the noisy-mark bins fixed. Conditional
on the finite graph, potentials, and list, only the Gaussian noise is random. The entropy of its
binned labeling is at most the entropy of its histogram type plus the logarithm of the number of
labelings of that type. The first term is O(logn). Using (40) for the second term therefore bounds
the entropy per vertex by

IEnoiseI_I(T) - gEnoiseH(S) - log Q + 0(1)'

We may replace the random histograms by their conditional means in this expression. Indeed
their individual cell frequencies have variance tending to zero. To see this, Tr F% = Oy(n) implies
that the average squared cross-covariance between two independently sampled bounded local
blocks is 0(1). Their marginal covariances have deterministic upper and positive lower bounds
at fixed 1. Gaussian continuity consequently makes the average total variation distance to the
product of the two marginals tend to zero. This remains true after arbitrary shifts by the fixed
eigenvectors and after binning. Overlapping blocks have vanishing probability. Thus all histogram
entropies converge to those of the corresponding limiting observations. Gaussian smoothing
removes mark-bin boundary atoms, and the potential bins have null boundaries as well.

We next remove the mark binning, while retaining the finite environment labels. Use cubes of
side A in R™, clipped outside a large box. Before clipping, the entropy of the global quantization
is at least the global Gaussian differential entropy minus nm log A: the entropy within any cube is
at most its log volume. Clipping changes the entropy per vertex by an amount tending to zero with
the box size, at fixed A. For this last assertion it suffices to bound the average second moment,
which is bounded by normalization of the marks and the fixed-height Gaussian covariance bound.
For example, compare the tail-bin distribution with summable lattice weights proportional to
(1+ [7))7¢; its entropy is bounded by its tail probability times a logarithmic moment bound. The
same argument applies to each finite-dimensional limiting observation.

After removing the clipping, send A | 0. The smoothed densities are bounded and continuous,
and have finite second moments. Replacing a density by its uniform filling in each bin gives L'
convergence; the density bound and the preceding tail estimate give entropy convergence. The
log-volume terms cancel because m(d + 1) — (d/2)(2m) = m. The lower bound furnished by the
full Gaussian array is

1
—H(global Gaussian noise) = % log(2me) + QE log det T,
n n

1 1 &
=m §1og(27re77)—E;logp\i—E—im .

The empirical spectral measure converges to v4.,, by polynomial approximation and convergence
of bounded-neighborhood observations. Splitting each limiting joint entropy into the entropy of
its environment labels and its conditional mark entropy gives (43).

We now compute the environment contribution (44) before increasing the radius. Set

R R—1
SR = Zbka PR = Zbkv pOZO
k=0 k=0

The star’s collection of labels reads 1 4+ dsp potential bins: the ball of radius R + 1, with its first
neighbor positions ordered and its remaining branches unordered. The edge reads 2sr bins in its
two outward half-balls. When all these bins are distinct the overlaps identify the vertices uniquely.

25



There are dpgr independent outward permutations of b branches in the star reading and 2pg in the
edge reading. Thus

H(ARg) = (1+dsgr)log@ — dprlog(b!) + 0g(1),
H(BR’Q) = 2splog @ — 2prlog(b!) + OQ(l).

For fixed R, bin collisions have probability Or(Q~1); their entropy cost is Or(Q~1log @), which
justifies the errors. Both the bin counts and the permutation losses cancel in (44), leaving og(1).

Take nested potential partitions as () — co. Almost surely all finitely many potentials in a
reading are distinct, so its limiting information is exactly the corresponding continuous potential
configuration modulo the indicated permutations. Conditioning instead on fully ordered potentials
in that union does not change the observation entropy: each omitted permutation fixes the
observed star or edge, and invariance of £ makes its conditional observation law identical under
that permutation. Finally let R — oo; these ordered configurations exhaust w.

Here the conditioning limits can be justified without subtracting infinite entropies of continuous
environments. Use relative entropy with respect to a fixed product Gaussian reference on the
observation coordinates and apply monotone convergence on the increasing conditioning sigma-
fields. The conditional relative entropy is finite: fixed-height smoothing bounds conditional entropy
below by noise entropy, while second moments bound it above. This proves convergence of the
conditional entropies and hence (42).

All passages have been made for fixed finite choices before refinement. To make them hold
inside almost every empirical law, include the countably many bin choices and heights in the joint
subsequence construction, and take a further subsequence on which the high-probability count
bounds hold eventually at every fixed precision. An almost sure representation of the empirical
data can retain the original finite data by sampling their conditional law. Their deterministic
relations, including the entropy counts and eigenvector normalization, are then preserved. The
preceding limits apply to each represented realization and give the stated almost sure assertion. [

The right side of (42) diverges as n | 0. This divergence has a specific source: the eigenvalue
equation confines the unsmoothed star marks to one hyperplane per color. The next section
removes precisely those normal directions, computes the remaining Gaussian constants, and uses
the resulting finite entropy inequality to identify the marks.

5 Conditional Gaussian rigidity

The entropy inequality of Section 4 contains the covariance of a Gaussian tree resolvent. At height
zero that covariance is singular on a star, because it satisfies the same eigenvalue equation as the
marks. We first compute its precision on the constraint space. The computation has two uses: it
fixes the entropy constants when the height tends to zero, and it splits each edge precision into
positive contributions from its two endpoints. Re-rooting will combine these contributions in a
Fisher-information comparison.

This follows the Gaussian-comparison and heat-flow architecture of Backhausz and Szegedy
[7, Theorem 10.3, Proposition 11.1, Theorem 11.2, and Lemmas 11.3-11.4]. Here the covariances
depend on the entire random environment. Accordingly, the precision shares are operators
depending on that environment, and their cancellation takes place after expectation and re-rooting.
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5.1 The Gaussian geometry of a star

All Green functions in this subsection are boundary values at E + i0. At a root o, label the

neighbors 1,...,d and write the incoming cavity messages as
d d
gi = ¢; + 1b;, b; > 0, B*:Zbi, tQZVO—E—ZCi.
i=1 i=1

Thus m, = (tg—iBx)~!. The unsubscripted b continues to mean d—1. Let K, be the imaginary part
of the tree Green function compressed to the star, and let K,; be its two-coordinate compression
to (0,7). These are spatial covariances for one color.

Lemma 5.1 (Star and edge precision). The centered Gaussian with covariance K, is supported
on the d-dimensional hyperplane

d
C:=V,—E)Z+> X;=0. (45)
i=1
In the coordinate volume 6(C) dZ 1]; dX;, equivalently the volume obtained by forgetting any one
neighbor, its precision quadratic form is

fﬂﬂ+%ﬂ2

bi (46)

i=1

Write K!°* for its covariance in coordinates forgetting neighbor d. Then
ret 2 d G ret d 1
det KT = |m,| ]:[11; he' := H(N(0, KX)) = 51og(27re) + 5;10% +log|mo|.  (47)

If ¢ is the cavity message from the o-side of the edge (o,1), its edge precision and determinant are

_ | X; + g: 2| n 1Z + ¢ X;|?

-1 T
(Z7Xi)Koi (Z7Xi) bi %g/ ’ (48)
bng’
det Koi = m (49)

In particular each edge covariance is positive definite.

Proof. The inverse star Green matrix has central diagonal V, — E, root-neighbor entries 1, and
neighbor diagonals 1/g;. Its negative imaginary part is diagonal on the neighbors, with entries
b;/|gi|*>. The real central row implies that the imaginary covariance annihilates the constraint
functional in (45).

To verify its law and its volume normalization directly, start with independent real Gaussians

Y~ N(0,b;),  Z~N(0,B),

and condition on tgZ + >, Y; = 0. Put X; =Y; —¢;Z. The quadratic form of the resulting density
is exactly (46). Gaussian conditioning gives the imaginary parts of the Green entries

Mo, —MyG;, 0i;9i + gimog;,
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in the root, root-neighbor, and neighbor-neighbor positions, respectively. Hence this conditioned
Gaussian has covariance K,. Integrating its density against 6(C') gives the normalization

(2m)2(T]0:) 1,

because Var(tgZ + 3, Y;) = (t2 + B2)/B.. The coefficient of the forgotten neighbor in C' is one,
so this is precisely the normalization in retained-coordinate volume, not Euclidean surface volume.
It proves (47).

On an edge the inverse Green matrix has diagonal entries 1/¢' and 1/g;, and off-diagonal
entries 1. Using its diagonal negative imaginary part, or multiplying the two-by-two matrices,
gives (48) and (49). Each of the two precision summands is positive definite: for g = ¢+ if3, its

matrix is
1

Qo) = (9‘2 ) det Q(g) = 1. (50)
B\ c 1)

This also proves edge nondegeneracy. O

We now put the Gaussian reference laws in common Euclidean coordinates. Let B; : R¢ — R2
read the edge (Z,X;) from the retained star coordinates, reconstructing X, from (45) when
necessary. Write Ut = (U,, Uy, ...,Ug_1) € R¥™ for the retained m-color star marks, and define

Lo = (KXY V2L U, R, = (K> Bi(K2)Y?) @1, (51)

o1

Then RiR;r = Iy, so0 R; L, is the whitened edge mark and P; = RJRi is the orthogonal projection
onto its reading subspace.
The two precision formulas produce positive matrices

Ao = (K" Qa0 K,[*) © L

on the whitened edge coordinates. The opposite endpoint defines A;, using its summand of (48);
read both in the same oriented edge coordinates. Equations (46) and (48) give the pointwise

identities
d

> R AgiRi =14, Agi + Aio = Iom, 0 < Ay < Iom. (52)
i=1
Thus every star’s precision is the sum of its incident contributions, and the two contributions on
an edge give its whole precision. These identities are valid in each environment; no averaging of
the covariance has been used. Other orthogonal choices of whitened coordinates merely conjugate
these formulas.

5.2 The constant in the entropy comparison

Define the logarithmic potential of the tree density of states by

U©Q) = [toglt = Clduau(t), 3¢ >0,

The following identity relates it to the local Gaussian volumes.
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Lemma 5.2 (Tree logarithmic potential). At positive height, with all tree Green functions evaluated
at ¢,

d
~U(¢) = Ey log |m,| + §Ew log|1 — gid'|- (53)

Both sides have finite limits as ( = E + in, n | 0. Denote the limit of U by U(E). With
hgy = H(N(0, Koi)),

E. lhOG — ;zd: hG] = -U(E). (54)
=1

Proof. Use real parts of analytic logarithms in the upper half-plane. The edge factor is nonzero,
as follows also from its invertible Schur matrix. Differentiating the full-root recursion yields

¢ logm, = m, (1 + Z(?Cgl) .

In the expected derivative of the edge term, edge reversal pairs the two differentiated cavity
messages. Its contribution is
(9c9i)g'

*dEwl_igig, = —E,m, gacgi,

where m, = ¢’/(1 — gig’). The indirect derivatives therefore cancel, leaving E,m,, the analytic
derivative whose real part differentiates —U. At fixed positive height the resolvent bounds justify
differentiation and expectation. Both sides of (53) are asymptotic to — log|(| at imaginary infinity,
which fixes the constant.

The boundary continuity and logarithmic integrability in Lemma 2.2, together with the Schur
identities, pass the right side to the boundary in expectation. They apply also to the two incoming
messages in an edge factor, and prove finiteness of the limit. Finally insert (47) and (49) into
the Gaussian entropy formula. The log(2me) terms cancel by dimension. The logb; terms cancel
in expectation because the two cavity messages on an edge have the same marginal law. The
remaining expression is precisely the boundary value of (53), proving (54). O

Return to the smoothed field F of Proposition 4.3. At each fixed environment, change star
coordinates to the retained coordinates and to the residual C' in each color. This linear change has
absolute Jacobian one. The marks have zero residual by (36). The noise residual has covariance at
most nl,,, since spectral calculus on the tree gives

(Hz, — E)D,(Hy, — E) < 1L
The entropy chain rule and the Gaussian maximum-entropy bound therefore show that
m
H(Ftar | @) < H(Fre | w) + 5 log(2men). (55)

Using this upper bound on the left side of (42) cancels exactly its divergent term. What remains
has a finite limit.

We give the entropy-continuity details because the full-star covariance itself becomes singular.
Take a sequence 1 | 0 along which the spatial covariances converge almost surely. In the retained
star and edge coordinates their limits are positive definite. At a fixed environment, the convolved
densities consequently converge in L', are uniformly bounded, and have uniformly bounded second
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moments; the bin-filling and tail argument from Section 4 gives entropy convergence. Conditional
mark second moments are finite almost surely. For expectation over environments, positive entropy
parts are uniformly integrable by the Gaussian entropy upper bound, the integrable conditional
mark second moments, and the spatial tree moment bounds. Negative parts are controlled by
the entropy of the independent Gaussian noise and the uniformly integrable log-determinants in
Lemma 2.2. Thus these entropy limits hold also after conditioning and integration.

Subtract m times the pure-Gaussian identity (54) and use the whitenings (51). Write ~ for a
standard Gaussian of the dimension appropriate to each occurrence, independent of the marks.
With H,, denoting entropy under the conditional law at a fixed environment, the result is

d

D(1) = Bu [Hu(Lo+7) ~ 5 3 HulRiLo +7)| > 0. (56)
=1

Indeed entropy differences from the corresponding pure noise are unchanged by whitening. The
standard Gaussian constants then cancel because dm = (1/2)d(2m). Branch invariance replaces
the single-edge average by the displayed sum.

5.3 Heat flow and its equality case

The precision split now gives a bound in the opposite direction to (56). Adding more Gaussian
noise makes its left side increase to zero. Equality forces each edge projection to retain all the
corresponding score information, which will determine the conditional density.

Proposition 5.3 (Gaussian marks at sampled roots). Within almost every empirical law L of
Proposition 4.1, the conditional root marks have law

Sme(E + z’O)I )

Law, (U, |w) = N (0,
)

(57)

In particular the colors are conditionally independent. For any finite collection of independently
sampled roots and any retained finite position list, their environments are id and independent
of the limiting point process v. Conditional on these environments and v, all their marks are
independent centered Gaussians with the variances in (57). Positions of multiplicity greater than
one have one separate color per occurrence.

Proof. Fix L, and replace the noise in (56) by \/s~, defining D(s) for s > 0. We first prove
D'(s) > 0, keeping the environment dependence explicit.

For a smooth positive density p, its score is V logp, and its Fisher information is [ |V log p|?p.
At fixed w, let X have the conditional law of L, + 1/s7, let p, be its score, and let p; be the score
of R;X. Differentiating a marginal density gives

E[Ripo(X) | RiX]| = pi(R; X).

Thus conditional Jensen and (52) give
Io(s) = E|po(X ZE!A”ZRZ;)O )%,
ZE|A1/2p1 R X)| ZE|A1/2 Ripo(X) — pi(RiX))|? = Ao(s) >0.  (58)
All expectations on these lines are conditional on w.

30



The conditional edge law, read in common whitened coordinates, is the same from its two
endpoints. Invariance under re-rooting therefore pairs the A,; term with its A;, term after E,.
Their sum is the identity. Consequently

E, ZE|A1/2p, R:X)| fIE ZIGZ (59)

where I,;(s) is the ordinary Fisher information of the edge marginal. De Bruijn’s heat identity
now yields

1
D'(s) = §ENAO(3) >0 for almost every s > 0. (60)

The comparison of joint and marginal scores belongs to the Fisher-information approach to entropy
subadditivity [13]; for fixed projection families, see [14, Proposition 3.3 and Equation (3.15)].
Combining this comparison with the heat identity [29] follows the tree entropy argument of [7,
Lemma 11.4 and Proposition 11.1].

Here are the analytic justifications for this use of the heat identity. Gaussian smoothing of a
finite-second-moment law has finite entropy, and its Fisher information in dimension ¢ is at most
q/s, by conditioning the Gaussian score. On a compact positive-time interval, a fixed positive
mass of the input in a bounded ball bounds the absolute logarithm of the convolved density
by C(1 + |z|?). Gaussian-kernel derivative bounds and the input second moment then justify
integration of the heat equation against the log density, first with spatial cutoffs and then without
them. This gives dH(X)/ds = I(X)/2 in integrated form. Since 0 < A,; < I, no inverse-weight
moments enter (58); Fisher information is bounded by dimension over s, also after environment
integration. The entropy bounds used in the preceding subsection justify that integration on
compact s-intervals. These are also the finite-second-moment hypotheses in [7, Appendix A,
Equation (A.1) and Lemmas A.2-A.3].

As s — o0, D(s) — 0. Indeed, divide each observation by /s; the dimensional logarithms
cancel, and at each environment its entropy tends to standard Gaussian entropy. The noise entropy
is a lower bound, and the Gaussian entropy upper bound gives domination by a constant times a
logarithmic second moment. Such a bound is integrable even if the whitened second moments
themselves are not: with M (w) = Ez[|| U2 | w],

log(1 + E[[| Lo|* | w]) < log(1 + [[(K5*)~H]) + log(1 + M (w)).

The first term is integrable by the spatial tree estimates, and the second by (36) and invariance.
Edge moments obey the same bound. Dominated convergence proves the claim.

Together with D(1) > 0, monotonicity and the zero limit imply D(s) = 0 for all s > 1. Equation
(60) makes every summand of (58) vanish for almost every such s, almost surely in w. Choose one
s for which this holds simultaneously at all the countably many re-rootings. Positive definiteness
of every A,; gives

Ripo(X) = pi(Ri X).

The densities are positive and smooth, so this identity holds everywhere. Differentiating shows
that the symmetric log-density Hessian commutes with every P;.

We next determine what these commuting projections permit. At one star, they leave the
central law free but force the complementary spatial directions to be Gaussian with a common
color covariance. We will then read one edge from both endpoints to determine the central law as
well.
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For one spatial color, let w. be the unit direction reading the central coordinate, standardized
with its noise variance. The edge-reading space is span{we,a;}, where a; is the unit neighbor
reading after its central component is removed. In the Gaussian reference field, conditional on its
central value, the residual neighbor covariance is

N.A(b T
diag(b;) — (b)B(b> (61)

It follows that the a; span the (d — 1)-dimensional orthogonal complement of w,, and, for i # j,

(ai,aj) = —\/(B* — bf;l(’jg 5 € (—1,0). (62)

Here strict inequality in magnitude uses d > 3. In particular these lines are pairwise distinct and
nonorthogonal. For m colors all these spaces are tensored with R™.

The intersection of the edge-reading spaces is exactly the central color space span(w.) ® R™.
A Hessian commuting with all their projections preserves this intersection and its orthogonal
complement. On the complement it preserves each span(a;) ® R™, so its restriction there has the
form a; ® v — a; ® D;yv. Self-adjointness and (a;,aj) # 0 imply D; = D;. Since the a; span, the
complementary Hessian is spatial identity tensored with one color matrix.

Vanishing mixed derivatives first split the log density into a central function and a comple-
mentary function. In any orthonormal spatial basis of the complement, the latter has zero mixed
blocks and identical diagonal color Hessians. It therefore splits into a sum of d — 1 functions, each
of its own color variable. Since d — 1 > 2, equality of their Hessians for all independent choices
of these variables forces the common matrix to be constant. Integrability of the density makes
it negative definite. The complementary law is consequently Gaussian, with covariance equal to
spatial identity tensored with a positive color matrix, and is independent of the central law.

It remains to constrain that central law. Read a common edge from its two incident stars. In
the whitened two-dimensional spatial edge, their standardized endpoint directions are distinct by
(49). They are also nonorthogonal almost surely. Indeed the unstandardized endpoint covariance is

tobi + Bici
t8 + B2

S(—=mogi) =
Condition on the incoming branches and vary the independent continuously distributed V,. Its
numerator is affine in V,, with nonzero slope b;, so it vanishes with probability zero. A countable
union handles all edges.

In coordinates given by the first endpoint direction and its perpendicular, the edge log-density
Hessian has block form diag(D.(z), D), with D the constant Gaussian color block already obtained.
The other endpoint direction has coordinates (cos @, sin #), with both entries nonzero. Commutation

with its projection forces
cos@sin® (D.(z) — D) = 0.

Thus the central block too is the same constant D. The entire smoothed star is Gaussian with
covariance spatial identity tensored with a color covariance, and the color covariance agrees across
every edge.

Dividing characteristic functions by that of the smoothing Gaussian now proves the same
assertion for the unsmoothed marks, with a possibly singular positive semidefinite color covariance
Cr(w). Their means vanish by Lemma 4.2. Edge agreement makes C(w) invariant under re-
rooting, and the covariance is a measurable function of w by disintegration of the fixed law

L.
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The iid environment is ergodic under tree automorphisms. One direct proof approximates an
invariant event by an event depending on a finite ball, moves that ball disjointly far away by an
automorphism, and uses independence; approximation then makes the invariant event independent
of itself. Root-preserving invariance and re-rooting invariance therefore make C, a deterministic
matrix within this fixed empirical law. In original coordinates the root covariance is (Im,)Cr. Its
expectation is I,,, by Proposition 4.1, so

(E,Smo)Cr =1y, Cr = iIm.
TP
This proves (57) and fixes the same answer for every admissible empirical law.

Finally, finite vertex samples were conditionally independent samples from their empirical law
before taking limits. Their limiting joint law is therefore the corresponding product conditional on
L and the retained positions. The one-root marked-environment marginal has just been shown
to be deterministic, with iid environment and the Gaussian conditional kernel (57). Its product
has no remaining dependence on £ or on v. This proves the sampled-root assertion, including the
conditional formulation and multiplicities. ]

Only the root assertion of Proposition 5.3 will be used below. The finite-dimensional arguments
above require only the fixed spatial covariance and logarithmic estimates from Section 2. Tensoring
with I,,, changes dimensions and multiplies log-determinants by m; it does not require higher tree
moments as the finite list length varies. Thus the disorder threshold chosen there applies to all the
lists retained in the subsequence construction.

6 Limiting resolvents and potential resampling

Fix the energy E and write p = pg.,(F) > 0. We continue along the subsequence on which the
microscopic point process and marked empirical laws of Proposition 4.1 converge. Proposition 5.3
identifies the spectral weights at independently sampled vertices. Our first task is to reconstruct
the resolvents from these weights, including their real additive constants. We then use potential
resampling to obtain a uniform estimate for the scalar transform and an invariance identity for
finitely many potential changes. These are the inputs to Gaussian insertion in the next section.

The passage from Gaussian spectral weights to resolvent control, and the use of a finite-rank
change to obtain a scalar equation, follow the methods of [28, Section 4]. Here the weights depend
on the sampled tree environments. We establish the corresponding statements below using the
disordered local law and Gaussian-mark result already proved.

6.1 Analytic limits and the tails of spectral sums

Conditionally on the finite graph and its potentials, sample vertices v1, vo, . .. independently and
uniformly. For fixed k let W, ;, have columns e, , ..., e, , and define
bib]

My, i(2) = W,;rkG(E +z/n)W, = Z bi = (ui(vy),. .. ,ui(vk))T, zeH. (63)

T — 2
it ®
The normalization ||u;]|> = n cancels the factor n arising from \; — E — z/n = (z; — 2)/n.

These matrix-valued analytic functions are tight for uniform convergence on compact subsets

of H. Indeed, Lemma 3.2 makes || M, ()| tight. If f(2) = 32, ¢;/(t; — 2) with g; > 0, then on
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any fixed compact K C H scalar kernel comparison gives

Sf(2) <CxSf@),  [f(2) = f()] < CeSF().

Apply these inequalities to real quadratic forms of M, ;, and use polarization. They give compact
bounds, and Cauchy’s estimates give equicontinuity on smaller compact sets. Diagonal extraction
therefore allows us to retain limits My, consistently for all k, jointly with the positions, all bounded
spectral lists, and all fixed-radius sampled environments. Write

yzZézj
J

for the limiting microscopic point measure. This notation is distinct from the infinite-tree density-
of-states measure v4,,. An occurrence of a repeated position has its own mark throughout.
We next remove the tails in the imaginary parts and in differences of resolvents. For z, zg in a
fixed compact subset of H, and |z| > L with L large,
1 1 1 C

S — < . 64
\S:U—z—i_ xT—2 T—z| 1+22 (64)

The microscopic Wegner estimate gives Ev,(B) < C,,|B| for every bounded Borel set B. Con-
sequently, the expected scalar tail in (64) is O(L™!), uniformly in n. For the marked sum, use
positive semidefinite residues and the identity

Eoy. w, Tr(bib]) = k.

Its expected norm tail is also Ox(L~1). Truncation, followed by convergence of bounded marked
lists, proves

I(s,y) = % (65)

j mj—s)Q—i-yQ’

Z bib] , (66)

Tj— =%

My (2) — My(z) beT<‘ - ! ) (67)

Tj — 20

The positive sums and the sums of absolute norms in the difference formula are finite almost
surely. The scalar imaginary trace converges to I(s,y) as well. Establishing these assertions
first on countable dense argument sets and then using the same kernel bounds makes them
simultaneous throughout H. They leave open a real constant matrix in M}; determining it requires
the large-height behavior.

6.2 Count discrepancy and scalar principal values

The slow trace estimate in Corollary 3.5 passes to the limiting Poisson transform. Thus, for some
¢ > 0 and all sufficiently large y,

P(|I(s,y) —mp| >y ) < Cy~*. (68)

The constants are independent of the fixed real argument s. The following elementary consequence
will also fix the principal-value normalization of the transform.
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Lemma 6.1 (Count discrepancy). There is a deterministic x > 0 such that, almost surely,
v([v,u]) = plu—v)+O(R"X), -R<v<u<R,  R-— o, (69)

uniformly in v,w. The implicit constant may depend on the realization. The same conclusion holds
with any endpoint convention. In partz'cular,

PV Z — = O(R™), > ig = O(R™). (70)
J

|z;|>R i |z;|>R
Here and below PV means symmetric truncation in the position: limp_, Z|$J_|<L.

Proof. Choose ¢ > 0 sufficiently small that 2¢ < ¢(1 — ¢), and consider dyadic R. Set Y = R!~¢
and use a real grid of mesh R'~2¢ in [~3R, 3R]. There are O(R?®) grid points. By (68), the sum
over dyadic R of their failure probabilities is finite. Moreover, changing the center of a Poisson
kernel by at most R'~2¢ changes its ratio by 1 + O(R™¢), uniformly in the position variable.
Borel-Cantelli and positivity therefore give, for some ¢; > 0,

I(s,Y)=mp+OR™), |s| <3R, (71)

almost surely for all sufficiently large dyadic R.

Every interval of length at most Y in this range has O(Y") points: evaluate I at its midpoint
and note that each point of the interval contributes at least a constant times Y ~!. Covering by
such intervals gives v(|—R, R]) = O(R), first dyadically and then at all large radii. It also bounds
the number of points in a strip of width W >Y, lying in [-2R, 2R], by O(W).

For —R < v < wu < R, integrate 7~ 1I(s,Y) over [v,u]. By (71), this gives

[ Psr@v(e) = ptu=0) + OR), Pyt =1 [F o

T r—s5)2+Y2%

Take W = R'~/2, The strips of width W around the two endpoints contain O(W) points. Outside
these strips, within [-2R, 2R], the difference between P, ,,y and the interval indicator is O(Y/W);
the linear count bound makes its total contribution O(RY/W). For |z| > 2R, P,y (z) < CRY /22,
so dyadic summation using linear counts bounds the remaining contribution by O(Y’). Hence the
sharp and smoothed counts differ by O(R'~¢/2), uniformly in the endpoints. This also handles
atoms at the endpoints. Taking 0 < y < min(cq,e/2) proves (69), with a neighboring dyadic
radius covering an arbitrary R.

Apply (69) separately to the positive and negative half-lines. Their counting errors are
O(1+t17X) up to distance t. In the symmetric sum of 1/z;, the two constant-density contributions
cancel. Partial summation bounds the remaining tail by O(R™X), since the integrated error is
bounded by a constant times [£°¢~17X dt. The inverse-square bound follows directly from linear
counts. Possible points at zero play no role in these tail statements. O

We may decrease x whenever needed. Define

m(z) =PV Z

J

1

.’EJ—Z

(72)

Lemma 6.1 and 1/(z — z) = 1/2 + Ox(2~2) show that this limit exists locally uniformly on H. It
is analytic, has imaginary part I(Rz, 3z), and obeys

m(iy) = imp + o(1), Yy — 00. (73)
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For clarity, comparison with the transform of pdz on each half-line bounds the error by

% 1 4tlx
0/ Y gt =0y,
=y (y y )
after taking y < 1. The same estimate, up to constants, holds at e + iy when |e| < y/2. We will
use this uniform variant to start the height descent below. No real centering of finite scalar traces
is required: m is defined directly by (72).

6.3 The real constants in the marked resolvent

Let &, be the full potential environment of the ath sampled tree, including its root potential.
Write

_ Sm
My =mo(E +1i0;80),  aa =Rmg,  ca= wpa’ (74)

Ak:diag(al,...,ak), Ck :diag(cl,...,ck).

These variables are finite, and ¢, > 0 almost surely by Proposition 2.1. The sampled environments
are iid and independent of v. Proposition 5.3 states, jointly with these data, that

bj = C;/ 2 9js (94); independent standard Gaussian vectors in R¥, (75)

conditionally on v and the environments. Finite spectral lists, including their multiplicities, give a
consistent version of this description on an extension of the probability space.

Proposition 6.2 (Marked resolvent representation). Almost surely, for every finite k and every
z € H,

(76)

The principal values converge locally uniformly. Moreover, SMy(z) is positive definite, simultane-
ously for all these k, z.

Proof. Condition on v and the sampled environments, and put Z; = bjb;!— — (Y. Its entries are
independent across j, centered, and have bounded second moments, with bounds depending on the
fixed conditioning data. By (70), >°; Z;/(x; — i) converges almost surely entrywise when ordered

by increasing |z;|. Also
Z 1Z;]l < o0
2

lz;>1 Tj
conditionally almost surely, because its conditional expectation is finite. Thus the difference series
between z and i converges absolutely and locally uniformly. Combining it with Cym(z) proves
local uniform convergence of the marked principal value, say Sk(z). Equations (66) and (67) show
that M — Sy is a real symmetric matrix constant in z.
Linear counts imply >, [z; — iy|=2 = O(y~'). Each entry of the centered marked sum at iy
consequently has conditional second moment O(y~1). Together with (73), this yields

Si(iy) — impCy,  in probability. (77)

The convergence remains true without conditioning, by bounded convergence applied to the
conditional probabilities.
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We must compare this limit with M (iy) on the same space as its sampled environments.
Corollary 3.5 gives the large-microscopic-height limit jointly with every fixed-radius environment.
Its limiting tree diagonal is the measurable function &, +— m/}, of the entire environment. It follows
that

My (iy) — diag(m7,...,mz) in probability. (78)

Here is the measurable-function point in this inference. Approximate m}, in probability, under the
fixed iid environment law, by a bounded continuous function of finitely many potential coordinates.
Joint convergence with those coordinates controls the distance to this approximation. The two
approximation errors have the same environment law before and after the limit; letting their
probabilities tend to zero proves convergence to mJ, itself. The off-diagonal entries in (78) tend to
zero by the sampled Ward estimate in Lemma 3.3. Thus this is a statement about the existing
environments, rather than only about the marginal distributions of the diagonals.

Subtract (77) from (78). The constant My — S equals diag(m?) — impCy, = Aj almost
surely, proving (76). Finally, (69) gives infinitely many positions. Conditional on positions and
environments, the first k& Gaussian columns are linearly independent almost surely. Since all ¢, are
positive, their positive weighted outer products already make SMy(z) positive definite for every
z € H. ]

We have now identified the full analytic compression, including the real part that imaginary-tail
estimates could not determine. The next argument uses this formula twice, before and after
changing one potential, to improve the scalar transform itself.

6.4 One-site resampling and uniform transform regularity

At the first sampled vertex, replace its potential Vi by an independent 171 uniform on [—w, w], and
put Dy = Vi — V1. Both finite ensembles have the original law. We may retain a joint subsequential
limit of the old and new data; a hat denotes the latter. Their sampled tree environments differ
only at the indicated root, and the finite-rank resolvent identity gives

(1+ Dy My(2)) M (2) = My(2). (79)

We also need a scalar comparison for this coupling. A rank-one perturbation changes an
interval count by at most two. This inequality passes to the limiting point measures on continuity
intervals, then to arbitrary endpoint limits. Applying it to intervals between a fixed reference
point and ¢ bounds a signed cumulative count by a constant. Partial summation against (¢ — z)~*
on symmetric truncations, with vanishing boundary terms, gives

s + i) — m(s + iy)] < j (30)

Indeed the integral of |(t— z) 2| over the real line is 7/y. Both principal values exist by Lemma 6.1.
The same argument gives Cy/y for a change at any fixed number & of sites.

Proposition 6.3 (Uniform transform regularity). There is a deterministic § > 0 such that, almost
surely, for every fixred 0 < § < 1,

m(e +iy) =imp+ O(y™%), lef] <R, R°<y<R? R — 0. (81)

The implicit constant may depend on § and the realization.
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Proof. We first prove a pointwise implication under a fixed bound on m. For one sampled site,
write

Mi(2) = a1 +e1(m(z) + Q(2),  Q(z) =PV

For every integer p > 1, conditionally on v and the environment,

B(QUs + i) | 1.81) < C, (erj—s—iw) o, (YL

To verify the inequality, first use a finite sum and expand the 2pth absolute moment. Every
surviving spectral index occurs at least twice because g]2- — 1 is centered. Each partition of these
indices is bounded by the appropriate Gaussian moments and by the pth power of the sum of
squared weights; for a block of size ¢ > 2, use 3 |w;|? < (3 |w;|?)%/2. There are only finitely many
partitions for fixed p. Convergence in these moments then proves the assertion for the series.

In particular, for every fixed Cy, A < oo, at any fixed s, v,

P(m(s +iy)| < Co, |Q(s +iy)| >y~ /) < Cacoyy™. (83)

Choose p > 2A in (82). The identical assertion holds for the hatted ensemble, with any fixed
enlarged bound on |m]|.

Choose an event F, of probability pg > 0, on the old environment and the independent new
potential such that

|mi| + |mi| < Cy, Smi, Smy > e >0, |D1| > cx. (84)

Here all constants are deterministic for the fixed positive w. Such an event exists directly from
the cavity formula. The branch sum has finite entries and strictly positive imaginary part almost
surely, so with positive probability its modulus is bounded and its imaginary part is bounded below.
On that event the root Green function is bounded, with imaginary part bounded below, uniformly
for every root potential in [—w,w]. Impose additionally |171 — V1| > w/2, an event of positive
probability. The old environment is independent of v, and the new potential is independent of all
old data; hence F is independent of the old point process.

Suppose |m(z)| < Cy. By (80), |m(z)]| lies in a fixed slightly larger range for y > 1. On F,
outside the two exceptions in (83), insert the two marked approximations into (79). Replacing m
by m costs O(y~1) and gives

POm) = 01, )
P(t) = (1 + Dl(al + Clt))(al + Elt) — (a1 + Clt).

The tree branches are unchanged by resampling, so (1 + Dym7)mj = mj. Thus the real-coefficient
polynomial P vanishes at imp and at its conjugate. Its leading coefficient is Djci¢1, whose modulus
is bounded below on F. Consequently

P(t) = Dicici(t —imp)(t + imp).

Since Sm(z) > 0, we have |m(z) + imp| > wp. Equation (85) therefore implies |m(z) — imp| <
ng71/4.

38



This conclusion gives an arbitrary-power failure estimate for the old point process alone. More
precisely, if
B. = {|m(2)| < Co, |m(z) —imp| > Coy~'/*},

then independence gives P(B, N F) = poP(B,). But this intersection is contained in the union
of the old and new marked-sum exceptions, each of which has unconditional probability at most
Cay~4. We have proved

P(Bsiiy) < Cacoy™? for every A > 0, (86)

uniformly in the fixed real part s. In particular, this reasoning does not require the switched
process to have its original law conditionally on the old positions or environments.

It remains to establish the bound on m needed to use this implication across an expanding
region. Fix 0 < § < 1 and use, for dyadic R, a unit grid in the padded region

lef <2R, iR’ <y<2R%.

There are O(R3) grid points. At its top height, the uniform variant of (73) gives m(e + iy) =
imp + o(1) uniformly for |e] < 2R. For two heights with y/2 <y’ <y, the absolutely convergent
difference series gives

/

y—y

Im(e +iy') — m(e +iy)| < Sm(e +iy) < Sm(e +iy). (87)
Choose Cy large enough that this inequality places the next height inside |m| < Cy whenever
the preceding value is within 1 of ¢mp. Decrease heights by one unit, shortening the last step if
necessary; for large R all successive ratios are within the range in (87). At each step (86) then
returns the value to within Coy~1/* of imp.

Choose A so large that R3~%4 is summable over dyadic R. The union bound and Borel-Cantelli
exclude all implication failures on these grids for sufficiently large R, almost surely. The preceding
descent proves the estimate on the grids without any additional trace-bound assumption. Finally,
Sm(z)

(88)

1 -2
@) < ¥l =27 = ==
Nearby positive Poisson kernels are comparable. Thus the grid bounds on Im and (88) fill unit
grid gaps at cost O(y~!). Padding permits arbitrary large radii. Taking, for example, any fixed
0 < £ < 1/4 absorbs constants. Apply the argument to a countable collection of positive ¢ tending
to zero; for any prescribed §, a smaller one in that collection implies the asserted estimate. O

6.5 Environment-selected potential changes

We finally record the invariance identity needed for Gaussian insertion. Each sampled tree has
a distinguished root; the root-excluded environment means all its potential coordinates other
than that root coordinate. A single-site map below preserves the uniform probability measure on
[—w,w]. The choice to apply it may depend on the root-excluded environment, which retains the
conditional uniform law of the root potential.

Proposition 6.4 (Potential-switch identity). Fiz k. At site o < k, fiz a measure-preserving map
Ty : [—w,w] — [—w,w] and an event B, measurable in its root-excluded tree environment. Set

Dy =1p,(To(Va) — Va), D = diag(Dy, ..., D).
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Then, for every finite set of arguments in H, the imaginary parts of
m(z) — 0, log det(I+ DMj(z)) (89)

have jointly the same law as the corresponding imaginary parts of m(z). The identity is uncondi-
tional. In particular it applies to piecewise translations and to arbitrary measurable root-excluded
selections of whether to perform them.

Proof. First suppose the selections depend on fixed-radius potential balls through continuity sets,
and the maps are piecewise translations with only null sets of discontinuities. At finite n, use
these same selections and maps when the k sampled balls are disjoint trees; otherwise make no
change. Conditional on the graph, the sampling data, and all potentials except the k£ central ones,
every selection is fixed and every central potential remains independent and uniform. Applying the
selected maps therefore preserves the joint finite-graph law. The probability of ball or separation
failure is Oy(n~1) for the fixed radii.

Write H' = H + kaDWvI . on this event, and let z be its microscopic eigenvalues. The
determinant identity and differentiation in the microscopic variable give exactly

Y=Y

—~ T — 2
Indeed the determinant ratio is det(H' — E — z/n)/ det(H — E — z/n); its logarithmic derivative
is —n 1 TrG'(E + 2z/n) + n~! Tr G(E + z/n). This also verifies the sign and the absence of any
further factor of n in (90).
Take imaginary parts. The scalar sums converge by the tail argument preceding (65); the
compression functions and their derivatives converge locally uniformly. On the coordinates where
D, # 0, write the logarithmic derivative as

1

Ty — 2

— 0, logdet(I+ DM, ;(2)). (90)

Te((D™" + M(2)) ™" Mi.(2)), (91)

using the corresponding compression. Positive definiteness of M}, (z) makes D~ + M, (z) invertible.
Zero coordinates can simply be removed. Equivalently, the determinant of I+ D M;, is nonzero, and
its logarithmic derivative has no choice-of-branch ambiguity. The continuous mapping theorem
now passes (90) to the limit, jointly in any finite list of arguments, and law preservation gives the
claimed identity for these selections and maps.

For completeness, no continuity assumption on a fixed measure-preserving map is needed in
the stated result. A bounded measurable T, can, for convergence purposes, be approximated in
probability under the uniform root law by continuous functions (or by functions with finitely many
interval discontinuities). This follows from approximation of measurable sets in Lebesgue measure
by finite unions of intervals, applied to a finite binning of its range. The approximants need
not preserve measure: the finite-graph law-preservation identity always uses T, itself. They only
establish joint convergence of T,,(V,,) with the resolvents and environment data. The approximation
probabilities are the same at every n and in the limit because the root marginals are uniform.
This proves the fixed-radius assertion for every measurable measure-preserving map.

Finally, approximate each general B, in probability by events in finitely many root-excluded
coordinates. Such approximation follows from conditional expectations on increasing finite-radius
sigma-fields. Each finite-coordinate event can in turn be approximated by a continuity set for its
finite product uniform law. All these approximations exclude the root potential. For fixed k, the
probability that any of the selected maps differs from its approximation tends to zero. On their
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agreement event, (89) is exactly unchanged; therefore its finite-dimensional law converges in the
approximation. The preceding identity passes to the limit. Independent branch orderings can be
included among the sampling data when an event uses ordered coordinates. O

All limits in this section use a fixed number of sampled sites. The next section increases that
number inside the already constructed limiting law, using Proposition 6.4 at each finite value.

7 Gaussian insertion by potential permutations

Fix a microscopic subsequential law v = 3_, 6, from Sections 4-6. We shall approximate its law by
eigenvalues of a finite diagonal matrix plus Gaussian noise. The number of potential changes will
grow only inside this already constructed limiting probability space. Thus the finite-list Gaussian
mark theorem is sufficient; no assertion about a growing list of finite-graph vertices is needed.

The mechanism is to make many small, measure-preserving potential changes. The potential-
switch identity will represent their effect, after truncating the spectral sum, by signed rank-one
perturbations of a diagonal matrix of microscopic positions. Conditional on those positions and the
sampled environments, the Gaussian marks make the perturbation’s mean scalar and its covariance
that of a GOE matrix. We will compare it with Gaussian noise after controlling its spectral tails.
The scalar mean need not vanish, so it will remain in the comparison matrix.

The matrix estimates below adapt the Gaussian insertion argument of [28, Sections 5.3-5.5].
We give their proofs because the coefficients here come from potential permutations, and their size
and cancellation must be established for the disordered model.

7.1 Potential permutations and their coefficients

We use r sampled roots and potential increments of size comparable to @, chosen so that their total
variance has scale T = r6%. Two spectral cutoffs serve different purposes. A large outer cutoff L
makes the switch determinant a finite matrix expression, with a negligible tail even though the
determinant has up to r coordinates. We will then remove the positions outside the much smaller
window [—K, K]. The remaining matrix has order K, small enough for the Gaussian replacement
error to vanish.

Decrease the deterministic discrepancy exponent in Lemma 6.1 if necessary so that 0 < x < 1/4,
and fix the following scales:

0<7<x/100000, T=r", K=p/100 [ =p00/ g (/)2 (92)

All limits in this section have r — oco. For clarity, the almost-sure consequences used later will be
taken along the deterministic sequence r = 27; any faster increasing integer sequence would also
do.

At each independently sampled tree root «, write

M) = (0= E- Sl g0) ™ aa(o) =Rmi(o),  ca(v) = 220,
Here v € [—w,w] is the root potential and the incoming cavity values depend only on the
environment away from that root. They are finite with positive imaginary parts almost surely. We
can therefore choose a fixed event A, measurable without the root potential, of positive probability,

on which
|E+ 37 Rgai| < Co, co <22 Sgai < Co
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for fixed ¢, Cyp > 0. On A, the functions aq, ¢, are uniformly bounded and Lipschitz on [—w, w],
and ¢, is bounded below by a positive constant. These statements follow directly by differentiating
(v— A —1iB)~! on the displayed compact range of A, B, v.

Choose an integer N, such that ¢, = w/N, < 6, and partition [—w,w] into N, intervals of
length 2¢,.. On A, interchange the two halves of each interval by translation. Off A, leave the
potential unchanged. This is a measure-preserving involution conditionally on the root-excluded
information. Denote its increment at the first » sampled roots by D,; at an active root, D, = £/,
Proposition 6.4 applies to these choices.

Evaluate aq, ¢ at the original root potential, and define

caD .
ﬁa:ﬁ, B = diag(B1, ..., 05r), s1=Trp3, sy=Trp% (93)
Inactive coordinates have 8, = 0. For all large r, the denominators are bounded away from zero,

and
I8l <CO,  T<s5<CT, |s1| <CT (94)

with probability tending to one. The first and upper second bounds are deterministic. The lower
second bound follows from the positive proportion of active roots, since |S3,| =< ¢, there. For the
last bound, pairing the two halves of each interval gives

IEBa| < CL2,  Var(fa) < CL2.

Indeed the contributions £.c(v) and —f.c(v + £,.) cancel to order £?, and the factor (1 + aD)™*
differs from one by O(¢,). Independence of the root environments now gives |[Es;| < CT and
Var s; < CT. Chebyshev’s inequality makes the failure probability O(7~!); the active-site count
has exponentially small failure probability. Along r = 2/ these failures are summable, so (94) holds
eventually almost surely.

Let £ be the sigma field generated by v and all sampled tree environments, including their
root potentials. We shall condition on almost every realization of £ for which (94), Lemma 6.1,
and Proposition 6.3 hold eventually. After this conditioning, all coefficients and positions are
deterministic; the standardized Gaussian marks remain independent standard Gaussian variables.

Put I = {j : |zj| < K}, my = |I|, and Dy = diag(z; : j € I). In this section a raw GOE
matrix has independent upper-triangular entries of variance one off the diagonal and two on the
diagonal, and centered Gaussian entries throughout.

Proposition 7.1 (Gaussian insertion). On the preceding extension of any microscopic subsequential
law, let W, be the upper-left mr-dimensional block of an infinite raw GOE array independent of &,
and set

H, :DI+SIIm] +\/5W7~. (95)

Then, along r = 27, the raw eigenvalue counting measures
my
V=3 oy = v
j=1

converge in law for the local vague topology, without conditioning. Moreover my = 2pK + O(K'7X)
almost surely, and the coefficient bounds (94) hold eventually almost surely.

The proof follows the two cutoffs just described. First, truncation at L turns the potential-
switch determinant into the resolvent trace of D, + GBG', where D, lists the retained positions
and G has independent standard Gaussian entries. Weighted resolvent estimates then remove
the positions outside [— K, K]. Finally, a second-order replacement of the independent rank-one
summands gives the scalar shift s; and GOE variance sy in (95).
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7.2 The first cutoff and the finite matrix

The discrepancy estimate and partial summation give

v([-R, R]) = O(R),

PVZ

lzj|>R Ly

O(R™), Z %: R™). (96)
> J

These bounds hold for all sufficiently large R, with constants depending on v. Write
1/2 g]-g] 1/2 . L
M, (z) = A, + C, PVZ C,/=, A, =diag(as), C, = diag(ca),

using Proposition 6.2; the g;’s are independent standard Gaussian vectors of dimension r. We
restrict inverse matrices below to active coordinates, whose number is at most r. All norm
estimates through the first-cut comparison concern these active compressions. On them C, is
bounded above and below uniformly; inactive coordinates contribute the identity to the switch
determinant.

For a fixed finite list of 2’s in H, let M, ; be the same expression restricted to |z;| < L.
Conditional on &,

1My = My p || + M) = M [l = Op(r?L7), [ My = Op(r?). (97)

For the means use (96). Each centered entry of the tail has variance O(L™!), and summing squared
entries proves the bound in Hilbert—Schmidt norm; the derivative has an even smaller tail. The
derivative bound for the full matrix follows from >, |z; — 2|72 < oo, first moments of Gaussian
squares, and the Hilbert—Schmidt or trace bound for its absolute summands.

With probability tending to one, both SM,(z) and SM, 1(z) are at least r—°I on active
coordinates. To see this, retain only points |z;| < r%. There are 2pr? + O(r*(17X)) such points;
each Poisson weight is at least c,r~8. Their empirical Gaussian covariance tends in operator norm
to the identity: the expected squared Hilbert-Schmidt error is O(r?/r%) = O(r~2). The uniform
lower bound on C,. then gives a lower bound of order »~*, and hence the claimed weaker bound.
The same retained points occur in the cutoff because L > r.

The potential increment matrix D = diag(D,) is real and invertible on active coordinates.
Thus

IO+ M)~ + (D™ 4 M)~ < 20

on the preceding event. The inverse identity and (97) therefore show that replacing M, by M, 1,
in Tr((D~! + M,)~1 M) costs op(1). Explicitly, after the trace and derivative are bounded, the
inverse difference multiplies the tail error by at most Op(r!?), and 7'°L=X = =8 — 0. The scalar
principal-value transform m may also be cut at L with an error tending to zero by (96).

Let D, = diag(z; : |xj| < L), and let G have rows indexed by these points and 7 independent
standard Gaussian columns. Determinant interchange gives

det(I + DM, (z)) = det(I + DA,) det(I+ 3G (D, — 2)~'G)
_ det(I + DA,) D dzt? 9p g;_ ?)

In particular, if

Sp(2) = m(z) — 0, logdet(I+ DM, (z)), A =GBGT,
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then
Sp(2) =Tr(Dy + A — 2)7 1 + op(1). (98)

Only the logarithmic derivative is used, so no choice of a logarithm branch is required. For every
fixed r, the joint unconditional law of the imaginary parts of S, is that of m, by Proposition 6.4.

7.3 Removing the outer positions

The finite matrix in (98) still has order L. We next compare its resolvent trace with that of the
inner block indexed by I. This will leave a matrix of order K, small enough for the Gaussian
replacement.

Let F ={j: K <|z;| <L}, so that the indices of D, split into I, . For a fixed z € H, define
the separate block resolvents

Gp = (Dp+ App—2)71, Gr=(Dy+ A —2)~ L.
The upper-left block of the full resolvent is (GI_1 — )71, where

Thus we must control both the direct far-block trace and the effect of this Schur correction on the
inner resolvent.

The diagonal positions give a natural weight on the far block, where |z;| > K. On the inner
block we regularize the same weight at the larger height h; = T2, where the perturbation tends to
zero in the weighted norm used below. Set

h=T%  Ur=(Df|+h)""?  Up=|Dp|"V2 (99)
Partial summation using (96) gives
TeUf + TeUp = O(logr), U7 <hy', |URI <K (100)

For example, the inner sum is bounded by integrating the linear count bound against (|z| + h1)~";
the far sum is treated in the same way between K and L. Both endpoints are fixed powers of 7.
In the following estimates, polylog(r) denotes a fixed power of logr, whose exponent may increase
from one occurrence to the next.

We will show that G is close to D' in these weights, that ||U;SU;|| = op(T~°), and that
|U; Gr(2)U Y| = Op(T?). The last two estimates make the inner resolvent change small even
after the two inverse factors in the resolvent identity. The logarithmic trace bounds above then
turn weighted norm control into trace control. We begin with the Gaussian block estimates that
supply these bounds.

Lemma 7.2 (Weighted block estimates). For A= 1, F, put a;r = h1, ap = K. With probability
tending to one,

|UA(Alqq — s11)U4|| < polylog(r) (\/T/aA + 9) . (101)

Moreover, for Py = Ut A} pUr, ,
| Pollfzs < T polylog(r) (102)

with probability tending to one.
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Proof. The centered matrix in (101) is a sum of independent self-adjoint matrices
T
Z Baa(vavl - P), P = UE\?
a=1

where v, is Gaussian of covariance P. Its coefficients may have either sign. Gaussian fourth
moments give
E[(vava )?] = (Tr P)P 4 2P2. (103)

Truncate each original Gaussian column on the event that all its entries have absolute value at
most logr, and center the truncated summand. There are only polynomially many entries, so
this alters the matrices with superpolynomially small probability. Gaussian tails also make the
resulting centering correction superpolynomially small.

Each truncated summand has norm at most

C||B||(log)? Tr P < 6 polylog(r).

If X is a self-adjoint random matrix, then E[(X — EX)?] = E[X?] — (EX)? < E[X?]. Also
truncating vav;— by an event can only decrease the expectation of its square in positive semidefinite
order. Thus (103), including for negative 44, bounds the matrix variance parameter by

T
Cso(Tr P)||P|| < a polylog(r).

The bounded self-adjoint matrix Bernstein inequality [30, Theorem 1.4], applied to both signs,
gives, for a sum of independent centered self-adjoint matrices of norm at most b and variance
parameter o2 ., a two-sided tail bounded by

mat»
ct?
2|A —— .
’ ’eXp< 01211at+bt>

Its dimension factor is polynomial in r. Taking a sufficiently large power of logr in ¢ proves (101).
For the cross block, independence of distinct Gaussian rows and direct second-moment calcula-
tion give
E||Polfis = s2(Tr UF)(Tr U).

Equation (102) follows from (100) and Markov’s inequality, with one additional logarithmic
factor. O

We first apply the weighted block estimates to the far resolvent Gg and the Schur correction
3., keeping z € H fixed.

Lemma 7.3 (Far block and Schur correction). Let

1+7T T
dF = polylog(r) (—;{ +1/ I + 9) .

Uz (Gr = DEUR'|| < dF = o(1) (104)
with probability tending to one, and Tr G = op(1). For the Schur correction X,

Then

|UrsU;|| = op(T77). (105)
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Proof. Conjugating the matrix to be inverted by Up gives
UF(DF + A/FF — Z)UF = sign(DF) + UF( ,FF — Z)UF.

The second term has norm at most dp, by Lemma 7.2, the bound |s1| = O(T'), and (100). Since
§r = o(1), a Neumann expansion proves (104). In particular, Qr = Up'GrUr' has bounded
norm. By (96),

Zi

—| = O(E™), | Tr(Gr — DY) < 8 Tr U = o(1).
jer I

This proves the assertion about the far trace.
For the Schur correction, replacing G by D;l costs at most

| Pol[fis6 7 < T polylog(r)dp (106)

in the norm weighted on both sides by U;. It remains to estimate A’ FDEIA’F 7. Condition further
on the inner Gaussian row block G;, and set

Q= G186/ .

The columns of A, indexed by j € F, are then independent centered Gaussian vectors a; with
covariance (). Consequently

al
E Za]a] gr, & :in7
jer i ser
Ja - 1
e (5 0 .) - s 5
= j JEF I

Also E[Q?, | €] = s3 +2TrB* = O(T?). Since Q is positive semidefinite, |Qup|? < QuaQub;
Cauchy-Schwarz bounds the remaining second moments by O(7?). Multiplying entry a,b by
(Ur)aa(Ur)ph, summing its second moment over a,b, and using (96) and (100), we obtain

E U475 D5 A U|) | < 0T (logr)? (K- + K1)
IFEF AFIYT | gg = g .

Markov’s inequality therefore bounds this norm by T polylog(r)(K X + K~/2) with probability
tending to one.
Combining this estimate with (106) gives

(1+T)

T
|U;SU;|| < polylog(r) O (TK—X +TK /%4 = +T\T/K + T9>

with probability tending to one. After multiplication by 7, all terms tend to zero by a fixed
power of r. For example, the three potentially slow terms have exponents

X 13 1 13 1
67 — —, —T— =, —T - =,
100 2 200 2 2

respectively. They are negative under (92); the terms T6K /2 and T%(1 + T)/K have still ample
margins. This proves (105). O
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We now convert the small weighted Schur correction into a small trace error. The fixed-height

inner resolvent cannot be estimated directly from (101); instead we first work at the larger height
hy =T2

Lemma 7.4 (Inner resolvent and trace cut). For every fized z € H,
U7 Gr(2)Ur | = Op(ha), (107)

and
Te(Dy + A — 2)7 = Te(D; + Ay — 2)7H 4 op(1). (108)

The same estimates hold jointly for a fixed finite list of z’s.

Proof. Every diagonal entry of U;(D; — ih1)U; has modulus at least 1/4/2. The added term has
norm at most

|UL AL U] < CT/hy + polylog(r) ( T/hy + 0) — o(1)
with probability tending to one. Hence
U7 Gr(ih) U < C.
The identity G;(ih1)*G(ihy) = hII%GI(ihl) now gives
|G1(ih) U + U7 Gr(i)]| < Chy 2.

Alternatively the same mixed-weight estimates follow from the preceding weighted inverse and

UL < hl_l/ ?. Use the exact twice-iterated resolvent identity

G[(Z) = G](ihl) + (Z — ihl)G[(ihl)z
+(z — ih1)2G1(ih1)G1(z)G1(’ih1).

The unweighted middle resolvent in the last term has norm at most (3z)~!. Conjugating the
identity by U, 1 the three terms are bounded by

C,  Clz—ih|/h,  Clz—ih|*/(h1S2),

respectively. This proves (107). _
The Schur complement formula for the full inverse has upper-left block Gy = (G;! — )71, Set
R; =U;'GiU; ! and S; = U;SU;. Then

U GrU = (R - Sp) 7L
By (107) and (105), a Neumann expansion gives
U7 GO = Op(h), 11U H(Gr = GNU | < Op(hi)op(T—°) = op(T71).

Multiplying the last bound by Tr U? = O(log ) shows that their traces differ by op(1).
The full block-inverse trace is

Tl‘é[ +TrGg + Tr(é[A’IFG% /FI)
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The far trace is op(1) by Lemma 7.3. For the last term recall Qr = U;lGFUgl. It has bounded
norm, and

Up'GrUp' = QrUiQr,  ||QrURQE| = Op(K ™).

No positivity is asserted for this complex square. The ordinary operator-norm and Hilbert—Schmidt
trace inequality instead gives

| Tr(Gr AT GEARy)| < U7 GHUT | Pollfs |QrUR Qe
< polylog(r) Op(T?/K) = op(1).

This proves (108). All estimates used the same Gaussian matrices, so taking a finite union gives
the joint assertion. O

7.4 Gaussian replacement and convergence of point measures

We have reduced the switched trace to an inner matrix of size
mr = 2pK + O(K'™X) < K.

Its perturbation is a sum of r independent small rank-one matrices. Only at this reduced size do
we replace that sum by GOE noise.

Lemma 7.5 (Gaussian replacement). Conditional on almost every realization of £, bounded
smooth tests with bounded derivatives of finitely many trace values have expectation difference o(1)
between

D+ AIH and H,= D;+ SllmI + \/EW

Proof. Write
T
A/II - Sllm[ = Z ﬁaa(gagl - Im])7

a=1

where the g, are independent standard mj-dimensional Gaussian vectors. The covariance identity

Cov(gap, 9e9d) = dacObd + OadObe

shows that gg" —I and a raw GOE matrix have the same entry covariances. Their means are both
zero. Thus replace the summands one at a time by BoaW,, with independent raw GOE matrices
W . Negative coefficients are allowed: both covariances are multiplied by 32,.

For either kind of summand X,

E|X|]? < CO3m3.

For the rank-one term this follows from Gaussian moments of ||g||?; for the GOE term the Hilbert—
Schmidt norm gives a sufficient bound. Fix spectral parameters z1,..., 2, € H, and a bounded
smooth test ® on the corresponding real and imaginary trace coordinates, with bounded derivatives.
For any real symmetric matrix A, its resolvents satisfy [|(A — z¢) 7| < ($z¢)~!. Differentiating
the resolvent in a real symmetric direction A gives, for j = 1,2, 3, a trace derivative bounded by
C. jmy||AlJ. The chain rule therefore bounds the third directional derivative of the composed
test by
C.omi AP
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This estimate holds at every intermediate real symmetric matrix, independently of eigenvalue gaps.

The Lindeberg replacement argument (see [15]) uses Taylor expansion to second order, which
cancels the means and covariances in each replacement. Summing the third-order remainders gives
total error

C,.omirg® = O(r O4+B/27) — o(1).

Finally }°, BaaWa has exactly the law ,/s2 W, proving the lemma. O

Completion of Proposition 7.1. The coefficient bounds were proved in (94). Combine (98) with
the trace cut in Lemma 7.4 and the Gaussian replacement in Lemma 7.5. They give a conditional
comparison of bounded smooth tests of finitely many trace values with S,. Its error tends to
zero for almost every £, and is bounded, so bounded convergence removes the conditioning. The
unconditional potential-switch identity from Proposition 6.4 therefore gives

_1\b
(S Tr(H, — 2) 1)£=1

— (), (21,...,2 € H). (109)
Bounded smooth tests determine finite-dimensional weak convergence. In particular, switching
invariance has only been used after averaging out the conditioning data.

We finish by explaining why these trace limits imply convergence of point measures, without
assuming a uniform bound on their total number of points. Let (") be the eigenvalue counting
measure of H,, and define
V) (dx)

1+22 7
Its total mass is S Tr(H, —)~!, whose laws are tight by (109). Regarding o, as a finite positive
measure on the one-point compactification R = R U {oc}, its laws are therefore tight. For
z =e+1in € H, the kernel

or(dx) =

_n

(x —e)2+n?

extends continuously to R, with k,(co) = 7. Its integral against o, is S Tr(H, — 2)~!. It follows
that in any subsequential limit o, the joint law of these integrals at a countable dense set of 2’s is
that of Sm(z). Continuity extends this conclusion to all z.

These integrals determine the de-weighted restriction of o to R. Indeed, for f € C.(R), integrate
the kernel against 71 f(e) de and let 7 | 0. On R the resulting kernel tends to (1 + x2) f(x), by
the Poisson approximate identity. The integrated kernels are bounded uniformly over z € R and
0 < m < 1: near the compact support this is the Poisson mass bound, and away from it the factor
1 + 22 cancels the quadratic denominator. At infinity their value is =1 [ f(e) de, which tends to
zero. Dominated convergence is thus applicable to each finite measure o, including any mass at
infinity.

By Proposition 6.2, applying the same inversion to Sm(z) gives [ f dv. Taking a countable
determining family of compactly supported tests, the joint distribution of these integrals is therefore
exactly the law of v. The map from o to its de-weighted restriction is continuous for local vague
convergence: for a compactly supported f, the function (1 4 2?) f(x), extended by zero at infinity,
is continuous on R. Every subsequential local vague limit of v(") consequently has the law of v.
This proves the point-process assertion. ]

k.(x) = (1 +2?)

8 Identification by finite-matrix Dyson Brownian motion

Proposition 7.1 approximates every microscopic subsequential law by the eigenvalues of a finite
diagonal matrix plus GOE noise. We now apply the fixed-energy theorem of Landon, Sosoe,
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and Yau [25] to these finite matrices. Two details require attention: their limiting density must
be normalized correctly, and the correlation-function conclusion must be converted into the
Laplace-functional statement of Theorem 1.1.

8.1 The fixed-energy input

For a real diagonal matrix V' = diag(vy, ..., v,,), write
1 & 1
my(C) = — :
m ]Z:l v; — ¢

For positive parameters g, G, we call V' (g, G)-regular if, for fixed positive constants ¢, C, Cy,
c<SQmy(e+in) <C (le] <G, g <n<10), V]| <mEv. (110)
The parameters may depend on m, and satisfy, for a fixed § > 0,
mt<g<m™,  G<m™. (111)

Let W, be standard normalized GOE, with entry variances 1/m off the diagonal and 2/m on the
diagonal. The deterministic comparison density for V + v/t W,, is defined by the free-convolution
transform

meet(C) = my (¢ + tmee(C)), pre,t(€) = % 17%1 Smget(e +in). (112)

Here the solution with positive imaginary part is used in the upper half-plane.

We state the specialization of the fixed-energy theorem that we need. Its density convention

is important. If p%ﬂ) denotes the symmetrized joint eigenvalue density of a random matrix H,

normalized to have integral one, then

pg‘{l)(ylw" 7ya) - Am_apg)(yl,. . ,ym) dya+1 e dym

also has integral one. It is not the factorial moment density.

Theorem 8.1 (Fixed-energy DBM input). Suppose a sequence of deterministic diagonal matrices
V' of dimension m — oo satisfies (110) and (111), with fized constants. Fixz o > 0, and suppose

gm? <t <m 7G> (113)

Assume also that pe+(0) = 1/7. For every fized positive integer a and O € C°(R®), the difference

(a) yesl T,
/aO(a)pv+\/ZWm <m,..., m > do

(a) xesi T
— —_ .. . 114
[ otenli), (Th T2 da —0 (114)

Consequently, the expected sums of O over ordered tuples of distinct points of the two eigenvalue
processes, both rescaled by m/x, differ by o(1).
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Proof. The marginal statement is [25, Theorem 2.2], with Definition 2.1 and Equations (2.5)-(2.9)
there, specialized to energy zero and equal densities pg.+(0) = psc(0) = 1/7. The energy lies in
the required interior window for any fixed interior fraction. That theorem gives a power-decaying
bound for (114). To pass to the last assertion, multiply each integral by

(Mm)a

(m/m)*’

This is the Jacobian and ordered-tuple multiplicity for the unit-mass marginal convention, and it
tends to 7 for fixed a. O

(m)g=m(m—1)---(m—a+1).

Theorem 8.1 applies to arbitrary deterministic real diagonal matrices satisfying its displayed
hypotheses. The same specialization is recorded in [28, Theorem 6.1].
8.2 Regularity and the density adjustment

Fix a microscopic subsequential law v supplied by Proposition 4.1. We use the parameters and
conditional matrices of Proposition 7.1:

K=r/100 7oyt gcr< X = |z|<K — I
r ’ r ) T 1000007 {j ‘l.]‘ — }7 mr ’ ’7
and
H, = Dy + s11+4 /s2 W, |si| < CT, cl < 59 < CT. (115)

Conditional on £, W, is raw GOE of dimension mj, with variances 1 and 2. All following almost-
sure assertions concern the conditioning input £ defined in Section 7. In particular, the discrepancy
bound of Lemma 6.1 gives

my = 2pK + O(K'"™X), T =m0, (116)

Thus my > 0 eventually. We may decrease y so that y < 1/4.
Put . = mp. Scaling (115) by a./m; gives the normalized GOE-addition model

Oy

H 2V, + Vi W, Vi= —(Dr+sl), t, =2 (117)
mr mr

The following verification adapts the calculation in [28, Section 6.2]. We give it in full for the
random coefficients constructed here.

Lemma 8.2. For almost every realization of £, the matrices Vi are eventually reqular with

T1/2

mr

. G=m; "%

They satisfy the hypotheses (111) and (113) with m = mj and § = o = 7. Moreover,

1

Pie,t. (0) — e

If ¢, = mpge s, (0), then eventually ¢, > 0, and the data ¢V, and time c2t, satisfy Theorem 8.1,
including its exact density condition.
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Proof. First, ||Vi|| is bounded by (116), since 7" = o(K'). We verify a slightly enlarged regularity
domain,

IRC) <2G, g/2 <3¢ <20,

so that subsequent dilation by ¢, =1+ o(1) will be harmless. The normalized resolvent trace is

() = 'Y !

o v — (mil/a. —s1)’

Writing e = mR(/a, — s1 and u = m;3(¢/ ., the enlarged domain has
le| = O(K™® +T) =0(K), ¢I'?<u<CK. (118)

The lower height exceeds a fixed positive power of K. Proposition 6.3, with a radius comparable
to K and any fixed exponent smaller than 507, therefore gives

u
S 1

;(:Cj—e)Q-i-uQ mp +o(l)

uniformly in (118). For u/K sufficiently small, the omitted terms with |z;| > K sum to O(u/K),

uniformly for |e] = o(K), by the linear count bound from Lemma 6.1. Hence the retained sum

has a positive lower bound. For u/K bounded below, every retained point has |z; —e| < 2K

eventually, so

Z u N L0 C R
jel(xjfe)2+u2_4K2+u2_ ’
Its upper bound follows by positivity from the full sum. This proves regularity on the enlarged
domain.

With m = mj, the relevant powers are

g= m—1+507+0(1)’ t, = m—1+100'r+o(1), G = m—1/8'
In particular,
by 497+0(1) by —3/4+1017+0(1)
gm” m—"G

The inequalities m™™! < g < m™™ and G < m™7 follow as well. Our bound on 7 makes all these
exponent inequalities strict.
It remains to determine the free-convolution density. At ¢ = 0, Equation (112) becomes
1
— (axs9m — s1)°

m = F.(m), Fr(m):a*_lz
jer T

(119)

For |m —i| < 1/4, the argument z = a,som — s has Sz < T and |z| = O(T). Propositions 6.3
and 6.2 imply
PV~
J

uniformly in this disk, with the symmetric principal-value convention of Section 6. Furthermore,

1

.CCj—Z

=imp+o(1)

=PV > 1. > —  _ —O(K X+ T/K).

PV )
|z |>K J |z |>K J |z |>K j( J
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The first estimate follows by partial summation in Lemma 6.1; the second uses its linear count
bound and |z| = o(K). Thus F.(m) =i+ o(1) uniformly on |m —i| < 1/4.

Rouché’s theorem applied to m — F;.(m) and m—1i shows that (119) has exactly one zero, counted
with multiplicity, in this disk for all large r. The zero m, is therefore simple, and m, — i. The
implicit function theorem continues it to a solution near ¢ = 0 of the full fixed-point equation, still
with positive imaginary part. This solution is the physical branch. Indeed, every upper-half-plane
solution m, at ¢ > 0, satisfies

1 _9 Sm 1
mr Jze; ((Va)ig = ¢ = tam| ™ = SCHLom 4 (120)
If two distinct such solutions existed, subtracting their equations and dividing by their difference

would give
ty 1

mr 4 (Vi)j5 = ¢ = tem1)((Va)j5 — € — tamg)’

Cauchy—Schwarz and (120) make the absolute value of the right-hand side strictly less than one.
This contradiction proves uniqueness and identifies the analytic continuation. Its boundary value
gives prer, (0) = Sm,. /7 — 1/7.

Finally, simultaneous replacement of Vi, t, by ¢, Vi, c%t* dilates the free-convolution law by c;.
For example its transform is ¢, 'myc, (C/c;), as follows directly from (112). Its density at zero is
exactly

1:

C’I”_lpfc,t* (0) =

3| =

Since ¢, — 1, the enlarged regularity domain proves (110) for ¢, V, with the original g, G. The
strict power margins preserve (113) for c2t,, completing the proof. O

The conclusion holds for almost every realization of £, which is enough for applying Theorem 8.1
to a deterministic sequence. No assertion of switching invariance conditional on v is used. The
rescaled eigenvalues supplied by that theorem are, by (117), precisely

mr CrOiy

Ni(Hy) = erp Xj(Hy). (121)

T mry

Define ¢, = 1 at any exceptional initial values where the preceding construction is not defined;
these values have no effect on the limit.

8.3 The GOE limit and uniform count moments

Let

Gin =D (m/m)x; (Win)-
j=1

These point processes converge vaguely in law, along all dimensions, to a common locally finite

point process, which we denote by Scor. To check normalization directly, the eigenvalues of
vm Wy, have joint density proportional to

1
exp (—42%2) I lvi — vl
J

1<J
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This follows from orthogonal diagonalization of the matrix density exp(— Tr H?/4); the change in
an off-diagonal coordinate under an infinitesimal basis rotation is the corresponding eigenvalue
difference, yielding the Vandermonde Jacobian. Theorem 1 of Valké and Virag [31], for 5 =1
and center zero, gives vague convergence after multiplying these eigenvalues by 2/m. Its bulk
condition m!/ 6(2y/m — 0) — oo holds. Dividing the resulting coordinates by 27 gives G,,, as
claimed.

Weak convergence alone does not justify termwise expectations of correlation expansions. The
following bound makes the finite inclusion—exclusion brackets converge uniformly for the reference
ensemble.

Lemma 8.3. For every compact interval J C R and every b > 0,

sup Eexp(b G, (J)) < .
m>1
The proof is given in Appendix A. It uses Gaussian decimation to compare the GOE count
with a determinantal count, followed by a uniform bound on its projection kernel.

8.4 From correlation functions to Laplace functionals

We use the finite Bonferroni comparison in [28, Section 6.4] to pass from conditional DBM
convergence to the unconditional point-process law. Let v(") = Z;T”:Il 5,\j( i,) denote the raw
eigenvalue measure in (115). Proposition 7.1 asserts

V= (122)

in local vague topology, unconditionally. We will identify the law of p-dilated v by first applying
DBM conditional on £.

Fix a nonnegative h € C2°(R), and put f =1 —e~", s0 0 < f < 1. For a finite point measure
¢ =>;0y,, define

1 a 4
A =1, A0 = > I rfwy) (@=1),  Bu¢)=> (-1)"4u(0).
" 41,...,0q distinct j=1 a=0
The finite inclusion-exclusion inequalities give
Barsa(€) < exp ([ hdc ) < Bulc), (123)

One can see these inequalities by taking independent Bernoulli variables of success probabilities
f(y;): the middle quantity is their probability of no successes, and the displayed sums are the
Bonferroni bounds for that event.

Conditional on almost every realization of &, let ¢, have the point coordinates c,p \;(H,;).
Lemma 8.2 and Theorem 8.1, applied with the test [[_; f(c;), imply for each fixed ¢ that

E[BE(Q) | 5] - EBK(QMI) — 0.

The expectation in the second term is over a reference GOE matrix of the now deterministic
conditional dimension m;. To close the brackets uniformly in that dimension, choose a compact
interval J containing supp k. Then

Aa(Gm) < (%(J)) < 2-ag9m(J),
a
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The last inequality follows from 37, 2¢ (]j ) = 3V. Lemma 8.3 consequently gives
sup E[Bag(Gim) — Bo+1(Gm)] < Cy27G0H1. (124)

Using (123) for both models, first sending » — oo at fixed ¢, and then sending ¢ — oo, proves

E [eXp (—/hd@) ’8] — Eexp (—/hdSGOE> . (125)

Here we also used the vague GOE limit and m; — oco. Only the reference count moments were
needed in (124); no uniform moment bound for the deformed model has been assumed. Since both
sides of the conditional Laplace comparison lie in [0, 1], bounded convergence now removes the
conditioning in (125).

For ¢ > 0, let D.¢ denote the point measure obtained by multiplying all positions of { by c.
The map (¢, () — D is continuous when ¢ tends to a positive number and ¢ converges locally
vaguely. Indeed, the inverse images of a fixed compact support remain in a common compact
interval, and the corresponding test functions converge uniformly there; vague convergence also
bounds the masses on a slightly larger compact interval. By Lemma 8.2, ¢, — 1 almost surely.
Combining this with (122) and the usual joint convergence with a constant yields

¢ = DCTPV(T) = D,v.

The Laplace functional of a compactly supported continuous nonnegative test is bounded and
continuous in local vague topology. Thus (125), after averaging, identifies

E exp <—/thpV) =Eexp (— / hdSGOE> (0 < h e C°(R)). (126)

For any 0 < h € C.(R), convolution with a nonnegative smooth approximate identity gives
nonnegative smooth functions converging uniformly to h, all supported in one fixed compact interval.
Both limiting point measures have finitely many points there almost surely. The corresponding
Laplace variables converge pointwise and are bounded by one, so bounded convergence extends
(126) to every such h.

Proof of Theorem 1.1. Choose the fixed compact bulk interval J with I, C intJ. The finitely
many smallness choices in Proposition 2.1 and the subsequent arguments give one positive number
wo(d, k). Fix any 0 < w < wo(d, k) and E € I,. Corollary 2.3 gives a continuous density on an
open neighborhood of Iy, strictly positive there; write p = pg.,(E) > 0.

Start with any sequence of admissible graph sizes tending to infinity. Proposition 4.1 supplies a
further subsequence on which the unscaled microscopic measures v, converge in law to a process v
of the form used above. The graph point measure in the theorem is D,v;,. Bounded continuity of
its Laplace functional and (126) show that its Laplace expectation, along this further subsequence,
tends to the Laplace expectation of Sgog. The reference GOE expectations at dimension n tend
to the same value, along all sizes. Every original subsequence therefore has a further subsequence
along which their difference tends to zero, which proves the required full-sequence limit. All
spectral estimates and negligible exclusions used to construct the subsequential law were events in
the original simple-graph model; no conditioning on connectedness, bipartiteness, or any additional
graph property enters the conclusion. The constants in estimates that use spectral averaging
may depend on this fixed positive w. The argument therefore proves the assertion for every fixed
w € (0,wp(d, k)), with the limit in graph size taken afterward. O
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A Exponential count moments for GOE

We prove the dimension-uniform count bound used in Section 8 to pass from correlation functions
to Laplace functionals. As there, W,, is normalized GOE and

m
Gin =D S(m/m)x; (Win)-
j=1

The argument is independent of the Anderson model: Gaussian decimation compares GOE counts
with those of a determinantal process, whose projection kernel gives the required exponential
moments.

Proof of Lemma 8.3. Fix a compact interval J C R and a number b > 0. We use the Gaussian
decimation identity of Forrester and Rains [18, arXiv version 2, Theorem 5.2 and Equation (5.9)]
and the count estimate in [28, Lemma 6.3]. We reproduce the identity in our normalization before
proving the dimension-uniform bound. Write O,,, for the decreasingly ordered points with density
proportional to

m

A [Tbolw), — boly) =72 Awy) =i —v))-

i=1 i<j

They have the law of the eigenvalues of \/m W,,/v/2. Thus the count G,,(J) is the O,, count in

T
I = ——. Im| = O(m~1/2).
Superpose independent O, and O,,+1, and order the resulting points as z; > -+ > 2zomy1-

Apart from a constant and the common Gaussian factor, their density is the polynomial

P(z) = Z A(zg)A(zge),
Scil,..2m+1}
|S|=m

where each sublist is in the inherited order. The parity—Vandermonde factorization of [18, arXiv
version 2, Lemma 4.1 and Equation (4.2)] is

P(2) = ciA(z1, 23, - - ., 2am+1)A(22, 24, - - -, 22m), cm > 0. (127)

If z; = z; with 4, j of the same parity, terms having both indices in one sublist vanish. The other
terms cancel in pairs under exchanging membership of 4, j: the sign ratio is (—1)/~*~! = —1, since
each intervening index belongs to exactly one sublist. Hence every factor on the right divides
P. Both sides have degree m?, so the quotient is constant. It is positive on strictly decreasing z,
proving (127).

Fix the even points y; = z9;. The odd points interlace them, one in each of

(yl7 OO), (y27y1)7 KR (ymaymfl)’ (—OO, ym)

To integrate their Vandermonde times their Gaussian factors, use the monic polynomials

0<j<m.



Writing the Vandermonde as the determinant of these polynomials reduces the integral, by
multilinearity, to a determinant of integrals over the displayed intervals. Replace each row by the
sum of it and all preceding rows. For column j > 1, the first m rows become

/y ~ pi(@)bo(x) dz = pj_1(ui)bo(us),

i

and the last row is zero. In column zero the last row is [ by. Expansion along that last row leaves
a Vandermonde in the y; times []; bo(y;). More explicitly, the ascending-degree polynomial columns
give signs (—1)"(m*1/2 for the odd-point Vandermonde and (—1)™(™~1/2 for the even-point
Vandermonde, while expansion along the last row contributes (—1)"". Their product is one. Thus,
if xg >y1 > 1 > - > Ym > Tm, the integral just evaluated is exactly

m

/t  Aaossa) [ b dao - da = V27 Ay) [ ol
1 eramng

=0 i=1

Together with the even-point factors already present in (127), this proves that the even points
have density proportional to

A(y)? ﬁ eV (128)
i=1

Let 1;(z) be the degree-j orthonormal polynomial for the weight 6_12, multiplied by e=’/2,

The kernel .
Kn(z,y) = > ¥(x)(y)
§=0

is the rank-m orthogonal projection in L?(R) onto their span. The symmetric density in (128)
is (m!) = det (K, (v, Y;))i=1- Indeed the determinant is a squared weighted Vandermonde, and
orthonormality gives its integral m!. More generally its order-a factorial moment density is
det (Ko (i, yj))i=1- For completeness, expand a size-a determinant by Cauchy-Binet as the sum
of squared minors indexed by a basis functions. Integrating its last variable uses their orthogonality,
and each minor of size a — 1 occurs m — a + 1 times. Iterating this identity proves the factorial
density formula with its stated normalization.

We need a bound uniform in both m and location. The operator —9?2 + 22 has eigenvalue 25 + 1
on ;. This follows by conjugating it by e~*/2: on the polynomial factor it acts as —p” + 2xp + p,
preserves successive degree spaces, is symmetric for the Gaussian inner product, and has leading
coefficient multiplier 25 4+ 1. Consequently every f in the range of K, satisfies

17113 < (2m = D) f3-
The elementary bound |f(x)|? < 2||f'||2]| f]l2, obtained by integrating the derivative of |f|?, gives

Kp(z,z) = sup |f(x)]* <2v2m.
f€ERan Ky,
1fllz=1

If N5y is the number of even points in .J,,, the Gram determinant inequality yields, for every
a >0,
E(NZ™), < (2V2m | J,,))* < C5.

o7



For a > m the left side is zero. Hence, for every v > 0,

EevNee® _ zm: (e —1)"

a=0

—E(N5 ™) < exp(Cye” — 1),

In any interval the total superposition count is at most twice its even count plus one. The original
O, count is no greater than the superposition count. Thus

Eebgm(‘]) < Cb EeQbe,;’e“

)

which proves the assertion. O
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