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Abstract

We give a negative solution to the finite lattice representation problem. We prove that there
is a finite nonempty lattice that is not the full congruence lattice of any finite nonempty algebra
of any finite signature.
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1 Introduction

The congruence lattice of an algebra records all of its quotients at once. The representation theorem
of Grétzer and Schmidt says that every algebraic lattice occurs in this way [19, Theorem I, p. 34].
The finite version asks for a finite representing algebra whenever the given lattice is finite. The
difference is substantial: a finite congruence lattice may be represented by an infinite algebra without
providing any finite representation.

Here a finite algebra is a finite nonempty set equipped with finitely many total operations,
each of finite arity. The signature is allowed to depend on the lattice. Nullary operations and
the empty signature are allowed. We write Con(A) for the entire lattice of congruence relations
on A, ordered by inclusion. Allowing infinitely many finitary operations would give no additional
finite representations. Indeed, a finite carrier has only finitely many equivalence relations. For each



relation that is not a congruence, retain one operation witnessing its failure of compatibility. The
resulting finite signature has exactly the same congruence lattice.

Theorem 1.1. There exists a finite nonempty lattice L such that
L 2 Con(A)
for every finite nonempty algebra A of every finite signature.

Thus the finite lattice representation problem has a negative answer. The theorem concerns
unrestricted finite universal algebras; it is not a restriction to a variety, a bound on the carrier size,
or an obstruction to a particular representation method.

Pélfy and Pudlék proved that the following two universal assertions are equivalent [29, Theorem 2]:
every finite lattice is the congruence lattice of a finite algebra, and every finite lattice is an interval
in the subgroup lattice of a finite group. We establish the failure of the second assertion.

Theorem 1.2. There exists a finite lattice that is not isomorphic to [D,G] for any subgroup D of
any finite group G.

Here [D,G] = {X : D < X < G} carries subgroup inclusion. The equivalence is global:
Theorem 1.2 implies Theorem 1.1, without asserting that a prescribed individual lattice has the
two representation properties simultaneously. The one-element lattice causes no exception; it is
represented by a one-element algebra and by a trivial subgroup interval.

The constructed subgroup-interval obstruction is self-dual. It also cannot be the entire lattice of
intermediate fields of a finite separable extension F/F. Indeed, a finite normal closure N/F gives
an order anti-isomorphism with

[Gal(N/E),Gal(N/F)],

by the Galois correspondence; self-duality would turn such a field representation into a forbidden
subgroup-interval representation. This is the group—field correspondence discussed in [28, Section 3].

1.1 History and the subgroup-interval approach

The finite problem has several distinct formulations: existence of a representation, finding a
representing algebra, and deciding from a finite order table whether a representation exists. McNulty’s
account separates these questions and places them in their universal-algebraic setting [27, pp. 29-30].
We address the existence question by ruling out a finite subgroup interval. The global transfer just
stated is essential: the decorated lattice constructed below is a subgroup-interval obstruction, and
we do not identify it pointwise with the lattice asserted by Theorem 1.1.

Two positive representation results clarify the finite requirement. Pudlak and Tidma proved that
every finite lattice embeds, preserving meets and joins, into the partition lattice of a finite set [30].
Such an embedding need not realize the given lattice as the entire congruence lattice of operations
on that set. On the group side, Repnitskii and Ttuma represented every finite lattice as an interval
in the subgroup lattice of a countable locally finite group [31]. Local finiteness still permits the
ambient group to be infinite.

The subgroup-interval approach exposes normal subgroups and primitive sections to lattice
constraints. Baddeley and Lucchini developed the reduction of height-two interval questions
to finite simple-group problems [3]; Baddeley extended the class of lattice configurations under
consideration [4]. Further interval reductions were developed by Borner and Aschbacher [8, 2.
These results have different hypotheses; Palfy’s comparison explains their relationship and the role



of almost simple groups and twisted wreath products [28, Section 4]. In particular, the invariant-
subdirect and homomorphism-extension viewpoint in [28] is the starting structure for our final
reduction. Aschbacher’s minimum-order and signalizer-lattice viewpoint is a related predecessor of
the complementary-socle and extension-kernel arguments.

Lattice shapes can enforce group-theoretic conditions; DeMeo develops this general perspective
and the combination of such requirements [16]. Here the particular shapes must do two jobs
simultaneously. They force uniform restrictions on every possible simple-group-labelled chain, and
they retain the Boolean joins on which the final extensions must agree. Uniformity is the obstacle:
every lattice in the construction is finite, but a hypothetical representing group has no prescribed
bound on its order, Lie rank, or field size.

1.2 The proof in two stages

Our construction has two stages. The first is a uniform rigidity result for finite configurations of
subgroups. We attach a nonabelian simple type Tx to selected vertices X. If D is the common
bottom, the unique minimal normal subgroup of X/ corex (D) is a direct power of T'x; here corex (D)
is the largest normal subgroup of X contained in D. Special intervals, called fences, test normal
subgroups. Equal labels give subdirect powers, in which selected simple coordinates are linked
diagonally. At the comparisons used below, different labels give coordinate products that can be
projected to subgroup intervals of almost simple groups. Long chains are supplied with two-edge
shortcuts and further interval tests that make these projections available. The crucial conclusion is
an absolute upper bound on the length of such a chain when its endpoint labels differ. The bound
must be independent of the finite group in which the configuration is represented.

The classification of finite simple groups enters this stage through maximal-subgroup structure
and representation theory. A subgroup maximal in a maximal subgroup of an almost simple group
has at most five nonabelian chief factors [10, Proposition 8.1]. We combine that bound with the fact
that coordinate stabilizers in the common bottom already induce the full local permutation actions
on the simple factors carrying the lower labels. An elementary bounded-depth action argument then
controls the union of nonabelian simple types in the relevant projected coordinate stabilizers, rather
than just their number at one vertex. Decreasing bottom cores account for the nonabelian layers
lost between socles. These are the uniformity statements needed before applying finite Ramsey
theory.

The remaining classical-group comparisons are controlled by field parameters, dimension growth,
and irreducible restrictions. The structural starting points are Aschbacher’s maximal-subgroup
classification and its classical-group formulations [1, 22], together with Larsen—Pink’s fixed-type
envelope theory [24]. Landazuri-Seitz degree bounds separate cross-characteristic growth [23, 20];
Steinberg’s representation theory and Liibeck’s restricted small-degree classification handle the
defining characteristic [34, 35, 26]. The paper derives the required bounds on whole chains from these
inputs; none of these results alone bounds the lengths of the tested chains. For defining-characteristic
representations, the relevant action on absolute constituent types is the difference between a source
field shift and an ambient semilinear shift. Their synchronization bounds composition length
independently of the field degree. After another Ramsey argument, natural modules at later
endpoints restrict irreducibly to earlier ones. The irreducible-triple input comes from Seitz’s
classification and the corrections of Cavallin and Testerman, in the formulation of Burness and
Testerman [33, 12, 11]. We use it twice: first with a bound on the composition length of the
ambient natural module on the smallest subgroup (Lemma 7.1), and then with an intervening simple
subgroup of strictly larger rank whose natural module is irreducible on that smallest subgroup
(Lemma 7.2). These hypotheses control the twisted-diagonal spin families. The resulting rank



bounds are incompatible with a sufficiently long chain and its two-edge shortcuts.

In the second stage, we build one finite lattice from a Boolean lattice of rank four and a small
additional configuration, called the detector. The chain tests are inserted in both required orders
while preserving the original Boolean meets and joins. Their length is chosen from the absolute
bound, before any representing group is considered.

Suppose the resulting lattice is represented by [D, G], with |G| minimal among representations in
either orientation. The global fence gives a socle S = T! and G = DS; minimality gives D NS = 1.
Equality of the forward labels forces every proper nonzero original Boolean vertex Y to meet S in a
subdirect subgroup, meaning one which projects onto every simple coordinate. Fixing a coordinate
gives its stabilizer A < D and an action

a:A— Aut(T).

A D-invariant subdirect subgroup corresponds to a subgroup U with A < U < D and a homomor-
phism §: U — Aut(T') extending «. This correspondence reverses inclusion. It realizes the reversed
upper filter above Y as the actual group interval [A, Uy].

The reverse chain tests make the socles of Uy / corey, (A) powers of one simple group R, which
need not equal 7'. The detector ensures a(A) > Inn(7"). Read the original Boolean copy in reverse
order. Proper Boolean unions give extensions on generated domains that agree on their overlaps.
For a full union, the corresponding forward vertices meet at D, so their intersections with S have
trivial intersection. A common extension would produce a nontrivial subdirect subgroup in this
intersection and is therefore forbidden.

The final argument forces that forbidden extension. If the core of A in an atom domain had trivial
image, compatible lifts of socle factors on the three rank-two faces through that atom would already
produce a common extension. Hence every atom core has image containing Inn(7"). Intersections
give the same property for larger proper faces. A least normal subgroup of A with this inner image
is then normal in all the relevant domains; conjugation on its quotient isomorphic to T supplies
their common extension. This is the contradiction.

1.3 Structure and scope of the proof

Section 2 develops the lattice tests and factor transport. The central group-theoretic result is
Theorem 3.2, stated in Section 3 and proved in Sections 3—7. These sections control, successively,
factor actions and simple types, field and dimension growth, algebraic lifts along paths, natural-
module composition length, and irreducible restrictions. Section 8 constructs a finite lattice realizing
all the tests. Sections 9 and 10 reduce a hypothetical representation to an extension configuration
and rule it out by Boolean gluing, proving Theorem 1.2.

The finite lattice is specified by finitely many private-branch insertions with a sufficiently
large finite chain parameter. An explicit numerical value of that parameter is unnecessary for the
existence conclusion. Its existence follows from bounds that are uniform over all possible finite-group
representations.

All groups are finite unless called algebraic groups. Algebraic groups occur only in the
representation-theoretic part of the proof and are taken over algebraically closed fields of pos-
itive characteristic, with central covers and the stated special isogenies when needed. We use the
classification of finite simple groups and identify each additional classification or representation input
at its point of application. The new uniformity, lifting, lattice bookkeeping and gluing deductions
are proved explicitly.



2 Fences, socles, and coordinate transport

All groups in this section are finite. A vertex of a subgroup interval is written as a capital letter and
identified with the corresponding subgroup. The common bottom is denoted by D. We first record
the normal-subgroup test that will give the vertices their simple-group labels. We then explain the
two different kinds of factor transport: diagonal merging when the simple type is unchanged, and
coordinate products when it changes.

2.1 The normal-subgroup test

Definition 2.1. A bounded lattice interval [a, b] is fenced if it has an interior element and, for each
a < ¢ < b, there are a < u < v < b such that

cANu=cAv=a, cVu=cVuv=h.

Thus the two comparable elements u, v are both complements of ¢ in the interval. The requirement
of an interior element excludes vacuous fences on covering intervals. Length always counts edges.

Lemma 2.2 (Normal-subgroup test). Suppose that [D, X] is fenced. If R < X, then either R < D
or DR = X. In particular, [D, X] is not modular. The same assertion applies to a normal subgroup
of X/F whenever F 1 X and F < D, with bottom D/F.

Proof. For D < U <V < X, the normality of R and the subgroup modular identity give
(DRVU)ANV =(RU)NV =URNV)=UV (DRAV). (2.1)

If D < DR < X, apply the fence to DR and its comparable complements U < V. Equation (2.1)
would give V = U. Thus DR is an endpoint. In a modular lattice the same identity holds with any
element in place of DR, so the existence of a fence also excludes modularity. Finally, taking inverse
images identifies [D/F, X/F] with [D, X]. O

We will repeatedly use the following explicit form of the subgroup correspondence. If R < X
and X = DR, then
[D,X] — {E<R:DnNR<E, E is normalized by D}, U—UNR (2.2)

is an order isomorphism, with inverse E — DE. Indeed U = D(UNR) for D < U < DR, and
(DE)N R = FE when DN R < E. This correspondence includes every overgroup of D.

Lemma 2.3 (Labels). Suppose that [D, X]| is fenced, and put

Fx = corex(D) = ﬂ DI,
geX

Then X/Fx has a unique minimal normal subgroup
Sx = Nx/Fx =Ty, (2.3)
where Tx is nonabelian simple and Nx is its full inverse image in X. Moreover,
X = DNx.
Every nontrivial normal subgroup of X/Fx contains Sx, and
Cx/ry(Sx) = 1.

In particular, X/Fx has no nontrivial soluble normal subgroup. If Ix is the set of simple direct
factors of Sx, then D and X induce the same transitive permutation group on Ix.



Proof. Factor out Fx, so that the action of X on the cosets of D is faithful. Lemma 2.2 says that
every nontrivial normal subgroup supplements D, or equivalently is transitive in this action. Let M
be a minimal normal subgroup. If M were abelian, (2.2) would identify [D, X| with an interval of
D-invariant subgroups of an abelian group. The latter lattice is modular: intersection is its meet
and subgroup product is its join. This contradicts Lemma 2.2.

If M’ were another minimal normal subgroup, then [M, M'] < M N M’ = 1. Every D-invariant
subgroup of M would therefore be normalized by DM’ = X, and so would be either 1 or M. The
correspondence (2.2) would leave at most two elements in [D, X], again a contradiction.

A finite minimal normal subgroup is characteristically simple, hence a direct product of isomorphic
simple groups. Since M is nonabelian, these simple groups are nonabelian. Conjugation by X is
transitive on the direct factors: otherwise the product of one orbit of factors would be a proper
nontrivial normal subgroup of X contained in M. This proves (2.3). Every nontrivial normal
subgroup contains a minimal normal subgroup and therefore contains M. Its centralizer is normal
and intersects M in Z(M) = 1, so that centralizer is trivial. The assertion about soluble normal
subgroups follows as well.

Finally X = DM. Inner automorphisms of M fix each of its simple direct factors. Thus D and
X have the same image on their factor set. Restoring F'xy proves the statements as written. O

We call an X satisfying Lemma 2.3 a labelled vertex, and call the isomorphism type of Tx its
simple type. The preceding argument is also the strongly nonmodular normal-subgroup argument in
[28, Lemma 3.6].

Corollary 2.4 (Bottlenecks). Let D < B < Z, suppose that [D, B] is fenced, and suppose that B is
comparable with every member of [D,Z]. If R < Z and R £ D, then

B =D(RNB).
Consequently a soluble normal subgroup of Z is contained in D. If R,Q < Z and
R,Q] < F < Z, F <D,
then at least one of R, Q is contained in D. These conclusions also hold with B = Z.
Proof. The subgroup RN B is normal in B. Suppose first that RN B < D. If B < DR, then
B=BNDR=D(BNR)=D,

a contradiction. Comparability therefore gives DR < B, whence R = RN B < D. Its contrapositive,
followed by Lemma 2.2 in B, gives the asserted supplementation. The image of R N B modulo Fp
then contains the nonabelian socle Sp, by Lemma 2.3. This is impossible if R is soluble. For the
final assertion, ' < Fp because F' is normal in B and contained in D. If both R and @ escaped D,
their intersections with B would both map over Sp, while their images would commute. This would
make Sp abelian. ]



2.2 Subdirect powers and unchanged simple types

For a direct product T = [l;c; T3, with each T; = T, a subgroup is subdirect if all coordinate
projections are surjective. A full diagonal strip on a nonempty subset J C [ is a subgroup obtained
by identifying all the T}, j € J, by isomorphisms, and putting identity elements outside J. We recall
the standard diagonal-strip description [28, Lemma 2.1], including its behavior under inclusion.

Lemma 2.5 (Subdirect powers). Let T be nonabelian simple. Every subdirect subgroup E < T is
a direct product of full diagonal strips on the parts of a partition of I. Both the partition and the
coordinate identifications within each part are determined by E. An inclusion of subdirect subgroups
corresponds to a refinement of these parts, with the existing identifications restricted to the smaller
parts.

Proof. Induct on |I|, separating the last coordinate. The projection to the other coordinates is, by
induction, a product 7" of diagonal strips. We have a subdirect subgroup of 7" x T'. The kernels of
its two projections are normal in the respective factors. The kernel on the last T is either T, in
which case this is the full product, or 1, in which case the subgroup identifies a quotient of 7" with
T. Normal subgroups of T" are products of its simple direct factors, so that quotient is one of the
factors. The last coordinate is therefore joined to exactly one existing strip.

Two coordinates belong to the same strip precisely when the projection of E to their product is
the graph of an isomorphism rather than the full product. This characterizes the partition and its
links, and also proves the assertion about inclusion. O

Proposition 2.6 (Equal-type transport). Let D < X <Y be labelled vertices. Then Fy < Fy,
and Tx is isomorphic to a section of Ty . Put

Ex =(XNNy)/Fy < Sy.
The following conditions are equivalent:
(i) Tx =2 Ty;
(ii) Ex is subdirect in Sy .
When they hold, the quotient map induces an isomorphism
Ex — Sx, Nx = Fx(X N Ny), Fx NNy = Fy. (2.4)
Moreover mx < my, and the strip supports give a canonical X -equivariant surjection
oyx : Iy — Ix. (2.5)
For three comparable labelled vertices of the same simple type these maps compose: oczx = oy x0zy .
Proof. The normal subgroup Fy of X is contained in D, so Fy < F'x. Since Y = DNy and D < X,
X = D(X N Ny).

The image of Ex in X/Fx is a nontrivial normal subgroup and therefore contains Sx. Every simple
composition factor of a subgroup of a direct product is a section of one of the factors: projection to
one coordinate gives an exact sequence whose kernel lies in the product of the remaining coordinates,
and induction applies. Thus Tx is a section of Ty .



If Tx = Ty, some coordinate projection of Ex is all of Ty; otherwise none of those smaller
groups could have a composition factor of order |Ty|. The transitive action of D on Iy makes all the
projections surjective. Conversely, suppose Ex is subdirect. Lemma 2.5 expresses it as a product of
diagonal copies of Ty. The action of D on those copies is transitive. Since X/Fy = (D/Fy)Ex,
the subgroup Ex is minimal normal in X/Fy. Its intersection with Fx/Fy is either trivial or all of
Ex. The latter would imply X = D, which is excluded. Its image is therefore the unique minimal
normal subgroup Sx, proving the equivalence and (2.4).

There are mx strips on my coordinates. If mx = my, every strip is a singleton, so Ex = Sy
and X =Y. Thus mx < my. The quotient identification with Sx assigns to every strip its actual
simple factor in Ix and defines (2.5). The subgroup Ex is normal in X/Fy, and its quotient
identification with Sx commutes with conjugation by X; hence this support map is X-equivariant.

For composition, factor out Fz and let Ey =Y N Nz. We have Ny = Fy Ey and Fy N Ey = 1.
Since Fy < X,

X NNy = Fy(X N Ey) = Fy(X N Nz).

Thus the subdirect subgroup used for X < Y is the image of the one used for X < Z under the
already specified identification Fy =2 Sy. Refinement of its strip partition is exactly composition of
the support maps. ]

In particular, a change of simple type is strict in order: Tx 2 Ty implies |Tx| < |Ty|. A section
of a finite group having its full order must be the group itself.

2.3 Products and one-coordinate intervals

Fix a labelled upper vertex Y. Work modulo Fy when discussing its socle Sy = T7v. Conjugation
by D is transitive on Iy. Choose a reference coordinate and transport identifications of the other
coordinates by elements of D. Notation such as P!¥ always means the product of these transported
copies. The subgroup in the reference coordinate must be invariant under the corresponding factor
stabilizer; this is precisely the condition that makes the transported product invariant under the
whole group in question.

Call D < Z <Y saturated relative to Y if (Z N Ny)/Fy is the product of its coordinate
projections. The proof below uses the product—subdirect intersection arguments of [28, Lemmas 2.12
and 2.13] to obtain the required saturation.

Proposition 2.7 (Strict products and saturation). Let D < X <Y, where Y is labelled. Suppose

that the coordinate projections of
B = (X N Ny)/Fy

are proper and nontrivial. If [X,Y] is fenced, or if X is a coatom of [D,Y], then X is saturated
relative to Y .

Once B = P is such a product, no proper subdirect subgroup of Sy contains B. Every coatom
of [X,Y], and every intersection of these coatoms, is saturated relative to Y. These assertions do
not require X to be labelled. For labelled X <Y of different simple types the projection hypothesis
holds.

Proof. Factor out Fy, and let C be the product of the coordinate projections of B. It is X-invariant.
The correspondence (2.2), with bottom X and normal subgroup Sy, identifies [X,Y] with the
X-invariant subgroups of Sy containing B.

Suppose B < C' < Sy. If U < V are comparable complements of XC, put Ey = U N Sy
and Ey = V N Sy. Their projections already contain the projections of C'. Hence projecting
(Ey,C) = Sy shows that Ey is subdirect; the same holds for Ey .



Every link within a strip of Fy carries the projection of B in one coordinate onto its projection
in the other, because B < Ey. Consequently Ey N C is a product of independent diagonal copies
of those nontrivial projections, one for each strip of Ey. The proper inclusion Ey < Ey splits
at least one strip, by Lemma 2.5. Intersecting with C' then permits an additional independent
nonidentity coordinate value, and gives Ey N C < Ey N C. This contradicts the required equality of
both intersections with B. A fence therefore forces B = C. If X is a coatom, B < C' < Sy directly
contradicts maximality.

A proper subdirect subgroup has a link between two distinct coordinates. The full product P
contains an element which is identity in the first of these coordinates and nonidentity in the second,
contradicting that link. Now let Z be a coatom above X. If its projections were full, it would be
such a proper subdirect subgroup. Otherwise its product closure is proper, and maximality forces it
to equal that closure. Intersections of products are products.

Finally, for different labelled simple types, the projections are nontrivial because their image
contains Sx, and transitivity makes all of them nontrivial. If one were full, all would be full,
contradicting Proposition 2.6. O

Proposition 2.8 (One-coordinate projection). Let D < X <Y, with Y labelled, and suppose that
(X N Ny)/Fy =P¥, 1<Px<Ty.

Suppose also that X is an intersection of coatoms of [X,Y]; a coatom itself is allowed. Fiz i € Iy
and let

p: Y, — Aut(Ty)
be the action of its factor stabilizer on that coordinate. Identify Ty with its inner automorphism
group, and put H, = p(X;). Then

H,.NTy = Px. (2.6)
The saturated overgroups of X form a sublattice of [X,Y], and
Z+— Ky =p(Z) = H.P;,  (ZNNy)/Fy = PY, (2.7)

is an isomorphism from that sublattice onto the entire ordinary subgroup interval [H., H.Ty].
Original covering relations between saturated vertices remain covering relations after projection. In
particular, a strict change of simple type at a cover yields a mazximal subgroup of an almost simple
group, supplementing its simple socle.

Proof. For a coatom M above X, Proposition 2.7 writes its intersection with Sy as P]{/[Y , with
1< Py <Ty. Let J = H,NTy. It normalizes Py, so

PyJ < NTY<PM) <Ty.

The last inequality follows from simplicity and 1 < Py; < Ty. Both Py; and J are H,-invariant,
and their product therefore transports to a saturated overgroup of M which is still proper in Y.
Maximality gives J < Pjs. Intersecting over the coatom representation of X gives J < Px; the
reverse inclusion is immediate. This proves (2.6).

Products above P)I(Y correspond precisely to H,-invariant subgroups Pz < Ty containing Px.
By (2.6), these in turn correspond precisely to the subgroups K of H,Ty containing H,: the two
maps are Py — H,P7; and Kz — K;NTy. Since Z = X Péy and the product fixes the coordinate
set, Z; = XiPéY, proving (2.7). Intersections and generated subgroups of coordinate products are
again coordinate products, proving the sublattice assertion. Any intermediate projected subgroup
would lift to an original intermediate saturated subgroup, which proves the assertion about covers.
At a strict cover Proposition 2.7 supplies the product hypothesis, and the bottom is itself a coatom.
The ambient group H,Ty is a subgroup of Aut(7y) containing 7y, hence is almost simple. O
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2.4 The active chief factor and its core

We will need the action on a specified nonabelian chief factor in a projected group. It is not necessary
to assert that every projected coset action is quasiprimitive. The following proposition keeps the
original cores and the projected cores distinct.

Proposition 2.9 (Active-factor transport). Let D < Z <Y be labelled vertices, and suppose that

Z is saturated relative to Y :
(ZN Ny)/Fy = PY.

Let Kz be the automorphism group induced by a factor stabilizer in Z on a reference coordinate of
Sy . There are Kz-normal subgroups Qz < Ry < Py such that

(Fz N Ny)/Fy = QY (2.8)
(NzﬁNy)/Fy:RIZY, .
Rz/ngTgZ7 myz = azmy. (2.10)

Here ay is a positive integer. The section Rz/Qz is a chief factor for the action of Kz on Pyz: there
1s no Kz-normal subgroup strictly between QQz and Ry. Its factors give a Z-equivariant surjection

TZY :Iz—>Iy (2'11)

whose fibers have size az. The stabilizers in D and Z of a coordinate in Iy induce the same transitive
action on its fiber.
In addition, suppose X < Z and the hypotheses of Proposition 2.8 hold for X <Y . Set

H, = p(X;), Kz = H,Pz, Cyz = corek, (H,).
Then the subgroups in (2.8) satisfy
Qz =CzN Py, Kz =H.Ry. (2.12)

Thus RzC7/Cyz = Rz/Qz is a transitive minimal normal subgroup in the coset action of Kz /Cyz
on H,/Cyz. The groups H, and Kz induce the same action on its simple factors. No assertion that
this is the entire projected socle is required.

If az =1, the quotient Pz /Ry is soluble.

Proof. Factor out Fy throughout the proof. Put
E=ZnNNy=PY, F=F; W=FnE.

Let ); be the projection of W to the ith coordinate, and let @ = [[; Qi- These projections are
transported into one another by D, and each is invariant under its coordinate stabilizer. Thus @ is
normal in Z.

We claim that W = @ For ¢,q" € Q;, choose w € W whose ith coordinate is ¢ and let ¢;(¢') € E
be supported only on coordinate i. Since W < F,

[w,ei(q)] = ei(la,q]) € W.

It follows that [@, @] < W. The image of Q in Z /F is therefore the abelian normal subgroup Q JW.
Lemma 2.3 forces that image to be trivial. Hence W = @, proving (2.8). This argument also covers
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Z = X at a covering comparison; it does not use a projected core with bottom equal to the whole
projected group.

The normal subgroup EF/F of Z/F is nontrivial, since Z = DE and Z > D. It contains Sz.
Therefore, if L = Nz N E, then

Ny;=FL, L/WZ2Sy.

In particular L/W is a perfect normal subgroup of E/W = [[,(P;/Q;).

Every perfect normal subgroup V of a direct product []; B; is the product of its intersections
with the factors. To see this, for v,w € V the element [v,e;(w;)] lies in V' N B; and is the ith
coordinate of [v, w]|. Hence V! < T[,(VNB;) <V, and V = V' gives equality. Apply this observation
to L/W. Tt splits as a product of its coordinate intersections, each a direct product of copies
of Tz. Taking full inverse images gives L = RIZY and (2.9)—(2.10). Conjugation by Z permutes
these coordinate intersections and commutes with L/W = Sy, so the resulting support map is
Z-equivariant. Transitivity of D on Iy makes the multiplicity az the same in every coordinate.

Any Kz-normal subgroup strictly between )z and Rz would transport to a Z-normal subgroup
strictly between W and L. Its image would be a proper nontrivial normal subgroup of Z/F inside
Sz. This proves the chief-factor assertion and also the transitivity of Kz on the az simple factors
of Rz/Qz.

We have Z = DNz = DL. Since L < Ny fixes Iy, for a chosen coordinate ¢ this gives

Zi = DZL, KZ == P(Dz)RZ

The group Rz acts by inner automorphisms on Rz/Qz and fixes its simple factors. Thus p(D;)
and Kz have the same image on that factor set. The kernel of p centralizes the ambient coordinate
and so acts trivially on this section. This identifies the action with the original fiber action and
proves (2.11) and its assertions about stabilizers.

For the additional projected-core assertion, let C'z = coreg, (H,). The subgroup )z is normal
in Kz and lies in Px, because Fz < D < X. By (2.6) it lies in H,, and therefore Qz < Cz N Py.
Conversely, transport Cz N Pz over all coordinates. Its product is normal in Z and is contained in
P)I(Y < X < Z. Lemma 2.2 for the original interval [D, Z] forces this product into D, hence into F.
Equation (2.8) now gives the reverse inclusion.

Since p(D;) < H, < Kz and Kz = p(D;)Rz, we obtain Kz = H,Rz. Also R;NCyz = Qz. The
resulting image of Rz modulo C is minimal normal by the chief-factor assertion and is transitive
by supplementation. Its factor action is the same for H, and Kz, because it is already induced by
p(D;).

Finally suppose az = 1. The support map (2.11) is then a bijection. The subgroup E fixes Iy
and consequently fixes 7. Conjugation embeds E'F/F faithfully in Aut(Sz), since Cz,p(Sz) = 1 by
Lemma 2.3. Its image therefore lies in Aut(7%)!" and contains the inner subgroup Sz. The quotient
E/L = (Pz/Rz)" embeds in Out(Tz)". Schreier’s Theorem, a consequence of the classification of
finite simple groups, says that Out(7) is soluble; see also the explicit use in [28, Section 1]. Hence
Pz /Ry is soluble. O

Remark 2.10. The projected bottom in Proposition 2.8 is the image of X;, not necessarily the
image of D; alone: in general H, = p(D;)Px. The smaller image already induces the full active
factor actions, so the actual projected bottom does also. Likewise, the identity Q7 = Cz N Pz in
Proposition 2.9 is asserted only for X < Z. The product-core and chief-factor statements preceding
it apply also to the lower endpoint of a covering comparison. These distinctions allow us to use
maximal-subgroup information without assuming more quasiprimitivity in the projected diagram
than has been proved.
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3 Tested chains and the classification reduction

All constants called absolute in this section are independent of the finite group, the lattice, the
Lie rank, the characteristic, the field degree, and the length of the chain. A bound depending on
a fixed rank bound is stated as such. We use the labels and factor transport of Lemma 2.3 and
Proposition 2.9.

For k > 2, write M}, for the height-two lattice with k atoms; thus Mg has eighteen elements.

Definition 3.1 (A tested chain). Let D < a < b belong to a finite group interval, and let
a=xg<x1<--<zxny=>

A tested chain consists of these vertices and vertices v;; for 0 < i < j < N, with the following
properties.

(T1) Every z; and v;; is labelled: its interval above D is fenced. Moreover, x; < v;; < x;, where
both relations are covers in the entire interval.

(T2) Every [z;,z;], i < j, is fenced.

(T3) Every z; with ¢ < N, and every v;; with j < N, is an intersection of coatoms of [a,b]. The
v;N are coatoms by T1.

(T4) Put
UZ{ZL‘Jlg‘]SN}U{’L)w1§Z<]§N}

For each u € U, the interval [a,u] is fenced, a is an intersection of its coatoms, and there is
a < ¢, < u such that the entire interval [c,, u] is M.

(T5) For i < j and z; < z < xj, either [D, 2] is fenced, or there is a labelled 2" with z; < 2/ < z
which is comparable with every vertex of [D, z].

No additional requirement is imposed on [a,vo;]. In particular, T4 never subdivides the cover
a < Vpj-

Condition T5 ensures the following consequences at every overgroup between chain vertices:
every soluble normal subgroup is contained in D, and, of two normal subgroups whose commutator
lies in a normal subgroup contained in D, at least one is contained in D. At a fenced vertex
these follow from Lemma 2.3; at a labelled bottleneck they follow from Corollary 2.4. The same
consequences hold modulo a higher labelled core, which is normal in each intermediate vertex and
contained in D. No full supplementation dichotomy at an unlabelled bottleneck is asserted. The
construction in Section 8 will verify exactly Definition 3.1. Figure 1 isolates the shortcut comparison;
the remaining tests make this comparison effective uniformly over finite groups.

Theorem 3.2 (Chain rigidity). There is an absolute integer B such that every tested chain of
length N > B satisfies T, = Ty.

The proof proceeds by contradiction through arbitrarily long tested chains whose endpoint types
differ. This section gives the classification and uniformity reductions. Proposition 4.16 removes the
geometric and cross-characteristic alternatives; the proof of Theorem 3.2 is completed in Section 7.
Passing to a subchain always retains the originally supplied shortcuts and tests. It does not assert
that the subchain, with a new initial endpoint, is a new tested chain.
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Zj

Ti < Vij <X T;
two covering steps

Uij
Li+1

X4

selected chain segment

Figure 1: One shortcut in a tested chain. The two thick edges are covers in the entire subgroup
interval; the selected chain on the left can have arbitrarily many intermediate vertices and is not
required to be saturated. Fences, coatom witnesses, and the Mg tests are omitted. The proof
compares the restrictions imposed by every short route with those imposed by traversing a long
chain.

3.1

Literature inputs and maximal-step factor actions

Proposition 3.3 (Maximal-subgroup input). The following results are used from the classification
and representation theory of finite simple groups.

(L1)

(L3)

(L4)

(L5)

A maximal subgroup of an almost simple classical group, not containing its socle, is a stabi-
lizer in one of Aschbacher’s eight geometric collections, or has an almost simple irreducible
component. The geometric collections are subspace or flag stabilizers, direct-sum decomposi-
tions, extension-field structures, tensor products, subfield structures, symplectic-type groups,
tensor-induced decompositions, and forms. Graph automorphisms may interchange the relevant
subspaces or flag members; triality and exceptional graph—field automorphisms occur only
in bounded rank. We use [1] and the almost simple formulation and descriptions in [22,
Table 1.2.A and Theorem 1.2.1, pp. 3—4], with the geometric descriptions in Chapters 3-5;
the connected tensor structures and their finite fized-point versions are also given in [25,
Theorem 2 and Section 4(5)].

The mazimal subgroups of alternating and symmetric groups have the intransitive, imprimitive,
affine, diagonal, product-action, or almost simple alternatives of the maximal-subgroup form
of the O’Nan—Scott Theorem. The relevant formulation and all the alternatives used here are
recorded in the proof of [10, Proposition 3.1].

For a fized algebraic type, sufficiently general finite subgroups lie between the derived group
and the inner-diagonal group of a finite fixed-point group. The complementary alternative
is containment in a proper algebraic subgroup of bounded complexity. The bounded-envelope
version permits passage to the reductive simple quotients of that subgroup; see [24, Theorems 0.5
and 12.5].

A subgroup mazximal in a maximal subgroup of an almost simple group has at most five
nonabelian chief factors [10, Proposition 8.1]. The number refers to chief factors, not to their
simple direct factors.

If [H, A] is a height-two interval and A is alternating or symmetric of degree at least five, it
has at most eleven interior vertices [5, Theorem D]. Here the entire interval is required to

14



have height two: H is mazximal in every maximal overgroup. This is the hypothesis imposed
whenever the result is used.

(L6) Cross-characteristic irreducible projective degrees satisfy the Landazuri-Seitz lower bounds [23].
In particular, outside bounded rank, a source of natural dimension n and field parameter q
requires degree at least ¢°* for an absolute ¢ > 0; the applicable classical bounds are recorded in
[20, Tables 3-6]. Above an absolute classical rank, every perfect central cover of a finite simple
classical group is a central quotient of its usual simply connected fixed-point group, uniformly
over all finite fields, including the standard graph twists [36, Theorem 1.1 and p. 528]. The
central-cover deduction and preservation of representations are proved in Lemma 5.3. After
passing to that cover, defining-characteristic irreducibles have the Steinberg highest-weight and
tensor-product parametrization [34, Theorems 1.1 and 1.3], including the twisted fized-point
groups [35, Theorem 43].

The clauses of Proposition 3.3 are literature inputs. We first control the actions on simple
factors and the resulting chains of projected cores. Numerical field and dimension estimates will
enter in Section 4, after the reduction obtained here. No classification of arbitrary subgroup chains
is assumed.

For a transitive action of a group K on a factor set, with point stabilizer K, a tower K, =
K, <--- < Ky = K describes successive invariant block systems. We call the induced coset actions
of Kj_1 on K;_1/Kj its action levels. The action kernels remain in these stabilizer groups.

Proposition 3.4 (Factor actions at a maximal step). Consider a strict labelled cover and its
one-coordinate mazimal subgroup M in an almost simple group, as supplied by Proposition 2.8.
Mark its active nonabelian chief factor. There are absolute positive integers by, o with the following

property.

(C1) The action on the simple factors of the marked chief factor is obtained through at most r
transitive action levels. Each level either has degree at most by, or is the natural action of Ag
or Sy.

Proof. We spell out the factor actions. A subspace or paired-flag stabilizer has at most a bounded
number of Levi components. A tensor product of two spaces has two component groups. Extension-
field, subfield, form, and almost simple cases have one, except for the bounded low-dimensional
coincidences. A direct-sum decomposition or a tensor-induced decomposition has the full symmetric
action on its blocks, with a possible alternating restriction from the determinant or spinor condition.
A block contributes at most a bounded number of simple factors; for instance an orthogonal plus-type
four-space contributes two. Taking a point inside a block and then the block itself accounts for
this extra bounded level. In the alternating case, the intransitive and affine alternatives have
bounded component actions, while the imprimitive, diagonal, and product-action alternatives have
this same full block action. Exceptional types have bounded rank and hence bounded numbers of
components. Central, determinant, and form quotients do not split a simple component into more
factors. This proves (C1); the explicit Co and C; component quotients can also be read in [10, proofs
of Lemmas 5.4 and 5.9)]. O

Several structural consequences of the maximal-subgroup descriptions will be needed when we
reduce to classical groups of large rank. For a classical target and a classical active source type of
sufficiently large rank, a cover with more than one active simple factor belongs to the geometric block
or tensor cases. A soluble classical component has absolutely bounded natural dimension: a linear
group in growing dimension contains a growing special linear simple section, and the corresponding
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assertion for a form group follows from its natural hyperbolic subspaces. For a fixed nonabelian
simple type, the possible natural classical realizations have boundedly many dimensions. Outside the
bounded list of low-order isomorphisms, its field, family, and dimension are determined by its type;
dual, form, and special-isogeny conventions add only boundedly many choices. Finally, a geometric
stabilizer has boundedly many component slots apart from repeated blocks. Thus fixing the inactive
simple labels, repetition degrees, and bounded structural choices leaves boundedly many possible
omitted dimensions. These facts use the full geometric stabilizers in Proposition 3.3(L1), not a
bound on the orders of the components. Their numerical field and order data will be established in
Section 4.

3.2 A uniform lemma for natural giant actions

The shortcuts will put the relevant factor stabilizers inside one fixed projected bottom group. We
need to control their composition types and indices simultaneously. The next two lemmas do this for
bounded stabilizer towers, including the overgroups that arise when equal-type strips are merged.

For a finite group H, write cf,,(H) for its set of nonabelian simple composition-factor types.
Only these types will be bounded; the set of cyclic-prime factors need not be.

Lemma 3.5 (Bounded routes). Fiz positive integers r,b. Suppose
A:HTSHT—IS"'SHOZH

and every induced action on Hj_1/H; is either of degree at most b or is a natural alternating or
symmetric action. There are constants h,c, k, depending only on r,b, such that:

(i) the interval [A, H] has height at most h;
(ii) the set {[H : U]: A< U < H} has cardinality at most k;
(iii) for every such U, its nonabelian composition types belong to
cfna(H) U{Ag—j: Ag € cfna(H), 0 <5 <cU&y,
where E,.p s a fived finite set of types.
The conclusions also hold for stabilizers of all invariant quotient blocks of the action on H/A.

Proof. We induct on r. The assertion for one step follows from primitivity of a natural giant, or
from the bounded index in the other case. For the induction put N = corey(H;). For an arbitrary
U € [A, HJ, the group A(UNN) lies in [A, H;], and its intersection with N is U N N. The induction
hypothesis therefore controls the intersection chain and its types. A strict increase in U must
increase U NN or UN/N, since equality of both gives equality of orders. Furthermore

[H:U]=[H/N:UN/N][N:UNN],

and the possible second factors are a fixed multiple of the possible indices [Hy : A(U N N)]. Thus it
remains to control the images.

If H/N has bounded degree, its order is at most b! and there is nothing more to prove. Otherwise
it is Ag or Sy, and H;/N is its natural point stabilizer. Project the remaining route into H;/N. A
natural-giant step projects either to the same action or to a trivial action, because it is primitive;
a bounded-degree step retains bounded degree. Starting with the natural A;_; in Hy/N, retain
an alternating group normal in the current projected group and supported on all but at most r
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points. A natural-giant quotient either kills this alternating group, which is then retained in the
next subgroup, or maps it onto the natural alternating socle of its image. In the latter case equality
of orders gives the same degree, and its point stabilizer removes one supported point. A step of
bounded degree retains the alternating group once its order exceeds b!. After a step, take the union
of all conjugates of the retained support in the new subgroup. The overlapping-support argument in
the next paragraph supplies a normal alternating group on that union, without further loss of points.
Apart from a possible sign on the large support, the residual quotient acts on the omitted points and
has order at most 2r!. For d > 2r + b+ 10, each step therefore loses at most one supported point,
and the terminal image contains the alternating group supported on at least d — r points. Here the
identification of the next point stabilizer uses Aut(A.) = S, for e > 7; the degree-six exception and
all smaller first degrees are absorbed in the fixed finite universe. Thus we may take ¢ = r in the
large-degree argument.

An overgroup of an alternating group supported on d — ¢ points has bounded height and
boundedly many possible indices. To see this directly, assume d > 2¢ + 4. The supports of any two
conjugates overlap in at least three points, so their alternating groups generate the alternating group
on the union of their supports. The union of all conjugate supports is an orbit of the overgroup;
its conjugate alternating groups generate the alternating group on that orbit. The orbit omits
at most ¢ points. Modulo the alternating group on that orbit, the overgroup has order at most
2c!. Its large simple type is therefore A;_; with 0 < j < ¢, and its possible indices belong to the
finite list of falling factorials (d); divided or multiplied by integers bounded in terms of ¢. The
excluded small d add only bounded groups. Combining this with the intersection induction proves
all three conclusions. Invariant quotient blocks correspond exactly to the overgroups U already
considered. O

Lemma 3.6 (A common index palette). Fiz positive integers R,b, K. Consider any collection of
the routes in Lemma 3.5, each of length at most R and bounded degree at most b, such that all their
natural giant degrees belong to one set D with |D| < K. The union, over all groups and routes
in the collection, of all indices [H : U] with A < U < H has cardinality bounded by a function of
R, b, K. The same holds through a bounded number of operations, each consisting of a permitted
route followed by an arbitrary invariant quotient-block choice, with a fresh route inside the chosen
block stabilizer permitted at the next operation.

Proof. Put dyg = 2R + b+ 10 and M = dy!, and define the positive rational atoms
(D) ={u/v:1<u,v<M}U{(d);:deD, d>dy, 0<j <R}

We claim that every index on a route of length r is a product of at most L, = r(r + 3)/2 atoms or
their inverses. Induct on r, putting N = corey(H;) and B = A(U N N). Since UNN < U, we have
A< B<Hyand BNN =UnNN. Consequently

[Hl . B]

[H : U] =[H/N : UN/N] AN

(3.1)

The image factor is bounded by M when the first action is small. Otherwise the supported
alternating-group calculation in Lemma 3.5 gives

d.
[H/N:UN/N]_E(t)J, 0<j<r, ee{l,2}, 1<t<2jl.

It therefore uses at most two atoms. The numerator [H; : B] uses at most L,_; atoms by induction.
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The denominator is controlled across the whole collection, not just held fixed within one route.
Project the suffix route into Hy/N. Its degree is exactly

Under any homomorphism with kernel C, a natural step Ly > L; projects to the same full natural
action or to a trivial action: maximality gives L1C = L; or Lg. A bounded step keeps bounded
degree. Thus every factor on the right of (3.2) is an allowed natural degree, a bounded integer, or
one, and is a single atom. In particular no arbitrary scalar-kernel divisor enters the denominator.
Equation (3.1) gives L, < L,_1 +2 + (r — 1), proving the claim.

There are at most M? + K(R + 1) atoms, so the union of all index palettes has cardinality at
most

(14 2(M? + K(R+1)))"".

Only integral values of these rational recipes occur as actual indices. Invariant quotient blocks
correspond to the overgroups U already allowed. If H' is any such block stabilizer, apply the
argument anew to the next full route inside H'; it is not necessary that H' itself admit a natural-step
route from H. Indices multiply through a bounded number of these operations, giving the final
assertion. O

Lemma 3.7 (Uniform active actions). Suppose a tested chain has T, % Ty, and project at one
coordinate of the socle of b. Let H, be the image of the factor stabilizer in a. Then:

(i) H. has at most five nonabelian chief factors;

(ii) there is one set of nonabelian types, of absolutely bounded cardinality, which contains the types
of every whole projected stabilizer group in H, of an active factor, of an intermediate fiber,
or of an invariant quotient block used along a two-edge shortcut, and the types of all their
induced images;

(iii) equal-type stretches of chain vertices have absolutely bounded length;

(iv) the set of ratios my,/my,, i < j, has absolutely bounded cardinality after equal-type repetitions
are removed.

Proof. By Propositions 2.7 and 2.8, the starting group is a nontrivial proper coordinate product,
and all designated intersections of coatoms are saturated. The shortcut a < vgny < b projects to a
two-step maximal chain in an almost simple group. Thus Proposition 3.3 gives the five-chief-factor
bound for the actual projected bottom H,. The image of the original D-stabilizer need not equal
H, as a group: in general H, is that image multiplied by the starting coordinate product. What is
required is equality of the induced active permutation actions, as follows.

For every label z, the equality z = DN, implies that D and z have the same image on I,
because N, fixes its individual simple factors. If I, — I, is a product-step factor map and g € z
fixes i € I, write g = dn with d € D and n € N,. Then d fixes ¢ and has the same action as g
on the fiber over i. Thus the bottom stabilizer induces the full local factor action at each level,
not an arbitrary subgroup of the natural giant. This property survives the initial projection by
Proposition 2.9.

We now account for all the shortcuts, including middles below a proper endpoint. An endpoint
x; is reached from b by the original shortcut b > v;ny > x;; take an empty route for j = N. The
first downward step is strict, because a proper subdirect group cannot contain the nontrivial full
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coordinate product at the bottom. Two strict covers give a concatenated route of length at most
2rg. A strict cover followed by an equal-type merge instead makes the endpoint factor stabilizer an
overgroup of the first route’s terminal stabilizer.

Starting at x;, the middle v;; and the lower endpoint x; are reached by at most two further
original covers. An equal-type operation takes an invariant quotient block. A strict operation
supplies a fresh full local route inside the actual current projected factor stabilizer U < H,. Indeed
the image of the original D-stabilizer lies in U and already has the full local permutation image,
whereas U acts through the labelled-node stabilizer because a lies below that node. The kernel of
the original-coordinate projection centralizes that coordinate and acts trivially on its sections. Thus
these are equal local permutation images; no equality of the stabilizer groups themselves is needed.

The factor maps and equal-type strips respect the original b coordinates. Here is the intersection
identity behind this assertion. For labels x < z used in a route, work modulo Fj, and write

zN Ny = Pl, N.N Ny =R, F,. NN, =Qb.

These product descriptions follow from saturation and Proposition 2.9. Since F, < D < x and
N, = F,(N, N Np), intersection and the quotient map give
NN, NN, NN P.NR,

F, o F,. NN

i€l Q-
In an equal-type comparison this is the subdirect subgroup of S, whose strips describe the merge.
Because it is a full product over I, no strip can link factors in different original coordinates: such
a link would prohibit independent elements in the two factors. For a strict split followed by a
merge inside [z;, z;], repeat this identity with x; as upper vertex. The fenced endpoint comparison
makes x; saturated in those coordinates, and the strict shortcut cover makes its middle saturated
there. Thus the merge cannot cross those local starting fibers either. Altogether, every required
factor, fiber, and quotient-block stabilizer uses at most four original covers, interpreted as full local
routes or quotient operations. Four successive operations, each with route length at most 2rg, give
a conservative common bound, including all intermediate block stabilizers.
We establish the type pool before the degree and index pools. For fixed route parameters let

O(P)=PU{A4_j: AgeP, 0<j<c, d—j>5}UE,

where ¢ and the finite exceptional set £ are supplied by Lemma 3.5. If the whole current projected
group has nonabelian composition types in P, that lemma puts the types of every route prefix and
every quotient-block overgroup in ®(P). This includes any kernel of the corresponding permutation
action. Retain the original types at every iteration. Starting with cf,,(H,), of cardinality at most
five, a bounded number of iterations gives one pool of absolute bounded cardinality for all these
projected groups. Their induced images have no additional composition types. This proves (ii); it
makes no claim about entire unprojected stabilizers in the original group.

For an equal-type stretch, fix its highest vertex. Equal-type transport identifies all earlier vertices
with strip subgroups of that socle, whose support partitions strictly change along the stretch. Equal
support partitions and subgroup inclusion would force equality of orders and hence equality of
subgroups, including the diagonal twists. The preceding coordinate compatibility restricts these to
invariant partitions of a single original b-coordinate fiber. Transitivity ensures that a strict change
appears on that chosen fiber. All their block stabilizers are overgroups of a single route terminal
supplied by the shortcut from b to the highest vertex. The height assertion of Lemma 3.5 proves

(iii).
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Each full giant of large degree d contributes the composition type Ay to its actual starting
projected group. Every such group is a route prefix already covered by the preceding pool. Hence the
set D of giant degree values occurring anywhere in these bounded operations has absolute bounded
cardinality. The values may be large. Apply Lemma 3.6 with this entire set D, and multiply indices
through the bounded number of operations. This yields a common index palette across all the
actions, including arbitrary quotient-block choices followed by fresh full routes. In particular it is a
union bound, not merely a separate cardinality bound for each action.

More explicitly, put g; = mg, /mp. The original shortcut from b to z; realizes ¢; as the degree on its
active-factor fiber: a strict/strict path gives a route degree, and a strict/merge path gives a quotient-
block degree. The common recipe palette bounds the cardinality of {¢;}. Since my, /m.; = qi/q;,
its quotient palette also has bounded cardinality. This proves (iv). ]

3.3 The core reduction

Lemma 3.8 (Killed layers and core gaps). In the initial projection, consider chain vertices strictly
above the original starting vertex a, and write

K;=H.P;, C; = coreg, (Hy), Qi=CiNF,

and let R;/Q; be its active nonabelian chief factor. For i < j, the inner comparison and its killed
kernel are

Jij = (PiNR;)/Q;,  Bij =(QiNR;)/Q;.

There is an embedding B;j — C;/C;. After deleting at most five nonsoluble gaps, an arbitrarily long
subchain remains on which all the B;j;, including the analogous shortcut kernels, are soluble. If the
chain multiplicities are equal, every endpoint inner comparison, projected to one factor of its upper
active socle, has just its active simple factor as a nonabelian composition factor.

Proof. The exact product/core identity in Proposition 2.9 gives, before projection,

(FiNNy)/Fy= Q. (NiNNy)/Fy=R™,  Ri/Qi=T"/™.
Since F; < D < x;, we have @); < P;. Intersecting with the lower group and then with its core gives
the displayed formulas for J;; and B;;. Also C; < C; and R; < Pj, whence

C;NR; =Qj.

Thus qu — qu embeds Bij in C’l/Cj

The C; form a decreasing chain of normal subgroups of the one group H,. Each nonsoluble
successive quotient consumes at least one nonabelian chief factor of H,. There are at most five,
by Lemma 3.7. Cutting at these transitions leaves at most six stretches; one is arbitrarily long.
The core of a shortcut middle lies between the cores of its two endpoints, so its killed layers are
controlled by the same soluble quotient. No separate bound on a collection of unrelated shortcut
cores is being assumed.

For the final assertion work with the original labelled vertices x; < x; and put

E:J}iﬂNj, W:EﬂNj, L:NZQNJ
These subgroups are normal in x;, with F; < W < L. The kernel of the conjugation action of

on S; = N;/F; is exactly W, because C,, /r,(S;) = 1. When m; = m;, the product support map
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I; — I; is a bijection. Since E/ < Nj fixes I}, it fixes every factor of S;. Its socle preimage is L, and
therefore
E/L — Out(T;)™,
which is soluble by Schreier’s Theorem. In the x; coordinates write
E/Fj:Pij]? W/Fj:Qijjv L/Fj:RijJ'

Proposition 2.9 gives R;;/Qi; = T;, and the preceding embedding makes Pj;/R;; soluble.

The killed kernel is exactly the one controlled in the initial b projection. Indeed N; = F;(IN;NNp)
and F; < F; give

EﬂNj:Fj(FiﬁNjﬂNb), (33)
W/F; = (Qi N Ry)/Q;)™.

It is soluble on the retained stretch, so @;; is soluble as well. Thus F;; has exactly its one active
simple factor as a nonabelian composition factor. The same intersection calculation identifies the
killed kernels for either half of a shortcut. This argument takes place in the original labelled x;; it
uses neither projected quasiprimitivity nor a supplementation dichotomy at an unlabelled bottleneck.
A shortcut middle which still has several active factors can retain a nonabelian factor-permutation
quotient; this is not asserted to be soluble. Its degrees are controlled by the common type pool, and
it occurs only in the split—merge case considered separately below. O

Lemma 3.9 (Exclusion of alternating upper types). For v € U with T, # T, the type T,, is not
alternating of degree at least seven.

Proof. Project the strict comparison from a to u using T4. The bottom is a full product and an
intersection of coatoms. The coatoms and their intersection ¢, are saturated, so Proposition 2.8
carries the entire interval [c,, u] to an Mg interval ending at an almost simple group with socle T,.
For an alternating socle of degree at least seven that group is alternating or symmetric, contradicting
Proposition 3.3. The exceptional automorphisms in degree six concern only bounded-order types. [

3.4 Why bounded rank cannot support a long strict chain

The bounded-rank argument needs a normalized subfield group, rather than just a numerical
resemblance between two field sizes. We give the details, including the automorphisms of the almost
simple ambient group.

Lemma 3.10 (Bounded envelopes). Fiz a connected adjoint simple algebraic type ®. There is a
constant cg such that a finite subgroup P of an algebraic group X of type ® has one of the following
descriptions.

(i) For a Frobenius map Fy,
E=(xhY<p<xto

Y

where E is simple.

(ii) Every nonabelian composition factor of P of order greater than cg is of Lie type in the
characteristic of X, with algebraic dimension strictly less than dim X. The total number of
nonabelian composition factors, counted with multiplicity, is at most cg.

In particular, the ranks of nonabelian simple sections of finite groups of Lie type of rank at most R
are bounded by a function of R; simple sections of bounded order are included in this bound.
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Proof. Apply [24, Theorem 0.5]. Outside (i), P lies in a proper algebraic subgroup B < X from a
fixed constructible family. Apply [24, Theorem 12.3] to that family. It supplies an envelope H < B,
with P < H, whose connected reductive quotient has simple adjoint factors X1, ..., X; such that
the image L; of P N H® satisfies

Ei= (X"} <L < X[,

with E; simple. Each dim X; < dim H° < dim X. The kernel of the map from H®° to the product of
its simple adjoint quotients is soluble: it is an extension of the unipotent radical by the full center
of the connected reductive quotient. That center can be disconnected, but is abelian. If L is the
image of PN H® in [[; L;, then L’ is a subdirect subgroup of []; F;, because each L;/E; is abelian.
The subdirect product Lemma makes L’ a product of full diagonals. Its simple factors are therefore
among the E;, counted at most once per position. There are at most dim X /3 positions.

The component bound in [24, Proposition 1.4] bounds |H/H®| throughout this constructible
family. Its contribution has bounded order and bounded composition length. This proves (ii).
Applying the same argument to every subgroup of a finite group of rank at most R proves the last
assertion: the ambient algebraic dimensions range over a finite set, and the finitely many small
orders and characteristics in the exceptional alternative are absorbed in a function of R. ]

Lemma 3.11 (Normalized subfield steps). Fiz an adjoint simple type ®. Let T = (X) be simple,
T < A< Aut(T), and let M < A be mazimal with T £ M. Suppose that P = M NT is in alternative
(i) of Lemma 3.10, and that the parameter of Fy is large enough in terms of ®. Then F = Fj for a
prime r. Every element of M normalizes the derived fixed-point groups for all intermediate powers

Of F(].

Proof. First, the pointwise centralizer of E = (X°)" in Aut,g(X) is trivial when the field parameter
is sufficiently large. Indeed the fixed groups X¢, for nonidentity algebraic automorphisms a, form
a constructible family of proper closed subgroups: take the equalizer of the action and projection
maps over the finite-type algebraic automorphism group, remove the identity section, and stratify.
Now use [24, Proposition 3.5].

Here is the isogeny calculation needed to include field and exceptional graph operations. Let

Z(X) be the group of bijections of X (F,) generated by self-isogenies and their inverses. The isogeny
Theorem [15, Theorem 6.1.16(1) and Proposition 6.1.13(2)] gives a homomorphism

v:I(X) — Z, ker v = Autyg(X).

For completeness, after fixing a Borel pair, a self-isogeny permutes the simple roots by 7 and raises
their parameters to powers p®. Use the row-coroot convention Cj; = (o, ;) for the Cartan matrix.
The compatibility condition is
P Cij = p% Criyn(s)-

The labeled undirected Coxeter diagram is preserved. Unless a multiple edge is reversed, con-
nectedness forces all e; equal. An edge reversal is possible only for Bs, Fy in characteristic two,
or G5 in characteristic three. The exponents on the two root lengths then differ by one. Thus
every self-isogeny is af™, where a is algebraic, m > 0, and ¢ = F}, except in those three cases,
when 62 = F,; see also [15, Remark 6.2.10]. Root-group constants are absorbed by the algebraic
automorphism, using the pinned uniqueness in the isogeny Theorem. Conjugation by € preserves
algebraic automorphisms, so the same normal form holds with m € Z in Z(X). Inseparability
degree proves uniqueness of m, and v(af") = m is the asserted homomorphism. Positive v gives a
Frobenius map: Lang—Steinberg removes its inner factor, leaving a positive diagram—field map [25,
Proposition 2.7(i), p. 435]. Its field parameter is p”, or p*/? in the three exceptional cases.
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Let Cp < Z(X) fix E pointwise. The preceding centralizer observation makes v|c,, injective. Its
image is a nonzero subgroup of Z, since it contains v(Fp). Thus Cg = (F}) for a Frobenius map F7,
and Fy = I} for some b > 1. Put d = dim X and let gy be the parameter of Fy. The fixed-point
order bounds and bounded diagonal index in [24, Theorem 3.4(b),(d)] give

(qo — 1)*

<|B| < XM < caqy”.
Zp

Enlarging cg includes the finitely many possibilities for the parameter of F; below four. For
sufficiently large qo, this forces b = 1. Consequently Cr = (Fj). Since F' fixes F, it follows that
F = Fj with r > 0.

The quotient P/E is abelian and F is perfect, so P’ = E. Every m € M therefore normalizes F.
The finite automorphism Theorem [35, Theorems 30 and 36] lifts m to an element m € Z(X). The
commutator T?LFoﬁleO_ ! has v = 0 and fixes E pointwise. It is therefore the identity. Thus m
normalizes E, = (X%0)’ for every divisor e of 7.

We have r > 1, since r = 1 would give T' < M. If r were composite, choose 1 < e < r dividing
r. Fixed-point order estimates, after increasing the original field threshold, give E. £ P and
1< FE, <T. Hence

M < ME, < Nj(E.) < A.

The last inequality follows because T is simple and cannot normalize a nontrivial proper subgroup
of itself. This contradicts maximality and proves that r is prime. ]

Lemma 3.12 (Bounded-rank chains). For every R there is b(R) such that at most b(R) distinct
Lie types of rank at most R occur in a tested chain after the alternating exclusion. In an arbitrarily
long family of such chains with distinct types, one may therefore require the ranks of all retained
endpoints and all their shortcut middles to exceed any prescribed constant.

Proof. Consider a subsequence of distinct endpoint types of ranks at most R. A lower simple type
is a section of each later one by Proposition 2.6; in particular their orders increase strictly. Remove
the boundedly many types below the order thresholds of Lemma 3.10, for the finitely many relevant
algebraic types. Every two-edge shortcut has intermediate types of rank bounded in terms of R,
by the last assertion of that lemma. Increase the threshold accordingly. On each strict cover read
downwards, the characteristic is then unchanged and the algebraic dimension does not increase.
The only case of equal algebraic dimension is the sufficiently general alternative. An equal-type
cover changes neither characteristic nor dimension.

There are finitely many possible dimensions and algebraic families. If the subsequence were
arbitrarily long, it would have an arbitrarily long further subsequence with one dimension and
family. On every prescribed two-edge shortcut between its endpoints the dimension cannot drop.
Each strict cover is therefore a normalized prime subfield step by Lemma 3.11; a possible equal-type
cover contributes no field change. With one fixed family at the endpoints, the conversion between
its usual exponent f and the Frobenius parameter exponent cancels. Thus, for every ¢ < j,

where 2 counts prime factors with multiplicity. Four successive endpoints would give

3

Qfa/f1) =D Qfixr/fi) = 3,

=1
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a contradiction. All discarded sets and pigeonhole choices have bounds depending only on R, proving
the first assertion.

For any desired rank threshold, remove the boundedly many endpoints below a sufficiently larger
threshold. If a remaining shortcut middle had bounded rank, its lower endpoint, being a simple
section of it, would have rank bounded by Lemma 3.10. The larger threshold was chosen to exclude
this. Arbitrarily long chains remain, proving the second assertion. O

3.5 The configuration passed to the growth argument

Proposition 3.13 (Reduction to classical one-factor comparisons). If Theorem 3.2 is false, then for
every s and R there is a retained chain of at least s vertices, with all its original two-edge shortcuts
and normal-group tests, such that:

(i) all endpoint types are distinct classical types; their ranks, and the ranks of all shortcut middle
types, exceed R;

(ii) all endpoint multiplicities are equal. Thus each comparison, projected to one upper active
coordinate, has one active simple factor;

(iii) the killed kernels of all endpoint and shortcut comparisons are soluble. Every endpoint inner
comparison has exactly its one active simple factor as a nonabelian composition factor;

(iv) there is a pool of absolutely bounded cardinality containing all nonabelian simple types in every
projected active-factor and fiber stabilizer in the fired H,, and in their induced images, used
in these comparisons. No assertion concerns the entire unprojected original stabilizers. The
splitting multiplicities and invariant-block indices have boundedly many possible values;

(v) each shortcut is either two strict steps, both with one active simple factor and all other inner
composition factors soluble, or a strict split followed downwards by an equal-type merge. The
latter is geometric. In geometric steps the inactive dimensions have boundedly many possible
values once their simple labels and bounded structural choices are fized; when all inactive
components are soluble these dimensions are absolutely bounded.

All bounds described as absolute are uniform over the original groups. This proposition introduces
no new lattice tests at the retained bottom.

Proof. Take counterexamples of lengths tending to infinity, retaining the original endpoints initially.
A lower simple type is a section of an upper one, so equality of the endpoint types of a segment forces
equality throughout that segment. Lemma 3.7 bounds the lengths of these equal-type stretches.
Choose one vertex from each stretch and discard the original initial stretch. There are arbitrarily
many remaining vertices, and none has the type of the original a. Their shortcut middles are above
a retained lower vertex, so also cannot have type T;. Lemma 3.9 now excludes all large alternating
types at both endpoints and middles. Sporadic groups and all other bounded-order coincidences
form a finite list. Bounded-rank Lie types can be removed using Lemma 3.12. This gives (i), with
arbitrarily large minimum rank.

All later coordinate projections still use the original tests. For a retained upper endpoint or
middle u, condition T4 applies to a < u, with T, % T,,. Proposition 2.8, with original lower vertex
a, gives H, N'T,, = P,. A retained vertex z saturated in these coordinates then has

Kz:HaPz> KzﬂTu:Pza
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because P, < P,. Saturation for a distinct-type endpoint comparison comes from its fence, and
saturation at a strict shortcut cover comes from its coatom status. Thus the required inner-
intersection identity never relies on inheriting a local coatom-meet representation from the global
one below b, or on a new test at a retained bottom.

Use the common cardinality bound on ratios in Lemma 3.7 to color pairs by m;/m;. Finite
Ramsey gives an arbitrarily long homogeneous subchain. On a homogeneous triple the common
ratio t satisfies t? = t; since ¢ > 0, it is one. This proves (ii). Next apply Lemma 3.8 in the original
fixed projection: deleting the at most five nonsoluble transitions leaves an arbitrarily long stretch.
All shortcut cores between its endpoints lie in the corresponding soluble gap. Passing to any later
active coordinate takes subgroups and images of these soluble killed kernels, and hence preserves
solubility. Lemma 3.8 and Proposition 2.9 give (iii).

The common type pool and index bounds are precisely Lemmas 3.7 and 3.6; none of these
bounds counts abelian factors. They remain valid under all the preceding thinning, giving (iv).

Read a shortcut downwards from its upper endpoint. Its first cover cannot be a proper subdirect
merge, because the lower endpoint is a nontrivial full product. If both covers are strict, their positive
integral splitting multiplicities multiply to the endpoint ratio one. Both are therefore one. Their
killed kernels are soluble by (iii), and their tails are soluble by Proposition 2.9. If the second cover
is an equal-type merge, the first must split; the only unbounded-rank maximal-subgroup cases with
such an active split are the geometric block and tensor cases described after Proposition 3.4. The
merge stays inside each original upper coordinate. Its possible indices are already covered by (iv).

The inactive nonabelian labels in a shortcut belong to the pool in (iv). To see this, write its
local inner group as P < K, with soluble killed kernel @) and active chief factor R/Q = T°. The
faithful conjugation argument in Proposition 2.9 gives P/Q < Aut(7%). The kernel of the factor-
permutation map on P/R lies in Out(7)* and is soluble. Since P is normal in K, its permutation
image is normal in the full local permutation image. Lemma 3.7 identifies that full image with
an image of one of the projected stabilizers counted in (iv). Its normal subgroup therefore has its
nonabelian composition types in the same pool. Thus all nonabelian composition types outside the
active chief factor R/Q lie in this pool. The active type T' can still vary along the chain.

Apply now the structural observations following Proposition 3.4. There are boundedly many
choices of inactive simple labels by (iv), and the repetition indices also have boundedly many values.
The resulting omitted dimensions therefore have boundedly many possible values. When all inactive
components are soluble, their individual natural dimensions are absolutely bounded. This proves
(v) and all the assertions passed to the next section. O

4 Fields, indices, and growth along shortcuts

We continue the reduction of Theorem 3.2, starting with the configurations supplied by Proposi-
tion 3.13. Their distinct classical endpoint types have arbitrarily large rank, their multiplicities
agree, and their killed kernels are soluble. We now compare the numerical restrictions imposed by a
two-edge shortcut with the growth obtained by traversing several successive comparisons. The three
quantities are field exponents, natural dimensions, and inner order quotients. We first establish
the maximal-step estimates needed for these comparisons. They will exclude wholly geometric
paths and characteristic crossings, leaving common-field paths with quadratic dimension growth
and controlled inner order.

Write zg < --- < 2 for the retained original vertices, in their original order, and abbreviate
F,=F,,Ni=N,, T, =1T,, mi =m,, and I; = I,;,. The common bottom D and lower endpoint a
remain those of the original tested chain; every shortcut and normal-group test is inherited from it.
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Write
T; = Ti(qi), g =pl, n; = dim V;, a; = |T;|.

Here V; is the natural simple module. In characteristic two the type B, parameter is n; = 2r, using
its simple symplectic natural quotient. For a unitary group the parameter is ¢; = p{ ¢ although its
natural matrix field is Fq?‘ Put ex = 2 for a unitary type and ex = 1 otherwise, so the natural
matrix field has degree ex fx over its prime field. We retain this conversion for restriction of scalars;
twisted-tensor steps will have the exact usual-field relation fs = bf;.

For each ¢ < j choose the prescribed two-edge shortcut. We write its ascending steps as B;j, A;;
and its intermediate simple label as Y;;; a prime denotes an intermediate parameter. The letters
A;; and B;; denote steps, not subgroups. On an individual ascending step, subscripts s,t denote
source and target parameters.

All uses of “arbitrarily long” below have the same quantifiers: for every integer s there are such
configurations with at least s chain vertices, and their minimum rank can be required to exceed
any prescribed constant. A finite coloring followed by finite Ramsey preserves this property. So
does retaining every dth vertex for a fixed d. Constants in this section are independent of the
configuration and of its length. An explicitly mentioned pool of parameter values may depend on
the configuration, but its cardinality has a uniform bound.

4.1 Numerical structure of classical maximal steps

The factor actions needed for the whole-chain reduction were proved in Proposition 3.4. We
now derive the field, dimension, and order estimates from the maximal-subgroup descriptions in
Proposition 3.3. The proofs retain the actual finite normalizers, since their field actions will enter
both the growth argument and the later constituent calculation.

Proposition 4.1 (The maximal-step catalogue). Consider a strict labelled cover and its one-
coordinate maximal subgroup M in an almost simple group with socle T', as supplied by Proposition 2.8.
Mark its active nonabelian chief factor. The non-geometric irreducible category below means that
its simple source acts absolutely irreducibly on the ambient natural module and that the mazimal
subgroup is outside all geometric collections, in particular the subfield collection. All growing-rank
assertions refer to growing source rank. There are absolute constants C,c > 0 with the following
properties.

(C2) For unbounded-rank classical active types, a geometric defining-characteristic step changes
natural dimension by taking a subspace or quotient, a repeated natural module, a tensor product,
or restriction of scalars. Subfield steps leave natural dimension unchanged and multiply the
field exponent by a prime. An extension-field step, read upwards from the active factor, has

€s

nt:bn57 6sfs:betftv ft: bi
€t

fss (4.1)
where b is the prime degree between natural matriz fields. A twisted-tensor step has

ng=nl,  fs=0bfr, (4.2)

exactly; here b is prime, after bounded source-rank cases are removed. All other changes of
field exponent belong to a fized finite set of positive rational factors.

(C3) If there is one active simple component and the other geometric components are soluble,
their natural dimensions are absolutely bounded. The active dimension in a subspace case is
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comparable with the ambient dimension; a totally singular summand and its dual may represent
the same active component twice. A nontrivial parabolic radical in these cases has order between
q" and qC”?. For a fixed ambient group, once the active slot, other component dimensions,
and the bounded flag/form choices are fixed, there are boundedly many possible orders of the
full inner stabilizer divided by the order of its active simple factor, with multiplicity included.

(C4) A symplectic-type step of unbounded active rank is cross-characteristic. Its source is symplectic
or orthogonal over a prime field of order r, of natural dimension 2d + O(1), and its target
natural dimension is ny = r¢. If P= M NT, then

eny < |P|/|Ty| < Cn.
Its target field exponent is at most |T,|C.

(C5) After the twisted-tensor case in (C2) is separated off, a defining-characteristic almost simple
irreducible step has a single nonzero restricted, nonnatural Frobenius digit, up to a common
Frobenius twist. This restricted module may have further tensor factors in a very special
characteristic. Its dimension is at least cn?. Its source and target field exponents differ by a
rational factor from a fized finite set. Natural, dual-natural, and natural-size special-isogeny
representations are included among the geometric cases instead.

(C6) For a cross-characteristic almost simple step,
" <m < TS, fi < T

The upper degree bound also holds in defining characteristic. For this and the preceding
irreducible case, the homomorphism from the ambient automorphism normalizer of the source
simple group to its automorphism group has kernel of absolute bounded order. In particular, a
subgroup of that normalizer has order at most C times the order of its induced automorphism
group of the source.

Proof. For the dimension and field statements, take the full stabilizers of the indicated structures.
On a nondegenerate direct summand the active group has its natural module; on a totally singular
summand the dual summand has the contragredient module. A tensor stabilizer acts as the tensor
product of the component natural modules. Restriction of scalars multiplies dimension by its degree
b and gives €, fs = be; f; for the natural matrix fields. For example, the mixed GU,,(q) row in Sps,,(q)
has b = 2 and equal usual exponents, since ¢, = 2 and ¢ = 1. It is a restriction of scalars, with a
direct sum after scalar extension, and is not a twisted-tensor row. A subfield inclusion changes only
the field. If an ordinary field degree were composite, its proper intermediate field structure would
be preserved by the normalizer, contradicting maximality. The classical stabilizer descriptions with
prime degree are given explicitly in [10, proofs of Lemmas 5.5 and 5.7]. Unitary conjugation and
the diagram maps have bounded order, which accounts for the permitted bounded ratios in the
remaining field operations. The twisted-tensor assertion is proved separately in Lemma 4.3 below.

The only soluble classical component groups have bounded natural dimension: a linear group in
growing dimension contains a growing special linear simple section, and the corresponding assertions
for the form groups follow by their natural hyperbolic subspaces. Thus the omitted dimensions in a
one-active-component subspace or tensor stabilizer are bounded. The explicit block description of a
parabolic gives a radical of order ¢¢, with e < Cn? and e > en; whenever that radical is nontrivial
in the retained large-rank cases. For example, the linear radical attached to a k-space has exponent
k(nt — k); the symplectic and orthogonal exponents count the off-diagonal blocks subject to one
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symmetric or alternating relation. The smallest nonzero retained exponent is linear in n;. The
other factors are the displayed classical groups and scalar groups. Consequently their orders are
determined by the dimensions, field, form signs, and the bounded choices of interchanged flags.
Intersecting the full stabilizer with the ambient socle adds only its prescribed determinant or spinor
condition; it does not introduce a freely chosen subgroup of a scalar group. This proves (C3).

For a symplectic-type normalizer put N = n; = r¢, and let W be the projective image of its
normal r-group, of order 72¢. The full inner-normalizer rows, including their minimal-field conditions,
are given in [9, Section 2.2.6, pp. 7071, Table 2.9]. Their small exceptions disappear on retaining
d > 4. Ordinary linear conjugation fixes scalars pointwise, so it preserves the nondegenerate
scalar commutator pairing W x W — pu,. Moreover the projective linear centralizer of W is W:
a centralizing operator twists the representing matrices by a character of W, that character is
implemented by an element of W through the pairing, and the remaining centralizer is scalar by
irreducibility.

In the linear and unitary rows, the normal group is an exponent-r extraspecial group for odd
r, and a central product Cy o 21124 for r = 2. In both cases the ordinary projective normalizer
has quotient Spy;(r) on W. Indeed every symplectic change of generators lifts to a center-fixing
automorphism and is implemented by the irreducible representation with its specified central
character. For r = 2, multiplying a generator by the central element of order four restores its
required square; thus a square form attached to a pure extraspecial subgroup is not an invariant
of this scalar-extended normalizer. In the unitary case an implementing operator preserves the
Hermitian form up to a multiplier, which is removed by a scalar using the surjective finite-field
norm. The standard tensor generators of W have determinant one: for odd r this holds for the
cyclic shift and diagonal root-of-unity generators, and for 7 = 2 their determinants are (—1)20H =1.
The map from this normalizer to the abelian quotient of the projective linear or unitary group by
its simple socle therefore factors through Spy,(r). That group is perfect in the retained range, so
the map is trivial. Hence the full ordinary projective normalizer is already the inner intersection P.
Quotienting by the entire ambient scalar center leaves kernel exactly W, and

P/W 2 Spyy(r),  |PI/|Ts| = (2,7 = 1)N*.

This uses the quotient, without requiring the extension to split.

The pure symplectic and orthogonal form rows have r = 2. Here the extraspecial square form is
invariant. The cited inner rows give P/W = 05,(2) or ©5,(2), with active simple group T = 5,(2)
and index at most two. These are the inner rows after the determinant and spinor conditions; the
scalar kernel of the natural cover is removed in W. Consequently N? < |P|/|Ts| < 2N? in every
retained row. There is no extra factor from » — 1 or the ambient field exponent.

The target-field bound uses the minimal-field condition of the maximal row. For odd r, the degree
e = ord,(p) divides r — 1; the usual target exponent is e in the linear row and e/2 in the unitary
row. The binary and pure form rows have usual exponent one. Thus f; < max(1,r —1) < |Ti|. The
representation characteristic is different from 7, and the active source is over the prime field of order
r. This proves (C4).

For an absolutely irreducible representation of a central cover T, the dimension is at most
\Ts|1/ 2. the square of each simple-module dimension is bounded by the dimension of the group
algebra. The field-of-definition bound can be obtained directly, including in modular characteristic.
For a finite group K in characteristic p, there are at most | K| absolute simple module types, by the
semisimple quotient of its group algebra. Frobenius permutes these types, so an absolute simple
representation has a Frobenius orbit of length a < |K|. An isomorphism with its p®-Frobenius twist
descends the representation to F,«: choose a finite field containing its matrices and an intertwiner,
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scale the intertwiner to have norm one, and apply matrix Hilbert’s Theorem 90. The scalar norm
adjustment is possible because finite-field norms are surjective. Apply this with K = T,. The Schur
multipliers of the large classical groups have order at most a polynomial in |7|; the finitely many
exceptional multipliers do not change the bound. Forms cost an extension of degree at most two.
Maximality outside the subfield collection makes these bounds applicable to the target field itself.
For the cross-characteristic lower bound, the classical tables in [20, Section 3, Tables 3-6] give
degree at least ¢} /3 once the source rank r > 6, including the smaller Weil degrees. Their excluded

families have bounded rank. As ng < 2r + 1, this is at least go /% after increasing the rank threshold.
This proves the numerical assertions of (C6).

For the defining-characteristic quadratic bound, use [26, Theorem 5.1 and Table 2] in rank
r > 11. Modules outside that table have dimension greater than r2/8 in type A, and greater than r3
in types B,C, D. Every listed nontrivial, nonnatural, nondual degree is at least 72/2. Consequently
the retained restricted module has dimension at least 72/2 > n2/10. Type B in characteristic two is
read through its type-C natural simple quotient, as in our parameter convention; the natural-size
special-isogeny cases are already assigned to geometry.

A single occupied ordinary Frobenius digit has full source period: any shift strictly between zero
and fs; moves it to a different position in the unique finite restricted label. Returning through f;
applies at most the bounded diagram operation. An internal tensor decomposition of that digit
changes neither its occupied position nor this uniqueness argument. Thus the minimal scalar field
degree is fs times one of the bounded diagram periods. The matrix degree is separately € f;. The
form-compatible minimal-field argument in Lemma 4.2 bounds the ratio of this matrix degree to
the minimal degree outside the geometric collections. This gives the fixed finite rational set of usual
exponent ratios and proves (C5). Lemma 4.2 below supplies the final normalizer assertion. ]

Lemma 4.2 (Irreducible normalizers). In a non-geometric absolutely irreducible step of Proposi-
tion 4.1, let' Y denote the simple source inside the ambient projective classical group T'. In particular,
the mazimal subgroup is not in a subfield collection. Then

‘ker(NAut(T) (Y) — Aut(Y))‘ < C

for an absolute C'. Moreover |Out(Y)| < Cny fy for a large-rank classical source with parameters
(nY7pr)'

Proof. Lift the irreducible projective representation to the perfect central cover of Y. A projective
linear element centralizing its image commutes with that representation up to a linear character
of the perfect cover, hence commutes exactly. Schur’s Lemma makes it scalar, so it disappears
projectively.

If a semilinear element in this kernel has scalar-field action o, the representations p° and p are
isomorphic. If o has order a on the scalar field F, its intertwiner A satisfies

Ac(A)---0vYA)=cI, ce€E%".

Surjectivity of the scalar norm adjusts A so that the product is one; matrix Hilbert’s Theorem 90
then gives a model over £?. An invariant bilinear form is a line defined by linear equations over the
minimal field, and invariant quadratic-form coefficients satisfy linear equations there as well. In
characteristic two, two invariant quadratic forms with the same polarization differ by the square
of an invariant linear form. Absolute irreducibility makes that difference zero, so the prescribed
quadratic form itself descends up to scalar. Matching finite-field form classes costs at most a
quadratic extension. For a unitary group the involution on the minimal field is either nontrivial,
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giving Hermitian descent and surjective norms, or trivial, giving a preserved bilinear structure
and hence a geometric form case. A larger field period would therefore provide a proper subfield
structure normalized by the whole irreducible normalizer, contrary to this step being outside the
subfield collection.

To justify the assertion about the whole normalizer, put an absolutely irreducible model over its
minimal field Ey. A normalizing matrix intertwines this model with the model obtained by a source
automorphism and a field automorphism; both have entries in Ey. The intertwining equations
therefore have coefficients in Ey. Their solution space over the algebraic closure is one-dimensional
by absolute irreducibility. It consequently has a nonzero Ejy-rational solution, necessarily invertible.
Up to a scalar, the normalizer thus preserves the projective Ey-structure. The same argument
applies after dualizing in a graph component, and the uniqueness of the invariant form gives the
already allowed quadratic extension. A graph operation contributes at most another factor of two
in unbounded rank. This bounds the kernel independently of the ambient field degree.

Finally the diagonal, field, and graph description of automorphisms gives respectively factors at
most ny, fy, and an absolute constant in the outer group. O

Twisted tensor subgroups and their normalizers were studied in detail by Schaffer [32]; the
algebraic and finite tensor structures used here are those of [25, Section 4(5)]. The next lemma
proves the precise maximality consequence and field relation needed for these tested chains.

Lemma 4.3 (Twisted tensor maximality). An almost simple irreducible mazimal subgroup with a
nontrivial Steinberg tensor decomposition is, in growing source rank, a geometric twisted-tensor step
with the exact dimension and field relations in (C2). Its tensor-orbit degree is prime.

Proof. Let S be the simple source, M the almost simple maximal subgroup, and T the ambient
simple classical group. Work over an algebraic closure on the cover supplied by Lemma 5.3, and
write the irreducible module as

V=V, A =End(V;)®1 <End(V),
i€l

where V; are the nonzero ordinary restricted Frobenius digits, with their indicated twists. The
dimensions of these nontrivial digits tend to infinity with the source rank.

We first verify preservation of the actual tensor structure. A source field automorphism translates
ordinary digit positions, applying the diagram operation when a position passes the source period;
inner, diagonal, and diagram automorphisms act on the restricted modules at those positions.
Ambient semilinear operations give the same shifts, and a graph operation dualizes the modules.
Uniqueness of the finite restricted highest-weight parametrization matches the resulting whole
digit modules. Tensor their individual intertwiners, with the matching permutation, to obtain
an intertwiner of V. The discrepancy between a projective and linear intertwining identity is a
linear character of the perfect cover and is trivial. Absolute irreducibility makes the space of
whole-module intertwiners one-dimensional. Every actual normalizing operator therefore differs
from this tensor intertwiner by a scalar and permutes the embedded algebras A;. For a graph
operation the corresponding map on endomorphisms is an anti-isomorphism, which has the same
conclusion. This argument preserves a whole ordinary digit even if that restricted module has an
internal tensor decomposition in a very special characteristic.

Replace each digit by its full connected special linear group, or by its full connected bilinear-form
group when required. Bilinear self-duality makes each ordinary digit self-dual separately. Unitary
descent acts on the special linear factors, permitting duals. In characteristic two every nontrivial
irreducible self-dual digit has an alternating form: a nonalternating invariant form would give an
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invariant linear functional by taking square roots of its diagonal. The tensor product of at least
two nondegenerate alternating spaces has a quadratic form with the product polarization and value
zero on pure tensors [25, Proposition 2.2(iv)]. It agrees with the prescribed finite quadratic form,
after a scalar normalization of the polarization: their difference is the square of an invariant linear
form, which vanishes by nontrivial absolute irreducibility. These constructions give a connected
semisimple tensor subgroup K in the ambient form group.

The groups are intrinsic to the algebras A; and their restricted adjoint involutions. Hence the
actual ambient Frobenius F' and the full finite normalizer preserve K. In growing classical rank,
finite ambient automorphisms have lifts commuting with F'; diagonal lifts satisfy this projectively
because F(x)z~! is central. Graph and field lifts also commute, with only the bounded-rank triality
and exceptional graph cases removed. This is the setup of [25, Theorem 2 and Section 4]. Henceforth
view K, and later K’, in the ambient adjoint group. Thus M normalizes the terminal derived
subgroup H = (KF )(OO). Since H is perfect it lies in T', and S < H because S is a perfect subgroup
of KT

For each orbit of F' on the factors, fixed points are obtained by choosing one coordinate fixed by
the corresponding power of F'; see [25, Proposition 2.8(ii)]. Consequently H is a central product
of classical components, one per orbit. It is proper in T also as a finite group. To check this
uniformly, put ¢ = p/t, let the individual digit dimensions be d, ..., d), put dmin = min; d;, and
write n; = [[;d;. The earlier bound for nontrivial digits gives dmin — oo with the source rank.
Elementary classical order bounds give

H|< @2, (T 2 g
For k> 2, Y, d2/n2 < k/d¢"
MH were the entire almost simple ambient group, its normal subgroup H < T would equal 7.
Hence M H is proper, and maximality gives H < M. But the perfect group H/S is a subgroup
of the soluble group M/S, so H = S. There is therefore one Frobenius orbit, and its full natural
classical component is the source. If its length is b, the digit dimension is ny and n; = n% exactly.

The field relation is read from this actual natural-factor cycle. Put ¢t = f;. For a linear target,
F* on one factor is the standard field map with exponent bt, up to an inner conjugacy. For a unitary
target, write F' = F:7 with 7 the inverse-transpose operation. On one factor the return map is
prth, again up to an inner conjugacy. Its source is unitary when b is odd and linear when b is even,
in both cases with usual exponent bt. An orthogonal graph choice changes the form sign, not this
exponent. The characteristic-two quadratic construction likewise changes no field exponent. Thus

fs = bft (4.3)

exactly, in the convention of this paper. The natural factors have positions 0,¢, ..., (b — 1)t modulo
bt, which are distinct. For the odd unitary convention using positions 2j¢, multiplication by two
permutes the same residues modulo b; the prime two-cycle in a unitary target has a linear source.
These are precisely the usual-field alternatives in [25, Section 4(5)].

Finally suppose b = wv, with u,v > 1. Number the factors by Z/bZ, and group the cosets of its
unique subgroup of order u. The normalizer’s permutation normalizes the regular cyclic descent
action and preserves this block system. The algebra for a block B is the algebra generated by its
Aj;, namely End(®;cp Vi) ® 1. Replace each block by its full special linear or bilinear-form group.
For a characteristic-two quadratic target use the full symplectic group on each grouped alternating
space. The resulting quadratic tensor form is unchanged: it has the same polarization and vanishes
on every fully pure original tensor, and such tensors span V. Hence this grouped subgroup K’ still
preserves the prescribed ambient form and is invariant under F' and M.

b <2/d?,.. Thus H < T for all sufficiently large source ranks. If

min*
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Its terminal derived fixed-point subgroup H’ has one classical component on dimension n¥ over
the field with usual exponent v f;, with the unitary parity or orthogonal sign prescribed by the
return map. For ns; > 16, the elementary bounds Qd2/8 < |ClL(Q)| < Q2d2 give

‘S’ < q2uvn§ < qvngu/S < ’H/’, ‘H" < q2vn§“ < qnguv/s < ‘T|
The strict inequalities follow from n?“” > 16w and n?“(”‘” > 16w. As before M normalizes H’
and S < H'. Tts properness in T forces H' < M, and perfectness then forces H' = S, contradicting
the first inequality. Therefore b is prime. O

4.2 Estimates along a two-edge shortcut

We record how the catalogue applies to the reduced configurations. In the estimates below, a
nonlinear cover means a non-geometric defining-characteristic irreducible cover as in (C5); a crossing
cover means an almost simple cross-characteristic cover or a symplectic-type cover. The field
estimates constrain prime degrees, the dimension estimates can be iterated along the chain, and the
inner order quotients will multiply through intermediate vertices.

(G1) For a geometric or defining-characteristic almost simple cover, (C2) and (C5) express the
field ratio as a fixed rational factor times the contribution of a subfield, extension-field, or
twisted-tensor degree. An exceptional degree is prime or belongs to a fixed bounded set of
positive integers. All bounded rational corrections, including two, are fixed before any prime
coloring is made. The restriction-of-scalars and twisted-tensor formulas are (4.1) and (4.2),
respectively. The mixed unitary restriction of degree two is a bounded geometric case, with
es/€r € {1/2,1,2}. A natural space and its dual give a separate dimension operation, not
an additional restriction degree. Other form and special-isogeny rows retain their own fixed
rational field factors; no telescoping of e factors through those rows is used. Lemma 4.3 supplies
distinct tensor positions modulo fs, including the unitary alternatives. Thus there is no matrix-
field factor of two in (4.2), and the dimension formulas for a two-step subfield/extension or
subfield /twisted-tensor path are exact.

(G2) The geometric dimension operations in (C2), together with Proposition 3.13(v), give boundedly
many omitted dimensions once the active slot, permutation data, and inactive simple labels
are fixed. In paths with no replication and no inactive nonabelian factor, these dimensions
are bounded integers; ordinary tensor factors other than the active one then have bounded
dimensions. An unbounded replication degree belongs to the bounded-cardinality pool in
Proposition 3.13.

(G3) Clause (C5) gives n’ > cn? on a nonlinear cover, with nontrivial Steinberg tensor decom-
positions already assigned to geometry. Clauses (C4) and (C6) give the common crossing
estimate

n’ > exp(cnlogq), n', ' <|T|°. (4.4)

For an almost simple cover the upper degree bound also holds in defining characteristic. Every
ascending same-characteristic geometric step decreases natural dimension by at most a fixed
factor, by G1-G2. It also decreases nlog g by at most a fixed factor. For restriction of scalars,
(4.1) gives

€
nglog qp = e—sns log g5 > %ns log gs, ng = bng > n.
¢
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For a twisted-tensor step, (4.2) gives nslogq; = (n%/b)logqs > nslog qs when ng, b > 2. The
other geometric rows have fixed positive lower factors. A same-characteristic nonlinear step
has both lower-bound properties as well, by its quadratic degree bound and fixed positive field
ratio.

(G4) In a one-factor almost simple cover the inner order quotient is at most | Out(7")|. Clause (C4)
bounds the symplectic-type quotient between ¢cN? and CN?2, where N is the target natural
dimension; the target dimension and field exponent are at most |T|¢ for source T. For a
parabolic or unipotent subspace cover with one active factor, no inactive nonabelian factor, and
bounded field ratio, (C3) makes the target dimension n’ comparable to the source dimension
n and places the inner quotient between ¢ and qC”Q. For fixed target type and parameters
that quotient has boundedly many possibilities. This is a bound on cardinality; the quotient
itself is usually very large.

A strict split followed by an equal-type merge is geometric. Every shortcut containing an almost
simple irreducible or a symplectic-type cover has one active simple factor at both covers and no
other nonabelian inner composition factor, by Proposition 3.13. For those shortcuts, the next lemma
transfers the normalizer bound to the actual lower coordinate stabilizer.

Lemma 4.4 (Transport of a coordinate stabilizer). Suppose that the last cover is an almost simple
irreductible cover with source Y, and that all three shortcut multiplicities agree, as in every application
below. Denote the lower node’s full upper-coordinate stabilizer image by M;;, and let Pp be the
inner projection in the first cover. Then

|My;| < C|Pg|n' (14 f)°. (4.5)

Proof. Write the actual shortcut as U = z; < V < W = z;, and work modulo Fy. In one W-
coordinate the last cover has Y <9 P4 < Aut(Y). Its killed kernel from the middle is soluble by
Proposition 3.13 and normal in P4, hence is trivial. The active subgroup in that coordinate is
therefore the actual simple group Y. Proposition 2.9 gives a V-equivariant bijection 5 : Iyy — Iy
because the multiplicities agree. For o € Iy and t = 3(«), the actual stabilizers in U coincide: U, =
U. Let py, pw be their middle and upper coordinate actions, and let ¢ : Nayyr;)(Y) — Aut(Y)
be conjugation. The quotient-induced actions satisfy

dopwlu, = pviva., ¢(M;;) = Mp,

where Mp is the actual first-cover coordinate stabilizer image.

The inner-intersection assertions use the original lower endpoint a from Definition 3.1. All
retained comparisons start strictly above this a, so none uses an excluded middle vg;. Condition
T4 makes a an intersection of coatoms in [a, V] and [a, W] for every retained middle and upper
endpoint. Proposition 2.8 in these original-a projections identifies the inner part of a saturated
image with its transported inner projection. For U < V the coatom case of that Proposition also
applies directly. In particular,

MpnN IDH(Y) = Pp.

There is no assumption that a meet of coatoms in the original global interval is a meet of coatoms
in every smaller interval. The bounded kernel from Lemma 4.2 now gives

|Mi;| < C|Mp| < C|Pg|| Out(Y)| < C|Pg|n'f',

which implies (4.5). This includes diagonal, field, and graph operations. All higher-core losses are
already kernels of the displayed actual coordinate actions; no uncontrolled factor from the field of
the final target is inserted. O
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4.3 Finite colors for field degrees

For a positive rational z, let vy(z) be its valuation at a prime ¢. If S is a finite set of primes, put

Qd(x) = Zmax{vg(x), 0}, Qg (z) = Zmax{—vg(w), 0}.

¢S ¢S
Both sums have finite support.

Lemma 4.5 (Finite prime complexity). Let x1,...,xs be positive real numbers whose pair ratios
are positive rationals. Suppose that, for every i < j,

xj/xl- = cijufj, Cij S C, g € {1,—1},

where C is a fized finite set of positive rationals, u;j is a positive integer with at most h prime factors
counted with multiplicity, and € is the same for all pairs. There is a number of colors depending only
on C, h such that on every homogeneous triangle all three x’s are equal. Consequently arbitrarily
long such arrays have arbitrarily long constant subarrays.

Proof. Let S contain the primes occurring in the numerators or denominators of members of C. For
¢ € S, the integer vy(x;/xz;) lies in a fixed bounded interval: the contribution of ¢;; is bounded, and
that of u;; has absolute value at most h. Outside S all valuations have sign ¢, and the sum of their
absolute values is at most h. Color (7, j) by the valuation vector on S and this last sum. This is a
finite coloring with the asserted uniformity.

For i < j < k we have

vy /Ti) = ve(25/7) + velwp /7).

On a homogeneous triangle each coordinate of the common valuation vector therefore equals twice
itself, so it is zero. Outside S there is no cancellation because all valuations have the same sign.
Their total absolute value likewise equals twice itself, hence is zero. Every valuation of every pair
ratio is zero, so all ratios equal one. Finite Ramsey gives the last assertion. O

Lemma 4.6 (Opposite field moves). Arbitrarily long homogeneous shortcut chains cannot have, on
every comparison, one proper subfield step and one proper extension step, including the twisted-tensor
extension alternative.

Proof. Color first by the order and kind of the two steps. By G1, their combined dimension formula
is either
nj = bijn; for every i < j, or nj = nf“ for every i < 7,

where b;; > 1 is prime or belongs to a fixed bounded set of integers. In the first case put x; = n;, and
in the second put x; = logn;. In either case x;/x; = b;; has uniformly bounded prime complexity.
Lemma 4.5, with C = {1}, gives a homogeneous triangle with b;; = 1, a contradiction. Notice that
field ratios alone would not suffice: ratios r;/r; of distinct primes are compatible on arbitrarily
many vertices. It is the exact dimension formula that excludes this possibility. O

Proposition 4.7 (Purely geometric paths). An arbitrarily long reduced chain cannot have exclusively
geometric two-edge shortcuts. This includes strict split/equal-type merge shortcuts.

Proof. Color by the two cover categories, the endpoint family, and whether a split and merge
occur. There are finitely many colors. The endpoint characteristic is common because every step
is in defining characteristic. If both an increasing and a decreasing exceptional field move occur,
Lemma 4.6 applies. Otherwise all exceptional primes in a pair ratio have the same sign. The product
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of the two bounded rational factors belongs to a fixed finite set, and at most two exceptional degrees
occur. A bounded exceptional degree has uniformly bounded prime complexity as well. Apply
Lemma 4.5 to x; = f;. We may therefore assume that all endpoint fields and families agree.

The exceptional degrees at the individual covers are now bounded integers. Indeed, with no
opposite field moves their product, or its reciprocal, is a member of the fixed finite set of bounded
twisting ratios, because f;/f; = 1. Each positive degree divides the numerator or denominator of
one of these finitely many rationals.

Fix a lower endpoint ¢. We show that its upper natural dimension has only boundedly many
possible values. For block and parabolic shapes, the ambient dimension is the active dimension,
or twice that dimension when its dual is present, plus the dimensions of the omitted blocks. The
dimensions of nonabelian omitted blocks are determined, with bounded ambiguity, by the bounded-
cardinality pool of inactive types. Soluble omitted blocks have bounded dimensions. A tensor
shape multiplies the active dimension by a product of the omitted dimensions. A replicated base
multiplies it by a replication degree from its bounded-cardinality pool. A form change has the same
natural dimension, with the bounded natural-module exceptions included in the family color. Field
restriction multiplies dimension by one of the bounded degrees just obtained, and a twisted-tensor
step raises it to one of those degrees. Thus one geometric cover gives a bounded list of possible
outputs from a fixed input. Two covers give a list whose size is at most the product of the two
bounds. For a split followed by a merge the second step has the same simple label, so gives no new
natural dimension at all.

All labels now have the same family and field. Their strict growth in order makes their natural
dimensions distinct. There cannot be more upper endpoints than the bounded number of possible
outputs from the fixed lower endpoint. This contradicts arbitrary length. O

4.4 Multiplicative inner quotients

From now on each comparison contains a nonlinear or crossing step. There is no splitting. The
multiplicity is the common integer m from Proposition 3.13, also at the two covers of every chosen
shortcut. Let P;; < T} be the saturated inner projection of the lower node at an upper coordinate,
and let M;; < Aut(7}) be its full induced coordinate stabilizer. Applying Proposition 2.8 with the
original a and condition T4, as explained in Lemma 4.4, gives P;; = M;; N'Tj.

Lemma 4.8 (Index quotients). The positive integers

eij = |Pijl/|Ti]
satisfy e;x = ejjejr for every i < j < k. They multiply in the same way through each selected
shortcut.

Proof. The active factor T; is a composition factor of P;j, so its order divides |P;;|. Saturation and
supplementation give

. _ 731\
Multiplying group indices through z; and taking the positive mth root gives

Tkl _ 1Tkl 1751
Pl [Pk | Py

Rearranging and dividing by |7;| proves the formula. The same calculation applies at a shortcut
because its three multiplicities agree. No identification of its intermediate label with a chain label is
required. ]
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We use the soluble-normal and commuting-normal conclusions of Lemma 2.3 and Corollary 2.4.
Fix retained labelled endpoints z; < z; and put Fj = core,, (D). This original higher core is normal
in z; and contained in D, hence normal in every intervening group. Write

I.
S; = N;/Fy =[] Tie, (zi N N;)/F; =P

tEIj

For each M;;-invariant subgroup R < T}, write R< S; for its transported coordinate product. It is
normalized by z;/F;.

Lemma 4.9 (Coordinate normal tests). Let
zi/Fj <U < z/F}

be an actual subgroup, and let U be its full inverse image in z;. A transported product normal in U
is called killed if it is contained in D/F;; it then lies in coreg(D/Fj).

(N1) If R QU is soluble, then R

(N2) Let R,Q < Tj be M;j-invariant, with ]%, @ normal in the same U. Suppose that
[R,Q]<K<U, K<D/F;. (4.7)
Then at least one of E, @ is killed, and its coordinate subgroup is contained in P;;.

Proof. For U > z;, the original test T5 provides a fenced interval or a labelled bottleneck at U. If
U = z;, the endpoint itself is labelled. Since F; < z; and F; < D, apply Lemma 2.3 or Corollary 2.4
in the quotient by F}, with bottom D/F;. The soluble-normal conclusion gives (4.6). For (N2), the
full inverse image of K is normal in this same U and contained in D, so the commuting-normal
conclusion kills one product. Since D < z;, a killed product has its coordinate subgroup in F;;. [

For (N1) we use the enlargement

U = (u/Fj)R; (4.8)

for (N2) we use U = (z;/ F}, R, Q). Properness and normality in this same enlargement are checked
in each application. If one tested product contains a transported active subgroup known to map
onto the original lower labelled socle, it is not killed, so the other product is killed. Containment in
P;; alone does not imply that a product is killed and cannot replace the normality and bottom-
containment hypotheses on K. Solubility here is a property of the quotient product; its full
inverse image need not be soluble. No normality of the lower core F; in the enlargement, or full
supplementation dichotomy at an unlabelled bottleneck, is used.

4.5 A small projective group and a parabolic

Lemma 4.10 (Small coordinate stabilizers). There is an absolute constant co > 0 with the following
property. Let T be a classical simple group of sufficiently large natural dimension n, over parameter
q=p’, and let M < Aut(T) have order m. If

n > 2(m* +m),

then M normalizes a proper parabolic subgroup of T whose unipotent radical has order at least q°™.
Consequently the coordinate normal test excludes M = M;; whenever, in addition, qjc-onj > | M.
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Proof. Use the natural-space field F = Fje; thus e = f, or e = 2f in the unitary case. Apart
from the bounded-rank graph exceptions already excluded, automorphisms in the form cases are
represented by projective semilinear similarities. In the linear case there may also be correlations,
which interchange the natural space and its dual. The ordinary orthogonal graph operation is a
similarity in this description; characteristic-two type B uses its symplectic natural quotient.

First suppose that M acts on the natural-space side. Choose one semilinear representative s,
for each projective element, with s; = 1. The products satisfy sgs, = c(g, h)sgn for nonzero scalars
¢(g,h) € E. For an unknown vector v € E™ impose

B(sqv,s,v) =0 (g,h € M)

in a bilinear or Hermitian form case, and impose also Q(sqv) = 0 in a quadratic form case. In
a plain linear space no equations are necessary. Field automorphisms and semilinear maps are
Fp-linear. These are therefore at most e(m? 4+ m) scalar polynomial equations of degree at most
two in en prime-field variables. Their sum of degrees is less than en.

For completeness, the elementary polynomial count giving a nonzero solution is as follows. If
Fy, ..., F; have total degree sum less than the number N of prime-field variables, the number of
their common zeros, reduced modulo p, is

> 10 = Fa@P™.

zeF) a=1

Every expanded monomial has degree less than N(p — 1), so some variable has exponent less than
p — 1. The sum over that variable is zero in F,, including exponent zero. The displayed sum is zero.
All our equations vanish at zero, so their common zero set has another element. This is the needed
Chevalley—Warning argument [13, 38].

Choose such a nonzero v and put

U = spang{sqv:g € M}.

Then 1 < dimU < m. Scalar discrepancies between representatives do not change this span, so
U is M-stable. The imposed equations make U totally singular in the form cases. In particular,
in characteristic two we used the quadratic equations as well as the polar equations. Thus the
stabilizer of U is a proper parabolic normalized by M.

Now let T be linear and suppose M contains correlations. Put H = M N PT'L(V) and choose
d € M\ H. On subspaces the correlation has the form

d(S) = ann(F(S))
for an invertible semilinear map F': V' — V*. Choose representatives sy, h € H, and impose
F(spv)(sgv) =0 (h,k € H).

Again there are at most e|H|? quadratic scalar equations. The same count gives v # 0. Let
U =spang{spv: h € H} and W = d(U). The equations say U < W. Since H is normal in M, both
subspaces are H-stable. Moreover d(W) = d?(U) = U, because d?> € H. Thus the flag U < W is
preserved by all of M, as an unordered pair under correlations. Its dimensions are r,n — r, where
1 <r<|H|<n/2 soitis a proper flag. Its parabolic stabilizer is normalized by M. No involution
assumption on d has been used.
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In these constructions the small subspace has dimension 1 < r < 'm < n/4 once n is sufficiently
large. The upper triangular block matrices in the radical supply at least n/4 independent prime-
parameter root coordinates, each of order at least ¢q. For example the linear case has r(n — )
coordinates, and the flag case has at least r(n — 2r); in the polar cases the block from the
nondegenerate middle space to the singular r-space supplies at least r(n — 2r —2) coordinates. These
lower bounds are at least n/4 after enlarging the fixed dimension threshold. We may take a smaller
absolute ¢o to cover all the families. Projectivization does not remove unipotent coordinates: the
scalar center has order prime to p.

Let J be this proper parabolic and R its radical. The group R is soluble and normalized by M.
In the coordinate application, take the actual enlargement (4.8). Its inner part is

UNnS;=(P;R)Y,  PjR<Nrp(J)<T;

The last inequality holds because J is a nontrivial proper subgroup of the simple group 7j. Thus
U < z;: properness only in Aut(7}) would not suffice. The soluble coordinate normal test gives
R < D/Fj, hence R < Pj; < M;j. Its order contradicts qjonj > | M. O

4.6 Eliminating every crossing path
Put & (x) = z and E,11(z) = exp(En(x)).

Lemma 4.11 (Repeated crossing growth). Suppose every comparison in a reduced homogeneous
chain has a crossing. For every fixed h,C and every sufficiently distant pair i < j,

n; > Eh(alc)

The required distance is a constant depending only on h,C and the constants in the catalogue. Also
nj > al-C for every fived C after a fized separation and a sufficiently large minimum rank.

Proof. Every ascending same-characteristic geometric step preserves both natural dimension and
nlogq up to fixed positive lower factors, as established in G3. The same holds for a same-
characteristic nonlinear step by its quadratic degree bound and fixed positive field ratio. If the
last cover crosses, a preceding same-characteristic cover leaves n’log ¢’ at least a fixed multiple of
n;logg;. A preceding crossing has the same consequence from n’ > exp(cn;log ¢;) and log ¢’ > log 2
at sufficiently large rank. The last crossing then gives the endpoint lower bound. If only the first
cover crosses, it gives n’ > exp(cn;log g;), and the last cover preserves natural dimension up to a
fixed factor. Decreasing ¢ and increasing the fixed minimum-rank threshold, we obtain in every case

ni+1 > exp(cn;logg;).
Write u = n; log ¢;. Classical order formulas give
loga; < C’ln? log ¢; < Cou?.

After the first step every additional comparison gives at least the map x — F(x) = exp(clog(2)x).
For fixed Cj,

Fexplew))

exp(Csu?)
If L(u)/R(u) — oo and R(u) — oo, then F(L(u))/ exp(R(u)) — oo as well. Induction therefore
shows that h + 2 comparisons dominate &, (exp(Csu?)), and hence &,(al) when C3 > CCy. This
also proves the last assertion. The target prime characteristic need not be bounded in this argument:
its only use in the iteration was log ¢ > log 2. O

— 00 (u — ).
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Proposition 4.12 (No characteristic crossings). After passage to a reduced homogeneous chain,
neither cover of any comparison changes the defining characteristic.

Proof. Suppose otherwise, and color by the two step categories. Every pair in the resulting arbitrarily
long chain has a crossing. There are three possibilities for its last step A.

The last step is geometric in the same characteristic. The first step B crosses. Hence n’, f’ < al-c by
(4.4). An ordinary geometric last step changes dimension by bounded factors, except for an extension
degree. By (4.1) that degree is b = €' f'/(€; f;) < 2f’. A last subfield degree can be arbitrarily large
but leaves dimension unchanged. A twisted-tensor last step has exponent b = f'/f; < f’ by (4.2).

Therefore
n; < (Cn/)C(Hf/) + O+ fm+C< exp(aic/)

for a fixed C’. Lemma 4.11 contradicts this bound on a sufficiently distant pair.

The last step is symplectic type. Its source Y is a symplectic or orthogonal group over a prime field,
say of order 7, and its target dimension is r? with 2d + O(1) = n’. First suppose B is in the same
characteristic. Then r = p; and f’ = 1. In a subfield first step the formula 1 = pf;b, with p in a fixed
finite set of positive rationals, bounds both f; and b; in the untwisted formula such a proper step is
impossible. An ordinary extension degree in B satisfies b = ¢; f; < 2f;, because the target here has
f'=1and ¢ = 1; a twisted-tensor exponent satisfies b = f;. The ordinary geometric formulas give a
fixed-height tower bound on n’ in terms of a;. If B is nonlinear, its irreducible degree is at most aic,
giving the same conclusion. Since p; < a;, the formula n; = p? gives n; < Sh(aicl) for fixed h,C".
This contradicts Lemma 4.11.

It remains in this case that B also crosses. Let b;j, s;; be the inner multipliers of B, A. By G4,

1 S bij S aZ-C, cn? S Sij S Cn?, eij = bl'jSZ'j.

The bound for b;; is the outer-order bound when B is almost simple; in the symplectic-type case it
follows from b;; < Cc(n)? < az-cl. For ¢ < j < k, Lemma 4.8 now gives

binsie . C o

cns < eji = <
" bjksjk C

The factors involving the common upper dimension n; have canceled. This contradicts Lemma 4.11
on a sufficiently distant pair ¢ < j.

The last step is almost simple irreducible. Let its source be Y. If B crosses, then n’, f' < af and
|Pg| < af: for an almost simple B this uses |Pg| < a;| Out(7})|, and for a symplectic-type B it uses
the preceding bound on its multiplier. Equation (4.5) gives

M| < af’. (4.9)

It is irrelevant here whether A itself is a crossing.

Suppose next that B is in the same characteristic, so that A crosses. If B is not a subfield
step, its geometric dimension formulas, or its irreducible degree bound when nonlinear, bound n’
by a fixed-height tower in a;. Its field satisfies log ¢’ < C'log g;: restriction of scalars contributes
the bounded factor ¢;/¢/, and the other non-subfield rows have their fixed field factors. Thus |Y] is
bounded by a fixed-height tower in a;, and n; < |Y|¢ contradicts Lemma 4.11.

Finally suppose B is subfield. Its rank equals the lower rank and its characteristic equals p;. Its
inner projection has order at most al-C, but f’ can be unbounded. The last crossing gives

logn; > cn' f' log pi, [ < Clogn,.
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Equation (4.5), with n’ comparable to n;, therefore gives
|M;j| < al' (1 +logn;)°". (4.10)

The same upper bound includes (4.9). By Lemma 4.11, after a fixed separation we have aicl < n;/ 16;

;/16. Hence |M;;| < n}/g. This satisfies the
dimension inequality of Lemma 4.10, and qjc-onj > n;/ 8 > |M;;]. That Lemma gives the final

contradiction.
The three possibilities exhaust the last cover in a crossing path. ]

and, for sufficiently large rank, (1 + log nj)cl <n

4.7 A common field and the exclusion of radicals

Lemma 4.13 (Common defining field). On the remaining arbitrarily long chains, the endpoints
can be taken to have one common family and one common field ¢ = pf. The intermediate field
ratios belong to a fixed finite set of positive rationals. In particular, all extension and twisted-tensor
degrees in these paths are bounded integers. Every comparison satisfies
nj > cn. (4.11)
Proof. Propositions 4.7 and 4.12 leave a defining-characteristic nonlinear cover on every comparison,
with the common characteristic of the endpoints. Color by endpoint family and cover categories. A
nonlinear cover has a bounded rational field ratio; only the other cover can carry an exceptional
prime degree. Lemma 4.5 applied to f; therefore gives equal endpoint exponents. The exceptional
degree at the remaining cover must cancel a member of a fixed finite set of rational twisting ratios,
so it is bounded. The intermediate ratios consequently belong to a fixed finite set.
The nonlinear cover increases natural dimension at least quadratically. All remaining geometric
steps increase it by at least a fixed positive factor. Thus its position as first or last cover makes no
difference to (4.11), after decreasing c. O

Lemma 4.14 (No parabolic cover). After a further homogeneous reduction, no selected shortcut
contains a parabolic or subspace cover with a large unipotent radical.

Proof. Use Lemma 4.13, and color by the position of the parabolic cover. The other cover is
nonlinear.

If the parabolic cover is first, its active dimension is n; and its ambient dimension is comparable
to n;. Its inner quotient is at most an?‘ The multiplier of the last nonlinear cover is at most
| Out(Y")|, which is absorbed by this bound, since n’ is comparable to n; and f’/f is bounded. Hence

eij < qu? for every @ < j. (4.12)

For j < k the radical in its first cover also gives ej;, > ¢“1"7, with the bounded field ratio absorbed
in ¢;. By Lemma 4.8,
¢ < e < e < ¢

Iterating (4.11) through a fixed number of intermediate chain vertices makes n;/n? tend to infinity
as the minimum rank grows. The displayed inequalities are incompatible.

If the parabolic cover is last, write e;; = b;;s;;, where b;; < | Out(T;)| is the nonlinear multiplier
and s;; is the parabolic multiplier. For a fixed upper endpoint k, the values s;; have a uniformly
bounded number of possibilities by G4. List those values in increasing order and color (i, k) by its
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position in that list. This gives a uniform finite coloring even though the lists for different £ may be
different. On a homogeneous triple, s;; = sj;, and therefore
ek b
eij = — = — < [Out(T3)].
€jk Jk

But the parabolic radical on the pair (7, ) gives e;; > ¢®"i. The classical outer-order bound is
|Out(ﬂ)| < Cn;f < qu(l—Hogni)’
so even (4.11) contradicts these inequalities at sufficiently large rank. O

Lemma 4.15 (Inner order bound). For the remaining shortcuts there is an absolute C such that
1P| < q©mi. (4.13)

Proof. There is at least one nonlinear cover. For a remaining geometric cover with active label T
and natural dimension n, the other classical factors have bounded natural dimension and are soluble.
Their orders, scalar factors, and bounded component-permutation factors are bounded by

¢+ )1+ ).

Field and twisted-tensor degrees are bounded by Lemma 4.13; their semilinear factors satisfy the
same bound. These are precisely the block, form, tensor, and field structures left after Lemma 4.14;
no unipotent radical or extra nonabelian factor is being omitted from the estimate.

If the geometric cover is first, its intermediate natural dimension is at most C7(1 +n;)* for fixed
constants. Its multiplier has the displayed bound in the lower parameters, and the last nonlinear
multiplier is at most | Out(Y)| < Cn'f’. Since |Tj| < ¢°™ and f < g, their product satisfies (4.13).

If the nonlinear cover is first, its intermediate degree is at most alc2 and f’'/f is bounded. The
geometric multiplier is bounded by ¢©*(1 +n/)“3(1 + )3, which is at most ¢Cam . Multiplying by
a; and the first nonlinear outer multiplier proves the same bound. With two nonlinear covers only
the two outer multipliers occur, and the latter argument applies without the geometric factor. [

Proposition 4.16 (The remaining paths). If the reduced chains of Proposition 3.13 have arbitrary
length, then they still have arbitrary length subject to all of the following properties.

(i) The endpoints have a common classical family and field ¢ = p?, their natural dimensions tend
to infinity, and their common factor multiplicity is m. Every selected shortcut has one active
factor at each cover and no other nonabelian factor in its inner projection.

(ii) Every selected two-edge shortcut contains a defining-characteristic nonlinear cover. Its rep-
resentation is a single Frobenius digit after the twisted-tensor geometric alternative has been
separated. The other cover is another such nonlinear cover, or a block, form, tensor, extension-
field, subfield, or twisted-tensor cover. No crossing, symplectic-type cover, or parabolic cover
with a large unipotent radical remains. The characteristic-two nonsingular-line form inclusion
is retained, with its natural simple quotient convention.

(iii) There are fixed constants b,C and a fized finite set R C Qso such that every intermediate
exponent satisfies f'/f € R, every field-extension or twisted-tensor degree is at most b, and
every inactive geometric natural dimension is at most b. In particular each remaining geometric
cover satisfies Niarget < C(1 + Nsource)’
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(iv) There are fized ¢,C > 0 such that
n; > cn;, |Pijl < S

For any prescribed exponent d, fized-spacing thinning gives also n; > nf for every retained
pair, after raising the minimum rank.

(v) The coordinate normal tests of Lemma 4.9 remain available for every tested proper coordinate
overgroup. After one more fized-spacing thinning, M;; normalizes no proper parabolic of T}.

Proof. Parts (i)—(iv) collect Propositions 4.7 and 4.12 and Lemmas 4.13, 4.14, and 4.15. For the
spacing assertion put z; = cn;. Then (4.11) says z; > xf on every consecutive comparison. After
s comparisons, n; > ¢ !(cn;)*. Choose 2° > d and then increase the minimum rank to obtain
n; > nf.

The coordinate normal test is inherited from the original tested intervals and is not altered by
deleting chain vertices. Every proper parabolic of a large-rank classical group has unipotent radical
of order at least ¢®3™ for an absolute c3 > 0. One can see the uniform bound by choosing a maximal
parabolic containing it: the omitted simple root has at least the relative rank many positive-root
coordinates outside the Levi subsystem. Their product contributes at least ¢“"; unitary root orbits
can only increase the corresponding root-group orders. The radical of the smaller parabolic contains
that of the maximal one. Fixed-spacing thinning makes csn; > Cn? uniformly. If M;; normalized
such a parabolic J with radical R, use (4.8). Since P;;R < Nr,(J) < Tj, its full inverse image is
proper in z;. The soluble product R < U then satisfies (4.6). In particular R < P;;, contrary to
|R| > ¢ > ¢Omi > |P;j]. This proves (v). O

The Proposition makes no assertion that a unique nonabelian composition factor alone produces
a quasisimple subgroup. The actual components and their compatible rational maps will be obtained
from the retained geometric structures in the next section. In particular, the characteristic-two form
case is still among those structures and requires its own form-preservation argument.

5 Components, forms, and rational maps along a path

We now work in the remaining situation of Proposition 4.16. In particular the characteristic is fixed,
the classical ranks tend to infinity, and the geometric steps with a nontrivial unipotent radical have
been excluded. All statements about classical groups below are made beyond the finitely many
small parameters already discarded in that proposition. We write P(°°) for the terminal member of
the derived series of a finite group P. A group is quasisimple if it is perfect and its quotient by its
centre is nonabelian simple. Soluble groups can occur beside an active component; their presence
must be distinguished from a noncentral soluble extension underneath it.

We need two kinds of structure from the remaining finite comparisons. The normal-subgroup
tests will be applied to actual quasisimple components and their centralizers. Later, the irreducible-
triple classification will be applied to connected algebraic groups containing the finite images.
Proposition 5.8 supplies both the components and rational lifts of their finite inclusions. Lemma 5.9
composes these lifts along one chosen path: irreducibility on its finite image then implies irreducibility
on the containing algebraic image. Independently chosen rational paths need not agree, even when
their finite inclusions do.

The preparatory lemmas extract components from the retained subgroup structures, choose
standard finite covers uniformly over the field, and lift the prescribed quadratic form in characteristic
two.
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5.1 Extracting actual finite components

Lemma 5.1 (A two-step component lemma). Suppose Py < Py, E1 < Py is quasisimple, and

P /E; is soluble. Let m: P, — Aut(FE1) be conjugation. Suppose that Py = 7(FPy) has a normal
quasisimple subgroup Eqo with soluble quotient. Then

Ey=P™ < B
is quasisimple and Py/Ey is soluble. In particular Ey is normalized by every group normalizing Py.

Proof. Set Q = PyN Ey and A = 7(Q). The group Py/A is a quotient of Py/Q, which embeds in
Py /E1, so it is soluble. A perfect group has trivial image in a soluble group. Consequently Ey < A.
Let B be its full inverse image in (). Then B < Py and

B/Zy~E,,  Zy=Bnkert=BnZ(E) < Z(B).

Because B/Zj is perfect, B = B'Zy, and therefore B’ = [B'Zy, B'Zy] = B”. Thus B’ is perfect. The
inverse image in B of Z(FEy) has central commutators, and its intersection with B’ is central in B’:
for an element of this inverse image, commutation with B’ is a homomorphism from the perfect
group B’ to the abelian group Zj. It is trivial. It follows that B’ is a perfect central extension of
the nonabelian simple group E¢/Z(Ey), hence is quasisimple.

The quotients Py/Q, Q/B = A/Ey, and B/B’ are soluble. Hence Py/B’ is soluble. Since B’ is

)

perfect, it equals Péoo . Finally B’ < Q < FE1, and the terminal derived subgroup is characteristic. [

Remark 5.2. The hypothesis about Fy concerns its structure as a normal subgroup. The assertion
that Py has just one nonabelian composition factor would not suffice: a semidirect product of a
nontrivial module by a simple group can have that property without having a component. The
explicit structures in Proposition 4.1 supply the stronger hypothesis used here.

5.2 Standard finite covers at every field size

Lemma 5.3 (Standard finite covers). There is an absolute rank bound, independent of the finite
field, with the following property. Let G be a simply connected classical algebraic group above this
bound, let o be a standard split or graph-twisted Steinberg map, and put U = G°. Then U is perfect,
Hy(U,Z) = 0, and its standard simple quotient map u : U — S is central. For any quasisimple
central extension a : L — S, there is a unique homomorphism w : U — L satisfying ar = u. It is
surjective and has central kernel. A specified projective representation of L also lifts uniquely to a
linear representation of U over an algebraically closed field.

Proof. Steinberg’s multiplier Theorem has only a finite list of exceptions for the split groups, and the
accompanying twisted statement has another finite list [36, Theorem 1.1 and the opening paragraph
of p. 528]. Their ranks are bounded, independently of the field size. We supply perfectness separately:
the root-presentation statement [35, Lemma 32, original pp. 51-53] applies to the universal split
groups, and [35, Theorem 34 and its proof, original pp. 187-188| gives the twisted case outside its
finite list of exceptions. The root-generated groups used there are the full fixed-point groups for
simply connected groups over finite fields: see [35, Corollary 3 to Theorem 7, original p. 65, and the
Corollary after Lemma 64, original p. 186]. Increase the discarded rank bound beyond these finite
exception lists. Thus Hy(U,Z) = H2(U,Z) = 0 and u is the usual central simple quotient. This
argument retains every field size, including ¢ = 2, 3, 4.
Let A =kera < Z(L). Pull back a along u to obtain the central extension

1—A—UxgL—U—1.

43



The action on A is trivial. The universal coefficient sequence
0 — Ext}(H,(U,7Z), A) — H*(U, A) — Hom(Ho(U,7Z), A) — 0

gives H2(U, A) = 0. The extension splits, and projection of a splitting to L supplies 7. Two such
maps differ by a homomorphism U — A, which is zero because U is perfect. If H = 7(U), then
L = HA and A is central. Therefore

L=[L L =[HA HA =[H H| <H,

so 7 is onto. Its kernel is contained in keru < Z(U).

For a projective representation, compose with 7w and pull back GL(V) — PGL(V). This is a
central extension of U by k*. The same cohomology argument splits it; perfectness gives uniqueness
of the resulting linear lift. O

5.3 Quadratic forms in characteristic two

Here and below a Frobenius twist M® means pullback by the p®power Frobenius morphism. In
particular [1] denotes the first Frobenius twist; we write [f] when ¢ = p/. For a dominant weight \,
the symbols L(A), V(A), and A(\) denote the simple, costandard, and Weyl rational modules of
highest weight A, respectively; we use the highest-weight, simple-head and simple-socle properties in
[21, Part II, Chapter 2]. Write X+ for the dominant weights and wq for the longest Weyl-group
element, and put A* = —wgA.

Lemma 5.4 (Restriction of first cohomology). Let G be a simply connected simple algebraic group
over an algebraically closed field k of characteristic p. Let o = Fyy, where ¢ = pl > 2 and ~ is
a standard diagram automorphism commuting with Fy. For every nonzero q-restricted dominant
weight v, restriction is injective:

HYG,L(v)) — HY(G°,L(v)).

Proof. Put I =ind&. k. The induction filtration of [6, arXiv version, Proposition 3.1.2], obtained
from the coordinate-ring filtration and the Lang map, gives I a filtration with sections

V)@V,  Ae Xt

each once. Write such a section as V(\) ® V ()], where i is obtained from \* by the diagram
automorphism. Choose the regular height

he) = <£, > aV>.

a>0

It is invariant under diagram automorphisms and duality, is positive on every nonzero dominant
weight and every positive root, and satisfies h(u) = h(\).

We first justify removing the actual constants from this filtration. A nonconstant section cannot
contain a trivial submodule. Indeed a map from k into it would transpose to a nonzero map
A(N*) = V(). The image contains the simple socle L(gpu), so its highest weight must occur in
the source. This gives gh(\) < h(\), impossible when A # 0. Let I; be the first filtration stage
containing the actual one-dimensional space of constants. That space injects into I;/I;_1, so this
section is the unique section for A = 0. The constants split it and I; = I;_1 © k. The images of the

44



earlier stages in I/k, followed by I;/k for i > j, give a filtration of I/k; omitting the repeated stage
removes exactly the constant section. Thus its sections are precisely the nonconstant ones.

We prove that a nonzero g-restricted simple L(r) cannot map to a nonconstant section. Suppose
otherwise. Transposing the second tensor factor gives a nonzero homomorphism

L) @ A(u)P — v ().

Its image contains the simple socle L(\). Filter the Weyl module by simple composition factors and
apply Steinberg’s tensor product Theorem [34, Theorems 5.1 and 6.1]. Since v is g-restricted, each
simple composition factor of the source has highest weight v+ ¢q7 for some dominant n. Consequently

A=v+qn, h(X\) > h(v). (5.1)
Transposing the first tensor factor instead gives a nonzero homomorphism
AN @ L(v) — V(). (5.2)

Its image contains L(qu), so the weight gu occurs in its source. The maximum height of a weight of
that source is h(\*) + h(v) = h(A\) + h(v). Thus

gh(\) < h(X) + h(v). (5.3)

Equations (5.1) and (5.3) are inconsistent when ¢ > 2.

When ¢ = 2, both inequalities are equalities. Hence n = 0 and A = v. The only weight of
maximum height in the source of (5.2) is A* + v, and its weight space is the one-dimensional span
of the tensor a ® b of highest-weight vectors. If 2u # A* 4 v, the required weight does not occur.
Otherwise the homomorphism must be nonzero on a ® b. Choose a simple root o with (v,a¥) =1,
which is possible because v is nonzero and 2-restricted. For the Chevalley raising and lowering
operators,

ea(a® fob) =a®b.

The target of (5.2) is Frobenius twisted, so its Lie algebra action is zero. Every module homomor-
phism to it kills the displayed vector, a contradiction.

A homomorphism from a finite-dimensional simple module to I/k has image in a finite stage
of the filtration. Taking the first stage with nonzero intersection with that simple image gives a
nonzero map into one of its sections. We have proved

Homg (L(v),I/k) = 0.

Apply this also to the dual of the coefficient module. Tensoring 0 — k — [ — I/k — 0 with L(v)
shows that the map from H'(G, L(v)) to H (G, L(v) ® I) is injective. The tensor identity for
induction and derived Frobenius reciprocity identify this with the asserted restriction map. For
split groups this is also the special case U = k of [14, Theorem 7.4]; the argument above includes
the diagram twist and the equality case ¢ = 2. O

Proposition 5.5 (Lifting a prescribed quadratic form). Let k have characteristic two and let G,
q, and o be as in Lemma 5.4. Suppose that V = L(v) is nontrivial and q-restricted, and that its
restriction to G° is irreducible and preserves a nonzero quadratic form Q. If V is not the natural
module for a group isomorphic to Spsy,,, n > 1, then the rational action of G preserves the same
quadratic form Q.
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Proof. The polar form B of () is nonzero: otherwise () is the square of a linear form, and that linear

form would be invariant under the nontrivial irreducible finite action. Its radical is invariant, so

B is nondegenerate. Thus the finite representation is self-dual. The injective parametrization by

g-restricted highest weights in Steinberg’s finite-group restriction Theorem [35, Theorem 43| implies

that V 2 V* rationally. Schur’s Lemma, first for G and then for G, shows that their spaces of

invariant bilinear forms are both one-dimensional and agree. In particular B itself is G-invariant.
Polarization gives an exact sequence of rational modules

0 — (V9N — Sym?(V*) — /2\(V*) — 0. (5.4)

The first map sends a twisted linear form to its square. The obstruction to refining B by a rationally
invariant quadratic form is its connecting class

cp € HY(G, (vH),

This class restricts to zero on G?, because @) is a refinement there. This description is also [18,
Proposition 3.6 and Corollary 3.9].

Let G; be the first Frobenius kernel. Its action on (V*)[! is trivial. The inflation-restriction
sequence therefore begins

0 — HY(G/Gy, (V)W) — HNG, (VHI) — (H(Gy, k) @ (V) ¥/,

The required first-kernel calculation is

N, G =8Sp,,, n>1, N its natural module,

HY Gy, k)Y =
0, otherwise.

It is reproduced in the proof of [18, Proposition 7.1, p. 411], citing [7, Theorem 3.1(C)(a),(f)].
Here the symplectic case includes A7 = C and Bz = C3. The exceptional module is L(wp) in
Cp, numbering, including n = 1, and L(wz) in Bs numbering. It is simple and self-dual. After
untwisting, the last invariant space is therefore zero under our hypothesis. Inflation, followed by
untwisting the quotient by Gy, gives an isomorphism

HY(G,V*) = HY(G, (V).

Write ¢ = F*c, where F' is ordinary Frobenius. Put I' = G? and M = V*. Since F' commutes
with o, its restriction Fr is an automorphism of I'. Naturality gives the commutative square

HY(G, M) 2 HY(G, M)

resps i i I“GSM[1]
F*

HYT,M) —— HYT,F:M).

The lower arrow is an isomorphism, with inverse obtained by pulling back along F}- ! with the
transported coefficients. This does not identify M with its Frobenius twist. Hence the vanishing
of res(cp) implies that of res(c). This and Lemma 5.4, applied to V*, imply ¢ = 0 and ¢ = 0.
Sequence (5.4) supplies a G-invariant quadratic refinement Qo of B.

Finally Q@ — Qo has zero polarization, hence is the square of a linear form /. Its finite invariance
implies that ¢ is invariant under G°. Such a linear form is zero on this nontrivial irreducible module.

Therefore Qp = Q. O
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Remark 5.6. The exclusion of the natural symplectic module, including the A; = C; and By = Cy
conventions just stated, is required in the inflation argument. The geometric natural modules
and the special isogenies in characteristic two are constructed as classical algebraic maps below;
Proposition 5.5 is used for the remaining defining-characteristic nonlinear steps. Suzuki and Ree
endomorphisms have bounded rank and do not occur here.

5.4 The retained edge maps

Lemma 5.7 (A nonsingular-line stabilizer). Let (W, Q) be a nonsingular quadratic space of even
dimension 2r + 2 over Fy, where r > 3 and q is even, and let v € W satisfy Q(v) # 0. Write B for
the polar form and W = v /{v). The kernel of

O(W> Q)(v) — SP(W, B)

is the central group generated by the symmetry

B(m,v)v
Q(v)

The image is the full symplectic group. The symmetry has nonzero Dickson invariant, and restriction
gives

ry(z) =

QW, Q) v) = Spa,(q)-

In particular this stabilizer has no nontrivial finite unipotent kernel on W. Over an algebraic closure,
the vector stabilizer SO(W, Q), is a smooth connected adjoint group of type B,. The ambient module
W restricted to this group has composition factors k, N, ,k along the flag (v) < vt < W.

Proof. A line stabilizer fixes v, because a scalar preserving its nonzero quadratic value has square
one, and the field has characteristic two. Choose a complement U to (v) in v+ and choose ¢ with
B(v,t) = 1 and B(t,U) = 0. The space U is symplectic. An isometry inducing the identity on
W sends u € U to u + £(u)v. Preservation of Q forces £(u)?Q(v) = 0, so it fixes U pointwise.
Preservation of B then forces its image of ¢ to be ¢ + av. Preservation of Q says a?Q(v) +a = 0,
hence a = 0 or a = Q(v)~!. These are exactly the identity and r,.

For completeness, let s € Sp(U). The difference Q(u) + Q(su) has zero polarization, so, because

the field is perfect, there is a unique linear form ¢ satisfying

U(u)*Qv) = Q(u) + Q(su).

The map v + v, u — su + £(u)v is an isometry of v. Witt’s extension theorem [37, Theorem 7.4,
pp. 57-58] extends this isometry to W: the ambient polar radical is zero, so its radical-intersection
criterion is automatic even though v has degenerate polar form. This proves surjectivity. The
formula for 7, also shows that it commutes with every isometry fixing v.

The Dickson invariant of an isometry in even characteristic is rank(g—1) modulo two; in particular
it is one on r,. Its zero kernel is Q(W, Q) over a finite field of even order [37, Theorems 11.43
and 11.51, pp. 160, 164-165]; the exceptional group Q7 (4,2) is outside the dimension range here.
Each fibre of the displayed surjection has two elements differing by r,, so exactly one lies in this
kernel. The last finite assertion follows.

We also justify the algebraic assertion, including its scheme convention. Put Wy = v*. Restriction
defines

H =S0(W,Q), — SO(Woy, Qlw,)-
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The kernel of restriction from the full orthogonal vector stabilizer is the constant group of order
two computed above: over an arbitrary k-algebra its remaining parameter satisfies a + a2Q(v) = 0,
an étale equation. Its nonidentity element has Dickson invariant one, so the displayed map has
trivial scheme-theoretic kernel. We give its inverse over an arbitrary k-algebra A. Put ¢ = Q(v)
and retain the decomposition W = kv @ U @ kt used above. An element h € SO(Wp)(A) has
symplectic quotient action, of determinant one; the odd special orthogonal determinant condition
therefore makes it fix v. Write h(u) = su + £(u)v for u € Uy. There is a unique w € Uy such that
B(su,w) = ¢(u) for all u. The extension fixing v and restricting to h is obtained by setting

g(t) =t +w + av, ca? +a+ Q(w) = 0.

The bilinear condition is B(su,w) + ¢(u) = 0, and the quadratic condition is exactly the displayed
equation. Its derivative is one and its leading coefficient is a unit, so adjoining a solution gives an
étale double cover. The two extensions differ by r, and have opposite Dickson invariants. The unique
Dickson-zero extension on this cover agrees on overlaps and descends to A. This is a functorial
inverse, proving the asserted scheme isomorphism. The odd special orthogonal group is smooth,
connected, and adjoint of type B, by [15, author version, Theorem C.2.11 and Proposition C.3.10].
This restriction calculation is also the one in the proof of [15, author version, Proposition C.3.1]. Its
action on Wy /(v) is the purely inseparable isogeny to the symplectic group described in [15, author
version, Remark C.3.6]; consequently this quotient is the simple module Np_ . Both outer factors of
the flag are trivial. We used the vector stabilizer: the line-stabilizer scheme SO(W, Q)<v> is H X .
Indeed its scalar on v has square one, and multiplying by the inverse central scalar makes it fix v;
the two factors have trivial intersection. Its reduced subgroup and its finite-field points are the ones
just described. O

Proposition 5.8 (Components and rational edge maps). In the setting of Proposition 4.16, each
retained projected subgroup P has a characteristic normal quasisimple subgroup L = P(*°) and P/L
s soluble. In a fized higher coordinate, these components nest with the projected subgroups and
are normalized by their common bottom action. All intermediate components of a shortcut are
normalized by its lower coordinate stabilizer. The transported product of an active component maps
onto the lower nonabelian socle and is not contained in the common bottom.

For every retained geometric or defining-characteristic almost-simple edge, its actual inclusion
on these components has a rational lift between their simple classical algebraic groups, after passage
to simply connected central covers. The lift agrees with the finite inclusion after the specified central
quotients.

On a geometric edge, every nontrivial absolute composition factor of the target natural module is
a tensor product of Frobenius twists of the source natural simple module or its dual. The number
of tensor factors is uniformly bounded by the constants in Proposition 4.16. Trivial factors and
repeated copies are allowed. For type B in characteristic two, “natural simple module” means the
2r-dimensional quotient of the usual (2r + 1)-dimensional module.

Proof. Finite components and their normalization. We first specify the components in the structures
of Proposition 4.1. A nondegenerate block or form subgroup contains the derived classical group
on each active block. A tensor subgroup contains the central product of the derived groups on its
tensor factors. An extension-field or subfield subgroup contains the derived classical group over its
indicated field. In the retained twisted tensor construction, the single Frobenius orbit of the tensor
factors has fixed-point group equal to the classical group over the corresponding extension field; its
derived group is the active quasisimple group. The almost-simple case contains its quasisimple socle
preimage.
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The reductions leave one nonabelian active factor. Hence every permitted normalizer preserves it.
All other base factors commute with it modulo scalars, and their surviving images are soluble. The
retained diagonal, field, graph, and factor-permutation quotients are soluble as well; the exclusion
of other nonabelian factors here includes factors in the permutation quotient, not just base factors.
Thus the explicitly displayed active derived group is normal and the quotient is soluble. Scalar
preimages introduce only central kernels: if C'/Z is the displayed perfect active factor, with Z central,
then C = C'Z and C" = C”, giving its quasisimple derived preimage. For the characteristic-two
nonsingular-line case, Lemma 5.7 gives the asserted component directly. For a two-edge projection,
we verify the precise hypothesis of Lemma 5.1. Use the common upper-coordinate notation Py < P;
and Q1 < Ry < P; from Lemma 3.8. Here @) is soluble, R;/Q; is the middle simple active factor,
and P;/R; is soluble. The upper retained edge supplies the quasisimple component F; = Pl(oo).
Perfectness gives Fy < R;. Its image in R;/Q; is nontrivial, since @)1 is soluble, and is normal,
hence is the full simple group. Therefore

EiQ1 = Ry, EinQi = Z(E).

Both E; and ()71 are normal in P;. Thus, for x € @1, commutation with x maps FE; into
EiNQ; = Z(Ey). It is a homomorphism to an abelian group, so perfectness makes it trivial.
Consequently @1 centralizes F1. Conjugation on Fj agrees with conjugation on E1/Z(E1) = R1/Qq:
an automorphism of the perfect group Ej acting identically modulo its centre differs from the
identity by a homomorphism Fy — Z(F4) and is therefore the identity.

The original-core product identity in Proposition 2.9 gives Q1 < Py. Indeed its transported
product comes from the middle original core, which is contained in D and hence in the lower labelled
group. It follows that

J=(PoNRy)/Q1

is the actual first-edge inner projection of Lemma 3.8. Its retained structure supplies the normal
quasisimple component J(°) with soluble quotient. This is a structural assertion about this
particular J; the excluded parabolic or module semidirect extensions have not been inferred to split.

Let 7 : P| — Aut(F;) be conjugation. By the centralization and simple-quotient identification
just proved, w(FPy N Ry) is the inner image of J, isomorphic to J. It is normal in 7(F), and
m(Py)/m(Py N Ry) is soluble because it is a quotient of Py/(FPy N R1) < P1/R;. Hence the image of
J(®) is normal quasisimple in 7w(Py), with soluble quotient. These are exactly the hypotheses of
Lemma 5.1, which produces the actual lower component inside Ej.

Finally, if P < P’ and L’ is the component of P’, the image of the perfect group L in the
soluble group P’/L’ is trivial. Hence L < L’. Characteristicity gives normalization by the common
bottom. Each intermediate inner projection is normal in its own coordinate stabilizer, which contains
the lower coordinate stabilizer; its characteristic component is therefore normalized by that lower
stabilizer too.

To check that the active component is not killed, use the notation ) < R < P of Proposition 2.9.
In our multiplicity-one coordinate, R/Q is the nonabelian simple active factor and P/R is soluble.
Hence L < R. Since P/L is soluble, the simple group R/(Q has trivial image modulo L@, and
LQ = R. Thus L maps onto R/Q. Transporting L over all upper coordinates gives a normal
subgroup of the lower labelled group, mapping onto its socle modulo its original bottom core. If
this product were contained in the common bottom, normality would put it inside that core, a
contradiction.

For each actual finite component L;, fix its standard cover U; = G and the surjection
m; : Ui - L; of Lemma 5.3, over the specified simple quotient.
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Rational maps for the geometric edges. We have obtained the finite components, their nesting,
and their survival under the original bottom-core quotient. We now lift their inclusions. For the
geometric cases we describe the maps on natural modules over k, which also proves the assertion
about their composition factors. Write N for the source natural simple module.

(i) A block embedding acts on its active block by g, on a dual block, when present, by ¢~ ',

and trivially on omitted spaces. Its constituents are N, N*, and trivial modules. A form
embedding is the natural action with its prescribed invariant bilinear or quadratic form. These
are rational matrix maps.

(ii) For a tensor factor with an omitted space U, the map is g — g ® 1y. On the active factor its
natural module is the direct sum of dim U copies of N, or of a prescribed dual or Frobenius
twist of N. The commuting omitted factor changes the multiplicity space, not this formula.

(iii) Restriction of scalars from F,a to Fya, followed by extension of scalars to k, has the explicit
decomposition

b—1
~ a a(b—1)
k@Fpanub:@k, x— (z, 2P ... 2P ).
Jj=0

Thus its map is the direct sum of the rational representations N@I. If a form pairs two
summands, the corresponding summand is expressed as the required dual. A subfield inclusion
is the same natural matrix map, possibly precomposed with its specified field or diagram
automorphism. On natural modules in the ranks in use, a diagram automorphism gives N or
N*; triality has already been discarded with bounded rank.

(iv) In a twisted tensor orbit the map is
g po(F*°9) ©--- @ pp1 (F* 1),

where each p; is natural or dual. This is a rational representation and it is the defining matrix

construction of the finite subgroup. Its natural module is @); Nj[aj], Nj € {N,N*}. The orbit
lengths, field degrees, and omitted tensor dimensions are bounded by Proposition 4.16.

In characteristic two, two further classical maps must be interpreted literally. The nonsingular-
vector stabilizer in a group of type D,1 has connected reduced subgroup of type B,; its action on
the 2r 4+ 2-dimensional natural space has, by Lemma 5.7, the invariant filtration

0< () <vt<W

with factors k, Np,, k. Its simply connected cover therefore supplies the required B,-to-D,; map.
The middle symplectic action is an isogeny from this adjoint B, stabilizer to Sps,. It has no
nontrivial kernel on k-points, consistently with Lemma 5.7; it is not a finite unipotent radical. In
the following display, instead, B, = Spin,, ; and C, = Sp,, denote the simply connected groups.
The preceding vector stabilizer is the adjoint quotient of B,; the kernels of its symplectic action
and of the simply connected maps are not being identified. For the two special isogenies

s: B, — C,, t: C, — B,, st =1F,, ts=1F,,
one has

s*Ng =Ng,  t*Np=NH

50



by [17, author preprint, §1.3.2]. If the inverse of s on Fy-points is needed, it is induced by the
rational map tFIf —1 since ¢ = pf. No inverse inseparable morphism is asserted. These formulas
preserve the claimed description of simple constituents, including the trivial factors of the full odd
orthogonal module.

Rational maps for the nonlinear edges. For a defining-characteristic almost-simple edge, inflate its
actual finite irreducible representation along 7; : U; — L;, using the unique linear lift of Lemma 5.3
if the natural action was given projectively. Surjectivity preserves every invariant subspace and every
prescribed form. A form similitude multiplier is a character of the perfect group U;, hence is trivial.
Only now apply Steinberg’s restriction Theorem [35, Theorem 43]: the resulting U;-module is the
restriction of its ¢;-restricted rational simple module, with the specified field and diagram twist.
Here 0; = F) ;i uses f; ordinary Frobenius digits, including in the unitary case; the unitary natural
scalar field Isz f, does not change this restriction parameter. This yields a rational map to GL(V)
whose determinant is trivial: a connected semisimple group has no nontrivial rational character.
Thus it maps to a linear target, including the algebraic group underlying a finite unitary target. In
a symplectic target or an orthogonal target in odd characteristic, finite self-duality and the injective
highest-weight parametrization identify the invariant rational bilinear form with the finite form, by
Schur’s Lemma. Its symmetry or alternating property is consequently the prescribed one. For an
orthogonal target in characteristic two the remaining nonlinear module satisfies Proposition 5.5,
which lifts its actual quadratic form. The natural and special-isogeny cases are the geometric
maps already constructed. The image is connected and hence lies in the identity component of the
isometry group.

Compatibility through the fized central covers. These constructions initially give maps into whichever
central form of the target is specified by its natural action. A homomorphism from a simply
connected semisimple source lifts through a central isogeny of semisimple algebraic groups; see [15,
author version, Exercise 6.5.2(iii), p. 236]. Thus they give maps between simply connected covers as
claimed. Let ¢; : G; — Gy41 be such a map and let ¢; : L; — L;41 be the actual finite inclusion.
By construction their induced maps to the target adjoint group agree on U;. For u € U;, the target
adjoint image of ¢;(u) is fixed by ;41, so

3(u) = ois1(¢i(w)di(w) ™ € Z(Girr)(k).

Centrality gives d(uv) = 0(u)d(v). Perfectness of U; forces § = 1, so ¢;(U;) < U;41, including
when the algebraic centre is nonreduced. The two homomorphisms m;41¢;|y, and ¢;m; to Liyq agree
modulo its centre. Their discrepancy is consequently a homomorphism U; — Z(L;11), and again is
trivial. Thus we have the exact commutative diagram
dilu,
Ui —— Uin
™l Ly i+1 (5.5)
Li = L.
This proves compatibility with the actual finite inclusions through the fixed central-cover maps. It
gives no uniqueness assertion for rational maps agreeing on finite points. O
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5.5 Composing a chosen path

Lemma 5.9 (Pathwise lifting). Fiz a path through retained edges with finite nested components
Ly < --- < Lg. Choose an edge lift ¢; - G; — Gyy1 from Proposition 5.8 for each edge, with the
finite central-cover identifications specified there. Then

Qi =¢j_1--¢; (i <j)

is a rational lift of the actual finite inclusion along that path. If a rational Gj-module is irreducible
on L; under this finite inclusion, it is irreducible on the algebraic image ®; ;(G;). A nontrivial such
image is a closed connected simple algebraic group; if its rank is strictly smaller than the rank of
G, it is proper.

Proof. The finite compatibility statements for the edges compose, so the first assertion follows by
induction on j — 7. Every subspace invariant under the algebraic image is invariant under the
contained finite image. Finite irreducibility therefore implies algebraic irreducibility, without a
density assertion or a bound on the highest weight of the composite representation. The kernel of a
nontrivial map from a connected simple algebraic group is finite as a group scheme: its connected
reduced normal subgroup cannot be the whole source. Its image is closed and connected, and
is simple up to the allowed central form. Inseparability can interchange the types B and C in
characteristic two, but does not change rank. The last assertion follows from the rank inequality. [

Remark 5.10. The exponents in each chosen ¢; are retained when composing. For example, on
SL,(p?) the representations g — g ® F%(g) and g — g ® F*"f(g) agree, although their rational
representations need not agree. Accordingly an independently chosen shortcut map is never identified
with a composed path map. The only comparison needed later is their agreement on the actual
finite component, to which the irreducibility implication in Lemma 5.9 applies. Also, a strict finite
subfield inclusion can have full algebraic image; properness in the later application comes from rank
growth.

Corollary 5.11 (Passing irreducibility backwards through geometry). Suppose that a retained
geometric edge has source component L, and that the target natural module restricts absolutely
irreducibly and nontrivially to a subgroup H < L. Then the source natural simple module restricts
absolutely irreducibly to H.

Proof. Work over the algebraic closure. Any proper submodule or nontrivial composition filtration
for the L-action would be an H-invariant one. Thus the target module is a single nontrivial
composition factor for L. Proposition 5.8 expresses it as a tensor product of twists of the source
natural module or its dual. If one factor had a nonzero proper H-invariant subspace, tensoring that
subspace with all the other factors would give a nonzero proper invariant subspace of the product.
Hence each factor is irreducible on H. Taking a dual or applying a field Frobenius to all matrix
entries preserves irreducibility, so the source natural module itself is irreducible on H. O

6 A uniform bound on natural-module composition length

We continue in the setting of Proposition 4.16. The endpoint types have a common characteristic,
field parameter ¢ = pf, and classical family. Write n; for their natural dimensions, using the
symplectic realization for a group of type B in characteristic two. The natural scalar field is Fy,
except in the unitary case, where it is F2. All ranks in this section may be assumed to be at least
nine.
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For a comparison 7 < j, let P = P;; be the inner projection in the upper simple group 73,
and let M = M;; be the corresponding lower coordinate stabilizer in Aut(7}). Proposition 5.8
supplies a quasisimple component E = Ej;, normal in both P and M, with P/FE soluble. In matrix
representations we take the indicated central covers. The same stabilizer normalizes the intermediate
component on either edge of a shortcut. These are structural conclusions about the remaining edges,
not consequences of the composition-length bound to be proved here.

We first pass to a semisimple natural section, losing at most two trivial factors, and then bound
three sources of composition length. A soluble centralizer bounds the multiplicity of each absolute
simple type. Many distinct types could still occur, so we group them into orbits under descent,
the normalizer action, and duality. The commuting-normal test allows at most one large orbit of
summands, with a bounded-dimensional remainder. Finally, comparing the source and ambient field
shifts along the same two-edge shortcut bounds the number of types in each orbit. This last step
makes the length bound independent of f.

We use Lemma 4.9, with its tests (N1) and (N2). Here P = P;;, M = M;;, and F; = core,, (D) is
the original higher core. For an M-invariant H < T}, write H< N;/F; for its transported product.
A killed product lies in D/F;, and hence H < P; the converse is not asserted. For one product the
enlargement is (z;/ FJ)E[ ; for two it is (z;/F)}, H 1 IEI2> Each application checks properness of this
enlargement and normality of every tested product in that same enlargement. The pairs used in
this section commute exactly in N;/F};, so (N2) uses K = 1. Their full inverse images commute
modulo F}, which is normal in the actual enlargement and contained in D. The transported active
component E is not killed, by the component-survival conclusion of Proposition 5.8.

6.1 Semisimplicity and the nonsingular-line exception

Lemma 6.1 (Exclusion of invariant parabolics). After passing to a fized-spacing subchain, no
comparison stabilizer M;; normalizes a proper parabolic subgroup of T.

Proof. This is Proposition 4.16(v), with its fixed-spacing thinning already incorporated in the
retained chain. O

Lemma 6.2 (A semisimple natural section). Let V' be the upper natural module in a retained
comparison. As a module for the lower quasisimple component, either V is semisimple, or the
characteristic is two, V is an even-dimensional quadratic space, and there is an M -invariant
nonsingular line R such that

Ve =RY/R

is a semisimple symplectic module. In the latter case the composition length of V' is that of V° plus
two. The lower component and its soluble-quotient and normal-subgroup properties pass to V°.

Proof. Work first over the finite natural scalar field. Put
S =socg(V), Rop=radg(V), U=SNRy, W=S5+R,.

If V is not semisimple, Ry # 0, and a simple submodule of Ry shows that U # 0. Also W < V: the
proper submodule S is contained in a maximal submodule, which necessarily contains Ry. Socles
and radicals are intrinsic, so every semilinear normalizer preserves these constructions.

For a linear group without graph operations, U gives an M-normalized parabolic, contrary to
Lemma 6.1. Suppose that M also contains duality operations. The side-preserving subgroup has
index two. A duality acts on subspaces by a semilinear correlation, and its transport of a module to
the dual exchanges the socle with the annihilator of the radical, and the radical with the annihilator
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of the socle. Consequently it exchanges U and W as members of a flag. Thus the flag U < W is
preserved by all of M; if U = W it is a one-member flag. Both members are nonzero and proper.
This again contradicts Lemma 6.1. This argument uses correlations on subspaces and does not treat
a graph automorphism as a linear operator on V.

In a bilinear or Hermitian space, identify the module with its appropriate dual using the preserved
form. Duality of socles and radicals gives

Ry =S, St = Ry.

Hence U is totally isotropic. This supplies a forbidden parabolic in the symplectic, unitary, and
odd-characteristic orthogonal cases.

It remains to consider a quadratic form @y in characteristic two. On a totally polar-isotropic
space U its restriction has the form ¢2, for a linear functional ¢, since the finite field is perfect. Its
zero space is an M-invariant singular subspace. Unless U is a nonsingular line, this zero space is
nonzero and contradicts Lemma 6.1. We are therefore left with the nonsingular line R = U.

The space R/R has a nondegenerate alternating form. If its E-module were not semisimple,
the argument with socle and radical would give a nonzero M-invariant totally isotropic subspace A
of that quotient. Its inverse image B in R* is totally polar-isotropic and contains R. On B the
quadratic form is the square of a linear functional nonzero on R. Its zero hyperplane is therefore a
singular complement to R, projecting isomorphically onto A. This complement is M-invariant and
again gives a forbidden parabolic in the original quadratic space. The quotient is semisimple.

The flag 0 < R < R+ < V adds precisely two one-dimensional composition factors to that
quotient. Both are trivial for E because E is perfect. By Lemma 5.7, the inner stabilizer has the
canonical finite-group isomorphism

0:Q(V,Qv)r — Sp(V°).
Every m € M induces a semilinear similarity m° on V°. Evaluation on quotient vectors gives
O(mhm™") = m*0(h)(m*) " (h € AV, Qv)r).

Consequently inverse images under 6 preserve normalization by the actual M, inclusions, and exact
commutation of inner subgroups. Since P = M N7} preserves R, it lies in this inner stabilizer. Write
P° =0(P) and E° = 0(E); then P°/E° = P/E. Every candidate section subgroup is pulled back
through 0 before applying a normal test. Every lifted enlargement lies in the proper original line
stabilizer, even if its symplectic image is the whole symplectic group. Transport over the original
coordinates uses the same normal higher core F; in (N1) and (N2). There is no additional finite
kernel in this inner-group isomorphism.

Finally, extending the finite scalar field to its algebraic closure preserves semisimplicity here.
Indeed the semisimple image algebra of the finite group is a product of matrix algebras over finite
fields; those fields are separable, and scalar extension preserves semisimplicity of that algebra. [
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6.2 Multiplicities and packets

In this subsection V' denotes the semisimple space supplied by Lemma 6.2; the two removed factors
will be added back at the end. All centralizers and groups on summands are taken in the indicated
finite classical realization and then in the inner projective group. Passing through the finite central
covers does not change a solubility assertion.

Lemma 6.3 (Soluble centralizer). The centralizer of the lower quasisimple component in the inner
classical group on V is soluble.

Proof. Write C = Cr,(E) in the original natural realization. The group MC normalizes F' and
cannot contain T}: the proper nontrivial £ cannot be normal in the simple ambient group. Hence
the full preimage of U = (2;/Fj, E, é) is proper in z;. The two products E,C are normal in U and
commute exactly. Their full preimages commute modulo F; < U, with F; < D. The active product
E is not killed, so (N2) kills C' and forces C' < P. Since

CNE<ZE), C/(CNE)< P/E,

C is soluble.

For the symplectic section of Lemma 6.2, put E° = §(E) and take the inverse image under 0 of
Cgp(vo)(£°). The M-equivariance and injectivity of § show that this inner inverse image and E
commute exactly and are normal in their enlargement with M. Their transported products again
commute in N;/F};, and their original preimages commute modulo the normal subgroup F; < D.
The enlargement lies in the proper original nonsingular-line stabilizer even if its symplectic image
is the full symplectic group. Condition (N2) and the same quotient calculation prove that the
symplectic centralizer is soluble. ]

Lemma 6.4 (An absolute multiplicity bound). Every absolute irreducible constituent of V has
multiplicity at most 15.

Proof. We give the linear-algebra details needed for a bound independent of the fields and constituent
dimensions. Let U be a simple module over the finite natural field F'. Its endomorphism division
ring is a finite field F’. On an isotypic summand U™ the commuting endomorphism algebra is
Mat,, (F"). After scalar extension, U splits into distinct absolute simples, each once; thus m is
exactly their common absolute multiplicity.

In the linear case the centralizer contains GL,,(F"). Its subgroup SL,,(F”’) has determinant one
on the whole I-space: its determinant there is a power of the norm of its F’-determinant. Thus its
derived subgroup survives the ambient special-linear condition.

For a form group, pair the simple isotypic summands by duality. A pair of distinct dual
summands again supplies GL,,(F”), acting on the second summand by the inverse adjoint. On a
self-paired summand the adjoint operation on Mat,,(F”) is an involution. If it acts nontrivially on
F’, the commuting isometries are a unitary group on an m-dimensional multiplicity space. If it fixes
F’, they preserve a nonsingular symmetric or alternating bilinear form on that multiplicity space.
These descriptions follow by writing the invariant pairing as a matrix of pairings between the m
copies of U; Schur’s Lemma makes each matrix entry an element of F’, and the symmetry of the
original form is precisely the adjoint condition on that matrix.

There is one useful even-characteristic qualification. A nonsingular symmetric multiplicity form
need not be alternating. Over a perfect finite field its diagonal function is the square of a linear
functional. The vector representing that functional allows one to split off a nonsingular subspace of
dimension one or two; its perpendicular is alternating and nonsingular. Thus a multiplicity space of
dimension m still contains a nonsingular alternating subspace of dimension at least m — 2.
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If m > 16, every group just described contains a subgroup isomorphic to SL3(F") for a suitable
finite field F”. In a general linear group use a three-dimensional block. In a symplectic, orthogonal,
or unitary multiplicity space choose paired totally isotropic three-spaces and let g € SL3(F") act as
g and its inverse adjoint, fixing their perpendicular complement. Finite-field forms of dimension at
least 16 have such paired spaces; the anisotropic part has dimension at most two. The preceding
paragraph handles the nonalternating symmetric form in characteristic two in the same way.

These embedded groups are perfect and have nonabelian simple projective quotients. Being
perfect, their determinants, similitude multipliers, spinor norms where applicable, and Dickson
invariants in even-characteristic orthogonal groups are trivial. Therefore they lie in the actual inner
classical group, rather than merely its full similitude group. A scalar quotient cannot make their
images soluble.

In an orthogonal target of characteristic two, preserving the polar form on a nontrivial isotypic
summand also preserves the quadratic form. Indeed two E-invariant quadratic refinements of
that polar form differ by ¢? for an E-invariant linear functional . On a sum of nontrivial simple
E-modules there is no such nonzero functional. A commuting polar isometry consequently preserves
the given refinement. On the trivial isotypic space use its actual quadratic isometry group; the same
paired-three-space construction applies. The trivial space is nondegenerate, since it is orthogonal to
every nontrivial isotypic summand.

We have proved that m > 16 would put a nonsoluble subgroup in the centralizer. Lemma 6.3
excludes this. O

Define a packet to be an orbit of absolute simple types under finite-field descent, the action
induced by M, and the duality pairing when a form or an ambient correlation is present, intersected
with the set of types occurring in V. The sum belonging to a packet is defined over the finite
natural field. In a form group it is nondegenerate, because all dual partners belong to the same
packet. The packet decomposition and every union of its parts are normalized by M. For a linear
graph automorphism this last statement refers to the groups on the parts: the induced adjoint
anti-automorphism permutes the central isotypic idempotents and takes the full linear group on a
part to the full linear group on its paired part. It therefore normalizes the product groups used
below, although its action on subspaces is a correlation.

Lemma 6.5 (At most one large packet). Two disjoint unions of packets on which E acts nontrivially
cannot both have dimension at least 16. Consequently either one packet accounts for all but at most
15 dimensions, or the sum of all nontrivial packets has dimension at most 45.

Proof. Let V1, Vs be two such unions, and put all remaining parts in V3. Let Hy, Ho be the derived
groups of the full linear or isometry groups on Vi, Vs, acting trivially on the other parts. They
commute, are normalized by M, and are normal in the enlargement generated by them and M. Its
inner part preserves the proper decomposition and cannot contain 7;. Thus U = (z;/F}, Hi, .[/‘.\,2>
has proper full preimage in z;. Both Hp, Hs are nonsoluble: the explicit SL3 construction in the
proof of Lemma 6.4 lies in each derived group and in the ambient inner group.

The two transported products are normal in this U and commute exactly; their original preimages
commute modulo F; < U, with F; < D. Condition (N2) kills one product and forces, say, H; < P.
The kernel of the nontrivial action of E on V5 is central in F, so H N E < Z(E). Hence

Hl/(HlﬂE) ‘—)P/E

would make Hj soluble, a contradiction. On the symplectic section, take inverse images under the
finite M-equivariant isomorphism 6 from Lemma 6.2. They commute exactly and their enlargement
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lies in the proper original line stabilizer, so the same application uses the original higher core F}, as
in Lemma 6.3.

Suppose that a nontrivial packet has dimension at least 16. If another nontrivial packet occurs,
apply the first assertion to the large packet and its entire complement, including the trivial packet.
The complement has dimension at most 15. If no other nontrivial packet occurs, the complement is
the trivial isotypic space, whose dimension is at most 15 by Lemma 6.4. If no packet has dimension
16, but their total dimension were at least 46, accumulate packets until their dimension first reaches
16. The accumulated dimension is at most 30, leaving at least 16 dimensions in the other union.
This contradicts what was just proved. Thus in this case the total is at most 45. O

6.3 Field shifts and the size of a packet

The endpoint field agreement is useful only together with the normalizer action on both edges of a
shortcut. The quantity to control is the difference between the source field action and the scalar
action on the upper natural space.

Lemma 6.6 (Field-shift synchronization). Let the endpoint exponent be f, and let the intermediate
exponent on a remaining shortcut be

f':%f, (u,v) = 1.

Put h = ged(f, f') = f/v. If an element of M induces source field exponent a and upper scalar
exponent s, then

s—a=0 (mod h), v(s—a)=0 (mod f). (6.1)
Every packet of absolute constituent types has size at most 2v.

Proof. We work on simply connected covers and use Frobenius positions modulo the group parameter,
rather than the degree of its natural scalar field. Write a classical finite group with parameter p™ as
the fixed points of T7F], where 7 is a diagram operation. Steinberg’s Restriction and Tensor Product
Theorems give the unique parametrization

A=Xo4+pA +-+p A, \; p-restricted,

of its absolute simple modules; see [35, Theorems 41 and 43| and [34]. For a nontrivial simple
module define

supp,(A) = {i € Z/rZ : \; # 0}.

For an arbitrary module take the union of these supports over its nontrivial composition factors. A
field twist by Fé’ translates support by b. Diagram operations and contragredience preserve positions.
When a position wraps modulo 7, its restricted weight is transformed by 71, which does not change
the position.

Consider one edge, with source and target exponents r, ¢, and let d = ged(r,t). Suppose that
the nonempty union &€ of source digit supports in the target natural module lies in one residue class
modulo d. If a normalizer has target scalar exponent b and source field exponent ag, its transport of
a composition factor has type

(L(A) oy~ hlomeel,

where 7 records the source diagram operation. This formula follows directly from x(mw) =
m(a; ! (z)w) and the p’-semilinearity of m. It applies to composition factors by transporting a
composition series; semisimplicity on an individual edge is not required. An ambient correlation adds
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contragredience. Inner-diagonal automorphisms do not affect the absolute module type, because
they are algebraic inner conjugations on the cover. Normalization therefore implies

E+(b—ap) =¢E.
Since £ is nonempty and contained in a single residue class modulo d, we obtain
b—ag=0 (mod d). (6.2)

Assume for the moment that this support condition holds for both edges of the shortcut. Their
source and target exponents are f, f in opposite orders, so their common divisor d is the same
integer h. For an element of M, denote its induced intermediate field exponent by a;. Its existence
on the same intermediate component is the normalization conclusion of Proposition 5.8. The natural
realization of that automorphism has scalar exponent aj, with any graph part recorded separately.
Applying (6.2) to the two edges gives

ap—a=0 (mod h), s—a1 =0 (mod h).

Their sum proves (6.1).

To bound a packet, let & denote the operation of field twisting on absolute source types, and
let T" be the diagram group. The rank assumption gives |I'| < 2. These operations commute, and
®/ = 7=, Every stabilizer action lies in (®",T"). If 7 = 1, that group has order at most 2f/h. If
T # 1, the diagram involution already belongs to (®"), whose order is at most 2f/h. Thus in either
case the order is at most 2v. Descent over the upper natural field has exponent f or 2f and belongs
to the same group. Duality is the opposition diagram operation, also already included. The packet
bound follows.

It remains to verify the support hypothesis for every remaining edge of Proposition 4.16 and
Proposition 5.8.

(a) In a nonlinear edge the natural module is a Frobenius twist of a nonzero restricted module. Its
support is a singleton. The starting Frobenius position may be arbitrary; it cancels in (6.2).

(b) A block, form, or subfield edge has natural or dual-natural nontrivial composition factors
in one Frobenius position, allowing repetitions and trivial factors. A tensor edge with one
active component has the same property: its other tensor factors are trivial for that perfect
component, so they supply repetitions. The characteristic-two nonsingular-line representation
has these composition factors as well, with the additional trivial factors already described.

(¢) For restriction of scalars, the source constituents are a direct sum of the Galois conjugates of
the natural module. To distinguish group parameters from natural scalar fields, put e;, e, = 2
for a unitary source or target, respectively, and 1 otherwise. A scalar restriction of degree bgc
satisfies

€sT = bgc€4t.

Its constituent positions are ty + jeit, so they all lie in one residue class modulo d = ged(r, t).
For example, restricting the natural matrix field of a unitary component with parameter p”
to a symplectic target with the same parameter has scalar degree two. Over the algebraic
closure its module is

No Nz Ng N

Both positions are zero modulo r; this repetition causes no tensor carry because the operation
is a direct sum.
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(d) For a retained natural twisted-tensor edge, let bey. be the prime tensor-cycle length. Lemma 4.3
gives the exact usual-field relation
7 = beyct.

In the finite realization supplied by Proposition 5.8, the cyclic fixed-point construction
gives the following actual finite-source modules, up to a common initial Frobenius twist [25,
Proposition 2.8(ii) and Section 4(5), p. 449]. Here W is the source natural module in each
case.

Linear, symplectic, and orthogonal targets. The module is

bcyc -

1 il

jt

@ Wy,
j=0

where each W is W or W* as prescribed by the diagram operation. Its positions are jt for
0 < j < beye; diagram changes affect the weights rather than these positions.

Unitary target, odd cycle. The source is SU,,(p") and the module is

beyc—1

® w2t
=0

Indeed, the cycle initially gives WU for even j and (W*)[ﬁ] for odd j. On this finite source,
W* = Wl The integers j for even j and j + beye for odd j are precisely 0,2, ..., 2bcyc — 2,
giving the displayed module. Its positions 2jt are distinct modulo r because by is odd.

Unitary target, two-cycle. Since the cycle length is prime, this is the only even case. The
source is SL,,(p?") and its module is

W e (WHH,

with distinct positions 0,¢ modulo r = 2t.

Thus in every case the positions are distinct modulo r = beyct and lie in one residue class
modulo d = ged(r,t) = t. A common initial twist adds the same ¢y to every position and
preserves both assertions. Steinberg’s Tensor Product Theorem therefore gives the required
support condition with no coincident-digit carries. This distinctness comes from the exact
finite cyclic construction.

Changes between the type B and type C conventions in characteristic two do not alter the numerical
field exponent. The special isogenies are defined over Fo, commute with Frobenius, and have
Frobenius as their composites [17, Section 1.3.1]. Thus each edge can use the convention in which
its displayed module has the indicated support, while the intermediate field action has the same
exponent in either convention. ]

Theorem 6.7 (Uniform absolute composition length). In the setting of Proposition 4.16, let B
be an absolute bound for the denominators of the intermediate field ratios f'/f on the remaining
shortcuts. After a further fized-spacing thinning, every upper natural module, restricted to a lower
active quasisimple component, has at most

L =308+ 62

absolute composition factors, counted with multiplicity. The bound uses neither natural-module
trreducibility between endpoints nor an irreducible-triples theorem.
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Proof. Apply Lemma 6.2. On its semisimple natural section, Lemma 6.4 bounds each absolute
multiplicity by 15, and Lemma 6.6 bounds each packet by 2B absolute types.

If there is a large nontrivial packet, it contributes at most 30B factors. All other nontrivial
packets have total dimension at most 15 by Lemma 6.5. If no packet is large, their total dimension
is at most 45. In either case the number of nontrivial composition factors is at most 308 + 45. The
trivial isotypic space has dimension at most 15, again by Lemma 6.4. Thus the semisimple section
has length at most 30B + 60. Adding the possible two factors from the nonsingular-line case gives
the displayed bound.

All constants came from the remaining-edge bounds, explicit finite-dimensional linear algebra,
and the common cyclic congruence (6.1). They are independent of field exponent, rank, and chain
length. O

7 Irreducible restrictions and the chain bound

We finish the proof of Theorem 3.2. The essential representation-theoretic input is the corrected
classification of irreducible triples in [11, Theorem 4.1 and Table 3]. The composition-length bound
of Section 6 is the starting point. After stabilizing the numbers of trivial and nontrivial factors, a
first rank bound forces the natural endpoint modules to restrict irreducibly on earlier endpoints. A
second rank bound uses this new irreducibility to limit the source ranks of the nonlinear edges on
later shortcuts. The long chain supplies more such ranks than the bound permits.

We develop the two classification consequences together. The first uses bounded composition
length of a natural restriction; the second uses an intervening simple group of larger rank whose
natural module remains irreducible. These hypotheses control the twisted-diagonal spin families in
different ways. Simplicity of the smallest group alone gives no uniform bound on the ambient ranks.

7.1 The two rank bounds

Throughout this section, algebraic groups are defined over an algebraically closed field k£ of char-
acteristic p > 0, and representations are rational. We pass to simply connected covers when
defining highest weights. For a classical simple group J, write N for its natural simple module
and n(J) = dim N;. In characteristic two, for J of type B,, this means the 2r-dimensional simple
quotient of the orthogonal natural module of dimension 2r+1. Thus the finite B, and C, conventions
agree. Write £z (M) for the composition length of an H-module M.

We call a nontrivial simple module of natural type if it is a Frobenius twist of a natural simple
module or its dual, allowing the central, diagram, and characteristic-two B/C' isogenies in the chosen
realization. At ranks at least nine, its highest weight on a fixed simply connected source is p®wi,
or p*w, for the dual in type A,, for some a > 0. The exclusions of natural type below therefore
include the natural module, its dual, and the simple natural quotient in the characteristic-two odd
orthogonal realization.

We record explicitly the image convention in the irreducible-triple Theorem. If ¢ : Y — SL(V)
is its representation, the table records (¢(Y), o(H), V). These images have the same ranks as the
original groups. The possible B/C change in characteristic two must be made using this fixed
representation; see [11, Lemma 2.1 and Remark 4.2(b)]. Let 0 : B, — C, and 7 : C,, — B, be
the special isogenies. With Bourbaki numbering, their pullbacks on fundamental weights are

o*(wC) = wF (i <), 0" (wC) = 2P,
T*(w,LB) = 2wic (1<), 7'*(0.)7,3) = wTC. (7.1)
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Both composites are Frobenius; these are the root-isogeny formulas of [17, Chapter I, Section 3.2].
In particular,
0c*N¢, = Np,,  7'Np, = [013 (7.2)

Here [a] denotes the twist by p®. Consequently the length and irreducibility of a natural restriction
are preserved on passing to the image groups in the table. Frobenius twists preserve these properties
by transporting invariant subspaces by the entrywise field automorphism. This argument does not
require the subgroup embedding to be defined over the prime field.

For reference, the complete part of Table 3 with a connected simple subgroup of rank r > 9 is
displayed in Table 1. We omit restrictions on p and on the weight of V' that only remove cases and
hence cannot enlarge the set of ranks. The two rows with an unbounded number of blocks retain
their essential condition p = 2.

Rows of Table 3 Subgroup image Ambient image
I, 1 C: Aoy

127 I3 Br AQT‘

I47 IS D’I" A2r71

Is Ay A(r2+r72)/2

I7 Ar A(r2+3r)/2

IV, V) B, D,y

IV'2 diagonal B, in BB, Ds.41

Se diagonal B, in BL Diypy1,t>2,p=2
MR, D, C,

MRj diagonal B, in B! By, t>2,p=2

Table 1: The high-rank simple-subgroup rows of the corrected irreducible-triple table. Diagonal
projections may involve different Frobenius morphisms.

Here and below “diagonal” allows the twisted projections explained in [11, Remark 6.1(c)]. A
simple group projecting onto several simple blocks has an isogeny onto each block, so their ranks all
equal . The exceptional projection of an A; into a Bs block cannot occur when r > 9. Every row
not displayed either has subgroup rank at most eight or specifies an actual nonsimple product. This
proves the exhaustion asserted in Table 1; one cannot replace a product in an unprimed row by an
arbitrary diagonal subgroup without again testing irreducibility.

Put

(7.3)

2 —9 2 3
R(r):{r,r—|—1,2r—1,2r,2r—|—1,r +2T ! ; "

All rows outside Sg and MRj5 have ambient rank in this set, which has at most seven elements.

Lemma 7.1 (Rank bound with composition length). Let H < Y be connected classical simple
algebraic groups with v = rk(H) > 9. Suppose V is a nontrivial irreducible, p-restricted, tensor-
indecomposable Y -module which is not of natural type, and V' |g is irreducible. If L (Ny) < ¢ for
an integer ¢ > 1, then

tk(Y) e R(r)U{tr,tr+1:2 <t <c}.

In particular the number of possible ambient ranks is at most 2c + 7. The assertion is unchanged by
central covers and the isogenies in (7.1).

Proof. Apply the corrected irreducible-triple Theorem to V' and use Table 1. Only Sg and MR
require an additional argument. Each of their ¢ blocks contributes a nontrivial constituent of the
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natural restriction, of dimension 2r. In MR35, passing from the odd orthogonal natural module to
its simple quotient removes one trivial constituent and leaves all ¢ nontrivial constituents. In Sg,
there are also two trivial constituents, which do not affect the lower bound ¢ on length. Different
Frobenius twists may change the isomorphism types of these constituents, but not their dimensions
or their number counted with multiplicity. Thus ¢ < ¢. The image conventions and (7.2) justify the
same calculation on the original groups. No complete-reducibility assertion is used. O

The length hypothesis cannot simply be dropped. For example, in characteristic two fix H = B,
and embed it in B! < By by g+ (g, F(g),...,F*1(g)). The spin module of B, restricts to

t—1
&) L (wr),
a=0

which is irreducible by Steinberg’s Tensor Product Theorem. The ambient spin module is restricted,
nonnatural, and tensor-indecomposable, whereas t is arbitrary. This is the simple diagonal case of
MRs5.

Lemma 7.2 (Rank bound with an intervening group). Let H < X <Y be connected classical
simple algebraic groups with r = rk(H) > 9 and s = rk(X) > r. Suppose Nx|g is irreducible. If V
1s a nontrivial irreducible, p-restricted, tensor-indecomposable Y -module, not of natural type, and
Vg is irreducible, then

tk(Y) € R(r).

The same conclusion holds when X =Y and Ny|g is irreducible.

Proof. Use the same representation ¢ : Y — SL(V') throughout the proof. For (Y, H,V), every
row of Table 1 outside Sg and MRj5 gives the conclusion. Suppose one of these two rows occurs.
Then p = 2, the image of H is B,, the image of Y is D,, or B,,, and V is a half-spin or spin module,
respectively. Let W be the orthogonal natural module of this fixed ambient image, on a cover when
necessary. Every nontrivial composition factor of W|g has dimension 2r.

Since H < X, irreducibility on H implies irreducibility on X. Apply the irreducible-triple
Theorem a second time to (Y, X, V'), keeping the ambient group and representation unchanged. The
theorem requires restrictedness and tensor-indecomposability on Y, so it makes no such assumption
about the X-module V|x. If the ambient image is B,,, the only row with a simple subgroup of rank
at least ten is MRs. If it is D,, and V is half-spin, the only such rows are IV, IV), IV}, and Sg. In
all these cases the image of X is Bs and every nontrivial composition factor of W|x is a Frobenius
twist of Nx, of dimension 2s.

By hypothesis and (7.2), each such constituent remains irreducible on H. Restricting a composi-
tion series for W|x and refining it over H therefore exhibits an H-composition factor of dimension
2s. This contradicts the preceding dimension 2r, since s > r. The argument works for nonsplit
natural restrictions as well as for direct sums.

There is no extra case from MRy: its ambient image is C,,, whereas the image of the fixed
representation here is B,, or D,,. One cannot change that image between the two applications.
Equations (7.1)—(7.2) preserve the natural irreducibility hypothesis on passing to these image groups,
including an inseparable isogeny. They do not replace the fixed spin representation V' by a natural
representation.

Finally, if X =Y, the irreducibility of Ny |y directly excludes Sg and MRs5, since their natural
restrictions have at least two nontrivial composition factors. ]
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7.2 From bounded length to natural irreducibility

We now use the finite components and algebraic lifts supplied by Proposition 5.8 and Lemma 5.9.
Fix the last endpoint of a finite retained chain and one of its socle coordinates. Proposition 5.8
realizes the earlier endpoint components in this coordinate as nested quasisimple subgroups: the
terminal derived groups of the nested inner projections nest. If P; < P; are two such projections
and Q; < R; < P; are the core and active preimages of Lemma 3.8, their original pair comparison
is (PN R;)/Qj. The two-step component argument in Proposition 5.8 identifies its terminal derived
subgroup with the conjugation image of the lower component on the higher one; the kernel is central.
Thus this common finite realization carries the pair restrictions bounded in Theorem 6.7.

Write L; for the finite component at a chain endpoint, G; for its simply connected algebraic
source, and N; for its natural simple module over k. In the notation Nj|r,, take the natural
representation on the standard finite cover U; and pull it back along the finite map U; — U; from
(5.5), or a composite of those maps. Two such finite lifts inducing the same map to L; differ by a
homomorphism from the perfect group U; to the central kernel of 7;, and hence are equal. The
finite pair maps therefore agree with their composites, so these restrictions compose. Algebraic
restrictions are taken along one chosen composed path at a time. We make no identification of
independently chosen shortcut lifts.

Lemma 7.3 (Stabilized composition factors). Suppose that, for everyi < j in a chain of quasisimple
components, the restriction Nj|r, has exactly a nontrivial and b trivial composition factors. Assume
a > 1 and that every nontrivial simple L;-constituent restricts nontrivially to each earlier L;. For
every i < j < k, each nontrivial composition factor of Ni|r, restricts irreducibly and nontrivially to
L;.

Proof. Let Uy, ...,U, be the nontrivial L;-constituents, counted with multiplicity. If U;|r, had only
trivial composition factors, the image of the perfect group L; would be conjugate into an upper
unitriangular group and hence would be both perfect and solvable. It would be trivial, contrary to
the nontriviality hypothesis. Thus, writing a;, b; for its nontrivial and trivial composition counts,
we have a; > 1 and b, > 0. Additivity of composition multiplicities along restriction gives

a:Zat, b:b‘f'th
t=1 t=1

It follows that a; = 1 and b; = 0 for every t, as required. O

Proposition 7.4 (Natural endpoint restrictions). In the remaining configurations of Proposi-
tion 4.16, arbitrarily long chains have arbitrarily long subchains on which every natural endpoint
module restricts absolutely irreducibly to each earlier endpoint.

Proof. By Theorem 6.7, fix an absolute integer ¢ bounding ¢, (N;) for every retained comparison
i < j. The pair of nontrivial and trivial composition counts has at most (c + 1)? possible values.
Finite Ramsey applied to these pair colors gives arbitrarily long subchains with constant counts
(a,b). These restrictions are nontrivial, and a > 1 follows because a perfect group cannot act
nontrivially with only trivial composition factors. Moreover, a nontrivial simple representation of
a quasisimple group has central kernel. Its restriction along the noncentral earlier component is
therefore nontrivial. The hypotheses of Lemma 7.3 hold.

For each j < k, realize every nontrivial constituent U of Ng|r, as the restriction of the
corresponding restricted finite-group highest weight module of G;. Steinberg’s Tensor Product
Theorem decomposes that rational simple module into Frobenius twists of p-restricted simple
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modules; see [35, Theorem 41]. If a restricted factor is tensor decomposable, continue factoring it
until its nontrivial factors are tensor-indecomposable. This terminates since every factor has smaller
positive dimension. Every resulting factor is p-restricted: its dominant highest weight is a summand
of a p-restricted dominant weight.

Color a triple ¢ < j < k red if some such U has a nontrivial terminal factor V', not of natural
type, and blue otherwise. In a red triple, Lemma 7.3 says that U|r, is irreducible. Hence each
tensor factor V9 is irreducible on L;. Use a path lift from G; to G, and replace its image by its
p?-Frobenius image. The module V is irreducible on this closed connected simple subgroup: any
proper rational invariant subspace would also be invariant under the corresponding finite component.
The subgroup has rank r; and is proper because the endpoint ranks increase.

The natural restriction on this subgroup has algebraic composition length at most c¢. Indeed,
restriction from an algebraic group to a finite subgroup is exact and cannot reduce composition
length, and Frobenius transport preserves length. The finite restriction here is a twist of N;|z,.
Lemma 7.1 consequently bounds the number of possible middle ranks r; by 2c + 7, for fixed 7.

A red homogeneous chain with more than 2¢ + 9 vertices is impossible: fix its first and last
vertices 4, k and vary its middle vertex j. The distinct ranks 7; would exceed that bound. A second
application of finite Ramsey therefore gives arbitrarily long blue homogeneous subchains.

Fix ¢ < j < k in a blue subchain and choose a nontrivial constituent U of N|r;. There is at
least one nontrivial terminal tensor factor, and every such factor is now of natural type. Since U|p,
is irreducible, a natural or dual natural Frobenius factor restricts irreducibly to L;. Undoing its
twist, dual, and the isogenies (7.1) shows that N;|r, is irreducible. Delete the last vertex of the blue
subchain, so that a suitable k exists for every remaining pair ¢ < j. All modules and restrictions
were taken over k, so the resulting finite restrictions are absolutely irreducible. O

7.3 Restricted natural factors and shortcut tails

The word “restricted” in the next lemma concerns one fixed algebraic source. A representation with
many different Steinberg digits need not have bounded tensor length. The retained nonlinear edges
of Proposition 4.16, however, have one digit after a common Frobenius twist is removed.

Lemma 7.5 (A restricted product of natural factors). Let J be a classical simple algebraic group
of rank at least nine. Let M be a nontrivial p-restricted simple J-module. If every nontrivial
tensor-indecomposable factor of M is of natural type, then M = Nj or Nj. In particular there is
exactly one nontrivial terminal factor and dim M = n(J).

Proof. A tensor factor of a simple module is simple, since any proper nonzero submodule of the
factor would tensor to one of the whole module. Highest weights add in an irreducible tensor product.
The highest weights of the natural-type factors have the form p®wi, or p®w, in type A, for the dual.
Equation (7.1) shows explicitly that the special isogenies add no further natural weights. Since
their sum is p-restricted and all fundamental-weight coefficients are nonnegative, every exponent a
is zero. The terminal factors are therefore N; or N7.

Any two of these factors have reducible tensor product. For two identical factors, the kernel
of the flip minus the identity is a nonzero proper invariant subspace: it contains v ® v, while
v w—w®uv # 0 for independent v, w. This also proves properness in characteristic two. For
opposite factors, Ny @ Nj = End(NN;) contains the proper invariant line of scalar endomorphisms.
The same arguments apply to dual identical factors. Tensoring such a proper submodule with all
remaining factors contradicts simplicity of M. There is thus exactly one terminal factor. ]
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Lemma 7.6 (Pulling irreducibility through a natural tail). Consider an edge between the finite
components associated with algebraic sources J and K. Suppose every nontrivial absolute composition
factor of the target natural module, restricted to the source, is a tensor product of natural-type
J-modules. If that target module is absolutely irreducible on an earlier noncentral quasisimple
component L, then Nj|r is absolutely irreducible. This applies to each retained geometric edge and
to every one-digit edge whose restricted terminal factors are all of natural type.

Proof. Irreducibility on L implies irreducibility on the source component, so the target restriction
has a single absolute composition factor. It is nontrivial because the target natural dimension
exceeds one. By hypothesis this factor is a tensor product of natural-type modules. Irreducibility
of its further restriction forces each factor to restrict irreducibly. Undoing a twist, a dual, and
the natural isogenies yields the assertion for N;. For retained geometric edges this also follows
from Corollary 5.11. For the stated one-digit edges it follows from Lemma 7.5, after restoring the
common twist. O

7.4 The final contradiction

Completion of the proof of Theorem 3.2. Suppose tested chains with different endpoint labels have
unbounded length. Apply Proposition 3.13 and Proposition 4.16. We obtain arbitrarily long
configurations with strictly increasing endpoint ranks, with their minimum rank tending to infinity,
and with two-edge shortcuts on all pairs. There are absolute constants ¢g >0, C' > 1, and B > 1
such that the natural endpoint dimensions satisfy

ng>con; (i <j), (7.4)
and every retained geometric edge satisfies

Ntarget < CnB (75)

source*

Every other edge is a defining-characteristic irreducible representation with one restricted digit after
removing a common twist. At least one such nonlinear edge occurs in each shortcut. Proposition 5.8
and Lemma 5.9 supply the actual component homomorphisms and their algebraic path lifts. By
Proposition 7.4, pass to arbitrarily long subchains with all natural endpoint restrictions absolutely
irreducible.

Color a pair of endpoints red if its chosen shortcut has a one-digit edge with a nontrivial restricted
tensor-indecomposable factor not of natural type. Color the pair blue otherwise. Finite Ramsey
leaves arbitrarily long homogeneous configurations of one of these two kinds. We exclude both.

First consider a blue configuration. On every one-digit edge, Lemma 7.5 bounds the target
natural dimension by the source natural dimension; restoring a Frobenius twist does not change
dimension. Thus every edge of every shortcut satisfies (7.5), enlarging C, B if necessary. Composing
at most two edges gives the uniform bound

nj < Anf (i <j), A=CBPt E=RB2% (7.6)

Choose a fixed integer d with 2¢ > E. Along d consecutive comparisons of a retained chain, (7.4)
gives

d__ d
ng > 602 1n% ,

whereas the shortcut from its first to its last endpoint gives ng < AnOE . These inequalities contradict
each other as the minimum rank, and hence ng, tends to infinity. This proves the bounded-natural-
factor case without imposing a bound on the number of Steinberg digits of an arbitrary composite
endpoint representation.
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Now consider a red homogeneous configuration. Fix an early endpoint H of rank r > 9. Choose
eight later pair comparisons with disjoint ordered index intervals, leaving a gap between successive
intervals. For each such comparison, let X be its lower endpoint, and choose the last edge in its
shortcut that has a restricted factor not of natural type. Let Y be the algebraic source of that
edge and Z its target. Every edge after it has a natural tail in the sense of Lemma 7.6: it is either
geometric or a one-digit edge with only natural restricted terminal factors. The upper endpoint
natural module is irreducible on the finite component of H. Applying that lemma backwards along
the tail shows that N is irreducible on the same component.

Remove the common Frobenius twist of the Y-representation on Nz, and choose a nontrivial
restricted tensor-indecomposable factor V' not of natural type. Irreducibility of the whole restriction
implies irreducibility of the corresponding twisted factor on the finite H. Compose the actual
algebraic maps along the path from H through X to Y, and apply the removed Frobenius morphism
to both lower images. Then V is irreducible on the resulting connected simple image of H. Its rank
is r, and the resulting image of X has its original rank s > r. Its natural simple module remains
irreducible on the image of H, by the endpoint conclusion and (7.2). Finite irreducibility implies
each of these rational irreducibility statements, since a rational invariant subspace would also be
invariant under the actual finite image.

If the algebraic image of X is proper in Y, apply Lemma 7.2. If that image is all of Y, the map
from X to Y is an isogeny. This can occur even when the finite groups are strictly nested, for example
on a subfield edge. The pullback of Ny is a natural simple module or its dual, up to Frobenius
twist and the isogenies in (7.2), by the root-datum classification of isogenies [15, Definition 6.1.8,
Example 6.1.9 and Theorem 6.1.16(1)]. Indeed, for compatible simple roots an isogeny has a
root bijection d and powers g; of the characteristic. Write the Cartan matrices in the row-coroot
convention Afj{- = (aj,a)) and AY, = (B}, 8Y). The compatibility equation is quf](- = q,-A};(Z.)(S(j).
Pairing the pullback of the natural fundamental weight with the source simple coroots gives ¢; at the
node mapped to the natural node and zero elsewhere. In the retained ranks this node is the natural
node, or its type-A dual; the only change of root lengths is the characteristic-two B/C' case in (7.2).
Since Nx is irreducible on the lower H, it follows that Ny is irreducible on the corresponding image
of H. The X =Y case of Lemma 7.2 therefore applies. Thus every one of the eight chosen source
ranks belongs to R(r). They are nevertheless distinct. Along an algebraic edge the rank cannot
decrease, because a maximal torus maps with finite kernel into a torus of the image. Hence each
chosen source rank lies between the ranks of the two endpoints of its comparison. The gaps between
the ordered comparison intervals, and strict increase of endpoint ranks, make these eight intervals
disjoint in rank. This contradicts |R(r)| < 7.

Both homogeneous alternatives are impossible. All Ramsey bounds and all path lengths used
here depend only on the absolute constants in the preceding lemmas. In particular only fixed finite
paths are needed before taking the large-rank limit. The assumed unbounded family of tested chains
cannot exist, proving the asserted absolute chain bound and completing Theorem 3.2. O

8 A finite lattice carrying all the tests

We now construct the lattice to which Theorem 3.2 will be applied. All choices in this section
precede the choice of a representing group. In particular, the length of a test chain will be chosen
using the absolute bound in that Theorem.

Throughout this section, an original vertex means a vertex of one of the two small lattices
specified below, before any insertion. An original atom of a Boolean lattice need not remain an
atom after insertions; its original meets and joins will, however, be preserved.
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8.1 Two original components and their requested tests

There are two original components, each with endpoints 0, 1. For each of the requested pairs below,
we shall insert a chain and the tests from Definition 3.1. A forward pair is read in the displayed
order, with bottom 0; a reverse pair is read in the dual order, with bottom 1.
The Boolean component is the Boolean lattice By of subsets of a fixed four-element set. Its
forward requested pairs are
(v,1) (0 < v < 1 original). (8.1)

Its reverse requested pairs are all
(u,v) (0 < v < u < 1 original), (8.2)

where a reverse pair is read in the reverse order: its test starts at v and ends at v. Thus every
reverse test is contained in a forward interval with two proper original endpoints.

The detector component has a distinguished original vertex X. We choose its lower half so that
every coatom below X contains one of two designated vertices dq, ds. It is the horizontal sum of the
two chains

O<pi<di<qg <X (1=1,2), (8.3)

and its upper half is the horizontal sum of the two chains
X<e<z< fi<l (1=1,2). (8.4)
The two halves are joined at X, and we put z = z;. Its forward requested pairs are
(di,1), (do,1), (X,1), (8.5)

and its only reverse requested pair is (z, X). Both [0, X] and [X, 1] are already fenced, with two
separate components containing comparable pairs.

8.2 The lattice properties required in the reduction

The forward requests will equate the indicated simple labels to the global top label. The reverse
requests will equate labels inside reversed upper filters. These local representations are the ones that
will arise in Section 9; a representation of the entire dual lattice is not needed. The construction
will prove the following statement while preserving the original Boolean operations.

Proposition 8.1 (The decorated lattice). There is a finite nonempty lattice L with the following
properties. The properties hold in either orientation of L, using the corresponding Boolean and
detector components.

(i) The lattice contains a bounded copy of the original By. Every proper nonzero original Boolean
vertex v has both [0,v] and [v,1] fenced. The global interval [0, 1] is fenced.

(ii) There are original detector vertices di,da, X,z with 0 < d; < X < z < 1. The intervals [0, d;],
[0, X], [X,1] and [z,1] are fenced. Every coatom of [0, X] is above a d;.

(iii) In any finite subgroup-interval representation L = [D,G], the simple labels of every proper
nonzero original Boolean vertex, of di,ds, and of X equal the simple label of G.
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(iv) Let 0 < v < u < 1 be comparable original Boolean vertices. In any finite subgroup-interval
representation
[v,1]°P = [A, U,],

the labels of the vertices corresponding to u and v, taken relative to the common bottom A, are
defined and equal. The same assertion holds for the detector pair (z, X) in any representation
[X,1]°P = [A, Ux].

In (iv), no representation of the entire dual lattice is assumed. If several such upper filters have
compatible realizations with a common bottom A, the conclusions hold in that compatible system.

The remainder of this section constructs this lattice. We first show how to add the chain tests
while protecting their covering relations, then combine the forward and reverse tests and choose
their length.

8.3 Private insertions and their persistence properties

Let a < b in a finite lattice P, and let ) be a finite bounded lattice whose bottom and top are
identified with a and b. A private insertion of @ into |a,b] retains the old orders and introduces no
comparisons between an old vertex and a fresh interior vertex except those forced through a and b.

Lemma 8.2 (Private insertion). A private insertion gives a finite lattice and preserves all old meets
and joins. If w is a fresh interior vertex and v is an old vertex, then

v<w <= v<a, w<v <<= b<o. (8.6)

An old cover ¢ < d is destroyed by the insertion if and only if the insertion has endpoints a = c,
b =d and has a nonempty interior.

Proof. The prescribed order is transitive: every route from an old vertex into the fresh interior
passes through a, and every route back passes through b. This proves (8.6) and antisymmetry. For
an old vertex v incomparable with a fresh interior vertex w, the cross operations are

vAw=vAa, vVw=1ovVb,

where the operations on the right are those of P. In the comparable cases, the smaller and larger
vertices give the meet and join. For two fresh vertices, the operations in () remain their operations:
an old common lower bound lies below a, and an old common upper bound lies above b. An
analogous argument shows that an old meet or join cannot be changed by a new bound. This proves
the lattice assertion.

If a fresh vertex w lies strictly between the old cover ¢ < d, then (8.6) gives ¢ < a < b < d. The
cover condition forces a = ¢ and b = d. Conversely, an insertion with those endpoints and a fresh
interior vertex destroys the cover. O

A chain insertion with k interior vertices means a private insertion of a chain with exactly k
fresh interior vertices. A fencing insertion means two separate chain insertions, each with exactly
two fresh interior vertices, into the same interval. In particular, these are nontrivial fences in the
sense used in Lemma 2.2.

68



Lemma 8.3 (Persistent fences). Suppose the proper part of an interval [a,b] has two different
components in its comparability graph, each containing two strictly comparable vertices. Then |a,b]
is fenced. This property persists under any finite sequence of private insertions into the surrounding
lattice. In particular, a fencing insertion makes an interval fenced permanently.

Proof. Vertices in different components of the proper comparability graph have meet a and join b.
Indeed, a common lower bound strictly above a, or a common upper bound strictly below b, would
connect them. For a given interior vertex, choose the two comparable vertices in one of the two
specified components different from its own. They are its required complements.

Consider an insertion into [¢,d]. A fresh vertex can belong to [a,b] only if a < ¢ < d < b, by
Lemma 8.2. If both ¢, d are proper vertices of [a, b, they lie in the same comparability component.
All comparisons from the new interior to the old proper part then enter that component. The same
is true if just one of ¢, d is proper. If ¢ = a and d = b, the new interior has no comparisons with the
old proper part. Thus no insertion merges two old components. The two reserved comparable pairs
survive, proving persistence. A fencing insertion supplies two such separate components. ]

We shall make several insertions in a batch. This means a finite list of private insertions all of
whose endpoints were present before the batch. Perform them in any fixed order. All their fresh
vertices are distinct, and Lemma 8.2 applies at every step. This convention makes each batch a
completely specified finite operation; it does not call for repeating the batch on its new vertices.

8.4 The shape of one chain test

Fix an integer N > 2 and two existing vertices a < b. The following five batches constitute the
shape construction for a test on (a,b). All sets of vertices appearing in a later batch are the named
sets from the earlier batches, not all vertices then present.

(1) Insert a chain with N — 1 fresh interior vertices and name its vertices

a=xpg<x1<--<zxny=>

(2) For each 0 <7 < j < N, insert one fresh vertex v;; privately into [z;,x;]. The designated
shortcut is x; < v < x;.

(3) Make fencing insertions into every interval in the following finite set:
{[wi,2j] :0<i<j <N} U {[a,v5]: 1<i<j< N}
(4) Define the set of upper targets
U={z;:1<j<N}U{y;:1<i<j <N} (8.7)

For every w € U, insert privately into [a,u] the bounded lattice with fresh vertices
My, tul,-- -, tu16 and relations

a<my <tyr<u (1<Ek<16),

with the ¢, ; pairwise incomparable. Thus a < m, and [m,,u| is exactly M;¢ at this stage.
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(5) For every pair (a,u) with u € U, make two separate chain insertions with one interior vertex.
Also do so for every pair (¢, b) with

ceC={z;:0<i<N}U{y;; :0<i<j< N} (8.8)

Repeated pairs may be listed just once. The two new vertices for a pair (c, d) are its reserved
coatom witnesses: they are coatoms below d, and their meet is c.

The vertices x; and v;; are called the principal vertices of the test. The vertices m,, t, ; and the
reserved coatom witnesses are not principal vertices and are not used as endpoints of any subsequent
shape insertion for this test.

Lemma 8.4 (A finite shape construction). The five batches are finite and have the following
properties.

(i) Every designated shortcut has both edges as covers.

(ii) Bvery [x;,x;] is fenced. For every u € U, [a,u] is fenced, a is a meet of coatoms below u, and
a < my, with [my,u] = M.

(iii) Fvery vertex in C is a meet of coatoms below b. Each v;n is itself a coatom below b.

No interval [a,vo;] is included in the extra target operations. The construction introduces at most
27TN? vertices.

Proof. Each shortcut edge is a cover immediately after its one-vertex insertion. By the cover
criterion in Lemma 8.2, a later shape insertion could destroy it only by using that exact edge as its
endpoint pair. The listed pairs never do so. The only apparent possibilities would be [a, vo;], which
is excluded from (8.7), and [v;n, b], which is excluded from (8.8). This proves (i).

All pair fences are present in the third batch and persist by Lemma 8.3. The chain targets z;
already have the fence on [a, z;] from that batch; the other upper targets are listed there expressly.
Each reserved coatom witness is fresh when inserted and is not an endpoint of a subsequent shape
insertion. Its edge to the upper endpoint therefore survives. Its meet with its companion remains
the lower endpoint, by Lemma 8.2.

When an Mg branch is inserted, its interval [m,,, u] has no other vertices: an old vertex above
m, must be above u. A subsequent shape insertion could add a vertex inside this interval only if
both its endpoints lay in [m,,u]. None of my,t, i is used subsequently as a shape endpoint. The
remaining possible endpoint is u, which cannot by itself form a nondegenerate interval inside [m,,, u).
Thus this interval remains exactly M. These arguments give (ii) and (iii).

For completeness, the numbers of new vertices in the first four batches are respectively

N(N +1 17TN(N +1
N -1, g, 4N?, M
2 2
The fifth batch adds at most 2N (N + 1) vertices. Their sum is 15N2 + 12N — 1 < 27N?2. O

The exclusions involving vp; and v;y are necessary. Inserting a fence into either of their designated
cover edges would destroy the two-edge shortcut. The target set (8.7) is exactly the one required by
Theorem 3.2; no test at a target vp; is needed there.
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8.5 Combining the forward and reverse tests

Here is the complete construction for either original component C. First perform the five shape
batches for all its forward requested pairs, using fresh vertices for every pair. One may perform
a batch for all pairs before passing to the next batch. Then apply the same five batches in the
dual lattice for all reverse requested pairs, again with disjoint fresh vertices. In each case a private
insertion is made in the order currently being used; its dual is a private insertion in the forward
lattice.

Let C’]S\I,’ be the finite lattice now obtained, and freeze its vertex set. Define two subsets of this
frozen set:

JFo = U [CL, 1]015\?5 (89)
(a,1) forward requested
Re = U [U,U]C]s\;.. (8.10)

(u,v) reverse requested
The following is a single final batch, with every endpoint chosen from this frozen set:
« make a fencing insertion into [0, ¢] for every t € Fo \ {1};
o make a fencing insertion into [t, 1] for every t € R¢.

In the detector omit the first insertion when ¢ = X, since [0, X] is already fenced. No insertion into
[0, X] is made anywhere in the construction. Denote the resulting component by Cly.

We emphasize that the new vertices of this final batch are not added to F¢ or R¢o. The next
lemma proves that no such closure operation is needed.

Lemma 8.5 (Simultaneous tests and the final batch). For either component Cy, all the following
statements hold.

(i) Every forward shape test retains all conclusions of Lemma 8.4. Its principal vertices other
than 1 have fenced intervals from 0.

(ii) Ewvery reverse shape test retains all conclusions of Lemma 8.4 in the reverse order. Every
vertex in each of its comparison intervals has a fenced interval from the reverse base 1.

iii) For a forward chosen chain and any i < j, every vertex t € |x;, x;|, except possibly t = 1,
Y J Y J ptp Y
satisfies one of the following alternatives:
(a) [0,¢t] is fenced;

(b) there is a vertex s with x; < s < t, with [0, s] fenced, such that every vertex of [0,t] is
comparable to s.

(iv) In the detector the coatoms of [0, X| are exactly qi1,q2. In particular, each contains one of
dy,dy below it. The intervals [0, X] and [X, 1] remain fenced.

The construction is finite. If C' has qo vertices and altogether h requested pairs in the two directions,
then
|Cn| < 9(qo + 27ThN?).
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Proof. We first record how the two shape constructions are separated. Every fresh vertex of a
forward shape construction lies below no proper original vertex. This follows inductively from
(8.6): its upper insertion endpoint is either 1 or an earlier fresh forward vertex with the same
property. In contrast, every vertex of a reverse shape construction lies in a forward interval [v, u]
with 0 < v < u < 1 original. Thus every vertex of R¢ lies below a proper original upper bound,
and no fresh forward vertex belongs to R¢.

These observations also show that the shape constructions do not spoil each other’s designated
intervals. Different forward tests have disjoint fresh interiors; their only shared shape endpoints are
original vertices and 1. Hence neither uses a fresh endpoint of the other’s designated cover. No
reverse shape insertion can use such a forward endpoint as its lower endpoint, since it lies below a
proper original upper bound. For reverse tests, two different tests again have disjoint fresh interiors
and share only original endpoints. Lemma 8.2 therefore protects their covers. The same argument
protects the exact Mig intervals: a shape insertion could enter one only if its two endpoints lay inside
it, whereas its fresh bottom and atoms are never shape endpoints. Fences persist by Lemma 8.3.

We next check the final batch. A new vertex of [0,¢] belongs to no comparison interval [a, b]
with a > 0, by (8.6). A new vertex of [t, 1] can belong to such a comparison only if b =1 and a < t.
The lower endpoints of the latter insertions are in R¢, and consequently lie below proper original
upper bounds.

In particular, a reverse fence cannot subdivide a fresh forward coatom edge ¢ < 1: that would
require its lower endpoint to be exactly ¢, which lies below no proper original vertex. A forward
cover with a proper upper endpoint cannot be subdivided by an insertion ending at 1. Thus all
forward shortcut edges and all reserved coatom witnesses survive. A forward Mig interval with
proper upper endpoint cannot be entered by a reverse fence. If its upper endpoint is 1, its fresh
bottom lies below no proper original vertex; hence no point of R¢ lies above that bottom. So this
Mg interval also remains exact. Forward base insertions cannot enter any of these positive-bottom
intervals.

All reverse comparison intervals have two proper original bounds in the forward order. Neither
kind of final insertion can add a vertex to such an interval: an insertion beginning at 0 cannot do
so, and an insertion ending at 1 cannot do so. Their covers, witnesses and exact Mg intervals are
therefore unchanged. The final reverse fences label every vertex in each reverse comparison interval
by the definition of R¢. All required forward principal vertices belong to F¢; the sole omitted
proper target is the detector X, whose lower interval was fenced at the outset. This proves (i) and
(ii).

For (iii), an old vertex in a forward comparison belongs to F¢, so its lower interval is fenced,
with the stated exception for the global top. The only possible new vertex is an interior vertex w of
a final reverse fencing insertion into [s, 1]. If z; < w, then z; < s by (8.6). Every vertex below w
either lies below s or lies on the same private chain above s. This assertion also includes vertices of
other insertions in the final batch: a point from another branch can be below w only by passing
through the old endpoint s. Thus s is comparable to every vertex of [0, w]. Moreover s € F¢, since
x; < s < 1, and its lower interval is fenced. This is exactly alternative (b), including the requirement
that the bottleneck lie above the lower chosen chain vertex. It proves closure of the normal-group
tests without any new round of insertions.

For (iv), no shape insertion introduces a point strictly below X. Forward fresh points lie below
no proper original vertex, and reverse shape insertions in the detector are contained in [X, z]. A
final insertion ending strictly below X introduces only points below that endpoint, so it cannot
create a new coatom of [0, X]. A final insertion ending above X introduces no new point below X.
The only remaining possibility would be an insertion into [0, X|, which was omitted. Hence the
original covers q; < X are precisely the coatoms of the lower half. Its two separate original branches,
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and those of the upper half, still give fences by Lemma 8.3.

Finally, Lemma 8.4 bounds the size before the final batch by ¢ = qo + 27hN?2. Each of F¢ and
Re has at most ¢ members, and each fencing insertion adds four vertices. The final size is at most
q + 4q + 4q = 9¢q. This also proves finiteness directly from the displayed batches. O

8.6 Assembly and proof of the lattice properties

Let By and Ey denote respectively the decorated Boolean and detector components just constructed.
Define Ly to be the horizontal sum

Ly = By BBY @ Ey 8 EY, (8.11)

identifying only the common endpoints 0, 1. Interiors of different components are incomparable,
with cross meet 0 and cross join 1. The order reversal exchanging each component with its opposite
is an order anti-isomorphism of Ly. Thus Ly is self-dual.

Every component has two comparable proper original vertices. The global interval [0, 1] is
therefore fenced: for a vertex in one component, take a comparable pair in a different component.
A comparison with a proper starting point, or a principal interval with a proper upper endpoint,
contains no interior vertex from a different component. Thus horizontal summation preserves every
local property proved above, and supplies the previously deferred label at the global top.

Proof of Proposition 8.1. Let B be the absolute chain threshold of Theorem 3.2, and choose the
single integer N = max{2, [B]|}. Construct L = Ly by the finite operations above. This choice is
independent of every possible representing group. Finiteness follows from Lemma 8.5 and (8.11); no
limiting lattice is used.

All original lattice operations survive by Lemma 8.2. Every proper original Boolean vertex is an
endpoint of a forward requested pair and of a reverse requested pair, so its two principal intervals
receive the required fences. The detector statements follow from Lemma 8.5. This gives (i) and (ii).

For (iii), take a finite representation [D,G]. By Lemma 2.3, the global fence and the required
principal fences provide all forward labels. In every forward requested test, the sequence xyp < - - <
xn and its private shortcuts have the shape required by Theorem 3.2, including its nonconsecutive
shortcuts. The interval [z;, x;] is fenced; every target in (8.7) has its bottom saturation, fence, and
exact positive-bottom Mg interval; and all the specified principal vertices are meets of coatoms
below the largest endpoint, with v;y themselves coatoms. Finally, Lemma 8.5(iii), together with
the global fence, verifies condition T5H at every vertex of every comparison: either its lower interval
is fenced or it has the specified labelled bottleneck above the lower chain vertex. In the latter
case, Corollary 2.4 supplies the required soluble-normal and commuting-normal consequences. All
hypotheses of the chain Theorem hold, and N > B forces equality of its endpoint types. The
forward requested pairs are precisely (8.1) and (8.5), giving the asserted equalities.

For (iv), fix one of the indicated actual upper-filter representations. Its least lattice vertex is
the former 1, and its group bottom is A. The entire reverse test for (u,v) lies inside this upper
filter. Its principal labels come from intervals [w, 1]°P, which are fenced by the final reverse batch.
All vertices of its comparison intervals have those fences, by Lemma 8.5(ii). The reverse shape
construction supplies all the other hypotheses of the same chain Theorem. Consequently the two
endpoint labels, now taken relative to A, are equal. The proof for (z, X) is identical. If the actual
intervals are compatible, their common subgroups and their labels are the same on overlaps; the
argument makes no additional choice of a representation and thus applies simultaneously.

Finally, the order reversal exchanging the paired components in (8.11) supplies the same Boolean
and detector data in the other orientation. This proves the last assertion. ]
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We record explicitly the Boolean incidence used in the final gluing argument; Figure 2 shows
its proper faces. In the reverse original By, fix an original atom z and let ay,...,as be the other
original atoms. Put

=2z Va; (1<i<3),

with operations in that reverse Boolean copy. Each u; V u; for i # j has rank three and is proper,
while \/?:1 u; is the reverse top. Every proper original Boolean vertex is the join of the original
atoms below it. These equalities are still equalities in the full decorated lattice, since all insertions
preserve old operations. Thus the local proper joins and the incompatible total join required later
are present in the single finite lattice of Proposition 8.1.

{1,2,3,4}
P full 1}1ni0n \\\\\
{1,2,3}// {1,;,4} \\{1,3,4}
>
up = {1,2} ug = {1,3} uz = {1,4}
~ |
z={1}

Figure 2: The original Boolean faces containing z. Each pair among w1, uo, u3 has a proper union,
but their total union is full. All displayed subset relations survive the private insertions. In the
extension configuration of Proposition 9.7, solid edges correspond to restrictions of compatible
homomorphisms on actual nested domains. The dashed edges reach the full union, for which a
common extension is forbidden.

9 From subgroup intervals to extensions

We now apply the decorated lattice of Proposition 8.1. The reductions in this section use its tests
in both orientations. The simple group attached to the top of the original group interval will be
denoted by T'. The simple group attached to an interval of extension domains will later be denoted
by R; these groups need not be isomorphic.

Lemma 9.1. Let T be a finite nonabelian simple group and let Inn(T) < H < Aut(T). Every
nontrivial normal subgroup of H contains Inn(T'). In particular, H has trivial soluble radical and
has characteristic socle Inn(T).

Proof. An automorphism o centralizing every inner automorphism satisfies ¢, ;) = ¢; for every ¢t € T..
Since Z(T') = 1, this implies o(t) = t for every ¢, so Cpy¢(ry(Inn(7)) = 1. If K < H, then

[K,Inn(T)] < K NInn(7T).

Simplicity makes the intersection either trivial or all of Inn(7"). In the first case the centralizer
calculation gives K = 1. This proves the assertions. O
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Lemma 9.2. A nontrivial fenced interval cannot be an interval in a finite soluble group. Conse-
quently, if Inn(T) < B < H < Aut(T), the interval [B, H| is not nontrivially fenced.

Proof. Lemma 2.3 would give a nonabelian simple composition factor of the soluble top group. For
the second assertion, quotient by Inn(7"), which is contained in the bottom B. The resulting interval
lies in the soluble group Out(7), by Schreier’s Theorem. O

9.1 Minimality in both orientations

Let £ be the lattice in Proposition 8.1. Suppose that one of £ and L°P is a finite group interval.
Among all representations of either orientation choose

[D,G] =M,  Me{L L7},

with |G| minimal. Minimizing over both orientations is the same kind of reduction used in the
subgroup-interval and signalizer setting of [2, Theorem 3 and Section 6]; see also the comparison in
[28, Section 4]. We give the needed complementary-socle argument in full. Quotienting by coreg(D)
preserves the interval; hence this core is trivial. The global fence and Lemma 2.3 give

S =soc(G)=[[Ti =T™, G = DS, (9.1)
i€l
where T is nonabelian simple and D acts transitively on the factor set I. Proposition 8.1 applies to
the chosen orientation M.

Proposition 9.3. In this minimal representation, DN .S = 1.
Proof. Put E = DN S. For every Y € [D,G], the identity G = DS gives
Y =D(Y nS).

Thus Y — Y NS is an isomorphism from [D, G] to the interval of D-invariant subgroups between E
and S; its inverse is K — DK.

First suppose that E is subdirect in S. By the subdirect-power description in Lemma 2.5, its
simple factors are full diagonal strips on a partition II of I. Every subgroup between F and S is
subdirect. Its strips split the blocks of II, and their diagonal identifications are forced by their
containment of E. Therefore the preceding interval is anti-isomorphic to the lattice of D-invariant
equivalence relations refining II.

Fix ig € I, let A = D,,, and let B be the stabilizer in D of the block of II containing ig. The
block correspondence for a transitive action identifies these equivalence relations with [A, B]: the
block containing iy associated with U € [A, B] is Uip, and all its other blocks are its D-translates.
Conversely, the setwise stabilizer of the block containing iy recovers U. It follows that M°P = [A, B].
But |B| < |D| < |G|, contrary to the choice of G over both orientations.

The coordinate projections of F have equal order, since D is transitive on I. If they are proper
and nontrivial, Proposition 2.7, applied with the possibly unlabelled lower endpoint D, and the
global fence imply that E is the product of those projections. Choose a proper original Boolean
vertex Y of the decorated lattice. Its forward label equals the top label, so Y NS is subdirect by
Proposition 2.6. It is proper, because Y < G.

A product of nontrivial coordinate subgroups cannot lie in a proper subdirect subgroup: the
latter has a diagonal link between two coordinates, whereas the former contains an element that is
nontrivial in one of those coordinates and trivial in the other. This contradicts £ <Y N S. The
only remaining possibility is that all coordinate projections of E are trivial, and then £ =1. [
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9.2 The extension dictionary

We give the parametrization with its group actions and order relations explicit. It is the induced-
coordinate form of [28, Proposition 2.2 and Lemma 2.3].

Proposition 9.4. Let a finite group D act on S = [[;c;T;, where all T; are isomorphic to a
nonabelian simple group T', and suppose that its action on I is transitive. Fix ig € I, set A = D;,,
identify T, with T, and let o @ A — Aut(T') be the induced action.

The D-invariant subdirect subgroups of S are in bijection with pairs (U, 3), where

A<U<LD, B:U — Aut(T), Bla = a.
Write S(U, 3) for the corresponding subgroup. Then
SW,B) <S(V,y) > V<U and Bl =7. (9.2)

In particular, the interval of D-invariant subgroups from S(U, 3) to S is anti-isomorphic to [A, U],
by restricting 3.

Proof. Use left conjugation for the given action and let my : S — T be the chosen coordinate
projection. The map

s fs, fs(d) =mo(d - s),
identifies S with

Fo={f:D—=T: f(ad) = a(a)(f(d)) for a € A,d € D}.

Indeed, values on representatives of A\ D are independent coordinates of S. Under this identification

the action is (g - f)(d) = f(dg).
An extension 3 defines

Fs={f:D—=T: f(ud) = (u)(f(d)) for ue U,d € D}.

This is a D-invariant subgroup of F,, with independent values on the cosets in U\ D. Consequently
Fp = TPl and it projects onto every coordinate of Fy. Set S(U, ) = Fp in these coordinates.

Conversely, let K < F, be a D-invariant subdirect subgroup. Its diagonal-strip partition is
invariant under the transitive action on A\D. The block containing A has stabilizer U for some
A < U < D. Projection at 1 identifies the diagonal factor on that block with 7. The induced action
of U on this factor gives a homomorphism ( : U — Aut(7') extending a. For f € K and u € U one
has f(u) = B(u)(f(1)). Applying this identity to d - f gives

fud) = B(u)(f(d)).

Thus K < Fg. Both groups have one freely varying diagonal factor for each coset of U, so they are
equal.

Containment of two subdirect groups reverses refinement of their strip partitions. Hence
S(U,B) < S(V,) forces V< U. For v € V, varying f(1) over T in the two defining equations then
gives 3(v) = v(v). The converse follows immediately from those equations. Finally, every subgroup
containing a subdirect subgroup is subdirect, so all members of the stated interval have already
been included. O
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Apply Proposition 9.4 to (9.1). By Proposition 9.3, the full interval [D, G| is the lattice of
D-invariant subgroups of S, via Y — Y N S. Whenever Y N S is subdirect, write (Uy, By) for its

extension. In particular,
[Y,G]°P = [A, Uy]. (9.3)

For nested filters these are compatible actual group intervals: the larger domain’s homomorphism
restricts to the smaller domain’s homomorphism. No representation of the entire dual lattice is
asserted by (9.3).

9.3 The detector and the common image

Proposition 9.5. In the minimal representation fixed above, the induced factor-stabilizer action «
satisfies a(A) > Inn(T).

Proof. Let X be the detector vertex of Proposition 8.1. Its forward type equals T, so Ex = X NS
is subdirect in S. The action of D on the simple factors of Ex is transitive. Its factor-stabilizer
action is fx : Ux — Aut(T") by the construction in Proposition 9.4.

Suppose that this action preserved a subgroup 1 < P < T. Transporting P among the factors of
Ex would give a D-invariant product ) of proper nontrivial coordinate subgroups of Ex. Thus
DQ is strictly between D and X. Choose a coatom Y of [D, X] containing DQ. The detector’s
coatom property gives a designated vertex d <Y whose intersection d N S is subdirect in the global
coordinates. Hence Y NS projects onto every simple factor of Ex: projection onto such a factor
can be identified with projection onto any one global coordinate in its diagonal support. Thus
Y NS is a proper subdirect subgroup of Ex containing the product @), which is impossible by the
diagonal-link argument in Proposition 9.3.

The automorphism lemma recalled by Palfy [28, Lemma 2.11] states that a subgroup of Aut(7")
not containing Inn(7") preserves some proper nontrivial subgroup of T'. It follows that

,Bx(Ux) > Inn(T).

The reverse detector interval is the actual interval [A,Ux] in (9.3), and it is fenced. Set
K = ker fx. Lemma 2.2 gives either AK = Ux or K < A. The first possibility gives fx(Ux) =
Bx(A) = a(A), as required.

In the second possibility K < Cx = corey, (A), and [A4, Ux] is represented as

[a(A), Bx (Ux)].

Write H = Bx(Ux) and B = «a(A). If corey(B) is nontrivial, it contains Inn(7") by Lemma 9.1.
Quotienting by that core leaves a soluble top, contradicting Lemma 9.2. Otherwise Cx = K, and
Ux/Cx = H has socle T' with multiplicity one. The reverse detector supplies a strictly smaller
labelled domain in [A, Ux| whose simple type is equal to that of Ux /Cx. The equality is supplied by
the reverse tests in Proposition 8.1, applied through (9.3). Proposition 2.6 would make its positive
socle multiplicity strictly smaller than one. This final contradiction excludes K < A. O

Lemma 9.6. With a as in Proposition 9.5, let A < U < D and let B : U — Aut(T) extend «.
Suppose that [A, U] is fenced. Then

U = Aker 3, BU) =a(A).

Proof. The normal-subgroup test gives the asserted supplementation unless ker 8 < A. In the
latter case [A, U] is isomorphic to [a(A), 5(U)]. Proposition 9.5 puts the inner group in its bottom,
contrary to Lemma 9.2. Supplementation gives the equality of images. ]
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Proposition 9.7 (The Boolean extension configuration). If either orientation of the decorated
lattice has a finite-group interval representation, there are finite groups A < D, finite nonabelian
stmple groups T, R, a homomorphism o : A — Aut(T'), and extensions

By : Uy — Aut(T) (B#JC{1,...,4})
with the following properties. Set Uy = A and By = «.

(E1) For nonempty proper J, [A,Uy] is fenced. If C;y = corey,(A), the group U;/Cy has unique
minimal normal subgroup
N;/Cy= R, Uj; = ANj.

(E2) If J C K € {1,...,4}, then Uy < Uk and Pilu, = Bs. For nonempty J, the equal-type
transport of Proposition 2.6 applies: in particular

UjN Nk ~ Ny

O c, 7= (U;NNgk)Cy,

and the canonical surjections Ix — 1j are U j-equivariant and compose. Whenever a nonempty
family of proper subsets has proper union K, its domains generate U .

(E3) All images B;(Uy) equal H = a(A) > Inn(T).

(E4) If a family of proper nonempty subsets has union {1,...,4}, its homomorphisms have no
common extension to the subgroup of D generated by their domains.

Proof. Use the minimal representation already chosen. Index the original Boolean component in its
reverse order by subsets J of {1,...,4}. Let Y; be the corresponding forward group, so Yy = G
and Yy 4y = D. Every proper nontrivial Y; has the top forward type and hence a subdirect
intersection with S. Proposition 9.4 provides (Uy, 7).

The reverse labels and tests in Proposition 8.1 apply in the actual filters (9.3). They give the
fences and equal simple types on comparable proper Boolean nodes. All the nonempty proper nodes
therefore have one common simple type R: connect two atoms through their proper two-atom join,
and connect any other node to an atom below it. Lemma 2.3 and Proposition 2.6 prove (E1) and
the transport assertions in (E2). The order relation and restrictions follow from (9.2).

For the assertion about a proper join, let K be the union of a nonempty family of index sets,
and put V = (Uy : J in the family). Then A <V < Ug, and S|y is an extension of all the 5.
Its subdirect group is contained in every Y; N S and contains Yx N S. Original Boolean meets are
preserved in the decorated lattice, so the intersection of those Y is exactly Yx. The subdirect
groups are equal; the dictionary gives V = Uk.

Proposition 9.5 and Lemma 9.6 give (E3). Finally, a common extension for a family with full
union would give a nontrivial subdirect subgroup of S contained in all the Y;N.S. Their intersection
is DN S =1, because their reverse Boolean join is the top. This proves (E4). ]

10 Boolean gluing of extensions

We prove that the configuration in Proposition 9.7 cannot exist. Throughout this section, T is the
target simple group of the homomorphisms, whereas R is the simple type of the domain socles. We
retain the notation A, D, H, Uy, B;,Cy, Ny, I of that proposition. All extension domains lie in the
finite group D.
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The extensions will glue if their domain cores have images containing Inn(7"). We first prove
this criterion: a least normal subgroup of A with that image is normalized by every domain, and
conjugation on its simple quotient supplies the common extension. We then force the criterion
on the Boolean faces. For an atom z, the normal image «(C}) is either trivial or contains the
inner group. In the trivial case, compatible lifts from the three rank-two faces through x produce
a different common extension, again forbidden by (E4). Hence every atom core retains the inner
group; intersections pass this property to the larger proper faces.

10.1 A criterion for extending over generated domains

We begin with the elementary fact that makes least subgroups with a prescribed perfect image
available.

Lemma 10.1 (Intersections retaining a perfect image). Let f : M — Hy be a homomorphism of
finite groups, let P < Hy be perfect, and let By,...,Bs < M, with s > 1, satisfy P < f(B;) for

every i. Then
P<f (ﬂ Bi) :
i=1

Proof. For two normal subgroups,
f(BiNBy) 2 f([B1,Ba]) = [f(B1), f(B2)] 2 [P, P]=P.
Induction proves the assertion for the finite family. O

The following criterion applies to any finite family of extension domains. It will be used at the
end with two rank-three Boolean faces whose union is full.

Lemma 10.2 (A common core and its conjugation extension). Let A < U; < D be a finite nonempty
family of subgroups of a finite group. Let T be nonabelian simple and suppose that homomorphisms

a:A— Aut(T), Bi : Ui — Aut(T)

satisfy
Bila = a, a(corey,; (A)) > Inn(T).

Put K = (U; : i). Then a(corex(A)) > Inn(T), and there is a unique homomorphism (3 : K —
Aut(T) extending all the [;.

Proof. Write J = Inn(7T) and let ¢ : T — J be the isomorphism ¢ — ¢;. Consider
Q=(\{B<2A:a(B)>J}

The family is nonempty. Since J is perfect, Lemma 10.1 shows that its finite intersection still maps
over .J. The subgroup a~!(J) belongs to the family, so in fact

(@) =J. (10.1)

Thus @ is the least normal subgroup of A with image containing .J.
Fix ¢ and put C; = corey, (A). The hypothesis gives @Q < C;. Make the analogous construction
in Cz
Qi=({B<Ci:a(B)>J}
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The same intersection argument, using C; N o~ *(J), gives a(Q;) = J. For u € U; and ¢ € C;,
a(ucu™) = Bi(u)a(c)B;(u) L.

Since C; Q U; and J < Aut(T'), conjugation by U; permutes the defining family for @;. Thus
Qi < U;, and in particular @Q; < A. Minimality of @ gives @ < Q;. Conversely, Q < C;, Q < C;,
and (10.1) give Q; < Q. Consequently Q; = @ for every i.

It follows that @ < K and @ < coreg (A), proving the common-core assertion. Set L = @Q Nker a.
Since L = @ Nker §; for every i, the subgroup L is normalized by each U; and therefore by K. The
map

0:Q/L—T,  I(qL) =" (a(q))

is an isomorphism. Transporting the conjugation action of K on @)/L through ¥ defines a homo-
morphism 3 : K — Aut(7T). For u € U; and ¢ € Q,

a(uqu™) = Bi(u)o(q)Bi(u) ™" = ¢(Bi(u)(W(qL))).

As 9 is onto, this proves 3|y, = ;. These restrictions determine § uniquely because the U; generate
K. O

10.2 An atom whose core is killed

For B C I, let

Ny(B) =q;' (H SJ,i) ., q:N;j—S;=N;/Cy, (10.2)
1€B

where S;; are the simple direct factors of Sy. Thus N;(@) = C;. For comparable nonempty index

sets J C K, write pxj: Ix — I for the canonical factor map.

Lemma 10.3. If = is an original Boolean atom and o(C,) = 1, then [, factors through the
permutation action of Uy on 1.

Proof. By (E3), U, = Aker ;. Since A < U, and C, < A, the kernel is not contained in C,. The
assumption makes 3, a homomorphism on U,/C,, so its nontrivial kernel there contains the unique
minimal normal subgroup N, /C,. Consequently 5,(N,) = 1.

Let P be the kernel of the action of U, on I,. Modulo C}, the faithful conjugation action on
S, embeds P/N, into Out(R)%. To justify faithfulness, the centralizer of S, in U,/C, is normal
and disjoint from .S,; uniqueness of the nonabelian minimal normal subgroup makes it trivial.
Schreier’s Theorem therefore makes P/N, soluble. Its image under 3, is a soluble normal subgroup
of H = «a(A). Lemma 9.1 makes that image trivial, so P < ker §,, as claimed. O

Fix an atom z. To rule out a(C;) = 1, we shall show that this assumption produces a subgroup
L normalized by A, generated by subgroups on which the local extensions are trivial. The remaining
condition for the formula 6(af) = a(a) to define an extension on AL is ANL < ker «. By Lemma 10.3,
it is enough to prove that every element of A N L fixes the factor set I,. The three proper faces
through x provide the local generators; their proper pairwise joins will let us compare different
factor labels.

Set

Uy ={zU{a} :ae{l,... 4} \ z}.
This family has three members. Distinct u, v € U, have a proper join w = u U v of rank three. For
j €I, and y D x, write
Fyj=pu (i) Fuoy={i}
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All factor maps in this notation are defined on proper nodes. Figure 2 displays these three faces
and their proper pairwise joins.

A lift of the fibre F;, ; must lie over the corresponding support Fy . ; in each proper pair join
uUwv. We therefore intersect its support preimages in all those joins. The perfect-image intersection
lemma ensures that these simultaneous requirements do not lose any factor of the desired fibre.

Lemma 10.4 (Compatible lifts of the fibres). For u € U, and j € I, define

LUJ = NU(FUJ) N ﬂ (Uu N Nqu(FuUU7j))~ (103)
UE#MQ;

These subgroups have the following properties.

(i) They are normal in Ny, and qu(Lu,j) = [licr, ; Su,-

(ii) Congjugation by U, permutes the choices according to its action on I,. In particular, Cy
normalizes every Ly ;.

(i) Uy = (A, Lu; : j € L).

(iv) For j # k, one has
Cqua U ?é v,

Cuy, U= 0.

[Lu,j7LU,k] < {
Both right-hand sides are contained in C.
(v) If a(Cy) =1, then By(Ly,j) =1 for all u, j.
Proof. Fix a proper pair join w = u Uv. Equal-type transport gives
Ny = (Uy N Ny)Cy. (10.4)

The first factor on the right acts by inner automorphisms on N, /Cy, hence preserves every
coordinate subproduct there. The second factor satisfies C,, < C, < U,. Since C, acts trivially
on I, equivariance of p,, says that C, fixes the set Fy, ;. It too normalizes Ny (Fy ;). Thus
Uy N Ny(Fy,j) is normal in N, and lies in N,,.

In N, /Cy, the subdirect group (U, N N,,)/Cy, has its diagonal strips indexed by I,,. Their
supports are the fibres of p,,. Because pyz = PuzPuwu, intersecting with the F,, j-support product
selects exactly the strips indexed by F, j. The isomorphism from this subdirect group to N,/C,
therefore shows that Uy N Ny (Fu,j) maps onto [[;cp, ; Sui under gy. The first group in (10.3) is
normal in N, and has the same image. This image is perfect. Lemma 10.1 proves (i).

Every domain occurring in (10.3) contains U,, and all the factor maps are U,-equivariant. Its
conjugation therefore permutes the whole definition with j, proving (ii). The images in (i) generate
N, /Cy, and C,, < A; since U, = AN, this proves (iii).

For u # v, the two lifts in (iv) lie in disjoint coordinate support products of Ny, /Cyuuy. They
commute in that quotient. For v = v the identical argument takes place in N, /C,. Core inclusion
along U, < U, < U,y gives the asserted containment in C,.

Finally suppose that a(C,) = 1. Then ,(C,) = 1. The kernel of 3, supplements A and is not
contained in Cy, so it contains N,, by the unique-minimal-normal-subgroup argument in Lemma 10.3.
This proves (v). O

We next construct subgroups By which distinguish the labels k € I, and are normalized by every
lift with a different label. Different labels commute only modulo C, and C, need not be normal in
the group generated by all the lifts. The following finite core argument keeps a full simple image
without requiring that normality.
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Lemma 10.5 (Taking cores without losing a simple image). Let Ry < D, let C' < Ry, and suppose
that Ry/C is nonabelian simple. Let Ly, ..., Ls < D be normalized by Ry. Suppose that, for every t,
there is a subgroup D; < Rgy such that

D:C =Ry, DI =D, [Dy, Li] < Dy N C.

Then, for W = (Ry, L1, ..., Ls), the subgroup corey (Ry) maps onto Ry/C. No normalization of C
by Ly is assumed.

Proof. Let m: Ry — Ro/C be the quotient map. Start with B = Ry. At every stage B will be
normal in Ry and satisfy 7(B) = Ry/C. For a fixed t, replace B by

R(B)= (BnD), K'=¢'Kt (10.5)
LeLly

The subgroup B N Dy still maps onto Ry/C by Lemma 10.1. Put K = BN D;. The subgroup K is
normal in Dy, because B < Ry and D; < Ry. Since L; normalizes Dy, every conjugate K ¢ lies in Dy
and is normal in D;. For d € Dy and £ € Ly, the assumption [Dy, L;] < D; N C gives 7(d*) = 7(d).
Consequently m(K*%) = m(K) = Ry/C for every £. This applies the quotient map only to elements
of Dy < Ryp; it does not require C' to be normalized by L;. Applying Lemma 10.1 inside D; shows
that F;(B) has full image.

The new subgroup is normal in Ry. Indeed, Ry normalizes B, Dy, and L;. For r € Ry one therefore
has (K" = (K")" = K*, and ¢" € L;. Thus Ry permutes precisely the conjugates intersected
in (10.5). The operation is descending, since the identity conjugate occurs. Apply Fy,..., Fs in
repeated rounds. Finiteness forces stabilization, and at a stable round every intermediate inclusion
is equality. The resulting subgroup B, is therefore normalized by each L; as well as by Rg. Thus
B, < W and B, < Ry, while m(By) = Ryg/C. Since B, < corey (Ry), the asserted core also has full
image. O

Lemma 10.6 (Subgroups detecting the factor labels). Put Lj = (Lyj : u € Uy) and Ry = No({k}).
There are subgroups By, < Ry, for k € I, such that

(1) qu(Bk) = Sup;
(ii) every L; with j # k normalizes By,;
(iii) C, normalizes every By, and A permutes the By in the same way as it permutes I,.
In particular, the subgroups By, are pairwise distinct.

Proof. For u € U, set
Du,k =U,N Nu(Fu,k)

The transported subdirect group (U, N N,)/C, maps isomorphically onto N,/C,. Selecting its
strips over k shows that

Du,k < Rku Du,ka = le Du,k N Cx = Cu (106)

It is normal in Ry: all elements of Ry < N, fix the factor labels I, and the support-preimage
construction is equivariant.
For j # k, both D, ;. and L, ; lie in N,, and have disjoint supports modulo C,,. Thus

[Du,k:a Lu,j] < Cu
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Since C,, < D, 1, this also proves that L, ; normalizes D, ;. Moreover R} normalizes L, ; by
Lemma 10.4(ii), since Ry fixes every label of I,. We can therefore apply Lemma 10.5 to Ry, its
normal subgroup C,, and all the lifts L, ; with j # k, using the subgroup D, ;, for the lift labelled
by (u, 7).
Define canonically
Wi = (Rk, L; : j # k), By, = corew, (Rk).

That lemma proves (i); the definition proves (ii). Since C, < Ry < Wy, it normalizes By. Conjugation
by A permutes the pairs (Wy, Rx) and hence their cores, proving (iii). Their images in N, /C, are
the distinct nontrivial coordinate factors, so the By, are distinct. ]

To use the subgroups By, we must collect all letters with one chosen label at the end of a word in
the lifts. The errors lie in C,, which normalizes each individual lift. The following word calculation
records exactly the form needed.

Lemma 10.7 (Collection with labelled factors). Let C' < D normalize subgroups Py < D indexed
by a finite set. Assign each index a label c(\) € I. Suppose that

[P\, P,] < C  whenever c¢(\) # c(p).
Put Ly = (Py : c¢(A) =j) and L = (Lj : j € I). For every k € I, every element g € L can be written

g=pq, pe(Lj:j#k), qe€ly, ceC.

Proof. Write g as a word whose letters belong to the individual Py; inverses are allowed because
these are subgroups. Interchange adjacent letters with different labels to move the k-labelled letters
to the end. Each interchange introduces a commutator in C'. Move that error to the right through
the remaining word, using

cl = (cbc e

The conjugated letter remains in its original P, so its label does not change. Each interchange
reduces the number of pairs consisting of a k-letter preceding a non-k-letter. The process terminates
with the asserted expression. This is a word calculation; it does not form a quotient by C' or require

C<J<L. O
Proposition 10.8. For every original Boolean atom x, a(Cy) > Inn(T).

Proof. The subgroup «(C}) is normal in 5,(U,) = H. Lemma 9.1 reduces the assertion to excluding
a(Cy) = 1. Assume that equality and use the lifts and detecting subgroups just constructed. Put

L=(L;:jel).

The group A normalizes L.

Let a € AN L. We show that a fixes every member of I,. For subgroup conjugation use
the right-action notation K9 = ¢ 'Kg. If a sent k to h # k, equivariance would give B = By,
Lemmas 10.4 and 10.7, with C' = C, and the individual L, ; as labelled subgroups, give

a = pqc, pe(Lj:j#k), q€Ly ceC;.
The element p normalizes By, g normalizes By, and ¢ normalizes both. It follows successively that

Bl°=By,  Bl=Bn  B= DBy,
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contradicting Lemma 10.6. Thus a fixes the factor set. Lemma 10.3 now gives a(a) = 1.
Consequently AN L < ker a. Because A normalizes L, the formula

0: AL — Aut(T), O(al) = a(a)

defines a homomorphism. It is well defined by the intersection inclusion; multiplication is respected
since L < AL. For each u € U,, Lemma 10.4(iii),(v) says that U, is generated by A and lifts killed
by both § and 3,. Hence 0|y, = (..

The three sets u € U, have full union {1,...,4}. Their generated domain is AL, so this common
extension contradicts (E4). The assumption a(Cy) = 1 is impossible. O

10.3 Compatible joins and the contradiction

Lemma 10.9 (Cores under a compatible join). For every nonempty proper original Boolean node z,

C.= [\ Ca
zCz, |z|=1

Consequently o(C) > Inn(T").

Proof. The assertion is immediate for an atom, so suppose that |z| > 2. Every C, in the intersection
contains C,. Pass to U,/C, and use bars for the images of A, U,,C,. Put

N =N,/C,, E,=U,NN,)/C..

The transport isomorphism in (E2) gives E, N C, = 1. Both are normal in U,, so [E,,C,] = 1.
Since U, = AN, and A < U,, one has U, = AE,. Let M = (E, : 2 C z, |z| = 1). Each E, is
normalized by A. The compatible-join generation in (E2) therefore gives

U, =AM,

so M < U,. It is a nontrivial subgroup of the minimal normal subgroup N, and hence M = N.
Thus ), C. centralizes N. The centralizer is normal in U, and intersects N in Z(N) = 1. If it
were nontrivial it would contain the unique minimal normal subgroup N, a contradiction. The
intersection is therefore trivial, which proves the equality of cores.

Each C, is normal in A and maps over Inn(7") by Proposition 10.8. Apply Lemma 10.1 with
P =1Inn(T) to obtain the image assertion. O

Theorem 10.10. The Boolean extension configuration of Proposition 9.7 does not exist.
Proof. Take the two proper Boolean nodes
z=11,2,3}, w = {2,3,4}.

Lemma 10.9 gives a(C,), a(Cy) > Inn(7T"). Lemma 10.2 therefore extends 5, and S, to (U, Uy).
Since z Uw = {1,...,4}, this contradicts (E4). O

Proof of Theorem 1.2. Choose the finite decorated lattice of Proposition 8.1. If either it or its dual
had a finite-group interval representation, Proposition 9.7 would produce the configuration excluded
by Theorem 10.10. Hence this lattice has no such representation, proving Theorem 1.2. ]

Theorem 1.1 now follows from Theorem 1.2 and the global Palfy—Pudlak equivalence [29,
Theorem 2.
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