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Abstract

We prove the numerical blockwise Alperin weight conjecture for every finite group and every
prime p. For each p-block B, the number of irreducible Brauer characters in B equals the number
of conjugacy classes of B-weights.
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1 Introduction

The local-global principle in modular representation theory seeks to recover information about
representations of a finite group from normalizers of its p-subgroups. Alperin’s weight conjecture
predicts an exact numerical form of this principle, block by block: simple modules are counted by
defect-zero ordinary characters of normalizer quotients. Alperin formulated the conjecture at the
1986 Arcata conference; the original account appeared in the proceedings in 1987 [1, 13].

Let p be a prime and G a finite group. For an algebraically closed field k of characteristic p,
a block is a primitive central idempotent of kG. For a block B, let I(B) be the number of simple
kG-modules belonging to B, equivalently the number of its irreducible Brauer characters. For
character calculations we use a splitting p-modular system (K,O,k): O is a complete discrete
valuation ring with characteristic-zero fraction field K and residue field k, and K splits every
subgroup of GG. A block also denotes its unique central lift to OG. In Section 2.1 we justify reduction
to k = [F, and construct such a system; the resulting counts and block assignments are unchanged
over any algebraically closed extension of this field.

For a positive integer a, write a, for its largest power-of-p divisor. A p-weight of G is a pair
(Q, ¢), where @ < G is a possibly trivial p-subgroup and

¢ € Ir(Na(Q)/Q),  ¢(1)p = [Na(Q)/Qlp-

Thus ¢ is an ordinary irreducible character of defect zero in the quotient. The block assigned to
this weight is defined using the block b of the inflated character in H = Ng(Q).
We specify the block-assignment convention. For H < G, coefficient restriction is the linear map

sp: Z(kG) — Z(kH), Zaggr—> Zahh.
geG heH

If ¢ is a block of a finite group, its central character . is the residue character of the corresponding
local factor of the center. In particular it is the scalar action of the center on any simple module in
c. We say that b¢ = B when

AbOSH:)\B. (11)

This is the central-character definition of Brauer block induction [6, p. 338]; see also the corrigendum
[7]. In the normalizer situations arising from weights, the composite is indeed a central character;
we prove this directly in Section 3. Let W), (B) be the set of simultaneous G-conjugacy classes of
weights assigned to B.

Theorem 1.1. For every prime p, every finite group G, and every p-block B of G,
I(B) = [Wp(B)|.

Theorem 1.1 resolves the numerical blockwise Alperin weight conjecture positively, with no
restriction on the defect groups, the prime, or the finite group. The case () = 1 is part of the
assertion. The conclusion is an equality of cardinalities; a canonical or equivariant correspondence
is not required for this numerical statement.

Local—global consequences

The numerical equality also gives the following established consequences of the weight conjecture.
Write IBr,(H) for the set of irreducible p-Brauer characters of a finite group H.



Corollary 1.2 (Local-global and principal-block bounds). Let p be a prime, G a finite group, B a
p-block with defect group D, and b its Brauer correspondent in Ng(D). Then

I(B) >1(b), D abelian = I(B) = I(b).

For P € Syl,(G), one also has
[ 1Bry(G)| = | 1Bry(Ng (P))]-

Let By be the principal p-block of G, and let ky(G) count the conjugacy classes of p-power-order
elements, including the identity. Then

kp(G) =3 = 1(Bo) = (p — 1)/2,
p| |Gl = U(Bo) > 2¢/p— 1+ 1 - ky(G).

The local block bounds are Alperin’s Consequences 1-2 [1]; the principal-block bounds are due
to Hung, Sambale, and Tiep [22, Propositions 3.1-3.2]. Their weight-conjecture hypotheses are
supplied by Theorem 1.1. The complete derivation, including the passage to the block-free inequality,
appears in Section 8.

The block-free inequality for p = 2 was already proved by Malle-Navarro—Tiep [28, Theorem B];
the local inequality for maximal-defect 2-blocks was proved by Feng-Martinez—Rossi [15, Theorem D].

The sharper classification of character-count and defect data, and the functorial formulation
of the theorem, are given in Section 8. We first explain the historical setting and the proof of the
local—global equality itself.

Prior work and the proof’s ingredients

Alperin’s formulation extends the notion of weights from the modular representation theory of finite
groups of Lie type in defining characteristic to arbitrary finite groups [2]. Early large-family cases
include Alperin and Fong’s work on symmetric groups and on finite general linear groups in odd
modular characteristic [2]. Knorr and Robinson expressed the conjecture as alternating sums over
chains of p-subgroups [25]. Navarro and Tiep reduced the non-blockwise conjecture to conditions on
finite simple groups [31], and Spéth obtained a blockwise reduction [35]. These reductions organize
the problem around local correspondences for simple groups. Among the resulting advances, Feng,
Li, and Zhang proved the blockwise conjecture for finite special linear and special unitary groups
and for finite groups with abelian Sylow 3-subgroups [13]. Feng, Malle, and Zhang subsequently
studied generic weights for finite reductive groups under explicit hypotheses [14].

Other recent progress includes the inductive blockwise condition for Fy(q) at odd primes not
dividing ¢, proved by An, Hiss, and Liibeck [3], and Hu and Zhou’s results on inertial blocks,
including an alternative proof for 2-blocks with abelian defect [20]. Huang and Yilmaz develop chain,
Galois, and functorial reformulations [21]. A recent preprint of Zhang claims the inductive condition
for types B, C and sporadic groups [39]; those classes do not exhaust the scope of Theorem 1.1. Our
proof instead passes from a direct block-algebra calculation to covers of curves; it does not use a
classification of finite simple groups or an inductive weight condition.

The algebraic part uses classical constructions with a specific counting purpose. The subgroup-
chain argument is related to the Knoérr—Robinson reformulation. Powers modulo commutators
belong to Kiilshammer’s theory of generalized Reynolds ideals [18], and conjugation averaging is
the group-algebra Higman trace [19, 27]. The sum of the p-elements detects defect-zero blocks as in
Tsushima’s work [38]. The passage from central traces to tuples is a weighted genus-one form of
Frobenius’s character-counting formula; see [24] for the surface-group formulation. We prove the



exact versions needed here, including the block projections and normalization of the tuple count.
The further assertion is uniform divisibility as the number of punctures increases, not merely a
character formula for a fixed surface.

Chen’s relation between Nielsen orbit counts and degrees of moduli of elliptic covers [8] informed
the geometric divisibility viewpoint. The many-marked, high-index construction and the uniform
puncture-divisibility theorem required here are developed in this paper, not supplied by Chen’s
theorem.

The geometry combines several established ideas with that divisibility problem. High-index
genus-one curves are classical objects in period—index theory; Clark and Lacy prove arbitrary-index
existence over infinite fields finitely generated over their prime fields [9]. Our construction also
prescribes marked points giving independent absolute field differentials. The genus calculation
belongs to the theory of inseparable genus change initiated by Tate [36]; see Schroer [33] for a modern
treatment. Its height-one determinant identity is a curve-level form of the canonical-bundle formula
for p-closed foliations [12]. Here the calculation must keep additional constants and inseparable
residue degrees, and the large index turns a bounded-error estimate into an exact inequality. Finally,
maximal-immediate-extension methods of Krull and Kaplansky [26, 23, 32] provide a suitable valued
field, while the center-valued obstruction studied by Débes and Douai [10] explains the arithmetic
descent issue for marked covers. We give the required constructions and descent argument directly.

The mechanism of the proof

Chain inversion first reduces the weight equality to an identity between a defect-zero character
count and an alternating sum of simple-module counts in subgroup normalizers. A calculation
with powers modulo commutators, followed by cancellation of chains, replaces those simple counts
by ordinary-character counts. We then construct a central group-algebra element supported on
p-singular elements, with residue scalars zero or one chosen to remove the defect-zero contribution
from the alternating sum. Lift it by class sums to characteristic zero and restrict it to each chain
normalizer. The alternating sum of traces of the p*th powers converges to the difference between the
alternating ordinary-character sum and the defect-zero count. Expanding the traces gives weighted
tuple counts. A further chain cancellation leaves only tuples generating subgroups with no nontrivial
normal p-subgroup. The complete reduction is Proposition 3.14.

Here is the counting problem that remains. Fix a finite group J with O,(J) = 1, where O,(J) is
its largest normal p-subgroup, and set n = p*. We count ordered tuples (z,y,u1,...,u,) € J*2
satisfying

[z, ylug - up =1, (X, y,u1, ..., up) = J.

Here [z,y] = zyz~'y~!, and each puncture entry wu; is p-singular: its order is divisible by p.

Prescribe a multiset of n conjugacy classes for the u;, and identify tuples only by simultaneous inner
conjugation in J, not by permutations of their positions. For every fixed integer h > 1, we must
prove that all these counts are divisible by p” for sufficiently large s (Theorem 3.1). The threshold
may depend on p, J, h, but not on the multiset. This uniformity makes each weighted trace sum
tend to zero even though the number of multisets grows with s.

The geometric construction supplies two properties on the same marked genus-one curve E/Fj
in characteristic p. First, every divisor degree on FE is divisible by p®. Second, after a cyclic splitting
extension it becomes a constant elliptic curve with independently varying marked points. More
precisely, put £ = F, choose an ordinary elliptic curve Ag/k, and take F' = x(A}}). The extension
F'/Fy is cyclic Galois of degree n and splits E. Over F’, the marked points are the generic projection
points t; € Ag(F”). If n is a nonzero invariant differential on Ag, then the pullbacks ¢fn form a basis
of Q.. Their independence is in this field-differential space, not in the one-dimensional space of
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regular relative differentials on the elliptic curve. After a finite extension F/Fy with [F : Fp), < p*,
every divisor degree on Ep is still divisible by p*~", and at most h independent differential directions
are lost over the compositum FF’ (Proposition 4.4, Corollary 4.5, and Lemma 4.6).

For a purely inseparable cover of this curve, a calculation along successive maps of exponent
one gives a genus bound with an error controlled by h and the cover degree. The index property
makes this bound exact: after multiplication by the cover degree, the difference between the genus
term and the ramification expression is a multiple of p*~". The differential calculation bounds
that difference below by a negative constant independent of s. Once p* " exceeds the constant’s
magnitude, the difference must be nonnegative. This is the rounding step in Theorem 5.1. The
resulting estimate is useful independently of the block-algebra reduction: it applies to regular curves
over imperfect fields, retains inseparable residue degrees and extra constants, and does not require
geometric reducedness.

We lift the marked genus-one curve to mixed characteristic and pass to a spherically complete
valued field K with value group Q and residue field Fy. Over an algebraic closure, the generating
tuples are precisely the monodromy data of connected J-covers of the punctured genus-one curve,
with the J-action specified. Simultaneous inner conjugacy changes only the chosen fiber point; it
does not forget the ordering of the punctures. The lift contains all |J|th roots of unity. Galois
therefore preserves the local conjugacy classes as it permutes the marked points, so it acts on the
finite cover set with the prescribed multiset. This action factors through a finite Galois group T';
take a Sylow p-subgroup of T'.

An orbit of size less than p” would give a cover defined over an extension L/ K with [L : K], < p".
The point requiring proof is that a fixed isomorphism class actually descends with its specified
J-action. The obstruction is an extension with kernel Z(.J). Since O,(J) = 1, this kernel has order
prime to p, and an elementary Sylow argument supplies a descent datum (Proposition 6.6). Put
F =res(L). The full degree of L/K, equals [F : Fp], so this residue extension also has small p-part.

To rule out such a descended cover Y, extend the valuation obtained by reducing functions on
the base curve to the function field of Y, and take the finite J-orbit of one such extension. For each
valuation w in this orbit, normalizing Er in its residue field gives a regular projective curve C,.
Reduction of section spaces first shows that the degrees of the maps C,, — EF sum to |J|. A second
comparison imposes vanishing above selected marked points. Together with characteristic-zero
Riemann—Hurwitz and the sharp inseparable genus estimate, these section comparisons force

X(Y) = ZX(C’UI)’

where each structure-sheaf Euler characteristic is computed over its stated ground field. The
equality gives enough sections to construct a finitely presented flat model whose special fiber is the
disjoint union of the Cy, (Proposition 7.5). Passing to a Noetherian normal base allows us to apply
connectedness. There is therefore only one C,,, and its valuation is stabilized by all of J. The kernel
of the action on its residue field, the inertia group, is consequently normal in J. The same genus
comparison shows that this kernel is a nontrivial p-group, contradicting Op,(J) = 1.

Every Sylow orbit thus has size at least p/. Its size is a power of p, hence is divisible by p".
Summing the orbits proves the uniform tuple divisibility, and Proposition 3.14 returns this conclusion
to the block identity.

The auxiliary fields in the geometric construction are unrelated to the coefficient system (K, O, k)
used in the block count.

Figure 1 displays how the two geometric inputs exclude covers over fields whose degree has small
p-part, and how this returns to the original block count. Section 2 records the classical inputs and
coeflicient choices. Section 3 proves the algebra-to-counting reduction before any curve is constructed.



Section 4 supplies the marked high-index curve, Section 5 establishes the sharp genus estimate, and
Section 6 constructs the valued lift and descends small orbits. Section 7 builds the finite model,
applies connectedness, and completes both the divisibility theorem and the block identity. Finally,
Section 8 proves the announced local-global bounds and presents the character-count classification
and functorial identity with their full conventions.

Marked genus-one curve: large divisor index
and independent absolute field differentials

Section 4
Differential estimate and Valued lift and
divisor-degree divisibility marked-cover descent
Sharp inseparable Small orbit gives an ex-
genus bound (Section 5) tension with small p-part

of its degree (Section 6)

Section comparison, finite presentation, and connectedness
No such marked J-cover over L with [L : K], < p"
when O,(J) = 1 (Section 7)

Every Sylow orbit has size divisible by p”
Uniform tuple divisibility (Theorem 3.1)

Chain inversion and central trace limits (Section 3)
I(B) = [Wp(B)

Figure 1: Mathematical dependencies, not reading order. The covers are geometrically connected
J-Galois covers, with specified J-action over their field of definition, branched only at the marked
points and with inertia order divisible by p at every marked point. The two branches provide,
respectively, the genus estimate and the arithmetic realization of a hypothetical small Sylow orbit.
For sufficiently large s, their combination rules out such a cover over a field whose degree has small
p-part; the geometric cover degree is fixed at |J|. The resulting uniform divisibility supplies the
counting hypothesis of the block-algebra reduction, which is proved before the geometric construction
and applied at the end. No weight-counting theorem is used to construct the curves.

Conventions

All groups are finite. The identity is a p-element; a p-singular element has order divisible by p. We
use [z,y] = zyz~ly~! and write O,(X) for the largest normal p-subgroup of X. All curve degrees
and coherent Euler characteristics are taken over the ground field specified at that point. A regular
curve over an imperfect field is not presumed smooth or geometrically reduced. For such a projective



curve C, we set

X(C) =x(0c),  v(C)=-2x(C).
These quantities add on disjoint unions. A valuation is written additively. A field extension is
immediate if it changes neither the value group nor the residue field.

2 Classical foundations used

We state the classical inputs to make the scope of the proof explicit. We also use elementary
linear algebra, field and group theory, and the basic definitions and functorial formalism of schemes,
sheaves, divisors, and Kéhler differentials. The counting, index, inseparable-genus, valued-field, and
specialization assertions particular to this proof are established in the later sections. In particular,
no weight-counting theorem or conjectural reduction is an input.

Foundation 1 (Finite groups). For a finite group X, its p-subgroups lie in Sylow subgroups of order
|X|p. A nontrivial finite p-group has nontrivial center and an element of order p, and each of its
maximal proper subgroups is normal. We use the orbit—stabilizer formula and the usual fixed-point
and conjugation actions.

Foundation 2 (Finite-dimensional algebras and characters). The Jacobson radical of a finite-
dimensional algebra is nilpotent. Over an algebraically closed field, its semisimple quotient is a
product of full matrix algebras, one for each simple module up to isomorphism. A finite-dimensional
commutative algebra over an algebraically closed field is a product of local algebras with that field
as residue, indexed by its primitive idempotents. Finite group algebras in characteristic zero are
semisimple. Over a splitting field the simple endomorphism algebras are the scalar field, and an
ordinary irreducible character satisfies

> x(@)x(™) = |X].
reX

Idempotents lift uniquely from the residue algebra of a finite commutative algebra over a complete
discrete valuation ring. Nakayama’s lemma applies to finite modules over any local ring.

Foundation 3 (Commutative algebra). A finite-type algebra over a Noetherian ring is Noetherian.
Integral extensions satisfy lying over. Closed points of a variety over a field are dense and have
finite residue fields over the ground field. For an integral variety, the local dimension at a point
plus the transcendence degree of its residue field is the transcendence degree of the function field.
A regular local ring is a normal domain; a part of a minimal system of generators of its maximal
ideal is a regular sequence and its quotient is regular of the correspondingly smaller dimension. A
one-dimensional Noetherian normal local domain is a discrete valuation ring, as is a Noetherian local
domain with nonzero principal maximal ideal. Finite torsion-free modules over discrete valuation
rings are free. Completion of a discrete valuation ring retains its residue field and uniformizer.

Foundation 4 (Fields and absolute field differentials). If a finite group D acts faithfully by
automorphisms on a field M, then M/M?P is Galois of degree |D|. Finite separable field extensions
are simple. A finite field extension has a maximal separable subextension, and the remaining
extension is purely inseparable; the number of embeddings in an algebraic closure is the separable
degree. Multiplicative groups of finite fields are cyclic. Algebraically closed fields are classified by
their characteristic and transcendence degree. If S is a finitely generated field of transcendence
degree p over a perfect field k, then

dimg Qg/,. = p; [S:SP] =p” in characteristic p.



Foundation 5 (Valuations over a complete discrete base). A valuation extends to an algebraic field
extension. A complete discrete valuation on a field extends uniquely to any finite field extension; its
valuation ring is the integral closure of the original ring, is finite over it, and is again a complete
discrete valuation ring. The fields to which we apply the latter assertion initially have characteristic
zero. No corresponding finiteness assertion for an arbitrary nondiscrete valuation ring is assumed. See
[37, Tag 00IA] for prolongation and [37, Tags 032W, 09EM and 0325] for the complete discrete-base
finiteness assertions.

Foundation 6 (Descent and finite models). A projective scheme with a semilinear descent datum
under a finite Galois field extension descends if equipped with a compatible linearized ample line
bundle. The same statement holds for a finite étale faithfully flat Galois extension of rings and
a relatively ample line bundle. Equivariant morphisms and invariant closed subschemes descend
along with the scheme. Flatness, smoothness, finiteness, étaleness, and relative ampleness in these
settings are checked after the faithfully flat extension. Geometric integrality of a finite-type scheme
over a field can be checked after an extension of that field. A finite diagram of projective schemes
and morphisms of finite presentation over a directed union of fields is defined over a finite stage,
including its maps to a base scheme already defined there and the identities among those maps. One
may realize projective descent by descent of semilinear modules and graded algebras followed by
Proj. For the projective and module descent assertions, see [37, Tags 0CCJ, 0CDR and 0D1V]. The
five locality assertions are respectively [37, Tags 02L2, 02VL, 02LA, 02VN and 0D3C]; geometric
integrality is covered by [37, Tags 038K, 0384 and 054P]. The finite-stage assertion follows from [37,
Tags 01ZM and 01ZP], including chosen projective embeddings among the finite data.

Foundation 7 (Normalization). The normalization of an integral variety over a field in a finite
extension of its function field is finite. The normalization of a finite-type Z-domain in its fraction
field is finite. In the integral closure of a normal domain in a finite Galois extension of its fraction
field, the Galois group acts transitively on the primes above any fixed prime of the base. The
normalization finiteness assertions follow from the Nagata property in [37, Tag 0335].

Foundation 8 (Regularity, smoothness, and properness). Finite separable scalar extension preserves
regularity and reducedness. Smooth varieties over a field are regular. A regular local ring essentially
of finite type over a perfect field x is smooth at the corresponding point of a finite-type xk-model; its
module of absolute differentials is free of rank the transcendence degree of the function field over .
We use the valuative criterion for properness, including the unique extension of maps from fraction
fields of valuation rings, and that proper maps are closed. For regularity and smoothness over a
perfect field, see [37, Tags 00TV and 0B8X].

Foundation 9 (Proper cohomology and ample section rings). Over a Noetherian base, the higher
direct images of coherent sheaves under a proper morphism are coherent. Over an affine base their
cohomology commutes with flat affine base change. For a projective scheme over an affine Noetherian
base and a relatively ample line bundle, sufficiently high powers give projective embeddings, and
sufficiently high twists annihilate higher coherent cohomology. The ample section ring is finitely
generated and its Proj recovers the scheme. Finite pullback preserves ampleness; tensor products of
relatively ample line bundles are relatively ample, and a line bundle is relatively ample if a positive
power is. Formation of Proj commutes with base change. On a projective curve over a field, coherent
cohomology vanishes in degrees greater than one, and for sheaves of finite support in degrees greater
than zero. Global functions on a geometrically integral projective variety over a field equal the
ground field. For proper coherence, flat cohomology base change, and ample twists, respectively, see
[37, Tags 0205, 02KH and 0B5T]. For Proj recovery and the ampleness rules, see [37, Tags 0EKI,
0892, 0890 and 02NN].



Foundation 10 (Differentials, adjunction, and duality). We use the transitivity sequence
QV/U Ry W — QW/U — Qw/v — 0

and the conormal sequence for a closed immersion. Let S be a field. On P%, det QP% /s =0(=b—1).
For a coherent sheaf G there, Serre duality identifies

HY(G)Y ~ Ext’™(G,O(-b—1)).

We use the local-to-global Ext spectral sequence and the Koszul resolution of a quotient by a regular
sequence. These inputs will yield the required absolute determinant-degree formula even when
the curve is not smooth over S. For the projective-space dualizing complex and the adjunction
formalism, see [37, Tag 0A9W and Section 48.15]. The local-to-global Ext sequence is [37, Tag
0BQP].

Foundation 11 (Elliptic curves). A smooth Weierstrass cubic with its point at infinity is an elliptic
curve. A generalized Weierstrass equation over a discrete valuation ring with unit discriminant gives
a smooth elliptic scheme, polarized by three times its origin. Its relative cotangent line is trivial
with invariant differential 7, and multiplication by an integer a pulls n back to an. For a positive
integer a, multiplication by a on an elliptic curve or elliptic scheme is finite locally free of degree a?.
For the relative group law, see [11, II, Proposition 2.7]; the unit-discriminant Weierstrass family and
the invariant cotangent description are given in [37, Tags 072S and 0471]. See also [34, Chapter III]
for the Weierstrass formulation. Multiplication is finite flat and surjective by [30, Proposition 20.7];

over the Noetherian bases here it is finite locally free by [37, Tag 02KB].

Foundation 12 (Complex curves and covers). Finite étale algebraic covers of a smooth complex
algebraic curve correspond to finite unramified topological covers of its analytification, including
morphisms. For a punctured projective curve, normalization of the original projective curve in the
resulting algebraic function field gives the finite compact cover. Normal complex curves are smooth,
and the local punctured covering completes by a power map, so monodromy cycle lengths give
ramification indices. Topological covers are classified by fundamental-group actions on finite fibers.
The fundamental group of a genus-one surface punctured at n points has generators x,y, ui,..., U,
with the single relation
[z, yluy - up = 1.

For a finite map of smooth proper curves over an algebraically closed field of characteristic zero,
Riemann-Hurwitz states

29(C) — 2 = deg(f)(29(C") —2) + Y _ (ep — 1).
PeC

For the algebraic/topological cover correspondence, see [29, Theorem 3.4]; for Riemann—Hurwitz,
see [37, Section 53.12, Tag 0C1B].

Foundation 13 (Noetherian connectedness). A proper morphism over a locally Noetherian base
whose structure-sheaf direct image is canonically the structure sheaf of the base has geometrically
connected fibers. This is the connected-fiber assertion of Stein factorization. We apply it only after
constructing a Noetherian normal model, not directly over the nondiscrete valuation ring. See [37,
Tag 03HOJ.



2.1 Coeflicient fields and scalar extension

We justify the coefficient choice in Section 1 without requiring a mixed-characteristic lift of every
algebraically closed field. Put £ = F, and choose an embedding x — k. For any finite group X, the
ideal rad(kX) ®y k is nilpotent, and the quotient of kX by this ideal is the scalar extension of the
split matrix product kX/rad(kX). That quotient is again a split semisimple algebra. The ideal is
therefore exactly rad(kX), and the simple modules correspond under scalar extension.

The center also commutes with this extension: it is the kernel of the finitely many linear
maps a — ar — xa, * € X, and field extension preserves kernels. Each local factor of Z(kX) has
nilpotent radical and residue k; after extension it still has nilpotent radical, now with residue k, so
remains local. Thus primitive blocks correspond and their simple-module counts agree. Coefficient
restriction, restriction to centralizers in the Brauer map, and the quotient maps for normal subgroups
all commute with scalar extension. The residue characters of the local central factors extend as well.
Consequently the central-character block assignment in (1.1) is preserved, for every subgroup and
subquotient involved in a weight. It suffices to prove the numerical identity over k.

To construct the coefficient ring, start with Z,, lift a tower of finite separable extensions of
its residue field IF,, that exhausts x, and complete the union. The construction at the start of the
proof of Proposition 6.1 shows that this gives a complete discrete valuation ring of characteristic
zero with residue k. In an algebraic closure of its fraction field, choose matrix realizations of every
ordinary irreducible representation of every subgroup of G. There are only finitely many such
representations and matrix entries. Adjoining their entries gives a finite field extension that splits
all those subgroups. Its valuation ring is again a complete DVR by Foundation 5; its finite residue
extension is still k, which is algebraically closed. This gives the system (K, O, k) used in Section 3.
Quotient representations inflate, so the same coefficients split the required subquotients. These
coefficient fields are separate from the auxiliary geometric fields constructed later.

The remaining sections prove the blockwise chain identity, the marked high-index twist, the
genus estimate with exact rounding, the required valued-field assertions, and the specialization
model. The foundations above supply their classical inputs, not the desired weight equality.

3 From block counts to generating tuples

Fix a prime p. Write O,(X) for the largest normal p-subgroup of a finite group X, and put
[,y] = zyz~'y~!. A p-element includes the identity; a p’-element has order prime to p; and a
p-singular element has order divisible by p. The geometric sections will establish the following
precise counting statement. Its uniformity is part of the assertion.

Theorem 3.1 (Uniform divisibility for generating tuples). Let J be a finite group with Op(J) = 1.
For s >0, n=p°, and a multiset M of n conjugacy classes of p-singular elements of J, let Njs(M)
be the number, modulo simultaneous J-conjugation, of ordered tuples

(T, y,uty ..., up) € Jt2

satisfying
[z, ylug - up =1, (T, y,uty ... up) = J, {[ua], ..., [un]} = M. (3.1)

For every integer h > 1, there is an integer so = so(p, J, h) such that
p" [ Nps(M) (s > s0)

for every such multiset M.
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The entries u; remain ordered: prescribing their multiset of classes does not quotient by
permutations. Empty tuple sets have count zero, so the statement includes J = 1 and groups of
order prime to p. The proof of Theorem 3.1 is completed after Proposition 7.1. This section proves
that it implies the block equality, using Foundations 1 and 2 and proving the required counting
reductions explicitly.

3.1 Coefficient projection and the weight transform

For each ambient finite group X, choose a splitting coefficient system (K, O, k) as in Sections 1
and 2.1, with X in place of G. Hold this system fixed throughout the calculations with X and its
subquotients. This system also splits all subquotients that occur below: a subgroup of a quotient lifts
to a subgroup by taking its preimage, and a representation of a quotient inflates to that preimage.
These observations apply after any number of subgroup and quotient steps. Ordinary irreducibles
may therefore be realized over K. Their identification with complex irreducibles, when needed,
follows by first splitting the group algebra over Q and then extending scalars to algebraically closed
characteristic-zero fields.
For a central idempotent E£ € kX, define

[(X, E) = #{simple kX-modules selected by E'},
kora(X, E) = #{ordinary irreducibles selected by the lift of E'},
2(X, E) = #{x selected by that lift : x(1), = |X|,}.

Here and throughout, modules and characters are counted up to isomorphism. The class sums form
a basis of Z(OX), and their reductions form a basis of Z(kX). Idempotent lifting over the complete
DVR thus gives a unique central idempotent lifting F. Every integral central element acts on an
ordinary irreducible by a scalar in O: the scalar lies in K by splitting and satisfies a monic integral
equation by finiteness, and O is integrally closed. Reduction of this scalar defines a character of
Z(kX). The Artinian local decomposition of that center shows that it is precisely Ay, where b is the
block containing the ordinary irreducible.

For H < X, let sy denote coefficient restriction from Z(kX) to Z(kH), or its integral analogue
when appropriate. For a p-subgroup @, let Brg denote restriction of coefficients from the @-invariants
(EX)? to kCx(Q).

Lemma 3.2 (Normalizer projection). The map Brg : (kX)? — kCx(Q) is a unital algebra
homomorphism. Suppose that

Q < H < Nx(Q), Cx(Q) < H.

Wrriting mg : kH — k[H/Q)] for the quotient map, one has, for v € Z(kX),

TQ(su(v)) = To(Brg(v)),  Ap(su(v)) = Ap(Brg(v)) (3:2)
for every block b of H. In particular \y o sy is the central character of a unique block of X.

Proof. To compute the coefficient of g € Cx(Q) in a product of two Q-invariant elements, let @
conjugate the pairs (a,b) with ab = g. Coefficient products are constant on the orbits. Every
nontrivial orbit has size divisible by p, and the fixed pairs are exactly those with a,b € Cx(Q). This
proves multiplicativity; the identity is preserved.

Each coset h@ is stable under conjugation by @, because h € Nx(Q). Applying the same
orbit cancellation to the sum of coefficients over that coset proves the first identity in (3.2). Also
Brg(v) € Z(kH), since its support lies in Cx(Q) < H and it is invariant under H.
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Every nonzero module for a finite p-group over k has nonzero invariants. For completeness,
choose a central element z of order p; the nonzero kernel of z — 1, whose pth power is zero, is
a module for the smaller group Q/(z), and induction applies. If the module is simple for H, its
@Q-invariants are H-stable, and hence the whole module. Thus every simple kH-module factors
through H/Q, proving the second identity. The composition with Brg is a unital algebra character.
Characters of the finite commutative algebra Z(kX) are its local residue characters, one for each
block, giving uniqueness. O

For H = Nx(Q) put
Eq = mq(su(E)) = mq(Bro(E)) € Z(k[H/Q)).

This is an idempotent. Its selected defect-zero quotient characters are exactly the weights assigned
to the blocks appearing in E. Indeed, the lift of Brg(FE) maps to the lift of Fg by uniqueness of
central idempotent lifting. Its action on the inflation of a quotient character is therefore one exactly
when the latter is selected by F¢. If b is the block of this inflation, the same test is

Mo(Brg(E)) = M(s(E)) = 1.

By Lemma 3.2, this says that the induced block is one of the blocks in F, with the coefficient-
projection definition in (1.1). Once @ is fixed up to X-conjugacy, there is no further identification
of its quotient characters: Nx(Q) acts on Nx(Q)/Q by inner automorphisms.

For a conjugation-invariant function g of such pairs (X, F), define

(T9)(X, E) = > 9(Nx(Q)/Q, Eq). (3-3)

1<Q<X a p-subgroup
up to X-conjugacy

Consequently the desired universal equality for block sums is [ = (1 + T')z. The identity term
includes precisely Q = 1. Every transition in T strictly decreases the p-part of the group order,
so T is nilpotent on each evaluated pair. Thus the formal inverse (1 + 7)1 = 3, o,(=T)" is
evaluation-wise finite. B

The next step makes the connection with subgroup-chain formulations of the weight conjecture
[25]. We derive the particular normal-chain identity from this finite inverse, retaining its idempotent
and orbit data throughout.

Definition 3.3 (Chains). A chain in X is a strictly increasing sequence of p-subgroups
C=1=Qo<Q1<--<Qy), IC| =r.
The length-zero chain (1) is included. Set
T
He = [ Nx(Q), Ec = Brg, (E).
i=0
Call C normal if every @Q; is normal in Q.

For every chain, normal or otherwise, Cx(Q,) < He < Nx(Q,), so E¢ is an idempotent of
Z(kH¢). For a normal chain one also has @, < He.

Lemma 3.4 (Finite chain inversion). The identity | = (1+T')z for all pairs (X, E) is equivalent to
A E) = 3 (—1)Cli(He, Ee), (3.4

Cc/X
C normal

where C/X denotes one representative of each X -conjugacy orbit.
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Proof. We identify the terms of T"l. After r steps they correspond to normal chains of length 7,
with group He/Q, and idempotent

7Q, (sHe (E)) = mq, (Ec).

For the induction, the preimage Q41 of a nontrivial p-subgroup of H¢/Q, is a p-group strictly
containing @),. It lies in H¢ and therefore normalizes every preceding ;. Conversely every normal
one-step extension arises in this way. Its normalizer in the quotient has preimage He N Nx (Qry1) =
Her. After fixing C, conjugation is by its stabilizer He, which is exactly quotient conjugation at the
next step. This proves the orbit assertion without an extra multiplicity.

To check the idempotent at the next step, write E = )y e;x and put H = H¢r. The new
normalizer in He/Q, is H'/Q,. Restriction to this normalizer retains exactly the coefficient sums
over the Q,-cosets contained in H’. Choose a set A of representatives for the cosets of Q, in Q,11.
For h € H', the subsequent quotient has coefficient

YD hag= Y. em

acA qu'r teQr+1

at hQ,y1: the sets aQ,, a € A, partition ;1. These are precisely the coefficients of mg, ., (s (E)).
By Lemma 3.2, this idempotent is 7q, ,,(Ec), as required. Every simple kHe-module factors
through H¢/Q, and has the indicated idempotent action. Hence the contribution to 771 is the
corresponding term in (3.4). The finite inverse of 1 + 7" now gives the equivalence. O

3.2 Cocenters and subsections

By Lemma 3.4, the remaining algebraic objective is (3.4). We next express ordinary character
counts as sums of simple-module counts in centralizers. Chain cancellation will then replace the
alternating sum of [ by an alternating sum of k..q, which can be computed by central traces.

For an algebra A, write V(A) = A/[A, A], where [A, A] is the linear span of commutators, and
write @ for the image of a. A central element acts on V(A) by multiplication.

Powers modulo commutators underlie Kiilshammer’s generalized Reynolds ideals; see [18, Sec-
tion 2]. We give the finite-dimensional argument needed to extract the two block counts.

Lemma 3.5 (Cocenter ranks). For a finite-dimensional k-algebra A, the map
Fa:V(A) — V(4), a+— aP

1s well-defined and Frobenius semilinear. Its stable image has dimension equal to the number of
simple A-modules, and its summand selected by a central idempotent has dimension equal to the
corresponding simple-module count. For A = kX, this stable image is the span of the p'-classes.
The ranks of multiplication by E on that span and on all of V(kX) are, respectively, (X, E) and
kora(X, E).

Proof. In the expansion of (a + b)?, cyclic rotations of any mixed word give the same cocenter class.
Their orbits have size p, leaving only aP and b”. Thus the power operation into the cocenter is

additive and is Frobenius semilinear. Moreover (ab)? = (ba)P, by one cyclic rotation; additivity
shows that this operation kills the linear commutator space. It therefore descends to F4.

Let R be the Jacobson radical of A. The kernel of V(A) — V(A/R) is represented by elements
of R: lift any commutator expression downstairs and subtract it upstairs. Since R is nilpotent, a
sufficiently high iterate of F4 kills this kernel. On the split semisimple algebra A/R, the cocenter
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has one matrix-trace coordinate per simple factor, and F4 raises each coordinate to the pth power.
It is bijective because k is perfect. For example, the trace identity here follows by triangularizing a
matrix over k and taking the pth powers of its diagonal entries.

The descending images of F'4 stabilize, since they are k-subspaces of a finite-dimensional space.
Denote the stable image by S and the quotient map by ¢ : V(A) — V(A/R). Choose m large
enough that S = im F}* and F}" kills kerg. On S, the map F4 is surjective and hence bijective,
because it is semilinear for the automorphism a +— aP of the perfect field k. If x € S Nkerq, then
F3'(z) = 0; injectivity on S gives z = 0. To prove surjectivity of ¢|g, take y € V(A/R). The
Frobenius map Fj /g is bijective, so choose 3" with FZ‘/R(y’) = y and lift y to 2 € V(A). Then
Fi'(z) € S and ¢(F}'(x)) = y. Thus ¢|g is an isomorphism. Finally (Ea)? = EaP for a central
idempotent FE, so all these statements respect its summand.

For a group algebra the cocenter is free on conjugacy classes, represented by individual group
elements: the commutator relations identify exactly conjugate elements. Sufficiently high p-powers
land on p’-elements, and taking pth powers permutes the p’-classes. This identifies the stable image.
The integral cocenter V(OX) is free on the same class basis. The lift of E projects it onto a free
direct summand, whose rank is unchanged over k and K. Split semisimplicity over K identifies this
rank with koq (X, E). O

Every group element has a unique commuting factorization into its p-part and p’-part, both
powers of that element. A section is the set of elements whose p-parts are conjugate to a fixed
p-element.

The next identity is Brauer’s classical subsection count [5]. The cocenter argument also proves the
support property needed for the defect-zero detector, without dividing by class sizes in characteristic
.

Lemma 3.6 (Subsection formula and support). For every central idempotent E € kX,
kord(X,E) = Y 1(Cx(u),Bry,(E)). (3.5)

[u] an X-class
u a p-element

Multiplication by E preserves the section decomposition of the cocenter and the section decomposition
of the center into spans of class sums.

Proof. Fix a p-element u and set C' = Cx(u). The map ¢ — ut identifies the p/-class span of V (kC)

with the section span belonging to w in V' (kX). It is a bijection of class bases: conjugacy of ut and

ut’ forces a conjugating element to centralize their common p-part u, and the converse is immediate.
For t € C a p/-element, conjugation by (u) in the expansion of Eut gives

Eut = Br, (E)ut.

Indeed, the coefficients are constant on these orbits and the cocenter classes of their products with
ut agree; only fixed orbits survive. The restricted idempotent is central in kC and preserves its
p'-class span by Lemma 3.5. Multiplication by w is central in kC, so the displayed identification
intertwines the two idempotent actions. Their ranks are thus the terms in (3.5). Summing the
ranks over the sections proves that identity.

For the center, use the pairing

Z(kX)x V(kX) — k, (a,b) — 7(ab),
where 7 takes the coefficient of 1. It is nondegenerate: a class sum pairs with an individual
representative of its inverse class with coefficient one. Multiplication by FE is self-adjoint for this

pairing. Sections on the center pair with the inverse sections of the cocenter, so preservation there
proves preservation here. In particular no class-size division is involved. ]

14



3.3 Two cancellations on chain orbits

Lemma 3.7 (Removal of nonnormal chains). In an alternating sum over chain orbits, every
contribution that depends only on He and @, cancels on the nonnormal chains. Thus such a sum
may be taken over all chains or only normal chains.

Proof. For a nonnormal chain, let ¢ be the largest index for which A = @Q); is not normal in P = @,
and let R be the normal closure of A in P. Then A < R < Q;11: every later member is normal in
P. Also R < P. To see the latter, put the proper subgroup A in a maximal subgroup of P, which is
normal because P is a finite p-group; it contains R.

Insert R immediately after A if it is absent, and remove it if it is present. The last group P and
the last nonnormal member A are unchanged, so this operation is an involution. Every element
normalizing A and P normalizes their normal closure R; hence insertion or removal leaves He¢
unchanged. The operation commutes with X-conjugation and changes the length by one. It induces
a fixed-point-free sign reversal on the orbits, which proves cancellation. O

Lemma 3.8 (Alternating subsection cancellation). One has

S ()€liHe E) = Y (=) lkga(He, Ee). (3.6)
C/X C/X
C normal C normal
Proof. By Lemma 3.7, both sums may be taken over all chains. Expand the ordinary count by
Lemma 3.6. The u = 1 terms give the simple-module sum. The other terms are indexed by X-orbits
of pairs (C,u), with u # 1 a p-element in He. This orbit description follows because the stabilizer of
a fixed chain is H¢. The contribution of such a pair is

Z(Hc ﬂCX(u),BrQT<u>(E)) (37)

Here u normalizes Q,, so Q,(u) is a p-group; successive coefficient restrictions have support
Cx(Qr) NCx(u) = Cx(Qr(u)), proving the idempotent in this expression.

Let i be the largest index, allowing 0 and r, for which u ¢ @;. Such an index exists since Qp = 1.
Toggle R = Q;{u) immediately after @);: insert it if absent, and remove it if present. It is a p-group,
since u normalizes ();, and it is contained in every later member, all of which contain u. The last
member not containing u therefore remains ();; this proves involutivity, including an insertion after
the terminal member and its inverse deletion.

Every element centralizing u and normalizing @); normalizes R. Thus He N Cx(u) is unchanged.
The product of the terminal member with (u) is also unchanged, even when the terminal member is
inserted or deleted. Hence (3.7) is preserved. The operation is X-equivariant and reverses the sign,
so all u # 1 terms cancel. O

3.4 Detecting defect zero by central elements

By Lemma 3.8, it remains to prove that the alternating ordinary-character sum in (3.6) equals
z2(X, E). Their difference retains the signed contributions of all characters selected by E¢ on
positive-length normal chains, but omits the selected defect-zero characters at the chain (1). We
will realize this difference as a trace limit by constructing a central element with the corresponding
zero-or-one central-character values.

Put
cx = Z u, dx = Z [z, y], Ix(a) = Zxax_l.

u€X a p-element z,yeX reX
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These elements and the image of Ix are central. Call a block semisimple if its algebra is semisimple;
since a block has no nontrivial central idempotent, such a block is one full matrix algebra over k.

The scalar of dx will identify these semisimple blocks with the ordinary defect-zero characters.
The complement 1 — cx will then remove exactly those blocks from the central trace, using the
support information supplied by Ix.

The operator Ix is the group-algebra Higman trace [19, Section 2|; see also [27, Sections 2.4-2.5].
The use of cx to isolate defect zero goes back to Tsushima [38, Theorem 1]. The following proof
records the exact radical-annihilation and central-character consequences used in our trace limit.

Lemma 3.9 (Averaging and defect zero). The image of Ix, and also dx, annihilates the Jacobson
radical of kX . On a semisimple block, dx has nonzero central scalar; on every other block its central
character is zero. Fach semisimple block contains exactly one ordinary irreducible, which has defect
zero, and every ordinary defect-zero irreducible occurs in this way. Moreover:

(i) im Ix s the span of class sums of elements whose centralizers have order prime to p;

(ii) each semisimple block idempotent belongs to imIx and has zero Brauer image at every
nontrivial p-subgroup;

(iii) A\p(cx) =0 on every nonsemisimple block b.

Proof. Radical annihilation. The form (a,b) — 7(ab) on kX is symmetric and nondegenerate. For
dual bases v;, v}, the tensor 2 = >, v; ® v] is independent of the chosen bases. Apply the linear
map u ® v — uav to this tensor. In the group basis, whose dual basis consists of the inverses, the
result is Ix(a). Similarly, apply u ® v ® w ® z — wwvz to Q ® Q. In the group basis the result is
oz yex zyz'y~! = dx. Thus in any dual bases

Ix(a) = Zviavf, dx = Zvivjv;‘vj = ZIX(vj)vj. (3.8)
i 1,7 J

For b in the radical R, the trace identity
T(Ix(a)b) = TI‘(LbRa)

follows by writing the trace in these dual bases; L and R denote left and right multiplication. Since
Ly is nilpotent and commutes with R,, this trace is zero. Replace b by bc for arbitrary ¢ € kX, and
use nondegeneracy to obtain Ix(a)b = 0. The final expression in (3.8) then shows that dx R = 0 as
well, because v; R C R.

Semisimple blocks and ordinary defect zero. Distinct block ideals are orthogonal for the form.
On a semisimple block M(k) its restriction is ¢ Tr for some ¢ € k*. Indeed a symmetric functional
kills commutators, whose quotient in a matrix algebra is the trace line, and nondegeneracy forces
t # 0. Matrix units e;; have duals ¢~ te;;. Since > eijaej; = Tr(a)l, the first contraction in (3.8)
gives Ix(a) =t~ Tr(a)l. In particular Ix(e;;) =t 1d;;1, so its last expression gives

dX = le(eij)t_leji = t_QZen' = t_21.
,J A

We have therefore proved
Ix(a) =t"1Tr(a)l,  dx =t"21 on this block. (3.9)

In particular its idempotent lies in the image of Ix; one can take a = tej;. These formulas do not
require d to be nonzero in k. On a nonsemisimple block, a central element with nonzero residue

16



scalar is a unit in its local center. Such a unit cannot annihilate the nonzero radical. This proves
the assertion about the central character of dx.
Now compute the same commutator sum in characteristic zero. If x has degree d, Schur’s lemma
gives
1y XX (@)
Z plzyz™t) = —a 1.
zeX
Multiply by p(y~!), sum over y, and take traces. Ordinary character orthogonality gives the scalar
_1XP
x(1)*
It is integral, by the integrality of ordinary central scalars. Its reduction is nonzero exactly when
vp(x(1)) = vp(|X]), namely in defect zero. The modular calculation therefore puts exactly these
characters in semisimple blocks. Such a block has cocenter dimension one, so Lemma 3.5 shows that

its lifted block selects exactly one ordinary irreducible. This also proves existence of that character.
Support and the p-element sum. For a group element g one has

Ix(9) = [Cx(9)] Y a.

a€lg]

Ax(dx) (3.10)

This proves assertion (i). The support of a semisimple block idempotent, already in this image,
therefore contains no element centralized by a nontrivial p-subgroup, proving (ii).

Finally fix a nontrivial p-subgroup P. Choose z € Z(P) of order p. It is central also in Cx(P),
and multiplication by z preserves the set of p-elements of that centralizer. With ¢ = Z?;é 27, the
sum of those p-elements factors as ¢ times a sum of orbit representatives. As ¢ is central and
¢*> = pq = 0, this proves

Brp(cx)? =0, Brp(ck) = 0.
2

If p divides |Cx (g)|, a nontrivial p-subgroup P < Cx(g) makes the coefficient of ¢ in c% vanish by
this identity. Assertion (i) gives c% € im Ix. On a nonsemisimple block its central character must
therefore vanish, by the same radical-annihilator argument. Since \y(cx)? = A\p(c%) = 0, assertion
(iii) follows. O

Lemma 3.10 (An element with zero-or-one residues). Let v = E(1—cx). It is central and supported
on p-singular elements. For a normal chain C of positive length, its restriction to He satisfies

)‘b(ch (’U)) = )\b(EC) € {07 1}

for every block b of He. For the length-zero chain, the scalar is one on the nonsemisimple blocks
selected by E and zero on every other block.

Proof. The element 1 — cx is the negative sum of the nonidentity p-elements, hence lies entirely in
p-singular sections. Section preservation from Lemma 3.6 proves the same support assertion for v.
Let By be a semisimple block idempotent. Since v is central and BokX is a full matrix algebra, Bgv
lies in its one-dimensional center kBy. On the other hand, section preservation makes the support
of Byv p-singular. By Lemma 3.9, the support of By contains only elements whose centralizers have
order prime to p, and therefore no p-singular elements. The two support conditions force the scalar
multiple Byv to be zero. On a nonsemisimple block, Lemma 3.9 gives A\y(v) = \y(E), proving the
length-zero assertion.

For positive length, put Q = Q, # 1 and H = He. By Lemma 3.2, \, o sy is a central character
of X and factors through Brg. It cannot be the character of a semisimple block By: that would give
value one on By, whereas Brg(By) = 0 by Lemma 3.9. On its nonsemisimple block, A(v) = A(E).
Applying Lemma 3.2 to E gives the asserted value A\y(E¢). O
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3.5 Central traces and the final cancellation

Choose a class-sum lift
U= aqa € Z(0X)
aeX
of the detecting element v = F(1 — cx) from Lemma 3.10, with «, = 0 whenever a is not p-singular.
For a positive integer n, define

O, = > (1) T (s, (3)" | V(K He)), (3.11)
/X

where the operator is central multiplication and all chains are included.

Lemma 3.11 (The first trace limit). In the valuation topology of K,

lim ®pe = (=) korq(He, Ec) — 2(X, E). (3.12)
S§—»00 C/x
C normal

Proof. The nonnormal chains cancel by Lemma 3.7, since their trace contribution depends only
on the stabilizer. For a remaining chain, the cocenter of K He has one coordinate per ordinary
irreducible. The unpowered operator has on these coordinates integral central eigenvalues reducing
to the scalars in Lemma 3.10.

If an eigenvalue reduces to zero, its p°th powers tend to zero. If it is 1 + a with val(a) > 0, the
binomial formula gives

val((1 4+ a)? — 1) > min{val(p) + val(a), pval(a)}.

After normalizing the discrete valuation to integer values, each iteration increases the positive
valuation by at least one, unless the difference has already become zero. These powers tend to one.
This argument applies also to p = 2 and requires no finiteness of the residue field.

For positive-length chains the limiting trace therefore counts all ordinary irreducibles selected by
E¢. At length zero it omits the semisimple blocks, each of which contributes exactly one defect-zero
character by Lemma 3.9. There are finitely many chains and irreducibles, so limits may be summed,
proving (3.12). O

The next identity follows from Frobenius’s commutator-counting formula and is the weighted
genus-one case of the surface formula in [24, Theorem 2.1 and Equation (3.1)]. Its single denominator
is important when chain orbits are replaced by actual chains, so we verify the normalization directly.

Lemma 3.12 (Trace normalization). For H < X and w = sy (),

1 n
Tr(w" | V(KH)) = = > IT .- (3.13)
| | T,Y,U1,...,un€H 1=1
[2yJur - un=1
Proof. The sum on the right before division is 7(dgw™). The regular trace of any element of K H is
|H| times its identity coefficient. On the other hand, (3.10) and the regular decomposition give

i) = Y 22wy
x€lrr(H) X(l)

= |H]? Tr(w" | V(K H)).

Dividing proves exactly the single denominator in (3.13). O
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For a subgroup J < X, define an integer on actual chains, without quotienting by conjugation,

ax(J)= > (-nll. (3.14)
C a chain in X
J<H¢

Lemma 3.13 (Cancellation by a normal p-subgroup). If Op(J) # 1, then ax(J) = 0.

Proof. Put P = O,(J). In any chain normalized by J, each @); is normalized by P < J, so Q; P is a
p-subgroup. Both factors are normalized by J, making their product J-normalized. Let ¢ be the
last index such that P £ Q;; it exists since Qo = 1 and P # 1. Toggle Q; P immediately after Q;. It
strictly contains ; and is contained in all later members. Insertion and deletion preserve the last
member not containing P, so this is an involution. It is defined also for the length-zero chain and
for terminal insertion or deletion. It preserves the property of being normalized by J and reverses
the sign. The sum of actual chains in (3.14) therefore vanishes. O

Proposition 3.14 (Reduction to uniform tuple divisibility). If Theorem 3.1 holds for every finite
group with trivial p-core, then for every finite group X and central idempotent E € kX one has
I(X,E)=((14T)z)(X, E). In particular the block equality in Theorem 1.1 follows, with the stated
block assignment and with Q = 1 included.

Proof. The orbit of a chain C has size | X|/|H¢|. Consequently Lemma 3.12 changes the orbit sum
(3.11) into the following sum over actual tuples and actual chains:

1 n
P, = =i > ax ((z,y,ut, - un)) [] o (3.15)
i=1

‘ | LY ULy U €EX
[z,y]ur-up=1
To verify the factor, each orbit contribution has prefactor 1/|Hc¢|; replacing its representative by all
|X|/|Hc| conjugates gives the common prefactor 1/|X|. For a fixed tuple the admissible chains are
exactly those normalized by its generated subgroup. This is precisely ax(J).

By Lemma 3.13, only generated subgroups J with O,(J) = 1 contribute. By the support of v,
only tuples with every u; p-singular contribute. Fix such a subgroup J and group its generating
tuples according to the multiset M of J-conjugacy classes of the u;. The product [[; a,, is constant
on this multiset: the coefficients are constant on X-classes, hence on J-classes, and their product
is unchanged by reordering. Denote this integral product by a(M). A generating tuple has
simultaneous conjugation stabilizer Z(J), since an element centralizing all its entries centralizes
the group they generate. Thus its number of actual tuples is |J|/|Z(J)| times its orbit count. For
n = p°, the numerator in (3.15) is therefore

w5
Jg{ x<J>|Z(J)|% (M)Ns(M). (3.16)
0,(J)=1

Fix any h > 1. By Theorem 3.1, each summand of the inner sum belongs to p"© for all
sufficiently large s, with a threshold independent of M. Although the number of multisets grows
with s, the sum is finite for each s and remains in that same ideal. There are only finitely many
subgroups J < X, so take the largest of their thresholds. The integer factors in (3.16) preserve
divisibility. We conclude that its numerator tends to zero in the valuation topology. The fixed
denominator | X| does not change this conclusion, so ®,s — 0.

Combine this with Lemma 3.11 and Lemma 3.8. The resulting equality is (3.4); its integer terms
agree in the characteristic-zero field K, and hence agree as integers. The same reasoning applies
to every pair and to the splitting subquotients arising in the transform. Lemma 3.4 now gives
Il = (14 T)z. The weight interpretation of (3.3) proves the asserted block equality. O
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4 A genus-one curve with large index and independent labels

The fields in this section are auxiliary to the block coefficient system. Fix a prime p and put £ = F),.
For n = p® we will construct a genus-one curve E/Fy with a finite étale divisor B of degree n. Every
divisor on E will have degree divisible by n. We will also choose a constant elliptic curve Ag/k
and a cyclic extension F'/F, with F' = k(Ay), over which the marked points identify with the
generic projection points t; of Aj. For a nonzero invariant differential n on Ay, the pullbacks ¢/n
will form a basis of Qp//.. These are absolute differentials over r, not relative differentials over F' '
the coordinates of the marked points are themselves parameters in F’. We will bound how much
the divisor index and the rank of these forms can decrease after finite extensions whose degree has
small p-part.

For context, arbitrary-index genus-one curves over infinite fields finitely generated over their
prime fields are constructed by Clark and Lacy [9]. The fields here are instead finitely generated
over k, and our curve must carry the independent marked differential labels as well as the prescribed
index. We prove both properties for one translated cyclic twist.

4.1 An elliptic curve with arbitrarily deep torsion

An elliptic curve in characteristic p is ordinary precisely when it has nonzero geometric p-torsion.
We construct this property directly.

Lemma 4.1. For every prime p there is an elliptic curve Ag/k with a point of order p. On this
same curve, for every s > 1 there is a point P € Ay(k) of exact order p®.

Proof. For p = 2, take the Weierstrass cubic
v 4oy =23 + 1.

The affine partial derivatives could vanish simultaneously only at (z,y) = (0,0), which is not on the
curve. In its projective equation Y27 4+ XY Z = X3 4 Z3, the origin [0 : 1 : 0] is smooth because
the partial derivative with respect to Z is nonzero there. Its points over [Fy are

0:1:0], (0,1), (1,0), (1,1).

Thus its finite group of rational points contains an element of order 2, by Sylow theory.
Suppose that p is odd and put r = (p — 1)/2. Consider

Al)=a@ -1 =X,  HQ)=[""]fi@).

Here [z?] means the coefficient of z®. The coefficient of \" in H is (—1)": in 2" (x — 1)"(z — \)",
take (—A)" from the last factor and z" from the middle factor. In particular H is not the zero
polynomial. Choose X € k\ {0,1} with H(X) # 0. The cubic

Ag: v = flo)

is smooth, since f) has three distinct roots and the point at infinity is smooth.

Choose ¢ = p* with \ € [F,. For each z € Fy, the number of solutions for y is 1 + x4(far(2)),
where Yy, is the quadratic character with values in {0,1,—1}. Its reduction in F, is fy(z)@~1/2
Reducing the point count modulo p therefore gives

#A(F) =1+ > fula) a2 =1 B (4.1)

z€lF,
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We verify the last equality, including its coefficient calculation. The exponents occurring in
fr(x)@=D/2 range from (¢ — 1)/2 to 3(¢ — 1)/2. Among them, only ¢ — 1 is a positive multiple of
q — 1. Since IF; is cyclic, the sum of 2 over F, is zero for the other positive exponents and is —1

for a = ¢ — 1. Furthermore,
-1

A@ @2 = T ()"

J=0

A contribution to the coefficient of #7971 would choose exponents a; € [r, 3r] satisfying
-1
Z Paj=p" —1.
j=0

Reduction modulo p forces ag = p — 1 (mod p). The interval [r,3r] has length p — 1 and contains
exactly one such integer, namely p — 1. Subtract this integer and divide the displayed equality by p.
Repetition forces a; = p — 1 for every j. Thus the desired coefficient is exactly [[; H (AP, proving
(4.1).

The nonzero element ¢ = H(A)1P+H+7"" Jies in . Replace F, by F 4, where d is a multiple
of the multiplicative order of c¢. The corresponding expression is ¢? = 1, so (4.1) shows that
p | #Ao(F,a). Sylow theory again supplies a point of order p.

Finally, multiplication by p is a finite locally free map of degree p? on an elliptic curve, by
Foundation 11. It is surjective, hence surjective on points over the algebraically closed field k. If @
has order p® and [p]Q’ = @, then [p®*1]Q’ = 0 whereas [p®]Q’ # 0. Starting from a point of order p
and repeatedly choosing such a preimage proves the assertion. O

4.2 Cycle sums and rational maps to a constant elliptic curve

The twist below uses n = p®, a point P € Ay(k) of exact order n, and the field F' = k(Ay) with
generic projection points ¢;. Its field automorphism and semilinear descent action on Ay rr will be

o(t;) =tiy1 — P, 0(z)=0(x)+ P (¢ modulo n).

The opposite translations make § permute the marked points. To test the degree b of a divisor on
the descended curve, we will pull it back to Ay r and take its geometric group-law sum v. Invariance

of the divisor under ¢ will give
o(v) + [b]P = v.

The first lemma shows that v is rational over F’, including when the divisor has inseparable residue
fields. Such a point is a rational map Aj --» Ap. The second lemma writes it as a constant plus
one endomorphism in each coordinate. This will let us compare the coordinate endomorphisms in
the displayed descent relation and determine which degrees b are possible.

Lemma 4.2. Let A/k be an elliptic curve and U/k a field extension. For every zero-cycle z on Ay,
its group-law sum over an algebraic closure of U, using the full geometric multiplicities, belongs to
A(U). This sum is additive for signed cycles. Translation of a cycle of degree b by a point Q € A(U)
adds [b]Q to its sum.

Proof. For a point with inseparable residue field, its multiplicity in the geometric cycle must be
included before applying Galois descent to the sum. We first show that multiplication by a power of
p moves the point into the corresponding field of pth powers. Write K4 = k(A). A nonzero invariant
differential n generates Qi , /.., and [p]*n = 0 by Foundation 11. Thus every rational function pulled
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back by [p] has differential zero. The kernel of d : K4 — Qg , /. is exactly K". Indeed, it is a
subfield containing Kﬁ, it is a proper subfield because {2, /. has dimension one, and [Ka: K i] =p
by Foundation 4. Consequently

[p"Ka C K, (4.2)

For every extension V/k, this entails
[PI(A(V)) € A(V?). (4.3)

Here k C VP because k is perfect. To justify evaluation in (4.3), take R € A(V) and a k-affine open
W containing [p|R. For f € O(W), write [p]*f = gP with g € K4, using (4.2). On [p]!W the
rational function ¢ is regular: its pth power is regular, and each local ring of this smooth curve is
integrally closed. Hence f([p]R) = g(R)P € VP for every such f. The point [p]R therefore factors
through W (VP), as claimed. Iteration gives [p“](A(V)) C A(VP").

It suffices to treat a closed point z with residue field T'/U. Let Ty, be the maximal separable
subextension and write [T : Tsep| = p*. Then T° P* C Teep- Over an algebraic closure U, the cycle of
z consists of the points R, indexed by the U-embeddings 7 : Tse, < U, each with multiplicity p*.
To see the multiplicity, first split the separable extension; each remaining purely inseparable tensor
factor is local of dimension p* over U, with residue field U.

Each embedding 7 extends uniquely to T inside U. By (4.3),

p“]Rr € A(7(Tacp))-

The geometric group-law sum is therefore Y _[p“]R, € A(UP), and Galois permutes its summands.
Galois descent for points gives a point of A(U). Additivity proves the assertion for arbitrary signed
cycles. Finally, in the geometric sum each copy of each point gains () under translation, so the
change is exactly [b]Q. O

Lemma 4.3. Let A/k be an elliptic curve.

(i) For every field extension V/k, an origin-preserving morphism Ay — Ay is a group endo-
morphism defined over k.

(ii) Ewvery rational map A™ --+ A has a unique expression

(T1,...,2p) —> Cc+ zn:ﬁl(xl), ce A(k), pi € Endg(A). (4.4)
i=1

In particular, it extends to a morphism on the whole product.

Proof. We first prove the homomorphism assertion in (i). It can be checked after extending V' to an
algebraic closure. If f(0) = 0, form

g(z,y) = fx+y) — f(x) = f(y).

Choose a point a # 0 of the target elliptic curve. The projection to the second factor of g~*(a) is
closed, by properness, and does not contain 0, because g(x,0) = 0. Its complement is a nonempty
open set W. For y € W, the morphism = — g(z,y) misses a. A nonconstant morphism of projective
integral curves is surjective, so this morphism is constant; its value at « = 0 is zero. Thus g is zero
on A x W, and hence everywhere. This proves that f is a homomorphism.

We next descend the homomorphism to s, first by controlling its values on A(x) and then by
recovering its rational functions from those values. The zero homomorphism already descends, so
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suppose that f is nonconstant. Because r = I, the curve, its origin, and any chosen point of A(k)
are defined over a common finite field. The curve has a finite group of points over that field, so
every point of A(k) is torsion. Since f is a homomorphism, each such point has torsion image. For
each positive integer N, the scheme A[N] is finite over the algebraically closed field &; all its points
with values in an extension field are therefore x-points. Consequently

f(A(r)) € A(r). (4.5)

For a rational function h € k(A), write its pullback as

t t
f*h=%7 a=3 cjaj, b=) cibj,  a;b; € r(A),
i=1 j=1

where the finitely many c¢; € V are linearly independent over . Such an expression follows by
putting a rational function in V' (A) over a common denominator and choosing a basis for its finitely
many scalar coefficients. Fix jo with b;, # 0. For all but finitely many R € A(k), all functions in
this expression can be evaluated, b(R)bj,(R) # 0, and f*h(R) € K, by (4.5). Writing Ag = f*h(R),
scalar independence gives

aj(R) = Agb;j(R) for every j, f*h(R) = LO(R).
bjo (R)
There are infinitely many such s-points. A nonzero rational function on a projective integral curve
has only finitely many zeros, so f*h = aj,/bj, € k(A). Apply this to coordinate functions on a
k-affine open of the target. The morphism f is thus a rational map defined over . It extends over
every point of the smooth source curve by the valuative criterion for properness, and the extension
agrees with f after scalar extension. This proves (i).

For (ii), view a rational map in the first variable over V = x(A"~!), the function field of the
remaining factors. It extends to a morphism Ay — Ay: the local rings at closed points of the
smooth source curve are DVRs, and properness extends the map uniquely over each of them. These
extensions are morphisms on neighborhoods and glue by separatedness. Subtracting its value at the
origin leaves, by (i), an endomorphism f; € End,(A). The subtracted value is an element of A(V),
hence a rational map from the remaining n — 1 factors. Repeat to obtain (4.4). The right-hand side
is a morphism everywhere. Its value at the origin determines ¢, and its restriction to each factor
with the other coordinates zero determines the corresponding ;. This also proves uniqueness. [

4.3 The translated cyclic twist and its index

For a regular projective integral curve over a field, its index is the positive generator of the subgroup
of Z consisting of divisor degrees; equivalently, it is the greatest common divisor of the degrees of
its closed points. Degrees throughout are taken over the stated field.

Proposition 4.4. Fiz s > 1, put n = p*, and choose Ayg/k and P € Ay(k) of exact order n as in
Lemma 4.1. There are finitely generated fields Fo C F' over k, each of transcendence degree n, and
a smooth projective geometrically integral genus-one curve E/Fy with the following properties:

(i) F' = k(A}), and F'/Fy is cyclic Galois of degree n. With t; € Ag(F") the generic projection
points, a generator satisfies

o(t;)) =tiy1 — P (i modulo n). (4.6)
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(ii) Under an identification Epr ~ Ag pr, the descent action on points is x — o(x) + P. The two
disjoint divisors

n n—1
Bp =Y _[t], Dpr=>_[jP] (4.7)
i=1 J=0

descend to finite étale effective divisors B, D of degree n on E, and D is ample.
(iii) The index of E/Fy is exactly n.

Proof. The cyclic permutation followed by translation on the smooth product Aj defines the
automorphism of its function field in (4.6). Its powers satisfy

o%(ti) = titaq — [a] P.

Thus 6™ = 1. If 0 < a < n, the maps given by the independent projections t; and t;, cannot differ
by a constant: vary one factor while holding the other fixed. Therefore o # 1. Set Fy = (F'){7).
Finite fixed-field theory gives [F” : Fy] = n with the indicated cyclic Galois group. Since F'/k
is finitely generated of transcendence degree n, the same is true of Fy/k. More explicitly, choose
a transcendence basis of Fy/k; it is also a transcendence basis of F’/k, and F’ is finite over the
rational function field on this basis, as is its intermediate field Fy.

On Ay rr use the semilinear action

d(z) =o(x) + P.

Since o fixes P and [n]P = 0, this action satisfies 6" = 1. The translation by —P in the field
action cancels the translation by P here, so ¢ sends t; to t;11. It also sends jP to (j + 1)P. Thus
the generic projections give the invariant marked divisor Bg/, and the orbit of the origin gives the
separate invariant divisor D of degree n. All their points are distinct, and the two supports are
disjoint: a generic projection is nonconstant, so cannot equal a constant point jP.

We use Dpr to descend the curve projectively; once descended, its degree will also give the upper
bound n for the index. The invertible sheaf O(Dgs) has a canonical linearization, obtained by
applying the action to rational functions with prescribed poles in the invariant divisor. It is ample:
its third power is the tensor product of the translates of O(3[0]) by the points j P, and O(3[0]) is the
ample Weierstrass hyperplane bundle. Thus projective Galois descent, in the form of Foundation 6,
constructs E and descends both divisors. Smoothness, geometric integrality, finiteness, and the
étale property follow after the splitting extension; ampleness descends as well. Cohomology and
base change give dimp, H'(E,Og) = 1, so E has genus one.

It remains to prove that every divisor degree is divisible by n. The two preparatory lemmas
reduce this to comparing endomorphisms in the cyclic descent relation. Let Z be an arbitrary
divisor on E of degree b, and pull it back to Ay r/. Pullback preserves its degree. By Lemma 4.2,
its geometric group-law sum, including inseparable multiplicities and signed coefficients, is a point
v € Ag(F"). The pulled-back divisor is invariant under §. Applying the translation formula in that
lemma yields

o(v) + [b]P =v. (4.8)

By Lemma 4.3, the point v, viewed as a rational map from Af to Ag, has the form

v=c+ zn:ﬁz(tz), (XS Ao(/i), Bi € EndK(Ao).
=1
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Substitution in (4.8) gives
n n
Y (Bic1 = Bi)(t:) + BIP =Y Bi(P) =0, Bo = fn. (4.9)
i=1 =1
This equality at the generic point is an equality of morphisms on the product. Evaluate it first
at the origin and then on one factor at a time. Each §;_1 — 8; must be zero, so all §; equal one
endomorphism §. Their translation terms sum to

3" 6i(P) = B([n]P) = 0.

Equation (4.9) now gives [b]P = 0. Since P has exact order n, this proves n | b. The divisor D has
degree n, so the index is exactly n. O

The marked divisor also has the differential property stated at the start of the section. Fix a
nonzero invariant differential  on Ag. The product formula for Kéhler differentials, evaluated at
the generic point of A, gives

Qp e =P F' . (4.10)
=1

Thus the same splitting field that supplies the marked points makes their absolute differential forms
independent.

4.4 Consequences after finite extension

Corollary 4.5. Let h > 1 and s > h, and let F/Fy be a finite extension with [F : Fyl, < p". Every
divisor on Er has degree over F divisible by p*~". More generally, if C/F is a regular projective
integral curve with a finite dominant morphism C' — Ep, then every divisor and every invertible
sheaf on C has degree over F divisible by p*~".

Proof. Put N = [F : Fy|. For a closed point z of Er mapping to = of E, finite pushforward is
z > [k(z) : k(z)]x. Its degree over Fy is

[k(2) : k(x)] [k(z) : Fo] = [k(z) : Fy) = N[k(2) : F].

Thus a divisor of degree b over F' pushes forward to a divisor of degree Nb over Fy, including when
F/F, or a point’s residue extension is inseparable. By Proposition 4.4, p* | Nb. Since N, < Pl it
follows that p*=" | b.

For C' — EF, the same residue-field tower calculation shows that pushforward preserves the
degree over F'. Apply the first assertion to this pushforward. Finally every invertible sheaf on a
regular integral curve has a nonzero rational section and is the invertible sheaf of its divisor, so the
line-bundle assertion follows. O

Lemma 4.6. Let F//Fy be a finite extension with [F : Fy), < p", and choose a compositum S = FF'.
Then S/F is finite Galois of degree dividing n, and

[S: F'], < ph. (4.11)

Fiz a nonzero invariant differential n on Ag. For every subset I C {1,...,n}, the forms tin, i € I,
have rank at least [I| — h in Qg,.. The covectors

(-t eSe0y,, el (4.12)

also have rank at least |I| — h.
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Proof. Since F'/Fy is Galois, its compositum with any finite extension F'/ Fy, including an inseparable
one, is Galois over F', with Galois group a subgroup of Gal(F’/Fy). Consequently [S : F] divides
n = p°®. The tower identity

[S: F'|[F': Fy)=1[S: F||F: F

then gives (4.11).
The forms tfn are the basis in (4.10). Their loss of independence over S is measured by the
kernel of the first map in the exact sequence

S®F! QF’/n — QS/H — QS/F’ — 0.

The first two spaces both have dimension n over S, since the fields are finitely generated of
transcendence degree n over the perfect field k. The dimension of the kernel of the first map is
therefore dimg Qg/ps. Let Ssep/F” be the maximal separable subextension and write [S : Seep] = p*.
By (4.11), u < h. The purely inseparable extension S/Ssp can be generated by at most u elements:
every nontrivial successive adjunction has degree at least p. Their differentials generate {2g,/g
while Qg = 0. The differential sequence thus gives dimg Qg/p < u < h.

Any subspace spanned by |I| of the original basis vectors loses at most h dimensions under a
map with kernel dimension at most h. This proves the assertion for the forms. Projection of (4.12)
onto the second summand gives their negatives, so the rank of the covectors is at least the rank of
the forms. O

sep?

The extra coordinate in (4.12) records the coefficient of the elliptic curve’s invariant differential.
Indeed, on the constant curve Ag g, absolute cotangents split into the line generated by n and the
constant differentials from S. Restriction along the marked section ¢; is therefore

S@QS//{ _>QS/m ()"ﬁ)'_>)‘t;k77+ﬁ

Its kernel is the line generated by (1,—tfn). These cotangent directions normal to the marked
sections will give the ramification constraints in Section 5.

5 Absolute differentials and the inseparable genus estimate

The two properties of the marked curve in Section 4 will now give an exact lower bound for the
arithmetic genus of its purely inseparable covers. Throughout this section, a curve over a field U
means a regular integral projective scheme of dimension one over U. It need not be geometrically
regular or geometrically reduced. We set

x(C) = dimy H(C, O¢) — dimy HY(C,0¢),  v(C) = —2x(C).

Divisor degrees and cohomology dimensions are always taken over the stated ground field, and the
degree of a vector bundle is the degree of its determinant. Thus v(C') retains any contribution from
an inseparable extension of the constant field.

Fix a finite group J as in Theorem 3.1 and put m = |J|. Only this order enters the following
estimate, as a bound on the cover degrees needed later. Put k = Fp. For each s, use the fields,
elliptic curve, and labels constructed in Proposition 4.4 for that value of s. In particular, n = p®,
F' = k(A}), and Epr ~ (Ag)pr. Write B for the descended finite étale divisor of labels; over F” it is
the sum of the distinct rational points ¢1,...,t,. For h > 1, s > h, and a finite extension F'/Fj with
[F': Fylp < p", we use two properties of the marked curve. Every divisor degree on E is divisible
by p*~", by Corollary 4.5. Over S = FF'  any set of the forms 7 loses at most h dimensions of
independence, by Lemma 4.6, where 1 is a nonzero invariant differential on Aj.
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Theorem 5.1 (Exact purely inseparable genus estimate). Fiz h > 1 and take s > h such that
p*" > m(h+log,m). (5.1)

Let F/Fy be finite with [F : Fpl, < p", and let Z be the normalization of Er in a finite purely
inseparable extension of its function field of degree d < m. Choose a compositum S = FF'. The
curve Zg 1is integral and reqular. Let r; be the ramification index of Zg — Eg at the unique point
over t;. With v(Z) computed over F', one has

V(dZ) > z:: (1 - i) . (5.2)

=1

The bound is uniform in F, Z, and the tuple-class multiset used later in the counting argument.

The proof has two parts. Absolute differentials give the same inequality with an error of at
most h + log, d. After multiplication by d, the difference between the two sides is a difference of
divisor degrees over F, hence a multiple of p~"*. The strict threshold then forces this difference to
be nonnegative. We develop the differential identities first, together with the separable ramification
bound needed later in Section 7.

5.1 Divisor degrees, duality, and separable ramification

The required identities hold over more general fields than the twisted-curve construction. Throughout
this and the next subsection, let  be any perfect field of characteristic p, let S/x be finitely generated,
and put p = trdeg, S. Curves and degrees in these two subsections are over S.

The classical theory of inseparable genus change begins with Tate [36]; Schroer [33] gives a
modern account for geometrically integral curves. Here absolute differentials retain arithmetic genus
without a geometric-reducedness hypothesis and also measure ramification at the marked points.

Lemma 5.2 (Degrees over the stated ground field). For an invertible sheaf L on C,
X(C, L) = degg L + x(O). (5.3)

A finite dominant morphism f : C — C' of such curves is finite flat. If its function-field degree is 0,
then
degg f*D = ddegg D and degg f D' = degg D'’

for divisors D on C' and D' on C. These assertions, and Euler characteristics, add over disjoint
unions of regqular integral curves. After a finite separable extension S1/S, divisor and line-bundle
degrees and coherent Euler characteristics have the same numerical values over S1 as before extension
over S.

Proof. For a closed point x put degg(z) = [k(x) : S]. For any divisor D the quotient in
0— Oc(D) — Oc(D+2x) — Qz — 0

has length one over the DVR O¢ 4, so its dimension over S is [x(x) : S]. Finite-support sheaves have
no higher cohomology. Adding and subtracting closed points proves x(Oc(D)) = x(C) + degg D.
A rational trivialization of £ identifies it with O¢(D) for a divisor D, giving (5.3). Applied to a
principal divisor, the same formula gives degree zero, so this degree depends only on L.
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Locally on C’, the finite module f,O¢ is torsion-free over a DVR and therefore free, of generic
rank §. For a closed point x € C’ and a uniformizer ¢ there, reduction of this free module modulo ¢
gives

> eylwy) k(@) =4, (5.4)
Yy—x
where e, is the valuation of ¢ in O¢ . Indeed the summand at y has a filtration of length e, with
successive quotients x(y). Multiplication by [k(z) : S] proves the pullback degree formula. The
pushforward formula follows from f.y = [k(y) : k(z)]x and the tower formula for residue degrees.

Finite separable scalar extension preserves regularity, and a regular curve after such extension is a
disjoint union of its integral components. Flat base change for coherent cohomology in Foundation 9
gives

H'(Cs,,Gs,) = H'(C,G) ®s 5.

Thus the dimensions over the respective fields, and hence Fuler characteristics, agree. Applying
(5.3) proves the assertion for line bundles and their Cartier divisors. In particular it also applies to
a reduced finite divisor: separable scalar extension preserves its reducedness. O

Proposition 5.3 (The absolute determinant computes arithmetic genus). The absolute cotangent
sheaf Q¢ is locally free of rank p + 1, and

degg det Q¢ = v(C). (5.5)

Proof. An affine coordinate ring of C' is a localization of a finitely generated integral k-algebra:
choose a finitely generated domain with fraction field S, clear the finitely many coefficients in a
presentation over S, and take the contraction of the defining prime ideal before localizing. Its local
rings are consequently essentially of finite type over k. The regularity criterion over a perfect field in
Foundation 8 says that these regular local rings are local rings at smooth points of the corresponding
k-variety. Their absolute differentials are free of rank

trdeg, k(C) = p+ 1.

The sheaf is coherent: the relative differentials over S are coherent, and g/, is finite-dimensional,
so the cotangent sequence gives a finite presentation locally. This proves the asserted local freeness
without making a smoothness assumption over S.

Choose a projective embedding i : C' — IP’% and let Z be its ideal sheaf. This is a regular
immersion of codimension b — 1. Here is a local verification. Let R be an ambient regular local
ring, I the local ideal, and R/I the regular local ring of C. Their dimensions differ by b — 1, by the
dimension formula at the common residue field. Since both are regular, the kernel of

mR/m% —>mR/1/m§%/I

has dimension b — 1. Choose b — 1 elements of I lifting a basis of this kernel. They form part of
a regular system of parameters of R and cut out a regular local quotient of dimension dim(R/I).
The remaining ideal defining R/I in that quotient is prime and must be zero: a nonzero prime in a
finite-dimensional local domain strictly lowers the quotient dimension. Thus the chosen elements
generate I. It follows that Z/Z? is locally free of rank b — 1.

The absolute conormal sequence is in fact short exact:

0 — I/I* — i*Qpy ). — Doy — 0. (5.6)
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To check the left end, the kernel of the last arrow is locally free, since the last module is locally
free. Tts rank is (b4 p) — (1 + p) = b — 1. The conormal sequence surjects Z/Z? onto this kernel. A
surjection between locally free modules of the same rank is an isomorphism, proving (5.6).

The projective space is obtained from P’ by extending constants. Its absolute cotangents
therefore split into relative cotangents over S and the constant bundle of Qg/,,. Taking determinants
in (5.6) gives

det Qo ~ Lo ®g det Qgy, Lo = Oc(—b—1) @ det(Z/7%)".

The last tensor factor is a constant line and has degree zero.
We compute the degree of L. using the projective-space duality in Foundation 10. A Koszul
resolution for the local regular sequence defining C' shows that

Loy v=0b-—1,

Eat?, (1,00, O(—b — 1)) =
wtpy (00, Of ) {0, vAb—1.

After dualizing the Koszul resolution, its top cohomology is the dual of the top exterior power of
the free module of equations, restricted to C'. A change of those equations acts on this exterior
power by the determinant of their change on Z/Z2. Thus the local top cohomology modules glue to
det(Z/7%)V @ Oc(—b —1).

The local-to-global Ext spectral sequence has only this one nonzero row. Projective-space duality
consequently gives, for r =0, 1,

H"(C,0¢)" ~ Ext]l;;;(i*Oc, O(—=b—1)) ~ H'"(C, L,).

Hence x(C, L) = —x(C). Applying (5.3) yields degg L. = —2x(C), which proves (5.5). O

Lemma 5.4 (A separable determinant bound, including the wild term). Let f : C — C' be a finite
dominant, generically separable morphism of regular integral projective curves over S, of degree 6.
There is an effective divisor Ry on C' such that

v(C) = év(C") + degg Ry.
If y € C has ramification index a, over f(y), then

ordy Rf >ay —1+1 (5.7)

play-

No separability of k(y)/k(f(y)) is required. The formula and the inequalities can be added compo-
nentwise after a finite separable extension of S.

Proof. The morphism f*Qcr /., — Q¢ is generically an isomorphism: at the function fields a finite
separable extension has no relative differentials, and both absolute differential spaces have dimension
p+ 1. Its determinant is therefore a nonzero regular morphism of line bundles. The divisor of this
morphism is effective; call it Ry. Its degree is the difference of the two determinant degrees, which
is v(C) — dv(C’) by Lemma 5.2 and Proposition 5.3.

Write = f(y) and choose a uniformizer ¢ of the DVR B = O¢r . Its absolute differential
is primitive in {2p/,, meaning that it is part of a B-basis. Indeed the conormal sequence for the
residue field is

(t>/(t2) — QB/,'-e ®B ’%(x) — Q/{(x)/i{ — 0.

The middle term has dimension p + 1 and the right term dimension p, since k(z) is finite over S
and Foundation 4 computes absolute differential dimension over the perfect field k. Thus the first
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map has nonzero one-dimensional image, generated by dt. Consequently dt is nonzero modulo the
maximal ideal, and it extends to a basis of the free module Qp/,.
In A = Oc¢,y write t = ur®, where v is a unit and 7 a uniformizer. Absolute differentiation gives

dt = 7% du + ayUT“?Fl dr.

All coordinates of this column of the differential matrix are divisible by 7%~!; when p | ay, the
second term is zero, so they are divisible by 7% . Expanding the determinant in this column proves
(5.7). Every step uses absolute differentials over k, so an inseparable extension of residue fields
causes no change to the argument. O

5.2 The differential calculation for a height-one map

We have established the determinant formula for arithmetic genus and the separable ramification
bound. The remaining ingredient is an exact genus identity for a purely inseparable map of exponent
one; successive such maps will handle arbitrary purely inseparable covers.

Write T = (Q¢ /H)V for the absolute tangent bundle. It has rank p + 1, even when the relative
tangent sheaf over S has different behavior.

The calculation below is a curve-level form of the canonical-bundle formula for a p-closed foliation;
compare [12; Section 1.1, Proposition 1.1 and Equations (1.2)—(1.3)]. We prove the version needed
here directly from local presentations, using absolute differentials over the perfect constants. In this
way the kernel, the Frobenius-power cokernel, and all inseparable residue extensions remain explicit.

Lemma 5.5 (Height-one kernels and cokernels). Let w: C' — C’ be a finite dominant morphism of
regular integral projective curves over S such that k(C)P C k(C"). Put ¢ = [c(C) : k(C")] = p* and

F =ker(Te — m*T¢r), Q = coker(Tc — 7 T¢r).
Both F and Q are locally free of rank a, and
det Q ~ (det F)®P. (5.8)

Consequently
v(C) = qu(C’") + (p — 1) degg F. (5.9)

Proof. The integral presentation. On an affine open of C’, every element of the finite upstairs
coordinate ring has its pth power in the downstairs ring: the power lies in the downstairs fraction
field and is integral, so normality puts it in that ring. There is therefore a unique prime upstairs
over each downstairs prime, since membership of an element is determined by membership of its
pth power. At a closed point we may consequently write B C A for the downstairs and upstairs
DVRs, with A still finite over B. It is finite free of rank ¢ and satisfies AP C B.

Let 7 be an upstairs uniformizer, let € be the ramification index, and put f = [k(A) : k(B)].
The element 7P € B has upstairs valuation p; all nonzero elements of B have upstairs valuation in
€Z. Thus € | p, so € is 1 or p. Reduction of the rank-¢g free module modulo a downstairs uniformizer
gives ¢ = ef by (5.4). The residue extension has exponent at most one. Successively adjoining a
generator outside the preceding residue field gives a degree-p extension each time. Choose residue
generators by, ..., b, in this manner, so their monomials with exponents in {0,...,p— 1} form a
k(B)-basis of k(A) and f = p". Lift them to by,...,b, € A. If ¢ = p, append b1 = 7; if e = 1,
append nothing. In both cases there are exactly a generators, and ¢, = b‘? belongs to B.
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For a downstairs uniformizer ¢, the ideal tA is 7€A. Filter A/tA by the powers of 7 from 0 to e.
Each successive quotient is k(A), and the lifted residue monomials give its basis after multiplication
by the corresponding power of 7. It follows that the ¢ monomials

bl bla, 0<i;<p,

are a k(B)-basis of A/tA. By Nakayama they generate A over B; since A is free of rank ¢, they are a
B-basis. The homomorphism from the monic-relation algebra therefore gives the actual presentation

A~ B[Xy,...,X,)/(XV —c1,...,XP —c,), Xy — by. (5.10)

Both sides have the same free monomial basis over B, which verifies that there are no further
relations. This includes the cases of a nontrivial inseparable residue extension and simultaneous
residue extension and ramification.

These presentations are available on open neighborhoods. Shrink an open downstairs around
the chosen point so that all the b, are sections of m,O¢, all the ¢, are regular downstairs, and
the determinant of the displayed monomial basis is invertible. Then (5.10) holds there. Such
neighborhoods give local presentations throughout the curves.

Free kernel and free cokernel. Set N = A®p g/, and let W C N be the span of dcy, ..., dcq.
Differentiating the displayed presentation, using characteristic p, gives

Quyp = (N/W) ® EP Adby. (5.11)
/=1

Both N and Qy/, are free of rank p + 1 by Proposition 5.3. The summand N/W in (5.11) is
therefore free, of rank p + 1 — a. The sequence 0 - W — N — N/W — 0 splits, so W is free of
rank a. Its a generators dc, are consequently a basis.

Dualizing now shows that the tangent kernel consists of the x-derivations A — A killing B, and
has free coordinates

D — (D(by), ..., D(ba)).

The tangent cokernel is WV, with coordinates
[0] — (d(c1),...,0(cq)), 0 € Derg (B, A).

Indeed a derivation B — A extends to A exactly when it kills the ¢y; when it does, the values
assigned to the by are arbitrary. Thus both kernel and cokernel are locally free of rank a.
Gluing the determinant lines. On an overlap, write another system of generators as bj, =
Py(by,...,b,) with coefficients in B, and put
0Py

Jpo = 2R by by).

A derivation in the kernel kills the coefficients, so its new coordinate vector is J times its old
coordinate vector. The matrix J is invertible since both coordinate systems are bases. Taking pth
powers of the generator identities gives downstairs

= (b)) = Pk[p](cl, ceesCa),

where P,Lp | means that the coefficients of P, are raised to the pth power. Their absolute differentials
vanish. Differentiating this identity by a representative ¢ : B — A of a cokernel class therefore gives

8(ck) =D Jed(eo)
)4
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Thus the cokernel coordinate transition is the entrywise Frobenius power JIP!. Coordinate transitions

for determinant lines are detJ and det(JIP)) = (det J)?; if one uses local frames instead, both

transitions are inverted. In either convention they give exactly (5.8), with the exponent +p.
Finally the exact sequence

0—F —Tc—7Tgr — Q—0

and (5.8) give
degTo = qdegTer — (p — 1) deg F.

Since deg T = —v(C), this is (5.9). O

5.3 Proof of the exact estimate

Return to the fields and marked curve in Theorem 5.1, with £ = F, and S = FF’. The height-one
identity will be applied along a Frobenius tower from Zg to Fg. At each stage the label covectors
bound the degree of the tangent-map image; the resulting weighted sum gives the bounded-error
estimate before the final index argument removes the error.

Proof of Theorem 5.1. Normalization and the separable splitting field. Normalizations are finite
by Foundation 7, and normal curves over fields are regular. We first record why the finite purely
inseparable maps in this argument are radicial, that is, universally injective. If A is the integral
closure of a normal affine domain B in a finite purely inseparable extension, there is an exponent
v such that a?” € B for every a € A. The power belongs to Frac(B) and is integral over B, so it
belongs to B by normality. After tensoring with any B-algebra, the p’th power of every element
still lies in the image of that algebra. Consequently over a prime of the base there is at most one
prime upstairs: membership of an element in a prime is determined by membership of its p’th
power downstairs. The residue extension is purely inseparable for the same reason. This proves the
assertion after every base change.

The extension S/F is finite separable, since F'/Fp is finite Galois. Thus Zg is regular and
reduced by Foundation 8. Its map to the integral curve Eg is still finite, surjective, and radicial.
This map is a homeomorphism on underlying spaces, so Zg is irreducible and hence integral. It is
the normalization of Fg in its function field: it is finite and normal with that field, and an element
integral over the base is also integral over its finite normal coordinate ring. Its degree remains d by
finite flatness. By Lemma 5.2,

v(Zs) = v(2),

where the two Euler characteristics are computed over their stated fields. We may therefore do
the differential calculation over S. If d = 1, this curve is Fg, every r; = 1, and the theorem holds.
Assume henceforth that d > 1.

The Frobenius tower and its recurrence. Let M, = S(E) and M, = S(Z), and set

Mj=MM? (0<j<b), My=DM.,  M,=DM,

where b is the first index for which the last equality holds. Let Y; be the normalization of Eg in Mj,
and write

’YJIY}'—)Es, de[MjZMe], 7TjZY}—>}/j+1, q]':dj/dj+1 :pmj.
In particular Yo = Zg, dg = d, Y, = Eg, and d, = 1. The defining fields satisfy

M1 = McM?. (5.12)
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Thus each m; has exponent at most one and Lemma 5.5 applies.
Put T = (Qy, )" and
./_"j = ker(Tj — 7T;<Tj+1).

This is also the kernel of the composite tangent map T; — 7;Trg. To see this, at the function
field a k-derivation kills M, if and only if it kills M. M JP = M1, since every derivation kills pth
powers. The two kernels are therefore equal generically. They are equal as sheaves: a section whose
image vanishes generically has zero image everywhere in either of the locally free, hence torsion-free,
targets.

The genus identity involves degg F;. We will estimate this degree through the image of the tangent
map to Eg. Choose a nonzero invariant differential n on Ag. The constant-curve identification of
FEg gives the splitting

Qpg/x = Opgn @ (Opg ®s Qgy)-

Thus its dual is a trivial bundle of rank n + 1. In this trivial target we can use the marked points to
impose linear vanishing conditions on the tangent-map image.

Let H; be the image in 7;Tgg, and put b7 = —degg H;. It is a torsion-free coherent sheaf on a
regular curve, hence locally free. Its rank is n + 1 — m;, since trdeg, S = n. The exact sequence

with kernel F; and image H;, together with (5.9), gives
v(Yj) = qjv(Yita) + (p— 1) degg Fj, b5 = v(Yj) + degg 7.
Eliminating degg F; and using d; = q;d;41 yields

v(Y;) _1v(Vim) | <1 ~ 1) b (5.13)
dj p dj+1 p dj

The terminal term v(Y3) is zero because Eg has genus one. It remains to give a lower bound for
b3/dj = —deggs H;/d;.

Vanishing at a ramified label. For each j let S; be the set of labels at which «y; has ramification
index greater than one. For i € S; write Dj; = 77 (t;) and

v; = (1, —tf?]) eSS QS/H'

Regard v; as a constant linear functional on 7;Tg,. We claim that its restriction to H; vanishes
along the entire divisor D;;; equivalently, its values lie in Oy, (—Dj;).

Let a be a local parameter defining the rational point ¢; on Eg. Restriction of absolute differentials
along ¢; sends (A, ) in the displayed splitting to Atin+ (. Its kernel is the line spanned by v;. Since
a restricts to zero, da belongs to this kernel modulo (a). Moreover its relative component is nonzero:
t; is an S-rational point on a smooth curve over S, and a generates its relative cotangent space.
Hence

da = \v; (mod afdp ) for some \; € S,

At the unique point upstairs write ¢ = ur", with u a unit. The nontrivial purely inseparable index
r is divisible by p; therefore
d(yja) = 7" du = (v;a) udu.

It lies in the ideal of the full divisor D;; times Qyj /- Pulling back the preceding congruence and
dividing by the unit A; shows that the pullback of v; lies in that same ideal times Qyj /- To relate
this differential to the claimed functional, denote the tangent map by dv; : Tj — 7;Trg and write
7;vi for the image of the pulled-back covector in €y /... For a local section 6 of T}, duality gives

vi(dy;(0)) = (vjvi) (6).
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The divisibility just proved makes this value a section of Oy,(—Dj;). Since H; is the image of
dvj, the claim follows. The vanishing is along 7 (¢;) with its full multiplicity, not just its reduced
support.

From independent vanishing conditions to a degree bound. By Lemma 4.6, among the v; for
i € S; there are ¢ > |S;j| — h independent covectors over S.

Complete the ¢ chosen covectors to a constant basis of the dual of the target trivial tangent
bundle. The full-divisor constraint gives an injection

Hj — O%—_H_C P @ Oyj(—Djﬂ'). (5.14)
% chosen

Let R = n+ 1 — m; be the rank of H;. The Rth exterior power of the bundle on the right is
a direct sum of line bundles, each the tensor product of a choice of R summands. The induced
map from det H; is nonzero, so it has a nonzero component in at least one of these lines. Only
n + 1 — ¢ of the available summands are trivial. The chosen line must therefore contain at least
R — (n+1—c¢) = ¢ — m; negative divisor summands when this number is positive, and at least zero
otherwise. Each D;; has degree d; by finite flatness and rationality of ¢;. If the nonzero component
uses k negative summands, its target line has degree —kd;. A nonzero regular map from one line
bundle to another has an effective zero divisor, and consequently

(o]
degSHjS—kdj, Z;ZC—ij|Sj’—h—mj.
The argument also covers rank zero, with det(0) = O.

The weighted estimate. Write r; = p“t. Every height-one step has local index at most p, as
proved in Lemma 5.5. The composite Yy — Y consequently has ramification index at most P’ at
this label. In particular, u; < b. Since ramification indices multiply, the remaining map Y; — Eg
has index at least p%~—J whenever j < u;. Hence i € S; for every 0 < j < u;. Iterating (5.13) with
terminal value zero gives

v(Z)

b—1 o

A 1\ b
— § p—] (1 _ ) -

d §=0 dj

p

Write w; = p~J(1 — 1/p) for the weight of stage j. For each label, the weights from those first u;
stages sum to
u;—1
c ; 1 1
> p (1—> =1l-p¥=1-—.
j=0 D T

Summing these contributions by label gives

b—1 n n 1
Sulsi=3 ¥ w2 ¥ (1-1).
J=0 i=10<5<b i=1 v

iESj
The error terms in the degree bound contribute separately. Since m; < log, d and the sum of all

the weights is 1 —p~? < 1,
b—1

> wj(h +my) < h+log,d.

j=0
Substitute b7 /d; > |S;| — h —mj; in the recurrence sum. Subtracting the error bound from the label
contribution yields

u(dZ) . Z:; (1 _ 1) ~ (h+ log, d). (5.15)

i
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Divisors over F and exact rounding. Multiplying (5.15) by d bounds the possible deficit by
d(h +log, d). Set N = p*~" and consider the difference

A:y(Z)—dZ(l—:).

We will realize both terms as degrees of divisors on Z, each retaining its degree under pushforward to
FEr. The index property Corollary 4.5 then makes both degrees divisible by N. These divisors must
be defined over F', before the separable extension to S. By Proposition 5.3, the integer v(Z) is the
degree over F' of det{2z/,. A rational trivialization represents this line bundle by a Cartier divisor
on the regular integral curve Z. Its pushforward to Er preserves degree over F', by Lemma 5.2.
Thus

v(Z) € NZ.

This uses the absolute determinant on Z/F and its Euler characteristic over F, including any
inseparable constant field.

Let T be the reduced inverse image in Z of Br. It is an effective divisor on the regular curve Z.
Finite separable scalar extension preserves reducedness, so Ty is the reduced inverse image of the
split labels. If z; is the unique point above the rational point ¢;, the local degree formula is

ri[k(z) : S] = d.
It follows that d
degFT = degs TS = Z ?

In particular this sum counts the full residue degrees of the reduced points; those residue fields may
be inseparable over S. The divisor v*Br — T is defined on Z over F', where v: Z — Ep, and its

degree is
dn—zi dz(l—:).

T3 -
Push it to Er to conclude that this integer also belongs to NZ.
Consequently A is a multiple of N. By (5.15) and d < m,

A> —d(h +log,d) > —m(h +log,m) > —N.

A multiple of N strictly greater than — N is nonnegative. This proves (5.2). The sufficient threshold
(5.1) contains no datum from F, Z, or a tuple-class multiset. If a threshold independent of the
prime is desired, the stronger condition

257" > m(h + logy m)

suffices for every p > 2. This proves the stated uniformity. O

6 A valued lift and descent of marked covers

Fix the group J, the integer h > 1, and n = p® from Theorem 3.1, and retain the characteristic-p
data Ao, P, F', Fy, E,t1,...,t, of Proposition 4.4. Thus P has exact order n, F' = k(A}), and
the generator of Gal(F’'/F) satisfies o(t;) = t;+1 — P, with cyclic indices. All the valued fields
constructed in this section are auxiliary; they are independent of the block coefficient system
(K,0,k).
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The output sought here is a cover over a field of small p-part degree whenever the finite marked-
cover set has a small Sylow orbit. We first lift the curve and its labels, then choose a valued base on
which full field degrees survive as residue degrees. This prepares the genus comparison in Section 7
without yet constructing a model of the cover.

6.1 Lifting the twist and its marked points

Proposition 6.1. There are complete discretely valued fields K, C Kj of characteristic zero,
with valuation rings Ry C Ry, and a smooth projective genus-one curve X /Ry with the following
properties.

(i) The extension K} /Ky is cyclic Galois of degree n; the extension Ry/Ry is finite étale Galois,
its residue extension is F'/Fy, and the two fields have the same value group. Moreover, K,
contains Q, and all mth roots of unity, where m = |J|.

(ii) The special fiber of X is E/Fy. There is a relatively ample effective divisor D on X of fiber
degree n.

(ili) Over Ry there are pairwise disjoint sections &1, ..., &, reducing respectively to ty,. .., t,. They
avoid D, and their union descends to a finite étale effective divisor on X. Under the cyclic
descent action the sections are permuted by & — &;iy1.

Proof. We first construct the constant complete DVR. Starting with Z,, successively lift monic
separable irreducible polynomials over the residue fields so that the resulting finite residue fields
exhaust k£ = F,. To justify this construction, if R is the current complete DVR and f € R[T]
is such a monic lift, then R[T]/(f) is finite free, its reduction is a field, and its maximal ideal is
generated by the original uniformizer. The polynomial f is irreducible over the fraction field: a
monic factorization there would have coefficients integral over R, hence in R, and would give a
factorization of its irreducible reduction. Consequently the quotient is a local domain with principal
maximal ideal, hence a DVR; its residue extension is the prescribed one. Its derivative is a unit, so
the extension is unramified. The union of this tower is a valuation ring with value group Z and
residue k. Complete it. Completion preserves its uniformizer and residue field, giving a complete
D\(/I){ of mixed characteristic with residue x. Denote it for the moment by RS’), with fraction field
0

(&
Lift the coefficients of the smooth Weierstrass equation for Ay to this DVR. Its discriminant
remains a unit, so it defines a smooth elliptic scheme A by Foundation 11. We next lift P without
assuming that the torsion scheme is étale. The kernel A[n] is finite locally free of degree n?. Its
generic fiber is dense: in its finite flat coordinate algebra the uniformizer is a nonzerodivisor, so no
irreducible component is supported in the special fiber. Since this dense generic fiber is a finite set,
one of its points () has closure containing P. Its field of definition K¢ is finite over KC(O); this is a
characteristic-zero field, not a valuation residue field. The reduced closure of @) is finite and integral
over REO). Pass to the integral closure of REO) in Kg. By Foundation 5 it is a complete DVR, and
lying over shows that its closed point maps to P. We obtain an n-torsion section P specializing to
P. Tts order is exactly n, since its order divides n and reduction has order n. Enlarge the constant
field once more to contain all mth roots of unity. These are finite extensions of complete discretely
valued fields, and their residue fields are still x, which is algebraically closed. Denote the resulting
constant valuation ring by R. and choose its uniformizer w.
Consider the smooth product A"™/R,. Its generic fiber is integral, and flatness makes the total
space integral. At the generic point of the integral special fiber, its local ring is a noetherian local

domain whose maximal ideal is generated by @ and whose residue field is F’. It is therefore a DVR.
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Complete its fraction field for this valuation and call the result K;, with valuation ring R;. The
product projections give points & € A(K}). Their sections over R; reduce to the generic projections
t.

The automorphism of the product specified by

o(&) =& — P
fixes the constants, has order n, and preserves the special fiber. It preserves the valuation and
extends to KJ. Tts residue action is the specified action on F', of order n. Put Kj = (K}){). The
fixed field is closed in the complete valued field K7, so it is complete. The fixed uniformizer w shows
that its value group is the same discrete group. Finite fixed-field theory gives [K} : K] = n with
Galois group (o).

Let kp be the residue field of K. Then ky C Fy. Lifting a linearly independent system in a
residue extension to units gives a linearly independent system over the valued base field: normalize
a putative relation by a coefficient of minimum value and reduce. Applying this observation here
gives

n=[F:F|<[F:k]<[K,:Ky)=n.
Thus kb = F().

To verify the stronger assertion about valuation rings, choose a primitive element a of the

separable extension F’/Fy and a lift a € Rj. The polynomial

n—1
f(T) = (T —o’a) € Ry[T]
j=0
reduces to the separable irreducible polynomial of a. Consequently Rj[a] is finite free of rank n,
local with maximal ideal (), and a domain with fraction field Kj. It is a DVR, and the derivative
f'(a) is a unit. Uniqueness of the extension of the complete-DVR valuation identifies it with R}.
This proves that RZ /Ry is finite étale. The Galois torsor map
n—1 )
R;, @R, R;: - H R{)a a®br— (CLO’J (b))J
§=0
is an isomorphism: after reduction it is the usual isomorphism for F’/Fp, and both sides are free
Rj-modules of rank n.

On Ap define the semilinear descent action § (z) = o(x) + P. Here o acts on the coefficients,

whereas J also translates the elliptic-curve point. Its nth power is the identity. The divisor

n—1

D= [iP)

j=0
is invariant. Its sections are disjoint because their reductions are distinct. The line bundle O(3D’) is
a tensor product of translates of the relatively ample Weierstrass line bundle O(3[0]). It is relatively
ample, and therefore so is O(D’). The invariant divisor supplies its canonical compatible linearization.
Finite étale Galois descent (Foundation 6) gives X and D, with a splitting identification X’ Ry ™~ AR@ .
Their reduction is precisely the twist £ and the corresponding origin-orbit divisor. Smoothness and
relative ampleness descend.

Under this identification, continue to write &; for the corresponding sections of X’ R, They have
distinct reductions, all different from the constant points jP. They are therefore pairwise disjoint
and avoid D’. Under the descent action they satisfy §(&;) = &41. Their union is an invariant
disjoint union of sections, hence a finite étale divisor of degree n, and descends with these properties,
although the individual sections need not be defined over Ry. O
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6.2 A spherical base and its finite extensions

For a valued field we write the valuation additively, with v(0) = +oc0. A closed ball of radius §
means B(a,0) = {z : v(x —a) > §}, where J belongs to the value group. A valued field is spherically
complete if every nested family of nonempty closed balls has nonempty intersection. An extension is
immediate if its value group and residue field are unchanged.

The purpose of the next construction is twofold. Finite field degrees will equal full residue
degrees, so a small-orbit degree bound survives reduction. Finite-dimensional section spaces will also
have free integral lattices with full-dimensional reduction, allowing comparison of the generic and
residue genera. The construction uses the classical maximal-immediate-extension and pseudo-limit
methods of Krull and Kaplansky [26, 23]; see [32, Section 5] for an accompanying account. We give
the details for our specified residue field, without assuming it perfect or algebraically closed.

Proposition 6.2. There is an extension K/ Ky with value group Q and residue field Fy which is
spherically complete. Every finite extension L/ Ky, equipped with an extension of its valuation, has
value group Q, is spherically complete, and satisfies

[res(L) : Fy] = [L : K§]. (6.1)

The valuation on K, and on each such L, has a unique extension to every algebraic extension.
Moreover Ky ~ C as abstract fields.

We prove the construction and the linear-algebra assertions first, and establish uniqueness after
proving simultaneous residue approximation.

Construction of Ks. Normalize the valuation of Proposition 6.1 by v(w) = 1. In an algebraic
closure with an extended valuation, choose compatible factorial roots: take 8; = w and Hg_ﬁ =0,
for j > 1. Thus 05:! = w and the fields K;(0;) are nested. Put Koo = U;>; Kp(0;). For v = j! and
# = 0, one has 0" = w. The values of 1,0, ..., 671 lie in distinct cosets of Z. These elements are

linearly independent over Kj, and the equation for # shows that they are a basis of K;(#). For
T = ;;é a;07 # 0, the distinct value cosets give

o(e) = min(v(a) + /7).

The value group is r~'Z. If v(x) = 0, the minimum can only occur at j = 0, and all other terms
have positive value; hence the residue of z is the residue of ag. This proves that K, has value group
Q and residue field Fj.

Here is the set-theoretic detail needed to choose a maximal immediate extension. Any valued
field with countable value group and countable residue field has cardinality at most ¢ = 280, Indeed,
for every ¢ in the value group and every closed ¢-ball B, the open ¢-balls contained in B are in
bijection with the residue field, after choosing a center and an element of value ¢q. Label these open
subballs injectively by natural numbers. For a point x, record, for each ¢, the label of its open ¢-ball
inside its closed g-ball. If = # y, at ¢ = v(x — y) they belong to the same closed ball but different
open subballs, so these records differ. This gives an injection into a countable product of countable
sets. In our situation Fy is countable, being a subfield of the finitely generated field F’/k.

Choose a fixed set of cardinality greater than ¢, containing the underlying set of K.,. Order the
immediate valued extensions of K, carried by subsets of this set by literal extension of all their
structures. The union of a chain is an immediate valued field: each of its elements and every finite
field computation occur in one member of the chain. The cardinality bound applies to the union as
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well. Zorn’s lemma gives a maximal member K. Any further immediate extension has cardinality
at most ¢ and could be relabeled, fixing K, into the unused part of the fixed set. Thus K, has no
proper immediate extension in the unrestricted sense.

We now prove spherical completeness directly. Suppose a nest of nonempty closed balls has
empty intersection. Distinct balls in a nest with the same radius coincide, so the countability of
the value group gives a countable cofinal subnest. Successively go deeper in that subnest, also
choosing each next ball to omit the preceding center. We obtain cofinal balls B(a;, ;) such that
a; ¢ B(ai+1,5i+1) and

v(a; —ai) =~ (j>1), 0; <% < i1, <y < (6.2)

The balls B(a;,~;) are nested, lie inside B(a;, d;), and still have empty intersection.

Extend the valuation to an algebraic closure of K. Call b a pseudo-limit of this sequence if
v(b — a;) = ~; for all sufficiently large i. No element of K is a pseudo-limit, since a pseudo-limit
belongs to every ball B(a;,~;). For any point b which is not a pseudo-limit, the values v(b — a;)
are eventually constant and smaller than ;. To see this, if v(b — a;) < ; at one stage, the strong
triangle law and (6.2) give the same value at every later stage. If v(b — a;) > 5, the next value is
vi, which is smaller than ~; 1, reducing to the preceding case. Otherwise equality holds eventually,
as required for a pseudo-limit.

Suppose first that an algebraic pseudo-limit « exists, and choose one of smallest degree d over
K. Every root (8 of a nonzero polynomial f € K,[T] with deg f < d is not a pseudo-limit. For
large ¢ we therefore have

v(a; — B) =v(a—B) < v(a—a;),

Factoring f over the algebraic closure yields

f(a)/f(a;) =1 (mod mz) (1> 0). (6.3)

Every nonzero element of K(«) is f(a) for a polynomial of degree less than d. Equation (6.3)
therefore gives, for each such element z, a scalar ¢ = f(a;) € K, with v(z —¢) > v(x). It follows
that v(c) = v(x), so no new values occur. If v(x) = 0, the same inequality says that x and ¢ have the
same residue, so no new residue-field elements occur either. Thus K(a)/K; is a proper immediate
extension, a contradiction.

Suppose instead that no algebraic pseudo-limit exists. Factoring any nonzero polynomial over
the fixed algebraic closure shows that its values at a; are eventually constant and finite; the same
holds for nonzero rational functions. Define, on K, (7T'),

w(f) = the eventual value of v(f(a;)), w(0) = +oo.

Evaluation proves multiplicativity and the strong triangle inequality, so w is a valuation extending
that of K. For fixed f £ 0 and j > ¢ > 0, every linear factor in its numerator and denominator
satisfies (a; — 8)/(a; — B) =1 (mod my-), where f3 is its root. Indeed v(a; — 8) < v = v(a; — a;).
Consequently
v(f(aj) = flai)) > v(f(a:)) = w(f).

For a fixed sufficiently large i, the left side has an eventual value as j increases, since it evaluates
the rational function f(T) — f(a;). Thus w(f — f(a;)) > w(f) unless the difference is zero, when
the assertion is immediate. Thus every nonzero element f of K,(7T') admits a scalar f(a;) with this
strict approximation inequality. As in the algebraic case, this shows that neither the value group
nor the residue field changes. This is again a proper immediate extension, contradicting maximality.
Both cases being impossible, K is spherically complete. O
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Lemma 6.3. Let K, be a spherically complete field with value group Q, valuation ring R, mazimal
ideal m,, and residue field k.. Let V' be a finite-dimensional K,-vector space with a valuation norm
AV = QU {+o0}: it is finite away from zero, has A(0) = 400, satisfies the strong triangle
inequality, and obeys A(az) = v(a) + A(z) for a # 0. There is a basis e1,...,eq of norm zero such

that
A (Z aiei> = miin v(a;). (6.4)

)

In particular its integral and positive balls are

VZO = @ R*ei, V>0 = @m*ei = m*Vzo, dimk* (Vzo/V>0) =d. (65)

The normed space V' is spherically complete.

Proof. A subspace with an orthogonal basis is spherically complete: its closed balls are products
of closed balls in the finitely many coordinates, with the radii shifted by the norms of the basis
vectors. Each coordinate nest has a common point.

Suppose an orthogonal basis has already been constructed for a subspace U, and choose x ¢ U.
For every value 7 achieved by A(z —u), u € U, consider

By={ueU: Az—u) >~}

This is a nonempty closed ball in U: if u, belongs to it, then it equals {u : A(u — u,) > ~v}. These
balls form a nest, so they have a common point ug. The finite value ¢ = A(z — ug) is at least every
achieved value and itself is achieved. Thus ug is a best approximation to . Put y = x — ug. For
u € U, maximality of £ gives A(y+u) < £. If A(u) < ¢, the strong triangle law gives A(y +u) = A\(u);
if A(u) > £, it gives A(y + u) > ¥, hence equality. Therefore

Ay + u) = min{l, \(u)}.

Homogeneity shows that adjoining y preserves orthogonality. Induction gives an orthogonal basis of
V. Since every basis norm is in the base value group, scale its vectors to norm zero. Formulae (6.4)
and (6.5) follow, and the same coordinate argument proves spherical completeness of V. ]

Finite-extension assertions of Proposition 6.2. For any algebraic extension of a field with value
group Q, every nonzero algebraic element has value in (. Indeed, in a polynomial relation
> a;xt = 0, at least two nonzero terms must have the same minimum value, so

(i = J)v(z) = v(aj) —v(a:) € Q (i # j).

Divisibility of Q and torsion-freeness of ordered value groups imply v(z) € Q. Apply Lemma 6.3 to
a finite extension L/K with any extended valuation, viewed as a normed vector space over K. Its
integral and positive balls are exactly its valuation ring and maximal ideal. Formula (6.5) proves
(6.1), including the full inseparable degree of the residue extension. Orthogonal coordinates also
show that L is spherically complete. The same argument applies to every finite extension of L. [

The preceding argument gives equality of field and residue degrees for finite extensions of the
spherical base. We also need a statement for valued fields that are not assumed spherically complete,
where several prolongations can occur. The next lemma supplies the residue-degree bound used for
curve function fields in Section 7 and completes the uniqueness assertion for the spherical base.
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Lemma 6.4 (Simultaneous residue approximation). Let T' be a nontrivially valued field with value
group Q and infinite residue field kp. Let U/T be finite and let w, ..., w, be distinct prolongations
of its valuation, with residue fields ki, ..., k.. Then

m Owi — H ]{7;
=1 =1

is surjective, and
,

> kit kp] < [U:T). (6.6)
i=1
Proof. The preceding polynomial-relation argument puts all the values in Q, with their normalization
fixed by the valuation on 7. For i # j, distinctness gives an element whose two values differ. Inverting
it if necessary and multiplying by an element of T' of a suitable rational value produces z € U with
w;(z) > 0 > w;(z). Choose a unit ¢ € T such that, at every w, for which wy(z) = 0, the residue of
1 + cz is nonzero. Each such condition excludes at most one value for the residue of ¢ in k7, so the
infinitude of k7 permits this choice. Then
1
l4ez
is integral at every wy, has residue 1 at i, and has residue 0 at j. Indeed, a positive value of z makes
the denominator a unit with residue 1; a negative value of z gives the denominator that negative
value; and value zero is covered by the choice of c.
Put ¢; = H#i gij, with ¢; = 1 if r = 1. It has residue 1 at ¢ and positive value at all other places.

qij

For a prescribed residue b; € k;, choose any lift b, integral at ¢. If the lift is nonzero, choose N; so
that N
Niwg(qi) + wg(bi) >0 (f % ’L)

There are only finitely many conditions, and every wy(g;) in them is positive. At 4, the factor qu i
has residue one. Thus qlN ib; is integral everywhere, has residue b; at i, and has residue zero at every
other place. A zero lift contributes the zero term. Summing these terms realizes any tuple (b;);.

For completeness, each [k; : kp| is finite and at most [U : T by the single-place lifting argument
already used in the proof of Proposition 6.1. Choose a kp-basis of each k;, and use the surjectivity
just proved to lift its elements with zero residues in the other coordinates. These lifts are linearly
independent over T'. For if they satisfied a nonzero relation, divide it by a coefficient of minimum
value. Every coefficient then is integral and at least one is a unit. Reducing in a coordinate which
contains such a unit contradicts the chosen residue basis there. Their total number is therefore at
most [U : T], proving (6.6). O

Completion of the proof of Proposition 6.2. The residue of K, and that of every finite extension
L/K, is infinite. If two distinct valuations extended the valuation of L to a finite extension U/L,
the finite-extension argument above would give residue degree [U : L] for each. This contradicts
(6.6). Existence of prolongations is part of Foundation 5; uniqueness on finite extensions implies
uniqueness on arbitrary algebraic extensions by restriction to finite subextensions.

Finally |K,| < ¢ by the cardinality argument, while Q, C K gives |K | > ¢. Its algebraic
closure has the same cardinality. An uncountable algebraically closed field of characteristic zero has
cardinality equal to its transcendence degree over QQ: the field generated by a transcendence basis,
and then its algebraic closure, both have cardinality the maximum of that basis cardinality and
Ng. Both K, and C therefore have transcendence degree ¢ over Q. The algebraically closed field
classification in Foundation 4 gives the asserted abstract isomorphism. No compatibility with either
field’s topology is asserted or used. O
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6.3 Marked covers and a small orbit

Choose an embedding K l’} — K, over K}, and an abstract isomorphism K, ~ C. Write X, = X K, -
The embedding carries the sections &; on the split model X R, to the specified geometric marked
points on Xs. A marked J-cover of X7— will mean a connected smooth projective curve Y with
a finite map to Xz which is Galois of group J, together with a specified left action of J by deck
transformations. Isomorphlsms are over the fixed base curve and commute with every element of
this specified action.

Lemma 6.5. After choosing oriented handle and puncture generators on the complex punctured
curve, isomorphism classes of marked J-covers branched only at &1, . ..,&, correspond bijectively to

n+2 . [z, yJur - up = 1,
{(x,y7UI’..'7un)€J ) <x7y7u17"‘7un> }/J

where J acts by simultaneous inner conjugation. The inertia order at &; is |u;|. For a prescribed
multiset C of n J-conjugacy classes of p-singular elements, let Te be the finite set of these marked-
cover classes having that multiset of local classes. Then T¢ is preserved by Gal(Ks/Ks).

Thus |7¢] = Njs(C) in the notation of Theorem 3.1. The labels &, ..., &, remain ordered:
prescribing their class multiset does not divide out by permutations of the labels.

Proof. Under the chosen complex identification the base is a smooth Weierstrass cubic. In character-
istic zero, completing the square gives an equation 32 = f3(x) with three distinct roots. Its double
cover of the projective line branches simply at those roots and at infinity. Cut the sphere along
two disjoint arcs joining pairs of these four points and glue the two sheets crosswise. The resulting
compact surface is a torus. This identifies the topological type of our particular base without a
general analytic—algebraic genus comparison.

Remove the n marked points. Its complex fundamental group has generators and relation
[x,y]u; - - up = 1 as in Foundation 12. Choose a point in a fiber of a marked cover and identify the
fiber with the regular left J-set. Path lifting commutes with the left deck action, so monodromy
acts by right translations. With path multiplication chosen in the order of successive traversal, these
translations specify a homomorphism from the fundamental group to J. The cover is connected
exactly when the monodromy action is transitive, which for this regular action means that the
homomorphism is surjective. Changing the chosen fiber point conjugates this homomorphism by
one element of J. Conversely, a surjective homomorphism defines such a fiber action and therefore a
connected unramified cover. An equivariant fiber bijection is a right translation, and compatibility
with monodromy says exactly that the two homomorphisms are simultaneously conjugate. Thus the
quotient is by inner conjugation; keeping the specified J-action does not identify covers through
outer automorphisms of J.

Riemann existence in Foundation 12 algebraizes the unramified cover of this punctured algebraic
curve, with its morphisms and specified deck action. Normalize the original projective base in the
resulting function field. Finiteness of normalization gives a projective algebraic cover; normality
makes its source smooth in characteristic zero. The deck action and isomorphisms extend uniquely
across normalization. In a local power-map chart z — z¢, the ramification index is e, the order
of the associated monodromy element. These extensions give precisely the branched covers and
isomorphisms in the statement.

We describe the local conjugacy class algebraically in order to check Galois invariance. For
each divisor e of m, use the root (. € K which maps to exp(2mi/e) under the chosen complex
identification. All these roots belong to K by Proposition 6.1. Represent the based puncture loop
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as an approach path, a positive circle around the puncture, and the reverse approach path. In
the chart z — z¢, lifting the positive circle sends z to (.z. Let @) be the point above the puncture
selected by the lifted approach path, and let g € J be the inertia element acting this way in its local
chart. Apply g to the lifted approach path. The reverse of the resulting path is the lift of the return
path starting at the endpoint of the circle lift. Thus the complete based loop sends the chosen
fiber point to its image under g. Under the preceding fiber identification, its monodromy element is
therefore g. The inertia group is cyclic, and g is its unique generator acting on the tangent line at
@ by (.. Choosing another point above the puncture conjugates the element in J. This recovers its
conjugacy class from the algebraic tangent action. (Reversing all local-loop conventions replaces all
these generators by their inverses consistently.)

A Galois automorphism over K sends the tangent action at ) to the tangent action at its
conjugate point, and fixes (.. Consequently it preserves the local J-conjugacy class at the transported
branch point. It permutes the branch points, since their union is defined over K, and hence preserves
their prescribed class multiset and the condition that all inertia orders are divisible by p. This
proves invariance of 7¢. Its finiteness follows from the finite tuple description. Although Galois can
permute the marked points, an isomorphism of the marked covers is over the fixed geometric base
curve. The cover classes are therefore still parametrized by simultaneous inner conjugacy, without
quotienting by those permutations. O

For a cover with its group action specified, the obstruction to descent is center-valued; compare
the marked-cover analysis of Débes and Douai [10, Section 3.2]. In the following proposition we
realize that obstruction as an explicit finite group extension and split it by a Sylow argument. Thus
a field of moduli is not silently assumed to be a field of definition.

Proposition 6.6 (Descent from a small Sylow orbit). Assume O,(J) =1 and fir a multiset C as in
Lemma 6.5. There is a finite Galois extension M /Ky through which the action on T¢ factors. Let
Pr be a Sylow p-subgroup of T' = Gal(M/K,). If a Pp-orbit has size less than p", one of its marked
covers descends to a finite extension L/ Ky satisfying

[L: K, <p", [F: Fol,=[L: K,  F=res(L). (6.7)

The descended map Y — X = X1, has geometrically connected smooth projective source, degree m,
the specified J-action, and all branch indices at the & divisible by p.

Proof. Choose a representative for each of the finitely many marked-cover classes. Their projective
equations, maps, and specified deck actions are finite data, and hence are defined over one finite
extension of K by Foundation 6. Take a finite Galois extension N/K; containing these fields of
definition, and enlarge it if necessary to contain K K;. For every 7 € Gal(N/K,) and every chosen
representative, choose a marked isomorphism between its 7-conjugate and the representative of the
resulting class. Such an isomorphism exists over K, by Lemma 6.5; there are only finitely many
choices to make. Their finite coefficient data lie in a further finite extension, which we enclose in a
finite Galois extension M /K. This two-stage choice ensures that all required isomorphisms are
defined over M. Conjugates of the original models under Gal(M/K) depend only on restriction to
N and are scalar extensions of the already considered conjugates. The action on classes therefore
factors through I'.

Let S, < Pr stabilize a class in a small orbit and let Yjs be its chosen model. Since S, fixes this
isomorphism class, for each 7 € S, the chosen isomorphisms supply a 7-semilinear isomorphism of
Y over the corresponding action on Xjs, commuting with the specified J-action. Here semilinear
means that the map changes scalars by 7 rather than fixing M. These maps have not been chosen
to respect multiplication in S,; that compatibility is the remaining descent problem.
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Form the group £ of all such marked semilinear isomorphisms, for all 7 € S, with composition
as its group operation. Projection to the scalar action is a surjection & — S,. An automorphism
of Yyr over Xjy is a deck transformation: after extension to K, the Galois cover has exactly its m
specified deck transformations, all already defined over M. Those commuting with the specified
J-action are exactly Z(.J). Every marked semilinear map also commutes with these specified deck
transformations. Thus this kernel is central, and £ is finite and fits into an exact sequence

1—Z(J)—E&— S, — 1. (6.8)

The Sylow p-subgroup of the abelian group Z(J) is characteristic there, hence normal in J. Since
Op(J) =1, it is trivial; thus p t |Z(J)|. A Sylow p-subgroup of £ has order |S,|, intersects Z(J)
trivially, and therefore maps isomorphically onto S,. Its inverse supplies a section of (6.8), assigning
maps ¢, with

¢T¢p = ¢7'pa @1 = id.

These are exactly the compatibility identities for a descent datum on Yj; and its cover map. Each
¢, commutes with every specified element of J, so the datum descends the marked action as well.

Take the pullback of an ample line bundle on X§, for example O(D) on its generic fiber. It is
ample on Y}y, and the semilinear cover maps give its compatible linearization. Galois descent in
Foundation 6 therefore gives the marked cover over L = M%. Its claimed geometric properties
can be checked after extension to K, where they are those of the chosen cover. In particular its
function-field extension is Galois of degree m with the specified group J. Finally

| Pr|

LKy, =[T:Sp)p="=—=|Pr:Sy| <p"
Syl

Equation (6.1) gives the residue assertion in (6.7). O

6.4 Matching branch permutations after reduction

In Section 7 we will impose vanishing over selected marked points. The same subset of label indices
must define a branch subset over the characteristic-zero field and over its residue field. We therefore
compare their Galois permutation actions. These are the actions on the marked curve; in split
elliptic-curve coordinates they include the translating torsion point in the descent data.

Lemma 6.7. Let L/ K, be finite, with residue F, and set L' = LK]. In the residue field of L', form
S = FF' using the residues of its two subfields. Then L' /L and S/F are finite Galois extensions,
the residue field of L' is exactly S, and reduction induces an isomorphism

Gal(L'/L) ~ Gal(S/F).

Under this isomorphism the permutation actions on &1,...,&, and on ty,..., t, agree. In particular,
every subset of indices invariant under these identified permutation groups defines a branch subset
over L and over F', respectively.

Proof. The uniqueness proved in Proposition 6.2 gives one valuation on L. Its restriction to Kj is
the valuation of Proposition 6.1, by uniqueness over the complete discretely valued field K;. Put
T = res(L'). It contains both F' and F”, so it contains their compositum S. Base change of the finite
Galois extension K; /K gives the Galois extension L'/L, and restriction embeds H = Gal(L'/L) in
Gal(K}/Kp). Every element of H preserves the unique valuation and hence acts on 7', fixing F' and
preserving F’. Its induced action on S is faithful: if it is trivial on S, it is trivial on F’; the faithful
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residue action of Gal(K;/K}) then makes its restriction to Kj trivial; and L and Kj generate L'.
Thus reduction injects H into Autp(S). Also S/F is Galois, being a compositum with the finite
Galois extension F'/Fy. The residue-degree bound now gives the complete degree comparison

\H|<[S:F|<[T:F]<[L:L]=|H|. (6.9)

All these inequalities are equalities. In particular T = S and the injection of groups is an isomorphism.

The sections &; extend over the valuation ring of L’ by base change from the split good-reduction
model, and reduce to t;. Their reductions are distinct. Applying a member of H to a section and
then reducing gives the same section as first reducing and then applying its image in Gal(S/F).
This proves equality of the two permutations of the index set. An invariant subset of a split finite
étale branch divisor descends along the respective finite Galois extension. The final assertion follows
by taking the same invariant subset of indices under these identified permutation actions: it selects
the & on the generic side and the ¢; on the residue side. O

Figure 2 records these inclusions and residue fields in the situation of Proposition 6.6.

Characteristic zero Residue fields

L' =LK} S =FF

/7

L

/\
s

\ / unramified

K, degree n
res(Kp) = res(Ks) = Fo, [F: Fol =[L: K], [L: K], <p"

Figure 2: The auxiliary fields in a descent arising from a small Sylow orbit. Arrows denote field
inclusions. The right-hand diagram records the residues of the left-hand fields; in particular K} and
K have the same residue. The field Kj splits the marked sections, and its residue F” splits their
reductions. The cyclic extension K /K reduces to F'/Fy, and the Galois actions of L'/L and S/F
induce the same permutations of the marked points.

7 Specialization, connectedness, and the tuple count

We retain the auxiliary fields and marked genus-one curve constructed in Propositions 6.1 and 6.2.
In this section m = |J|, h > 1, and n = p®. Choose s so that

s > max{1, h}, P> m(h+ log, m). (7.1)

This is a sufficient threshold for Theorem 5.1. The relatively ample effective divisor D has degree n
on each fiber and is disjoint from the marked sections after their splitting extension.

Proposition 7.1. Suppose Op(J) = 1 and (7.1) holds. There is no finite extension L/Ky with
L K]y < pl over which the marked curve X = Xy admits a geometrically connected smooth
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projective J-Galois cover f:Y — X, with its J-action defined over L, branched only at the marked
points and with ramification index divisible by p at every marked point.

We will obtain the contradiction by producing a nontrivial normal p-subgroup of J. To this end,
we first extract residue curves from one J-orbit of valuations of a supposed cover. A comparison of
sections determines their total degree. A second comparison, with prescribed vanishing, combines
with the genus estimates to force equality of Euler characteristics. These two equalities yield a flat
model whose special fiber is the disjoint union of those residue curves. Connectedness will force
the orbit to have one member; the kernel of the resulting J-action on its residue field will be the
required nontrivial normal p-subgroup.

Suppose, for the proof, that such a cover exists. Its smooth, geometrically connected source Y is
geometrically integral: over an algebraic closure, the irreducible components of a smooth curve are
disjoint, so connectedness leaves only one. Let R be the valuation ring of L, with maximal ideal mp
and residue field F. By Proposition 6.2, L is spherically complete, its value group is Q, and

[F: Fol, = [L: K], <p"

Put L' = LK] and S = FF'. By Lemma 6.7, S is the residue field of L', and the permutation
actions on the labels & over L' and t; over S agree. Write Dy and D for the divisors induced
by D on X and Ep, respectively, and put Dy = f*Dx. The field extension L(Y)/L(X) is Galois
of degree m, with group J: these assertions hold after extension to an algebraic closure, and the
specified automorphisms are already defined over L.

Let e; be the geometric ramification index at &;. Each e; is divisible by p. Riemann—Hurwitz
over an algebraic closure, together with invariance of Euler characteristic under field extension, gives

v(Y) _ —2x(Y) _ Z": (1 _ 1) _ (7.2)

m m par €

Here the base has genus one, and the reduced geometric fiber above &; consists of m/e; points. The
characteristic-zero form of Riemann—Hurwitz being used is included in Foundation 12.

7.1 The Gauss valuation and reduction of sections

Lemma 7.2. There is a valuation vx on L(X) extending that on L, with value group Q and residue
field F(EF), having the following properties. For every sufficiently large j, the integral ball in
HY(X,0x(jDx)) reduces onto HY(Er, O, (jDr)). Reduction is compatible with inclusions as j
increases and with multiplication. Moreover, for an integral section b in such a space,

b(&) =bt;)  in S. (7.3)
In particular, vanishing at &; implies vanishing of its reduction at t;.

Proof. Work initially over the complete DVR Ry, and write D = D|g. For j sufficiently large,
Foundation 9 and the special-fiber sequence give

H°(X,0(jD)) ®r, Fo ~ H*(E,Og(jDg)).

Indeed Serre vanishing kills H*(X,O(jD)), so the sequence obtained by multiplication by a uni-
formizer gives surjectivity onto the special sections. The module on the left before reduction is finite
and torsion-free, hence free over Ry; torsion-freeness follows from flatness of X and invertibility of
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O(jD). Choose a basis bj1, ... , bjt; whose reductions are a basis of the special section space. Flat
base change supplies bases over L on the generic side and over F' on the special side.
As Dx is effective, regard these sections as rational functions. For b =} cabj« put

vx(b) = min v(cq)-

Integral coefficients give a special rational function with poles bounded by jDp, and this function is
nonzero if the displayed minimum is zero. The inclusions for jD < j'D are integral maps on the
original model and reduce to injective inclusions of special section spaces. Consequently the assigned
value is independent of the sufficiently large space containing b: scale the coefficients so that their
minimum is zero, and use the nonzero special image. The same argument proves multiplicativity.
After scaling two nonzero sections to value zero, their reductions are nonzero, and their product is
nonzero because Ep is integral. The strong triangle inequality follows directly from the coefficient
rule.

The union of these section spaces is a ring whose fraction field is L(X): sufficiently high ample
multiples give a projective embedding, and their section ratios generate the function field. Thus the
rule extends to a valuation on L(X). Its values lie in Q, and all values in Q occur already on L.
A fraction of value zero can be written with numerator and denominator both of value zero, by a
common scalar rescaling. Its residue is the ratio of their nonzero special reductions, hence lies in
F(EF). Conversely the ratios of high-degree special sections generate F'(Er), and each such section
has an integral lift. This identifies the residue field.

Finally the basis functions are regular along the splitting sections over R;, since those sections
avoid D. Their values are integral and reduce to their evaluations at ¢;. The same holds after
extension of coefficients from Rj, to R and evaluation over the valuation ring of L. Since its residue
is S, this proves (7.3). O

Choose one prolongation of vx to L(Y), and let V be its orbit of distinct conjugates under J.
For w € V let K(w) be its residue field. The single-place residue-degree bound in Lemma 6.4 makes
K(w)/F(EF) finite; the Gauss valuation has value group Q and infinite residue field F(Er). Set

my = [K(w) : F(ER)].

Let C, be the normalization of Fr in K(w) and D,, the pullback of Dp. These are regular integral
projective curves, with finite maps to Er, by Foundation 7. Throughout the next argument we use
this single orbit; its size is not assumed in advance to account for all the extension degree.

For 5 > 0 put

V; = H(Y, Oy (jDy)), vy(a) = meigw(a), Aj={a € Vj:vp(a) >0}
w
The minimum is a valuation norm on the L-vector space V;. All prolongation values lie in Q:
algebraicity makes the extension of value groups torsion, while the base value group is divisible. The
orthogonal-basis assertion of Lemma 6.3 therefore applies, and an orthogonal basis can be scaled to
have value zero. In this basis,

Aj o~ RIMLVS {a € V; :vp(a) > 0} = mpA;. (7.4)

These assertions also hold on any L-linear subspace of V. At this point reduction means the map
of rational functions
Aj — H K(w), a— (Qy)w-
weY
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Its kernel is the positive ball mgA;, so its image has dimension dimy, V; over F'. No model of Y’
has been used. The next lemma locates these residue-field elements in the section spaces of the
separately normalized curves C,,.

Lemma 7.3. For all sufficiently large j, simultaneous residue gives an injection

Aj/mRAj — @ HO(Cuu Oc,,(§Dw)) (7.5)
wey

These maps respect products. If a section vanishes on the reduced inverse images of a selected set
of marked points, its reductions vanish on the corresponding reduced inverse images on the Cy,,
provided the selections are defined over the respective ground fields. The vanishing assertion may be
checked after splitting the marked points over L' and S.

Proof. Let a € Aj. Form the polynomial using every element of .J, including any repeated conjugates:

Po(T) = [[(T = g(a)) =T™ + 1 T™ " + -+ + . (7.6)
geJ

The coefficients are J-invariant rational functions, hence belong to L(Y)” = L(X). At a fixed w € V
every g(a) is integral, because g permutes V. Thus each ¢; has nonnegative Gauss value. Moreover

cr € HY(X,0x(kjDx)).

To see the pole bound, each conjugate has poles bounded by jDy, so the elementary symmetric
function of degree k has poles bounded by kjDy. Since the coefficient is a rational function on X,
its pole bound on X follows from that on its finite surjective pullback.

By Lemma 7.2, ¢ has poles bounded by kjDp. The residue a,, € K(w) satisfies the reduction of
(7.6). Let t be a local equation for jDp at any point of Er. Then ta,, satisfies the monic equation
whose coefficient of degree m — k is t*¢;,. These coefficients are regular there. At every point of
Cy above this neighborhood, normality therefore makes ta,, regular. This proves the required
pole bound and hence (7.5); injectivity was established in (7.4). Residue maps themselves respect
multiplication.

For the last assertion, work at a selected marked point after splitting. Every g(a) vanishes at
every point of its reduced inverse fiber, because this fiber is J-invariant. The non-leading coefficients
¢, consequently vanish at the marked point downstairs. There are no poles there, since Dy avoids
all the marked points. By (7.3), every ¢, vanishes at ¢;. The reduced monic equation at any point
above t; is then a]} = 0 in its residue field, so a,, vanishes there. O

7.2 Residue degrees and the inseparable quotient

For j sufficiently large, the line-bundle Euler-characteristic formula and ample vanishing turn (7.5)
into

jmn+x(Y) < jn Z My + Z X(Cuw)- (7.7)

weVY weY

Here deg Dx = deg Dr = n, and finite pullback multiplies divisor degree by the map degree. Letting
J grow gives m < >~ my,. On the other hand, Lemma 6.4, applied to the Gauss valuation on L(X)
and these distinct prolongations to the degree-m extension L(Y'), gives the reverse inequality. Its
hypotheses hold: the value group is Q and the residue field F(E) is infinite. We have proved

Z My = M. (7.8)
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Let Ay, < J be the stabilizer of w, and let I,, be the kernel of its action on K (w). The orbit has
m/|Ay| members, all of the same residue degree. Therefore

My = | Ayl (7.9)

In particular this equality follows from the section comparison, before any assertion about the degree
of an inseparable quotient.

Lemma 7.4. The invariant field M, = K(w)>* is purely inseparable over F(EF), of degree
d=[My: F(Er)] = |1yl (7.10)

In particular d is a power of p and d < m. If Z,, denotes the normalization of Er in M,,, the map
Cy — Zy, is generically separable Galois of degree my,/d, with group A, /I,. All these towers are
isomorphic over Er as w varies in V.

Proof. Take x € K (w)®w. Simultaneous approximation from Lemma 6.4 gives an element a € L(Y)
integral at every member of V, with residue x at w and zero at the other members. The coefficients
of the conjugate polynomial P,(T) in (7.6) have nonnegative Gauss value. At w, its reduction is

Po(T) = T 18w l(T — 1)1l € P(ER)[T). (7.11)

Indeed, elements of A, act on the residue z trivially, and each other conjugate draws its residue
from a different member of the orbit, where the prescribed residue is zero.
Write |A,| = p¥q with p{ ¢. In characteristic p,

(T — z)lAel = (77" — oP")4.

The coefficient of T™~P" in (7.11) is therefore —gazP’. The scalar ¢ is nonzero in F(EFr), so
xP" € F(Er). This also covers x = 0, for which the coefficient is zero. Thus M,,/F(EF) is purely
inseparable.

The effective automorphism group on K(w) is A, /I,,. Finite fixed-field theory gives

[K(w) : My = |Ay/ Lyl

Combining this with (7.9) and the tower formula proves (7.10). The assertions about the normaliza-
tions and their separable function fields follow. Conjugation by J supplies the asserted isomorphisms
between the towers, so d is independent of w. ]

7.3 Ramification on the residue curves

Pass temporarily to the finite separable splitting field S/F. The curve Z,, g remains integral: its
finite map to Fg is surjective and radicial, while separable scalar extension preserves regularity
and hence reducedness. The curve C, g is regular and is a disjoint union of integral components.
Each component dominates Z,, s: the finite flat map C, g — Z,, g restricts on a component to a
nonzero finite locally free summand, of positive rank on the connected target. The components are
consequently the normalizations in their respective function fields. These uses of normalization and
separable scalar extension are included in Foundations 7 and 8.

Let z; be the unique point of Z,, g above ¢;, and write r; for its ramification index over t;. Write
a; for the ramification index of Cy, 5 — Z, 5 above z;. We justify that a; is independent of the point
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above z;, even when C, g is disconnected. Put G\, = Ay /I, and My, 5 = S(Zy,5). The generic
algebra of this map is

t
K(w) ®um, My,s = H K.

It is a product of fields because K (w)/M,, is finite separable. The group G,, acts on the first tensor
factor, and the invariant algebra is M, s: taking invariants is taking a kernel of linear maps, which
commutes with this scalar extension. An orbit of the field factors gives an invariant idempotent.
Since M, s is a field, there can be only one orbit.

The total dimension over M, g is |G|, and transitivity makes all factor degrees equal to |G|/t
The stabilizer of a factor has this same order. It acts faithfully on that factor, since the map from
K (w) into the factor is injective. Thus the factor extension is Galois with that stabilizer as its
group. Transitivity on primes in each Galois normalization gives transitivity within each component
above z;; the action on the factors joins these componentwise orbits. We obtain transitivity on the
entire fiber of Cy, . Ramification indices are preserved by this action. The isomorphisms between
the towers for different w give the same r;, a; throughout the orbit.

Multiplicities in the tower multiply, so every point P of C,, g above ¢; has index r;a; over t;.
Finite flatness gives

Z ria; [K(P) : S| = my.

PeCy,s, PJ¢;
Summing over w and using (7.8) yields

S0y [kP):Ss)= = (7.12)

Qs
wey PECwﬁg, P‘ti L

In particular all residue-field degrees, including inseparable ones, are retained in the degree of the
reduced fiber.

Apply Lemma 5.4 to Cy,s — Zy,s, component by component. At a point above z;, the
determinant vanishing is at least a; — 1 + 1,,,. The total separable degree of the components
over Zy, g is my,/d. The preceding local-degree calculation gives my,/(r;a;) for the sum of the full
residue-field degrees above t;. Hence, for each w,

Euler characteristics and divisor degrees have the same numerical values over F' as after the separable
extension to S, so this inequality is written in the original normalization over F'. The hypotheses
of Theorem 5.1 hold for Z,,/Er: [F : Fy), < p", and Lemma 7.4 gives a purely inseparable degree
d < m. Divide the displayed inequality by m,, and substitute that theorem’s bound for v(Z,)/d.
Now sum with weights m,,/m, whose sum is one by (7.8). This gives

ZWL f:(l—)JrEn:

=1

a;—1+1

Tria;

plai (7.13)

Thus the normalization in this inequality agrees with that of (7.2).
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7.4 Vanishing conditions force equality

The ramification estimate (7.13) involves the special indices r;a;, whereas (7.2) involves the generic
indices e;. A second comparison of section spaces will control their difference. Choose the labels in

the set ) 1
1= {z : > } .
T €;

At these labels, the degree m/(r;a;) of the reduced special fiber exceeds the degree m/e; of the
reduced generic fiber. Imposing vanishing there will make the section comparison detect this excess.
This selection descends on both sides. The generic index e; is constant on the label orbits of
Gal(L'/L), and the special indices r;, a; are constant on the label orbits of Gal(S/F'). These two
permutation actions agree by Lemma 6.7. Hence the same subset of labels defines a divisor over L
on the generic base and a divisor over F' on the special base.

Let Ty be the reduced inverse image on Y of this selected divisor, and let T3, be its counterpart
on Cy,. These are effective divisors on regular curves over their indicated fields. Their degrees may
be computed after the finite separable splitting extensions, which preserve reducedness. The generic
Galois cover and (7.12) give

deg, Ty =3 =, S degpTu = — (7.14)

iez Ot wEY iez T

Restrict the norm to HY(Y,Oy(jDy — Ty)). Its integral ball again has a full-dimensional
reduction by (7.4), and Lemma 7.3 places that reduction in

P H(Cw, Oc, (jDw — Tw)).
weVy

For sufficiently large j, ample vanishing and (7.8) therefore give

jgmn + x(Y) —deg; Ty < jmn + Z X(Cy) — Z degp T'.
w w
After rearranging and using (7.14), this is

v(Y) _ ZwEI;;/(Cw) +2imax{ 1 _ 170}_ (7.15)
i=1

m ria; €

The three comparisons now force equality. To display their exact interaction, put
1 1

’ b’L = 61 =1

Tia; €;

The contribution of label ¢ in (7.13) is 1 — ¢; + d;¢;. Combining that inequality with (7.15) and

subtracting (7.2) gives

q; = pla;-

0> (b — ¢ + 2max{g; — b;, 0} + &;q;)
i=1
= > (lai = bil + digi) > 0. (7.16)
i=1

Every summand vanishes, and every intervening inequality is an equality. In particular,
ria; = €, pta; (1<i<n), d=|I,| > 1, xX(Y) = > x(Cu). (7.17)
wey

For the strict inequality d > 1, use p | ¢; and p { a;: then r; > 1, and r; divides the purely inseparable
degree d by finite flatness at t;. Also ¢; = b; makes the extra term in (7.15) zero, so equality there
gives precisely the displayed Euler-characteristic equality.
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7.5 A finitely presented model over the valuation ring

Proposition 7.5. The degree equality (7.8) and the Euler-characteristic equality in (7.17) produce
a flat projective scheme Y of finite presentation over R, with

VL ~Y, Vp >~ HCw.

wey

A=P 4

Jj=0

Proof. Form the graded R-algebra

Multiplication is defined because each w is a valuation: A;A; C A;, ;. Each piece is finite free by
(7.4). Moreover Ag = R, since Y is projective and geometrically integral and hence H(Y, Oy) = L.
Put
C=]]Cw. Bj=& H(Cuw,Oc,(iDv), B=EPB;.
weY wEY §>0
The two equalities in the proposition make the source and target dimensions in (7.5) equal for every
sufficiently large j. Thus there is an integer jy such that

A;/mpA; ~ B; (4 = Jo), (7.18)

compatibly with products. Equality in each high degree, rather than only equality of leading terms,
is where the Euler-characteristic equality is used.

We first choose a Veronese regrading for which the reduced algebra is generated in degree one.
The divisor on C given by the D,, is ample, so B is finitely generated by Foundation 9. Choose
positive-degree homogeneous generators by, ..., b over By, of degrees dy,...,d;. Let W be a common
multiple of these positive degrees. In a monomial in the b;, remove pure powers b}/V/ di, each of weight
W, until the remaining exponent of b; is less than W/d;. The weight of the remainder is less than
tW. Choose N = qW > jy with g > t.

If the original monomial has degree kN, its remainder has weight ¢WW for an integer 0 < ¢ < t < ¢,
since the removed blocks and the original total weight are multiples of W. There are kq — ¢ removed
blocks. Combine the remainder with ¢ — ¢ of these blocks to make one factor of weight N, and
group the remaining (k — 1)g blocks in groups of ¢. This factors the monomial into k factors of
weight N. Any coefficient from By is absorbed into the first factor. It follows that

F @@ Bin is generated over F' by By. (7.19)
k>1

This argument permits By = H(C,O¢) to be larger than F, as can happen for a disconnected
curve or a curve with extra constants. All the positive-degree factors used in the argument belong
to the full spaces in (7.18).

Let AN) = Dr>o Arn, with Agn assigned degree k. Choose an R-basis of Ay, and map the
variables of a degree-one polynomial ring

P = Rlxy,...,x,) — AW

to that basis. In each degree the target is a finite free R-module. By (7.18) and (7.19), the map is
surjective after reduction modulo mpg. Its degreewise cokernel is finite, so Nakayama’s lemma makes
the map surjective in every degree. This proves finite generation over R.

For finite presentation, let K} be the kernel of P, — Agn. This surjection splits as an R-module
map because Ay is free. Hence K is a finite direct summand of the finite free module Py,
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and reduction gives the exact kernel of the corresponding polynomial presentation over F. The
special relation ideal is a homogeneous ideal in the Noetherian ring F[z1,...,x,], so it has finitely
many homogeneous generators. Lift them, in their respective degrees, to elements gi,..., g, of
ker(P — AN)), and let I be the ideal they generate. For every k, the quotient K}, /I}, is a finite
R-module. Its reduction is zero, since the reductions of the g; generate the special relation ideal.
Degreewise Nakayama gives K = Iy, for every k. Thus

AN ~ Ry, .. xd) (91, - - 90)

is a finite homogeneous presentation. In particular, this argument does not require the nondiscrete
valuation ring R to be Noetherian.

Define Y = Proj AY). The degree-one presentation makes it a projective R-scheme of finite
presentation. It is flat over R: the graded algebra is a direct sum of free R-modules, homogeneous
localization is a filtered colimit of such flat modules, and the degree-zero part of the resulting graded
module is a direct summand. Thus every standard affine chart of ) has a flat coordinate ring over
R.

Since A; spans V}, the generic fiber is the Proj of the ample section ring of Y after Veronese
regrading, and hence is Y. By (7.18), the special fiber is the Proj of the algebra in (7.19). Replacing
its degree-zero term F' by By has no effect on Proj. Indeed, on a localization at a positive-degree
element f, a missing constant b € By is present as (bf)/f, since bf has positive degree. The
degree-zero coordinate rings of these localizations therefore agree. The full ample section ring
recovers C, proving the special-fiber assertion. O

7.6 Connectedness and the final contradiction

The finite presentation just proved is what permits passage to a Noetherian base. This is the
finite-equation approximation framework of EGA IV [17, Section 8]; the connected-fiber input is
Stein factorization, as in EGA III [16, Section 4.3] and Foundation 13. The following argument
constructs the normal Noetherian base explicitly, rather than applying coherent finiteness or Stein
factorization to the original valuation ring.

Lemma 7.6. Let R be a valuation ring of a characteristic-zero field L. If a flat projective R-scheme
U of finite presentation has geometrically integral generic fiber, then its special fiber is geometrically
connected.

Proof. Choose a finite set of homogeneous projective equations for ¢. Their coefficients generate a
finite-type Z-subdomain Ry C R. Normalize Ry in its fraction field, obtaining R;. By Foundation 7,
this normalization is finite, so R is a normal Noetherian domain. It remains a subring of R: its
elements lie in Frac(Rp) and are integral over R, which is integrally closed.

The equations define a projective scheme U; over R;. Its generic fiber is geometrically integral,
because this can be checked after extension of its fraction field to L, where the fiber is Uy. Let
T C Uy be the scheme-theoretic closure of that generic fiber. Then T is integral and projective over
Ry: locally its coordinate ring is the image in the coordinate ring of the integral generic fiber, and
the generic fiber is dense.

The pullback Tg is a closed subscheme of U/ and agrees with it over L. Its defining ideal in Oy
therefore vanishes upon localization at R\ {0}. On each affine chart, every element of this ideal is
annihilated by a nonzero element of R. Flatness of & makes its affine coordinate rings torsion-free
over R, so the ideal is already zero. Thus

Tr=U. (7.20)
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Write K1 = Frac(R;) and 7 : 7 — Spec R;. Proper coherent finiteness over this Noetherian
base gives a finite Ri-algebra H?(T,O7). Restriction to the generic fiber is injective because 7T is
integral and that fiber is dense. Since the generic fiber is projective and geometrically integral, its
global functions are K;. Hence

Ry C HY(T,O7) C K;.

The middle ring is finite over R, so all its elements are integral over R;. Normality yields
HO(T,07) = R;. Equivalently,
W*OT = OSpec Ry

one can check this equality on principal affine opens by flat base change for coherent cohomology,
as in Foundation 9.

Stein connectedness over the Noetherian base, in the form stated in Foundation 13, now gives
geometrically connected fibers of . The special fiber of U is, by (7.20), an extension of one of these
fibers to the residue field of R. It is therefore geometrically connected. All uses of proper coherent
cohomology and Stein factorization in this proof occur over Rj. 0

Completion of the proof of Proposition 7.1. Apply Lemma 7.6 to the flat projective model of Propo-
sition 7.5. Its generic fiber Y is geometrically integral, so its special fiber ][, ¢y Cy is connected.
Every C,, is nonempty; hence V has one member. The stabilizer of that member is all of J, so
I, is a normal subgroup of J. By (7.10) and (7.17), it is a nonidentity p-group. This contradicts
Op(J) =1. O

Proof of Theorem 3.1. Fix h > 1 and choose s( satisfying (7.1) with s = sp. The same inequalities
hold for every s > sg; fix any such s. For any prescribed multiset of conjugacy classes of the
p-singular puncture entries, Lemma 6.5 and Proposition 6.6 identify the finite tuple-class set with
the corresponding marked-cover classes and supply a Sylow p-group action on that set. If an orbit
had size less than p”, the same proposition would descend one of its covers to a finite extension
L/Ks with [L : K], < p". This is excluded by Proposition 7.1.

Every orbit of a finite p-group has p-power size. Thus all the orbits have sizes divisible by p”,
and so does their total. The threshold depends only on p, h, m, not on the multiset. An empty
tuple set has count zero and satisfies the same assertion; in particular this covers groups with no
p-singular elements. O

Proof of Theorem 1.1. The tuple divisibility just proved supplies the hypothesis of Proposition 3.14.
Therefore | = (1 + T')z for every pair (X, E) of a finite group and a central block sum considered
there. Taking (X, F) = (G, B) gives

I(B) = Y 2(Ne(Q)/Q,Bg).

Q<G a p-subgroup
up to G-conjugacy

The normalizer block-assignment calculation following Lemma 3.2 identifies this sum, including
Q =1, with |W,(B)| under the central-character convention (1.1). Hence {(B) = |W,(B)| for every
prime, finite group, and block, as required. O

8 Further consequences

The main theorem gives both numerical information about blocks and a functorial identity. We
first prove the local-global bounds stated in Corollary 1.2, then record the more detailed numerical
classification and the categorical reformulation. These are consequences of the numerical theorem
through the cited results; none is an input to the proof above.
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8.1 Local-global and principal-block bounds

The comparison with a defect-group normalizer is local to an individual block. Summing it over
maximal-defect blocks gives the comparison with the Sylow normalizer, while the two principal-block
bounds relate the number of simple modules to the number of classes of p-elements.

We use the notation of Corollary 1.2; in particular, P € Syl,(G).

Proof of Corollary 1.2. The local inequality and its abelian-defect equality are Alperin’s Conse-
quences 1-2 [1], as restated in [22, Section 3, p. 334]; their numerical weight-conjecture hypotheses
follow from Theorem 1.1. Put N = Ng(P). Since P is a normal Sylow p-subgroup of N, it is a
defect group of every block of N. Brauer’s first main theorem therefore matches all p-blocks of
N with the maximal-defect p-blocks of G; this indexing is also used in [15, proof of Lemma 2.14].
Writing these two block sets as Bl,(/V) and Bly, max(G), respectively, the local inequality gives

[Br,(G)[ > >, UB)= Y 1) =|IBry(N)].

B’€Blp max(G) b’ eBl,(N)

Finally, Theorem 1.1 supplies the only conjectural input in Hung—Sambale—Tiep’s Propositions 3.1—
3.2 [22], which give the two principal-block bounds under their respective hypotheses. O

8.2 Character counts and defect data

The next consequence treats blocks whose ordinary-character count exceeds their Brauer-character
count by one. Besides giving bounds, it specifies all possible pairs of defect-group order and
Brauer-character count, and asserts that every listed pair is attained.

Corollary 8.1 (Character-count and defect data). Let B be a p-block of a finite group with defect
group D of order p®, and write k(B) = |Irr(B)|. If k(B) — I(B) = 1, then the possible numerical
data (p?,1(B)) are exactly the following:

(i) There are positive integers n,m such that d = nm, every prime divisor of n divides p™ — 1,
and 4 | n implies 4 | p™ — 1, with

(B =Y ne_ljg(n/e), ht)y=1 T 1-q?)

eln qlt
q prime

€Mm

(ii) The exceptional pairs are
(p",1(B)) € {(5%,7),(7%,8), (11%,9), (112, 35),
(232, 88), (292, 63), (59%,261)}.
All listed data occur, and in every case k(B) = 1(B) + 1.

Proof. Hung, Sambale, and Tiep proved this numerical classification assuming the numerical
weight conjecture for B [22, Theorem 3.3]. Theorem 1.1 supplies that hypothesis. Their examples
establishing that every listed value occurs were already unconditional. O

This classifies only character-count and defect numerical data, not blocks up to isomorphism,
Morita equivalence, or derived equivalence.
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8.3 Functorial formulation

The following formulation expresses the numerical theorem as an identity of classes of functors. Its
alternating sum runs over all strict chains; it is not the normal-chain transform used earlier to prove
the theorem.

The numerical theorem gives the functorial formulation of Boltje, Bouc, and Yilmaz [4, Con-
jecture 3.3]. Let k and F' be algebraically closed fields of characteristics p and zero, respectively.
We recall the objects used in this optional formulation. A finite-dimensional (kH, kG)-bimodule is
viewed as a k[H x G]-module by (h, g)m = hmg~!. It is a p-permutation module if its restriction
to a Sylow p-subgroup has a basis permuted by that subgroup. Such a p-permutation bimodule
is diagonal if it is also projective as a left kH-module and as a right kG-module. The notation
TA(H,G) denotes their split Grothendieck group, with relations [M @ N] = [M] + [N].

The category of group—central-idempotent pairs has objects (H, ¢), including ¢ = 0. A morphism
from (H,c) to (H', ) is an F-linear combination of diagonal p-permutation bimodule classes selected
by ¢’ on the left and ¢ on the right. Composition is induced by tensor product over the intermediate
group algebra. In the notation of [4, Section 2], the category of F-linear functors from this category
to F-vector spaces is FBlp .

This functor category is semisimple in characteristic zero [4, Section 2.5]. By Yoneda, the
endomorphism space of the representable FT2(—, H) is the finite-dimensional F-space FT*(H, H).
Semisimplicity therefore forces the representable to have finite length: each simple summand
contributes an independent projection. Its direct summands also have finite length. Here Ko(FBlp )
denotes the Grothendieck group of the finite-length subcategory, the free abelian group on simple-
functor classes. It is in this sense that classes record the simple multiplicities used in [4, Sections 2.5
and 3].

The bimodule kH ¢ acts by precomposition on the representable functor F TA(—, H). Its image
is the direct summand F Tﬁc = FT?(—, H) o kHc associated to (H, ¢), using the equivalent group
and pair descriptions in [4, Sections 2.3-2.4]. In particular ¢ = 0 gives the zero functor. Write
[[H, c|]F for its class in Ko(FBlp).

Write S1,1,F for the simple functor indexed by the trivial pair and its trivial F-module. Its
multiplicity in FTI%’c is [(H,c): evaluation at the trivial group gives the space spanned by indecom-
posable projective kHc-modules [4, proof of Theorem 3.4]. Thus the following identity records all
simple-functor multiplicities, with the simple-module count as its 511 r component.

Corollary 8.2 (Functorial Alperin weight identity). Let b be a block idempotent of kG, where G is
finite. Let Sp(G) consist of all strict chains o = (1 = Py < Py < --- < P,) of p-subgroups, including
(1). Put

|U| =n, Go’ == m NG(P’L)7 bO’ = BrPn(b)
=0

Since Cq(P,) < G, and the Brauer image is invariant under G,, the element b, is a central
idempotent of kG, possibly zero or a sum of blocks. Thus the pair (G,,bs) is an object of the
category just described. Then, summing over representatives of the G-conjugacy classes of chains,

[S1,1,F), if b has defect zero,

n Ko(FBlry).
0, if b has positive defect in Ko( Fk)

S ()G bl = {

o€[G\Sp(G)]

Proof. Boltje-Bouc—Yilmaz first prove that, for every group—block pair, the alternating sum above
is an integer multiple of [S} 1 r]: every other simple-functor multiplicity cancels [4, Theorem 3.5(1)].
The universal numerical blockwise Alperin weight conjecture determines the remaining coefficient
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through its chain formulation. Their Theorem 3.5(2) therefore gives the stated identity from

Theorem 1.1. O
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