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Abstract
We prove the Eisenbud–Green–Harris and lex-plus-powers conjectures over every characteristic-

zero field for homogeneous regular sequences of any positive length, with degrees at least two.
For every homogeneous ideal containing such a sequence, the corresponding lex-plus-powers ideal
has the same Hilbert function and at least as large a graded Betti number in every homological
and internal degree.
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1 Introduction
A Hilbert function records the dimensions of a graded quotient; its graded Betti numbers also record
the relations among its generators and all higher syzygies. The lex-plus-powers conjecture predicts
one extremal ideal for both kinds of data when the original ideal contains a regular sequence. We
prove its full Artinian form over C, and deduce the full characteristic-zero statement for regular
sequences of arbitrary positive length by the established Artinian reduction and coefficient-field
descent.

Let
S = C[x1, . . . , xn], 2 ≤ a1 ≤ · · · ≤ an, P = (xa1

1 , . . . , xan
n ),
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where each variable has degree one. Lexicographic order always has x1 > · · · > xn, and a lex segment
starts with the greatest monomials. Suppose that a homogeneous ideal I ⊆ S contains a homogeneous
regular sequence f1, . . . , fn with deg fi = ai. Here regularity means that multiplication by fi is
injective on S/(f1, . . . , fi−1) for each i. Its full length makes S/I Artinian: the complete-intersection
Hilbert series is

∏
i(1 + z + · · · + zai−1). For each d ≥ 0, prescribe

Jd = Ld + Pd, dimC Jd = dimC Id, (1.1)

where Ld is the largest lex-segment subspace with this property. Part of the assertion below is that
these dimensions can be attained and that the prescribed spaces form an ideal.

For a standard graded polynomial ring A over a field F , write

βA
p,j(B) = dimF TorA

p (B, F )j , F = A/A>0.

The index p is the homological degree and j is the internal degree.

Theorem 1.1. For every n ≥ 1, every ordered degree sequence 2 ≤ a1 ≤ · · · ≤ an, and every
homogeneous ideal I ⊆ C[x1, . . . , xn] containing a regular sequence of these degrees, the spaces in
(1.1) exist and J =

⊕
d≥0 Jd is a homogeneous ideal. For this single ideal,

βS
p,j(S/I) ≤ βS

p,j(S/J) for every p ≥ 0 and j ∈ Z.

There is no restriction on the degrees or number of the additional generators of I.

Thus Theorem 1.1 resolves the Artinian lex-plus-powers conjecture positively over C. Its Hilbert-
function assertion is the Artinian Eisenbud–Green–Harris statement; the Betti inequalities are
stronger.

The Artinian restriction can be removed from these two conclusions. Caviglia and Maclagan
proved the Artinian reduction for the Eisenbud–Green–Harris conjecture [6, Proposition 10]; Caviglia
and Kummini proved the corresponding reduction for lex-plus-powers Betti numbers [5, Section 4,
Theorem 4.1]. Together with a finite coefficient-field descent, these reductions give the following
form over every characteristic-zero field.

Corollary 1.2 (Eisenbud–Green–Harris and lex-plus-powers in characteristic zero). Let F be a
field of characteristic zero, let

SF = F [x1, . . . , xn], 1 ≤ c ≤ n, 2 ≤ a1 ≤ · · · ≤ ac, PF = (xa1
1 , . . . , xac

c ),

with the standard grading and lexicographic order x1 > · · · > xn. Suppose that a homogeneous ideal
I ⊆ SF contains a homogeneous regular sequence f1, . . . , fc with deg fi = ai. For d ≥ 0, put

qd = dimF Id − dimF (PF )d.

This integer lies between zero and the number of degree-d monomials outside PF . Let Jd be the sum
of (PF )d and the span of the qd lexicographically greatest such monomials. Then J =

⊕
d≥0 Jd is a

homogeneous ideal, and for this single ideal

dimF (SF /I)d = dimF (SF /J)d (d ≥ 0), βSF
p,j (SF /I) ≤ βSF

p,j (SF /J) (p ≥ 0, j ∈ Z).

There is no restriction on the degrees or number of the additional generators of I.

Corollary 1.2 includes non-Artinian quotients and fields that are not algebraically closed. The
case with no prescribed regular sequence is the classical lex-ideal theorem cited below. The division-
coefficient construction itself remains the full-length construction over C; Section 9 proves the
corollary from Theorem 1.1.
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1.1 Context and previous results

The Eisenbud–Green–Harris (EGH) Hilbert-function conjecture arose in their work on higher Castel-
nuovo theory [9, Section 4]. The lex-plus-powers conjecture, generally attributed to Charalambous
and Evans, strengthens that prediction to graded Betti numbers. Francisco and Richert discuss its
origins and identify its first printed appearance in the work of Evans and Richert [10, Section 5];
see also the public formulations in [18, Section 1] and [7, Conjectures 1.1 and 1.2]. Without a
prescribed regular sequence, the extremality of lex ideals at fixed Hilbert function is the theorem of
Bigatti, Hulett, and Pardue [2, 11, 17]. The additional powers encode the degrees of the regular
sequence and give the sharper comparison studied here. For ideals already containing these powers,
Clements–Lindström compression supplies the Hilbert-function comparison [8].

The prescribed-powers Betti comparison developed through several stages. Mermin, Peeva, and
Stillman proved the comparison for ideals containing the squares of the variables in characteristic
zero [14, Theorem 1.1]; Murai established it for strongly stable ideals plus the prescribed powers
over any field [15, Theorem 1.1]. Mermin and Murai then proved the lex-plus-powers comparison
for ideals containing a monomial regular sequence, again over every field [13, Theorems 3.1 and 8.1].
They also isolated the reduction to a Hilbert-matching monomial ideal with no smaller graded Betti
numbers [13, Conjecture 10.2]. It is this reduction that we obtain from division coefficients. Our
proof of the subsequent monomial comparison is included for completeness; its conclusion is not
new.

For nonmonomial regular sequences, the Hilbert-function and Betti problems have had different
ranges of known cases. Abedelfatah proved EGH for full regular sequences whose forms split into
linear factors [1, Corollary 4.3]. Caviglia and Maclagan established EGH for fast-growing degrees
[6], and Caviglia and De Stefani weakened the required growth to ai ≥

∑
j<i(aj − 1) for i ≥ 3

[4, Theorem A]. These Hilbert-function results hold over any field. The characteristic-zero Betti
theorem of Caviglia and Sammartano requires ai ≥ 1 +

∑
j<i(aj − 1) for i ≥ 3 [7, Theorem 3.8]. No

such growth condition is imposed here.
More recently, Kuzmanovski [12, Theorem 1.9] obtained asymptotic Betti estimates in character-

istic zero in a bounded degree range, for fixed regular-sequence degree offsets and generator counts
and sufficiently large initial degree. That comparison uses the reverse-lexicographic generic initial
ideal of a lex-plus-powers ideal, rather than the lex-plus-powers ideal itself as in Theorem 1.1.

Our treatment of the monomial comparison retains the resolution-level mechanism of distractions
[3, Theorem 2.19 and Corollary 2.20] and the endpoint decomposition for stable-plus-powers ideals
[7, Lemma 3.7], while organizing the last comparison through ranks in the Koszul complex.

1.2 The reduction that carries the Betti numbers

The essential step is to find a monomial ideal M ⊇ P such that

Hilb(S/I) = Hilb(S/M), βS
p,j(S/I) ≤ βS

p,j(S/M) for all p, j. (1.2)

Matching Hilbert functions alone cannot give the second conclusion.
Theorem 1.1 of the companion article [16] supplies a field k/C, a finite-dimensional central

division k-algebra ∆, and commuting linear forms t1, . . . , tn in N = ∆[x1, . . . , xn]. They satisfy
triangular power identities adapted to the fi, and their ordered monomials form a left-∆ basis of
N . Section 2 states exactly the input needed here, including the basis assertion for the full algebra
rather than only its complete-intersection quotient.

Let T = k[y1, . . . , yn] act on N on the right by yi 7→ ti. Then N is simultaneously left-S free and
right-T free, the latter of rank m = dimk ∆, with generators in degree zero. A minimal S-resolution
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of S/I therefore gives a minimal T -resolution of N/IN , multiplying every Betti number by the
same factor m. With a monomial order adapted to the triangular identities, the leading coefficient
spaces of IN in the tα-expansion are left ideals of ∆, hence either zero or all of ∆. Their nonzero
positions define M ; the triangular identities ensure that M contains P . A filtered Koszul comparison
then gives (1.2) after cancelling m. This resolution transfer is the additional ingredient beyond the
Hilbert-function reduction in [16].

Starting from M , we work with the monomials in the exponent box 0 ≤ ui < ai. A transfer
replaces a factor xℓ by xh, where h < ℓ, provided the result remains in the box. Root-of-unity
distractions followed by initial ideals produce an ideal H ⊇ P closed under these transfers, with
unchanged Hilbert function and no smaller quotient Betti numbers. In each degree, replace the box
monomials belonging to H by the same number of greatest lexicographic monomials in the box,
and retain P . Comparing their bounded shadows—the multiples by one variable that remain in the
box—shows that the resulting space G is an ideal.

For the Betti comparison, put z = xn. The modules H/zH and G/zG over the earlier variables
have equal Hilbert functions and retain the Betti numbers of the ideals H and G. They split into
components according to the exponent of z, from 0 to an. Stability makes every earlier variable
annihilate the components at exponents 1, . . . , an − 1. Only the two extreme components can
therefore contribute nonzero ranks to the Koszul differentials. The comparisons on the box slices
un = 0 and un = an − 1, induction in the number of variables, and monotonicity of differential ranks
under submodules and quotients compare these endpoint contributions. Since the Koszul terms
have equal dimensions, the resulting reverse inequality for adjacent rank sums gives the required
Betti bound.

Sections 3 and 4 establish the filtered comparison and the transfer to M . Sections 5–7 give the
complete monomial comparison. Section 8 identifies its output with (1.1) and proves Theorem 1.1.
Section 9 then removes the Artinian and complex-coefficient restrictions from the Hilbert and Betti
conclusions.

2 Commuting forms with division coefficients
We state the construction theorem from the companion article [16] in the precise form used below. A
central division algebra over k is a finite-dimensional k-algebra with center k in which every nonzero
element is invertible. In ∆[x], the variables xi are central and have degree one, and elements of ∆
have degree zero.

Theorem 2.1 (Commuting-form construction, [16, Theorem 1.1]). Let f1, . . . , fn be a homogeneous
regular sequence in C[x1, . . . , xn], of degrees 2 ≤ a1 ≤ · · · ≤ an. There are a field extension k/C, a
central division k-algebra ∆, and a commutative graded k-subalgebra

k[x1, . . . , xn] ⊆ A ⊆ N = ∆[x1, . . . , xn]

generated by finitely many elements of degree one, containing t1, . . . , tn ∈ A1, such that

tah
h = chfh +

∑
ℓ<h

Bhℓfℓ +
∑
ℓ>h

Chℓtℓ (1 ≤ h ≤ n). (2.1)

Here ch ∈ k×, Bhℓ, Chℓ ∈ A, and every summand has degree ah. Moreover,

{tα = tα1
1 · · · tαn

n : α ∈ Zn
≥0}

is a graded left-∆ basis of the full algebra N .

4



The basis assertion in Theorem 2.1 is stronger than a basis of the finite complete-intersection
quotient: every monomial tα, without an upper bound on its exponents, occurs in the decomposition
of N . This is what will make N a free module over a polynomial ring and allow us to transfer an
entire resolution. The Hilbert-function consequence of the foundation theorem alone would not
suffice.
Remark 2.2. Commutativity of the forms does not mean that their individual ∆-coefficients commute.
The proof below always places those coefficients on the left and multiplies by the ti on the right.
The construction itself has no hypothesis on the additional generators of I.

3 Graded resolutions and leading coefficient spaces
We first prove a comparison for quotients of a free module whose monomial positions have vector-
space coefficients. The application in the next section will use a division algebra as that coefficient
space. The comparison must retain each internal degree separately, so we work with the graded
Koszul complex throughout.

Let F be a field and let A = F [y1, . . . , yr], with each variable of degree one. For a finitely
generated graded A-module B, put

βA
p,j(B) = dimF TorA

p (B, F )j , F = A/(y1, . . . , yr).

We use the shift convention B(−s)d = Bd−s. All modules considered below are bounded below and
have finite-dimensional graded components.

Lemma 3.1 (Minimal graded resolutions). Every finitely generated graded A-module B has a graded
free resolution whose differentials have entries in A>0. In such a resolution, the number of free
generators of degree j in homological position p is βA

p,j(B). If H ⊊ A is a homogeneous ideal, then

βA
p+1,j(A/H) = βA

p,j(H) (p ≥ 0, j ∈ Z). (3.1)

If H is monomial, a minimal resolution of A/H can be chosen homogeneous for the exponent
multigrading, with all generator multidegrees in Zr

≥0.

Proof. Lift a homogeneous F -basis of B/A>0B to B and map the free module on these lifts to B.
This map is surjective: in each degree, an element not yet expressed in the lifts differs from such an
expression by a sum of positive-degree multiples of elements of smaller degree, to which induction
applies. Its kernel is finitely generated because A is Noetherian. Repeating the construction for
successive kernels gives a free resolution. At each stage, reduction modulo A>0 identifies the chosen
free generators with a basis of the corresponding module modulo A>0, so the next kernel lies in A>0
times that free module. Thus every differential between free modules has positive-degree entries.
Tensoring with F makes these differentials zero and proves the assertion about Tor.

A minimal resolution of a proper homogeneous ideal H, followed by the inclusion H ↪→ A and
the quotient A ↠ A/H, is a minimal resolution of A/H: the additional entries also have positive
degree since H ⊆ A>0. This proves (3.1), including H = 0.

For a monomial quotient, carry out the same construction with multihomogeneous lifts. The
initial free module is A in multidegree zero. A free module whose generator multidegrees are
nonnegative has no component in a multidegree outside Zr

≥0; neither does its kernel or a quotient of
that kernel. Induction therefore gives the last assertion.
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Lemma 3.2 (Koszul calculation). Let K•(B) be the Koszul complex on y1, . . . , yr with coefficients
in B. Its term of internal degree j in position p is

Kp(B)j =
⊕

σ⊆{1,...,r}
|σ|=p

Bj−peσ,

where eσ has degree p. Its homology satisfies

dimF Hp(K•(B)j) = βA
p,j(B).

Proof. For σ = {i1 < · · · < ip} the differential is

d(beσ) =
p∑

q=1
(−1)q−1yiq b eσ\{iq}.

The complex K•(A) is the tensor product over F of the one-variable complexes

0 −→ F [yi](−1) yi−−→ F [yi] −→ 0.

Each has homology F in position zero and no other homology. A complex of vector spaces splits as
its homology with zero differential plus contractible two-term summands. Tensoring these splittings
shows that K•(A) is a free resolution of F .

To compare this computation with a resolution of B, take any graded free resolution F• → B
and form the first-quadrant double complex F• ⊗A K•(A). Augmenting either factor gives maps
from its total complex to F• ⊗A F and to B ⊗A K•(A), respectively. The kernels have exact columns
or exact rows, since the terms of the other factor are free. Their total complexes are exact. For exact
columns, eliminate a cycle’s component of greatest horizontal index by a vertical boundary; the
correction introduces terms only in the next column to the left. There are finitely many components
on each total-degree diagonal, so iteration eliminates the cycle. The argument for exact rows
interchanges the two indices. Both augmentation maps consequently induce homology isomorphisms.
This identifies the homology of B ⊗A K•(A) = K•(B) with TorA(B, F ), preserving the internal
grading.

We now order monomial positions without choosing an order on their coefficients. Let V be a
finite-dimensional F -vector space in degree zero, and set

E = V ⊗F A =
⊕

α∈Zr
≥0

V yα.

Choose a total order ≺ on the exponents of each fixed total degree, compatible with addition: if
α ≺ β, then α + γ ≺ β + γ for every γ ∈ Zr

≥0. The first nonzero position of an element is its leading
position in this order.

For a homogeneous submodule W ⊆ E and an exponent α, define

Vα =

v ∈ V : vyα +
∑

|γ|=|α|
α≺γ

vγyγ ∈ W for some vγ ∈ V

 .

This is an F -subspace of V . The resulting leading submodule is

in≺ W =
⊕

α∈Zr
≥0

Vαyα.
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Indeed, multiplication of a witnessing element by yi shows that Vα ⊆ Vα+ei , so this direct sum is an
A-submodule.
Proposition 3.3 (Leading-submodule comparison). With A, V, E, W and ≺ as above, for every
d ∈ Z, every p ≥ 0, and every j ∈ Z one has

dimF (E/W )d = dimF (E/ in≺ W )d, (3.2)
βA

p,j(E/W ) ≤ βA
p,j(E/ in≺ W ). (3.3)

Proof. Write Q = E/W . In degree d ≥ 0, let E⪰α be the sum of the positions V yγ with |γ| = d and
α ⪯ γ, and define E≻α similarly with strict inequality. Their images in Qd give a finite descending
filtration. Its quotient at α is

im(E⪰α → Qd)
im(E≻α → Qd) ≃ E⪰α

E≻α + (Wd ∩ E⪰α) ≃ (V/Vα)yα. (3.4)

The last isomorphism takes the coefficient at α. Summing its dimensions proves (3.2); both sides
vanish for d < 0.

Fix an internal degree j ≥ 0. We give all terms of K•(Q)j a common filtration indexed by the
degree-j exponents. For a subset σ, put 1σ =

∑
i∈σ ei. In the summand with exterior label eσ, place

the coefficient position α at
α + 1σ.

More explicitly, the filtration subspace at β in that summand is the image of the span of all V yα

satisfying β ⪯ α + 1σ. The full filtration subspace is the direct sum over the labels σ. Addition
compatibility means that the relative order of the positions within one summand agrees with their
order in Qj−|σ|.

A differential deleting i ∈ σ multiplies its coefficient by yi. It sends the position with exponent
α to that with exponent α + ei, and

(α + ei) + 1σ\{i} = α + 1σ.

Thus the differential preserves the filtration. By (3.4), its map on the corresponding associated
graded positions is, up to the Koszul sign,

V/Vα −→ V/Vα+ei , [v] 7−→ [v].

This is well defined by Vα ⊆ Vα+ei . Consequently the associated graded complex is exactly
K•(E/ in≺ W )j , decomposed by the total exponent β.

For completeness, if d : C → C ′ is a filtration-preserving linear map between finite-dimensional
filtered spaces, the filtration induced on ker d gives an injection

gr(ker d) ↪→ ker(gr d).

Indeed a leading class represented by an element of ker d maps to zero, and the induced filtration
on the kernel makes this inclusion injective. Since taking associated graded preserves dimension, it
follows that rank d ≥ rank(gr d). At a fixed term of a complex, the homology dimension is the term
dimension minus the ranks of its incoming and outgoing maps. Applying the rank inequality to
these two maps proves that passing to the associated graded complex cannot decrease this homology
dimension. Lemma 3.2 now gives (3.3). For j < 0 all the relevant Koszul terms vanish, so the same
assertion holds.

Taking V = F recovers the usual comparison with a monomial initial ideal; see also [13, Section 2].
Keeping V arbitrary is essential for the next application: the coefficient algebra will enlarge all
dimensions by the same finite factor, which can then be cancelled.
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4 A monomial bound containing the prescribed powers
We use the commuting forms of Theorem 2.1 to construct a monomial ideal containing the prescribed
powers. The construction preserves the Hilbert function and increases every graded Betti number.
The first step explains why the original resolution remains minimal over the polynomial ring acting
through these forms.

Lemma 4.1 (Transfer of a minimal resolution). Let S = C[x1, . . . , xn], let k be a field containing C,
and let ∆ be a finite-dimensional central division k-algebra. Put m = dimk ∆ and N = ∆[x1, . . . , xn],
where the xi are central. Suppose that t1, . . . , tn ∈ N1 commute and that

N =
⊕

α∈Zn
≥0

∆tα (4.1)

is a graded direct-sum decomposition. Give T = k[y1, . . . , yn] a right action on N by multiplication,
u · yi = uti. For every homogeneous ideal I ⊆ S, the right T -module Q = N/IN satisfies

dimk Qd = m dimC(S/I)d (d ∈ Z), (4.2)
βT

p,j(Q) = mβS
p,j(S/I) (p ≥ 0, j ∈ Z). (4.3)

Here right and left modules over the commutative ring T are identified when computing Tor.

Proof. Commutativity of the ti and centrality of k make the stated right T -action well defined. The
map

∆ ⊗k T −→ N, b ⊗ yα 7−→ btα (4.4)

is a graded vector-space isomorphism by (4.1). It is right T -linear because (btα)ti = btα+ei . Thus N
is right T -free of rank m, with a basis in degree zero, and

N>0 = NT>0. (4.5)

The left S-action commutes with the right T -action by associativity of multiplication in N .
Moreover, N = ∆ ⊗C S as a left S-module, so N is left S-free and therefore flat. Each element of I
is central in N , whence IN is a two-sided ideal. In particular it is a right T -submodule, and

Q ≃ ∆ ⊗C (S/I).

Taking a complex basis of (S/I)d proves (4.2).
Let F• → S/I be a minimal graded S-free resolution. Since S is commutative, regard its terms

as right S-modules and tensor with the (S, T )-bimodule N . Flatness gives a resolution

F• ⊗S N −→ Q

by graded free right T -modules. An entry f of an original differential acts on N by left multiplication.
This map is right T -linear, again by associativity.

Choose a k-basis b1, . . . , bm of ∆, which is a right T -basis of N under (4.4). If f is nonzero and
has degree e > 0, then each fbu belongs to Ne. By the graded decomposition (4.1), its coefficients
in the basis b1, . . . , bm are homogeneous polynomials in T of degree e. They therefore lie in T>0.
Every nonzero original differential entry has positive degree, so the transferred resolution is minimal.
Each summand S(−s) of Fp becomes m summands T (−s). Lemma 3.1 proves (4.3) for every p, j.
If I = S, both quotients and their resolutions may be taken to be zero, and the same formulas
hold.
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The next proposition supplies the monomial ideal used by the rest of the proof. Its ideal is
allowed to depend on I, but it is fixed simultaneously for all homological and internal degrees.

Proposition 4.2 (Monomial reduction). Let S = C[x1, . . . , xn], let 2 ≤ a1 ≤ · · · ≤ an, and let I ⊆ S
be a homogeneous ideal containing a homogeneous regular sequence f1, . . . , fn with deg fh = ah. Put
P = (xa1

1 , . . . , xan
n ). There is a monomial ideal M ⊆ S containing P such that

dimC(S/M)d = dimC(S/I)d (d ∈ Z), (4.6)
βS

p,j(S/I) ≤ βS
p,j(S/M) (p ≥ 0, j ∈ Z). (4.7)

Proof. If I = S, take M = S. Assume henceforth that I is proper. Apply Theorem 2.1 to the given
regular sequence. It supplies k, ∆, and commuting degree-one forms th satisfying the basis property
(4.1) and homogeneous identities

tah
h = chfh +

∑
ℓ<h

Bhℓfℓ +
∑
ℓ>h

Chℓtℓ, ch ∈ k×, (4.8)

where the multipliers belong to N = ∆[x1, . . . , xn]. In particular Chℓ is homogeneous of degree ah −1
when nonzero. Define T = k[y1, . . . , yn], m = dimk ∆, W = IN , and Q = N/W as in Lemma 4.1.

Under (4.4), view N as the free T -module with coefficient space V = ∆. In each total degree,
order exponents by placing the lexicographically smallest tuple

(αn, . . . , α1)

first. This order is compatible with addition. Apply Proposition 3.3 to the homogeneous T -submodule
W with this order.

For an exponent α, let Vα ⊆ ∆ be its leading coefficient space. It is closed under left multiplication
by ∆: if w ∈ W witnesses a coefficient b at α with no earlier coefficients, then λw ∈ W witnesses
λb. Here W is left ∆-linear because it is an ideal of N . Hence Vα is a left ideal of ∆. Since ∆ is a
division algebra,

Vα = 0 or ∆.

Explicitly, if 0 ̸= b ∈ Vα, every c ∈ ∆ is (cb−1)b and therefore also belongs to Vα.
The set

U = {α ∈ Zn
≥0 : Vα = ∆}

is upward closed under addition of exponent vectors, since the leading object is a T -submodule.
Define M ⊆ S to be the monomial ideal with exponent set U , and define Mk ⊆ T by the same
exponent set. Then

N/ in≺ W ≃ ∆ ⊗k (T/Mk) ≃ (T/Mk)⊕m (4.9)

as graded right T -modules.
We next verify the power containment. Since every fℓ lies in I, Equation (4.8) gives

tah
h −

∑
ℓ>h

Chℓtℓ ∈ W.

Expand each Chℓ in the left ∆-basis tα. Right multiplication by tℓ turns a term btα into btα+eℓ ,
using only commutativity of the forms. Every resulting exponent has a positive coordinate of index
greater than h. It consequently lies strictly after aheh in the chosen order, because aheh has zero
coordinates at all indices greater than h. The displayed element therefore has leading position aheh

with coefficient 1. Thus aheh ∈ U for every h, proving P ⊆ M .
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It remains to compare the numerical invariants. The scalar extension of S/M from C to k, with
xi renamed yi, is T/Mk. Its Hilbert function is unchanged. Tensoring the Koszul complex over C
with the field k also preserves exactness and commutes with homology, so

dimk(T/Mk)d = dimC(S/M)d,

βT
p,j(T/Mk) = βS

p,j(S/M).

Equations (4.2) and (4.9), together with (3.2), now give

m dimC(S/I)d = dimk Qd = dimk(N/ in≺ W )d = m dimC(S/M)d.

Likewise, (4.3), (3.3), and (4.9) yield, for every p ≥ 0 and every j ∈ Z,

mβS
p,j(S/I) = βT

p,j(Q) ≤ βT
p,j(N/ in≺ W ) = mβS

p,j(S/M).

Cancelling the positive integer m proves both assertions.

The right action in Lemma 4.1 and the placement of the ∆-coefficients on the left are deliberate.
The argument uses commutativity among the forms ti, but never requires an individual coefficient in
∆ to commute with a form. Proposition 4.2 completes the reduction to an ideal containing P . The
remaining comparison is the prescribed-powers theorem of Mermin and Murai [13, Theorem 3.1].
Sections 5–7 give a direct proof by stabilization, box compression, and a Koszul-rank induction.

5 Stabilization inside the exponent box
We now start with a monomial ideal containing the prescribed powers. The aim of this section is to
impose stability inside the finite exponent box while preserving the Hilbert function and weakly
increasing every graded Betti number of the quotient. This is the pure-power deformation strategy
of Mermin and Murai [13, Section 3].

Let

S = C[x1, . . . , xn], 2 ≤ a1 ≤ · · · ≤ an, P = (xa1
1 , . . . , xan

n ), bi = ai − 1.

For 1 ≤ r ≤ n and d ∈ Z, put

Br(d) = {u ∈ Zr
≥0 : |u| = d, 0 ≤ ui ≤ bi for 1 ≤ i ≤ r}.

In particular, this set is empty when d < 0.

Definition 5.1. A subset X ⊆ Br(d) is stable if

u ∈ X, h < ℓ, u + eh − eℓ ∈ Br(d) =⇒ u + eh − eℓ ∈ X.

A monomial ideal containing (xa1
1 , . . . , xar

r ) is stable in the box if its included exponent vectors in
Br(d) form a stable set for every d. This definition imposes no transfer condition on monomials
outside the box.

The modification used below acts on one pair of variables. Fix h < ℓ, write ξ = xh and q = xℓ,
and choose a primitive aℓ-th root of unity ζ ∈ C. Define a graded C-linear map D : S → S on
monomials by

D(xu) =

∏
i̸=ℓ

xui
i

 uℓ−1∏
s=0

(q − ζsξ), u ∈ Zn
≥0, (5.1)
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with the empty product equal to 1. The resolution argument below is the nested-factor mechanism
used for distractions in [3, Theorem 2.19 and Corollary 2.20]. We give the argument directly because
the root-of-unity factors here are periodic, rather than eventually constant.

Lemma 5.2. For every monomial ideal K ⊆ S, its vector-space image D(K) is a homogeneous
ideal. Moreover,

dimC(S/D(K))d = dimC(S/K)d (d ∈ Z),
βS

p,j(S/D(K)) = βS
p,j(S/K) (p ≥ 0, j ∈ Z).

The map also satisfies D(P ) = P .

Proof. The expansion of D(xu) has coefficient 1 at xu, and every other monomial is lexicographically
larger than xu. Thus D is unitriangular on each finite-dimensional graded piece and is invertible.
Multiplication by a variable other than q commutes with D, while

qD(xu) = D(qxu) + ζuℓξD(xu). (5.2)

Since K is spanned by monomials and is an ideal, these identities show that D(K) is an ideal. The
invertibility and degree preservation of D give the Hilbert-function equality.

To check preservation of P , first observe that

aℓ−1∏
s=0

(q − ζsξ) = qaℓ − ξaℓ ∈ P.

Here the second term belongs to P because ah ≤ aℓ. If a monomial is divisible by qaℓ , its image
under D is divisible by this displayed polynomial. If it is divisible by another generator of P , that
generator remains a factor of its image. Consequently D(P ) ⊆ P . In each degree this inclusion is
an inclusion between vector spaces of the same finite dimension, so it is an equality.

It remains to compare Betti numbers. If K = S, both quotients are zero. Otherwise, choose a
minimal exponent-multigraded free resolution F• → S/K with F0 = S, as in Lemma 3.1. A nonzero
differential entry from a generator of multidegree u to one of multidegree v has the form cxu−v,
where u ≥ v coordinatewise. Keeping the ordinary graded free modules, replace this entry by

c
D(xu)
D(xv) . (5.3)

The ratio is a polynomial: all unchanged monomial factors are nested, as are the products in (5.1).
For each free summand whose generator has multidegree v, define a linear change on its coefficient

polynomials by
Cv(xw−v) = D(xw)

D(xv) , w ≥ v. (5.4)

More explicitly, the right-hand side is∏
i̸=ℓ

xwi−vi
i

wℓ−1∏
s=vℓ

(q − ζsξ).

It has the original monomial xw−v with coefficient 1 and only lexicographically larger additional
terms. Hence Cv is an invertible graded vector-space map. These maps need not be S-linear; the
new differential defined by (5.3) is S-linear.
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The changes on the free summands intertwine the old and new differentials. Indeed, for a source
coefficient xw−u and a nonzero entry cxu−v, the required equality is precisely

D(xw)
D(xu)

(
c
D(xu)
D(xv)

)
= c

D(xw)
D(xv) .

Thus the new maps form a complex that is exact in every positive homological degree. At F0 = S
the change is C0 = D, so its image from F1 is D(K). We have obtained a free resolution of S/D(K)
with the same ordinary graded free modules as F•. Every replaced nonzero entry still has its original
positive degree, so this resolution is minimal. Its free ranks in each degree give the asserted equality
of all graded Betti numbers.

Proposition 5.3. Let S = C[x1, . . . , xn], let 2 ≤ a1 ≤ · · · ≤ an, and put P = (xa1
1 , . . . , xan

n ). For
every monomial ideal K ⊇ P , there is a monomial ideal H ⊇ P stable in the box such that

dimC(S/H)d = dimC(S/K)d (d ∈ Z)

and
βS

p,j(S/K) ≤ βS
p,j(S/H) (p ≥ 0, j ∈ Z).

Proof. If K is stable in the box, take H = K. Otherwise choose a failed transfer from q = xℓ to
ξ = xh, with h < ℓ, and form the map D above. Replace K by

K ′ = inlex D(K),

where the leading monomial is the lexicographically largest one. By Lemma 5.2, P ⊆ D(K), and
hence P ⊆ K ′. That lemma and Proposition 3.3 show that the Hilbert function is preserved and

βS
p,j(S/K) ≤ βS

p,j(S/K ′) (p ≥ 0, j ∈ Z).

We prove that repeated replacements terminate by measuring progress in every lexicographic prefix.
Fix a degree d and a prefix E of the degree-d monomials, listed from greatest to least. Let πE

be the projection onto their span. Gaussian elimination with this ordered list of columns gives

#{m ∈ E : m ∈ K ′} = dimC πE(D(K)d).

For the monomials m ∈ K ∩ E, the vectors πE(D(m)) are linearly independent: their coordinates
in their original monomial positions form a triangular matrix with diagonal entries 1. Consequently

#(K ′ ∩ E) ≥ #(K ∩ E) (5.5)

for every such prefix in every degree.
There is a strict inequality for at least one prefix. Choose a monomial xu ∈ K inside the box

witnessing the failed transfer, so

m′ = ξ

q
xu lies inside the box but does not belong to K.

Its existence implies 1 ≤ uℓ < aℓ. Let E be the degree-|u| prefix ending at m′. Every monomial in
K ∩ E is strictly larger than m′, so its D-image has zero coefficient at m′. On the other hand, the
coefficient at m′ of D(xu) is

−
uℓ−1∑
s=0

ζs = −1 − ζuℓ

1 − ζ
̸= 0.
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Thus πE(D(xu)) is independent of the projected vectors already used for K ∩ E, proving strictness
in (5.5).

Every monomial ideal containing P is determined by the monomials it includes in the finite box
0 ≤ ui < ai. There are therefore only finitely many such ideals. The nondecreasing prefix counts,
with at least one strict increase at every replacement, prevent a repetition. Continuing whenever
stability fails must consequently stop at an ideal H stable in the box. The Hilbert-function equalities
and all Betti inequalities persist along this finite sequence.

6 Shadows and end slices in an exponent box
We now replace the monomials of a stable ideal, degree by degree, by lex segments in the exponent
box. The shadow comparison below will ensure that the replacement is an ideal. At the same
time we prove two comparisons for its first and last slices. The bounded-monomial theorem of
Clements and Lindström gives the shadow comparison for arbitrary subsets when the bounds are
nondecreasing [8]. Here we assume stability of the subsets, allow the bounds in arbitrary order, and
prove the two endpoint comparisons together with the shadow inequality.

Recall the notation for a box with positive integer bounds b1, . . . , br:

Br(d) =
{

u ∈ Z r
≥0 :

r∑
h=1

uh = d, uh ≤ bh for every h

}
.

Here d may be any integer; in particular the box is empty when d < 0 or d >
∑

h bh. We also set
B0(0) = {()} and B0(d) = ∅ for d ̸= 0. No ordering of the bounds is required in this section.

Vectors are ordered lexicographically, with the first coordinate taking precedence, and lex
segments start with the largest vectors. For X ⊆ Br(d), let Lex(X) be the lex segment of cardinality
|X|. Recall that X is stable if

u ∈ X, h < ℓ, u + eh − eℓ ∈ Br(d) =⇒ u + eh − eℓ ∈ X.

Every lex segment is stable, since each allowed transfer increases the vector in lex order. Define the
bounded shadow and the slices by

∂X = {u + eh ∈ Br(d + 1) : u ∈ X, 1 ≤ h ≤ r},

X(s) = {u ∈ Br−1(d − s) : (u, s) ∈ X} (0 ≤ s ≤ br).

The bounds in Br−1 are the first r−1 bounds. Empty sets have empty shadows; thus these definitions
also cover negative degrees and empty slices.

Lemma 6.1 (Shadows and end slices). Let r ≥ 1, let b1, . . . , br be positive integers, and let d ∈ Z.
If X ⊆ Br(d) is stable and Y = Lex(X), then ∂Y is a lex segment and

|∂X| ≥ |∂Y |, |X(0)| ≥ |Y (0)|, |X(br)| ≤ |Y (br)|. (6.1)

Proof. We first prove the assertion about lex shadows, without assuming stability of X. Empty
shadows need no argument. For v ∈ Br(d + 1), with d ≥ 0, its lex largest degree-d predecessor is

p(v) = v − emax{h:vh>0}.

Every predecessor belongs to the bounded box. Moreover, the map p preserves weak lex order.
Indeed, suppose v > w, with first difference at coordinate k. Subtraction at the last nonzero
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coordinate cannot change an earlier coordinate of v. If the operation changes a coordinate of w
before k, then p(v) > p(w) already at that coordinate. Otherwise the strict inequality at k can
disappear only if vk = wk +1 and the tail of v after k is zero. Equality of total degrees then says that
the tail of w contains exactly one unit. Subtracting its last nonzero coordinate gives p(v) = p(w).
In all other cases the first strict inequality remains. Membership of v in the shadow of a lex segment
is equivalent to membership of p(v) in that segment, proving that its shadow is lex.

We prove the three inequalities simultaneously by induction on r. If Br(d) is empty, they are
immediate. For r = 1, each degree box has at most one vector, so X = Y . Assume henceforth that
r > 1. A prime will indicate lex replacement or shadow in the first r − 1 coordinates.

Each slice X(s) is stable, and stability between slices gives

∂′X(s) ⊆ X(s − 1) (1 ≤ s ≤ br). (6.2)

Replace each slice by Z(s) = Lex′(X(s)), and let Z ⊆ Br(d) be the set with these slices. By the
induction hypothesis and (6.2),

|∂′Z(s)| ≤ |∂′X(s)| ≤ |X(s − 1)| = |Z(s − 1)|.

The shadow on the left and the slice on the right are lex segments in the same degree box.
Consequently

∂′Z(s) ⊆ Z(s − 1) (1 ≤ s ≤ br). (6.3)
Thus a unit in the last coordinate of a member of Z may be moved to any earlier coordinate with
available capacity, while remaining in Z.
The zero slice. If Z(0) = Br−1(d), then |Y (0)| ≤ |Z(0)| = |X(0)|. Otherwise let v be the largest
vector of Br−1(d) omitted from Z(0); all members of Z(0) are strictly larger than v.

We claim that every (u, s) ∈ Z is strictly larger than (v, 0). Equality is excluded by the choice
of v. If instead (u, s) < (v, 0), let k < r be their first differing coordinate. Then uk < vk and earlier
coordinates agree. Also s > 0, since every member of the lex slice Z(0) is larger than v. We will
move the s units of the last coordinate into the first r − 1 coordinates to obtain a vector w ≤ v.

Let
c =

∑
k<j<r

(bj − uj)

be the available capacity strictly after coordinate k. If s ≤ c, distribute all s units among those
positions; the result still has wk = uk < vk. If s > c, fill all those positions and put the remaining
s − c units at coordinate k. Since |u| + s = |v| = d and the prefixes before k agree,

s − c = vk − uk −
∑

k<j<r

(bj − vj) ≤ vk − uk. (6.4)

The remaining units therefore fit at k. If the inequality in (6.4) is strict, then wk < vk. If equality
holds, every coordinate of the tail of v is full, and the constructed vector is exactly v. In either
case w ≤ v. All the moves stay within the bounds, so repeated use of (6.3) gives w ∈ Z(0), a
contradiction. This proves the claim.

There are thus at least |Z| = |X| vectors preceding (v, 0). The lex segment Y of that cardinality
also consists entirely of vectors preceding (v, 0). Its zero slice is therefore contained in Z(0), proving

|Y (0)| ≤ |Z(0)| = |X(0)|. (6.5)

The top slice. Put B =
∑r

h=1 bh and let ρ(u) = (b1 − u1, . . . , br − ur). The reflected complement

X∗ = ρ
(
Br(d) \ X

)
⊆ Br(B − d)
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is stable. In fact, if an allowed upward transfer took a member of X∗ outside X∗, reflection would
give an upward transfer from a member of X to a vector outside X, contradicting stability. Reflection
reverses lex order, so Y ∗ = ρ(Br(d) \ Y ) is the lex segment of cardinality |X∗|.

The zero-slice inequality, already proved in r coordinates, applies to X∗, Y ∗. Their zero-slice
cardinalities are

|X∗(0)| = |Br−1(d − br)| − |X(br)|,
|Y ∗(0)| = |Br−1(d − br)| − |Y (br)|.

It follows that |X(br)| ≤ |Y (br)|.
The shadow. We have established both end-slice comparisons. To recover the shadow bound, we
separate its zero slice from the remaining vectors. For any stable set X,

|∂X| = |∂′X(0)| + |X| − |X(br)|. (6.6)

Indeed, its shadow vectors with last coordinate zero are precisely ∂′X(0). Every shadow vector v
with positive last coordinate has v − er ∈ X: if it was obtained as v = u + eh with h < r, transfer
one unit of the positive last coordinate of u to coordinate h. This transfer is within bounds because
v is within bounds. Stability gives v − er ∈ X. Thus adding er bijects the members of X outside its
top slice with shadow vectors having positive last coordinate, proving (6.6).

The same identity holds for the stable set Y . Its zero slice is a lex segment, and (6.5) gives
Y (0) ⊆ Lex′(X(0)). The induction hypothesis and monotonicity of shadows under inclusion imply

|∂′X(0)| ≥
∣∣∂′ Lex′(X(0))

∣∣ ≥ |∂′Y (0)|.

Combining this with the top-slice inequality in (6.6) proves |∂X| ≥ |∂Y | and completes the
induction.

We apply the shadow comparison to the degree pieces of a monomial ideal. For A = C[x1, . . . , xr]
and Pr = (xb1+1

1 , . . . , xbr+1
r ), a monomial ideal H ⊇ Pr is stable in the box sense precisely when

each set
Xd = {u ∈ Br(d) : xu ∈ H}

is stable. Define its degreewise lex replacement by

(ΛH)d = (Pr)d + spanC{xu : u ∈ Lex(Xd)}, ΛH =
⊕
d≥0

(ΛH)d. (6.7)

At this point ΛH is a graded vector subspace; the next proposition verifies its closure under
multiplication.

Proposition 6.2 (Lex replacement is an ideal). Let b1, . . . , br be positive integers, and let H ⊆
C[x1, . . . , xr] be a monomial ideal containing Pr = (xb1+1

1 , . . . , xbr+1
r ) and stable in the box sense.

Then the subspace ΛH defined in (6.7) is a monomial ideal containing Pr. It is stable in the box
sense and has the same Hilbert function as H.

Proof. Write Yd = Lex(Xd). Since H is an ideal, ∂Xd ⊆ Xd+1. Lemma 6.1 therefore gives

|∂Yd| ≤ |∂Xd| ≤ |Xd+1| = |Yd+1|.

Both ∂Yd and Yd+1 are lex segments in Br(d + 1), so ∂Yd ⊆ Yd+1. Thus multiplying a monomial of
ΛH by a variable either gives a monomial of the next lex segment or leaves the box and enters Pr.
Products of monomials already in Pr stay in Pr. This proves the ideal assertion. Each Yd is stable
and has cardinality |Xd|, which proves stability and equality of Hilbert functions.
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7 Betti bounds for stable ideals
The preceding section shows that degreewise lex replacement of a monomial ideal stable in the
box is again an ideal with the same Hilbert function. We prove that this replacement also bounds
every graded Betti number. The induction on the number of variables uses the first and last box
slices. After reduction modulo the last variable, these determine two endpoint modules; the middle
modules have zero Koszul differentials.

For modules with the same Hilbert function, the Koszul terms have equal dimensions in every
homological and internal degree. An upper bound on Betti numbers is therefore equivalent to a
lower bound on the sum of the two adjacent differential ranks. We first isolate this rank sum, which
does not increase under taking either submodules or quotients. Let m ≥ 0 and R = C[x1, . . . , xm].
For a graded R-module B with finite-dimensional graded pieces, write KR

• (B) for its Koszul complex
and define its Koszul rank deficit by

DR
p,j(B) = dimC KR

p (B)j − βR
p,j(B), p ≥ 0, j ∈ Z. (7.1)

Terms of the Koszul complex outside its homological range are zero.

Lemma 7.1. For every p ≥ 0 and j ∈ Z, the quantity DR
p,j(B) is the sum of the ranks of the two

Koszul differentials adjacent to KR
p (B)j. If U ⊆ B is a graded submodule and V is a graded quotient

of B, then
DR

p,j(U) ≤ DR
p,j(B), DR

p,j(V ) ≤ DR
p,j(B).

The quantity is additive on finite direct sums, satisfies

DR
p,j(B(−s)) = DR

p,j−s(B),

and vanishes when R>0B = 0.

Proof. Write dp(B)j : KR
p (B)j → KR

p−1(B)j for the Koszul differential. Since its homology computes
TorR(B,C),

βR
p,j(B) = dimC KR

p (B)j − rank dp(B)j − rank dp+1(B)j .

This proves the rank formula. The Koszul complex of U embeds termwise into that of B, and the
image of each of its differentials embeds into the corresponding differential image for B. For the
quotient V , the termwise surjections give

im dp(V )j = the image of im dp(B)j in KR
p−1(V )j .

Thus each of the two ranks can only decrease under either operation. Direct sums and grading
shifts commute with the Koszul complex. Finally, if all the variables annihilate B, every Koszul
differential is zero.

Theorem 7.2. Let r ≥ 1, let 2 ≤ a1 ≤ · · · ≤ ar, and let A = C[x1, . . . , xr]. Suppose that H ⊆ A is
a monomial ideal containing (xa1

1 , . . . , xar
r ) and is stable in the box. Let G = ΛH be its degreewise

lex replacement inside the box, together with the prescribed pure powers. Then, for every p ≥ 0 and
j ∈ Z,

βA
p,j(H) ≤ βA

p,j(G), βA
p,j(A/H) ≤ βA

p,j(A/G).
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Proof. By Proposition 6.2, G is an ideal stable in the box and has the same Hilbert function as H.
If H = A, then G = A and both comparisons are equalities. For proper H, the ideal comparison
implies the quotient comparison in positive homological degrees by Lemma 3.1:

βA
p+1,j(A/H) = βA

p,j(H), βA
p+1,j(A/G) = βA

p,j(G). (7.2)

The two quotient Betti numbers in homological degree zero are both 1 when j = 0 and 0 otherwise.
We prove the two comparisons simultaneously by induction on r, establishing the ideal comparison
and then using (7.2). When r = 1, a monomial ideal containing xa1

1 is a power ideal or the full ring,
and H = G.

Assume r > 1 and H proper, and put

R = C[x1, . . . , xr−1], z = xr, a = ar.

For s ≥ 0, define coefficient ideals

H(s) = {u ∈ R : uzs ∈ H}, G(s) = {u ∈ R : uzs ∈ G}.

These are ascending monomial ideals containing the earlier prescribed powers, and they equal R for
s ≥ a. For s < a, their stability in the earlier-variable box follows by applying stability with the
last exponent fixed at s. For 1 ≤ s < a we also have

R>0H(s) ⊆ H(s−1), R>0G(s) ⊆ G(s−1). (7.3)

To see the first inclusion, it is enough to multiply a monomial of H(s) by an earlier variable xi. If
its earlier-variable exponent, or that exponent after multiplication by xi, is outside the box, the
earlier powers already imply the required membership. Otherwise stability moves one factor of z to
xi. The proof for G is identical.

We next pass from ideals over A to modules over R. Multiplication by z is injective on H, since
H is an ideal in the domain A. Set

BH = H/zH, BG = G/zG.

Reducing a minimal A-free resolution of H modulo z gives a minimal R-free resolution of BH . Here
is a direct exactness check. Lift a cycle in positive homological degree modulo z to an element y of
the free resolution, and write dy = zv. Applying the next differential shows that v is a cycle, using
injectivity of z on the free modules; in degree zero, apply the augmentation and use injectivity of z
on H instead. Exactness gives v = du, so y − zu is a cycle and hence a boundary. Its reduction
modulo z is the original cycle. Right exactness identifies the cokernel with BH , and all differential
entries remain of positive degree or become zero, so minimality is preserved. The same argument
applies to G. Therefore

βA
p,j(H) = βR

p,j(BH), βA
p,j(G) = βR

p,j(BG). (7.4)

The injective multiplication maps also give

dimC(BH)d = dimC Hd − dimC Hd−1, dimC(BG)d = dimC Gd − dimC Gd−1.

Consequently BH and BG have equal Hilbert functions.
The monomial decomposition by powers of z describes these modules more precisely; this is

the decomposition appearing in [7, Lemma 3.7]. The coefficient of z0 in H/zH is H(0), and its
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coefficient of zs for s ≥ 1 is H(s)/H(s−1). Since H(s) = R for s ≥ a, this gives an isomorphism of
graded R-modules

BH
∼= H(0) ⊕

a−1⊕
s=1

(H(s)/H(s−1))(−s) ⊕ (R/H(a−1))(−a). (7.5)

There are no terms for s > a. The shifts record that multiplication by zs raises ordinary degree by
s. By (7.3), all middle summands are annihilated by the variables of R, as illustrated in Figure 1.
The decomposition is R-linear because multiplying by an earlier variable preserves the exponent of
z. The middle summands still contribute to Tor, but their Koszul differentials have rank zero. Thus
they contribute nothing to the deficits. Lemma 7.1 yields

DR
p,j(BH) = DR

p,j(H(0)) + DR
p,j−a(R/H(a−1)), (7.6)

and the identical formula holds for G.

uzs ∈ H xiuzs ∈ zH

xiuzs−1 ∈ H

×xi

×ztransfer z to xixi[uzs] = 0 in H/zH

1 ≤ s < a

Figure 1: A middle slice is annihilated by every earlier variable. The dashed arrow is supplied
by box stability, or by an earlier prescribed power if the monomial leaves the earlier-variable box.
Consequently all Koszul differentials on a middle slice vanish. At s = 0 there is no factor of z to
transfer; at s = a the last exponent is outside the box. These are the two endpoints.

It remains to compare the two endpoint contributions. Write Λ′ for lex replacement with the
earlier prescribed powers in R. The induction hypothesis applies to both H(0) and H(a−1). It
gives an ideal comparison for the first and a quotient comparison for the second. Their respective
lex replacements have the same Hilbert functions, and hence the same Koszul term dimensions.
Subtracting the Betti inequalities from these dimensions gives

DR
p,j(H(0)) ≥ DR

p,j(Λ′H(0)), (7.7)
DR

p,j−a(R/H(a−1)) ≥ DR
p,j−a(R/Λ′H(a−1)). (7.8)

This also covers any coefficient ideal equal to R: its lex replacement is R, the corresponding ideal
comparison is equality, and its quotient is zero.

The slice inequalities of Lemma 6.1 imply

G(0) ⊆ Λ′H(0), Λ′H(a−1) ⊆ G(a−1). (7.9)

Indeed, fix an earlier-variable degree e ≥ 0. For the first inclusion, apply the zero-slice inequality
to the included exponent sets of H and G in total degree e. For the second, apply the top-slice
inequality in total degree e + a − 1. Each slice of G is already a lex segment in the earlier-variable
box, so its cardinality comparison with the corresponding slice of H becomes the stated containment
in the appropriate lex replacement. All monomials outside the earlier-variable box belong to both
ideals. This proves the inclusions in every degree.
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Apply Lemma 7.1 to the first inclusion in (7.9) and to the quotient map furnished by the second:

R/Λ′H(a−1) −→ R/G(a−1).

Together with (7.7) and (7.8), this gives

DR
p,j(H(0)) ≥ DR

p,j(G(0)),
DR

p,j−a(R/H(a−1)) ≥ DR
p,j−a(R/G(a−1)).

Adding and using (7.6), we obtain

DR
p,j(BH) ≥ DR

p,j(BG).

The equal Hilbert functions of BH and BG imply

dimC KR
p (BH)j =

(
r − 1

p

)
dimC(BH)j−p = dimC KR

p (BG)j ,

with the binomial coefficient interpreted as zero outside its range. Subtracting the deficit inequality
from these equal dimensions gives βR

p,j(BH) ≤ βR
p,j(BG). Equation (7.4) proves the ideal comparison

over A, and (7.2) completes the quotient comparison. Every step applies to every p ≥ 0 and j ∈ Z;
in particular, negative internal degrees and Koszul terms outside their homological range introduce
no additional cases.

8 The prescribed lex-plus-powers ideal
We now combine the comparisons, keeping the same ideal at every homological and internal degree.

Proof of Theorem 1.1. If I = S, then Ld = Sd is allowed in every degree and J = S; all quotient
Betti numbers are zero. Assume I ≠ S. Proposition 4.2 gives a monomial ideal M ⊇ P with the
Hilbert function of I and

βS
p,j(S/I) ≤ βS

p,j(S/M) (p ≥ 0, j ∈ Z).

Proposition 5.3 gives a box-stable monomial ideal H ⊇ P , with the same Hilbert function, and

βS
p,j(S/M) ≤ βS

p,j(S/H).

By Proposition 6.2, the degreewise box-lex replacement G = ΛH is an ideal, with the same Hilbert
function. Theorem 7.2 gives

βS
p,j(S/H) ≤ βS

p,j(S/G).
It remains to check that G is the ideal prescribed in (1.1). In degree d, list all monomials in

decreasing lex order and remove those belonging to Pd. The remaining list is exactly Bn(d) in
decreasing lex order. The monomials of Gd outside Pd are the first

qd = dimC Id − dimC Pd

positions of this remaining list. This integer lies between zero and |Bn(d)|, because H ⊇ P has the
same Hilbert function as I.

Every box prefix is obtained by intersecting some full-list prefix with the box. Thus a lex-segment
subspace Ld with dimC(Ld + Pd) = dimC Id exists. Enlarging that full-list prefix to the largest one
of the same resulting dimension adds only monomials already in Pd, and does not change the sum.
Consequently Ld + Pd = Gd for every d, including the empty and full box cases. Hence J = G. The
displayed comparisons prove all the asserted Betti bounds for this single J .
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The argument proves idealness and all syzygy bounds together. The use of C enters the
commuting-form construction and supplies the roots of unity for stabilization; no conclusion in
positive characteristic is asserted for an arbitrary regular sequence.

9 Arbitrary regular-sequence length and characteristic-zero fields
The new input of this paper is the Artinian theorem over C. We now apply the published Artinian
reduction and record the coefficient-field argument needed for Corollary 1.2.

Proof of Corollary 1.2. If I = SF , the prescription gives J = SF , and all quotient Betti numbers
vanish. We may therefore assume that I is proper.

First let F = C. After a linear change of coordinates, one may arrange that

f1, . . . , fc, xc+1, . . . , xn

is a regular sequence; the list of variables is empty when c = n. Write f i for the images of the fi in
S = C[x1, . . . , xc]. They form a full regular sequence of degrees a1, . . . , ac. Theorem 1.1, applied in
S to every homogeneous ideal containing this sequence, gives both the Eisenbud–Green–Harris and
lex-plus-powers assertions for f1, . . . , f c.

The Artinian reduction of Caviglia–Maclagan [6, Proposition 10] transfers the Hilbert-function
assertion to f1, . . . , fc. Theorem 4.1 of Caviglia–Kummini [5] transfers the Betti assertion as well.
Their formulation uses Betti numbers of ideals. For any proper homogeneous ideal K in a standard
graded polynomial ring A, the exact sequence 0 → K → A → A/K → 0 gives

βA
p+1,j(A/K) = βA

p,j(K) (p ≥ 0, j ∈ Z).

The remaining quotient Betti number is βA
0,0(A/K) = 1. Thus their convention is equivalent to

the quotient convention used here. The lexicographic embedding modulo PF in that reduction
selects exactly the prescribed qd greatest monomials outside PF in each degree. A linear change of
coordinates preserves Hilbert functions and graded Betti numbers, so this proves the corollary over
C.

Now let F be any characteristic-zero field. Choose homogeneous generators g1, . . . , gr of I, and
let F0 ⊆ F be the field generated over Q by all coefficients of the gi and the fi. Set

S0 = F0[x1, . . . , xn], I0 = (g1, . . . , gr, f1, . . . , fc) ⊆ S0.

Then I0SF = I. The sequence f1, . . . , fc is regular in S0: after tensoring each multiplication map
with the faithfully flat extension F/F0, it is the corresponding injective map over SF . The finitely
generated characteristic-zero field F0 admits an embedding into C. Extending by this embedding
preserves regularity, so the case just proved applies to

SC = C ⊗F0 S0, IC = I0SC.

No embedding of F into C is needed.
Let JC be the resulting lex-plus-powers ideal. It is a monomial ideal, so let J0 ⊆ S0 be generated

by the same monomials and put JF = J0SF . For E = F or E = C, let SE = E ⊗F0 S0. Graded
field base change preserves the dimensions of homogeneous pieces. It also gives, for M0 = S0/I0 and
for M0 = S0/J0,

E ⊗F0 TorS0
p (M0, F0)j

∼= TorSE
p (E ⊗F0 M0, E)j .
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For example, this follows by tensoring the Koszul complex of the variables with E; its graded homology
commutes with this flat extension. Consequently the Hilbert equalities and Betti inequalities over C
give the same equalities and inequalities over F . Finally, the monomials of PF and the lexicographic
order are determined by their exponents, while the dimensions defining qd are unchanged by these
field extensions. Hence JF is precisely the degreewise ideal J prescribed in the corollary.

The argument changes the coefficient field only through extensions of the common characteristic-
zero field F0. It makes no assertion for arbitrary regular sequences in positive characteristic.
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