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Abstract

We disprove the unrestricted group-ring Determinant Conjecture. We construct a finitely
generated group G and a square matrix over Z[G] that is invertible over Q[G] and has Fuglede—
Kadison determinant strictly between zero and one. The logarithmic integral defining the
determinant is finite.

1 Introduction and proof overview

A nonsingular integer matrix has determinant of absolute value at least one. The group-ring
Determinant Conjecture asks for an analogue when the entries are finite integer combinations of
elements of a discrete group. The relevant determinant, introduced by Fuglede and Kadison [4],
uses the trace of a logarithm rather than a finite-dimensional determinant polynomial.

Here are the conventions that fix this question. Let G be a discrete group and let Z[G| denote
its ordinary group ring of finite sums. Use the left regular representation

(Lg)(h) = &g~ h), €€ %(G).

For A € M,,(Z[G)), write T4 for its operator on £2(G)"™ and e; for the vector with §; in component
i. The probability spectral measure of the positive square is

n

Z(lE(TZTA)ei,€i> (E C [0,00) Borel).

1
pa(E) = —
n “
=1

The square-matrix instance of the conjecture is
/ logtdua(t) > 0. (1.1)
(0,00)

The zero atom is omitted and the general integral may be —oo. The usual conjecture also permits
rectangular matrices [7, Conjecture 13.2]; a square counterexample already contradicts it. Our
example will have a bounded inverse, so its spectrum stays away from zero.

Write NV (G) for the group von Neumann algebra and use the unnormalized matrix trace
™(T) = >;(Te;,ei), so T,(I,) = n. For invertible T4 the determinant convention is

1 n
log det (T4) = =7, (log(T3T4)) = —/ logtdua(t). 1.2
et (T) = 57 (lon(TiTw) = 5 | lomtda(t) (12
This extends the absolute value of the ordinary determinant. The inversion unitary o, + 041
identifies our integral-matrix convention with right multiplication by A* on row vectors. It fixes the
identity vectors, and therefore preserves the corresponding positive-square spectral measures.



Theorem 1.1. There are a finitely generated discrete group Gp, an integer n > 1, and A €
M, (Z|Gp)) invertible over Q[Gp] such that

0< det (Th) < 1.
N(GD)( A)

The integral in Equation (1.1) is finite and strictly negative. Thus the unrestricted group-ring
Determinant Conjecture has a negative resolution.

The exact existence input. A unital ring is directly finite if ab = 1 implies ba = 1. We use the
following scalar failure of direct finiteness from the complete characteristic-two companion.

Theorem 1.2 ([8, Theorem 1.1]). There exist a finite field Ko of characteristic two, a finitely
generated group Hy, and finite sums ag, by € Ko|Ha| with agby = 1 and baas # 1.

The companion’s Section 6 specifies its field, group presentation and scalar sums by a terminating
finite prescription. We use the existence theorem, not an executed numerical instance or a group-
word decision procedure. The coefficient field is finite but is not asserted to be Fo. There is no
torsion-free hypothesis; the companion construction uses torsion. All steps after this exact input
are proved below. In particular, a result only in odd characteristic would not supply the binary
premise used here.

Context and mathematical ancestry. Determinant bounds are part of the theory of L?-
invariants [7]. Approximation and closure arguments established such bounds for large classes of
groups, including amenable groups [9, Theorem 1.21, with its erratum]; Elek and Szabé proved the
determinant bound for sofic groups [3, Theorem 5]. Their proof uses finite graph approximations
and the integrality of products of nonzero eigenvalues of positive integral matrices. Our construction
instead starts from failure of direct finiteness in characteristic two. The cited sofic theorem implies,
as a separate consequence, that its resulting group is not sofic.

The lower-bound question is distinct from determinant approzimation. Kammeyer’s counterex-
ample to a finite-quotient limiting formula has determinant 2 over the discrete Heisenberg group,
while its principal congruence quotients of levels 37, i > 1, have determinants at most 5'/3 [5,
Theorem 2 and Section 2|. That discrepancy does not violate the lower bound one.

The finite-coordinate projection construction below is related to the commuting wreath-product
projections of Dicks and Schick [2, Section 3] and of Lehner, Neuhauser and Woess [6, Section 2]. Here
the projections separate one coefficient of a binary defect; we do not import a spectral-distribution
theorem from those works. The analytic step is the classical tracial logarithmic derivative [4, Lemma
2], also present in the path-integral determinant viewpoint of de la Harpe and Skandalis [1, Lemma
1 and Proposition 2(d)]. We give its proof and its application to block shears locally.

How a binary defect produces a real trace gap. Setd = [K» : Fa]. Representing multiplication
by field elements on the d-dimensional binary vector space Ko gives matrices X, Y € My(Fa[Ha))
with XY = I; and a nonzero idempotent C' = I; — Y X. One entry of C' has a nonzero coeflicient.
We enlarge the group to

GD = @ Cg X Hz,
heHs

where Hy acts by left translation on the coordinate labels. Averaging over the cyclic group at one
coordinate and taking complementary averages at finitely many other coordinates isolates that



coefficient. The result is a rational orthogonal projection P of size d + 1 with trace d + 6, for
a positive rational number 6. Its reduction modulo two nevertheless factors through d columns.
Section 2 proves the coefficient separation and this factorization in full.

How the gap becomes an integral determinant. For a general rational projection P of size
m, suppose an odd integer D clears its denominators and P = uv factors through 7 columns over
[F3[G]. Choose a power g of two congruent to one modulo D. Section 3 lifts the factorization modulo
g by a finite geometric series in a corner ring. Arbitrary integral lifts then give an integral block
matrix with an explicit rational inverse. Section 4 removes its two block shears without changing
the trace of the logarithm of its positive square. The remaining diagonal matrix expands the first r
coordinate summands by ¢ and contracts the range of P by ¢!, giving

logdet(T4) = (r — T, (P)) log q.

Finally Section 5 uses r = d and 74,1(P) = d + 6 to obtain the exact value ¢~?. The projection
construction, modular lifting and trace calculation have distinct roles; none replaces the scalar
existence input.

2 From the scalar defect to a projection

We first produce the trace gap. All group-ring sums in this section are finite, and matrix multiplication
keeps the indicated order. For a group-ring sum ¢, write [1]c for its identity coefficient. The involution
* inverts group elements and conjugates coeflicients; on matrices it also transposes the indices. Thus
an orthogonal projection satisfies P = P* = P? in the regular representation.

Lemma 2.1. Let Ky be a finite field of characteristic two and He a group. For d = [Ks : Fsl, there
s an injective unital ring homomorphism

p: KQ[HQ] — Md(FQ[HQ])

For ag, by € Ko[Hs| with asbe = 1 # beag, their images X,Y satisfy XY =I5 and C :=1,—Y X #0,
with
c*=c, XC=0, CY=0. (2.1)

Proof. Choose a binary basis of K5. The matrix of multiplication by A € Ks is a unital ring
representation; it is injective because its value on 1 € K5 recovers A. Apply this map coefficientwise
to a group-ring sum. The coefficient matrices commute with the formal group symbols, so products
are preserved. Comparing the coefficient matrix at each group element proves injectivity. Thus
XY =Ijand I;—YX #0. Now (YX)?? =Y(XY)X =YX, X([;-YX)=X — (XY)X =0 and
(I4—YX)YY =Y - Y(XY) =0, proving all the identities. O

Proposition 2.2. Let X,Y € My(Fo[Hs]), d > 1, satisfy XY = Iy # YX. In the group Gp =
(DBren, C3) x Hz, where Hy acts by left translation on coordinate labels, there is an orthogonal
projection P € Mgy1(Z[1/3]|Gp]) and a finite set S C Ha \ {1} such that

1 72\ 1S _
Td+1(P):d+9, 9:3<3> >0, P:uv,
where u has size (d+ 1) x d and v has size d x (d + 1) over Fo[Gp]. The integer D = 31151 clears
all coefficients of P.



Proof. Put C' = 1; — Y X. Choose an entry C;; and a group element hg whose coefficient in that
entry is nonzero. The coefficient is 1 because the field is Fy. Left multiplication by hy ! therefore
gives
hal(Jij =14 Z S (2.2)
ses
for a finite S C Hy \ {1}, possibly empty.

To isolate the identity term in Equation (2.2), we seek a nonzero rational projection p with
psp = 0 for every s € S. The cyclic coordinates provide complementary projections that enforce
these vanishing products. Let z; generate the cyclic coordinate labelled by h and put

2
phZHL?fzh, p=p1 [J(1—ps).
sesS
The pp, are self-adjoint idempotents: averaging the nine products in (1 + z;, + Z}QL)2 gives three
copies of each element of C5. They commute because distinct coordinates commute. Consequently
p = p* = p?, and the displayed product shows that 31151y s integral. This is the elementary
commuting-coordinate method in the works cited above; compare [2, Lemmas 3.1 and 3.4].

Conjugation obeys spps™ = pg,. For s € S, the product sps~! contains p,, while p contains

1 — ps. All these coordinate factors commute, so

psp = p(sps s = 0. (2.3)

This argument does not need disjointness of the two collections of coordinate labels. Inverse pairs
or finite-order elements in S cause no change.

The original coordinates {1} U S are distinct. The coefficient of the identity in their product is
therefore the product of the individual identity coefficients. Hence

1 2

7ﬂm=um=§££§:0>a (2.4)

For empty S this means p = p; and 6 = 1/3.
The map Z[1/3] — Fq is defined because 3 is odd. Reduce the projection modulo two and
combine Equations (2.2) and (2.3) to obtain

pho 1 Cijp = p.

Let f be the row of length d with entry phy L at position 7 and zero elsewhere. Let w be the column
with entry p at position 5 and zero elsewhere. Thus fCw = p. Define

P = diag(I4,p), u= (;é) , v = (Y C’w) .

Using Equation (2.1) in this order gives

XY XCw . N B
uv = (fCY fc2w> - dlag(Idap) =P.

The rational trace is d + 6 by Equation (2.4). It is the rational orthogonal projection, not its binary
reduction, that has this strictly positive extra trace. ]

We have obtained a projection of real trace greater than d but a binary factorization through d
columns. The next step produces a factorization through the same number of columns modulo a
power of two, so that it can be inserted into an integral matrix.



3 Lifting the factorization and preserving integrality

We now work with any group G, an orthogonal rational projection P € M,,,(Q[G]), and a factorization
of P through r columns over Fo[G]. Assume that an odd integer D clears the denominators of P.
Here orthogonality means P? = P = P*, where * transposes the matrix and inverts group elements.

For a power ¢ > 1 of two, the trace gap suggests the absolute value of the operator we want:
expand r coordinate summands by ¢ and contract the range of P by ¢~ '. Its logarithmic determinant
should be (r — 7,,(P)) log ¢, which is negative when 7,,,(P) > r. The difficulty is to realize this
determinant by an integral matrix. We will add block shears whose off-diagonal entries come from a
factorization of P modulo ¢. The analytic justification that these shears preserve the determinant is
given in Section 4.

The first lemma lifts the binary factorization to every power ¢ of two; only idempotence is
needed for this step.

Lemma 3.1. Let G be a group, m,r > 1, D an odd positive integer, and P € M,,(Q[G]) satisfy
P?2 = P and DP € M,,(Z[G)). Suppose P = uv over Fo[G], where u and v have respective sizes
m X r and r x m. For g =2F, k> 1, the reduction e = P, has a factorization e = uqv,y of the same
sizes over (Z/qZ)|G].

Proof. Since D is odd, every coefficient of P has a well-defined reduction modulo q. Set R =
(Z/qZ)|G] and choose arbitrary finite lifts ug, vo of u,v over R. In the corner ring e M,,(R)e, whose
identity is e, put

7 = eugvoe, W=e—Z.

Modulo two, Z is PuvP = P3 = P. Every coefficient of W is therefore even. A product of k such
coefficients is divisible by 2¥, giving W* = 0. This is nilpotence in the even ideal of the corner ring;
the corner ring itself need not be nilpotent.

Because Z = e — W, the finite geometric sum

Q=c+W+ - +W!

satisfies QZ = ZQ = e — W* = e. When k = 1, this sum is just e. Thus Q is a corner inverse of Z,
not a claimed inverse in the entire matrix ring. Set

ug = Qeuy, Vg = vpe.

Then u4vq = Qeugvpe = QZ = e. Only finite sums and products were used, so the resulting supports
remain finite. O

For the integral construction, choose ¢ = 2 > 1 with ¢ = 1 (mod D). Such a power exists
because two is a unit modulo the odd integer D; for D = 1, any 2¥ > 1 works. Choose integral
lifts U, V' of the factors from Lemma 3.1. The diagonal operator with the desired expansion and
contraction is

J=-¢'P—(I,—P), B=diag(ql,J).

The minus signs leave its positive square unchanged and will produce the subtraction UV — P
needed for integrality. Prescribe the upper-left block ¢I, and off-diagonal blocks V,U. Eliminating
these off-diagonal blocks subtracts U(ql,)~'V = UV/q from the lower-right block. To leave .J as
the Schur complement, that block must therefore be UV/q + J. Thus the factorization modulo ¢ is
exactly what is needed to cancel the denominators in this block.



Lemma 3.2. Suppose P = P* = P? € M,,,(Q[G]), an odd D > 0 clears its denominators, and
P = uv factors through r > 1 columns. Let ¢ = 2% > 1 satisfy ¢ =1 (mod D). Choose arbitrary
integral lifts U,V of the factors supplied by Lemma 3.1. Then

A= <qér g UV ~ PV— q(In — p))> € My4m(Z[G)) (3.1)

has an inverse in M, 1, (Q[G]).

Proof. The matrix P + q(I, — P) = ql,, + (1 — q) P is integral because D | (¢ — 1). Its reduction
modulo ¢ is e = P,, which is also the reduction of UV. Thus every coefficient of UV — P —¢(I,, — P)
is an integer divisible by ¢; the bottom-right block of Equation (3.1) is integral.

For .J and B defined above, the complementary projection identities give J~! = —qP — (I,,, — P).

For z € [0, 1] put
(I 0 (I, xV/q
Lx_<$U/q Im>’ Rx_(O I, )

Their inverses negate the off-diagonal blocks, and multiplication without interchanging any factors
gives

. | al, zV
M(z) := L,BR, = <a:U 22UV /g + J) ) (3.2)

In particular A = M (1), with the rational group-ring inverse Rl_lelLl_l. For general real =, both
M (x) and its inverse lie in the real group ring and depend continuously differentiably on x. No
identities PU =U, VP =V, or V = U* are required of the chosen integer lifts. O

The construction is integral at its endpoint, though its simplifying path need not be integral.
We now show that this path preserves the logarithmic determinant.

4 The trace calculation

Let A, be the operator-norm closure of M,,(C[G]) in its left regular representation. For finite
group-ring matrices define

The identity-coefficient formula gives 7,(CD) = 7,(DC) by summing (Cy;)4(Dji)g—1 over i,j,g.

Moreover |7,(C)| < n||C|| and 7,,(C*) = 7,(C). Thus it extends to a continuous trace on the unital
C*-algebra A,.

Lemma 4.1. For a continuously differentiable path M : [0,1] — A, of invertible elements,

L (log(M(2)* M(2))) = 2 Rerm (M'(2)M(2)™).

Proof. Put N = M*M. Continuity of M and its inverse on the compact interval gives constants
0 <§d < cwith 0 < N(z) < ¢l for all z. Write W =1 — N/e, so |[W| <p=1-4d/c < 1.
Functional calculus gives the uniformly norm-convergent series

Wi
log N = (logc)l — Z —
=1



Its derivative series is also uniformly norm-convergent, since

|dWJ’

In the derivative of W7, cyclicity makes the traces of its j terms equal; commutation of N and N’
is not assumed. Using W’ = —N'/c therefore gives

< sup [W'(y)llp/
y€[0,1]

dr j

%Tn(log N) = 1;Tn(wj—1zv’) =1 (N7'N).
Since N = M"*M + M*M’, the second summand contributes 7,,(M’M ). Cyclicity and MN~! =
(M*)~! turn the first into

T (M*) 7' M™) = 7, (M'M 1),
Their sum is the asserted real part. This is the tracial logarithmic derivative of [4, Lemma 2],
written with the unnormalized trace used here. O

Lemma 4.2. Let r,m > 1 and let B € A,1,, be invertible. Let S, T have respective sizes m X
r and r X m over the operator-norm closure of C[G]. For x € [0,1], let Ly, Ry be lower and
upper block shears with diagonal blocks I, I, and off-diagonal blocks xS, xT, respectively. Then
Tr+m(log((Ly BRy)*(Ly BRy))) is constant.

Proof. Write M = L,BR,. Both shears have inverses obtained by negating their off-diagonal blocks.
The ordered product rule gives

MM =L L' + (L.B)(R,R; ) (L.B)™".

The matrices L’.L,;* and R, R, ! have zero diagonal blocks, so each has trace zero. Cyclicity gives

trace zero also for the conjugate (L,B)(R.,R;1)(L,B)~!. Lemma 4.1 now gives zero derivative. [J

Proposition 4.3. Let G be a discrete group, m,r > 1, and let P = P* = P? € M,,,(Q[G]). Suppose
an odd D > 0 clears its denominators and P = uv with u € M, ,(F2[G]) and v € M, ,,(F2[G]). For
every ¢ = 2% > 1 congruent to one modulo D, the matriz A of Lemma 3.2 satisfies

Tr+m(10g(ThT4)) = 2(r — 71 (P)) log g, (4.1)
log det (T4) = (r — T,(P)) log q.
gN(G)( a) = (r — 7 (P))log g
It is integral and rationally invertible, and its positive-square spectral measure has support in a
compact subinterval of (0,00).

Proof. Lemma 3.2 has already established integrality and the finite-support rational inverse. Apply
Lemma 4.2 to Equation (3.2). At x = 0 the matrix is B = diag(ql,, —q¢~ ! P—(I,,—P)). Orthogonality
gives

B*B = diag(¢*I,,q 2P + I, — P), log(B*B) = 2log q diag(I,, —P).
Taking the trace and using shear invariance proves Equation (4.1); half this trace is Equation (4.2).
The regular representation of the rational group-ring inverse is bounded, so

T3 721 < TiTa < ||TalI.

Its logarithm is therefore bounded. In the probability measure convention from the introduction

this also gives

2(r — T (P)) logq
r+m '

/ log t djua(t) = (4.3)
(0.5)

O



5 Assembly and exact determinant

Proof of Theorem 1.1. Take Ko, Ha,az,bs from Theorem 1.2. Apply Lemma 2.1 with d = [K3 :
[Fo] > 1 and then Proposition 2.2. It gives the group Gp = (@y, C3) x Hz and a projection P of
size d + 1 whose binary reduction factors through d columns. Its trace is d + 6, where

1 /2\/8
6==(=) >0, D = 3118l
i (3)

The odd integer D clears the coefficients of P. Choose k > 1 with ¢ = 2¥ =1 (mod D). Proposi-
tion 4.3, with r = d and m = d + 1, produces A € Myg11(Z[Gp]) with a rational group-ring inverse
and

log det (T4) = —0loggq.
g\ )( ) gq
Since ¢ > 1 and 6 > 0, this proves
0< det (Ty)= 0 < 1. 5.1
N )( 4) =¢q (5.1)

With n = 2d + 1, Equation (4.3) reads

_2010gq
2d+1

/ log ¢ dpua(t) = (5.2)
(0,00)

It is finite because of the spectral bounds in Proposition 4.3. Finally, a finite generating set of Hs
together with z; generates G p, since z, = hz;h™!. Thus Gp is finitely generated. O

The target group differs from the companion’s group and contains the cyclic coordinates of order
three. The construction has a finite negative logarithmic determinant and no zero spectral mass; it
is a failure of the asserted lower bound, not of determinant class. Applying the sofic determinant
bound of [3, Theorem 5| to the positive integral matrix A*A proves that Gp is not sofic. This last
implication is an external consequence, not an ingredient in constructing A.
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