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Abstract

Let h be a fixed integer polynomial of degree at least two with positive leading coefficient,
having a unit root modulo every positive integer. We prove that any set A C {1,..., N} whose
differences avoid all nonzero values h(p) at primes satisfies |A| < C, N1 =" where ¢, > 0 and
Ch, > 1 depend only on h. Thus the local unit-root condition gives a fixed power saving even
when polynomial arguments are restricted to primes. The proof uses the companion zero-free
half-plane theorem for Dirichlet L-functions to obtain the required prime-distribution estimates.

1 Introduction

A polynomial difference theorem asks how large a set of integers can be if the differences of its
elements avoid a prescribed polynomial sequence. Restricting the polynomial’s argument to primes
imposes an additional arithmetic condition: a root modulo a given modulus must be compatible
with a prime residue class. We prove a power-saving bound when these local conditions hold at
every modulus.

Write P for the positive rational primes and [N] = {1,..., N}. An integer polynomial h is
prime-intersective if, for every positive integer ¢, there is an integer r with

(r,q) =1, h(r)=0 (mod q).
For a set A of integers, write A— A= {a—b:a,be A}.

Theorem 1.1. Let h € Z[z] be prime-intersective, of degree at least two and with positive leading
coefficient. There exist constants ¢, > 0 and Cy > 1 such that, for every positive integer N and
every A C [N],

(A= A)n{h(p):peP}C {0} —> |A] <N,

The convention at zero allows a prime root of h: a value h(p) = 0 places no restriction on A.
All constants in the theorem depend only on the fixed polynomial. Increasing C}, incorporates the
finitely many small values of N.

1.1 History and main ideas

The starting point is the Furstenberg—Sarkozy theorem: every subset of the integers with positive
upper density contains two elements whose difference is a nonzero square. Furstenberg’s ergodic
proof and Sarkozy’s quantitative Fourier argument established this independently [6, 21]. For a
nonconstant integer polynomial, the unavoidable local condition is a root modulo every positive



integer. Kamae and Mendés France’s difference theorem implies that this condition also suffices
for density decay [10]. Lucier made the general polynomial theorem quantitative by organizing the
iteration around compatible p-adic roots and a family of auxiliary polynomials [12].

Much subsequent work sharpened the density bounds. For square differences, the double iteration
of Pintz, Steiger, and Szemerédi [17] was improved by Bloom and Maynard [3], and Green and
Sawhney obtained N exp(—cy/log N) using an arithmetic level-d inequality [8]. Rice [19] and Arala
[2] extended the earlier bounds to general intersective polynomials. Adajar and collaborators
subsequently obtained N exp(—cp ,(log N)*) for every 0 < p < 1/2 [1]. These results concern
unrestricted integer arguments. Restricting the argument to primes makes avoidance a weaker
condition and introduces the unit-root requirement in our definition.

The prime problem already has a substantial history. Sarkézy treated the shifts p — 1 and p+ 1
[22]. After successive improvements by Lucier, Ruzsa—Sanders, and Wang [13, 20, 26], Green proved
a power saving for p — 1, noting that his argument also applies to p + 1 [7, Theorem 1.1 and the
following remarks]. Thorner and Zaman made an admissible exponent explicit [23]. For nonlinear
polynomials, Li and Pan proved a quantitative result when A(1) = 0 [11]. Rice’s theorem covers
every prime-intersective polynomial of degree k > 2, with

1

|A| <pc N(log N) for every ¢ < ST

and gives a stronger bound for quadratics [18, Theorems 1 and 2]. Rice also records Wierdl’s earlier
qualitative characterization by the unit-root condition [18, Section 1.2]. The auxiliary family used
below, including its prime-argument restriction, already appears in [18, Section 2.1].

Our direct methodological predecessor is the companion A power saving for intersective polyno-
mial differences with an exponent depending only on the degree [14]. We adapt its reflection-positive
tuple laws, Fourier lifts, signed kernels, and contracting induction to prime arguments. In particular,
the Fourier-lift moment estimate is reproduced with its proof below. The new requirements concern
the compatibility of the tuple laws with unit residue classes and the realization of their pair correla-
tions by a signed kernel supported on values at prime arguments. The example h(z) = (z — 1)?
gives a power saving when only the differences (p — 1)? are forbidden; it therefore implies a power
saving for sets avoiding all nonzero square differences as well.

Here is the mechanism. For each sufficiently large prime we construct a probability law on a
fixed finite tuple of residue labels. A designated cycle of tuple positions has increments satisfying
the congruence conditions imposed by prime arguments, apart from a component of very small
mass. Reflection positivity means that the joint distribution across each prescribed cut of the tuple
gives a positive semidefinite matrix. The cuts are chosen so that successive reflections can make all
inputs agree. Repeated Cauchy—Schwarz inequalities then give a multilinear Holder inequality and
a seminorm. This is the classical chessboard method of reflection positivity [5, Theorem 4.1]. For
related Holder inequalities and folding arguments in graph-norm theory, see [4, 9]. We prove the
form needed for our tuple laws directly.

We next lift an interval indicator to the product of these residue spaces by retaining its rational
Fourier coefficients with bounded denominator. Averaging a product of copies of this lift over the
tuple laws gives a nonnegative quantity that dominates a fixed power of the set’s density. To exploit
avoidance, a signed weight on prime polynomial values is compared with a model kernel encoding
the correlations of a cycle edge; their Fourier transforms are uniformly close. Major arcs match
the local unit distributions; minor arcs are controlled by Vaughan’s identity and Weyl differencing
[24, 25, 27]. Avoidance annihilates the prime-supported kernel on ordered pairs from the set. The
resulting cancellation, together with the seminorm estimate for restriction to progressions, produces



a contraction of the lifted quantity on shorter intervals. Induction turns that contraction into the
claimed power saving.

The prime-distribution estimate used in the major arcs is derived from [16, Theorem 1.1]: every
Dirichlet L-function, uniformly over all characters and moduli, has no zero in s > 7/8, with the
principal pole at s = 1 allowed. This fixed half-plane is a theorem input from that companion,
stronger than the classical zero-free regions near $ts = 1. We prove here its required consequence
for primes in arithmetic progressions and all subsequent steps of the argument.

1.2 Notation and organization

Throughout the proof, h is fixed, its degree is k > 2, and its leading coefficient is @ > 0. Put
e(x) = exp(2mizx). For £ € Q/Z, let (&) be its reduced positive denominator, with ¢(0) = 1. Fourier
coefficients use the negative sign in the exponential. Averages and norms on finite sets use uniform
probability measure unless another measure is specified. Empty products have value one, and an
empty product of spaces is a singleton.

Implicit constants and lower thresholds may depend on h and on the structural parameters fixed
in terms of h, but are uniform in the auxiliary parameter and residue classes introduced below. The
notation N°) denotes a quantity bounded by C.N€ for every e > 0, with this same uniformity.

Section 2 constructs the auxiliary polynomials and their admissible local values. Section 3 builds
the reflection-positive tuple laws, and Section 4 develops their multilinear estimates and proves the
Fourier-lift moment bound. Section 5 obtains the prime estimates from the stated zero-free input
and elementary differencing. Section 6 matches the tuple multipliers with a kernel supported on
prime polynomial values. Section 7 uses that comparison to contract a multilinear density quantity
and proves Theorem 1.1.

2 Auxiliary polynomials and local admissibility

Throughout this section, h € Z|[z| is prime-intersective, of degree k > 2 and leading coefficient
a > 0. Restricting a set to an arithmetic progression changes the polynomial describing its forbidden
differences. We first choose progression steps for which the transformed polynomials belong to a
common auxiliary family. We then select local polynomial values whose arguments satisfy the unit
condition required of primes. These values will supply the increments of the residue-label cycles
used later.

2.1 A family compatible with progression restriction

We use the auxiliary-polynomial construction of Lucier [12] in its prime-intersective form in Rice [18,
Section 2.1]. For every prime p, prime-intersectivity gives a root of h in Z, , the units of the p-adic
integers. Indeed, the unit roots modulo p’ form a finitely branching tree under reduction, with
vertices at every depth. Successively choosing a vertex that has descendants at arbitrarily large
depths gives a compatible sequence of roots. Fix its limit 3, € Z)', and write

k
h(zp+ X) = Z b p X7, b, p # 0, 1<m,<k. (2.1)

Jj=mp

The coefficients lie in Z,,. Define a completely multiplicative function A : N — N by A(p) = p™». For
[ > 1, the Chinese remainder theorem specifies a unique integer r; € (—I, 0] satisfying

r =3 (modp”®)  (p|l).



Here v, denotes the p-adic valuation. In particular (r;,1) = 1; for [ = 1 the convention is r; = 0. Put

k
T) = i+ lo, haa) = M) al:;t(ll)'

Yol (2.2)

Lemma 2.1 (Auxiliary family). For every l > 1, the polynomial h; belongs to Z[x|, has degree k
and positive leading coefficient a;, and all its coefficients are Op(a;). We have hy = h and Ty (z) = x.
For every D > 1, there is an integer i € {0,...,D — 1} such that

Ty(Da — i) = Tip(a),

2.3
W(Dz i) = \D)p(x), D |AD), A(D)< D &5
Moreover, by, p is a p-adic unit for all sufficiently large p, with a threshold depending only on h.

Proof. To check integrality at p | [, write u = v,(l) and make the affine change of variable

Tl—jp l
v opr

Yy —

Its coefficients lie in Z,, and its slope is a unit. Since v,(A(1)) = um,, (2.1) gives

-1 k
hy(z) = ( A(l) ) Z bj,ppu(j—mp)yj_ (2.4)

UMy
p J=mp

Thus h; is integral at p. If p { [, its denominator A(l) is a p-adic unit, so integrality is immediate.
This proves h; € Z[z]. Its leading coefficient is a;, and expanding h(r; + lz) with |r;| < I bounds
each coefficient by Oy, (1 /(1)) = Op(ay).

The residues r; and r;p agree modulo [. Their specified ranges therefore give r;p = r; — il for
some 0 < ¢ < D. Substitution and complete multiplicativity prove (2.3); its last two assertions
follow from 1 <m, < k.

For the final assertion, factor h = c[]J; gfi over Z[z], where ¢ # 0 is an integer and the g; are
distinct primitive irreducible nonconstant polynomials. Exclude primes dividing ¢ or the nonzero
integer right-hand sides of cleared Bézout identities for g;, g; with ¢ # j, and for g;, g;. At a root 3,
for any remaining prime, exactly one factor g; vanishes, its derivative is a unit, and all the other
factors have unit values. Consequently m, = d;, and the coefficient of X™» in (2.1) is a unit. [

Define the forbidden values at parameter [ by
Dy ={h(m):meZ, m>1, Ti(m) is prime}. (2.5)

A set A C [N]is avoiding at | if (A—A)ND; C {0}. This condition passes to progression coordinates:
for every D,n > 1 and every integer c, the set

A'={z e n]: \(D)x+ce A}

is avoiding at D whenever A is avoiding at . In fact, a nonzero difference h;p(m) in A" would give
the nonzero difference A(D)h;p(m) = hy(Dm — i) in A. Formula (2.3) preserves its prime argument,
and Dm — ¢ > 1 for m > 1. This also explains why no restriction at a zero polynomial value is
needed.



2.2  Uniform cancellation at large primes

We next estimate exponential sums over arguments z satisfying p 1 T;(x), and over the subset on
which hj(x) is nonzero modulo p. Besides controlling local Fourier coefficients, the latter estimates
will produce zero-sum lists of polynomial values: we seek one length L, independent of [ and p, for
which L selected values sum to zero in each local residue ring. At large primes cancellation supplies
these lists; at the finitely many smaller primes we will repeat a single value. The selected values
must also come from argument classes on which values lift uniformly to higher prime powers.
Fix
1 1)
0= ———, v=—.
100k2k 10
For the remainder of this section, [ > 1 is arbitrary and F' = h;. At all sufficiently large primes,
F mod p is nonconstant, uniformly in [. For pt [, this follows from p{ a and (2.2); for p | [, formula
(2.4) reduces to a unit multiple of Y™». When p > k, it follows that F’ mod p is not identically zero.
Call an argument = € ), allowed regular if

(2.6)

p1Ti(z) and F'(x) #0 (mod p).
The unit condition excludes at most one residue: if p | [, it excludes none because (r;, 1) = 1.

Lemma 2.2 (Local exponential sums). There is an integer Py > max(k,2), depending only on h,
such that for every l > 1 and every prime p > Py, at least p/2 arguments in F), are allowed regular.

For every integer v with p{ v,
vF(x)
Ex mod pJ e ( i )

) N P
E x mod p € (M)

z allowed regular p

<p ™ (j>1),

< p745.

FEach expectation is normalized by the number of arguments in its stated averaging set.

Proof. Take the threshold large enough for the preceding nonconstancy statements. The derivative
excludes at most k — 1 residues, so at most k arguments fail to be allowed regular. This gives the
asserted cardinality after increasing the threshold.

We first work modulo p. If k' is the degree of F mod p, then the complete mean S =
E; mod pe(vE (z)/p) vanishes when k' = 1. For k' > 2, repeated differencing gives
Es mod p€ <UAU1 Auk/_lF($)>

K —1

k-1
|S|2 < Eu1,...,uk171 mod p <

— )

p

p

where A, F(x) = F(x + u) — F(z). The first inequality follows by squaring, grouping the two
arguments by their difference, and iterating the triangle and Cauchy—Schwarz inequalities. For
the second, the final phase is linear, with nonzero coefficient unless one of the wu; is zero: its
coefficient is vk'! times the leading coefficient of F' mod p times uq - - - up—1. A union bound gives
the displayed probability. Removing at most k arguments changes a normalized mean by O (p~1).
Since 85 < 2~ =1 this proves both assertions of (2.7) at conductor p, for sufficiently large p.

For j > 2, set n = |j/2] and write 2 = x¢ + p’ "y, with o modulo p’~" and y modulo p".
Taylor expansion over the integers gives

F(zo+p'™"y) = F(xo) + p/ "yF'(x0) (mod p’).



The condition p { T;(z) depends only on xy. Averaging over y therefore annihilates every term for
which p"™ t F'(xg). We bound the proportion of the remaining xy by interpolation.

Put b = [n/(k —1)]. The solutions of F'(zp) =0 (mod p") occupy at most k — 1 residue classes
modulo p®. Otherwise, choose k integer solutions z1, ...,z in distinct such classes. In the Lagrange
interpolation formula for the degree-at-most-(k — 1) polynomial F’, every denominator [] sotr(Tr —Ts)
has valuation at most

(k—1)(b—1) <n.

Since every F'(z;) is divisible by p", each interpolating summand has all coefficients divisible by p.
This contradicts F' # 0 (mod p).

Since b < n < j — n, the class count applies to the full range of 2o modulo p’~". The unit
condition retains at least a proportion 1/2 of all arguments. Consequently the conditional proportion
that can survive y-averaging is at most

2k~ 1)p~ < 20k — DI/ OED),

where |j/2] > j/3 for j > 2. Because 85 < 1/(3(k — 1)), one further increase of P; makes this at
most p~% for every j > 2. All thresholds were independent of I. O

2.3 Small primes and uniform lifting

The preceding cancellation estimate will be used only for p > P;. For the finitely many smaller
primes, we instead select a residue class on which polynomial values lift uniformly. The crucial
point is that its modulus can be fixed independently of [.

Lemma 2.3 (Uniform lifting classes). For every prime p < Pi, there is an integer S, > 0, depending
only on h and p, such that, for every |l > 1, some integer x satisfies

p1Ti(z),  vp(hi(z)) < S (2.8)

Set
E,=25,+1 (p<P), E,=1 (p>P). (2.9)

For any prime p, let x be an integer satisfying (2.8) when p < Py, or representing an allowed regular
argument when p > Pi. Write s = vy(h)(x)). Every integer in the class x (mod pPr=*) satisfies the
unit condition, and its hj-value is congruent to hy(x) modulo p®». For each j > E,, the uniform
distribution on this argument class modulo p’ pushes forward under h; to the uniform distribution on

{ymod p’ : y = hy(xz) (mod pr)}.

Proof. Fix p < P;. For a nonconstant polynomial over Zj,, the minimum valuation of its nonconstant
coefficients is preserved by an affine substitution of unit slope. One inequality follows by expanding
the substitution, and the other by applying its inverse. If p 1 [, this observation applied to (2.2)
bounds that minimum for F' = h; by a constant depending only on h,p. If p | [, use (2.4): before
the unit affine substitution, its degree-m,, coefficient is a unit multiple of b;,, ,, whose valuation is
fixed. The same uniform bound therefore holds in this case. Differentiation increases the minimum
valuation by at most maxj<j<i vp(j), so the minimum coefficient valuation of F’ has a uniform
upper bound C, > 0, which we take to be an integer.

There are at least k distinct integers in [1, kp] satisfying p ¥ T;(x). Interpolate F’, of degree
at most k — 1, at any k of them. The interpolation denominators are products of differences of
integers in this fixed interval. Let B, > 0 be a uniform integer upper bound for their p-adic



valuations. If all k values of F’ had valuation greater than C), + B),, Lagrange interpolation would
force every coefficient of F’ to have valuation greater than C), a contradiction. Thus (2.8) holds
with S, = Cp + B,,.

Now let p be arbitrary and z,s be as in the statement. In either case F, > 2s + 1. Taylor
expansion with integer coefficients gives

F(z+p™%y) = F(z) + p™ (ciy + pC(y)),  ptc, C ey (2.10)

Indeed ¢; = p~*F’(x), and each term of degree at least two contains, after division by pPr . a factor
pf»=25_ The polynomial G(y) = c1y + pC(y) permutes the residues modulo every power of p: for
integers vy, z, the quotient (G(y) — G(z))/(y — z) is a unit when y # z, so

vp(G(y) = G(2)) = vp(y — 2).

It follows that G is injective, hence bijective, on every finite residue ring. Formula (2.10) proves
constancy modulo pP». The argument class preserves the unit condition because E,—s>1.
Finally, uniform arguments in this class modulo p’/ correspond to uniform y modulo p/~Fr s,
Each residue of y modulo p/~F» occurs exactly p* times. Applying the permutation G modulo p/~F»
therefore gives precisely the asserted uniform distribution of polynomial values. O

Call a residue modulo p®» admissible at | if it equals h;(x) for an argument satisfying (2.8) when
p < Py, or for an allowed regular argument when p > P;. The equality is taken modulo p». Thus
every admissible residue has an argument class satisfying the unit condition and the uniform lifting
property of Lemma 2.3. For a modulus that is a product of distinct factors p©», admissibility means
admissibility at every factor.

Lemma 2.4 (A fixed admissible cycle length). Fiz an integer L > 2 such that
40L>2, pP|L (p< Py). (2.11)

For every 1 > 1 and every prime p, there are L admissible residues vy, . . .,yr,—1 modulo p©», with
repetitions allowed, such that

Yo+ +yr1 =0 (mod p™).

Proof. For p < P;, an admissible residue exists by Lemma 2.3. Repeat it L times and use p©» | L.
For p > Py, take independent uniform allowed regular arguments xg, ..., zr—1 modulo p. Character
orthogonality and (2.7) give

<(p-1p <l
=0

L1
pP (Z F(z;) =0 (mod p)) -1

The probability is therefore positive, yielding the required sequence of admissible values. O

The terminology refers to the residue labels 29 = 0 and z; = yo +--- +y;—1 for 1 < j < L: we
have zj, = 29, and the increment on the indexed edge j — j + 1 is the admissible value y;. Distinct
indices need not carry distinct residue labels.

We now keep P, the exponents E,, and L fixed. For any later threshold P > P;, apply
Lemma 2.4 at each p < P and combine the lists by the Chinese remainder theorem. This gives L
admissible residues modulo [, p pP» with sum zero. Thus a larger prime cutoff never requires a
new cycle length.



3 Reflection-positive laws on residue tuples

We now construct a probability law on finitely many residue labels at each large prime. The law
must serve two purposes: reflection positivity will give a multilinear Hoélder inequality, while a
designated cycle of labels will have admissible increments except on a small part of the measure. We
adapt the reflection-positive construction of [14, Section 3], imposing the allowed regular argument
condition from the preceding section. The proof below includes the positivity argument, since the
small exceptional measure and the uniformity in the auxiliary index [ are both needed later.

3.1 Slots, reflections, and the required properties

Keep L from Lemma 2.4 and the exponents 0, v = 0/10 from (2.6) fixed. Choose an integer ¢ > 1
such that (t+1)d/2 > 5, and set

w=2t+1, K =1, r. = K/2.

Let II be the set of permutation words of length L: a word is a bijection from the positions [L] to
the symbols [L]. The slots of our tuple are

V=0 o d=|V|=K"

The entries of a slot are called its blocks. Fix an L-cycle ¢ on the positions. Composition wc
therefore permutes the positions of a word 7. Identifying ¢’ itself with a word, fix the distinct slots

vj=(d,....d) (0<j<L), w=u.

These slots, in this order, form the designated cycle.

A cut is specified by a block b € [w] and an ordered pair of distinct symbols «, 5. Its plus side
V. consists of slots in whose bth word « precedes ; its minus side is V. = V' \ V. The involution
6 exchanges these two symbols in block b and fixes all other blocks. Thus |V | = |V_| = d/2, and 0
identifies the two halves. For a measure v on IF;,/ , the matrix of masses across this cut has rows and

columns indexed by a,a’ € FX* and entry
v{zy = ay, 26, = a,, for every v € V. }.

We call v reflection positive if every such matrix is symmetric positive semidefinite. Equivalently,
each matrix is symmetric and

[ 7(Goeev) T(Ganluer ) dv(z) 2 0

for every real function J on F;/Jr.

Proposition 3.1 (Tuple laws). There is a threshold P > Py, depending only on h, with the following
property. For every I > 1 and prime p > P, there are a probability measure i, on FX and a
submeasure 0 < g, <y, such that:

1.y is reflection positive. Both p;, and g, are invariant under simultaneous translation of
all labels. In particular, any nonzero one of these measures, or their difference, has uniform
single-slot marginals after normalization.



2. Writing

o Hip — €1,
Mp = €1p(1), Hip = lp_imp’
7p

we have 1y, < p~4. Under ,uzp every increment zy, , — 2v;, 0 < j < L, is admissible at [.
3. For any integer D > 1 with p t D and any o’ € F,, let Ap o act on all labels by z, —
AND) Y (z, —a’). Then
(Ap,a' )+t p = HuD p; (Apar)«€Lp = €D p- (3.1)
4. For pp = pp orpy,, everyv €V, and every f : Fp, — C of uniform mean zero,

HEpp [f(zv) | (zu)uiv] ||L2(pp) < p_A/HfHLQ(IFp)' (3'2)

All thresholds and constants are independent of [.

The construction starts from independent labels weighted by admissible increments. Such a
law has the cycle property and the required mixing, but need not be reflection positive. We add
components in which selected blocks are forgotten when labels are assigned. For cuts in those blocks,
reflected slots share a list of labels. We choose bounded interactions between their selection indices
so that the cut quadratic form controls the mean square of its test function. This lower bound will
dominate the possible negative contribution from the preceding component. The last components
need no cycle constraints, and form the exceptional submeasure.

3.2 Two estimates for weighted graphs
Fix [ and p > Pj, and write F' = h;. Define

1
W(y) = %#{x € F,: F(x) =y, z allowed regular}, cp = Eyer, W(y). (3.3)

Since F' mod p is nonconstant of degree at most k, we have 0 < W < 1 and ¢, > 1/(2k). Lemma 2.2
for allowed regular arguments gives, with negative-sign Fourier coefficients,

W) <p™®  (aeF,\{0}). (3.4)
Indeed I//[\/(a) is the normalized mean over allowed regular arguments multiplied by their proportion
divided by k.

Lemma 3.2 (Weighted graph estimates). Let G be a fized finite directed graph with no loops and
with at most one edge on each unordered pair of vertices. Give its vertices independent uniform
labels Y, € Fp,, and put

)= JI W -Y.), ec=I|EQG)
z—y€E(G)
Then
Elg = ¢ + Og(p™™). (3.5)

If the vertices are partitioned into two classes and every edge joins different classes, reqgard Ig as a
kernel between their uniform label spaces. Its associated operator satisfies

e — cpCll2 e = Oc(p™). (3.6)

Both bounds are uniform in .



Proof. The convolution kernel W (y — ) — ¢, has L? operator norm at most p~* by (3.4). Telescope
the product Ig by replacing one edge weight at a time by c¢,. In a resulting term, hold fixed all
labels except those at the endpoints z,y of the edge being replaced. As there is no second edge on
this pair, the other factors depending on these two labels separate as a(Y;)b(Yy), with |al, |b| < 1.
The convolution bound controls the conditional average by p~*%. Summing over the edges proves
(3.5).

For the second assertion write A, B for the label spaces of these two classes and D(a,b) =

Ig(a,b) — cp¢. In uniform L? spaces, the fourth Schatten moment of its operator T is

tr(TpT}H)?) = EqaeaD(a,b)D(d’,b)D(d',b")D(a,b').
bbeB
All kernels here are real. Expand the four differences. Each term is the graph average of the selected
copies of Ig, times the corresponding power of —c;¢. Its formal vertices consist of two separate
copies of each of the two vertex classes. No pair of formal vertices receives two edges: it determines
one corner of the rectangle and one edge of G. Thus (3.5) applies to every term. Replacing all its
edge weights by ¢, makes the expanded sum zero, so the fourth moment is Og (p~*9). The fourth
power of the largest singular value is at most this moment, proving (3.6). O

3.3 Components obtained by forgetting blocks

For S C [w] with s = |S] <t + 1, call the blocks in S marked. For v € V, its address ug(v) is the
tuple of its words in the unmarked blocks; the address set is Ug = III*N\S | At every address u take
a list

(Y, Yae,), by =17,

with all entries independent and uniform in F,, independently over the addresses as well. A slot of
address u will choose one of the labels in this list.
For s <t put a directed edge u — u’ between addresses whenever

up, = upc  in at least ¢ + 1 unmarked blocks b. (3.7)

Every entry of the first list is joined to every entry of the second, with weight

Is(V)=I] I Wy —Yaa)

u—u’ 1,3/ €[ls]

There are no loops, since ¢ # 1. There are also no opposite edges: because ¢® # 1, the witnessing
blocks for u — ' and for v’ — u would be disjoint, requiring 2t + 2 > w blocks. Consequently the
graph on individual list entries satisfies Lemma 3.2. For s = ¢ + 1 define Ig = 1; these are precisely
the components in which we will dispense with the cycle constraints.

Independently select indices j, € [¢s] uniformly at all slots. To obtain the mean-square lower
bound when the cut block is marked, we put a positive interaction on some pairs of these indices.
Let A = 1/(10L?). For distinct slots x,, set Hgfy = AY if they agree except in one marked block
and the words in that block differ by exchanging symbols at positions of distance g. In all other
cases set ny = 0, and also set H2, = 0. Define

Rs(j) = exp ( > H5y1{jzjy}) , (3.8)

{zy}CV
vs(®) = Ey,jIs(Y)Rs(j) ®((Vig(w),j, Jvev)- (3.9)

10



The sum in (3.8) is over unordered two-element subsets. Each vg is a finite nonnegative measure,
with mass bounded above by a fixed constant: Ig <1 and 1 < Rg < C for a constant depending
only on the fixed slot set.

Every component is invariant under each reflection . To see this, exchanging two symbols
throughout one block preserves all transposition distances used in H°. For an unmarked block, the
same symbol exchange permutes addresses and preserves (3.7), since symbol permutations commute
with the right action of ¢ on positions. For a marked block, addresses are unchanged. The uniform
lists and indices are preserved in either case. Thus the cut matrices of vg are symmetric. Their
positivity is the remaining issue.

3.4 Positive contributions and their comparison

Fix a cut in block b, and for a real function J of the plus labels write its quadratic form as

Qs() = [ T(odoer) T (Gover.) dvs(2).

We first prove that marking b gives a strictly positive lower bound. We then compare that lower
bound with the possible negative contribution when b is unmarked. These two estimates explain
both the list lengths /5 and the coefficients in the final mixture.

Suppose first that b € S. The matrix of interactions across the cut, indexed by z,y € V,, is

_ s
Agy = H g,

It is symmetric by reflection invariance. If the two cut symbols in slot & occupy positions of distance
g, then A,, = AY9. Any other transposition taking x across the cut must move one cut symbol past
the other, leaving the latter fixed. It therefore exchanges positions at distance at least g + 1. Only
a transposition in block b can do this. There are fewer than L? choices, whence

2 1 1
D Ayl < LPATT = §5A9.
y#x

By diagonal dominance, A = xId with the fixed choice k = (9/10)AL~! > 0.
Here is why this positivity for interactions gives strict positivity for the whole index kernel.
Identify minus indices with plus indices using 6, and let 7, j’ be two half-index assignments. Put

u(j) = (Lgj,=i})wevs, iclts]-
The cross factor of Rg is the matrix with entries
C(j,5') = exp(u()" (A @ 1d)u(j")).

Split A as « Id plus a positive semidefinite matrix. The entrywise exponential of a positive semidefinite
Gram matrix is positive semidefinite: expand its power series and apply the Schur product theorem
to each power. The factor from A — k1Id therefore is positive semidefinite and has diagonal entries
at least one. The factor from «Id is the tensor product, over z € V., of

117 4 (" - 1)1d.

It dominates (e® — 1)%21d. Taking its Schur product with the other factor preserves this lower
bound, since the Schur product with the identity is the diagonal of that factor. The internal
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interactions in the two halves multiply this matrix on the left and right by the same diagonal matrix
with entries at least one, so the lower bound is still valid.

Reflected slots have the same address when b € S. For fixed lists Y, the two factors involving J
consequently evaluate the same vector indexed by half-index assignments. There are ng = Eg/ ? such
assignments. The uniform average over both halves is n 2 times the associated quadratic form; its
diagonal lower bound is thus (e” — 1)4/ 2n 1 times the uniform average of the squares. Since there
are only finitely many possible s, we obtain a fixed ¢, > 0 such that

Qs(J) 2 e Byj, Is(Y) I (Yusw) g, Joevs)® (b€ S). (3.10)

Now suppose b ¢ S. The lists split into plus and minus addresses according to the order of the
cut symbols in block b. Write Y, for the plus lists, and I (Y, ) for the factors of Ig whose edges
have both ends on that side. Set

AS(J) = EY+ J I (Y+)J((YUS(U)7jU )UGV+)2'

No index interaction crosses this cut, because changing a marked block does not change the word in
block b. Let R4 be the internal index weight on the plus side. After averaging the indices, Qg(J) is
the quadratic form of the kernel of cross-list edge weights applied to the half-function

B(Yy) = Li(Y4) Ejy Ry (54) T (Yug(v),, Jvevy )-

By Cauchy-Schwarz, Ry < C, and 12 < I, ||B||3 < CAg(J). Lemma 3.2 replaces the cross kernel
by its nonnegative constant value with operator error O(p~?). The constant kernel contributes a
nonnegative multiple of (EB)2. Hence, uniformly over S and the cut,

Qs(J) > —Cp°As(J)  (b¢S9). (3.11)

If s =t+ 1, the cross kernel is exactly 1, and Qg(J) > 0.
Forb¢ S and s <t,let S =SU{b}. We claim that

Qo (J) > cory V2 Ag (). (3.12)

The new address forgets block b. Exactly r. = K/2 old plus addresses become each new address,
one for each word in which « precedes $. Enumerate those words as o1, ..., 0,,, and write the old
addresses above a new address u as (u,0,). Concatenate their old lists by setting

Yu,(a—l)ls—i—i = Yv(u,aa),i ((I € [7"*], (S [ES])

These are independent uniform lists of length r.fs = ¢s1, precisely as required by the definition of
vgr.

Under this identification of list variables, Iss > I, pointwise. Indeed, any edge between new
addresses is witnessed by at least ¢ + 1 blocks other than b, so every pair of their constituent old
plus addresses already had that directed edge. Thus every factor of Ig: occurs in I, ; the latter may
have additional factors in [0, 1]. If |S’| =t 4 1, the same inequality follows from Ig = 1. In the
nonnegative right side of (3.10) for S/, denote the independently chosen uniform new indices by j/,.
For a plus slot of old address (u,0,), restrict j/ to {(a — 1)ls +1,...,als}. Each restriction has
probability 1/r., independently over the d/2 slots. Conditional on these restrictions, the selected
labels have exactly their old distribution. Using Ig» > I, gives (3.12). Figure 1 illustrates this
identification of the lists and the index restrictions.

12



3.5 The mixture and its cycle property
Define a finite measure and its normalization by

M= Y p Py, =

SClw)
1S|<t+1

M

oL (3.13)

For a fixed cut in block b, pair each S missing b, |S| < ¢, with ' = SU{b}. By (3.11) and (3.12),
their combined quadratic form is at least

= (e PPp0 — Cp) As(]) 2 0

for all sufficiently large p. Every component containing b is used in exactly one such pair; the
remaining components have |S| = ¢+ 1, b ¢ S, and nonnegative quadratic forms. This proves
reflection positivity of M and hence of 1 .

For S = @, every list has length one, all index weights are one, and the component mass is a
graph average. Therefore (3.5) and ¢, > 1/(2k) show that vz(1) > ¢o > 0 for sufficiently large p,
uniformly in /. The uniform upper bounds on all component masses give

Co S M(l) § C().

Define the exceptional submeasure by
p(t+1)5/2

Y vg. (3.14)

|S|=t+1

Elp=

It has mass O(p~(T19/2) < p=* after increasing the prime threshold, by the choice of t.

Old plus lists whose addresses forget to u

(u,01) (u,04) (u,00.)
Ywonidiele] || Fuoaidiers] || Muorn)idiel.)
concaitenate
sublist 1 sublist a sublist 7,

f’u i Lsy1 = rils independent uniform entries

Forv € Vi withug(v) = (u,04), retain only indices

Joe{la—1tls+1,...,al}, P(retained at every v € V) = re 2.

Figure 1: Marking the cut block b: the comparison between S and S = S U {b}. For each new
address u, concatenate its r, old plus lists; the displayed sublists are schematic. Independence
and probabilities refer to sampling before weights are applied. Restricting the new index at each
plus slot to its former sublist recovers the old distribution of selected labels, with probability 7. /2
Every edge between new addresses gives an old edge between every pair of their plus sublists. Hence
every factor of Igs occurs in I, and 0 < W < 1 gives Igr > I,. These are the two ingredients of

the comparison for Qg (J).
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For |S| <t at least ¢ + 1 blocks remain unmarked, and the addresses of v;,v;41 satisfy (3.7) in
every one of them. The product Ig therefore includes the weight on every pair of their list entries.
On its support, in particular, the entries selected at those two slots have increment in the support of
W, which consists of admissible residues. This proves the cycle property for . Translating every
list entry by the same element of F,, leaves all the weights unchanged. Each component, and hence
both measures in the proposition, is translation invariant. The assertion about one-slot marginals
follows because translation acts transitively on F,,.

3.6 Covariance and conditional mixing

It remains to show that the construction follows the auxiliary family under affine changes and
that conditioning on the other slots reveals little about a mean-zero function at one slot. The first
property will permit passage to progressions. The second will control large denominators in the
Fourier lifts.

If p1 D, the auxiliary-family identity (2.3) gives

VVZD,p(y) = I/Vl,p()‘(D)y)'

Indeed the substitution z +— Dz — i is bijective modulo p, preserves T)(Dz — i) = T;p(z), and
preserves nonvanishing of the derivative because both D and A(D) are units modulo p. Consequently
changing every list entry to A(D)~1(Y,; — a’) transforms each component for [ into the component
for ID, preserving its mass and all index weights. The mixtures and their exceptional parts therefore
satisfy (3.1).

For (3.2), first consider the normalized component vg/vg(1). At a fixed slot v write x = 2z, and
Y = (Zu)uzto- Its unnormalized density, relative to independent uniform labels, factors as

Ji(z,y) J2(y),

where Jp is the product of the m edge weights incident with v, and Jo contains the remaining edges.
Put

Apply (3.6) to the graph of incident edges, whose two sides are {v} and the other vertices. Since
Ef =0, it gives

A= lla<Cp™°, B2 < Cp~°||fll2.
The conditional expectation at y is B(y)/A(y) when A(y) > 0. The marginal density of y is
Jo(y)A(y)/vz(1), so the squared conditional norm is

1 1 B(y)[”

with the ratio defined as zero when A = 0. On A > ¢}'/2, this is bounded using the estimate for B.
The complementary set has uniform probability O(p~2°) by the estimate for A, since ¢y is bounded
below. On that set, weighted Cauchy—Schwarz and J; < 1 give

2
“i(é))‘ < Eao|f ()20 (2,9) < |IfI12

Together with Jo < 1 and the lower bound on vg(1), this proves that (3.15) is O(p~2%)|f|I3.
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Both pp and p7, are mixtures of the normalized components, and in either mixture the total
probability of S # & is O(p_‘s/ 2). To justify transfer of the estimate, retain the component label as
an additional random variable. Conditional Jensen shows that conditioning on this label as well as
on all other slots can only increase the squared conditional norm. In each normalized component
the trivial bound is || f||3, since that component has a uniform marginal at slot v. Averaging the
leading estimate and these trivial bounds therefore yields

B, [f(20) | (z)uzol |5 < CP2 £113-

As 2y = §/5 < §/2, increasing the prime threshold makes this at most p~27|| f||3. This proves (3.2)
and completes the proof of Proposition 3.1.
Fix henceforth a threshold P > P; for which the proposition holds, large enough also that

p?>3 (p=P), [[a+p?-1<], (3.16)
p>P

where the product is over primes. Its tail tends to one because _, p~3 < 0o. Define

Mo =[] »™ =2 (3.17)
p<P

The previously chosen L is unchanged when P is enlarged. For D = M times a product of distinct

primes at least P, a residue modulo D is called admissible at [ if it is admissible at every local factor
E

p~r of D.

4 Multilinear estimates and Fourier lifts

The tuple laws of Section 3 provide two ways to control multilinear averages: reflection positivity
compares different inputs with a single diagonal quantity, while conditional mixing suppresses large
Fourier denominators. We develop both estimates, then prove the moment bounds needed to apply
them to bounded functions on integer intervals. The signed-form and Fourier-lift arguments follow
the corresponding section of [14]. The signed-form estimates have their square-difference counterpart
in [15, Proposition 4.1 and Lemmas 4.2-4.3]. We give full proofs of the estimates needed here. The
change of coordinates in Lemma 4.2 carries the auxiliary parameter from [ to [D.

Retain the index set V' = II*, where II consists of the permutation words on [L], and put d = |V;
in particular, d is even. Fix a positive integer [ and a finite set P of primes at least P. Set

Xp=11F  tup=Q

pEP pEP

We collect the prime labels in slot v into a single variable z, € Xp, so pp is a probability law
on Xg . Each single-slot marginal is uniform. Norms of functions on Xp will always use uniform
probability measure unless another measure is specified. For real functions on this space define

Zip((g)er) = [ T] soz)dmp,  Ziple) = Zup((g)uer)
veV

The empty prime set is allowed: its residue space is a singleton and Z; (g) = q%.
We also fix the Fourier notation on these spaces. Every frequency has a unique additive
decomposition

522% (mod 1), 0<a,<p,
pEPp
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and its character is e(z§) = [[,ep e(ap2p/p). Equivalently, one may use any integer representative of
z supplied by the Chinese remainder theorem. The ezact support of this character is {p : a, # 0}; its
reduced denominator, denoted ¢(&), is the product of those primes. For B C P write qp = [Len P
with ¢z = 1.

4.1 Signed Holder inequality and seminorm rules

The finite reflection argument below follows the chessboard method of Froéhlich, Israel, Lieb and
Simon [5, Theorem 4.1]; related reflection arguments for graph norms appear in Conlon and Lee [4,
Section 3]. The standard passage from a multilinear Holder inequality to a seminorm is also part
of Hatami’s criterion for graph norms [9, Theorem 2.8 of the arXiv version]; we prove both steps
directly for the present tuple laws.

Proposition 4.1 (Signed Holder inequality). For every positive integer I, finite set P of primes at
least P, and real functions g,g, : Xp — R,

Zip(9) >0, 1217 ((90)vev)| < T] Zip(90)"" (4.1)
veV

Proof. Across any reflection cut of V', the matrix of the product law is the tensor product of the
corresponding prime-law matrices. It is therefore positive semidefinite. To explain its consequence
for signed inputs, fix a cut V = V4 U V_ and its reflection 6. Define maps ¢+ : V — Vi that fix the
selected half and reflect the other half into it. An assignment of functions is a map a : v — g,; write
its integral as A(a). The two real functions on the plus-half labels that enter the cut bilinear form
are

F(z) = H a(v)(xy), G(z) = H a(0v)(xy).

U€V+ U€V+

Its mixed value is A(a), and its two quadratic values are A(a o ¢4 ) and A(a o ¢_). Cauchy—Schwarz
for the positive semidefinite matrix gives

MA@ < Aaogs)Aaog),  Alaogs)>0. (4.2)

In particular a constant assignment has nonnegative integral, proving the first assertion of (4.1).

We next give a finite sequence of fold maps that sends every vertex to one vertex. In one
block write p; for the position of symbol ¢ in its permutation word. Folding onto the half where ¢
precedes i + 1 sorts the pair (p;, pi+1), leaving all other entries unchanged. Apply the comparisons
i =1,...,L — 1 in that order, and repeat this sweep L — 1 times. A sweep moves the largest
entry to the end. Once the largest entries occupy their final positions, the next sweep leaves them
there and places the largest remaining entry immediately before them. Thus every position array
becomes (1,...,L). Perform these sweeps in each block. If their fold maps in chronological order
are ¢1,...,¢0m, then

dmo---0p1(v) =v, forevery v €V,

where v, has the identity word in every block.

Now fix a finite nonempty list of real functions and let M be the maximum absolute integral over
all assignments from that list, allowing repetition. If M > 0, take a maximizing assignment. Each
of its folded integrals is nonnegative and at most M, while their product is at least M? by (4.2).
Both therefore equal M. Hence either fold preserves maximality. Apply the pullbacks in reverse
order, first ¢, then ¢,,_1, and so on. The final assignment is a o ¢, 0 - - - 0 ¢1, which is constant. It
follows that M is a diagonal value. Conversely, constant assignments are included in the maximum.
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We have proved that the maximum absolute mixed integral equals the largest diagonal value in the
list; this is also true when M = 0.
For € > 0, apply this conclusion to the list

o
(Z1p(g0) + )1/

veV.

Each diagonal value in this list is at most one. Multilinearity gives | Z;p((g0)0)| < I1,(Zi.p(g0)+€)Y/<.

Let € | 0. This proves the second assertion, including cases where some diagonal values vanish. [

Define
1/d

lgllip = Zip(g) for real g.

For B C P, let Epg mean uniform averaging over the coordinates in B, with all other coordinates
held fixed. The resulting function may be viewed on either Xp or Xp\ p.

Lemma 4.2 (Seminorm and changes of coordinates). The map g — ||g|lip is a seminorm on the
real functions on Xp. It satisfies

[Egl < llg

1P IEsglip\e = IEsgllir < llgllip-

Translations of the input are isometries. Moreover, if D is a positive integer coprime to every prime
of P, then for any a’ € Xp,

ls@) - = a)|,, = lglin.p- (4.3)

I,P
Here the affine change is interpreted separately at each prime.

Proof. Nonnegativity follows from Proposition 4.1. Since d is even, homogeneity of Z gives absolute
homogeneity of its d-th root. Expanding Z (g + h) by its slots and applying (4.1) termwise gives
d—|S| _

S d
Zip(g+h) < 3 llgll 5 lnlly s = (lgllup + Ihllp)".
SCV

Taking roots proves the triangle inequality. Putting ¢ in one slot and 1 in all others in (4.1) proves
mean domination, since the single-slot marginal is uniform and Z(1) = 1.

The simultaneous translation invariance of the tuple laws proves that translations are isometries.
Let Gp C Xp be the additive subgroup of vectors supported on B. Then

1
(Epg)(z) = ol > g(z+a).

aeGp

The triangle inequality gives the asserted contraction. Since Epg is independent of B, the probability
laws at those primes integrate out, proving the equality of the two seminorms. Finally, A(D) is a
unit at each remaining prime, and the covariance identity (3.1) pushes the product law at [ exactly
to that at [D. This proves (4.3). O

4.2 Decay at large Fourier denominators

Conditional mixing gives a different estimate, valid also after removing the exceptional part of each
prime law. Its proof requires orthogonality between different exact supports; applying the triangle
inequality to all Fourier coefficients would lose this decay.
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Lemma 4.3 (Large-denominator estimate). Fiz [ > 1 and a finite prime set P as above. At each
prime choose either p, = i, or p, = '“;,p' Let g, : Xp — C be arbitrary functions. If, in one
distinguished slot v, every Fourier coefficient at a denominator at most R vanishes, where R > 1,
then

J T 90 4@ o] < B gull2 TT gl (44)

ueV pEP uFv

Proof. At one prime, let m,, denote the marginal law of the labels in all slots other than v, and let

T,f =E,, (f(20) | (ZU)usﬁv)'

This is an operator from uniform L?(F,) to L?(m,). It preserves constants. It sends uniform-mean-
zero inputs to m,-mean-zero outputs, since Ey T, f = Ef. By the conditional mixing estimate (3.2),
its norm on the mean-zero subspace is at most p~7.

The product law makes the conditional operator for all primes equal to 7' = &),, T}, this identity
holds first for products of one-prime functions, by independence across primes, and then for every
function by linearity. The exact-support B Fourier space has a mean-zero factor at primes in B
and a constant factor elsewhere. On this space the operator norm is at most ¢5’. Furthermore,
the images of two distinct exact-support spaces are orthogonal in L2(®p m,). At a prime in the
symmetric difference of the supports, one image factor is constant and the other has mean zero.
Their inner product is zero, and tensoring preserves this orthogonality.

Decompose g, = >, .~ g 9v,B by exact supports. Both the domain summands and their images
are orthogonal, so

-2
ITgol3= > I1T9u5l3 < > a5 ' llgull5 < B7*7g013.

qB>R qB>R

Condition the original integral on the other slots and apply Cauchy—Schwarz. The remaining factor
is bounded by

I ouz0)| <TI (E!g (2a) 24 1))1/ =TT llgull2@-1),

uFv 9 uFv uFv

using ordinary Holder and the uniform single-slot marginals. This proves (4.4). If P is empty, the
frequency hypothesis forces g, = 0, and the conclusion is immediate. O

4.3 Fourier lifts and uniform moments

A bounded function on an integer interval gives Fourier coefficients at rational frequencies. We
transfer a finite set of these coefficients to Xp. Such a transfer need not preserve pointwise bounds, so
we prove bounds for every fixed moment. The following proposition and proof reproduce the uniform
lift argument of [14, section “Multilinear estimates and Fourier lifts”]. For the square-difference
setting, see [15, Lemmas 5.2-5.3]. We must also allow arbitrary subfamilies of complete exact
supports, because fixing some residue coordinates changes which denominators remain.

Let I be a nonempty consecutive interval of integers and let f : I — C. Put

= S

zel
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For B C P, define its exact-support contribution

fez)= 3 fi(©e(26),

q(§)=qB

where the frequencies are characters of Xp. For Q > 1, the Fourier lift is

Lipaf(z)= > fez)= > fi(€)e(2€).

BCP £ on Xp
9B<Q a(§)<Q

Each fp depends only on the coordinates in B, and has mean zero in each of those coordinates. If f
is real, all these functions are real because each summation set is closed under negation. Retaining
a support B always means retaining all its frequencies.

Proposition 4.4 (Uniform lift moments). Let P be any finite set of primes, @ > 1, and let I be a
consecutive integer interval with |I| > 10Q%. For every integer r > 1, every e > 0, every function
f:1I— C, and every subfamily F C {B CP:qp < Q},

> fB

BeF

< Crell flloe @ (4.5)
2r

The constant is independent of the prime set, the interval and its location, the function, and the
subfamily.

Proof. The zero function is immediate; otherwise scale so that || f|jcc < 1. Write Ny = |I|, and let
u=max{|B|: BCP, ¢ < Q}.

The empty support is included, so this maximum is defined even when P is empty. We first control
conditional sums of squares of the fg, then their square-function moments. Symmetrization will
recover the moment of their sum.

Conditional energy. For J C P with ¢; < @, and any fixed coordinate vector z;, we claim that

ST E(f* | 2s) < 4V (4.6)
BeF

BOJ
The conditional expectation here averages uniformly over all coordinates outside J. If B O J, the
coefficient of an outside character n of exact support B\ J, after fixing z;, is

ci(nizy) = ]\1,1 > f@e(=an) [T (Plia=z, (moa py — 1)-

zel peJ

Indeed, the sum over the nonzero frequencies at p is 253 e(a(zp — 2)/p) = Pliz=2, (mod p)} — 1-
The outside characters associated with B have exact support B\ J. These supports distinguish the
sets B D J, so their character sets are disjoint. Conditional Parseval therefore identifies the left side
of (4.6) with the squared Euclidean norm of this coefficient vector on the union of those sets.

Expand the product in ¢ over subsets J' C J. Apart from a sign, the corresponding vector has
coordinates

qj
YoX f@e-an).

zel
x=zy; (mod g )
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The congruence denotes the class determined by the fixed coordinates in J’; for the empty subset it
imposes no restriction. Write its progression as x = a 4+ ¢y n, with n in a consecutive interval of
length N’. Then

N/ZO.QN]/QJ/, N’qJ//Nfgl.l.

In these coordinates the frequencies are ¢ 7, up to constant phases. They remain distinct because
their denominators are coprime to gy. Their denominators are at most (), so they number at most
()% and have pairwise circle distance at least Q2.

The Gram matrix of these characters in normalized L? on the progression has diagonal 1. By
geometric summation, every off-diagonal entry has modulus at most Q2/(2N’). Its operator norm is
therefore at most its maximum absolute row sum, which is bounded by

4 5
Q' _, . Q

1+

1 <14 ——.
tonv ST IsN, S TR0

To see how this bounds the coefficients, let the synthesis map send (b;), to 3, bye(ng,n) on the
progression interval with normalized counting measure. Its adjoint is the normalized Fourier analysis
map, and its Gram matrix is the matrix just estimated. The two maps therefore have norm squared
equal to that Gram-matrix norm. Since ||f||oc < 1 and N’q;//N; < 1.1, the displayed coefficient
vector has Euclidean norm bounded by an absolute constant. The triangle inequality over the 21!
subsets J', followed by squaring, proves (4.6).

Square-function moments. Set

1/2
2
S(z) = (Z |fB(2)] > -
BeF

Expand ES?" and fix the supports of its first r — 1 factors. Their union W’ has size at most (r — 1)u,
and their product depends only on zy. For the final support B, the function fp ignores every
coordinate outside B. Thus integration outside W' leaves exactly E(|fg|* | z5), where J = BN W',
Every intersection that occurs satisfies ¢; < g < ). For each fixed intersection .J, the sum over
supports with BN W’ = J is bounded by the larger sum over all B O J in (4.6). There are at most
2(r=Du pogsible intersections and each has at most u elements. Thus

]ESZT S CQ(Til)ulluESQriQ.
The same argument with » = 1 uses J = W/ = &. Tteration gives
1S ]l2r < CFFY (4.7)

The overlaps among supports have now been controlled. It remains to bound their sum by this
square function with a loss exponential only in wu.

Recovering the sum. We color the prime coordinates and first retain only terms that use one
coordinate of each color. This will let us apply a scalar random-sign estimate one color at a time
and use consistent coordinate copies across the retained terms. Fix a support size j > 1 and color
every prime coordinate with one of j colors. Call a support transversal when it has exactly one
prime of each color, and let 7 be the transversal supports in F for this coloring. Take independent
uniform pairs XS , X; at every prime. The operator swap,, interchanges these two copies. Define

D= [[(1 —swap,)fs(X?), BeT.
peEB
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Averaging over all second copies leaves fp(X?), since every other term in this expansion has mean
zero in at least one copied coordinate. Jensen’s inequality gives

> fs > Dp

BeT BeT

<

2r L27(X0,X1)

Independent swaps preserve the joint law of the copies and multiply Dp by the product of the
corresponding signs. Thus for independent uniform signs ¢,, indexed by primes,

> b

BeT

= ZDBHGP

L2r(X0 X1) BeT peEB L2r(X0 X1 ¢)

For completeness, the scalar sign estimate

1/2
‘ > ae|| <G (Z |ai|2>

follows by expanding the even moment. Surviving terms have even multiplicity at every index. For
nonnegative coefficients their sum is at most

2r)! "
o (xe)

because (2m)! > 2™m!. For complex coefficients, take absolute values of the surviving terms in
(> ai€i)" (>, @jei)” and use the nonnegative case. Iterating this estimate over the color classes gives,
for fixed copies,

2r

Yool <c(Smar)

BeT pEB L27(e) BeT

At each step Minkowski is used in the form |(33; |Bi|*)Y?|l2r < (X ||Bil|3,)*/%. The signs are
indexed by individual primes; transversality ensures that each monomial uses exactly one sign from
each color class.

In expanding the swaps in Dp, index its 2/ terms by a choice of copy for each color. For any
fixed such choice, made consistently across all supports, the selected prime coordinates have the

original product law. The triangle inequality in L?"(¢(T)) therefore gives

1/2 ' 1/2 4
<Z !DB\2> < <Z !fB!2> < 27|52

BeT o BeT o

Consequently the transversal sum has norm at most (2C;)7||S||2,-
Now average over independent uniform colorings. A fixed size-j support is transversal with
probability j!/j7 > e=7, where here e is Euler’s number; the inequality follows from log(j!) >
1j log z dz. Thus the full size-j sum is exactly the coloring average of its transversal sum divided by
this probability. Minkowski yields

> Il < (2eC)[1S]ar-
BeF

|Bl=j 2
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Include the constant term of size zero and sum over j < u. Together with (4.7), this bounds the
norm of the full sum by (C?)!*%. Finally, the product of u distinct primes is at least (u + 1)!, so
(u+1)! < Q. Hence u = o(log Q) as ) — oo, uniformly in the prime set. For every fixed r and
€> 0, (CHM < C,..Q°. Restoring || f|s proves (4.5) with all the stated uniformities. O

Lemma 4.5 (Specialization of residue coordinates). Let B C P, fix zp € Xp, and let G : Xp — C.
For1l < s < oo,

1G (25, Mzt ) < 281G Lo xp)-

In particular, a Fourier lift or a subfamily of its complete supports satisfies (4.5) after specialization
with the additional factor qjlg/(%). The same bound holds after retaining either the remaining

denominators at most a given H > 1, or those greater than H.

Proof. The specified fiber has uniform probability 1/gg. Its contribution to E|G|* is ¢5 E|G (25, -)|°.
Dropping the other nonnegative contributions proves the first assertion. For the last assertion, a
character with original exact support C retains exact support C'\ B after specialization. The two
cuts therefore arise, before specialization, from the complete-support subfamilies

{CEF:(]C\BSH}, {CG.F:(]C\B>H}.

Apply Proposition 4.4 to these subfamilies and then use the fiber bound. Combining coefficients
can cancel frequencies but cannot create any outside the indicated ranges. O

In particular, specialize the same set B of coordinates in every slot, with possibly different
values in different slots. Applying (4.4) to the product law on the remaining primes incurs total
specialization factor

_ d—1
ai? (a4 @) — g

Two specialized L? norms incur the same factor. All moment orders needed here are fixed after h is
fixed. Finite products of their subpower bounds remain subpower; none of these constants depends
on [, the specialized residues, or the retained supports.

5 Prime estimates

The kernel construction requires two uniform estimates: an asymptotic formula for primes in residue
classes, and cancellation in polynomial exponential sums over primes. We derive the first from a
zero-free half-plane theorem and prove the second by Vaughan’s identity and Weyl differencing. The
latter argument also records why the product cutoff and the arithmetic coefficients do not obstruct
mixed differencing.

For positive integers n, put

1 = fi i dj>1
N (n) = (logn)1ip s prime},  A(n) = o8p, m = foraprimepand j = 1,
0, otherwise.

All sums below run over integers, including sums whose endpoints are real. The constants in this
section are independent of the lower coefficients of the polynomial phases.
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5.1 Primes in arithmetic progressions

Here is the precise analytic input from the companion zero-free theorem. Only its assertion about
Dirichlet L-functions is needed.

Theorem 5.1 (Zero-free input, [16, Theorem 1.1]). For every integer b > 1 and every Dirichlet
character x modulo b, the Dirichlet L-function L(s,x) has no zero in Rs > 7/8. This includes
imprimitive characters and the trivial character of modulus 1, whose L-function is ((s). A pole at
s =1 for a principal character is allowed.

Proposition 5.2 (Uniform distribution in residue classes). Uniformly for Y > 2, 0 <z <Y,
integers b > 1, and reduced residue classes ¢ modulo b,

S N@n) = —— + O(YF1og?(2bY)). (5.1)
n=c (mod b)

For a nonreduced class modulo b > 1, the sum is O(logb) and has zero main term.

Proof. Set g = 15/16. We first prove the logarithmic derivative estimate
/

Lf(s, ¥) < log(2b(2 + [s)) (5.2)

on Rs = 0y, and throughout oy < Rs < 2 when |Is| > 1. The constants are absolute, including for
imprimitive characters.
Write 6, = 1 for a principal character and 0 otherwise, and let

Gy(s) = (s = 1) L(s,x)-

Fix radii 2 — 09 < r < R <2 — 7/8 and use disks of radius R centered at s, = 2 4 it. Theorem 5.1
makes Gy holomorphic and nonvanishing on each disk, with the principal pole removed. To bound
its size there, use periodicity to write

Partial summation continues the Dirichlet series to fs > 0 as
S o0 1
L(s,x) = yil + s/ Ey(u)u™" " du.
s — 1

Consequently, on the disk, |Gy (s)| < C[2b(2 + [¢])]°. At its center the absolutely convergent Euler
product gives |L(2 +it,x)| > ((4)/¢(2); hence |G, (s:)| is bounded below by the same positive
constant. Choose a holomorphic logarithm and subtract its value at s;. Its real part is bounded
above by C'log(2b(2 + |t|)). Borel-Carathéodory on an intermediate disk, followed by Cauchy’s
estimate on the disk of radius r, now gives

G/
?i(S) <log(26(2+[t]))  (Is — s <)

Subtracting d, /(s — 1) proves (5.2) in the asserted ranges.
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We next pass through a smoothed sum so that the contour integral is absolutely convergent.
Mellin inversion for (1 — u) gives, for z > 1,

1 L x5t
D= mAmx() = g [ =50y (5.3)

n<x

Here the interchange with the Dirichlet series is absolute. Move the line to Rs = 0. Estimate (5.2)
bounds the horizontal integrals by a constant times 23 log(2b(2 + T'))/T?, which tends to zero with
the height T. The sole crossed pole is at s = 1 for the principal character; its residue is #2/2. On
the new vertical line, integration of log(2b(2 + |t|))/(1 + t?) gives

332
> (@ =n)A(n)x(n) = 6y + O (a1 log(2b)). (5.4)

n<x

For (¢,b) = 1, character orthogonality yields

Ac(z) == Z (x —m)A(n) = + O(z'70 log(20)).
n<x

n=c (mod b)

There are ¢(b) character errors and a factor 1/¢(b), so the error is uniform in b. Crucially, sharp

differencing is now performed on this nonnegative progression sum, rather than on a complex

character sum. For 0 < H < x, positivity of A gives
Ac(x) — Ac(z — H)

= < ) AW 77

n<x
n=c (mod b)

IN

Take H = x31/32 for sufficiently large 2. The main terms differ from z/p(b) by O(H), and the errors
are
O(z'+79/H -log(2b)) = O(x*Y/*21og(20)).
Bounded «x is harmless. Finally,
Z logp < Y'/210g?(2Y),
Py
Jj=2

so removing higher prime powers proves (5.1). If a prime lies in a nonreduced residue class modulo
b, it divides b; the sum of the logarithms of distinct such primes is at most logb. This proves the
last assertion. O

5.2 A minor-arc estimate over primes

Proposition 5.3 (Prime polynomial sums). For fized k > 2 and 0 < p < 1, there is a constant
cm = cm(k,p) € (0,1/4) with the following property. IfY is sufficiently large, I C [1,Y] is an
interval, and f € Rlx] has degree at most k with coefficient by of 2, then

g p Yo, (5.5)

> N(n)e(f(n))

nel

provided 6 = (k")2by, has an approzimation a/q satisfying

(a,9) =1, |0—a/q/<q?  YP<q<YFP (5.6)
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Vaughan’s identity will split the prime weight into sums with one short variable and bilinear
sums. Weyl differencing turns each into averages of linear phases, which rational approximation
then bounds. We first prove the needed spacing and differencing estimates. Uniformity in the lower
coefficients and in the interval will later permit additive linear twists for periodic restrictions and
partial summation for smooth weights in the kernel construction.

Write ||lu|| for the distance of u € R to the nearest integer, and interpret min(M, |lu||~!) as M
when |[jul| = 0.

Lemma 5.4 (Rational spacing). Suppose (a,q) =1, ¢ > 2, and |0 —a/q| < ¢ 2. For R>1 and
M>1,
> min(M, ||0r|| ") < (R/q + 1)(M + qlog(2q)). (5.7)
1<r<R

Proof. Within a block of |g/2| consecutive integers, two distinct indices differ by a nonzero d with
|d| < g/2. Thus
16d]| > |lad/ql| — |d|/q* > 1/(2q).

The associated points are 1/(2q) separated on the circle. The nearest point to zero contributes at
most M, and summing the others in bands of width 1/(2¢) gives O(qlog(2q)), with another O(M)
for the bounded number of points in the first band. Partitioning the indices into such blocks proves
the result, also when ¢ = 2 or 3. O

We will repeatedly group a fixed number of nonzero integer factors by their product. If that
product has absolute value at most Yk, the number of such factorizations is Y°(!), uniformly in the
product. Indeed, its prime factorization bounds the number by a fixed order divisor function, up to
a bounded number of sign choices. For every € > 0 that function is Oy (Y €): allocating a prime
exponent among finitely many factors gives a polynomial in the exponent, which is bounded by any
fixed positive power of the prime power after allowing a constant for finitely many small primes.

The following two differencing bounds isolate the treatment of coefficients and summation
domains. They are forms of classical Weyl differencing; see [25, 27] for the method.

Lemma 5.5 (One-variable and mixed differencing). Let k > 2, and let f € R[z] have degree at
most k, with coefficient by, of x*.

If J is an interval of integers of length at most an integer M > 1, and m is a positive integer,
then

ok—1

1 _ B
<k 3k ) min (M, |[klbgm us - w1 || 71). (5.8)

[w1 ]y up—1|<M

1
’M 3 e(f(mn))

neJ

Nezxt let A, B be positive integers, let I C [1,Y] be an interval, and let |ay,|, |dy| < 1. Set

S = Z amdﬂ]—{mné[}e(f(mn))’ 0= (k')Qbk

A<m<2A
B<n<2B
Then
92k—1 1
’AB <y W Z Hlin(A7 H0u1 cerURVY kalu_l). (5.9)
|u1\,...,|uk\<B
[v1],een |V —1|<A

Zero shifts are included in both sums.
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Proof. We give the mixed argument explicitly. For a function g of two integer variables, define
Azg(m,n) = g(m,n+u) —g(m,n),  APg(m,n)=g(m+v,n)—g(m,n).

Let Dy be the set of pairs in the displayed box with mn € I. Extend a,, and d,, by zero outside
their respective intervals, and extend every summand by zero outside Dy. Cauchy—Schwarz first

removes Gy, :
2
1

82
’ABSAZ

A<m<2A

=3 L, (m, el f(mn))

n

Expanding the square and grouping by u = n’ — n bounds its right side by

=y

lu|<B

1 I
E Z dn+udn 1D0 (m7 n+ u)lDO (m7 n)e(AZf(mn))‘ :

For fixed v the new weight depends only on n and has modulus at most one. This is exactly the
form needed for another n-difference. In particular, the product cutoff remains inside the sum; it
has not been replaced by a rectangular domain.

For j fixed shifts u = (u1,...,u;), let

Dy = {(m,n) : (m,n+¢-u) € Dy for every e € {0,1}7},
Fu(m,n) = AT -+ AT, f(mn).

The accompanying coefficient dy(n) is defined recursively by dg(n) = d,, and

d(u,u) (n) = du(n + u)du(n).

It depends only on n and is bounded by one. At each subsequent step, Cauchy—Schwarz in the
existing shifts costs only a constant depending on j, because their total normalized mass is at most
2/, Cauchy-Schwarz in m, followed by the same square expansion, adds one n-shift. Induction
therefore gives

ok

AB

<Lk % Z ﬁ Z du(n)1p,(m,n)e(Fu(m,n))|. (5.10)

fur|ful<B

All summands still have m and n in their original intervals, as the zero vertex of every translated
cube belongs to Dy.
After k differences in n, every lower-degree term vanishes, and

Fu(m,n) = klbyuy - - - upm”.
For 0 < j <k —1 and m-shifts v = (v1,...,v;), define the domains

Dyv ={(m,n): (m+n-v,n+e-u) € Dy
for every n € {0,1}7, £ € {0,1}*}.

Thus Dy,g = Dy. For 1 <j <k —1, let

1 m m
Tu7v = E Z 1Du,v (m, n)e(Avj ce AvlFu(m7 n))
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To enter this unweighted family, remove dy, by Cauchy—Schwarz in n:

2 ) 2
< 3 Z Z;lDu(m,n)e(FH(m,n))

1
E E du(n)lDu(m>n)e(Fu(ma n))
m,n B<n<2B

Expanding the square bounds this by A~* D lor|<A | T, (v,)|- This is the first m-differencing step, so
removing the coefficients requires no additional squaring. For 1 < j < k — 2, Cauchy—Schwarz in n
and the same square expansion give

1
|T11,V|2 < Z Z |Tu,(v,v)|'
lv]<A

Applying Cauchy—Schwarz also to all existing shift variables, whose total normalized mass is bounded
in terms of k, now yields

ok+j

S 1 .
1B <k B > |Tuv] 1<j<k-1). (5.11)
|u1|7'~~7‘uk|<B
01,0z <A

This accounts for all k + (k — 1) squarings.

Take j = k — 1. For fixed n, the section of D,y is an interval of m’s, possibly empty. In fact
each condition puts m + n - v in [A,2A) and its product with the positive number n + ¢ - u in I; it
therefore specifies an interval in m. Their intersection is an interval of length at most A. The final
phase AP -+ At Fy is linear in m with coefficient

(k’!)zbk Uy -+ UKV * - Vp—1-

A geometric-sum estimate bounds each m-sum by the corresponding minimum in (5.9). Summing
over at most B values of n, the remaining normalized sum is bounded by that minimum divided by
A. The shifts have normalizing factor B~*A~(*=1 which proves (5.9).

For (5.8), perform the same square expansion k — 1 times in a single variable. The translated
intersections of J are intervals of length at most M, and the final linear coefficient is k!bym*u; - - - up_1.
The normalizing factor is M~*=1  followed by M~ for the final geometric sum. This proves the
first bound as well. O

Proof of Proposition 5.3. We now apply the differencing bounds to Vaughan’s decomposition. We
first prove the estimate with A in place of A’. Put ey = p/(100k) and Z = Y. For an arithmetic
function g, write g<z(n) = g(n)1{,<zy and g~z = g — g<z. Let p denote the Mébius function, let 1
denote the constant arithmetic function, and use * for Dirichlet convolution. Vaughan’s identity, in
the form used here, is

A=Az +p<gxlog—p<zx A<z xl+pszxlxAsy. (5.12)

This decomposition is classical; see [25, Chapter 3]|. It follows directly from log = 1 % A and
px1 =1y split p at Z in p*log, and then split A at Z in the term >z * 1% A.

The two sums with a short variable. The middle two terms of (5.12) reduce to sums with an
outer variable m < Z% and an inner variable n < Y/m. The outer coefficient is either p(m) or
> ab=m, ap<z H(a)A(D), and therefore has size Y°(M). The inner weight is respectively logn or 1. Fix
m, let M = [Y/m], and consider any interval subsum S,, = 3=, e(f(mn)) of the inner sum.
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Apply (5.8). For every integer r,
min(M, || k!bgr||~!) < k!'min(M, ||6r] 1),

since ||k!u|| < k!||lul|. Tuples with a zero shift contribute O (M ~!) after normalization. For the
others group by 7 = m*|uy - - - ug_1| < m*M*~1 and apply Lemma 5.4. The divisor bound gives

‘Sm
M
Here and below logarithmic factors are included in Y°V). For completeness, the four terms after
1/M result from expanding

ok—1

1 mF mF 1 q
1
<<YO()<+q+Z”+Z”k1+Z”k>~ (513)

Asm < Y?0 and M > Y!1-2¢0,

k
m q —p+2ke m —142(k+1)e
R VI -

e

The remaining terms also save a positive power of Y. Taking the 2*~!-st root in (5.13) therefore
gives S, < MY ¢ for some ¢ = c(k,p) > 0, uniformly in the subinterval. Partial summation
permits the weight logn with a further O(logY") factor. Since

Z [Y/m] < Ylog(2Y),

m<Z?

both short-variable terms save a fixed power of Y after including the outer coefficients.

The bilinear sum. For the final term of (5.12), group the factors as (u~z * 1)(m)Asz(n). Each
coefficient is Y°() when mn < Y, and a nonzero coefficient requires both m > Z and n > Z.
Partition into dyadic boxes

A<m<24, B<n<2B, AB>Z/2, AB<Y.

There are O(log?(2Y)) relevant boxes. Divide out the coefficient bounds to reduce to |ay,|, |dn| < 1.
If AB < Y'7% the trivial estimate is already sufficient. Otherwise put R = A*~'B* and apply (5.9).

There are k shifts of range B and k — 1 of range A. Tuples containing a zero shift contribute
Or(A~Y + B71). Group the others by their nonzero absolute product, at most R. Lemma 5.4 and
the divisor bound imply

221@*1

S
AB

1 1 1 1
< Yo (A+B—|—q+R+AqR>. (5.14)

Indeed the nonzero-shift bound before expansion is

Yo(l)
AR

the additional term O(log(2q)/A) is included in Y°I) /A. Now A, B > Y /2, while

(R/q+1)(A+ qlog(2q));

q < y—ptkeo

AR = (AB)F > yk(i=eo), v
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Thus (5.14) saves a fixed power. Restoring the coefficients and summing the boxes preserves a
positive saving.

The remaining term A<z costs only O(Zlog(2Z)). This proves the required estimate for
A, with some positive exponent depending only on k,p. Removing higher prime powers costs
O(Y''/?10g?(2Y)), as in Proposition 5.2. Decreasing the exponent if necessary gives ¢, € (0,1/4)
and proves (5.5). O

6 A kernel on differences at prime arguments

The tuple laws prescribe a distribution of admissible increments along each edge of the distinguished
cycle. We now realize its low-denominator Fourier multipliers by a signed kernel supported on
polynomial values at prime arguments. This will turn avoidance of those values into cancellation
for a pair of Fourier lifts. The kernel comparison adapts the integer-argument method of [14]; the
unit conditions in its local weights and their realization using prime arguments are the additional
ingredients here.

6.1 Parameters and the pair estimate

Fix the following parameters, all depending only on h and the tuple construction:

1 i k
n=-———, ¢m = ¢m(k,n/4) from Proposition 5.3, v= %,
10000k 10 (6.1)
3 v ¢ v By T ‘
= —_— = —_— T= g = —.
100’ 100° 1000k(d + 1)’ 4

Here 1 controls the major arcs, v is a common saving from prime sums, 3 controls the Fourier
cutoffs, and ¢ bounds the auxiliary parameter [. The smaller exponents 7 and o are reserved for the
descent in Section 7. The parameter 7 is distinct from the exceptional masses 7 ,. For a scale NV put

Q=NP — H=NP2  Py={pprime: P <p<Q} (6.2)

Fix | > 1, write I’ = hy, and choose a directed cycle edge v; — v;;11. For each p > P, let
mp be the distribution on Fj, of z,,,, — 2z, under p7,. It is supported on admissible residues by
Proposition 3.1. For v € Z define

Tp(v/p) = D mp(y)e(vy/p).

yeFy

For a nonzero character, the conditional mixing estimate (3.2), applied to the second endpoint
and paired with the conjugate character at the first, gives |I'y(v/p)| < p~7. If £ has squarefree
denominator supported on primes at least P, write £ = Zp|q(£) §p for its prime-denominator
decomposition and put I'(§) =[] I'p(§p). Thus

L) =1 [LEI<q@)™ (6.3)
The multiplier may depend on [ and the chosen edge; all estimates below are uniform in both.

Proposition 6.1 (Cancellation for an ordered pair). Suppose N is sufficiently large, | < N€, and
D = My[lpepp < NPB, where B is a finite set of primes at least P. Let Jy,Jo : [N] — C have
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modulus at most one and be supported on residue classes al,al, (mod D). Assume that r = ab, — a}
(mod D) is admissible at | and that

Ji(x)Ja(y) #0 = zx<y and y—z ¢ D

Set
E=1{£€Q/Z:q(&) < H, q(&) squarefree, (q(§),D) = 1}.

Then, for the multiplier of any directed cycle edge,

Z INES J1 N] )JQ[N](@ < H /2, (6.4)
{eE

Since My contains every prime below P, the multiplier is defined on all of Z. To prove the
proposition, consider the model kernel

ko(n) = %1{1§n§N}1{nEr oy} > T(€)e(—¢n). (6.5)
fez

We will construct a kernel ki supported on D; such that sup, |3, (ko(n) — k1(n))e(an)| < H=/2,
The congruence restriction in kg will be imposed on polynomial arguments by a local weight; the
factors I', will be imposed by further weights of mean one.

6.2 Weights on polynomial arguments

For a periodic function of the argument m, its unit mean modulo b is the uniform average over the
classes m (mod b) satisfying (T;(m),b) = 1. There are exactly

@(lb)

np =b][(1-1/p) 0}

plb
il

(6.6)

such classes. Indeed, a prime dividing [ excludes no argument because (r;,l) = 1, and any other
prime excludes exactly one class modulo that prime. These means factor over prime powers. They
are also consistent under replacing b by a multiple: each allowed class has the same number of
allowed lifts.

At a prime p | D, choose an argument witnessing admissibility of » (mod p®?), and denote the
valuation of its derivative by s,. Lemma 2.3 supplies a class modulo pPr~sr on which the unit
condition holds and F is constantly 7 modulo p®». Uniform argument lifts in this class give uniform
higher lifts of that value. Combining the chosen classes gives one class modulo

dT = HpEp_Sp ’ D
p|D

Let pp be ng, times its indicator. Then pp has unit mean one and ||pp|lec < D.
For every prime p { D, necessarily p > P, choose, for each y with m,(y) > 0, one allowed regular
argument z, (mod p) satisfying F'(zy) = y. Define a function v, modulo p by

Pp(xy) = npmp(y), p(x) =0 at all other classes.
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It has unit mean one, and its weighted F-value distribution is precisely m,. Put

Bp(m) = wp(m) -1, Bu(m) = HBp(m)7 By =1,

plu

where u is squarefree and (u, D) = 1. Each B, has unit mean zero, B,, has period u, and |B,| < u.
In particular these definitions specify the weights also on nonunit arguments; those arguments will
have zero main term in the prime-progression estimate.

Expanding a finite product of ¥, = 1 + B), produces a sum of the B, over squarefree products
of those primes. We retain v < H to bound the periods of the weights. In a unit average against a
rational phase e(aF'(m)), any prime factor of u absent from ¢(a) makes that term vanish. Thus,
when the part of ¢(«) supported away from D is at most H, the truncation retains every potentially
nonzero term of the corresponding product expansion. The comparison below will also bound the
contribution from larger denominators.

By Lemma 2.1, all coefficients of F' are Op(a;). Consequently there is an integer =, > 1,
independent of [, such that for z > x,,

F(z) =< azF, F'(z) < agz* L, |F"(z)| < agz*2, (6.7)
with F, F' positive. Put U = (N/a;)'/*. Since q; is a positive integer and a; < al*,
U<NVk U NS

For large N there is therefore a unique X > z, with F(X) = N, and X =< U. With A'(n) =
(log )1y, prime}, define the signed kernel below. The factor o(1)/l compensates for the prime density
in the progression T;(m), and F'(m)/N turns the resulting m-integral into normalized measure on
the F-values:

= Y Vs AN i) o (m)

x> Bu(m). (6.8)
u<H

u squarefree
(u,D)=1

Here and below the argument m is an integer in sums. Every nonzero term has 0 < F'(m) < N and
T;(m) prime, so k; is supported on D; N [N]. No positivity is required of k.
Choose a fixed constant C' so that Y = CIU bounds Tj(X). The relation a; = al* /(1) gives

Y >NV Yy <« NVEC R < NA®D). (6.9)

In particular Y < N for sufficiently large .

6.3 Uniform Fourier comparison

For i = 0,1 use positive-sign transforms S;(a) = >, ki(n)e(an) on R/Z. The signs differ from the
negative-sign convention for Fourier coefficients of functions; this choice makes Sy concentrate at
the frequencies occurring in (6.5).

Lemma 6.2 (Comparison of the two kernels). For the data and ranges of Proposition 6.1,

sup |So(a) — Sy()| < HV/2, (6.10)
a€R/Z
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Proof. Use major arcs of radius 3N '+ around the reduced rationals with denominator at most

N'. They are disjoint for large N, since 3 < 1. The remaining points form the minor arcs. We first

bound both transforms on the minor arcs; on a major arc we will compare their local coefficients.
Write Vi (y) = N~ 32, (v e(yn). Expanding the congruence indicator in (6.5) gives

So(@) =2 > T(©e(~j'r/D)Vn(a—E+j'/D). (6.11)

£€Z 4/ mod D

There are O(DH?) terms. Their centers ¢ — j'/D are distinct: an equality would give a rational with
denominator both coprime to D and dividing D, and hence an integer. Each center has denominator
at most DH < N38/2 < N. On minor arcs, geometric summation therefore gives

|So(a)] < DH*N™". (6.12)
To estimate Si, first consider, with any linear twist ¢/, the sums

> N(Ti(m))e(aF (m) +y'm)

mel

over subintervals I of (z., X]. On setting n = Tj(m), expand the restriction n = r; (mod ) as the

average of its [ additive characters. Each resulting prime sum has a polynomial phase in n whose

coefficient of n* is by, = aa/A(l); the new twists change only the linear coefficient because k > 2.
Fix a representative of o and apply Dirichlet approximation to ¥ = (k!)2b;, with

Qo = |[YFN2.

The resulting reduced fraction a’/q satisfies ¢ < Qq and |9 — a’/q| < 1/(¢Qo) < ¢~2. By (6.9), this
places o within O(N~+7/2) of a rational of denominator at most (k!)2ag. For a minor-arc point
that denominator must exceed N" for large V. Hence, using Y < N and absorbing the fixed factor
(k!)2a,

yn/4 <q< yk-n/4.

Proposition 5.3 applies uniformly in the linear twists and in the interval, and gives a bound O(Y1=¢m).
The relation Y = CIU and the lower bound in (6.9) imply

yl-om « UIN~m/k < UNS—em/k « UN7Y,

This accounts for the dependence on [ before any periodic weight is expanded.

By (6.7), the supremum and total variation of F’/N on [z,, X] are O(U~!). Partial summation
therefore retains an O(N ") bound after including this weight. Use normalized Fourier coefficients
on each finite period for the other weights. Since pp is a constant times one residue-class indicator,
its Fourier /! norm is ng. < D. For B, the bound by its period times its supremum gives Fourier £
norm at most u?. Expanding the weights in (6.8), and using ¢(1)/l < 1, yields

1S1()| < D> u?N™" < DH*N™. (6.13)

u<H

The powers in (6.12) and (6.13) are 28 —n and 53/2 — v, respectively. Both are smaller than —3~/4,
so these bounds are O(H~7/?).

Now let a = ag + y be on a major arc, with ¢ = g(ag) < N and |y| < 3N, Decompose
ag = ap + a1 into the prime-power denominator parts supported, respectively, on primes dividing
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D and on primes not dividing D. The coefficient in (6.11) belonging to the center «y, or zero if
that center is absent, is

e(apr)'(a1), qlap)| D and o € =,

(o)  [elnT@). aan)| 610
0, otherwise.

Here the sign follows from ap = —j’/D at that center. Every other center is at circle distance at

least 1/(¢DH) from «p. Since |y|gDH = o(1), geometric summation in each of the O(DH?) terms
gives

So(a) = cola) Vi (y) + O(gD*H?3/N). (6.15)

We next derive the corresponding coefficient for S7, including the normalization of the prime
weights. For squarefree u < H coprime to D, let A, be the unit mean of

bu(m) = pp(m)By(m)e(aoF(m)).

Its period divides b = ¢Du, and ||by||cc < Du. For z, < 2/ < 2” < X, Proposition 5.2 gives

bu(m)@gl)A’(Tl(m)) = Ay (2" — 2') + O(qD*u2Y 332 1og?(21bY)). (6.16)
' <m<z
Indeed, one class m = ¢ (mod b) corresponds to the class r; + lc (mod [b) in a prime interval of
length I(z” — ). Tt is reduced exactly when (7;(c),b) = 1, since (r;,1) = 1. For such a class the
factor ¢(l)/l changes the prime main term to (z” — 2’)/ng, by (6.6). On a nonreduced class the
only possible primes divide {b, and their total logarithmic weight is O(log(lb)), with zero main term.
Apply the progression bound at both endpoints, then sum its errors over at most b = gDu classes
with weights of modulus at most Du. This proves (6.16), including the nonreduced classes.
The smooth factor F'(z)e(yF(x))/N has supremum plus total variation

O((1+ Nly)/U).

For example, its derivative is bounded in integral by the contributions of F”/N and 2 |y|(F')?/N,
which are O(U~1) and O(N|y|/U) by (6.7). Partial summation in (6.16) therefore produces main
term

Au/XF’(x)e( Fe)) de = A“/N e(yt') dt’
N Ja, Y N F(z4) Y .

The normalized integral N1 fﬁm) e(yt') dt’ differs from Vi (y) by O(a;/N + (1 + Nly|)/N): the
missing initial interval has length F(x,) < a;, and comparison of the integral on [0, N] with its
integer sum costs O(1 + Ny|). It follows that

Si(a) = clao)Vv(y) + O(H?),  clag) = Y  Au (6.17)
u S(;Lu%gfree
(u,D)=1

Here are the error bounds underlying this assertion. Since Y?31/32 JU <IN —1/(32k) ' the summed
progression error is at most

1 +é\7\y| qD2 Z w2y 3132 No(l) o N20+4B+C—1/(32k)+o(1)

u<H
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The replacement of the integrals costs, using |A4,| < Du,
O(DH*(U™F + N"71)) « N2PThe=L 4 N25tn—1,

The error in (6.15) is at most N"+78/2=1 All three estimates are O(N~#7/4): indeed 3, ¢ < 1/1000,
n = 1/(10000k), and v < 1. The first exponent has a strict margin, so its o(1) loss is harmless.

It remains to compare ¢ and c¢g. This is precisely the reason for the unit means and the regular
argument classes used above. At primes dividing D, the common factor in each A, is

e(apr), « D,
xp(ao) = (apr), - alap) |' (6.18)
0, otherwise.

To see both cases, factor pp and the unit mean prime by prime. At p | D the chosen class has
weight of unit mean one and prescribed F-value modulo p®». A character of conductor at most
pPr therefore gives its value at . A primitive character of higher conductor averages to zero, since
Lemma 2.3 gives uniform higher lifts of F' on that class, all still satisfying the unit condition.

Put ¢; = q(a1). If w has a prime factor outside ¢, its local B, factor has unit mean zero and
A, = 0. For p||q1, write oy for the p-part of a1 and let

ap,j = IEm mod pje(apF(m))7 bpvj = IEm mod p]Bp(m)€<apF(m))
piTi(m) ptTi(m)
The surviving A, for squarefree divisors u of ¢, are xp(ap) times products that choose by,; when
p | v and a, ; otherwise. Moreover,

Fp(ap)7 Jj=1

6.19
0, J =2 (619

ap,j +bpj = {
For j = 1, the weight 1+ B), = v, pushes the unit mean forward to m,. For j > 2, it is supported on
allowed regular classes modulo p, and their uniform argument lifts give uniform lifts of the F-value.
The primitive character therefore has mean zero.

If g1 < H, every squarefree divisor needed in the product expansion occurs in the sum for c.
Thus (6.19) and (6.18) show that ¢ = ¢, including the case of a nonsquarefree g1, when both vanish.
If ¢1 > H, the model coefficient is zero. Lemma 2.2 gives |a, ;| < p~%7, while (6.3) and (6.19) give
bp.;| < 2p~7 (for j > 2 one has b, ; = —ay, ;). Bounding the truncated product expansion by the
full sum of absolute values, and using (3.16), we obtain

P —~/2 _
le(ao)| < [T (apyl + bpih) < T 3077 < q;7* < H/2.
Pl P a1

Indeed p?/2 > 3, so each factor is at most p~7/2, Together with (6.15) and (6.17), this proves the
comparison on major arcs. The minor-arc bounds already proved complete the lemma. O

Proof of Proposition 6.1. Extend Jy, Js by zero to Z and put

B,:% S k() (@) oz £ ), i=0,1.

T,nEL

To keep track of signs and normalizations, let ji(a) = >, Ji(z)e(—ax), with counting measure in
this transform. Character orthogonality gives

1 ~ ~
Bi == N /]R/Z Si(Oé)Jl(—Oé)Jg(Oz) dov.
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Both counting-measure ¢2 norms are at most v/N. Cauchy-Schwarz, Plancherel, and Lemma 6.2
therefore imply |By — By| < H —7/2. The forbidden-support hypothesis gives B; = 0. For every
contributing pair in By, the ordering and the residue classes imply 1 <n < N and n =r (mod D).
Substituting (6.5) and setting y = = + n thus yields

By = NQZF ZJl )J2(y)e(—€(y =D T(&)Tin) (=€) Tayn) (6).

§eE ge=

This is exactly (6.4). O

7 Descent to shorter intervals

We now combine the pair cancellation estimate with the seminorm furnished by the tuple laws. The
quantity to be decreased is a diagonal tuple integral of a Fourier lift. Restriction to progressions
compares this quantity with the same quantity on shorter intervals; avoidance makes a fixed
proportion of the residue assignments cancel, apart from the small exceptional measures. This is
the recurrence method of [14], adapted here to preserve the prime argument condition throughout
the auxiliary family.

All structural parameters, including My, d,~y and those in (6.1), remain fixed. At every integer
scale N > 1 we use Py, Q, H from (6.2). For [ > 1 and A C [N], define

Yi(N, A) = Zypy (Linypy,0la),
Vi(N)= max Y(N,A). (7.1)
AC[N]

A avoi:iing at [

Here Y] is unrelated to the prime-sum range Y used in the preceding section. Lemma 4.2 and the
constant Fourier coefficient of the lift give the first bound in

d
(‘]‘3') SYI(N,4),  0<W(N) < N, (7.2)

For the upper bound, ordinary Hélder with the uniform single-slot marginals gives Z; p, (g) < ||g]|2.
Apply Proposition 4.4; its length hypothesis holds for large N since 68 < 1. For bounded N,
bounding each term of the finite Fourier sum gives the same uniform conclusion. In particular, the
upper bound in (7.2) holds for every I > 1, with no restriction of the form I < N¥¢.

For each s mod My put

fs(l') = MO]-A(x)]-{xEs (mod Mpy)}> Gs = ﬁ[N},PN,QfS-

Averaging fs over uniform s gives 14. Thus, for independent uniform residues s, mod My indexed
by v € V, multilinearity gives

Yi(N, A) = Es) e 21pn (G, Jvev)- (7.3)

We shall bound these integrals in two ways. The comparison with shorter intervals holds for every [;
cancellation will require the analytic range [ < N€.
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7.1 Specialization and progression coordinates

Fixing prime coordinates of a lift restricts its underlying set to a residue class, provided the remaining
Fourier denominator is sufficiently small. The following exact formula records the normalization.

Lemma 7.1 (Residue specialization). Let N > 1, A C [N], s mod My, and let I C [N] be a
nonempty consecutive interval. Let B C Py, write gg = [[,epp, D = Mogp, and S =Py \ B. Fix
the coordinates indexed by B of Lipy.ofs at b= (bp)pen, obtaining gr : Xs — R. Let a’ mod D
be the unique residue satisfying a’ = s (mod My) and o' = b, (mod p) for p € B. Then every
frequency & on Xs with q(§)gp < Q satisfies

D

91(§) = 7

Z 14(x)e(—xf). (7.4)
z=d’ x(Grrllod D)

Proof. The coefficient on the left is the sum of fi;(€ + w)e(bw) over the frequencies w on Xp
retained by the lift. The denominator condition retains every w, because ¢(§ + w) = ¢(§)q(w) < Q.
Orthogonality of these gp characters imposes x = b, (mod p) for every p € B and contributes the
factor gp. Together with the factor My in f,, this gives (7.4). O

Proposition 7.2 (Comparison with shorter intervals). For all sufficiently large N, every l > 1,
and every set A C [N] avoiding at I, the following holds. Let B C Px satisfy qg < N7, and put

_ Lpng

. S=Pyx\B.

N
D=Mga  Lo=MD) na=|i-|. A
D
For each v € V, choose s, mod My and fix the B-coordinates of G, arbitrarily, obtaining g, : Xs —
R. Then
|1Z1,5((90)vev)| < AVip(np) + O(N~7), (7.5)

uniformly in all these choices. The new scale and normalization satisfy
NY2 < MgEN=F < np < N, 1<Ap <14 MENFL (7.6)

Proof. The scale bounds follow from D < Lp < DF and My > 2; their first inequality holds for

. . . B
sufficiently large N because k7 < 1/2. In particular, with Q" = n/,

H<Q <Q. (7.7)

By Proposition 4.1, it is enough to prove (7.5) for Z; 5(g), where g is any one of the specialized
inputs.

First keep only the frequencies of g with denominator at most H, and call the resulting
real function g<p. Telescope the diagonal integral one slot at a time. Lemma 4.3, followed by
Proposition 4.4 and Lemma 4.5, bounds the change by

Z1,5(9) — Zi,s(9<m)| < H VqpN°Y = O(N~7). (7.8)
Indeed specialization costs qg/ % in the L2 norm of the removed part, and q]13/ 2(d=1) i each of the

other d — 1 norms. Their product is ¢g. All frequency selections retain whole exact supports before
specialization, as required by the moment bound. Here N > 10Q° for large N, and the saving
follows from Bv/2 — 7 > 0.
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The auxiliary-family identity transports avoidance along progressions of step Lp = A(D). Since
D | Lp, we split the prescribed class modulo D into its Lp/D classes modulo Lp. Let @’ mod D be
the class determined by this specialization. For j € [Lp] with j = a’ (mod D), set

cj =j— Lp, A; = {$/ S [nB] : LDJJ/ +cj € A}, Hj = ‘C[nB],S,H]-A;.-

Every integer of A in the class ' mod D has a unique representation Lpz’ + ¢; of this form: take j
to be its representative in [Lp|. The definition by membership in A excludes any surplus points
beyond N in these progressions.

Each A’ avoids at ID. More explicitly, a nonzero difference hyp(m) with m > 1 and Tjp(m)
prime would give the difference A(D)h;p(m) = hy(Dm — i) in A, where 0 < i < D is supplied by
(2.3). We have Dm — i > 1 and T;(Dm — i) = Tjp(m), so this would violate avoidance at [. The
nonzero condition is preserved because A(D) > 0.

Since gpH < @), Lemma 7.1 now gives the exact identity

2 MLy (=) (7.9)
j=d’ (mod D)

To check it, every prime divisor of Lp divides D, so multiplication by Lp is invertible on Xg
and preserves Fourier denominators. For ¢(§) < H, the coefficient of the jth summand at ¢ is
?T[\J-(Lpf)e(—cjf). Multiplication by the prefactor Ag/(Lp/D) = Dnp/N and summation over j
therefore gives (D/N) 3, ca, =o' (p) €(—2€), which is exactly the coefficient in (7.4) for I = [N].
Both sides of (7.9) have zero coefficients at denominators greater than H.
There are Lp/D summands. The triangle inequality from Lemma 4.2 and its transport identity
(4.3) imply
Zi1s(g<m) < A% max Zip.s(H;). (7.10)

Increase the cutoff in H; from H to Q). The same large-denominator argument, now without
specialization, changes its diagonal integral by O(H~YN°1)) = O(N~?). The moment hypothesis is
valid at the new scale: ng > 10(Q’)% for large N, by 63 < 1 and (7.6).

The extended lift is obtained from E[nB],PnB,Q’l A by averaging out its coordinates in B NPy,
and adding unused coordinates in S\ Py . Averaging contracts the seminorm, and adding unused
coordinates does not change it, by Lemma 4.2. Consequently its diagonal integral is at most
Yip(np, A}) < Yip(np). Combining this observation with (7.8) and (7.10) proves the diagonal
bound, hence the stated multilinear bound. None of these steps restricts the size of [. O

7.2 Cancellation for admissible residue assignments

The preceding proposition controls every assignment in (7.3). We now obtain a stronger bound for
those assignments whose cycle increments can occur as local polynomial values. Call (s,),ev good
at I if every sy, , — sy;, 0 < j < L, is admissible modulo My at [. Let p; be the proportion of good
assignments. The zero-sum admissible sequences of Lemma 2.4 give

o> pei= Myt > 0. (7.11)

Indeed combine such a sequence at each prime power dividing My by the Chinese remainder theorem.
After prescribing these L increments, the initial cycle residue and every residue off the cycle are free.
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Proposition 7.3 (Cancellation on the nonexceptional laws). For all sufficiently large N, all
1 <1< NS, every A C [N] avoiding at I, and every good assignment (s,)veyv

/ I Gso(z0)d @ (pup —c1p)| < N7°. (7.12)

veV PEPN
The implied constant is uniform in l, A, and the assignment.

Proof. The aim is to leave just the two endpoint lifts on an ordered cycle edge. We first average
over short intervals, then truncate and expand the other inputs. Each expansion term uses
prime coordinates with small product; conditioning on those coordinates leaves the pair to which
Proposition 6.1 applies.

It suffices to use the probability laws “va since restoring the omitted masses multiplies the
integral by [[,(1 —m ) < 1. Partition [N] into m = | N"] consecutive intervals of lengths as equal
as possible. Each Gy is the weighted average of L p, o fs over these intervals, with weights |I|/N.
Thus the integral is an average over independently chosen intervals for all slots. Their lengths are
comparable to N'~7, so the lift moment bound applies because 63 + 7 < 1. Ordinary Holder and
uniform marginals bound every interval assignment by N°() in absolute value.

The probability that all L cycle slots use the same interval is 3, (|I|/N )Y = O(N~(E=17). These
assignments contribute O(N~7). For any remaining assignment, the cyclic sequence of interval
indices is nonconstant, and hence has a strict increase along some directed cycle edge. Choose such
an edge, with first endpoint in I; and second endpoint in the later interval I5.

Keep the two endpoint lifts unchanged and truncate every other lift to denominators at most
T = N7. Telescoping with Lemma 4.3 and the lift moment bound costs O(T~YN°)) = O(N~7).
Expand the truncated d — 2 inputs into characters. Their coefficients have absolute value at most M,
and each input has O(T?) frequencies, so the sum of absolute coefficients in this product expansion
is O(T2(4-2)).

Fix one term. Let B be the union of the prime supports of its characters and write

R=qp <T%2, D = MyR, S=7Py\B.

Condition on the entire tuple of labels at every prime in B, taking any conditioning with positive
probability under the product of the /”L?,p' The expanded characters become constants of modulus
one. The specialized endpoint lifts give functions g, go on Xg, and the laws at primes in S remain
unchanged. Translation invariance shows that their pair integral is

Y n(=93OT(©), (7.13)

£ on Xg

where I' is the multiplier for this directed cycle edge. Indeed only opposite characters survive
common translation, and their product is the character of the second label minus the first. By (6.3),
Parseval, and the specialized moment bound, the part with ¢(§) > H is at most

H|g1]l2]lg2ll2 < H-TRNW. (7.14)

For the remaining frequencies, HR < Q and D < N” for large N, since (d — 2)7 < (/2.
Apply Lemma 7.1 to the endpoint lifts, obtaining classes a}, a) mod D. Their directed difference is
admissible at [: goodness supplies admissibility modulo My, and the cycle property of “?,p supplies
it at the conditioned primes p € B. Set

Ji = ]-A]-]i]-{xza; (mod D)}> 1= 172’
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as functions on [N]. Every contributing pair x,y has x < y because I precedes Is. Avoidance
therefore gives y — x ¢ D;. All hypotheses of Proposition 6.1 hold. Its frequency set = is exactly the
remaining frequencies on Xs with denominator at most H: coprimality with D excludes the primes
below P and the primes in B, while every prime in a denominator at most H is at most ). The
coefficient identity becomes

Gi(e) = ﬁzm ©  (a© < m).

Consequently (6.4) bounds the low-denominator part of (7.13) by

0, (H—”//QD ) = O(H"/?2DN?). (7.15)

[ 11|12

After multiplication by the expansion bound O(T%?=2)), both (7.14) and (7.15) are bounded by
N—ﬁ'y/4+(3d+2)7+0(1) — O(N_g),
since (6.1) gives $v/4 > (3d + 2)T 4+ 0. These estimates are uniform in the conditioning, in the

selected edge, and in the interval assignment. Averaging, and including the earlier truncation and
coincident-interval errors, proves the proposition. O

7.3 The contracting recurrence

We have obtained cancellation after removing the exceptional part of every local law. To return to
the full laws in (7.3), we expand that removal. The total mass of the resulting exceptional terms is
small enough to pay for their possibly shorter progression scales. For B C Py write

N
= Dp = M, =|—F.
m.B plgg M.,p> B 09B, np [)\(DB)—‘

Thus Dg = My. The mass estimate in Proposition 3.1 and the fixed choice of P give, uniformly in [,
_ 1
> asmp < [J+p?) 1< (7.16)
o#BCPy p>P

Proposition 7.4 (Recurrence). There is a constant Cy such that for every sufficiently large N and
1<I1<N¢,

VUN) < CN™7 + (L4 ux) | (1 = )i (o)

oY Uz,BleB(nB)}, (7.17)

@#BCPN
gg<NT

uy = (1+ MENF—1d _1 = o(1).
The constant and the sufficiently-large threshold are independent of I.

Proof. Fix an avoiding set A. For assignments in (7.3) that are not good, apply Proposition 7.2
with B = &. Their proportion is 1 — p;. For a good assignment, Proposition 7.3 handles the product
of the measures (i, — €;,. The difference from the full product is

® Hip — ® (p —erp) = Z (_1)|B|+1 (@ 5l,p) ® (@ MLP) .

PEPN PEPN @#BCPnN pEB p%B
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The positive product measure in the Bth summand has mass 7; g. If this mass is zero the term
vanishes. Otherwise, after normalization, every single-slot marginal is uniform by simultaneous
translation invariance. Holder and Proposition 4.4 thus bound its integral by N°(1) in absolute value.
The terms with ¢gg > N7 have total mass at most N~7 /4 by (7.16), and hence contribute O(N~7).

For qg < N7, condition on all labels at the primes in B. The remaining law is the product
of the full measures f;,, so Proposition 7.2 applies to the specialized inputs. Its factor AdB is at
most 1 + uy by (7.6), and its errors sum to O(N~7) by (7.16). Taking absolute upper bounds in
the signed expansion and averaging over the good assignments gives their contribution in (7.17).
Finally maximize over A in (7.3). O

7.4 Uniform induction and the density bound

The recurrence uses prime estimates only when [ < N¢, but its successors {Dp need not lie in the
corresponding analytic range at ng. We therefore prove a bound simultaneously for every auxiliary
parameter [. The factor (% below covers the complementary range by the elementary bound (7.2).

Proposition 7.5 (Uniform power decay). There are constants ag,byp > 0 and Cy > 1, depending
only on h, such that for all integers [, N > 1,

Vi(N) < Colo N9, (7.18)

Proof. After all parameters in (6.1) have been fixed, choose ag > 0 sufficiently small and put
bop = 2ap/(, so that

ap < o, so = kag + by <1, 0o := M3 (1 — 3p./4) < 1. (7.19)
This is possible because sy — 0 with ag while p, > 0 is fixed. If [ > N¢, then
PN > N,

The estimate (7.2), used with exponent ag, proves (7.18) in this range after a fixed enlargement of
Cy. This treats all such [, N before the induction.

For the remaining pairs, induct on the integer N, simultaneously for all [ > 1. At a sufficiently
large scale with [ < N, every successor in (7.17) satisfies ng < N by (7.6). The induction hypothesis
is available at [Dp whether or not that parameter satisfies [Dp < nCB. Since ng > N/ D%, it gives

leB(nB) < Co(lDB)bongao < ColbON_ang).
Use ¢y < gp and (7.16) to bound the bracket in (7.17) by
Col® N ME (1 — py + pi/4) < Col® N~%4,

where (7.11) was used in the last step. Choose a fixed threshold N,, large enough for the recurrence
and for
CIN©7 L (1+uy)o<1 (N >N).

Such a threshold exists by (7.19) and uy = o(1); it is independent of Cp > 1. Dividing the recurrence
by Col® N~% now proves the induction step, since Cyl® > 1. Finally choose Cy large enough to
cover both the previously treated range [ > N¢ and every N < N,, uniformly in I, by (7.2). This
completes the induction. O
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Proof of Theorem 1.1. At | = 1 we have T1(m) = m and h; = h, so the hypothesis of the theorem
is exactly avoidance at [ = 1. Combining (7.2) with (7.18) gives

A I - 1/d ar1—ao/d
(w) <CN™™,  |A| < CplINTeo/,

Thus one may take ¢, = ag/d and Cj, = Cé/ d, for every N > 1. Only strictly ordered pairs, and
hence positive differences, were used in cancellation. Restriction to progressions preserved nonzero
forbidden values and their prime arguments. A value h(p) = 0 therefore imposes no additional
condition at any stage. O
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