THE STRONG THIN TREE CONJECTURE

OPENAI

ABSTRACT. We prove that every finite loopless k-edge-connected multigraph on at least two
vertices, with k£ > 1, has a spanning tree meeting each cut in at most C'/k times the size of the
cut, where C' is a universal constant. This resolves the strong thin tree conjecture.
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1. INTRODUCTION

For a finite loopless undirected multigraph G = (V, E') and a nonempty proper subset S C V,
write 6g(S) for the edges with exactly one endpoint in S. Parallel edges are counted separately.
A graph is k-edge-connected if |0g(S)| > k for every nonempty proper S. A spanning tree 7' is
a-thin if

52()] < alda(S)|  (@#SCV).

A spanning tree retains connectivity using only |V|—1 edges. Thinness asks that these edges oc-
cupy a small fraction of every cut simultaneously. The question is whether high edge connectivity
alone forces such a tree, with a bound independent of the number of vertices.

Theorem 1.1. There is a universal constant C' > 0 such that, for every integer k > 1, every
finite k-edge-connected undirected multigraph without loops and with at least two vertices has a
spanning tree T satisfying

67(S)| < Z16(S)] for every 3 £ S C V.
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The conjecture and its history. Goddyn’s thin tree conjecture asks whether, for every € > 0,
a sufficiently high edge connectivity guarantees an e-thin spanning tree [8]. The strong thin tree
conjecture asks for the quantitative rate C'/k. Theorem 1.1 resolves this stronger conjecture
positively. The order 1/k is necessary: with two vertices and k parallel edges, every spanning
tree uses exactly one of the k edges of the only cut.

Thin trees connect this graph-theoretic question with approximation algorithms. In the asym-
metric traveling salesman problem, one seeks a minimum-cost tour through all vertices of a di-
rected metric. Asadpour, Goemans, Madry, Oveis Gharan, and Saberi used maximum-entropy
distributions on spanning trees to round the standard linear-programming relaxation, obtaining
an O(logn/loglogn)-approximation, where n is the number of vertices [2, 3]. Their method
explains the usefulness of controlling every cut: together with control of the tree’s cost, cut
bounds permit an inexpensive Eulerian augmentation of a suitable oriented tree. For the under-
lying thin-tree problem, Oveis Gharan and Saberi established the inverse-connectivity bound for
planar graphs and, with constants depending on the surface, for graphs of bounded orientable
genus [15, Theorem 5.1].

For general multigraphs, Anari and Oveis Gharan developed effective-resistance-reducing flows
and the geometry of locally connected hierarchies. They proved the existence of a spanning tree
with thinness poly(loglogn)/k [1, Corollary 1.8]. Their work provides the principal geometric
foundation of the present proof. Progress for specified families of cuts gives a complementary
view of the problem. Klein and Olver obtained inverse-connectivity thinness for every prescribed
laminar family [10]. Klein, Olver, and Yeoh constructed a spanning tree crossing every cut of
size less than (1 + 1/40)k at most 88 times [11, Theorem 1]. Theorem 1.1 controls all cuts
simultaneously and removes the dependence on n.

The thin-tree approach to asymmetric traveling salesman remains structurally useful, al-
though constant-factor approximation for that problem has already been obtained by other
methods. Svensson, Tarnawski, and Végh proved the first such guarantee [18]; Traub and Vy-
gen subsequently improved it [19]. Our objective here is the underlying all-cut spanning-tree
theorem.

The two main deductions. High edge connectivity supplies many edge-disjoint spanning trees
through the Nash—Williams—Tutte theorem [13, 20]. For any fixed cut, the average number of
edges used by the trees in such a packing is small. This averaging does not select one tree that
is small on every cut. We maintain a large packing throughout a sequence of sparsifications:
each step reduces cut sizes and the packing size by almost the same factor, and the accumulated
relative loss remains bounded.

The first deduction extracts a large tree packing on edges of small resistance. For a graph
H, let b = 1, — 1, be an arbitrarily oriented incidence column of an edge e = uv, and let
Ly = Y, beb! be its Laplacian. The resistance of e with respect to a positive definite matrix
X is bl X'b.. Write 15 for the indicator column of S, and A < B when B — A is positive
semidefinite. For all sufficiently large integers r, if H on at least two vertices contains r edge-
disjoint spanning trees, we construct such a matrix X with

Ly =X, 1iX1g<3[6u(S)| (@#SCV),

such that the edges of H with bl X~ 'b, < 4r~1/2 still contain |(1 — 7~/16)r| edge-disjoint
spanning trees. The starting point is a polynomial consequence of the locally connected hierarchy
theorem of Anari and Oveis Gharan [1, Theorem 3.5]; we prove the required consequence in full.
For a given matrix, retain the edges below each resistance threshold and partition the vertices
into maximal sets supporting the prescribed number of disjoint spanning trees. These partitions
are nested. Selecting them by dyadic crossing-edge counts gives a rooted hierarchy of nested



THE STRONG THIN TREE CONJECTURE 3

vertex sets and avoids a loss depending on the number of levels. The hierarchy estimate supplies
a response matrix Y with small resistance on almost all crossing edges of every selected partition
at once (Lemma 4.2). We interpolate finitely many such responses and take a fixed-point limit.
At the resulting matrix X, a nontrivial maximal packing partition of its own low-resistance
graph would have too many crossing edges. This contradiction yields the extracted packing
(Theorem 4.1).

The second deduction is a sparsification step that retains about half the tree packing while
bounding each new cut by approximately half its previous size. We use two vector representations
of the incidence columns. The matrix X controls cut size. A separate isotropic representation—
whose vector outer products sum to the identity— controls the partition inequalities for tree
packing. Applying the Marcus-Spielman—Srivastava theorem [12] to the stacked columns con-
trols both systems on the same selected edge set. The relative losses are 1 + O(r~1/16). They
have a bounded product as the packing parameter decreases geometrically. Harvey and Olver
used iterated matrix halving to obtain spectrally thin trees under an effective-resistance hypoth-
esis [9, Appendix F|. The additional packing representation here permits iteration from edge
connectivity.

Preserving a packing requires more than a weighted spectral approximation. Sampling by
effective resistance and spectral sparsification provide powerful ways to reduce a graph while
approximately preserving its Laplacian [17, 5]. Here the edges must retain their original unit
multiplicities. For example, g parallel edges between two vertices have the same Laplacian as
one edge of weight ¢, but the former graph packs ¢ edge-disjoint spanning trees and the latter
has only one. The second representation supplies the rank information needed to certify the
partition inequalities after selecting an unweighted subset of edges.

Organization and inputs. Section 2 proves the tree-packing facts used below. Section 3 gives
the precise hierarchy input, and Section 4 proves the extraction theorem. Sections 5 and 6
develop the auxiliary representation and the sparsification step. Section 7 proves Theorem 1.1,
including the small-connectivity cases. The independent-vector theorem used in the sparsifi-
cation appears as Theorem A.1. The required hierarchy estimate and the finite-dimensional
fixed-point theorem are proved in the appendices. All sufficiently large thresholds in the argu-
ment are absolute. Choices made after a particular finite graph has been fixed need not have
a uniform algorithmic running time. The companion article A polynomial-time construction of
strong thin trees [14] develops the separate finite-bit construction, including graphs given by
binary-encoded parallel-edge multiplicities. Its geometric input extends the hierarchy proof here
from cut tests to a larger cone of metric tests.

2. LAPLACIANS AND TREE PACKINGS

Unless a base is specified, log denotes the natural logarithm.

All graphs in the proof are finite undirected loopless multigraphs. They have a common vertex
set when one is said to be a subgraph of another. Each parallel edge has its own index. For a
partition P of the vertex set, let Er(P) denote the edges whose endpoints lie in different parts.
A graph is r-tree-packable if it contains r pairwise edge-disjoint spanning trees. On a singleton
vertex set this property is taken to hold for every positive integer r.

2.1. Matrix conventions. Choose an orientation of each edge solely to define b, =1, — 1, €

RY, and put
L= Y beb.
ecE(H)
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Changing an orientation changes no matrix or resistance used below. For a real symmetric
positive definite matrix X, define

Rx(e) = bl X 'b,.
The order A < B means that B — A is positive semidefinite. We use the operator norm for
matrices unless otherwise specified. For every nonempty proper S C V,

15015 = [65(S)|.

An inequality required only for these indicator vectors is called a cut inequality. It need not be
a semidefinite inequality. In particular, no cut inequality is imposed at S = V.

Lemma 2.1. For X >0, a column b, and t > 0,
VX h<t <«— b <tX.
IfX>Y =0, then b" X 10 < bTY " 1b.

Proof. Congruence by X ~/2 reduces the first assertion to the fact that the only possible nonzero
eigenvalue of aa” is ||a|?, with a = X ~1/2b. For the second, Y ~1/2XY /2 > I diagonalization
and inversion give X ! <Y1, O

When a Laplacian is inverted, we will explicitly restrict it to
1t ={z RV : ¥ oz, = 0}.

The shortcut matrices X used in extraction are positive definite on the full space RV, so their
inverses require no such convention.

Lemma 2.2 (Incidence rank). If F' has n vertices and ¢ connected components, its incidence
columns span a space of dimension n — c¢. In particular the columns of a spanning tree form a
basis of 1+.

Proof. A vector is orthogonal to every incidence column precisely when its coordinates agree at
the endpoints of each edge, equivalently when it is constant on every connected component. The
orthogonal complement thus has dimension c¢. A tree on n vertices has n — 1 edges, as follows
by deleting leaves successively, so its spanning columns form a basis. ]

2.2. The partition criterion.

Theorem 2.3 (Nash-Williams-Tutte). For a positive integer r, a graph H contains r edge-
disjoint spanning trees if and only if

|Eg(P)| > r(|P] —1) for every partition P of V(H).

We include an exchange proof of this classical criterion [13, 20]. The insertion and cycle
exchanges below are the graphic form of the circuit exchanges in Edmonds’s matroid-partition
proof [7, Section 1.6].

Proof. The necessity follows by counting the crossings of each tree. For sufficiency, choose r
disjoint forests whose total number m of edges is maximum. A state is such a choice. Starting
from this state, allow a move that adds an unused edge to one forest and removes an edge of
the resulting cycle.

In every reachable state, every unused edge closes a cycle with each forest: otherwise adding
it would increase m. Let U be the set of edges that are unused in at least one reachable state.
If an unused edge is added to a forest, every edge of the resulting cycle lies in U, since any one
of its original edges can be made unused by the corresponding move. Such a move preserves the
components of that forest restricted to its edges in U. It also leaves the other forests unchanged.
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Fix e € U. In a state where e is unused, its endpoints are connected by edges in U in
each forest. The component invariance just proved carries this statement to the initial state.
Consequently each component of (V(H),U) is spanned by the U-edges of every forest. If there
are d such components, this accounts for r(n — d) used edges, where n = |V (H)|. Every edge
between these components is used, since every unused edge belongs to U. Their number is
therefore at most

m—r(n—d).
If m < r(n — 1), this is smaller than r(d — 1), contrary to the partition hypothesis. Thus
m = r(n — 1); each of the r forests has n — 1 edges and is a spanning tree. O

Lemma 2.4 (Union and quotient properties). Fiz a positive integer q and a graph F.
(i) If F[A] and F[B] are q-tree-packable and AN B # &, then F[AU B is g-tree-packable.
(ii) The inclusion-maximal q-tree-packable vertex sets form a partition P(F). If F C F’,
then P(F") coarsens P(F).
(iii) If |P(F)| > 1, then
|Er(P(F))| < q(|P(F)] —1).

Proof. For (i), enumerate the ¢ trees on each of A and B. In the i-th tree on B, contract all
vertices of AN B to a single vertex, discard loops, and choose a spanning tree of the resulting
connected multigraph. Its selected edges, together with the i-th tree on A, form a tree on AU B.
Every selected edge has an endpoint outside A, so no such edge lies in any tree on A. The
selections in different colors remain disjoint. This proves (i).

Every singleton is packable, and finiteness gives maximal sets. Part (i) shows that two max-
imal sets cannot intersect unless equal. Every previously packable set remains packable when
edges are added, which proves (ii).

For (iii), contract the parts and remove loops. If its crossing count were at least ¢(d — 1),
where d = |P(F')| > 1, the quotient would have a set W of at least two vertices with |[E(W)| >
q(JW] —1). Choose such W inclusion-minimal. For each proper nonempty J C W,

[E(J)] < q(|J] = 1);
this also holds for a singleton because loops were removed. For a partition W = Jy U --- U Jy,
with ¢ > 2, subtraction gives at least
¢
(W] 1) =3 (el = 1) = a(t — 1)
/=1
edges between its parts. Theorem 2.3 supplies ¢ quotient trees on W. Attach to each color a
packed tree inside each of its quotient vertices. This gives ¢ disjoint spanning trees on their
union in F', contradicting maximality of the parts. U

3. SHORTCUTS FOR A LOCALLY CONNECTED HIERARCHY

We require one matrix that controls average resistances on several related boundaries. A
hierarchy specifies the boundaries on which this control is required. The matrix need only obey
an upper bound on cuts; an upper bound in the positive semidefinite order would be a stronger
condition.

Definition 3.1 (Hierarchy and its boundaries). Let H = (V, E) be a finite loopless multigraph.
A hierarchy on V is a finite rooted tree of distinct nonempty vertex sets. Its root is V, its leaves
are the singleton sets, and the children of every nonleaf form a partition of that node into at
least two sets. For a nonroot node A, write A* for its parent and define

P(A) = dp(4),  O(A) = Eg(A, A"\ A).
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All edge sets here retain multiplicities. Given an integer h > 2, the hierarchy is locally h-
connected if H[A] is h-edge-connected for every node A. For singleton nodes this condition is
vacuous.

In this definition |O(A)| > h for every nonroot A: it is the boundary of the nonempty proper
set A in the h-edge-connected graph H[A*]. An edge belongs to O(A) for exactly two nodes of
the full hierarchy. Indeed, if C is the least node containing both endpoints, these two nodes are
the two children of C' containing its endpoints. Consequently an edge belongs to at most two
parent boundaries in any subcollection.

Orient each edge arbitrarily and let b, be its incidence column. As usual, Ly = 3.5 beb] .
A shortcut matriz for H means a symmetric positive definite matrix D on R such that

(3.1) 15D1s < 6u(S)|  (8#SCV).

Its edge resistance is Rp(e) = bl D'bh.. The restriction to proper nonempty cuts in (3.1) is
essential: imposing the same inequality at S = V would contradict positive definiteness. We do
not impose D =X L.

The following estimate is the hierarchy input used in this paper. It is a polynomial consequence
of the Tree-CP theorem of Anari and Oveis Gharan [1, Theorem 3.5, printed p. 22]. We give
a complete proof in Appendix B, following their dual and geometric method with parameters
chosen for this weaker bound.

Theorem 3.2 (Polynomial shortcut bound). There is an absolute integer qg > 2 such that the
following holds for each integer ¢ > qi. Let H have a locally q-connected hierarchy, and let
M be any collection of its nonroot nodes satisfying |O(A)| > |P(A)|/q. Then H has a shortcut
matriz D such that

1

10(4)]

(3.2) > Rple) <q 3% (Ae M.

ecO(A)

The cutoff is independent of the graph, the hierarchy depth and the marked collection M.

4. EXTRACTING A TREE PACKING WITH SMALL RESISTANCE
Throughout this section, H is an r-tree-packable graph on n > 2 vertices. Set
(4.1) w=r"1 g=[1-url.

We take r above an absolute threshold, so in particular ¢ > 1. The threshold may be increased
finitely many times below.

Theorem 4.1 (Shortcut extraction). For all sufficiently large integers r, every r-tree-packable
graph H admits X > 0 such that

(4.2) Ly <X, 15X15 < 3165(S)| (@#SCV),

and the edges with Rx(e) < 4r=Y2 contain q edge-disjoint spanning trees. The lower threshold
on r is independent of H and n.

For a nontrivial maximal packing partition, Lemma 2.4(iii) limits the number of crossing edges
in the threshold graph. We first construct a response that makes most crossing edges have small
resistance. Averaging responses at nearby matrices and taking a fixed-point limit transfers this
estimate to the matrix defining the partition, forcing that partition to be trivial.
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4.1. A compact set of matrices. Let
(4.3) K={X=XT":X>=Lg+n'I, 1§X1s<3ou(S) for @ #SCV}.

This is a nonempty compact convex subset of the real symmetric matrices. Indeed, H is con-
nected, and |S|/n < 1 < [d5(S)|, so Ly +n~*I belongs to K. Closedness and convexity follow
from the defining inequalities. The singleton cuts give X, < 3degy(v), and positive semidefi-
niteness gives | Xyw|? < Xyo Xww; hence the domain is bounded. Every matrix in K is bounded
below by n~'1.

Given any locally g-connected hierarchy in H, mark exactly the nonroot nodes satisfying

0(A)] > ¢ H|P(A)].
For all sufficiently large absolute r, we have ¢ > r/2 and ¢ > qg. Theorem 3.2 gives a shortcut

matrix D whose average resistance on every marked O(A) is at most

g3/40 < 931/40,.-31/40 o —3/4.

where the final inequality holds for > 23!, Put
(4.4) Y =Ly+n'I+D.

Then Y € K, since on every cut its quadratic form is at most 2|0y (S)| + |S|/n < 3|dg(S)|.
Lemma 2.1 also gives

(4.5) !

Ry (e) < p3/4 for every marked A.
o), 2=, 1

4.2. Packing partitions and a simultaneous response. Fix X € K. For s > 0, let
Fyo(X) = (V.{e€ E(H) : Rx(e) <s}),  Ps(X) =P(Fs(X)),
where P(F) is the maximal packing partition of Lemma 2.4. Define
By(X) = Ex(Ps(X)),  My(X) =|Bs(X)|.

The crossing sets contain edges of H, including those absent from Fs(X). As s increases, the
partitions coarsen and their crossing sets decrease. Only finitely many partitions occur. Each
part induces a g-edge-connected subgraph of H, because it contains ¢ packed trees in Fy(X).

Lemma 4.2 (Simultaneous response). There is an absolute constant Cy, which may be taken
to be 40, such that for every X € IC there exists Y € K with

(4.6) [{e € Bs(X) : Ry(e) > 7“71/2}| < Cor VAM,(X) for every s > 0.

Proof. Temporarily suppress X from the notation. In each occupied bin 2¢ < M, < 24+ a > 0,
choose the finest partition that occurs in that bin. List the chosen partitions in order from
fine to coarse as Py, ..., Pr_1, with crossing sets B; and sizes M;. Append Py, = {V}, By = &,
M, =0.

The distinct parts of these partitions, together with all singletons, form a laminar family
containing V. Give each proper set its smallest proper containing set as parent. The children
of every nonsingleton partition that set, so this is a hierarchy. Every induced graph at a node
is g-edge-connected: this was proved for the partition parts, the root is r-tree-packable, and
singleton conditions are vacuous. Take the response Y from (4.4) for this hierarchy.

Consider a transition P; to Pj41. If a part A € P; changes, the part of P; 1 containing it is
its immediate parent in the hierarchy. Indeed, earlier selected partitions are finer and later ones
are coarser, so none supplies a distinct set strictly between these two. Adding singleton leaves
creates no such set.
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An edge of B; \ Bj;1 has endpoints in two changing parts of P; with the same parent. It
belongs to the O(A) set of each of those parts; see Figure 1. The total full boundary size of all
changing parts is at most 20/}, since they belong to the single partition P;. For the unmarked
changing parts,

S I0(4)] < - S |P(a) < 2
A Ea) q

For the marked changing parts, (4.5) gives

[{e € O(A) : Ry (e) > r 12} < r V4 0O(A)].
Their total bad-edge count is therefore at most 2M. jr_l/ 4. These counts may cover an edge more
than once, which only enlarges the upper bound. Consequently at most

2(7"71/4 +1/q)M;

of the disappearing edges are bad.
There is only one representative per occupied dyadic bin, so its bin exponents strictly decrease.
For every i < ¢,

-1
(4.7) > Mj < AM;.
j=i
For example, if 2¢ < M; < 29t the successive terms are bounded by 2¢+1,2¢ 29=1 . Every

edge of B; disappears at exactly one later transition. Its bad-edge count is thus at most
8(r~ Y4 +1/q)M;.

For an arbitrary s with Mg > 0, the chosen representative in its bin is finer, so By C B; and
M; < 2M;. The bad-edge count in By is at most

16(r~ 4 +1/q) M, < 40r~ Y4 M,

for all sufficiently large r. If M = 0, the assertion is immediate. This proves (4.6) simultaneously
for every threshold. O

4.3. A consistent matrix from a fixed-point limit.

Proof of Theorem 4.1. The response supplied by Lemma 4.2 need not vary continuously with X.
We interpolate only finitely many responses at a time.

For each positive integer p, cover K by finitely many relative open balls of radius 1/p, with
centers Cp1,...,Cp N, € K. At each center choose a response Y, ;. Define continuous weights

__ max{0,p~" — [IZ - Gpl}
B
pzymax{0,p~t — || Z = Cp [}

The denominator is positive by the open cover. The map

bp,i(Z) (Z € K).

Np
Cp(2) =D bpi(Z)Yp,;
j=1

is a continuous self-map of the compact convex set . Theorem C.1 gives X, = ®,(X,,). Pass
to a subsequence along which X, = X € K.
Choose

3r—1/2 <s< 4p=1/2
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Selected threshold partitions: fine to coarse

Py P, Pist (v}
---- parts of P; —— parts of Piyq

( C _ A* _ (A')* N\ ( D N\
A A . D 1 Dy
: ° Lo ° \ | ° - ° :
1 ° ! PY | ! 1 ! ° 1
e : : ° : ! : ° * : L. |

. J . J

e€ B; \ .BL'+17 e c ()(A) N ()(A/)
O(A) = Eu(A,C\ A), J€Bit1 CB;

FIGURE 1. At a selected transition P; — P;11, the parts A, A’ merge into their
immediate parent C. The edge e leaves the crossing set and belongs to both O(A)
and O(A’), whereas f remains a crossing edge. Only representative vertices and
edges are shown.

distinct from every Rx (e), e € E(H). This is possible because the graph is finite. If ¢, ;(X,) > 0,
then

ICp = X[ <p™" +[1Xp = X|| — 0
uniformly over these centers. The resistance of each edge is continuous on K. Since all resistances
at X avoid s, for all sufficiently large p every contributing center has exactly the same threshold
graph, packing partition, and crossing set as X.

Write B = B4(X), M = |B|, and § = Cor— /4. If M = 0, connectedness of H implies that its
partition is {V'}, and the conclusion already follows. Otherwise, for large p, each contributing
Y, ; has at most 6 M bad edges in this same set B. Summing their bad indicators with weights
¢p,j(Xp) shows that at most 20\ edges receive bad weight greater than one half.

For every other edge e € B, at least half the total weight is on matrices satisfying

Yy, = r2bb!

by Lemma 2.1. All remaining matrices are positive semidefinite. Hence their convex combination
satisfies
X, = 31 2b0] Ry (e) <27 V2

Thus at least N = [(1 — 20)M | edges satisfy this closed inequality. The condition that at least
N edges of the finite set B obey it is closed: it is a finite union, over N-element subsets of B, of
finite intersections of closed conditions. The same count therefore holds at the limit X. Since
2r—1/2 < s, these edges belong to Fi(X).

Suppose Py(X) has d > 1 parts. The original r packed trees in H give M > r(d —1). Choose
the absolute threshold on r so that 2Cyr~/* < w. Then

| B, x) (Ps(X))| = (1= 2Cor™ /") M > q(d — 1),

contradicting Lemma 2.4(iii). The partition is therefore {V'}, so Fs(X) is g-tree-packable. Every
one of its edges has resistance at most s < 4r~1/2, and X € K gives (4.2). 0

Remark 4.3. For a fixed graph, the finite-cover scale needed to stabilize the chosen threshold can
be arbitrarily small. This does not affect the absolute cutoff on r. The latter comes only from
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the hierarchy estimate and the numerical inequalities in the proof. The construction makes no
claim about its computational cost.

5. A VECTOR REPRESENTATION THAT CERTIFIES TREE PACKINGS

The next representation gives a matrix inequality sufficient for all the partition inequalities
in Theorem 2.3. Its construction uses strictly positive edge weights, which preserve every subset
rank. The normalization uses the log-determinant variational method behind radial isotropic
position [4, Section 2.2]. Here the target vector of edge weights is the average of the edge-set
indicator vectors of the given disjoint trees. We give the approximate positive-weight form that
keeps every subset rank unchanged.

Lemma 5.1 (Isotropic representation preserving ranks). Let B be the union of ¢ > 1 edge-
disjoint spanning trees on an n-verter set, where n > 2. For every p > 0 there are vectors
2o € R" 1 indexed by the individual edges of B, such that

(5.1) Yozerl =T, lzl? <
eeB q

1+p

Moreover, there are an invertible linear map M : 1+ — R ! and positive numbers s. such that
Ze = SeMb.. Consequently the incidence vectors and the z. have the same rank on every subset
of edges.

Proof. Choose orthonormal coordinates on 11 and write b, for the incidence columns in these
coordinates. Denote the given trees by 11,...,T;. For a € REMB) | get

1
N(a)= Y explac)beb!,  h(a) =logdet N(a) — = 3 a..
B q e€EB

Every N(a) is positive definite: the columns of 77 are a basis and all its weights are positive.
Thus A is a smooth, everywhere finite function.

Let ¢; > 0 be the square of the determinant of the basis of columns indexed by T;. Cauchy—
Binet, followed by the arithmetic—geometric mean inequality, gives

eeB

Here the last exponent uses the fact that the T; partition F(B). In particular,

1 q
h(a) > L :=logq + fZIOgct.
73

For v > 0, the function h(a) + v||al|? is continuous and coercive, hence has a minimizer a? €
RE(B). Comparison with a = 0 shows that, with K = h(0) — L > 0,
Mla'IP < K, [Vh(a?)] = 2v]la”]| < 2VAK.

The stationarity equation supplies the equality in the second formula. Thus one may choose a
finite @ = a” for which every coordinate of Vh(a) has absolute value at most p/q. This remains
valid when K = 0, since the displayed gradient bound is then zero.
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The determinant derivative formula yields
1

oh _ S
5 = XPlacbI N (@) b —

Define z, = exp(a./2)N(a)~1/2b,. Their outer products sum exactly to the identity, and the gra-
dient bound gives their asserted norm bound. The common map N (a)~'/2 is invertible and every
exp(ae/2) is positive. These operations preserve all subset ranks, including the dependencies
among parallel edges. O

Lemma 5.2 (Projected trace and packing). With the vectors in Lemma 5.1, suppose A C E(B)

and ¢ > 0 satisfy
Z zezeT =cl,_1.

ecA
Then (V, A) contains at least |cq/(1+ p)| edge-disjoint spanning trees.

Proof. Fix a partition P = {Vi,...,V;} into nonempty parts. Let W be the span of the z.
indexed by all edges of B whose endpoints lie in one part. The corresponding incidence vectors
lie in the direct sum of the zero-sum spaces on the parts. The representation therefore gives
d
dimW <) ([Vj| 1) =n—d.
j=1

Let P be the orthogonal projection onto W+, so that tr P > d — 1. Taking the trace after
multiplication by P preserves the stated positive-semidefinite inequality: indeed, tr(PQ) > 0 for
positive-semidefinite P, Q. Writing E4(P) for the edges of A crossing the partition, we obtain

cd—1)<ctrP <tr <P Z zez2—>
ecA
1+
= X IPzl? < —LlEa(P).

e€EA(P) 9
The within-part terms vanish by the choice of P. Every partition therefore has at least |cq/(1 +
p)](d — 1) crossing edges. Theorem 2.3 completes the proof; if the floor is zero, the conclusion
is immediate. O

6. ONE SPARSIFICATION STEP

We first derive the exact consequence of the Marcus—Spielman—Srivastava random-vector theo-
rem [12, Theorem 1.4] needed here. The use of deterministic padding permits singular covariance
matrices and keeps both halves under simultaneous control.

Lemma 6.1 (Two-sided splitting). Let w. € RY be finitely many vectors, let ¥ = 3, wew] =
2Ip, and suppose that ||we||? < € for every e, where € > 0. There is a subset A of the indices for
which

1 1
(6.1) *E—TIDijew;rj*E—FTID, T=2/e+e

2 2

ecA
Proof. Independently for each e, let v, € R*P equal (we,0) or (0,w,), each with probability 1/2.
Then
M :=> Elvev)] = diag(£/2,%/2) 2 Ip,  Efvel]® = [[we]* < e
e

To make the covariance exactly isotropic, diagonalize the positive-semidefinite matrix Iop — M.
For each positive eigenvalue A with unit eigenvector f, put my = [M\/e] and introduce m
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deterministic vectors equal to \/\/my f. There are finitely many such vectors; each has squared
norm at most €, and their outer products sum to Isp — M. Deterministic vectors have singleton
support and are independent of all other vectors. Consequently Theorem A.1 applies to the
enlarged family.

In its successful outcome, let A be the indices assigned to the first block, and set S4 =
Seea Wew! . Subtracting the fixed padding matrix from the theorem’s conclusion gives

diag(Sa, ¥ — Sa) < M+ (1 ++€)? = 1)Iop = M + 1rp.
The first block gives the upper bound in (6.1); the second block gives its lower bound. [l

Proposition 6.2 (Packing-preserving sparsification). There is an absolute integer retep Such
that the following holds for every integer r > reep. If H has at least two vertices and contains
r edge-disjoint spanning trees, set
w=r"16 qg=|(1—-u)r], e=6r12 T=2/e+e
Then H has a spanning subgraph H' containing at least
1—-4
(6.2) r = {( 5 U)TJ

edge-disjoint spanning trees, such that every nonempty proper S C V(H) satisfies

1
(6.3) |07 (S)] < (2 + 37') |0 (S)].
The cutoff may be chosen so that, in addition,
5 1 1437
A4 —<—<Z 2 <1+ 15u.
(6.4) 16— r — 27 T//T_+5u

Proof. Write n = |V(H)|. Choose the cutoff large enough for Theorem 4.1, and also require
r > 166 so u < 1/16. The extraction theorem supplies a positive definite matrix X with

X =Ly, 15X15<31lLgls (@#S#V),
and ¢ edge-disjoint spanning trees all of whose edges satisfy b] X ~'b, < 4r=1/2 Let B be
precisely the union of these trees. Apply Lemma 5.1 to B with p = u, and put

Qe = X_1/2b67 We = (e, Ze ), Y= Z wew;r.

eeB
The covariance includes cross blocks:
X Y2LpX—12 N acz]
Y= eeB

Z zeaz 11

ecB

They need not vanish. Nevertheless, for any vectors z,y in the two coordinate spaces,
2
(z,9) Sz, y) = Y (2, ae) + (U, 2e))
ecB

< 22T X V2L X Y2g 4+ 2|ly|?

< 2(||2[1” + llyl*),
because Ly =< Ly =< X. Hence 0 =< ¥ < 2] without any invertibility assumption on .

Since ¢ > (1 —w)r —1>r/2, and r > 4,

Ltu <1—7<27‘71/2.
qg ~ 8r
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Thus every w, has squared norm at most 4r~ /2 + (1 4 u)/q < e. Choose the subset A C E(B)
supplied by Lemma 6.1. The two principal blocks of the same inequality (6.1) give

(6.5) > 2zl = (1/2= 1)1, X V2L, X2 < A2 X2 g
ecA

Congruence by X'/2 in the second inequality yields
La=3Lp+7X 1Ly +7X.

Testing on 1g proves (6.3) for H = (V, A), simultaneously for all cuts.
For the packing assertion, write the errors in terms of u:

€= 6u’, r=2v6ut +6ud <u/2 (0<u<1/16).

For example, dividing by « and using v/6 < 3 bounds the left ratio by 6(1673 4+ 16~7) < 1/2.
In particular ¢ = 1/2 — 7 > 0, so the first inequality in (6.5) and Lemma 5.2 give at least
|(1/2 = 7)q/(1 + u)] trees. The rounding margin is explicit:

(1-27)(1—w)r—1)— (1 +u)(l—4u)r
>(1—uw)((1—ur—1)— 1 +u)(l—4u)r
:r(u—l—5u2) —(1—u)>0,
where ru = r1%/16 > 1. Consequently

(1/2—71)q - (1 —4u)7"
14w — 2

Taking floors proves (6.2).
Finally, the floor in that formula and 1/r < u give

! < 1 5 1 - 1 3y > 5 r! < 1
e R T
Using 7 < u/2 once more, we obtain
1
5+31 1+ 3u 9u
2 < =1 <1+15
r/r — 1—6u T e ST
which proves (6.4). O

7. ITERATION AND THE THIN SPANNING TREE

We now turn the sparsification step into a uniform bound. The estimate keeps track of the tree-
packing parameter rather than the number of rounds. The bounded product of losses uses the
summable-error principle in the spectral-halving argument of Harvey and Olver [9, Appendix F,
Claims F.3-F.4].

Proof of Theorem 1.1. Choose an absolute integer r, at least the cutoff in Proposition 6.2. For
every r > r,, that proposition supplies a positive integer r’ satisfying
5 | 1/2
=< " <z, ﬁ
16 — r — 2 r/r
These are exactly the estimates in (6.4).
First let Hy be any graph on at least two vertices with g > 1 packed spanning trees. As long
as r; > ry, apply Proposition 6.2 to obtain a subgraph H;;; with at least

I VAN
Titl = {(1 4T; )TZJ

<14 1577 1/16,



14 OPENAI

packed spanning trees. Stop at the first j with r; < r,. This happens after finitely many steps
because ;11 < r;/2. Every r; is positive.
If 5 > 1, reading the halving inequality backwards gives

T > 2]‘_1_1‘7"]',1 > 2j_1_iT* (0 <i< j)

Consequently
-1 —-1/16
Z ~1/16 T
(] — —
pare 1—9-1/16
Set
—-1/16
157,
(71) Cit = exp <1_2—1/16> Z ]_
For every cut S, multiplication of the step inequalities and (6.4) gives
j—1
r; _
61, ()] < 2 TL(+ 15021011 ()]
i=0

< G215, (S)].
To

For j = 0 the same inequality holds with an empty product. All these estimates concern the
same sequence of subgraphs and hold for every cut simultaneously.

Since r; > 1, the final graph H; is connected. Any spanning tree T of H; satisfies
Citr*

To

(7.2) 62(9)] < 2[5, (S)] (B £S SV,

This includes r9p < 74: there are then zero rounds, and any spanning tree works because
Cigry[ro > 1.

Finally take Hy = G. If k > 2, summing the cut lower bounds over a partition into d > 2
parts shows that

Bo(P)] > 5 > k/2)(d 1)

Theorem 2.3 supplies |k/2]| packed trees. If kK = 1, connectedness supplies one tree. Thus in all
cases we may choose

ro = max{l, |[k/2|} > k/3.
Substitution in (7.2) proves the theorem with the universal constant

C = 3Cit7’*.

APPENDIX A. THE ISOTROPIC RANDOM-VECTOR THEOREM

This appendix proves the precise form of the Marcus—Spielman—Srivastava theorem used in
Section 6. The proof proceeds through expected characteristic polynomials, an elementary
interlacing argument, and a barrier estimate. In particular, the barrier estimate below is proved
directly from partial fractions; no representation theorem for bivariate stable polynomials is
required.

Theorem A.1 (Marcus—Spielman—Srivastava, [12, Theorem 1.4]). Let € > 0, and let vyi,..., v
be independent random vectors with finite support in C?. If

m
(A1) Y Bl =1, EllulP <e (1<i<m),
=1
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then

(A2) p{

m

E (0

i=1

< (1+ﬁ)2} > 0.

Here % denotes conjugate transpose and the norm is the operator norm. In particular, some
outcome satisfies the corresponding positive-semidefinite upper bound. Real vectors are a special
case.

The case d = 0 is immediate, so the proof below assumes d > 1. We will use polynomial
factorization, elementary compactness, and standard finite-dimensional linear algebra. The
polynomial and analytic lemmas needed beyond those facts are proved below.

A.1. Polynomial limits and stability. Write H = {z € C: Im z > 0}. A nonzero polynomial
p in several variables is stable if it does not vanish when all its arguments lie in H. It is real
stable if, in addition, its coefficients are real. A nonzero real univariate polynomial is stable
exactly when all its roots are real: nonreal roots of a real polynomial occur in conjugate pairs.

Lemma A.2 (Limits of univariate polynomials). Suppose nonzero univariate polynomials f,
have uniformly bounded degrees and converge coefficientwise to a nonzero polynomial f. If all
fv have no zeros in H, neither does f. If all f, are real-rooted, so is f. For monic real-rooted
polynomials of a fixed degree, their ordered roots depend continuously on their coefficients.

Proof. For the first assertion choose a € H with f(a) # 0. Pass to a subsequence on which the
degree is constant, and enumerate its roots A, 1,..., A, with multiplicity. By compactness of
the complex plane together with the point at infinity, a further subsequence makes every root
converge, allowing infinite limits. Every finite limit lies outside H. In the factorization

fol2) _yp 2= A
fula) = a—A

)
v,k

a root tending to infinity contributes a factor tending to 1, and a root tending to a finite Ag
contributes (z — Ag)/(a — Ag). The limiting identity factors f(z)/f(a) with all its roots outside
H. For real-rooted f,, the same proof uses the extended real line; all finite limiting roots are
then real.

For the last assertion, a bounded set of monic coefficient vectors has bounded roots. Indeed
a root of 24 4+ 3, _,arz* has absolute value at most 1 + maxy |ag|, as is seen by summing
a geometric series when the opposite strict inequality holds. Any convergent subsequence of
ordered root tuples factors the limiting polynomial. Its limiting tuple must therefore be the
unique ordered root tuple of that polynomial. This proves continuity. ([l

Lemma A.3 (Elementary stability operations). The following assertions hold.

(1) If Ay,..., Ay, are Hermitian positive-semidefinite matrices and C is Hermitian, then

det (l’] +C+ Z Z,LAZ>

=1

is real stable in x,z1,...,2m. If Y; A; is positive definite, then det(}"; z;A;) is also real
stable.

(2) If p is real stable, then (1 — 0;)p is real stable.

(8) A nonzero univariate polynomial obtained by setting all but one variable of a real stable
polynomial to real constants is real-rooted.
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Proof. For the first assertion, when all variables are in H, the imaginary part of the matrix is

(Imx)I 4+ Z(Im zi)A; > 0.

Such a matrix is nonsingular: a nonzero kernel vector would have a strictly positive imaginary
part in its quadratic form, a contradiction. The same argument applies to the second determinant
because Y; A; > 0. For real arguments the matrices are Hermitian and their determinants are
real; consequently the polynomial coefficients are real.

For the second assertion, fix all arguments of p in H, and regard p as a polynomial in argument
i alone. This slice is nonzero, and its roots aj have nonpositive imaginary parts. If it is
nonconstant, factorization gives

Oip 1 Oip
A3 — = E , Im — < 0.
( ) p L 4T Ok p

If the slice is constant, the quotient is zero. In either case it cannot equal 1, so (1 — 9;)p is
nonzero at this point. The operation preserves real coefficients.

For the last assertion, replace each fixed real constant a by a + in, 7 > 0. The resulting
univariate polynomials have no zeros in H and converge coefficientwise to the stated nonzero
real polynomial. Apply Lemma A.2. O

A.2. Expected characteristic polynomials. For positive-semidefinite Hermitian d-by-d ma-
trices Aq,..., A,,, define

(A.4) AL, .. Anl(x) = (ﬁ(l - 821.)) det (m[d + i ziAZ-)

i=1 =1

21 =+=2m=0

Lemma A.4 (The expectation identity and real roots). The polynomial in (A.4) is monic of
degree d and real-rooted. If vy,...,v, are independent finitely supported random vectors and
A; = E[vv}], then

(A.5) E det (a;[d - i vw?) = ulA, ..., Apl(x).
i=1

Proof. The determinant in (A.4) is stable by Lemma A.3; applying all the operators preserves
stability. Specializing all z; to zero leaves a nonzero real-rooted polynomial. To see directly
both that it is nonzero and that it is monic of degree d, the coefficient of z¢ in the determinant
is 1, independent of the z;, and every term involving at least one z; has smaller z-degree. The
operations leave that leading coefficient unchanged. The specialization can be performed all at
once by substituting z; = in and using Lemma A.2.

For the identity, let M be any square matrix, let v be a random vector, and put A = E[vv*].
The rank-one determinant identity and the derivative formula for the determinant give

Edet(M — vv*) = det M — tr(adj(M)A)
= (1—-0,)det(M + zA)|,_, -

Here adj(M) is the adjugate. These identities hold also for singular M: they are polynomial
identities in its entries, or follow directly by multilinearity of the determinant in its columns.
Apply this formula conditionally to v,,, then v,,_1, and so forth. Independence keeps each
covariance A; unchanged under conditioning. Finite sums, differentiation, and the specializations
commute, giving (A.5). O
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A.3. Interlacing and the choice of an outcome. For a monic real-rooted degree-d polyno-
mial f, write its roots as A;(f) < --- < Ag(f), counting multiplicity. A finite collection of such
polynomials has a common interlacing if there are real numbers ¢; < --- < ¢g4_1 such that

Me(f) e < Nigi(f) (T<k<d)

for every polynomial in the collection.

Lemma A.5 (An elementary interlacing criterion). If every convex combination of finitely many
monic degree-d polynomials is real-rooted, they have a common interlacing. Consequently, for
any probability weights on this collection, some polynomial of positive weight has largest root at
most the largest root of the weighted average.

Proof. First consider two members p,q and ry = (1 —t)p +tq, 0 < t < 1. Fix a real x that is
not a root of either p or ¢, and let N(¢) count the roots of r; strictly below x, with multiplicity.
By ordered-root continuity, N is locally constant wherever ri(x) # 0. The affine function ()
vanishes at most once. If it vanishes at ¢ty € (0,1), then b = ¢(z) — p(z) # 0.

We claim that x is a simple root of r,. Otherwise let its multiplicity be ¢ > 2 and write

Tty (z + w) = aw® + O(w*1), a # 0.
For h tending to zero with fixed sign o € {—1, 1},
WY (z + |BYE2) — a2’ + ob

coefficientwise. Every polynomial on the left is real-rooted; hence so is its nonzero limit by
Lemma A.2. For ¢ = 2, choose the sign so that ob/a > 0, obtaining two nonreal roots. For
¢ > 3, the equation 2! = —ob/a # 0 has nonreal roots for either sign. This contradiction proves
the claim.

Thus N can change by at most one, at that single simple crossing. It follows that |N(0) —
N(1)| < 1. If Ag(p) > Ag+1(q) for some k < d, one can choose z strictly between these roots and
avoiding all endpoint roots. Then N(0) < k —1 and N(1) > k + 1, a contradiction. Applying
this reasoning to every pair gives

Me(pi) < Agg1(p;) foralli,j and k < d.

Therefore ¢, = max; A\g(p;) is a common interlacing. This proof includes repeated roots because
all interlacing inequalities are weak.

For the last assertion discard zero-weight polynomials and denote the weighted average by P,
with largest root p. If d = 1, p is the weighted average of the individual roots, which proves the
assertion. Otherwise put ¢ = ¢4_1. Every p;(c) <0, since its first d — 1 roots are at most ¢ and
its last root is at least ¢. Thus P(c) < 0, and, since P is monic, p > ¢. For each z > p, P(z) > 0,
so at least one p;(z) > 0. Its first d — 1 roots are below z; positivity therefore implies A\j(p;) < z.
Taking the minimum over the finite collection and letting x | p proves min; A;(p;) < p. ([l

Lemma A.6 (Selection from independent supports). For independent finitely supported vectors
V1,...,Unm, Some outcome of positive probability has largest eigenvalue of Y, v;v] at most the
largest root of u[Evivy, ..., Ev,v}].

Proof. Delete zero-probability support points. For a fixed choice of the first k vectors, consider
the expected characteristic polynomial over the remaining vectors. It is monic of degree d and
real-rooted by Lemma A.4, treating the first k£ vectors as deterministic. Its children are the
conditional polynomials formed by fixing one further vector to each of its possible values.
Every convex combination of these children is again real-rooted: it is the expected characteris-
tic polynomial for the same family, with the next vector assigned the probabilities of that convex
combination. Lemma A.5 therefore lets us choose a positive-probability child whose largest root
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does not increase. Repeating for kK = 0,...,m — 1 yields a complete outcome. The probability
of that outcome is a product of finitely many positive support probabilities, so is positive. At
the leaf, the polynomial is the characteristic polynomial of }; v;v] and its largest root is the
largest eigenvalue. O

A.4. Barrier functions: a direct proof. For a real stable polynomial p, let
Ab, ={z € R™ : p(z+s) > 0 for every s € [0,00)™}.
Such a point is said to be above the roots. At a point of this set define
, 0
p(2)

The set Ab,, is closed under adding a vector with nonnegative coordinates. The derivatives below
are well defined locally because p is positive at all the points under discussion.

Lemma A.7 (Positive partial fractions). Let p be real stable, z € Ab,, and let i, j be coordinate
indices. As a rational function of t,

C¢

(A6) @;(Z"_te]) :C—i‘Zm, CZ 07 Cy >07 )\g <07
(=1

where the sum may be empty. In particular, fort > 0 this function is nonnegative, nonincreasing,
and convex.

Proof. Set h(t) = p(z + te;) and a(t) = Oip(z + te;). The polynomial h is real-rooted by
Lemma A.3, and is nonzero since h(0) > 0. It is positive on [0,00), so every root is strictly
negative. Thus the real rational function R = a/h has only negative real poles, after cancelling
common factors.

We next show that Im R(t) < 0 for ¢ € H. In (A.3), use the point with argument z; + ¢
in coordinate j and argument zj + in in every other coordinate. All coordinates have positive
imaginary parts, and the logarithmic derivative in direction ¢ has nonpositive imaginary part.
Let n | 0. Since h(t) # 0 for t € H, the quotient converges to R(t) and proves the desired
inequality.

Also R(t) > 0 for real t > 0. Indeed g(s) = p(z+te; + se;) is a nonzero real-rooted polynomial,
positive for s > 0. Factoring it with its negative real roots [i gives

_4(0) 1 ,
R(t) = 40) _%:fﬁk > 0;

the empty sum covers a constant g.

It remains to classify this rational function, which can be done directly. At a pole A of order
b > 1, let its highest principal part be ag(t — A\)~°, with ag # 0 real. At t = X + rexp(if), as
r ] 0, the leading imaginary part is —agr—"sin(bf). For b > 2 this has both signs for 0 < 0 < T,
contradicting Im R < 0. Hence every pole is simple, and the same inequality for b = 1 forces its
residue to be positive.

Subtract these simple principal parts. The remainder is a real polynomial. If its degree were
at least two, its leading term along large rays t = rexp(if) would again have imaginary parts
of both signs; the subtracted fractions are O(1/r) and cannot affect this conclusion. Thus the
remainder has degree at most one, and a linear remainder must have nonpositive slope. The
inequality R(t) > 0 for all real ¢ > 0 rules out a negative slope and forces its constant term to
be nonnegative. This proves (A.6).
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Finally, direct differentiation on ¢ > 0 gives

lﬂ®=—%;@6xpéﬁ R%®:2%%fq¥P20

Together with R(t) > 0, these are the asserted properties. O

Lemma A.8 (One barrier shift). Let p be real stable, let z € Ab,, and suppose 6 > 0 satisfies
. 1

(A.7) I (2) + 5 <1

For g = (1—0;)p and w = z + dej, one has w € Ab, and

(A.8) @fl(w) < @;(z) for every i.

Proof. The polynomial q is real stable by Lemma A.3. Applying the monotonicity in Lemma A.7
successively in each coordinate, for every vector s > 0 we have

Pl(z+s)<P)(2) <1-1/6 <1

It follows that q(z +s) = p(z +s)(1 — ®J(z +5)) > 0. Thus z, and therefore also w, belongs to
Ab,.

Fix i and put f(t) = @;(z+tej). Commuting the mixed derivatives of log p in a neighborhood
of w gives

. f’ )
@ (w) = f(6) - —L O
1= @p(w)

By monotonicity, the denominator is at least 1/4, and f/(6) < 0. By convexity, f(0) > f(d) —
df'(9); this also follows by integrating the nondecreasing derivative on [0,d]. Therefore
Oy (w) < f(0) = 6f'() < f(0) = (=),

as required. 1
A.5. The largest-root bound and conclusion.

Lemma A.9 (Largest root of the mixed polynomial). If A; = 0, >, A; = 14, and tr A; < € for
every i, where € > 0, then the largest root of p[A1, ..., Ap] is at most (1 4+ \/€)2.

Proof. Let -
po(y) = det (Z yz’Ai> , pi=1-0,)pj-1 (1<j<m).
The first polynomial is real stzlx:bie by Lemma A.3, since >_; A; = I;. Moreover,
(A.9) A, ...  Apl(x) = p(z, ..., 2).
To check this identity, substitute y; = = + z; before applying the operators. Then ), y;A; =

xlqg+ 3, 21 A;, 0y, acts as 0,,;, and setting every z; = 0 is exactly (A.4).

Set
1

t=ctve S=1+ve o p=i=l--

At 29 = ¢1, the matrix in pg is tI;. Adding nonnegative coordinates adds a positive-semidefinite
matrix, so z(0) ¢ Ab,,. Differentiating the determinant gives, for every ¢,

. _ €
ol (21) = tr((t1g) M Ay) < it d

Inductively define 2(9) = ¢1 4+ §(eg + --- + ej). Suppose PAN= Ab,._, and all its barriers are

at most . Because ¢ +1/5 = 1, Lemma A.8 applies in direction j and yields z() ¢ Ab,., with
all its barriers still at most . This proves the induction for every j.
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At the end, 2™ = (t 4+ §)1 is above the roots of p,,. By (A.9), the mixed polynomial is
positive for every real x > t + 0. It is real-rooted by Lemma A.4; hence its largest root is at
most

t+d=e+2Ve+1=(1+e)?
O

Proof of Theorem A.1. Put A; = E[v;vf]. These matrices are Hermitian positive semidefinite,
and (A.1) says that 3, A; = I; and tr A; = E|jv;|> < €. Lemma A.9 bounds the largest root
of their mixed polynomial by (1 + /¢)?. Lemma A.6 then supplies an outcome of positive
probability whose largest eigenvalue obeys the same bound. The matrix >, v;v] is positive
semidefinite, so this largest eigenvalue is its operator norm. This proves (A.2). (|

APPENDIX B. PROOF OF THE POLYNOMIAL HIERARCHY BOUND

We prove Theorem 3.2 by the dual and geometric method of Anari and Oveis Gharan [1].
Lemma B.1 reduces the matrix bound to an inequality for binary embeddings. Proposition B.7
captures the relevant boundary sums in geometric families of balls; Propositions B.8 and B.10
bound their total radii by graph length. Section B.5 then chooses the parameters.

In this appendix, X denotes a vertex embedding, with columns X,, so Xb. = X, — X, for
an oriented edge e = wv. We index hierarchy nodes by ¢, write V(¢) for the corresponding
vertex set, and write ¢* for the parent of a nonroot node. Thus P(t) = 6g(V(¢)) and O(t) =

Eg(V(1), V(") \ V(1))

B.1. The dual reduction for a hierarchy. This section proves the matrix-to-embedding
reduction needed for the hierarchy estimate. The marked nodes may be any subset of the
nonroot nodes. In fact, the only hierarchical property used in this reduction is that an edge
belongs to at most two of the sets O(t).

Let G = (V, E) be a connected loopless multigraph, with n = |V| > 2 and m = |E|. Fix an
orientation of every edge, write b, for its incidence column, and put

B:[be]eEE7 LG:BBTa C:{S:Q%SQV}, dS:|5G<S)‘

Thus dg = lngls > 0 for S € C. Let M be the set of marked nodes, and assume that
O(t) # @ for t € M. Define the value of the shortcut program by an infimum:

1

B.1 . = inf N b D 1b,.
(B.1) b= BN iex [0(t)] g):(t) ¢
1, D1g<ds (S€C) €

Here and throughout this section, D > 0 means positive definite on the full space RY. No
constraint for S =V is imposed. When M = &, set the objective and p, equal to zero.
For a binary matrix X € {0, 1}*V let

E(X) =) [IXbe|l3.
ecE

A matrix U € REX" will be called row semiorthogonal if UUT = I,,,; its row indexed by e is
denoted by u). Thus the vectors u, € R" are orthonormal, and this convention requires h > m.
The dimension h is otherwise arbitrary. Zero rows can always be added to X.
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Lemma B.1 (Dual reduction). With the preceding notation, set

> oy | 2 e X0

(B 2) 0. = sup teM ecO(t)
h>m, X€{0,1}"*V £(X)>0 £(X)
UcREXR  UUT=I,,
Then
(B.3) Px < Qy < 2ps.

Consequently, if every ratio in (B.2) is at most K, then for every n > 0 there is a full positive
definite matriz D satisfying all the cut constraints in (B.1) and all the marked-node average-
resistance bounds with right side K + 7).

Proof. The assertion for an empty marked set follows by taking a sufficiently small positive
multiple of the identity, so assume M # @. We give the finite-dimensional duality argument as
well as the matrix and embedding steps.

Separation in finite dimension. We use the following elementary geometric fact: if U is a
nonempty open convex subset of a Euclidean space and a ¢ U, there is a nonzero vector v such
that (v,x —a) > 0 for every « € U. Here is a proof. Choose y € U and put a; = a+ (a —y)/J.
None of the points a; belongs to K = U. Otherwise a, being a strict convex combination of
y € U and a; € K, would belong to U: an open ball about y, convexly combined with points
of U approaching a;, gives an open ball about a in 4. Choose a nearest point z; € K to aj.
Such a point exists by minimizing distance on a sufficiently large closed ball. Convexity and
differentiation of squared distance along the segment from z; to any x € K give

(zj — aj,x — zj) > 0.
Hence, for v; = (2; — a;) /|25 — ajll2, (vj,z —aj) > ||zj — aj]l2 > 0. A convergent subsequence

of the unit vectors v; has a unit limit v, which has the stated property since a; — a.
Strong duality for this program. Put

- T
t ‘O( ’ eg b b ft(D) = tI'(AtD 1)7 gS(D) — 1SD1$' N dS-

Each f; is convex on D > 0. Indeed, completing the square gives
"D = sup (2b'z — 2" D2),
zeRYV

a supremum of affine functions of D. The functions gg are affine. Choose

0 < g9 < min Dy = egl.
Se

a5
¢Sl
Then all cut constraints are strict at Dg. In particular 0 < p, < oc.

Consider the open convex set of vectors (a,b, s) for which there are D > 0 and r € R such
that

fi(D)—r<a; (teM), gs(D) <bs (S€C), r<s.
The point (0,0, p,) is outside this set, since membership would give a feasible D with every
fit(D) < ps. The separation fact just proved therefore supplies nonzero coefficients (A, y, a) such
that
Ara+y-b+as> ap.
throughout the set. Each coeflicient is nonnegative, because any one coordinate of a point in
the set can be increased arbitrarily. Moreover o > 0. To see this, choose rg > max; f;(Dp);
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there is then a point of the set with all the a; and bg negative. If o = 0, this would contradict
the separation inequality and the nonzero, nonnegative vector (\,y). Normalize a = 1 and take
limits down to the displayed strict inequalities. For every D > 0 and every r € R this gives

Do Afe(D) + D ysgs(D) + <1 -y )\t> T2 P
t S t

Since r is unrestricted, Y, Ay = 1.

For any nonnegative A with this sum and any y > 0, weak duality gives the reverse bound: at
a feasible D, the weighted objective plus the weighted constraint residuals is at most max; f(D).
Consequently, writing

AN =D MA, Z(y) =) wslsly,  d(y) =) ysds,
t SeC Sec
we have proved

(B.4) P, {(AND ™) + (Z(y)D) — d(y)}.
y=>0

This argument neither assumes attainment of the primal infimum nor requires a uniform positive
lower bound on the eigenvalues of its feasible matrices.
The matrix infimum, including singular matrices. For any symmetric positive semidefinite A, Z,
we claim that
(B.5) li)nfo{tr(AD_l) +tr(ZD)} = 2tr((ZY/2AZY/2)1/?%).

—
First suppose A, Z = 0, and set H = ZY/2DZY? and C = ZY/2AZ/2. The difference between
the left-hand objective and 2 tr(C'/?) equals

tr(CH™Y) + tr(H) — 2tr(CY?) = |[H~Y2CY2 — HY?||2 > 0.

It is zero when H = C'/2, proving the identity in this case. For general A, Z > 0, replace them
temporarily by Ac = A+ ¢l and Z. = Z + €I. The positive definite identity, applied at any
fixed D, and then continuity of positive semidefinite square roots give the lower bound in (B.5)
as € | 0. Conversely, the unperturbed objective is at most the perturbed objective at every D,
so its infimum is at most the known perturbed infimum. Letting ¢ | 0 gives the upper bound.
Continuity here also follows directly from the spectral theorem: along a convergent sequence of
positive semidefinite matrices their square roots are bounded, and every convergent subsequence
of these square roots has the unique positive semidefinite square root of the limit as its limit.
These perturbations prove an auxiliary matrix identity; they do not change the allowed dual
multipliers.

For fixed \,y, abbreviate the trace of the square root in (B.5) by N(\,y). If y # 0, then
d(y) > 0. Scaling y by s > 0 changes the dual value to 2y/s N(\,y) — sd(y), whose supremum
over s > 01is N(\,y)?/d(y). The case y = 0 contributes zero. Thus (B.4) becomes

N\, y)?
(B.6) Ps = sup M
A>0, 3, M=l d(y)
y>0, y#0

From weighted cuts to binary coordinates. Let W = W () be the diagonal F x F matrix with
entries

\ 1/2
(B.7) we—( > \0(;)!> .

teM: ecO(t)
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Then A(\) = BW?2BT. If a matrix Y has rows ,/ys 1%, then YTY = Z(y). The matrices
Z(y)Y2 AN Z(y)*/? and WBT Z(y)BW have the same nonzero eigenvalues: they are the two
products TTT and TTT with T = Z(y)'/2BW. It follows that

N y) = [[YBW].,  dy) = [IYbll3,
ecE

where || M| denotes the sum of the singular values of M.

For fixed A, the ratio in (B.6) is continuous in y > 0, y # 0. Approximate y by nonzero
nonnegative rational vectors. For rational y, choose a positive integer ¢ with every qygs integral
and form a binary matrix X by repeating the row 1g exactly qys times. Then XTX = qZ(y),
and both the squared numerator and the denominator in the ratio acquire the same factor q.
Conversely, any binary X gives integral cut multiplicities after its constant rows are discarded.
Constant rows contribute zero to X B, so they have no effect on the ratio. Adding zero rows
permits h > m. These observations prove the exact identity

XBW(\)|?
- . . IXBIWOI2
hm, Xe{oaxv, gx)so  €(X)
A>0, Zt =1

The limiting argument takes a supremum over all finite dimensions; it asserts no exact finite
binary representation for irrational cut weights.

Orthonormal edge vectors and the factor two. For any h x m matrix M with h > m, singular-
value decomposition gives

B.9 M|, = tr(UM).
(B.9) M)l = max tx(UM)

Indeed, write M = PXVT with PTP = I,,, V orthogonal, and ¥ diagonal nonnegative; zero
singular values can be included by completing the columns of P. For any admissible U, each
diagonal entry of VTUP is at most one, giving the upper bound tr(UM) < tr(X). The choice
U = VPT attains it.

Write a. = (ue, Xbe). Individual rows of U can be multiplied by —1 while preserving UU T—
I,. Consequently, when taking either the supremum in (B.2) or the supremum of the squared
trace in (B.9), we may restrict to a. > 0 for all e: replacing a. by |a.| cannot decrease either
expression. Equation (B.8) therefore says

2
(B.10) Dy = SUP M, ae > 0,

X, U g(X)

with the other conditions on X, U, A as above.

Every edge belongs to at most two parent boundaries O(t): if its endpoints have lowest
common ancestor s, only the two children of s containing its respective endpoints can have that
edge in their parent boundary. Restricting to marked nodes preserves this property. Hence, on

putting
=3 00,

teM: ecO(t)

the elementary inequalities between the Euclidean norm and the sum of at most two nonnegative
numbers give w, < ve < V2w,. Because a. > 0,

(B.11) (2{; weae>2 < (2@: veae>2 <2 (26: weae>2-
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For fixed X, U, let

:; Z ae > 0.

Then Y, veae = 3; Vi ¢;. Cauchy-Schwarz, with equality at A\, = ¢7/ >, ¢ when the denomi-
nator is nonzero, shows that

Ct

2
2
max Vel =) .
The identity is also valid when all ¢; vanish. Taking suprema in (B.11) and using (B.10) proves
P < @y < 2p.. Finally, if Q. < K, the defining property of the finite infimum p, supplies a
feasible D > 0 whose maximum marked average is less than p, +n < K +1n. O

Dimension and orientation conventions. The ratio does not depend on the chosen edge orien-
tations, since a reversed b, can be accompanied by a reversed u.. Our use of arbitrarily large
h also covers the other usual rectangular semiorthogonal convention. If h < m and an m X h
matrix has orthonormal columns, complete its columns to an m x m orthogonal matrix and
append m — h zero rows to X. Every edge inner product and the denominator are preserved.
More generally, any matrix with UU" < I,, can be enlarged to the row semiorthogonal matrix

(U (In —UUT)Y?]
by appending m zero rows to X, again preserving the ratio.

B.2. From the dual numerator to bags of balls. We give the geometric construction with
explicit losses. No boundary ratio or connectivity assumption is used in this construction; those
assumptions enter the subsequent charging estimates. Throughout this subsection, 7 is a hier-
archy of a finite graph G = (V, E), X, € {0,1}%, and U : R — RF is a linear contraction. For
an oriented edge e = uv, put

Xe=Xu—Xo, = (ueXe),  de=|Xel3=[Xelr.

Here u! is row e of U. We assume a, > 0; multiplying individual rows by signs preserves

contraction and replaces each ae by |a.|, which can only increase every squared boundary sum
under consideration. In particular a?> < d.. An edge is counted with its multiplicity and occurs
in at most two sets O(t).

Definition B.2 (Balls, bags, and geometric sequences). Set @ = [0, 1]¢ and
Bo(z,r) ={yeQ:ly—=zli<r}  (r>0).

A bag is a nonempty collection of pairwise disjoint such balls, all of the same radius and with
centers among the X,. Its type is (0) when that radius is J, and its type is (§,A) when, in
addition, all distances between its centers are at most A. Its size |Bag| is its number of balls.
For 8 > 1, a bag of type (0, A) is 5-compact if

Bag| > 2,  BA < [Bag|.

The midpoint of two centers belongs to (), so disjoint radius-§ balls have centers at distance at
least 2§. Hence a compact bag has A > 2§.
A bag of radius § is n-assigned to t if
[Bag;| > n|O(t)],

and every ball has a center X,, with u € V(¢) and an edge uv € O(t) such that d,, < d. A
family of bags is nonempty, and all balls in all its bags are mutually disjoint. A compact family
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has type (0, A) when its bags have that common type. An assigned family has type (4, 7") when
its bags are assigned to distinct nodes in T" and have radius 9.

For 0 < A < 1, a sequence of compact families of types (d;,4;) is A-geometric if A1 < AJ;
for all successive families. A sequence of assigned families of types (d;,7;) is A-geometric if
d;11 < Ad; and the sets T; are pairwise disjoint. Its mass is

M=> "6 > |[Bag|

7 BageF;

B.2.1. Spectral packing. We first prove the geometric estimate underlying the construction of
bags. It is the spectral packing statement of [1, Lemma 6.4]; the argument below gives a
logarithmic bound and chooses the radius explicitly. Here a Euclidean ball of squared radius r
means

Ba(y.r) = {2+ |z — yll} < 7).
In particular, two such closed balls are disjoint when their centers are at distance strictly greater
than 24/r.

Lemma B.3 (Spectral packing). Let F' be a nonempty set of oriented edges of a finite multigraph
with edge set E, and put m = |F|. For points Y, € R¥  write Y, =Y, —Y, when e = (u,v), and
denote the e-coordinate of Y. by Y. .. Suppose that a > 0 and

(B.12) < ZYEE> >0, T>—ZHY||2

ecF ecF

Then a < 1, and there are b > 2 pairwise disjoint Fuclidean balls of one positive squared radius
r, centered at images of endpoints of edges in F', such that

T
(B.13) b> 20 b > om .
16 512(5 + logy(1/a))
Consequently, for every 0 < e < 1/3, the choice
1024

(B.14) 01(6) = 2
gives

a|F| a*Y|F|
B.15 b> , br > .
(519 Z 00 Gi(9

Proof. The scalar Cauchy—Schwarz inequality gives

T Y ¥ s3I

eeF eck
The last quantity is positive, so the assumption implies a < 1.
The matriz estimate. Let Pp : RF — RF be coordinate restriction, and form the m-by-m

matrix A whose column indexed by e € F is PrY,. Set 7 = mvVY. The singular values
01> > om > 0 of A satisfy

m m 2
T
B.16 o > |[trA|l =71 o2 = ||4)% < —.
(5.16) Soizlwdl=r  Yof=lalk<
Indeed, writing a singular value decomposition as A = >, ou;v; the trace is Y, 0y (u;, v;), whose
absolute value is at most ), 0;. The Frobenius norm identity follows from orthonormality, and
its upper bound follows from (B.12) and the fact that coordinate restriction does not increase a
vector’s norm.
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We will also use the following rank approximation inequality: for 0 < k < m and any matrix
C of rank at most k,

m
(B.17) |A—C|% > Z 0.
i=k+1
For completeness, let Q) be orthogonal projection onto the column space of C. Since (I—Q)C = 0,
orthogonal projection and the singular value decomposition give

m
2 2 2 2
1A= ClE 2 I - QAlIF =D of (1~ |Quill3).

i=1
The numbers w; = ||Qu;||3 lie in [0,1], and 3, w; = rank Q < k. Because the ¢ are nonincreas-
ing, >, 02w; < Zle 02: moving available weight from a later index to an earlier index never
decreases this weighted sum, and its maximum therefore puts weight one on the first & indices.
This proves (B.17), including k = 0.

Selecting a singular-value tail. Define
am
poZ{mJ—Fl, Tp:ZO'Z-Z (1<p<m).

We have 1 < py < m. By (B.16),

-
Zaig (pg—l)ZUZZSZ.
1<po A

The sum is zero when pg = 1, so this also covers arbitrarily small am. It follows that
Ui 37
(B.18) 2};0 i > .
Partition the integer interval [py,m] into the nonempty blocks
Ij = {2pg,...,min(2 py — 1,m)}, 0<j<L,
where

L=1+ {logQ ;nJ <5+ logy(1/a).
0

For the first index p = 2/py of a block, its cardinality is at most p. Cauchy-Schwarz therefore
gives

Z oi < /pTp.
iEIj

Summing this inequality and using (B.18), one of these first indices p satisfies
am 972

B.19 > — T,> ——= >0

(B.19) pzpo> e Pz 1em >

Selecting the balls at an explicit radius. Fix the positive number
T

32m
Scan the endpoint images of edges in F', keeping a point precisely when its distance from every
previously kept point is greater than 2,/r. This finite procedure produces centers Yy, ..., Yy,
for pairwise disjoint closed balls of squared radius r. Its maximality also ensures that each
endpoint image Y, lies within distance 2/7 of one of the centers; choose such a center and call
its vertex c(v).

(B.20)
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If b < p, define a matrix C by
Ce = PF(K(U) — }/;(v)) (e = (u, 1)) S F)

Every column of C' belongs to the span of Pr(Yy, — Yy,), 2<j <b,sorankC <b—-1<p—1.
On the other hand,

2
[A=ClE < Y (Y= Yew) — (Yo = Yol
e=(u,v)eF

T,
< > 21V = Yew 3 + [1Ye = Yo l13) < 16mr = =2

e=(u,v)eF 2
This contradicts (B.17) with & = p — 1, which bounds the same quantity below by T}, > 0. Thus
b>p+12>2. Combining (B.19) and (B.20) yields
am j 9mY

— > £ > .
b>T5 U235, 2 e

The bound on L proves (B.13).

Conversion to the power bound. Put t = log(1/a) > 0. Since log2 > 1/2, 5 + logy(1/a) <
5+ 2t. The elementary maximum of te=*%/2 is 2/(ec) < 1/e, and 5 < 5/(3¢) for 0 < ¢ < 1/3.
Consequently,

2 4
(5 +log2(1/a))e*€t/2 <5+ z < -

Squaring and substituting in (B.13) gives

2 2

br > atmY >
8192 1024

Finally C1(g) > 16, so the count estimate in (B.15) follows as well. O

atm7Y.

The positivity assumption on T is needed when one asks for many distinct centers. If T = 0,
(B.12) forces Y, = 0 for every e € F', and all endpoint images may coincide. Such a set contributes
zero to the squared sums for which this lemma is used and can be discarded.

B.2.2. Homogeneily and the two constructions.

Definition B.4 (Bad nodes and homogeneous subsets). For 0 < a < 1, a nonroot node ¢ with

O(t) # @ is a-bad if
(ZeeO(t) ae>2 >4 > d
[0@)] — o) -

ecO(t)
Only nodes with a positive boundary sum need be retained. A set of edges is c-homogeneous if

its a2 are positive and any two of them have ratio less than ¢, and the same holds for its do. A
subset O'(t) C O(t) is y-dominating if

2 2
( Z ae) Z ! ( Z ae) .
ecO!(t) ecO(t)

Lemma B.5 (Two elementary truncations). Define
1
YNLE
FEvery a-bad node with a positive boundary sum admits a 2-homogeneous, y-dominating subset

O'(t).

J =1+ [logs(256/0%)], =
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Proof. Fix the node, let m = |O(t)|, and let expectations be uniform on O(t). Writing p = Ea, >
0, badness says Ed, < p?/a. Discard edges for which a. < p/4 or d. > 16u2/a?. The first class
contributes at most u/4 to Ea.. For the second class, Markov’s inequality gives probability at
most a/16, and therefore Cauchy-Schwarz and a2 < d. give

Elacl g, o160 /02}] < \/Ea2 P{de > 16u2/a2} < /.

The remaining edges contribute at least my/2 to the boundary sum. On those edges both a2 and
de lie in [? /16,1642 /a?]. Divide this interval into half-open dyadic intervals, with an extra last
interval if needed. There are at most J choices for each quantity and at most J? pairs of choices.
Some pair contains edges whose a. sum is at least mu/(2J2). Its edges are 2-homogeneous, and
squaring this last estimate gives the asserted dominance. 0

Lemma B.6 (One homogeneous family). Let T be a nonempty set of a-bad nodes with positive
boundary sums, and let 0 < v < 1. Suppose that O'(t) is y-dominating for each t € T and that
F =U,er O'(t) is 4-homogeneous. Write

2
ary .9 / 1
§=—, c1 =minag, Szzi Z Ge | -
32 ecF T |O(t)| (660’(1&) )
For 3>1and 0 < e < 1/3, put C = C1(e) = 1024e 2. If
1
B.21 Ll ——
(B-21) = 488C”
1+42¢

there is either a family of B-compact bags or a family of s
of T, whose mass is at least

-assigned bags, assigned to a subset

€
S !

(B.22) 5256 5

Its radius, and also its diameter parameter in the compact case, belong to [sc1,12¢1/s].

Proof. Set my = |O(t)|, m; = |O'(t)|, N = > ycrmu, N’ = |F|, and ¢ = maxcerde. The sets
O'(t) are nonempty. Homogeneity, dominance, and badness imply, for each ¢,

2 2
4cl(m2)2 > (Z ae) >y (Z ae) > aymy Z de > % mthCQ.
) o(t)

o'(t o)
Cancel m} and sum. Since >, m; < 2N’, we obtain
(B.23) citN' > sNes.
Also N > N’ and ¢; < ¢y, since a? < d.. Consequently
s<a:=sN/N' <cj/c; <1.
Let Y, = UX,. The row-e coordinate of Y, — Y, is a.. Moreover ||Y, — Y,||3 < de, so
(Eeerac)® > ¢1 > dcy > aBecp|Yelf3-

Lemma B.3 yields b disjoint Euclidean balls with squared radius r and centers at endpoint images
Y,, with

b>aN'/C, br > a‘cyN'/C.
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Their center distances squared are at least 4r. Contraction and the binary-coordinate identity
therefore give || X, — X,||1 > 4r for distinct selected centers. Thus the corresponding @Q-balls of
radius r are disjoint. Shrink their common radius to ¢ so that

(B.24) bd = w :=a‘cN'/C.
Call this family of b small balls A. There are at most 2N’ distinct endpoint centers. It follows
that

€

sc e

201 <d<ca 1§01/8.
As € < 1/2, condition (B.21) implies s!7¢ < s¢ < 1/(2C); hence
(B.25) s <5 <ey/s.

Finally, homogeneity and the multiplicity bound show

\2
(B.26) S <de Y (”;;) < 8c1N' < 8C's™“w.
7 t

Let V'(t) consist of the endpoints of O'(t) that lie in V(¢), and let V' = (J, V'(t). Define
D = max{J,2c2}. Choose a maximal disjoint collection B of radius-D balls centered at X, for
u € V'. Every such center is within 2D of a chosen center: otherwise its ball could be added.
Each center of a small ball is an endpoint of an edge of F, so it is within ¢z of a point of V', and
hence within 3D of a chosen center.

If |B] < w/(128D), assign every small ball to its closest chosen center, breaking ties consis-
tently. The balls assigned to one center have center diameter at most 6. Keep a resulting
bag precisely when it contains at least 64D /d balls. The discarded bags contain fewer than
|B|65D/§ < b/2 balls. Each retained bag is S-compact of type (9,6D); the numerical threshold
is larger than 2 because D > § and 8 > 1. Their balls are still mutually disjoint and their mass
is at least w/2, which implies (B.22).

In the other case, |B| > w/(125D), assign each ball of B to one node ¢ for which its center
belongs to V'(t). Keep the bag assigned to ¢ when

|Bmy

2N
Discarding the other bags loses fewer than |B|/2 balls. For each retained ball its center is in
V (t) and some edge of O'(t) has length at most co < D. Furthermore

|Bag,| >

[Bag;| S W

If D = ¢, the right side is b/(248N), at least s/(245C) by the bound on b. If D = 2¢y, it is at

least s17¢/(488C) by (B.23) and (B.24). In either case (B.21) makes it at least s'72¢. These bags

are therefore assigned as asserted. Their mass is at least D|B|/2 > w/(2403); (B.26) gives (B.22).
In both cases (B.23) gives c2 < ¢1/s and therefore D < 2¢;/s. Together with (B.25), this

places all radii, and the compact diameter 6D, in [sc1, 12¢1/s]. O

(B.27)
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B.2.3. Selecting separated scales.

Proposition B.7 (Geometric bag extraction). Let T' be a nonempty finite set of a-bad nodes
with positive boundary sums, where 0 < o < 1. Define

J =1+ [logy(256/02)], Co(a) = 128J%, s =a/Cy(a),
L =2+ [logy(1/s)], H =1+ [logy(24/(As?))], Ci(e) = 1024e2.

Suppose B > 1,0 < e < 1/3, 0 < X\ < 1, and 5¢ < (488C1(¢))~L. There is a \-geometric
sequence of families, consisting either entirely of B-compact bags or entirely of s'T¢-assigned
bags assigned to distinct nodes of T', whose mass satisfies

2
s° 1
(:2%) M2 SIBC O Cala)LH 2100 ( 2 ) |

teT ecO(

In particular, all losses are functions of a, €, 5 and A, independent of the number of vertices and
hierarchy depth.

Proof. Lemma B.5 gives 2-homogeneous subsets O'(t) with v = 1/(4J%) = 32/C5(a). Define

2
/ a
A; = min ag, B, = min d,, S = M.
ecO'(t) ecO/ (1) |O(t)]
All are positive. For m = |O(t)| and m' = |O’(t)|, the same pointwise argument used above, now
with 2-homogeneity, gives

2
24,(m')? >~ (Z ae) > aymm/ By.
Oo(t)

Consequently
(B.29) 1< Bi/A: <2/(avy) =1/(165).

Partition the nodes according to the two integers n = |logy A;] and m = |log, B;|. For each
fixed n, (B.29) allows at most L values of m. Retain the value m(n) maximizing the sum of the
s¢ over that group, and call the resulting node set T;,. Summing over n yields

(B.30) I 1 T 1 > (2ow ae)z.
wier, Ll Ca(@)L iz [O()]
The last inequality uses v > 1/Co(a).

The union of the O'(t) over T, is 4-homogeneous: its a? lie in [27,2"2) and its d. in
[27m(n) 2m(m)+2)  Apply Lemma B.6 to every nonempty 7). Let F, be the resulting family.
Its radius is at least s2™ and at most 24 2" /s; the latter upper bound also holds for its compact
diameter parameter. Its mass is at least s 3 ,cp s5¢/(1928C1(e)).

Partition these families by their integer n modulo H and by whether they are compact or
assigned. One of the 2H resulting classes has at least 1/(2H) of their total mass. Order that
class by decreasing n. If n/ follows n, then n’ <n — H, and the definition of H implies

242" 249nH

<

;=
This verifies the geometric condition, including the stronger diameter condition for compact
families. Assigned nodes are distinct across the sequence because the original 7, are disjoint

and each construction uses only a subset of its own T;,. Finally combine its 1/(2H) mass share
with (B.30) and the mass guarantee for each F,,. This is exactly (B.28). O

< As2™,
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B.3. Charging compact bags. We prove the compact-bag estimate, including its geometric
charging step. The argument follows the construction underlying [1, Proposition 7.1 and Sec-
tion 7.1]; the proof below includes the boundary conventions, the positive-part accounting, and
the invariants needed when the scale changes.

Proposition B.8 (Compact-bag charging). Let G = (V, E) be a finite k-edge-connected multi-
graph, and let X, € Q = [0,1]" for v € V. Suppose (F;) is a finite or countable \-geometric se-
quence of nonempty families of 5-compact bags, of respective types (6;, A;), where 0 < A < 1/12
and f > 36. Thus all balls in F; are mutually disjoint ordinary balls Bo(X,,d;), every bag
D € F; has at least two balls and center diameter at most A;, and

BA; < |D|é;, A1 < A
Then

k
(B.31) 1 6 > IDI< Y 1 Xelas Xy = Xu — X,
% DeF; eck

An ordinary ball is Bg(z,r) = {y € Q : ||ly — z||1 < r}, including its center. A hollowed ball
is the strict shell

Bg(z;a,b) ={y € Q :a < ||y — |1 <b}, 0<a<b.

We call b — a its width. For numerical formulas an ordinary ball of radius b has inner radius
a = 0 and width b; it remains an ordinary ball, rather than a shell punctured at its center. A
shell of zero width is discarded.

Lemma B.9 (Length bound for disjoint hollowed balls). Let G = (V, E) be a finite k-edge-
connected multigraph, where k > 0, and let X, € Q = [0,1]" for v € V. Let Z be a finite
collection of pairwise disjoint ordinary or hollowed balls in (). For each H € Z, write xg,ag, by
for its center and numerical inner and outer radii. Suppose there are vertices up, vy € V' such
that

(B.32) 1 Xuy —zmlli <am, | Xoy —zmllh > ba.

Then

(B.33) kY (g —an) < ) 1 Xy — Xl
Hez {up}eE

Proof. For H € Z, clamp the radial distance to its radial interval:

fu(y) = min{by, max{ay, |y — zu|1}}

For every ay <t < by, the set Sy = {v: || Xy, —xm|[1 <t} is nonempty and proper, by (B.32).
Its edge boundary therefore has at least k edges, with multiplicity. Integrating this finite step
function gives

by
B30 klbn—an) < [ BSuuV\Suoldt= 3 |fulX.) ~ fu(X,)]

aH {uv}eFE

Indeed, the contribution of an edge to the integral is exactly the length of the interval of thresh-
olds lying between its two endpoint distances, intersected with (ag, by).

Fix an edge e = {u,v}, put L. = [| Xy — Xy|1, and let y(s) = (1 — s) X, + sX,, 0 < s < 1.
The segment lies in the convex set (). Every gy = fp oy is a continuous, finitely piecewise
affine function: each coordinate in its defining norm is an absolute value of an affine function,
and clamping adds only finitely many breakpoints. The reverse triangle inequality and the fact
that clamping does not increase distances show that g is L.-Lipschitz.
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Take a common finite subdivision 0 = sg < - -+ < s, = 1 on which all the gz are affine. If g
is nonconstant on one of these intervals, its value in the interval’s interior lies strictly between
azr and bg. The corresponding points of v belong to H. Pairwise disjointness permits at most
one such nonconstant function on each interval. Hence

m

D lor() —gn O <D > lgn(si) — gn(sj-)l

Hez j=1Hez

m
ZLe(Sj — Sj_l) = Le.
7j=1

IN

This also handles a segment lying along a shell boundary: its clamped radial function is constant
there. Summing (B.34) over H and then applying the last bound to each edge proves (B.33). O

Proof of Proposition B.8. It suffices to prove the claim for each finite initial sequence F1,..., Fy.
For this proof only, set Ay,y1 = 0. Each family is finite because its positive-radius balls are
disjoint and their centers are drawn from the finite set {X, : v € V}.

We first record the scale inequalities. Two disjoint balls of radius §;, with centers z, 2’ € Q,
satisfy ||z — 2'||1 > 20;: otherwise their midpoint, which belongs to @, would lie in both balls. A
compact bag contains two such balls. Consequently
The invariant and the order of processing. We construct a finite collection Z, initially empty,
and process the families in the order 1,...,q. During phase i, call an original ball inserted from
Fi fresh. Every other live object is called old, including any shell produced by splitting an old
object during this phase. A fresh ball is kept intact until the phase ends. Write [s]+ = max{s, 0}.
Assign capacities

(B.36) P(Z)= > pi(H),

0; — 6411, H is fresh,
pi(H) = { N
HeZz

[w(H) —6A;]+, H is old,

where w(H) denotes width. All capacities are nonnegative and at most the object’s width. At
every step we maintain:

(i) the live objects are pairwise disjoint;

(ii) their centers are embedded vertices, and every live object has the two witnesses in (B.32);

(iii)

(B.37) P(2) >

> |D|5(D),

D already processed

where §(D) is the radius of the balls of D.

These assertions hold initially. We verify them for each operation and for each change of phase.
Processing a bag with an interior ball. For an unprocessed ball Bg(z,d;) and a live object H
with center x and numerical radii a, b, say that the ball is interior to H if

|

(B.38) a—l-(;i—l-AiS||Z—:EH1§b—5i—Ai.

An interior ball is contained in H, by the triangle inequality. It is nonempty, so disjointness of
Z makes its containing object unique. Moreover, this object cannot be fresh: an unprocessed
ball and a fresh ball belong to the same family, whose balls are disjoint.
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While some unprocessed bag has an interior ball, choose such a bag D = {Bg(zj,0;) : 1 <
j <n}. Let H be the old object containing an interior ball of D, and set

L=mins —ali,  R=max|z - .

The function z +— ||z — z||; is 1-Lipschitz. The diameter bound on the centers, applied first to
the interior center and then to the extremal pair, gives

(B.39) a+6; <L<R<b-—9, R—L <A,
Thus every ball of D lies in H. Replace H by the two old shells
(B.40) H_ = Bg(z;a,L — 6;), Hy = Bg(z; R+ 6;,b),

discarding any zero-width shell, and insert all n balls of D as fresh balls. Mark D processed.
Here are the geometric invariant checks. The shells in (B.40) are subsets of H and are disjoint
from each other. For y € Bg(zj,0;), strictness of the ordinary ball gives

L—-9; < Hy_l'Hl < R+V9;.

It therefore lies in neither shell. The inserted balls are mutually disjoint by the family assumption;
all replacements are subsets of H, so they also avoid every other live object. For H_, an old
inner witness remains an inner witness, and a center achieving L is an outer witness. For H,
a center achieving R is an inner witness, and an old outer witness remains an outer witness.
Every inserted ordinary ball has its own center as inner witness and the center of another ball
of D as outer witness; their distance is at least 29;. All centers of new objects are either x or
a zj, hence are embedded vertices. This proves (i) and (ii), and also proves that fresh objects
have not been altered.

For the potential calculation, write w = b — a and t = [w — 64;];, the old capacity being
replaced. The new ordinary balls have total capacity n(d; —6A;+1) > nd;/2. If t = 0, they alone
pay the new requirement nd;/4, and no previous capacity is lost. If ¢ > 0, then ¢t = w — 6A,.
The widths of the two shells sum to w — (R — L) — 24;, including zero-width shells formally, so

pi(H-) + pi(Hy) +n(d; — 6Ai41)

2w—(R—L)—25i—12A¢—|—%5i
(B.41) Zt—i-%éi—SA,;Zt—i—nTéi.

The first bound uses [s]4 > s, also when a shell is discarded. The second uses R — L < A; and
26; < A;. The last uses nd; > SA; and 8 > 36 > 32. Unchanged objects keep their capacities.
Thus (iii) also survives, with the new bag included on its right-hand side. Each such operation
processes one new bag, so the loop ends after finitely many steps.

Inserting the remaining bags and changing scale. At the end of the loop, let R; be the unpro-
cessed bags. None of their balls satisfies (B.38) for any live object. Set s; = 2d; + A;. Retain
every fresh ball. For each old object with numerical radii a, b, replace it by

(B.42) H™ = Bg(z;a + si,b—s;) if b—a > 2s;,

and otherwise discard it. Insert every ball of every bag in R;, and mark those bags processed.
We now regard all surviving objects as old objects at the beginning of phase ¢ + 1. After phase
g, this is just a final accounting state with A,41 = 0 and capacity equal to width.

Shrinking preserves pairwise disjointness among old objects and preserves their witnesses:
increasing the inner radius and decreasing the outer radius only weakens the witness conditions.
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A remaining ball Bg(z,6;) is disjoint from each retained fresh ball, because both belong to F;.
For an old object, failure of (B.38) says that at least one of

|z — |1 < a+0; + Ay, |z — |1 >b—0; — A;

holds. In the first case every point of Bg(z,d;) has radial distance less than a+ s;; in the second
every such point has radial distance greater than b — s;. In either case this ball avoids H®.
All newly inserted balls are mutually disjoint by the family assumption, and their witnesses are
again their own centers and another center in the same bag. This verifies (i) and (ii) after the
transition, including the center condition.

It remains to verify (iii) across the change in its definition of capacity. A retained fresh ball
has capacity d; — 6A;11 both before and after the transition. For a surviving old object, the new
capacity is [w — 2s; — 6A;11]+. By (B.35),

1

Thus its new capacity is at least [w — 6A;]4, its old capacity. If an old object is discarded, then
w < 2s; < 44, so its old capacity was zero. Finally, every ball inserted from R; contributes
9;—6A;+1 > 9;/2 in the new state. These capacities pay at least |D|d; /4 for each newly processed
bag D. No previous capacity decreases, so (B.37) holds at the start of the next phase.

After phase ¢, every bag in the chosen initial sequence has been processed and the capacity
of each live object equals its width. The final collection Zg, is disjoint and has both witnesses
for every object. The potential invariant and Lemma B.9 give

>0 3Dl < Y w(H) <o Y Xl

i=1 DeF; HeZg, ecll

| =

For a countable sequence, its nonnegative sum is the supremum of these finite initial sums.
Taking that supremum proves (B.31). O

B.4. Charging assigned bags. The second charging argument uses the hierarchy to allow
geometric overlap: two overlapping shells will charge edges in disjoint induced subgraphs. We
give the labeling, construction, and accounting explicitly, following the assigned-bag argument
of Anari and Oveis Gharan [1, Proposition 7.2 and Section 7.2].

Proposition B.10 (Assigned-bag charging). Let X : V — {0,1}%, and let T be a locally k-
connected hierarchy of G, with selected nonroot nodes T' satisfying |O(t)| > kA P(t)| fort € T.
Suppose Fi,...,Fm is a \-geometric sequence of families of (24C5/k)-assigned bags, of types
(6, T3), with T, C T. If

Cy > 3, A< R C3 > 2((Cy + 1) +4(Cy +2)?),
4
then
k Oy &
(B.44) S IXu =Xl 2 g >4 Y |Bagy|.
{u,v}eF 3i=1 teT;

In particular, one may take Cy = 3, C3 = 10* and X < 1/18.

The proof first discards noninsertable balls while retaining at least half the total mass. It then
constructs a valid labeled collection whose total width is at least C4/(12C3) times the retained
mass. Lemma B.14 converts that width to graph length at rate k/4.
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B.4.1. Labels, routing domains, and preprocessing. Write F; for the family of bags at scale d; and
B; = Uier, Bag, for its balls. The balls in B; are pairwise disjoint, whereas balls at different scales
need not be disjoint. Throughout this proof all geometric sets are restricted to the continuous
cube @ = [0,1]¢. We abbreviate the common notation Bg to B in this proof; in particular,

B(x,r)={yeQ:lz—yli<r},  Blwalb)={yeQ:a<|z-ylh <b} (0<a<b)

An ordinary ball includes its center; a hollow ball has strict inner and outer boundaries. Its
width is b — a, and the width of B(x,r) is 7. When a statement uses inner and outer radii
for an ordinary ball, they mean 0 and r. The sets B(x,r) and B(z,0||r) differ only at x; we
keep this distinction when testing membership. In particular, every test below for an endpoint
in an input ball includes endpoints mapped to its center. All centers used in the construction
are centers of input balls, hence belong to {0,1}%: new hollow balls inherit an existing center.
Consequently, for each such center z, the map y — ||« — y||1 is affine on Q. Intersections here
mean intersections in the continuous cube, not merely intersections on the finite set X (V).

Lemma B.11 (Edge-disjoint paths from cut bounds). If every cut separating distinct vertices
w, v of an undirected multigraph has at least q edges, where q is a positive integer, then the graph
has q pairwise edge-disjoint u—v paths.

Proof. Give each edge an arbitrary orientation and maintain an integral antisymmetric flow
whose value on an oriented edge is in {—1,0,1}. Start with zero flow. A directed traversal of an
edge is available when its signed flow in that direction is less than 1. As long as the current flow
value is less than ¢, augment by one along an available directed u—v path if one exists. The edge
bounds and flow conservation at all other vertices remain valid, and the value increases by one.
If no such path exists, let S be the vertices reachable from u by available traversals. Then v ¢ S,
and every edge leaving S has signed outward flow 1. Summing flow conservation over S says
that the current flow value equals the number of those edges, at least ¢, a contradiction. Thus
the procedure reaches value g after ¢ augmentations. An integral flow of positive value contains
a directed positive-flow u—v path: otherwise the vertices reachable on positive-flow edges would
have no positive outward flow, contradicting their positive net flow. Extract such a path and
subtract one on its edges. Repeating extracts g paths. Each used edge had flow 1 in its traversal
direction and then has flow zero, so the extracted paths are edge-disjoint. Parallel edges are
separate edges throughout the argument. O

Let Tt] denote the set of hierarchy nodes in the subtree rooted at ¢, including ¢. Its leaves
are identified with V(¢). Recall that

P(t) =E(V({),VA\V(),  O@)=EV(#),V(E)\ V()

A ball record consists of its geometric ball and its labels; two records may have the same geo-
metric set. Its owner ¢(B) is a hierarchy node. A nonavoiding record will route in G[V (¢(B))].
An avoiding record also has a label t4(B), a strict descendant of ¢(B), and will route in
GV (t(B)) \ V(ta(B))]. In either case a further label ¢tp(B) is a set of strict descendants of
t(B). Define the conflict domain and its leaf set by

C(B)=TI[tB)]\ U Ts] if B is nonavoiding,
s€tp(B)
C(B)=Tit(B)]\ (T[td(B)] U U T[s]) if B is avoiding,
setp(B)
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Thus C(B) is a connected set of hierarchy nodes containing its root ¢(B). The set L(B), rather
than the geometric points of B, specifies the graph vertices available for charging.

Definition B.12 (Valid labeling). A collection Z of labeled ordinary and hollow balls is valid
if the following four conditions hold for every record B with center x and radii a < b.

(L1) The labels and conflict domain have the form just described; in particular ¢(B) € C(B).
(L2) For s € tp(B) and {v,w} € P(s),
|z — Xolli = b, |z — Xuwlli = 0.
(L3) There is uw € L(B) with ||z — X,|l1 < a and at least k/4 pairwise edge-disjoint paths
starting at v and ending at vertices of distance at least b from x. The paths lie in
G[V (t(B))] if B is nonavoiding, and in G[V (¢(B)) \ V(tq(B))] if it is avoiding.
(L4) Distinct records whose geometric balls intersect have disjoint conflict domains.

The paths in L3 may initially visit predecessor subtrees; condition L2 will allow their relevant
prefixes to avoid all of them. Also, the shape of the domains gives the useful equivalence

(B.45) C(B)NC(B)#@ <= HB)eC(B)ort(B)eC(B).

Indeed, a common node lies below both roots. The roots are therefore comparable, and the path
from the higher root to that common node contains the lower root and stays in the higher root’s
domain. The converse follows since each root belongs to its own domain.

Predecessors and insertability. For t € T; define

Pred(t) = {s: sis a strict descendant of ¢, s € T} for some j < i}.

For B = B(X,, ;) € Bag,, say that B is noninsertable by s if s € Pred(t) and an endpoint w
of an edge of P(s) satisfies || X, — Xu||1 < 0;. A ball is insertable if no predecessor makes it
noninsertable. Every insertable input ball is labeled nonavoiding, with

t(B)=t,  tp(B)=Pred(t).

Its center vertex u belongs to L(B). To verify this, use the assigned-bag property to choose an
edge {u,v} € O(t) with v ¢ V(¢). If u € V(s) for a predecessor s of ¢, then {u,v} € P(s). Its
endpoint u is in the center-inclusive ball B, contrary to insertability. This argument also covers
distinct graph vertices having the same image under X.

Lemma B.13 (Cost of one predecessor). Suppose di11 < Ad; with A < 1/2, |O(t)| > kA P(t)|
for the selected hierarchy nodes, and each bag is at least Cs/k-assigned. For s € Ty,

4
ZM{B € B, : B is noninsertable by s}| < F(M Bag, |.
,L' 3

Proof. The set being counted is empty for ¢ < £. For each i > /, assign to every counted ball one
endpoint of an edge in P(s) that lies in that ball. Pairwise disjointness of the center-inclusive
balls in B; makes this assignment injective on endpoint vertices. There are at most 2|P(s)|
such vertices, even when edges are parallel or several vertices have the same image. Thus the
left-hand side is at most

2|P(s)| D& < 7|P( )[0¢

>l
4 4
< 4M|P(s)|6¢ < —|O(s)|0¢ < —|Bag, |6.
k Cs

The last inequality is precisely the assigned-bag cardinality bound. O
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Lemma B.14 (Charging a valid labeled collection). Every finite collection Z with a valid
labeling satisfies

- Z width(B Z | Xy — Xuwll1-

BeZ {v,w}eE

Proof. Realize each graph edge e = {v,w} by one fixed straight segment from X, to X, in Q,
of length ¢, = || X, — Xy||1. Different parallel edges are distinct resources even if their segments
coincide geometrically. Concatenating these segments realizes a graph path as a continuous
curve.

Fix a record B with center x and radii a < b. Take the paths in L3, and stop each at its
first vertex z satisfying ||z — X,||; > b. Every vertex in each resulting graph path belongs to
L(B). Avoidance of V(t4(B)) already follows from L3. To check avoidance of V(s) for s € tp(B),
suppose the path first enters V(s) along {v,w} € P(s). The start vertex is outside V'(s), so this
entering edge exists. Its preceding endpoint v occurs before the stopping vertex and therefore
has [z — X,||1 < b. This contradicts L2. In particular, both graph endpoints of every edge of
the stopped path are in L(B), including the edge containing its geometric exit point.

On each of the resulting continuous curves, keep the portion between the last point at radius
a preceding its first point at radius b and that first point at radius b. Those points exist by
continuity. The retained curve, apart from its endpoints, is in the open shell a < ||z — y|[1 < b.
The function y +— ||z — y||1 is 1-Lipschitz, so its length is at least b — a. This also applies to
an ordinary ball by taking a = 0; removing its center changes no charged length. Charge each
retained portion to its underlying graph edge. The paths for one record are edge-disjoint, so
this record charges no portion of a graph edge twice.

Now fix a graph edge e = {v,w}. If two distinct records charge portions of e, the preceding
paragraph gives v,w € L(B) N L(B’), so their conflict domains meet. Condition L4 forces their
geometric balls to be disjoint. Hence their charged open portions of the fixed segment of e are
disjoint. Summing over all records charges e at most ¢.. This reasoning uses edge portions,
not the whole length of every edge on a witness path. It also handles zero-length edges, which
contribute no charge. Each record receives at least (k/4)(b— a), and summing the edge budgets
proves the claim. O

Lemma B.15 (Arrangement of insertable bags). Let T be a locally k-connected hierarchy, with
selected nonroot nodes T satisfying |O(t)| > kX P(t)| fort € T. Let F; be a A\-geometric sequence
of families of 12C5/k-assigned bags of type (8;,T;), where the T; C T are pairwise disjoint.
Suppose all input balls are insertable and

1
Ciz3, A<z C322((Ca+1)+4(Ci+2)).
4

Then there is a finite valid collection Z of labeled ordinary and hollow balls, with centers inherited
from the input balls, such that

(B.46) Z width(B) > 120 25 Z | Bag, |

BeZ % teT;

The next parts prove Lemma B.15. First we show that it suffices for the assigned-bag propo-
sition.

Reduction of Proposition B.10 to Lemma B.15. Let M = 37, 6; >, | Bag, | be the original to-
tal radius. A ball can be noninsertable by several predecessors; summing Lemma B.13 over all
selected nodes therefore bounds the total radius N of noninsertable balls from above, without
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needing a unique predecessor charge:

4 1
(B.47) N < 03M§ 4M-
Here the original 24C5/k assignment implies the weaker assignment needed in that lemma, and
the displayed condition on Cs implies C3 > 16.

Delete all noninsertable balls. If a bag retains at least half its original balls, keep the remaining
bag; otherwise delete the bag and its node from the corresponding 7;. A kept bag is 12C3/k-
assigned. In a deleted bag more than half the original balls were noninsertable, so its entire
radius is at most twice its noninsertable radius. The same upper bound holds for the radius
removed from a kept bag. The resulting sequence consequently has total radius

M'> M —2N > M/2.

Discard empty families, retaining the remaining scales in their original order. The sequence
retains disjointness at each scale and the geometric scale condition. Deleting selected nodes can
only remove predecessors, so all surviving balls are still insertable after recomputing their labels.
The hypotheses of Lemma B.15 therefore hold. Combining that lemma with Lemma B.14 gives

S X - Xz E G B Gy
(o0l eE 412C5 8 12C5

as required. O

Lemma B.16 (Validity of an insertable input ball). An insertable ball B = B(X,,d;) € Bag,
with the input labels above satisfies L1-L3.

Proof. The definition gives L1, and insertability says exactly that every endpoint in L2 has
distance at least d; from X,. We have already proved that v € L(B). Every selected node is
nonroot, so |O(t)] > k by the cut bound in its parent’s induced graph. Moreover, |Bag,| >
12C3]|0(t)|/k > 12C5 > 1. Choose another ball in the bag, with center vertex w € V(t).
Disjointness of the two open balls gives X,, ¢ B, so || Xy — Xu|1 > 0;. Since G[V (t)] is k-
edge-connected, Lemma B.11 supplies k£ pairwise edge-disjoint u—w paths in this induced graph.
These witness L3, with inner radius zero, and in fact give the stronger count k in place of

k/4. 0

B.4.2. The order and invariants of the construction. We now prove Lemma B.15. Thus every
remaining bag is (12C3/k)-assigned and every input ball is insertable. There are finitely many
nonempty families; put é,,+1 = 0 for the final accounting step. The evolving collection Z
consists of labeled records: different records may have the same geometric support. It starts
empty. Phase ¢ handles Fy, processing its bags in increasing depth of their nodes in 7. For
equal depths choose any order.

For a candidate A = B(X,,d;) € Bag, and a current record B € Z with center x and
numerical inner and outer radii 7y < ro, say that A is interior to B if

(B.48) C(A)ﬂC(B) #+ O, r1 + C30p < HXu—le < r9g — C30y.

A ball interior to some record is an interior ball; every other candidate is a border ball. In
particular, an interior ball is contained in B, by the triangle inequality and C3 > 1.

The operations specified below maintain the following invariants. Each intermediate collection
has a valid labeling. An original ball from F; that is inserted during phase ¢ is unchanged for
the rest of that phase. All restrictions of an existing record are concentric radial restrictions
and retain its labels. Any additional record created while processing Bag, lies inside a replaced
record B, has conflict domain contained in C'(B), and has owner either ¢(B) or ¢. In the latter
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case its owner is t and it is nonavoiding. The only new avoiding records retain owner t(B) and
avoid t. The construction below verifies the required labeling conditions for each operation, so
these invariants are inductive requirements, not extra hypotheses on the input.

Lemma B.17 (Ancestor relation). While Bag, € F is being processed, if a candidate A € Bag,
and a current record B have intersecting conflict domains, then t(B) is a weak ancestor of t,
and t € C(B).

Proof. Two rooted connected subtrees which intersect have comparable roots. Every current
owner belongs either to an earlier family or to a bag already reached in this phase. An owner
in Ty cannot be a proper descendant of ¢, by the depth order. Suppose an owner s € T;, i < ¢,
were a proper descendant of ¢t. Then s € Pred(t) = tp(A). The whole subtree of s, and hence
C(B), would be disjoint from C(A). This is a contradiction. The roots are therefore ordered
with t(B) above ¢t. Connectedness of C'(B) shows that the path from its root to any common
node passes through ¢, proving t € C(B). g

Lemma B.18 (Unique interior record). Under the preceding hypotheses, suppose C(A)NC(B) #
&. If another current record D # B intersects B, then C(A) N C(D) = @. Consequently a
candidate is interior to at most one current record.

Proof. If both conflict intersections were nonempty, Lemma B.17 would give t € C'(B) N C(D).
This violates condition L4 for the intersecting records B, D. If A were interior to both, the two
records would intersect on the nonempty support of A, giving the same contradiction. [l

Lemma B.19 (Inheritance of separation). Suppose B, D satisfy condition Lj. If a new record
B’ has support contained in B and C(B') C C(B), then B',D also satisfy that condition. A
concentric radial restriction of B retaining all its labels also retains conditions L1-L3, if it has
positive width.

Proof. An intersection of B’ with D is also an intersection of B with D, and its conflict inter-
section is a subset of C'(B) N C(D). For a concentric restriction, predecessor endpoints remain
outside the smaller outer radius. The old inner witness still has distance at most the new inner
radius, and the old crossing paths also cross the restricted radial interval. The labels and their
induced vertex domains are unchanged. O

Lemma B.20 (Border balls stay border balls). During the processing of this phase, a candidate
which is a border ball never becomes interior. In particular every border ball retained for the end
of a bag’s processing remains a border ball at the end of the phase.

Proof. Consider any single operation before the final phase transition. A newly inserted original
ball has radius dy and cannot contain a candidate with the two radial margins in (B.48), since
Cs3 > 1. Every other new record is a concentric radial restriction of an old record, with a subset
of its conflict domain. If a candidate satisfies (B.48) for that new record, it therefore satisfies it
for the old record as well. Unchanged records create no new interiors. Iterating this observation

proves the claim. O
B.4.3. Carving the interior balls. Write [z]; = max{z,0} and set

.

6C3

The assumptions on the constants imply

O3 — 1> 2(Cy +4(Cy +2)2),
(B.49)

IN
g| -

7
— —1) > 4 > 92 2 < -
8(03 ) > Cy+4, C3 > 2C4(Cy + 2), 0 < 12(Ch +2)
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For example, the first inequality follows by subtracting 1 from C3 > 2(Cy+ 1) + 8(Cy + 2)?; this
same lower bound gives the remaining inequalities for Cy > 3.

During phase /¢, assign a nonnegative potential to each record A in the current arrangement,
with center x and numerical inner and outer radii a < b:

(B.50)
0 — Cdpy1, A is an original ball of the current family F,
toky(A) = ¢ [b— a — Cydy]+, A is nonavoiding and is not such an original ball,
[b—a— Cidgly/(2(Cs +2)), A is avoiding.

Here and below, membership in a family refers to one of its original balls, with its original
record, rather than to a newly created shell that happens to have the same support. The first
line satisfies

5
(B.51) 0p — Cybpy1 > 6(5@.

Every potential is at most the width of its record. An empty shell, including a proposed shell
whose outer radius is at most its inner radius, is discarded and contributes zero.

We describe the processing of a fixed bag Bag, in phase . Put 6 = J,. Initially partition
its balls into the interior balls Int; and the border balls Bor;. The sets contain only balls still
awaiting treatment. Repeatedly perform one of the three operations below while

1
(B.52) | Int | > 5] Bag, |.

After an operation, remove the balls explicitly treated by it from Int;, and transfer every re-
maining ball that has ceased to be interior to Bor;. Lemma B.20 ensures that this transfer is
permanent. A ball removed in one of the three operations is counted as treated even in the third
operation, where a pair of new shells pays for it without inserting that ball.

The subscript s denotes the state after s operations for this bag; the subscript oo denotes the
final state. In particular, set

nes = |Bag, | — |Bory s | — |Inty s |.

Moving a ball from the interior set to the border set does not change n;,. Treating m balls
increases it by exactly m.

Lemma B.21 (Potential preserved during interior processing). Suppose phase { starts with a
valid arrangement whose potentials can pay each earlier node v € T;, i < £, at least (6/2)| Bag, |0;.
Interior processing preserves validity and these allocations. At every intermediate state it also
pays each completed node v € Ty at least On, o0, and the node currently being processed at least
One s00. Each bag finishes with |Int; o | < |Bag, |/2.

Proof. We maintain actual allocations of the potentials, so that an operation must preserve all
amounts already allocated. If an old record B is removed, it suffices to set aside at least tok,(B)
from its replacements: those funds can then be distributed exactly as the old potential was. Any
additional funds assigned to t increase its allocation. Untouched records retain their allocations.

Shrinking a record about its existing center and retaining its labels preserves all its individual
validity conditions. Indeed, its old inner witness remains inside the new inner radius, its old
crossing paths still cross the smaller radial interval, and all excluded boundary endpoints remain
beyond the new outer radius. Pairwise validity is inherited by Lemma B.19. These observations
apply to every residual shell below. Original current-family balls are never carved: their width
is 0, whereas a record containing an interior ball must have width greater than 2C39.
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Operation 1: carving an avoiding shell. If some A = B(X,,J) € Int; lies in an avoiding
shell B = B(z,r1||r2), put ¢ = || Xy — z||1 and replace B by

B1:B($,T1||q—5), BQ:B(£7Q+5||T2)7

both with the labels of B. Insert the original ball A, with its original labels, and treat it. The two
residual shells are disjoint from A. The original ball satisfies its individual validity conditions,
and Lemma B.18 shows that its labels are compatible with every other existing record. This
proves validity of the new arrangement.

Write R = r9 — 1. Since R > 2C530, the old potential is (R — C40)/(2(Cy + 2)). Give B all
the potentials of By, Bs and 0/2 from A. Positive parts can only increase the following lower
bound:

0 _  R—26—-2C40 9
tOkg(Bl) + tOkg(Bg) + 3 > b T

The remaining potential of A is at least

6—045”1—222296.

Give it to t. Thus treating this one ball preserves every old allocation and increases the allocation
to t by the required amount.

The common setup for operations 2 and 3. Suppose no ball of Int; is interior to an avoiding
shell. Write t* for the parent of ¢. If enough interior centers lie near a short radial interval,
inserting their balls will pay for the width removed from the old record. When the interval
is long compared with their total radius, we instead create two overlapping central shells with
crossing paths in G[V (t)] and G[V (¢*) \ V (¢)], respectively. Local connectivity supplies the first
set of paths; the decomposition below supplies the second. Define

H=GVE)\VE®)],  O'®)={{uv}€O): Xy — X[l <0}

Partition V' (H) into sets Si,...,S; whose induced graphs are k/4-edge-connected, by repeatedly
splitting a part along a cut of size less than k/4 until no such cut remains. Singleton parts are
allowed. There are j — 1 splits, and each edge between final parts is counted at precisely the
split that first separates its endpoints. Consequently

4 k
> louSi <3G -1) (G>1),
i=1

and the sum is zero when j = 1. Each S; is a nonempty proper subset of V(t*), so the k-edge-
connectivity of G[V (t*)] gives

j
ik <> 106y Sil
=1

J
k.
= [0(0)] + Y- 10 Sil < 10() + 3G — 1)
i=1
In particular,
2(0(t)]
o

This proves the decomposition estimate directly, including when H is disconnected and without
assuming that k/4 is an integer.

(B.53) J<
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Let U be the centers, identified with vertices, of the balls still in Int;, and set
Ui={ue€U: {u,v} e Ot) for some v € S;},
Vi={vesS;:{u,v} € Ot) for some u € U}.

The definition of an assigned bag ensures |J; U; = U. By the loop condition and the 12C5/k
assignment bound,

6Cs10(1)]
PR

Choose i with |U;| maximal. Even if the sets U; overlap, their union bound and (B.53) imply

1
U] = 5| Bag, | =

U
(B.54) |U;| > u > 3C5.
Choose a nonavoiding record B with center x and numerical radii 7; < r9, containing in its inte-
rior a ball with center ug € U;. Such a record exists because every ball still under consideration
is interior and operation 1 is unavailable. Write p(z) = || X, — z||1 and put

(B.55) a = max{ry, min p(v)}, b = min{ry, max p(v)}, L=b—a.
veV; veV;

The neighbor of ug in V; has radius strictly between 1 + (C3 — 1)d and ro — (C3 — 1)d. In
particular a < b. Define

A={B(X,,d) €nty :a —§ < p(u) < b+ 5}, Uy ={u:B(Xy,0) € A}, m = |Al|.

The set A is nonempty, since it contains the ball centered at wuyg.

Every ball A € A is in the interior of B. To check this carefully, the radial inequalities defining
A imply that A meets the support of B: its center is less than § in radial distance from [ry, ra].
This assertion also holds for supports restricted to the cube. To decrease radius, move towards
the binary center z; to increase it, move towards the opposite cube vertex. Along either segment,
the change of radius equals the distance moved. Since B is nonempty, one can therefore reach a
point of B within distance strictly less than 6. All balls of Bag, have the same labels, so C'(A)
intersects C(B). Also A is interior to some existing record B’. If B’ # B, then B meets B’ at a
point of A, since the interior margin implies A C B’. Lemma B.18 contradicts C(A)NC(B) # .
Therefore B’ = B, as claimed.

We need one more radial estimate:

(B.56) Ui gUs = L3> (Cs—1)0.

If every v € V; had 1 < p(v) < ra, then all their radii would lie in [a,b]. Each u € U; has
a neighbor v € V; with |p(u) — p(v)| < 0, so it would lie in U,4. Hence the premise of (B.56)
supplies some v € V; with p(v) > r9 or p(v) < ri. Let w € V; be a neighbor of the chosen interior
center ug. If p(v) > ro, then b = r9, while

a < p(w) < p(ug) +6 <1y — (Cg —1)4.
If p(v) < 71, then a = rq, while
b > p(w) > p(ug) —§ >r1 + (C5 — 1)4.

These prove both cases of (B.56).
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Operation 2: a dense group in the radial interval. Suppose mé > 3L. Replace B by
B, = B(z,r]|la — 20), By = B(x,b+ 24]||r2),

with its labels, and insert all m original balls of A, with their original labels. Treat these m
balls. Their supports are disjoint from Bi, Bs because their centers have radii strictly between
a—9 and b+ 9. They are pairwise disjoint as members of the same family. We proved that each
lies in the interior of B, so Lemma B.18 makes each compatible with every old record other than
B. Their individual conditions follow from insertability. Residual shells inherit validity, proving
that the whole replacement is valid.

The number treated is large. If U; C Uy, then (B.54) gives m > 3C5. Otherwise, (B.56) and
md > 3L give

(B.57) m > 3(Cs — 1).

Allocate to B all the potential of By, Bs and three quarters of the potential of each newly inserted
ball. Writing R = r9 — rq, the old potential is R — C49; it is positive because B contains an
interior ball. Even if a residual shell is empty, its potential is at least its formal width minus

C40. Therefore

3
toke(B1) + toke(Ba) + 5 > toke(A)
AcA

2R—L—45—2046+gm6
> toky(B) — (Cy + 4)5 + %mé

> tOkg(B) — (04 + 4)5 + g(C'g, — 1)5
> toky(B).

The successive estimates use (B.51), L < md/3, (B.57), and (B.49). Each inserted ball retains
at least (1/4)(5/6)d = 56/24 > 6§ to give to ¢. Thus this operation supplies at least fméd new
credit.

Operation 3: a sparse group in the radial interval. Suppose md < 3L. We first record
that

(B.58) L > (C3—1)o.
If U; € U4 this follows from (B.56); otherwise L > md/3 > |U;|6/3 > C36. In particular, all the
central shells defined next have positive width.
Replace B by the two residual shells
B; = B(z,r]a), By = B(x,b||r2),
with its labels. Insert two additional shells
Bs = B(z,a+ 6||b - 6), B, = B(z,al|b).
The shell Bs is nonavoiding and By is avoiding. Give them labels
[ 4C) ta(-) te(-)

(B.59) Bs| t none {v€tp(B):visa proper descendant of ¢}

By t(B) t tp(B).

Treat all the balls of A, removing them from Int; without inserting them.
We verify every new labeling condition. Lemma B.17 implies that ¢(B) is a weak ancestor of ¢
and that ¢t € C(B). In fact t(B) # t. An original ball with owner ¢ cannot meet an unprocessed
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ball of the same family, since that family is disjoint. A synthetic shell with owner ¢ could only
have been created by an earlier occurrence of this operation while processing this very bag: the
sets T; are disjoint, and new nonavoiding owners are assigned only to the node being processed.
At that earlier occurrence every remaining interior ball meeting the new central shell was in
its expanded radial interval and was treated. Subsequent changes only restrict that shell, and
Lemma B.20 prohibits the return of a border ball to the interior set. Hence neither that shell
nor any of its residual pieces can now contain an unprocessed interior ball. This proves t(B) # t.
Thus t is a proper descendant of ¢(B), as required for By to be avoiding.
Using T [t] for the subtree rooted at t, the labels give

(B.60) C(B3) = C(B)NT[t], OBy =C(B)\TH.

Indeed, no member of tp(B) is a weak ancestor of ¢, since t € C(B); every remaining excluded
subtree either lies below ¢ or is disjoint from its subtree. Both new conflict domains have the
prescribed connected form and are subsets of C(B). All four shells are subsets of B. The
pairwise validity with old records follows from Lemma B.19; the residual shells are disjoint from
the central shells, and (B.60) proves validity of the overlapping pair Bs, B4. Finally, both new
excluded-node sets are subsets of ¢tp(B) and both new outer radii are at most ro. Thus the
excluded-boundary-endpoint condition is preserved.

It remains to prove the crossing-path condition, which does not follow merely from shrinking
the geometric support when labels change. Choose vertices v1,v9 € V; minimizing and maximiz-
ing p, and choose their respective neighbors uy,us € U; along edges of O'(t). Clipping in (B.55)
gives

(B.61) p(vi) <a, pv2) >0, plur) <a+d, pluz)>b-—24.

By (B.58), a+4d < b < ry. Hence p(u1) < ro and p(v1) < r2; these strict inequalities will exclude
membership in the forbidden subtrees.

For Bs, the k-edge-connectivity of G[V(t)] and Lemma B.11 supply k edge-disjoint uj—us
paths. The radial inequalities show that each crosses B3. To see that the initial vertex is in
C(Bs), fix z € tp(Bs). If u; € V(z), the edge {u1,v1} € O'(t) would belong to P(z) because
z is below ¢ and vy ¢ V(t). This contradicts the endpoint condition of B, since z € tp(B) but
p(ui) < ra. Thus u; avoids every excluded subtree and lies in C(B3). These paths and this
initial vertex prove the required crossing condition for Bs.

For By, every cut separating v; from vy in G[S;] has at least [k/4] edges. Lemma B.11
therefore supplies at least k/4 edge-disjoint v;—ve paths. Since t(B) is a proper ancestor of ¢,
V(t*) C V(t(B)). The paths therefore lie in V(¢(B)) \ V(¢t) and cross By. Fix z € tp(By). The
edge {u1,v1} cannot belong to P(z) because p(v1) < 7. If v; € V(2), it follows that u; € V(z)
also. A hierarchy set containing both u; € V() and v; ¢ V(¢) must be a proper ancestor of ¢,
by laminarity. This would make z a weak ancestor of ¢, contrary to ¢t € C(B). Hence v; lies in
none of the excluded subtrees; also vi ¢ V (t), so v1 € C(By). This verifies the crossing condition
for B4 and completes the proof of validity.

For later use, every still-unprocessed interior ball is disjoint from B3 and By: its center is
outside the expanded interval (a — d,b+ §). Such a ball can remain interior to By or Bg, which
is harmless. This establishes the property of new central shells used above to prove that ¢(B) is
a proper ancestor.

We now distribute the new potentials. The shell Bs, although created in the current phase, is
not an original current-family ball; it uses the second line of (B.50). Give B all the potential of
Bi, Bg, Bs and (2C4 + 2)d from By. The sum of the three formal nonavoiding widths is R — 26,
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where R = r9 — r1. Consequently
3
> toky(Bj) + (2C4 +2)6 > R — 26 — 3C40 + (2C4 + 2)6
j=1

=R-— 045 = tOkg(B).

The following estimate proves both that B, has the amount just promised and that it can
additionally pay for all m treated balls:

L—Cyd— 4(04 + 1)(04 + 2)(5

tOkg(B;l) — (204 + 2)5 =

2(Cy +2)
L—{Cs+4(Cy +2)*}6
- 2(Cy +2)
L L—(Cs—1)d/2
— 2(Cy4+2)
mo

> Omo.

> >

T A4Cs+2) T 12(Cy+2)
The first equality is valid because (B.58) makes L — C4d positive. The other steps use Cy +1 <
Cy1+2, (B.49), (B.58), the case assumption md < 3L, and C3 > 2C4(Cy + 2), respectively. Give
the remaining amount to ¢. This completes the allocation for operation 3.

Fach operation treats at least one interior ball, preserves all old allocations, and gives ¢ at
least 60 for each ball it treats. Border transfers change neither this count nor any allocation.
Induction on the number of operations proves the stated bound for ¢, and induction on the bags
already processed in the phase proves the bounds for the other current-phase nodes. The loop
terminates after at most |Bag, | operations; its negated stopping condition gives the asserted
strict half-bag bound. This proves the lemma. The first phase starts with an empty arrangement
and no old allocations; the transfer of these allocations between phases is verified in the next
subsection. O

B.4.4. Completing a phase. We complete the induction in Lemma B.21 by handling the border
balls. At the end of processing the bags of Fy, let Bor; and Int; be the unprocessed border and
interior balls left by its loop. The loop stops with |Int; | < | Bag, |/2. It is enough to give each
t € Ty an additional

C
672\ Bor, |6,

tokens. Together with the credit already obtained during its loop, this gives at least
o 2
6C5 12C5

Write Z for the collection just before this last step, p(B) = toky(B), and let ¢(B) be the token
value of the same unchanged record at the beginning of phase ¢ + 1. Thus for an original ball
inserted in the current phase both p(B) and ¢(B) equal d, — C4d,11. For all other nonavoiding
records the threshold in the positive part decreases from Cydy to Cydps1; for avoiding records
the same formula is divided by 2(Cy4 + 2). In particular ¢(B) > p(B). Set

b= IBorl, =Y (a(B)—p(B)).
teTy BeZz

If b = 0 there is no border credit to supply, and the phase is complete. If e > (Cy/(6C5))bdy,
retain Z and distribute these extra tokens among the current nodes in proportion to | Bory |.
Every node obtains the required additional amount, and all earlier credits remain available.

(B.62) | Bag, | — | Int; |)dy > | Bag, |d¢.
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It remains to handle

Cy
B.63 e < —-bdy.
(B.63) s,
Leave current-phase original balls unchanged. Replace every other record B, with center z and
numerical radii 71 < 79, by the concentric restriction

S(B) = B(:C,T‘l + (03 + 1)5@ H Tro — (Cg + 1)5@),

discarding it if the displayed interval has nonpositive width. Use the same labels on each
surviving restriction, and assign a discarded record token value zero. Finally insert all balls of
Uter, Bory with their original labels.

Here is a direct verification of separation, including the role of conflict domains. For a border
ball A = B(X,,d¢), consider an old record B whose conflict domain meets C'(A). Lemma B.20
says that A is still border, so

”Xu — 75”1 <r;i+Cs30 or ||Xu — $||1 > rg — C30y.

In the first case every point of A has distance strictly less than the new inner radius; in the
second it has distance strictly greater than the new outer radius. Thus A does not meet S(B).
If the conflict domains are disjoint no geometric separation is needed. The original balls in
the current family are pairwise disjoint, so no conflict arises either with an unchanged current-
phase ball or with another newly inserted border ball. The other validity conditions follow from
Lemmas B.16 and B.19. Hence the new collection is valid.

Lemma B.22 (The cost of shrinking). Under (B.63), the total token deficit created by the
restrictions satisfies

1
D:= 3" (p(B) ~ a(S(B)) < b
BeZz
FEvery summand defining D is nonnegative.
Proof. For unchanged original balls both the deficit and ¢(B) — p(B) are zero. For any other

record the decrease of width is 2(C5 4 1)dy, unless the record disappears entirely. This exceeds
the decrease of the threshold, so the deficit is nonnegative. We prove, record by record,

(B.64) o(B) ~ p(B) > - (p(B) ~ a(S(B)).
3

If p(B) = 0, its deficit is zero and the inequality is immediate. Otherwise, first take a nonavoiding
record of width w. Since w > C4dy and 41 < §¢/3,
2
q(B) — p(B) = Cu(0¢ — dp41) > 50455-
Using the positive-part formula, whether or not the restriction survives,
p(B) —q(S(B)) < 2(C3+1)d; — Ca(dp — be41) < 2C30,

where the last step uses Cy > 3. These two bounds imply (B.64). For avoiding records both sides
of these estimates have the common factor 1/(2(Cy + 2)), giving exactly the same conclusion.
Summing (B.64) and then using (B.63) gives D < (3C5/C4)e < bdy/2. O

Each newly inserted border ball has d; — C4dypy1 tokens. Reserve at most d;/2 of these to
cover the deficits of the old records. Lemma B.22 guarantees enough in the resulting pool: if
D > 0, distribute the pool in proportion to the individual deficits, stopping once each is paid; if
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D = 0, no transfer is needed. Send the tokens of S(B) together with this payment back to the
old record B, and redistribute its former credits by induction. Each border ball still has at least

1 1 C
O = Cideys = 500 2 300 2 550

tokens for its own node. The first inequality uses CyA < 1/6; the second follows from the stated
lower bound on C5. This supplies precisely the missing border credit.

Both phase-transition cases preserve all previous credits and give (B.62) to every node of
the current family. Starting with Z = @ and applying the interior construction and the phase
transition for £ = 1, ..., m therefore yields

m
1%3 > 6> |Bag,| < > tokpy1(B) < Y width(B).

=1 teT; Bez Bez

This proves Lemma B.15, completing the proof of Proposition B.10 by the reduction above.
If a countable geometric sequence is used, apply the finite statement to every initial segment
and take the increasing limit of its nonnegative right-hand mass; no limiting arrangement is
required.

B.5. The parameter choice and the shortcut matrix.

Proof of Theorem 3.2. All cut constraints in this proof are for nonempty proper subsets of the
vertex set. If the marked set M is empty, a sufficiently small positive multiple of the identity is a
shortcut, so suppose it is nonempty. Write ¢ for the connectivity parameter of the theorem. We
may require g to exceed an absolute cutoff, which will be increased finitely many times below.

Fix an arbitrary binary embedding X : V — {0,1}? and an arbitrary row semiorthogonal
matrix U € RF*9 as in Lemma B.1, and suppose that

= "|Xb|5>0.
eclk
The map U is a contraction. By changing its row signs, we may assume

ae = (Ue, Xbe) >0 (e € E).

This can only increase the numerator to be bounded. Put d. = || Xb.||3 = || Xbe|1 and, for
te M, set
2
N, ! >
t = T e | -
0w |2,
Choose
1 1

B.65 =q P = = 36 =-—>, Ci=3,  C3=10"
( ) «Q q ) € 10’ /B ) P 2q2 ’ 4 ) 3

Let T C M consist of the a-bad nodes with positive numerator, in the sense of Definition B.4.
Each node outside T either has zero numerator or satisfies Ny < @} .co() de- Since each edge
lies in at most two parent boundaries,

(B.66) > Ny <20€.
te M\T

If T is empty, this already bounds the entire numerator. Otherwise we apply Proposition B.7
to T, with its geometric ratio A set equal to p and its small parameter s given by

J =1+ [logy(256/a%)|, Cp =128J", s =a/Cy,

(B.67)
L =2+ [logy(1/s)], H =1+ [logy(24/(ps?))], C1 = 1024¢ 2.
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These quantities depend on ¢ alone. In particular, for absolute constants co, c5 and all sufficiently
large q,

(B.68) Cy < ea(1 4 log q)%, L,H < c5(1+loggq).
For example, the first inequality follows immediately from log,(256/a?) = 8 + (8/5) log, ¢; the
other two follow by taking logarithms of s = ¢=*°/Cy and p = 1/(2¢?).

The smallness condition in Proposition B.7 holds eventually because s¢ < ¢
4831 is an absolute constant. The assignment strength it provides also satisfies

B 240,
csh T aq

—2/25 5 0, whereas

(B.69) slt2e =

for all sufficiently large absolute ¢. Indeed, after multiplication by g, its left side is ¢/ / CS/ 5,
which tends to infinity by (B.68).

The proposition therefore yields a p-geometric sequence, either of 36-compact families or of
families that are at least (24C3/q)-assigned. Let its mass be M. Its guarantee is

S
> ° NN,
= 384B8C,CoLH 2 N

teT

(B.70) M

In the assigned case, a stronger assignment implies the required weaker assignment because the
cardinality condition is a lower bound. The selected nodes are a subset of the original marked
nodes, so

POIE ;rm) > ol P(t)].

Thus the hierarchy satisfies the hypothesis of Proposition B.10 with £ = ¢ and A = p. The
constants in (B.65) obey its numerical restrictions, and p < 1/18 for all sufficiently large ¢. In

the compact case, Proposition B.8 applies, since p < 1/12. Both cases give the uniform lower
bound

_ Cy _ 1
© 9603 320000°
The energy is the same in the dual and charging estimates, since each coordinate of Xb, is 0, 1,
or —1.

Combining (B.70) and (B.71) proves

& Kqs€

(B.71) E > kgM, K

(B.72) (1+1logq)”

for an absolute cg. To check the final exponent, substitute s¢ = q*2/2502_1/10 and use (B.68);
the logarithmic power before rounding up is 4(11/10) +2 =32/5 < 7.

Equations (B.66) and (B.72), including the case T' is empty, yield the uniform bound

(B73) Zte(/c;\/l N < 2q74/5 + C6q723/25(1 + log q)7 _ 0(q731/40).

Every constant in this estimate is absolute, and the embedding and semiorthogonal matrix were
arbitrary. Hence the same upper bound holds for the supremum @, of Lemma B.1. Increase the
absolute integer cutoff gz so that the right side of (B.73) is at most q 3140 /2 for ¢ > qp, as well
as so that all previous numerical conditions hold. Applying that lemma with K = ¢—31/40 /2 and
n= g 31/40 /2 supplies a feasible full positive definite D whose every marked average is less than
¢ 3140 This proves the theorem. In particular, selecting a feasible matrix from the infimum
uses only strict slack; no assertion of attainment is needed. O
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APPENDIX C. A FINITE-DIMENSIONAL FIXED-POINT THEOREM

We prove the finite-dimensional fixed-point theorem of Brouwer [6] used in the extraction
step, including its combinatorial ingredient.

Theorem C.1 (Finite-dimensional fixed point). Let K be a nonempty compact convexr subset
of a finite-dimensional real vector space. Every continuous map F': K — K has a fized point.

C.1. Triangulations with arbitrarily small mesh. A d-simplex is the convex hull of d + 1
affinely independent points; its faces are the convex hulls of subsets of its vertices. A finite
triangulation of a d-simplex consists of finitely many d-simplices and all their faces, covering the
original simplex, such that two members intersect in a common face or not at all. Its mesh is
the largest diameter of its members. We first construct such triangulations with mesh tending
to zero.

Let S have vertices ag,...,aq. For every nonempty vertex set A, write by = |A|~} > acA Q.
The barycentric subdivision of S has one simplex

conv{bag,...,ba,}, A ={ax©) - Ark) )

for each permutation m of {0,...,d}, together with all faces of these simplices. The displayed
barycenters are affinely independent: their coordinate columns in the ordered vertices of S form
an invertible triangular matrix.

Here is a direct verification of the covering and intersection properties. Write x = >, \ja;,
where A\; > 0 and }; A; = 1, and order the coordinates so that Ay > -+ > Arg. With
Ar(dt1) = 0, put

te = (K + 1) (Arr) — An(rs1))-
Then

d d
thO, Ztkzl, wzztkb,qk.
k=0 k=0

Conversely, a convex combination of these barycenters has coordinates in that order. Whenever
tr > 0, the prefix Ay is the set of vertices whose coordinates are at least the corresponding
positive coordinate level. Thus the barycenters with positive coefficients are determined by x,
independently of how tied coordinates are ordered. Two subdivision simplices consequently in-
tersect exactly in the convex hull of their common vertices. Their faces inherit the same property.
On any face of S, coordinates outside that face are zero, so this construction restricts exactly
to the barycentric subdivision of that face. Subdividing each member of a triangulation there-
fore gives another finite triangulation: the constructions agree on shared faces, and simplices in
different original members can intersect only there.
For nested nonempty vertex sets A C B,
A A d
by = HbA + ( _ I‘BD b lbn = ball < 1 diam(s).

The diameter of a convex hull is at most the largest distance between its vertices, by the
triangle inequality applied to convex combinations. Every new simplex thus has diameter at
most d/(d 4 1) times that of its parent. For d > 1, iterating gives mesh tending to zero. The
case d = 0 is immediate.

C.2. Sperner’s counting argument. Write

Ag={zeRM™:z;>0(0<i<d), > zi=1}
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A triangulation restricts to a triangulation of each face of Ag4: intersecting a small simplex
with a coordinate hyperplane x; = 0 selects precisely its vertices on that hyperplane, since all
coordinates are nonnegative. The intersections of full dimension cover the face: their union is
closed, while the remaining finitely many lower-dimensional simplices cannot cover any relatively
open subset of the face. Every smaller member is a face of a full-dimensional one, by the common-
face property applied at a relative interior point of the smaller member.

Lemma C.2 (Sperner [16]). Label every vertex v of a finite triangulation of Ag by an integer
l(v) € {0,...,d}, with vy, > 0. The number of d-simplices whose vertex labels are 0, ... ,d,
each occurring once, is odd.

Proof. For d > 1, we use the following elementary incidence fact. A small (d —1)-face belongs to
two small d-simplices if it is not contained in the boundary, and to one if it is. To see this, choose
a point in its relative interior. Any simplex containing that point contains the entire face, by the
common-face intersection property. Finiteness allows a sufficiently small ball in the affine hull of
Ay, centered at the point, to avoid all other simplices. Shrinking the ball further, each incident
d-simplex occupies exactly one half of this ball, on one side of the face’s affine hyperplane: the
point lies on none of its other facets. Disjoint interiors permit at most one simplex on either
side, and the covering property supplies all sides belonging to A;. A boundary (d — 1)-face lies
in exactly one original facet, so precisely one side belongs to A,. Indeed, a coordinate vanishing
at a relative interior point vanishes on the whole face, and two distinct original facets intersect
in dimension at most d — 2.

Induct on d. For d = 0, there is one vertex, labeled zero. For d > 1, call a small (d — 1)-face
special if its labels are exactly 0, ...,d—1. Count incidences between small d-simplices and their
special faces. A simplex with all d + 1 labels contributes one incidence. A simplex containing
0,...,d — 1 but not d has exactly one repeated label and contributes two, by deleting either
vertex with that label. Every other simplex contributes zero. Modulo two, the incidence count
is therefore the number asserted to be odd.

By the incidence fact, the same count modulo two is the number of special faces on the
boundary. Such a face cannot lie in x; = 0 for ¢ < d, since then none of its vertices could receive
label 7. Hence these are exactly the fully labeled top-dimensional simplices in the induced
triangulation of x4 = 0. The labels there satisfy the same rule in dimension d — 1, and induction
makes their number odd. 0

C.3. From a simplex to a compact convex set.

Proof of Theorem C.1. First let F' : Ay — A4 be continuous. The case d = 0 is immediate. In
each of the successive barycentric subdivisions, a vertex fixed by F already proves the claim.
Otherwise label each vertex v by an index 4 for which v; > F;(v). Such an index exists because
the two coordinate sums are equal and v # F(v); it satisfies v; > 0. Lemma C.2 supplies a
fully labeled simplex in each subdivision. Denote its vertex labeled i by v(™%, where m is the
subdivision index. By compactness, a subsequence of p(m:0) converges to some x € Ay. The
mesh tends to zero, so all v(™%) converge to the same x along that subsequence. Continuity
gives x; > Fj(z) for every i. Equality of the coordinate sums forces equality in every coordinate,
proving F'(z) = x. Affine coordinates give the same result for every simplex.

Now equip the affine hull of K with Euclidean coordinates. For any point z in this hull,
compactness gives a nearest point P(z) € K. It is unique: if distinct p,q € K both minimized
the squared distance, convexity and

2l =plP+llz =l llp—dlP

‘F_p+q
2 4

2
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would contradict minimality. If p = P(z) and z € K, comparison with p + t(z — p), followed by
division by ¢ > 0 and the limit ¢ | 0, yields (z — p,z — p) < 0. Apply this with p = P(x),z =
P(y) = q, and with ¢ = P(y), z = p. Adding the inequalities gives

Ip—ql> <{x—y,p—q) <|z—ylllp—ql.

Thus ||P(x) — P(y)|| < |l — ||, so P is continuous, and P(z) = x for x € K.
If the affine hull has dimension zero, K is a singleton. Otherwise identify it with R? d > 1,
and choose M > 0 so that K C [~M, M]%. The simplex

d
S={zreR:z;>-M (1<j<d), ijng}
j=1

contains that cube: its vertices are a = (—=M,...,—M) and a + 2dMe;, 1 < j < d. The

continuous map F'o P : S — K C S has a fixed point « by the simplex case. Its image lies in

K,sozx € K, P(x) =z, and F(z) = x, as required. O
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