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Abstract

We disprove Hadwiger’s conjecture by constructing arbitrarily large graphs whose chromatic
number exceeds their Hadwiger number. The examples have independence number at most
two, and even their ordinary fractional chromatic number exceeds their Hadwiger number.
Thus they also disprove the fractional-coloring weakening discussed by Reed and Seymour.
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1 Introduction

For a finite graph G, write o(G), x(G), and h(G) for its independence number, chromatic number,
and Hadwiger number. Thus h(G) is the largest ¢ for which G contains a K; minor.
Hadwiger’s conjecture, formulated in 1943 [16], asserts that h(G) > x(G) for every finite
nonempty simple graph G. We disprove it using graphs of independence number at most two.
Two disjoint edges are touching if an edge joins their endpoint sets. A connected matching
is a matching whose edges are pairwise touching; write cm(G) for its maximum size. The word
connected in this definition requires adjacency of every pair of matching edges.

Our main result is the following.

Theorem 1.1. There are arbitrarily large integers m for which an m-vertex finite simple graph G

satisfies
m

<2 —.
a(@) and cm(G) < 100

A complete minor with many singleton or two-vertex branch sets gives a large connected
matching. The precise counting inequality, proved in Proposition 3.5, is

_ V(@) +4em(G) + 2.

H(@) < ;

Every color class has size at most a(G), so x(G) > |V(G)|/a(G). The same lower bound holds for
fractional coloring, giving a second consequence of the construction. For a finite nonempty simple
graph G, let Z(G) be the family of its independent vertex sets. A fractional coloring assigns a
nonnegative real weight wy to every I € Z(G) such that > ;5, wr > 1 for every vertex v. The
ordinary fractional chromatic number x ¢(G) is the minimum of }7; wy over these assignments. An
ordinary coloring gives a fractional coloring with unit weights on its color classes, so xf(G) < x(G).

Corollary 1.2. There are finite nonempty simple graphs G of arbitrarily large order m for which

26m 2 m
h — < =< < .
(G) < = T3 <3 < xr(G) < x(G)

Thus Hadwiger’s conjecture and its fractional-coloring weakening x f(G) < h(G) are false.

Proof. Summing the vertex constraints of any fractional coloring gives

V(G)| < Z [Iwr < a(G) Z wy.

1€1(G) IET(G)

Hence x(G) > |V(G)|/a(G). Apply Theorem 1.1 and the minor bound above, noting that
26m/75+2/3 < m/2 for m > 5. O

Reed and Seymour [26, p. 148] discussed the weakening that, for every positive integer p, a
graph with no K11 minor should have a fractional p-coloring, and proved the corresponding
2p-bound in their result (1.3). Their convention uses nonnegative rational weights, coverage exactly
one at each vertex, and total weight at most p, so every such coloring is admissible above. Taking
p = h(G) in the corollary therefore disproves this prediction as well. The relaxation is on the
coloring side; h(G) remains the ordinary clique-minor number.



1.1 Historical context

Hadwiger’s conjecture places planar coloring in a broader minor-theoretic setting. The Kjy-
minor-free case was proved independently by Hadwiger [16] and Dirac [10]. Wagner’s structure
theorem [30] makes the four-colorability of graphs without a K5 minor equivalent to the Four-Color
Theorem, proved by Appel and Haken, with Koch contributing to the reducibility part [1, 2].
Robertson, Seymour, and Thomas [27] proved that every graph without a K¢ minor is five-colorable,
by reducing the obstruction to a graph that becomes planar after one vertex is removed. These
results explain the conjecture’s link between coloring and the structure of minor-closed classes.

For general ¢, the density bounds of Kostochka [18] and Thomason [29] give O(ty/logt)-
colorability for graphs with no K; minor. Norin, Postle, and Song [23, Theorem 1.4] broke
this degeneracy barrier, obtaining O(t(logt)?) colors for every fixed 8 > 1/4. Delcourt and
Postle [9, Theorem 1.5] reduced the bound to O(tloglogt). A recent preprint of Liu and Luo [21,
Theorem 1.1] further gives O(tloglog log t)-colorability.

The restriction of Hadwiger’s conjecture to graphs of independence number at most two has
an equivalent formulation: every such graph on m vertices should have a K, /) minor. Plummer,
Stiebitz, and Toft [25, Theorem 3.1] proved equivalence between the restricted conjecture and this
universally quantified minor assertion. This identifies the case a(G) < 2 as a setting in which
chromatic number can be replaced by an explicit fraction of the order.

Duchet and Meyniel [11] proved the general lower bound A(G) > |V(G)|/(2a(G) — 1), giving
h(G) > m/3 when o(G) = 2. Blasiak [3] obtained complete-minor models of order Q(m?*/®) using
only singleton and edge branch sets. Fox [13, Theorem 2] strengthened the m/3 bound to

hG) > % + em*/5(log m)Y/5

for an absolute constant ¢ > 0. His Theorem 3 also yields a connected matching of size
Q(m*®(logm)'/5), since its alternative clique of the same order can be paired. These bounds
describe the quantitative background to the fixed linear upper bounds in Theorem 1.1 and Corol-
lary 1.2.

Fiiredi, Gyarfas, and Simonyi [15] proposed the sharp connected-matching conjecture: a graph
with independence number two and order 4t — 1 has a connected matching of size t. They verified
the assertion through ¢t = 17, and Chen and Deng [5] extended this range to t = 22. Cambie [4,
Theorem 1.5] proved that Hadwiger’s conjecture implies this statement. The graphs in Theorem 1.1
also disprove the sharp connected-matching conjecture: delete at most three vertices to obtain
order 4t — 1; the connected-matching number does not increase and remains below ¢ for sufficiently
large orders. The remaining graph has independence number exactly two, since a complete graph
of order 4¢ — 1 has a connected matching of size 2¢ — 1.

Substantial positive results also come from additional clique structure. Chudnovsky and
Seymour [6, Theorem 1.3] proved that an m-vertex graph with independence number at most two
has a K, /2] minor whenever its clique number is at least m/4 for even m, or at least (m + 3)/4
for odd m. Their method packs induced three-vertex paths. Norin and Seymour [22, Theorem 1.2]
subsequently combined this structure with random pairing to obtain minors of order x(G) and
edge density at least v — o(1), where v = 0.986882. .. is a fixed constant. These results highlight
the requirement in a complete-minor model: every pair of branch sets must be joined, whereas
high density permits missing adjacencies.

A weaker conjecture asks only for some absolute ¢y > 0 such that cm(G) > ¢V (G)| for all
sufficiently large graphs with a(G) < 2 [15]. Yip [31, Theorem 7] proved a dense variant: a



matching of linear size can have the proportion of its non-touching edge pairs made arbitrarily
small, with the linear coefficient depending on the prescribed proportion. That statement allows
such pairs to remain. The fixed coefficient in Theorem 1.1 leaves the weaker conjecture for smaller
positive coefficients unresolved; it does not assert cm(G) = o(|V(G)|).

A related parity-constrained problem has a different recent resolution. An odd K; minor
consists of ¢ disjoint trees, each properly two-colored, with a same-color edge joining every pair
of trees. Kiithn, Sauermann, Steiner, and Wigderson [19] disproved the odd Hadwiger conjecture
using graphs of independence number at most two. The construction in this paper bounds the
order of ordinary complete minors.

The separate companion manuscript [24, Theorem 1.1] constructs graphs with x(G) > u(G)+1,
where p is the ordinary Colin de Verdiére invariant. Since h(G) < u(G) + 1, its result also gives
counterexamples to Hadwiger’s inequality. The argument here proves the connected-matching
bound directly and does not use that invariant.

1.2 The construction and its proof

We build G by sampling from a finite probability space and declaring some pairs to be holes,
or missing edges. The hole relation has no loops or triangles. Its complement on the sampled
positions therefore has independence number at most two, even when sampled elements repeat.
An ordered pair with no internal hole is called a unit; it represents a possible matching edge. Two
units conflict when all four cross pairs are holes, as in Figure 1. Such edges cannot belong to one
connected matching.

The main distribution theorem forces conflicts between independent units drawn from any law
with specified marginal and joint density bounds. It permits arbitrary dependence between the
endpoints of a unit, as is necessary when the units come from a matching. An entropy-minimizing
container argument transfers this statement to the finite sample: while a family of units supports
such a law, supersaturation supplies a conflict neighborhood to delete; when no such law remains,
a capacitated cut covers the residual family by a small set of endpoint types and a small set of
pairs.
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Figure 1: All four cross holes make the two solid matching edges non-touching. The distribution
theorem forces this conflict in every unit law satisfying its marginal and joint density bounds.

To define holes, each sampled configuration carries injective linear maps into common binary
vector spaces. The coefficient spaces record monomial evaluations v at Boolean points; their point
moments are the rank-one matrices vv'. The frame maps induce an embedding U, of a space built
from these moments, together with a linear functional u, on the ambient tensor space. Auxiliary



frame columns will be used to impose the cross-contraction equations. A hole is certified by a
shared tensor and two prescribed identities for the cross contractions. The identities come from
a symmetric bilinear form; summing them around a hypothetical triangle cancels every bilinear
term and leaves 0 = 1. Section 2 proves this parity mechanism before constructing the particular
moments and frames.

Forcing four holes is the harder task. The construction has one unbounded parameter n, and
the ambient vector dimension is N = Myn, with M, fixed before the limit. The three main steps
are as follows.

1. Finite certificates for four holes (Sections 5 to 7). The candidate witnesses are short sums of
point moments. A point’s key is the tuple of its images under the relevant frame maps; equal
keys on the two sides give a shared tensor. We retain specified images of a bounded number
of coefficient directions, called pins. A fixed Boolean selector labels the points; interpolation
and a bounded set of excluded labels make the key directions independent modulo these
pins. A separate low-rank moment decomposition identifies the obstructions to solving the
cross-contraction equations. Once the corresponding scalar conditions hold, the remaining
equations cost only O(n) bits. The collision criterion in Proposition 7.1 reduces four holes to
overlap of the accepted key distributions. The witness sums use paired lists of points, and
a scalar recipe prescribes their scalar conditions. Sampling the point parameters with the
configuration fixed will be called a query; its full key is the list of the point keys.

2. Preparation of the unit law (Sections 8 and 9). Conditioning on exact pin images decomposes
the law into parts called leaves, with control of every further independent image prescription.
A small table records the cross pairings of the projected pin directions and the auxiliary
frame directions. The scalar conditions must be compatible with this table. Phase estimates
produce compatible tables on a positive mass of independent unit pairs, or on a smaller mass
at least a fixed multiple of N~* determined by their leaves.

3. Forcing overlap (Sections 10 to 14). Each leaf’s accepted key distributions have finite L!
approximating families. Estimates for the mixed law also control tests of single keys and
the scalar values recorded with them. A product comparison connects these single-position
estimates to tests of the full key tuple. If overlap vanished in the positive-mass case, a
common limit would rule out every scalar recipe whose matched positions have positive
overlap; finite-dimensional duality produces precisely such a recipe. The inverse-polynomial
compatibility mass may disappear in this limit, so it is handled separately: a uniform large-set
estimate is applied to a finite family chosen on one leaf before the independent opposite leaf
is sampled.

The Boolean moment argument uses commuting multiplication operators, as in the flat-
extension approach to moment problems [20]. The distribution-to-graph argument combines
information projection [8], independent-set fingerprints [17, 28], and a capacitated cut [12]. The
overlap estimates use entropy [7] and the energy-increment method of weak regularity [14]; the
additional constraints from the frame pairings are retained explicitly in their proofs.

1.3 Organization and conventions

Sections 2 and 3 define the frames and holes and reduce the graph problem to uniform supersatu-
ration. Section 4 establishes the frame-image estimates and the decomposition into pinned leaves.
Sections 5 to 7 prove the algebraic realization and collision criteria. Sections 8 and 9 prepare the



unit law and its small tables. The analytic comparison tools are established in Sections 10 and 11.
Sections 12 and 13 prove overlap on the branches with positive limiting compatibility mass, and
Section 14 handles the remaining branch and completes the proof. Appendix A collects the order
of choices and the quantitative margins.

All vector spaces, matrices, ranks, and algebraic forms are over Fo. Probabilities, densities,
norms, and entropies are real. Logarithms in bit counts have base two; changing the base for
entropy only changes fixed constants. Constants described as bounded may be very large but
are independent of n. An O(n) scalar record has its coefficient fixed before My is chosen. Later
fixed test accuracies and partition sizes may change how large n must be; they do not change the
construction.

The two endpoints in one unit may be dependent. Separate units, and their leaves before
additional pairing conditions, are sampled independently. Query subdensities retain the mass lost
to all acceptance tests.

2 The hole relation and its tensor realization

The construction has two tasks. Its missing-edge relation must be triangle-free, so that the resulting
graph has independence number at most two. It must also provide enough missing edges to prevent
a large connected matching. We first give the algebraic reason for triangle-freeness. The tensor
and frame construction that follows provides the additional structure needed for the second task.

2.1 A triangle-free relation

Let X and V be finite-dimensional vector spaces over Fo. Fix a linear functional a € X* and a
symmetric bilinear form 7" on X, and write

r(z)=a+T(z,-) € X"

Let € be a finite set. For each i € €2, suppose we have an injective linear map U; : X — V and a
linear functional u; € V*.

Definition 2.1. Two elements 4, j € {2 have a hole between them if there exist A;, A\; € X such

that
Uidi =Ujj,  wlUi=r(N),  wl;=r(y)),

a(\) +a();) = 1.

The middle two identities are identities of linear functionals on the whole space X.

(2.1)

Thus a hole has a shared vector in )V, one witness for it in each copy of X', and opposite values
of a on the witnesses. The functional identities make these requirements incompatible around a
triangle.

Lemma 2.2. The hole relation is symmetric, has no loops, and is triangle-free.

Proof. Symmetry follows by interchanging the endpoints. A loop would have U;\; = U;\;, hence
Ai = A; by injectivity, contradicting the last equation of Equation (2.1).

Suppose that three distinct elements have holes on all three pairs. For a directed incidence ij,
let z;; be its witness at ¢. For distinct 4, j, k, evaluate the functional identity for ij on z;:

uj(Uizir) = a(xu) + T(2ij, Tir).-

7



Sum over the six ordered choices of (i, j, k). For fixed j, the two arguments on the left are equal
by the sharing equation for the remaining edge ik, so they cancel. For fixed i, the two bilinear
terms cancel by symmetry of T. The remaining sum is

Z (a(zij) +a(z;) =14+14+1=1,
{i,g}

a contradiction. O

Given any list o1,...,0p € €, form a graph G on its positions: two distinct positions are
adjacent when their elements have no hole. This gives a finite simple graph even when elements
repeat. Equal elements are adjacent because holes have no loops. An independent triple of
positions would therefore give three distinct elements forming a hole triangle. Hence

aG) <2, x(G)>[m/2]. (2.2)

It remains to choose the finite set and its linear data so that a random list also has no large
connected matching. Two disjoint edges fail to touch precisely when all four cross pairs are holes.
The distribution theorem in Section 3 will force these four-hole conflicts for the model constructed
below.

2.2 Construction parameters

We now construct X', a, T,V and the maps U,, u,, together with a uniform law u, on a finite set
Q,, of frames. All vector spaces, maps, tensor products, and ranks remain over Fy. We use the
entrywise pairing of matrices:

(A,B) =) ApcByc = Tr(ATB).

r,c

Probabilities and entropy take real values.

The sole asymptotic parameter is n. All numerical construction parameters are fixed inde-
pendently of the law of units, in the order specified in Appendix A, before n tends to infinity.
Set

Cp = 1000, g=10"+1, D = 4Cyg, M = 21000, (2.3)

In particular, g is odd. The budgets for conditioning a unit law are introduced in Section 4; they
precede the selector parameters j., b and the mixing parameters through J in Section 5. Choose
ro sufficiently large after those choices, put h = 10007y, and choose the dimension multiplier M
last. The ambient dimension and sample size are

N = Myn,  m = 2009V, (2.4)

We take j, > 1 and n > 2r. For each sufficiently large n, the matrices used below are chosen to
satisfy Lemma 5.5, before any unit law is considered.

An O(n) bit count below has a coefficient fixed before Mj and can therefore be made a prescribed
small fraction of N. This is different from an o(N) bound: after My is fixed, n/N = 1/Mj is
constant. Later fixed tests and tolerances may increase the required lower bound on n; they do
not change the construction.



2.3 Moment matrices and cut profiles

Let
T

I=17/gZ, &= (2

>, Ij={d+1,...,d+(g—1)/2} C .
Elements of 7 are tags; elements of £ are components. The ordinary, or base, variables comprise
g% + 3 blocks of n bits:

Oar (dteI), S, # Z

A separate selector has b bits. Its values s € F§ are called labels, to distinguish them from tags.

The O-blocks carry testers whose availability depends on the tag, while S carries a tester
available at every tag. The additional #-block lets the self-Gram form F, defined below, distinguish
different selector labels. The Z-block is absent from FE; its free coordinates and change-of-basis
symmetry are used in the later parameter tests.

Let ‘
= <b> D 1+(g2+3)n
p=> .|, B=FyoF, .
=0 \J
The first factor is indexed by squarefree selector monomials of degree at most j,; the second by
the constant and the individual base variables. If pg is the vector of selector-monomial evaluations
and z is a base value, write

v(s,2) =ps®(1,2) € B. (2.5)

Thus the row and column coordinates both represent monomials of base degree at most one and
selector degree at most j.

Let W C B ® B be the span of the point moments v(s, z)v(s,z)". For [ € Z, let W; be the
span of those point moments for which

Og4t =0 whenever [ ¢ Ij.
Let W, be defined by requiring every O-block to be zero. The cut-profile space is
X = {95 = (o)) uyes Ty = wi+wy,  w € Wz}- (2.6)

A tuple w = (wy);e7 as in this display is a representation of x.

Lemma 2.3. The intersection of W; over any strict majority of tags is Wy. Two representations
of the same cut profile differ by a constant tuple with value in W,.

Proof. Fix a base coordinate in Og,. It is allowed at exactly (g — 1)/2 tags. A strict majority
therefore contains a tag where that coordinate is disallowed. Every row and column involving it is
zero in W; for that tag. A matrix in the intersection consequently has zero rows and columns at
all O-coordinates.

The coordinate projection that sets all O-variables to zero sends each point moment to a point
moment defining W,. Applied on both matrix factors, it fixes the matrix just described. That
matrix is therefore in W, proving the nontrivial inclusion.

If w,w’ give the same differences, then w; +w; = wy +wj, for every pair of tags. Their difference
is a constant tuple. Its value belongs to every Wj, hence to W,. Conversely every such constant
tuple lies in the kernel of the cut map. O



In each Og4-block and in S, choose the first 2rg coordinates in disjoint ordered pairs. The
corresponding linear functionals on moments are

70 T0
Ud,t(v(5> z)u(s, Z)T) = Z 204.4:2p—1%204,1,2p> T]S(U(S, z)u(s, Z)T) = Z Z8,2p—1%82p-
p=1 p=1

They are well defined by selecting the indicated ordered matrix entries. Put

no =Y Nas 1M =710+ns.
d,t

For a cut profile represented by w, define

a(x) =) nap(wr), al@) =) a(z) =) no(w),
ld t

.
b(x) = ms(w), x«(w) = n(w).
12t 1

(2.7)

The functions a¢, a, b, are well defined on X. Indeed, a constant kernel value in W, contributes
zero to every O-tester, while it contributes (¢ — 1)ng(w«) = 0 to b;. The quantity x.(w) is used
only when a representation has been specified.

Define a symmetric bilinear form T° on X by

T'=a®@a+ ) (0 @b+ b @ ay). (2.8)
tel

For 1 < j < J and ordered components e, f, choose endomorphisms Ljf ) R;f of B. Their required
properties will be proved in Lemma 5.5. Set

j=le.fe€ (2.9)
T'(z,y) = B'(z,y) + B'(y,z), T=T'+T"
This specifies the symmetric form 7' in the hole equations and hence the affine-gradient map

r(x) = a+ T(z,-). The integer r introduced in Equation (4.5) is a separate rank budget. Since
the mixed terms in T9(z, ) cancel, T is alternating, and a(z)? = a(z), we have

T(z,z) = a(x) (x € X). (2.10)
The prescribed self-frame Gram matrix is denoted by E. It is the sum of the ordered tester

matrices for n and a matrix E# characterized on evaluation vectors by

b
v(s,2)TE*u(s', ) = > (sp+ 5)) lepz;&, (2.11)
p=1

where M, are n-by-n matrices chosen in Lemma 5.5. The expression is a bilinear form on B
because j. > 1. It vanishes when the two point inputs coincide. Consequently

(E,w) = n(w) (we W). (2.12)

The Z-block does not occur in F. In particular, any invertible linear change of the Z-variables
preserves F; this symmetry will be used in unary probability estimates.

10



2.4 Raw vertices

For each e € &, take copies V,©, V.~ of IFéV , paired by the usual dot product. We regard V= as
the dual of V,© through that pairing. A raw vertex, also called an orientation, consists at each
component of four maps

P.,Qe:B— VI Vo, XeYe:Fy — V3V,
where the target is the first or second one as appropriate. They satisfy
[P., X.] and [Q., Y] are injective, — PYQ.=FE, X1Q.=0, PlY.=0. (2.13)

No value is prescribed for X[Y.

Write d = dim B. For all large n, N > 2(d + h), by the final choice of M. The frame set
is then nonempty. For example, take the plus columns to be the first d + h coordinate vectors.
Prescribe the full (d 4 h)-square Gram matrix to be (5 9). Lift its columns to minus vectors using
the first d + h coordinates, and append distinct coordinate vectors in a complementary space of
dimension d + h. These minus columns are independent and have the desired Gram values.

Take the uniform distribution on this finite frame set, independently over components. Let €2,
be the raw vertex space and p = i, this distribution. There are at most 22€IN(d+h)
SO

raw vertices,

logs || = O(N?). (2.14)

Use the common ambient tensor space

v=pVviev, .
ecf
For a raw vertex o, define
Uyx = (Po,eer;r,e)eGSy uo(g) = Z<Yo,eX(Ie7£e>- (2-15)

ec&

On a simple tensor qu in component e, the latter pairing is
T T T
uo(pq ) = (Yo,ep) ’ (Xo,eq)'

Thus the minus channel is paired with the first tensor factor and the plus channel with the second.
All copies of coefficient spaces attached to different vertices are distinct, although the ambient V;*
are common.

Each U, is injective: a left inverse of P, . and the transpose of a left inverse of @, . recover .
from Po,ef’«"tee- The two annihilator conditions in Equation (2.13) also give

u,Uy = 0. (2.16)

We have now supplied all the linear data of Definition 2.1. By Lemma 2.2, their hole relation
on (2, is symmetric, loopless, and triangle-free. Sample m raw vertices independently with law .,
and form the graph on their positions as above. Equation (2.2) gives a(G) < 2 deterministically.
The next section reduces the bound on its connected matchings to a distribution statement for
this frame law.

11



3 From supersaturation to a finite graph

A unit is an ordered pair of raw vertices with no hole between its endpoints. The endpoints of a
unit may be dependent. When two units are sampled independently, their four endpoints need not
be independent within either unit. The event of interest is that all four cross pairs have holes, as
in Figure 1.

Theorem 3.1 (Raw supersaturation). For the construction parameters specified in Section 2
and Appendix A, for all sufficiently large n, every probability law o on units satisfying

o1 < My, o9 < My, o < 2PN ,2 (3.1)

has the following property: two independent units drawn from o have all four cross holes with
probability at least 27109N  The inequalities in Equation (3.1) are pointwise inequalities of
measures on the finite raw spaces.

The proof of Theorem 3.1 occupies the subsequent sections and is completed in Section 14. We
prove its implication for graphs here. The frame estimates and the preparation of an admissible
unit law begin in Section 4.

3.1 Entropy minimizers and terminal cuts

We use a finite form of the information-projection argument of Csiszar [8]. Its support assertion is
important here: the minimizing law must see every point that can occur in a feasible law. Relative
entropy is taken with natural logarithms:

D(qu)—gp( )1 B o)’

Here g is a strictly positive probability measure and 0log0 = 0.

Lemma 3.2. Let P be a nonempty compact convex set of probability measures on a finite set, and
let p minimize D(-||q) on P. Then p is positive on the union of the supports of measures in P.
For every p' € P,

D(¢llg) — D(pllg) = D(p'|p)-
If ' is supported on a set S, the right side is at least —log p(S).

Proof. 1f p(x) = 0 < p/(z) at a feasible support point, the entropy along (1 —t)p + tp’ has right
derivative —oo at zero from the newly occupied points. At all points where p > 0, its derivative is
finite. This contradicts minimality, proving the support assertion.

We can therefore differentiate toward any feasible p’ using only points where p > 0. The right
derivative at the minimizer is nonnegative, giving

/ ) — X log M Z 07
;(P (x) = p(x)) @)
where the constant derivative term cancels because both measures have total mass one. The exact
identity
p(x
D(¢/lla) = D(plla) = D(p'llp) + >_(¢'(x) = p(x)) log qgﬂci
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proves the second assertion. Finally, if p’ is supported on S, comparison with the normalized
restriction p(- | S) gives

D(p'llp) = D(¢[lp(- | §)) —log p(S) > —log p(S).

For completeness, nonnegativity of relative entropy follows from logt < ¢ — 1, applied with
t =q(x)/p'(z) and summed over the positive support of p'. O

The next lemma is the max-flow /min-cut principle of Ford and Fulkerson [12] with capacities
chosen to encode the three density bounds. We include the finite residual-cut argument, which
applies to the real capacities used here.

Lemma 3.3. Let R C Q2. If no probability law supported on R satisfies Equation (3.1), there are
sets S C Q,, and Ey C Q% such that

p(S) <1/M,  p?(Ey) <27P,
and every pair in R either has an endpoint in S or belongs to Ejy.

Proof. Construct a directed network with source s, a left copy and a right copy of €2, and sink t¢.
Give the edge from s to left x capacity Mu(x), the edge from right y to ¢ capacity M u(y), and
the edge from left  to right y capacity 2PN u(z)u(y) whenever (x,7) € R. A flow of value one is
precisely a law satisfying the three caps. A flow of larger value could be scaled down to value one,
so the maximum value is less than one.

The feasible flows form a compact polytope, hence the flow value has a maximizer f. In its
residual network, include a forward edge whenever its capacity exceeds its flow and a reverse edge
whenever its flow is positive. There is no residual path from s to t: augmenting by the smallest
positive residual capacity on such a path would increase the value. Let Z be the vertices reachable
from s. Every forward edge across Z to its complement is saturated, and every forward edge in the
opposite direction has zero flow, since otherwise its reverse residual edge would leave Z. Summing
flow conservation over Z shows that the capacity of this cut equals the value of f, hence is less
than one.

Let Lo be the raw types whose left copies are outside Z, and let Ry be those whose right copies
are in Z. The cut-capacity inequality is

Mu(Lo) + Mp(Ro) + 2PN 2 (R0 (0 \ Lo) x (2 \ Ro))) < 1.
Take S = Ly U Ry and take Ey to be the pair set in the last summand. Its measure and that of S
have the asserted bounds. A pair in R with neither endpoint in S necessarily belongs to Ey. [
3.2 Containers and the random sample

We now adapt the independent-set fingerprint method of Kleitman and Winston [17]; see also
Samotij [28, Section 2]. Here the progress measure is the minimum relative entropy of a feasible
law. The preceding cut lemma handles the terminal set when no such law remains.

Proposition 3.4. Assume the conclusion of Theorem 3.1 at a given sufficiently large n. For
m = 2€09N the sampled graph defined in Section 2 satisfies

a(G@) <2, cm(G) < m/100

with probability 1 — exp(—Q(m)). The implied positive constant is independent of n.
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Proof. Entropy-controlled fingerprints. Make a finite conflict graph whose vertices are raw
units; two units are adjacent when they give all four cross holes. There are no loops, since a
repeated unit would require a hole from a raw vertex to itself. Put ey = 271009V,

For an independent set I of raw units, start with all units as a residual set R. If there is a
feasible law satisfying Equation (3.1) on R, choose its relative-entropy minimizer with respect to
12, Such a minimizer exists because the feasible laws form a compact convex polytope and relative
entropy is continuous on the finite probability simplex. Fix deterministic choices throughout. The
average, under this law p, of p(Ng(v)) is the conflict probability of two independent p-units, so
is at least ey. Choose a unit v € R maximizing this neighborhood mass. If v € I, record v and
delete its entire neighborhood Ngr(v). If v ¢ I, delete v alone. Both operations preserve I C R.
Each removes at least one unit, so the procedure terminates at a residual set with no feasible law.

When a recording leaves a feasible residual, Lemma 3.2 shows that the new minimum entropy
exceeds the old one by at least —log(1l — ex). Other deletions cannot decrease the minimum.
Every feasible law has entropy in [0, DN log 2], since its density is at most 2”V. Allowing one final
recording that leaves no feasible residual, the fingerprint has length at most

DN log2

Ly=1 —_—_—
N + {—log(l —enN)

W = O(1 + DN 2'009N), (3.2)

The fingerprint determines the terminal set. Indeed, after a unit is recorded its residual
neighborhood is empty, and remains empty as residual sets shrink. A feasible law always has a unit
with strictly positive neighborhood mass, so a recorded unit is never selected again. Given the set
of recorded units, replay the deterministic procedure, recording a selected unit exactly when it is
in that set. All other selected units are deleted. This reproduces every step and the terminal set.

By Equation (2.14), the logarithm of the number of raw units is O(N?). The number of
possible fingerprints, and hence terminal sets, is at most (|€2,|? + 1)E~. Its logarithm is

O(N3 21009y — 4(m), (3.3)

since m = 210009V

Terminal exceptions in the sample. For each terminal set fix sets S, Ey supplied by Lemma 3.3.
Let k = [m/200]. The probability that at least k& sampled positions have raw type in S is at most

m em k
( k)u(S)k < (7)< (200e/a0)" = exp(~Qm)).

A fixed collection of k disjoint ordered pairs of distinct sampled positions consists of independent
p2-draws. It lies entirely in Ey with probability at most 27PN There are at most m?* such
collections, so the probability that one exists is at most

m2k9g—kDN _ 9(2Cog—D)Nk _ 9—2CogNk (3.4)

Union over the exp(o(m)) terminal sets using Equation (3.3). Outside a set of probability
exp(—(m)), every terminal set has fewer than m /200 exceptional positions and fewer than m /200
disjoint position pairs in its pair exception. The strict bounds follow from k& — 1 < m/200.
Suppose on this event that G has a touching matching of size at least m/100. Orient its edges
arbitrarily, and let I be the set of raw unit types thereby realized. This is independent in the
conflict graph: four cross holes would mean that the two endpoint sets have no edge between
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them in G. Different sampled matching edges may have the same raw type; no injectivity of
this assignment is needed. Run the container procedure for this set I. Every occurrence of a
matching-edge type lies in its terminal set, and hence is covered by S or Fy. Because the matching
uses disjoint sampled positions, fewer than m /200 of its edges can meet the positions in S. The
rest give disjoint ordered position pairs in Fy, of which there are also fewer than m/200. Their
sum is less than m/100, a contradiction.

Finally, a(G) < 2 holds deterministically by Lemma 2.2. O

3.3 The clique-minor bound

Proposition 3.4 supplies the required bound on connected matchings once raw supersaturation is
proved. The next counting argument converts that bound into the clique-minor estimate used in
the introduction.

The following elementary estimate counts small branch sets, in the same connected-matching
approach used by Cambie [4]. Its deliberately coarse bound holds for every finite graph.
Proposition 3.5. For every finite nonempty graph G of order m,
m+4cm(G) + 2

3 .
In particular, if a(G) <2 and cm(G) < m/100, then
e R
Proof. Consider a complete-minor model with b branch sets. Let s of them be singletons and e
have two vertices. Each two-vertex branch is an edge. The singleton vertices form a clique, so
pairing them gives |s/2| more edges. All these edges together form one touching matching: their
vertex sets are disjoint, and adjacency of the original branches guarantees every required contact.
Writing ¢ = cm(G), we obtain

h(G) <

h(G) <

c>e+|s/2], s<2(c—e)+1.
Every remaining branch has at least three vertices, whence
m>s+2e+30b—s—e)=3b—2s—e.
Combining the inequalities gives
3b<m+2s+e<m-+4c—3e+2<m+4c+ 2.

Maximize over all complete-minor models. For the final assertion, every color class has at most two
vertices when a(G) < 2, so x(G) > m/2. Combine this with ¢ < m/100 and 26m/75+2/3 < m/2
when m > 5. ]

4 Frame laws and preparation of unit laws

We now prepare the probability laws used to prove raw supersaturation. Under the reference law 2,
prescribed vector images have exponentially small probabilities, even when their nominal directions
combine both endpoints of a unit. This will imply two useful properties of any law satisfying
Equation (3.1). After discarding exponentially small mass, tensors shared by its endpoints have
sparse profiles, and the law can be partitioned into parts on which every unpinned exact-image
constraint remains unlikely. The normalized laws of these parts will be called leaf laws.
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4.1 Uniform frame laws

We record the linear algebra behind all reference image laws. For a subspace of a nominal coefficient
space, its image is its image under the relevant frame map. Nominal independence is independence
before applying these maps.

Lemma 4.1. Let A, A" : U — V and B, B' : W — V* be injective maps between finite-dimensional
spaces over Fo. If

BTA — (B/)TA,,
there is L € GL(V) with LA = A’ and L~TB = B'. Thus based individually injective plus and

minus frames with a prescribed Gram matriz form one orbit under the simultaneous primal and
dual action.

Proof. Write ® = BT : V. — W* and ® = (B)T : V — W*. Both are surjective. The based
map f: A(U) — A'(U) given by f(Au) = A'u satisfies &' f = ®. It therefore maps A(U) N ker @
isomorphically onto A’(U) Nker ®'. Extend this restriction to an isomorphism Lg : ker & — ker ®'.

Choose a complement Uy of A(U)Nker ® in A(U). Its images under ¢ are independent. Extend
a basis of ®(Uy) to a basis of W*, and choose lifts of the added basis vectors under ® and @',
respectively. For the basis vectors in ®(Up), choose the lifts in Uy and their images under f. Define
L to equal Ly on ker ® and to carry each chosen lift to its primed lift. These are direct-sum
decompositions of V, so L is an isomorphism. It extends f and satisfies ® L = ®, which is
equivalent to the two required frame identities. O

Lemma 4.2 (Gram normalization). Let p,q be nonnegative integers with p+q < N. For p
independent uniform plus vectors and q independent uniform minus vectors in paired copies of
FY, and a prescribed p-by-q Gram matriz G, the probability of that Gram matriz together with
individual injectivity of both frames is at most 2771 and at least

27P4(1 — 2P~ N)(1 — opFta= Ny, (4.1)

In particular, any consistent Gram specification on a bounded number of vectors, together with
injectivity on each side, has probability bounded below by a positive constant for large N.

Proof. The plus columns are linearly independent with probability at least 1 — 2P~V: each nonzero
coefficient dependence has probability 27~ . Given their linear independence, each minus column
takes its required evaluations with probability 277, independently, so the Gram costs 27P4. Under
this Gram conditioning, every nonzero combination of minus columns is uniform on an affine space
of dimension at least N — p. Its probability of vanishing is at most 2~V =P). Union over fewer than
29 combinations gives failure probability at most 2°79~N_ This proves the lower bound. For the
upper bound with plus injectivity required, condition on the plus columns and use the exact 27P¢
Gram probability whenever they are independent. A partially specified consistent Gram contains
some full specification; for bounded p, ¢, the same positive lower bound for that full specification
proves the last assertion. O

Lemma 4.3. The following statements hold for all sufficiently large n.

(a) The plus frame [P, X| is uniform among injective maps. Conditional on it, the minus columns
are independent uniforms on the affine spaces prescribed in Equation (2.13), followed only by
the conditioning that [Q,Y] is injective. The failure probability of this last condition, before
conditioning, is at most 22(d+h)—N per component.
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Given P, Q, the channels X,Y are independent uniform-column draws on ker Q' and ker PT,
respectively, conditioned on [P, X] and [Q, Y] being injective. The two rank-failure probabilities
are exponentially small in N. Each channel frame alone is uniform among injective maps
F}ZL — FY. For any fized q independent vectors in its paired ambient space, the probability
that transpose evaluation on their span is not injective is at most

2d=h+1, (4.2)

The unconditional joint channel law is bounded above by a constant, depending on g, h but
not on n, times the completely independent uniform-column law.

(b) At independently sampled raw vertices and components, images of prescribed primal coefficient
tuples that are independent separately at each vertexr and sign are uniform subject to their
individual injectivities and their prescribed same-vertex Gram matrices. For tuples using
channels as well, the same assertion holds conditionally on the full self-channel Gram matrices
XIY.; the relevant full Gram matriz is (g Xer )

(c) Let a fized tuple of nominal directions use arbitrary combinations of the two endpoints’
primal and channel coefficients. Compute its rank separately in each component and sign
in the direct sum over both endpoints, and let the total be t. For every preassigned € > 0,
choosing My sufficiently large gives, under u?,

P{all those images equal prescribed vectorsy < 2~ (1= (t>1). (4.3)
This is valid for all possible ranks t, including t = O(n), not only for bounded tuples.

Proof. The raw law is invariant under L on each V,* and L~T on V,~, independently at vertices
and components. For (a), the action is transitive on injective plus frames, so their marginal is
uniform. Given a plus frame, each column of ) has specified evaluations against P, X, while
each column of Y has zero evaluations against P. There is no other constraint until full minus
injectivity is imposed. The remaining allowed set is therefore the product of those affine column
spaces restricted to full rank.

Each column space contains the common translation space ann(im[P, X]), of dimension N —d—h.
For a nonzero coefficient vector ¢ € ]Fg”h, the corresponding linear combination of minus columns
is consequently uniform on an affine space containing that translation space. Its chance of being
zero is at most 2~ (V=4=")_ Union over the fewer than 2%t nonzero coefficient vectors gives the
asserted bound 22(d+h)—N,

Alternatively, condition first on P,Q. The allowed X-columns lie in ker Q', the allowed
Y-columns in ker PT, and their two full-rank restrictions are separate. This proves the stated
conditional independence. For example, before imposing injectivity of [P, X], any dependence with
a nonzero X-coefficient has probability at most 2~ (N=d). ynion over its at most 241" coefficient
choices gives a bound 224"~V The estimate for Y is identical.

The marginal of X alone is invariant under GL(F év ) and supported on injective maps; transitivity
gives its uniformity, and likewise for Y. Before conditioning independent channel columns to be
injective, their evaluations on a fixed independent g-tuple form a uniform h-by-¢ matrix. For each
nonzero coefficient vector in F3, the chance that its evaluation is zero is 2. Union over those
coefficient vectors gives at most 297", and channel injectivity has probability at least 1/2 for large
N. This proves Equation (4.2). To compare their joint marginal with completely independent
columns, condition on G = X'Y. The conditional marginal is uniform on the orbit of two
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individually injective h-frames having Gram matrix G. Under independent uniform columns that
orbit has probability at least 2-h*=2 for large N, by Lemma 4.2. Since the raw probability of
any G is at most one, the density ratio on every such orbit is at most oh*+2, Multiply over the
fixed number of components to obtain the joint channel bound. Its possible dependence on h is
harmless: h is fixed before n grows.

For (b), the restricted Gram of primal tuples is fixed by F. By Lemma 4.1, all based realizations
with that Gram and individual injectivity lie in one orbit. Projection of an invariant uniform raw
law is uniform on this orbit: an element carrying one partial realization to another bijects their
full-frame completions. There is at least one completion because these tuples are restrictions of a
raw frame. After fixing X]JY,, the same argument applies to arbitrary full-frame coefficient tuples.
Independence over raw draws and components proves (b).

For (c), we prove the image cap, keeping explicit the dependence on the rank. Replace each
tested tuple by a basis of its nominal span; inconsistent dependent prescriptions have probability
zero. For the plus directions at the two endpoints, start with completely independent uniform
plus columns and then impose individual full-frame injectivity. The image of a rank-t; tuple
in the joint nominal direct sum is exactly uniform on ¢, independent ambient vectors before
this conditioning. Indeed, at each ambient coordinate the coefficient map is a surjective linear
map onto IF;*, and different ambient coordinates use independent input bits. Full injectivity has
probability 1 — 27%®) uniformly over the given construction, so the plus prescription costs at
most (1 — 272(N))~1g—te N,

Now condition on all plus frames. At a component let S be the span of both endpoints’ plus
columns; then dimS < 2(d + h). Before minus injectivity, every minus column has an affine
distribution whose translation space contains S+. Split off an independent uniform S-*-part of
each column and condition on the remaining parts. For a rank-t_ tuple of minus coefficient
combinations, the St-parts of its images are independent uniform vectors in S+, because the
coefficient map has rank ¢_. Thus prescribed minus images have probability at most

9—(N=2(d+h)t—
The additional conditioning on the two minus frames being injective changes this by a factor

1 +2792() by (a). Perform this argument componentwise. There is a fixed total conditioning
factor bounded, for example, by 41€1) and the resulting bound is

4IE| 9=t N=(N=2(d+h))t—

Choose M so that 2(d+ h)/N < €/2 for large n, and then increase n so that the fixed prefactor is
at most 2°V/2. Since t = t, +t_ > 1, this proves Equation (4.3) uniformly for every allowable
t. In particular, mixing the two endpoints in a direction causes no loss of an entire N-bit image
constraint. ]
4.2 Sparse profiles arising from true intersections

For a matrix profile, its total component rank means ) ¢ rank z..

Lemma 4.4. Let o satisfy the joint cap in Equation (3.1). Outside a set of o-probability 2N,

> dim(im Py . Nim Py ) < 2D.
ecf
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For any unit outside that exceptional set and any Uy Ay = UaAa, both \; have total component rank
at most 2D. Each has a unique representation (w;;); vanishing at a strict majority of tags, and

Hl:wip # 0} <4D/g,  x«(w1) = xx(wa).

Proof. If the summed intersection dimension exceeds 2D, choose 2D independent common-image
vectors, componentwise. Write each as Pj ca = P ¢b. Their nominal relation directions (a,b) are
independent in the direct sum of the two primal coeflicient spaces at that component. Indeed
a dependence between the pairs would, after applying P; ., be the corresponding dependence
between the selected common-image vectors. Across components their ranks add.

There are at most 2°(™ ways to choose this bounded number of coefficient pairs and their
component indices. For each choice, Equation (4.3) bounds the probability of their zero images
by 2~ (1=92DN ypder p2. After paying 2PV for ¢, and making the coefficient count a sufficiently
small fraction of N by the choice of My, the union bound is 27 %H),

Suppose Ui A1 = UsAy = &. The column space of &, lies in both primal plus spans. Since
multiplication by the two injective frame maps preserves matrix rank,

rank()\; o) = rank(&) < dim(im Py Nim Py ).

This proves the total-rank assertion.

Take any representation (wy); of one of the profiles. A component w; + wy is nonzero whenever
wy # wy, so there are at most 2D unequal unordered pairs. If no value occurred at a strict majority
of tags, write ¢, for its multiplicities. Then

1 1 2
#{unequal pairs} = 5 <92 — Zy:g%) > > <g2 — gzvzcv> = gz > 2D,

a contradiction. Let the majority have size g — z. There are at least z(g — z) > z¢/2 unequal
pairs, hence z < 4D /g. Its common value belongs to W, by Lemma 2.3, so subtract it from every
coordinate. The resulting representation vanishes at a strict majority. It is unique: two such
representations differ by a constant, and their two majority zero sets intersect.

Finally, equality of the component tensors gives equality of their ambient traces. By cyclicity
of trace and Equation (2.12),

Tr(Piedie@:e) = (PQies Mie) = n(Nie).
For e = {l,1'}, it follows that

n(wi) +n(way) = n(wi ) +n(wer).

This value is independent of the tag. The two sparse representations together have at most
8D /g = 32000 < g nonzero coordinates, so some tag has both entries zero. The common value is
therefore zero. Summing over tags proves equality of the two specified y.-values. O

4.3 Peeling into leaves with exact pins

We partition almost all of a capped unit law into leaves by storing unusually likely exact-image
constraints in bounded-dimensional pin spaces. The remaining directions then satisfy a uniform
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image-probability bound. For a unit O = (1,2), introduce nominal coefficient spaces at each
component
EO,e - @(Bz 5> Hj_)? Ro,e = @(Bz @ H7,_)7 Hz:t = Fg
1€0 €0

Their frame-image maps add the endpoint images in the common ambient V.. A pin space is
a specified subspace Dg’ . of this nominal direct sum together with specified exact images of
every vector in a chosen basis. It may mix both endpoints, and it may mix primal and channel
coordinates. Once the basis images are known, every image on the pin space is fixed.

For a tested tuple of directions, its rank modulo the pins is the sum, over components and
signs, of the dimensions of the spans of its classes in the nominal quotients by DJOE’ .- The rank is
nominal; it is not computed after applying the raw frames.

The budgets for this procedure are fixed before the selector, mixer, and channel parameters in
the construction. Their values are

_ _ 1 _ 4(D+1)
s =569 =1 €= oo K1 = {C 1 . (4.4)

The phase and second-pinning budgets are
r=2K;+ 2, Ly = (100(D -+ 10)—|7 do = 4rLy,

D+ Ky + ug + 10)} (4.5)
: .

Here the integer r is a rank budget, distinct from the affine-gradient map r(z). The complete
order of choices is verified in Appendix A.

10
UO:10(K1—|—d0+1), K:’7 (

Lemma 4.5 (Two peelings). Take the constants in Equations (4.4) and (4.5), and choose the
reference accuracy in Equation (4.3) with e < (/4. For every law o satisfying Equation (3.1), the
following decompositions are available.

(a) After discarding the exception in Lemma 4.4 and at most 2=SN further mass, the law is
partitioned into leaves. Fach leaf has fized pin spaces with total dimension at most K1, and
its normalized law oy satisfies

ox{a specified exact-image constraint of rank t modulo the pins} < 9~ (1-OtN (t>1).
(4.6)

(V) w2, with the implied constant deter-

The normalized leaf laws satisfy a common bound 2°
mined by the early parameters.

(b) Suppose a restriction of the mized law has relative mass 27°N) " One may discard an
exponentially small fraction of that restricted law so that every remaining normalized leaf

restriction satisfies

ox{a specified exact-image constraint of rank t modulo the pins} < 9~ (120N (t>1),

(4.7)
and still has density 2°N) relative to p?. For several successive restrictions, the same
statement applies to their combined relative cost.

(¢) In addition, suppose at most ug further coefficient directions per unit must be pinned, their
coefficient choices and all required scalar metadata having at most 20(n) possibilities per
old leaf. After splitting by these choices and their exact images, discarding exponentially
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small mass, and peeling again, the total pin dimension is at most K. The fresh leaves satisfy
Equation (4.6); after further restrictions as in (b), they satisfy Equation (4.7). They retain
a uniform 20N 2 density bound.

In all parts the mized law uses each leaf’s actual mass, normalized only after the indicated discards.
No equal reweighting of leaves is used. After a restriction, oy denotes the normalized surviving law
on that leaf.

The per-leaf density bounds in Lemma 4.5 are joint bounds relative to u?; they do not supply
the original one-vertex marginal caps. Restricting the mized law by mass 27°Y) on the other
hand, gives marginal bounds M2°(N);, and joint bound 2PN ;2 These are the two forms
of control used later: leaf estimates govern averaged key distributions, and mixed-law estimates
govern common tests. Their probability scales are summarized in Appendix A.5.

Proof. We give the finite procedure and its quantitative bounds. Work first with the original,
unnormalized restriction of o obtained by removing the intersection exception. In particular its
density is still at most 2PV relative to u?. Let R be its residual support. As long as its residual
mass exceeds 27V, begin with its normalized restriction and no pins. If Equation (4.6) fails,
condition on a violating image constraint and add its nominal directions to the pins. Given the
existing pins, a consistent tuple constraint can be reduced to a basis of its span modulo the pins.
The other prescriptions are either automatic or inconsistent; an inconsistent event cannot violate
a positive probability bound. Thus every step adds positive rank.

If the cumulative added rank is u, the unnormalized mass of the current part is greater than

9—CN=(1=C)uNV

The cumulative directions are independent after taking a basis, so the absolute density cap and

Equation (4.3) give the upper bound
2DN—(1—E)’U,N.

Comparing the bounds yields
((—€u<D+C. (4.8)

This is strictly below the rank budget K;. The same comparison applies to a whole violating tuple
at once, so a large tuple cannot jump beyond that budget. The rank therefore cannot increase
indefinitely. The process reaches a part with no violating constraint; remove that entire part as a
leaf and restart on the residual. The underlying raw unit space is finite, and every leaf is nonempty,
so the procedure terminates with residual mass at most 27,

A leaf of rank u < K has mass greater than 2~ ¢V~(1-OuN  Dividing the original density cap
by this lower bound shows, for example,

oy < 2(D+K1+1)N,u2.

This proves (a), including uniformity of its density constant.

For (b), write the current normalized mixture as ), wxoyx. Let gx be the relative mass retained
by the combined restriction in leaf A\, and let ¢ = >\ wiqy\ = 2-o(V). Discard leaves for which
gr < 27N, Their mass in the restricted law is at most

gL Y wngy < 2N,
Aigp<2—¢N
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On every other leaf, division by ¢y multiplies probabilities by at most 2¢V. For ¢ > 1,
9N g=(1=OtN < 9—(1-20)tN_

This proves the claimed min-entropy and density bounds. It also explains why the small mass
bound is needed for the mixed law, rather than separately asserted for every old leaf.

For (c), first apply this trimming to any preceding small-cost restrictions. Split each retained
old leaf by the further coefficient choices, scalar metadata, and exact images. There are at most
20(m)guoN parts. Discard every part having relative mass less than 2~ (“0tDN in its old leaf. The

total discarded fraction is at most
90(n)—N _ 5—Q(N)

once My is large enough for the fixed metadata coefficient. The normalized law @ on each retained
part consequently has the absolute density bound

Q<2Ny? D'=D+K,+uo+5. (4.9)

The harmless slack covers the preceding trimming and normalizations. There are initially at most
K1 + up pinned dimensions on this part.

Repeat the first procedure, keeping those old and deliberately added pins fixed. Only new
directions are counted in its rank comparison. To justify this point, let ci, ..., c, be cumulative
new lifts independent modulo the stored pin space. They are linearly independent in the full
nominal space. The refined event is contained in their prescribed image event, whether or not the
old pin event is also imposed. Using the unconditioned reference measure in Equation (4.9),

Q(refined event) < 2D/Nu2{image(cj) has its prescribed value for all j} < 2P N=(1=quN

No reference measure conditioned on the rare old-pin event is used. For each selected current part
the tuple is fixed, so adaptive selection of the next violating tuple does not require an additional
union bound.

The lower mass bound is again 2~¢N=(=OuN_Thys y < 4(D'+1)/¢, a conservative consequence
of the analogue of Equation (4.8). Together with the initial K + ug pins this is less than the
chosen K in Equation (4.5). The same leaf-mass calculation gives a 2°(V) ;2 bound with a common
early-parameter constant. The second procedure discards at most 27V relative mass per part;
summing with the actual part weights gives the same total bound. It restores Equation (4.6)
relative to all old and new pins. Part (b) can then be applied once more to yield Equation (4.7)
after subsequent restrictions.

Throughout these operations, disintegration over the finite parts is exact. Multiplying each
normalized part by its actual mass recovers the retained law. This proves the last assertion as
well. O

4.4 Bilinear sign estimates

Lemma 4.6 (Walsh estimates). Let all weights below have absolute value at most one.

(a) If z,y are independent uniform vectors and B(x,y) is a bilinear form of rank d, then
[Ef(2)g(y)(-1)PED)| < 27972,

Replacing either uniform law by a law of density at most C; multiplies this bound by at most
C1C5.
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(b) If a, B are subprobability measures on TS, with point masses at most py, pa, respectively, then

> a(@)By) f(@)g(y)(—1)"Y| < 292 (p1p2) /2.

'T7y

(¢) For independent uniform global N -bit vector slots in two groups, a cross-pairing character
with coefficient matrix C has bit rank N rank C. In particular, if its cross coefficient pattern
is nonzero, its correlation against two bounded weights, one on each group, is at most 2~ N/2,
Arbitrary phases depending separately on the groups may be included in these weights.

Proof. Let H be the 2%-square matrix with entries H,y = (—1)*Y. For z,2’ € 4,

, 2d =7

(HHT ), = 3 (—1)te)y = 370 20
/

" 0, z#2a.

The second value is zero by pairing y with y 4 e; at any coordinate where = + 2’ is nonzero. Thus
the Euclidean operator norm of H is 2%2.

For (b), set a, = a(z) f(z) and by = 5(y)g(y). Then

laTHo| < 292|lallalfbll2,  lall3 < p1 Y alz) < pr,
x

and similarly for b, proving the result.

For (a), invertible changes of coordinates reduce the form to the dot product on its d active
coordinates. Average each bounded weight over its inactive coordinates. Apply (b) to the uniform
probabilities p; = pa = 27¢. A bounded-density change can be absorbed into the weights after
dividing their bounds by C, Cs.

Finally, the matrix of the full bit form in (c¢) is C ® Iy. Choose bases reducing C' to
diag(lrank ¢, 0); the tensor matrix then has rank N rank C. Apply (a), absorbing any within-group
phases into the corresponding bounded weight. O

5 Low-rank moments and mixing forms

We prepare point moments for use as witnesses in the hole equations. The gradient identities
must hold on the whole cut space. The low-rank decomposition below will be used to reduce the
obstructions to those identities to prescribed scalar tests. A separate bound on sparse label supports
of projected pin directions identifies a bounded set of labels to avoid, so that the witness directions
remain independent of the pins. We then choose the mixing matrices to control evaluations at one
point and at pairs of points with distinct labels.

The pin budget K is fixed before the parameters chosen in this section. Set
R, =2(K + 20), Jx > 10(K + 1)(R« + 20). (5.1)

All inequalities concerning ranks in this section are over Fa. The selector size b will be chosen
below. Put p, = ;*:0 (?) and write dj, = (g 4+ 3)n for the number of ordinary base coordinates.
Thus B =F) @ IF;rdb and v(s,z) = ps ® (1, 2), as in Section 2. The constant base coordinate has

index 0.

23



5.1 Boolean moment matrices

The low-rank decomposition below uses the quotient and multiplication operators familiar from flat
extensions of moment matrices; see Laurent and Mourrain [20, Section 2, especially Lemma 2.1].
Here we work over Fo with separate selector and base degree bounds. The quotient pairing is
nondegenerate, and no positivity is used.

Lemma 5.1. The span of (1,2)(1,2)7, z € ng, consists precisely of symmetric (1+dy)-by-(1+dy,)
matrices Z satisfying Z;; = Zo; for every i. For any u distinct selectors, their evaluation vectors
ps are linearly independent if j. > u — 1.

Proof. Every point matrix has the stated identities. Conversely the space specified by these
identities has a basis consisting of the matrix supported at (0,0), the matrices supported at
(0,1), (4,0), (4,4), and the matrices supported at (i,7), (j,7) for 0 < i < j. The first is the point
matrix at zero. The second is the sum of the point matrices at zero and at the ith unit vector.
The third is the sum of the point matrices at zero, at the ¢th and jth unit vectors, and at their
sum. This proves the first assertion.

To isolate a selector s among u distinct selectors, for each other selector choose a coordinate on
which it differs from s, and take the product of the corresponding affine bit functions that equal
one at s and zero at the chosen other selector. This polynomial has degree at most v — 1 and
evaluates to the indicator of s on the specified set. Applying these interpolating linear functionals
to a relation among the evaluation vectors proves independence. O

Lemma 5.2 (Label support). Every w € W of rank at most R, has a representation

w= Z(ps®I)ZS(pS®I)Ta ’L‘ SR*? (52)
seL

where each Zs is symmetric, (Zs)i = (Zs)oi, and Y o rank Z, < R,.

Proof. We first construct the label summands at a selector degree where the pairing rank has
stabilized. We then show that any discrepancy at a higher degree would contradict the rank
bounds.

Choose a linear combination of point matrices representing w. It defines a linear functional A
on the Boolean functions of selector degree at most 27, and base degree at most two. The matrix
w is the matrix of the pairing B(f,g) = A(fg) on functions that are base-linear and have selector
degree at most j.. Products and degrees here are in the Boolean algebra, so each variable satisfies
2 =1z

Let V; denote the subspace with selector degree at most j, and let 7; be the rank of By, xv;.
The sequence r; is nondecreasing and bounded by R,. Because j, > 6R, + 4, there is j > 4R, + 2
such that

Tj =T = T (5.3)

Indeed, if no such three successive values occurred between levels 4R, +2 and j., every two successive
increments in that interval would contain a strict increase, giving more than R, increases.

Let @ be the quotient of Vj;o by the radical of its restricted pairing. The induced pairing on
@ is nondegenerate. Equality of the first and last ranks in (5.3) means that the image of Vj is
all of @, and that a vector of V; pairing to zero with V; pairs to zero with V2. For a selector
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coordinate s,, define M,[f] = [sqf] using f € V;. This is well defined: if [f] = 0, then for every
gevj
B(saf,9) = B(f,549) =0,

and Vj spans (). The same identity proves that M, is self-adjoint. Replacing s;f by a representative
in V; and transferring s, to the other argument gives

B(MaMb[f]a [g]) = A(Sasbfg)'

All representatives needed in this comparison lie in V9. Thus MM, = MM, and, since sg = Sq,
M2 = M,.
Commuting idempotents over Fo have a simultaneous eigenspace splitting

Q:@Qsa Ma‘QS = Sq1.

seL

For completeness, a single idempotent splits its space into kernel and image; all the other commuting
maps preserve both summands, so iteration proves the assertion. Distinct joint eigenspaces are
orthogonal, by self-adjointness of a coordinate on which their labels differ. Each nonzero summand
has positive dimension, so |L| < dim @ < R,. Define Zs by pairing the projections onto Qs of the
affine base coordinates. Then Z; is symmetric and rank Z; < dim Q.

Repeated application of the M, gives the class of a base coordinate times any selector monomial
of degree at most j. It follows that (5.2) reproduces all moments of selector degree at most 2j5. To
verify the diagonal identity separately on a label, use an interpolating selector polynomial ez of
degree at most |L| — 1. Its operator on @ is the projection onto Q5. The Boolean identities give

B(zes, zies) = A(zi€?) = Bles, zies),
which is (Zs)i; = (Z5)oi- The interpolation degrees are within j. We have therefore obtained the
required label blocks and all moments through selector degree 2j.

It remains to recover the higher-degree moments. Extend the right side of (5.2) to the full
row and column indexing. Its rank is at most ) ,dim Q)5 < R.. By Lemma 5.1 it belongs to W.
If its difference from w were nonzero, choose a nonzero difference moment of minimal selector
degree d’ > 2j. Write its selector monomial as the product on a set U of size d’, and keep the two
affine base coordinates in that moment fixed. Index rows by the subsets A C U of size |d'/2] and
columns by the complementary monomials U \ A" with the same indexing. The union AU (U \ 4”)
is U exactly when A = A’; otherwise its degree is smaller than d’. The difference on this square
submatrix is therefore the identity. Both its row and column degrees are at most j,, whereas its
rank is (L dﬁi/,Q J) > 2R,. This contradicts the rank bound 2R, for the difference and completes the
proof. O

5.2 Labels protected from the pins

The decomposition separates the label blocks of a low-rank profile. Projected pin directions are
arbitrary vectors of B, so we need a separate bound on the labels in their sparse expansions. For
an endpoint i of a leaf, let Sfe C B be the projection of DjoE . onto its individual primal coordinate
block. These are projections, not intersections; a Stored7pin may mix endpoints and channel
coordinates. The label support of a sparse expansion ) . ps ® 25 is the set of labels with zg # 0.
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Lemma 5.3. Put L%)ab = R, + 14. At an endpoint, the union of the nonzero label supports of all
vectors in all S’i that can be written as Y ,cp ps ® 25 with |L| < LEY has size at most

By = 2|€|K (R, + 14). (5.4)

Proof. For one projected space, choose a basis from its members admitting such sparse represen-
tations, for the span of all these members. There are at most K chosen members. Comparing
any further sparse member with its expression in this basis uses at most (K + 1)(R. + 14) labels.
Their evaluation vectors are independent by Lemma 5.1 and (5.1). Consequently every label
of the further member occurs in one of the chosen basis representations. There are at most
K (R, + 14) such labels per projected space. Summing over signs and components proves the
stated, deliberately generous, bound. ]

We will choose the witness points at this endpoint outside these labels. An expansion on at
most R, + 14 labels of a vector in a projected pin space can then have no nonzero summand at a
chosen label. For later finite exclusions set

B, = 10(By + 100009 + 1)

and choose b so large that '
20720+ > 100g(Bx + 1). (5.5)

The part of the cut space supported entirely in the projected pins will require separate scalar tests.
Define the effective test space at endpoint ¢ by

Ci:{xeX:xeeS;;(@S;e for every e € £}. (5.6)

Fix a basis of this space on each leaf. Since the total stored pin dimension is at most K, the sum
over components of the individual projection dimensions in either sign is at most K. Therefore

dim C; < K?, Zrankxe <K (zeC). (5.7)

A basis therefore reduces equality of linear functionals on C; to boundedly many scalar conditions.
If pins are enlarged, retain the old effective spaces and their chosen basis data as well; they are
subspaces of the new ones.

We now specify the point profiles used to build witnesses.

Definition 5.4 (Atoms and flavors). For a tag [, selector s, and base point z allowed at [, let
(s, z) € X be the cut profile represented by w; = v(s, z)v(s, 2)T and wy = 0 for t # . Thus its
component is v(s, 2)v(s, 2)T at every component incident with [, and zero elsewhere. Its diagonal
bit is ¢ = n(w;) and its role bit is a(a;(s, z)). A generic flavor retains all base coordinates allowed
at [. A shared-only flavor sets all O blocks to zero. A pure flavor sets S to zero and retains a
specified subset of the allowed O blocks, setting the others to zero. Every flavor retains both #
and Z in their entirety. At a fixed label, a parameter test samples all retained bits independently
and uniformly. Its tester summary is the list of all individual quadratic tester values. In addition
to this summary we may record the basis values of T'(a;(s, 2),-)|c; -
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5.3 Choice of the mixers

For one atom, the scalar tests include the values of T'(a;(s, 2),) on a basis of C;. Every nonzero
combination of these tests is evaluation against a nonzero profile of total component rank at most
K. For two atoms with distinct labels, we will also prescribe ordered L, R evaluations. The two
parts of the next lemma give the rank bounds used to control these one-point and two-point tests.

Fix, for example,
A=10(K + 1)10*(92 +5), so = 4[A], J > 100(sp + K? + 1). (5.8)
These constants precede g, h and Mj.

Lemma 5.5 (Uniform mixing forms). For all sufficiently large n one can choose the matrices
Ljf, R;Tf and M, in Section 2 so that:

(i) For every mnonzero x € X of total component rank at most K, every tag, label and flavor,
and every fizing of the non-Z base coordinates, the quadratic function T (x,a(s,z)) of the n
remaining Z bits has polar rank at least 2(J — so). It uses a space of linear forms on Z of
bounded dimension, independent of n. This space can be chosen before the non-Z coordinates
are fized.

(ii) For two distinct labels and any two flavors, every nonzero parity of the indexed L;f,R]e-f
evaluations between the two point inputs, allowing each matriz in either order or both, and
optionally either or both orders of E, has bilinear-part rank at least n/5. Here a nonzero
parity involving an L or R evaluation means that at least one such indexed ordered evaluation
occurs. The same rank bound holds for the three parities consisting of E alone, its reverse

alone, or their sum.

The choices are made before any unit law is selected.

Proof. A symmetric rank-r matrix on a dp-dimensional coordinate space can be written ZHZT,
where Z has r independent columns and H is a nonsingular symmetric r-by-r matrix. To verify
the factorization, take a left inverse L of the chosen column basis Z and put H = LzLT. The
projection ZL fixes x on the left and, by symmetry, on the right; hence ZHZ T = . Its rank forces
H to be nonsingular. Neither H nor the original matrix is required to have nonzero diagonal.
For a fixed component rank tuple of total at most K, counting Z, H gives at most 2¢8K+K*+K
choices. There are at most (K + 1)|5 | such rank tuples. Therefore the number of profiles under
consideration satisfies

#{rc X Y rankz, < K} <247 (5.9)

for all sufficiently large n, since dg = p.(1 + (g° + 3)n).

Choose all L, R matrices independently and uniformly. Fix a nonzero profile and write
Lo = ZeHeZ;r , with r. = rank z.. For a tag-l atom the contribution from a single indexed matrix
uses the forward forms Z] Lv when | € f, and the reverse forms v' LZ ¢ when [ € e, and the
corresponding forms for R. Regard these initially as separate formal variables. Across all indices
their number is at most

mo=4J(g —1)K.

Each forward or reverse pair contributes a bilinear product with nonsingular middle matrix H, or
Hy. These products use disjoint formal variables. Since z # 0, for each j there is at least one such
nonzero product, so the formal quadratic has polar rank at least 2.J.
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We justify the distribution of their linear parts on Z even when forward and reverse restrictions
overlap. For a fixed matrix L, specifying ZeT L and LZ; imposes at most r.ry compatibility bits,
namely their common ZJLZ ¢ block. After restriction to the free Z directions, the resulting
list remains uniform on a linear subspace of codimension at most r.r; in the space of all lists.
Equivalently its law is dominated by 2"¢"f times the completely uniform law. Over all matrices
the domination factor is at most 2275 2; only matrices with both relevant incidences contribute a
compatibility term.

For a uniform m-by-n matrix, the probability of corank at least so+1 is at most 27(so+1)—(so+1)n.
choose sg + 1 independent row relations and require all their n evaluations to vanish. If m < sg+1
the probability is zero. The preceding domination therefore bounds the bad probability for a fixed

profile, tag and label by
22JK2+(80+1)m0 2—(30+1)7’L.

There is no union over non-Z values or flavors in this estimate: they affect affine shifts, not these
linear parts on the always retained Z block. A union over at most 247¢2? choices tends to zero. On
the complementary event the image of the Z inputs in the formal variable space has codimension at
most sg. Restricting a bilinear form to a subspace of codimension sg reduces rank by at most 2sq:
in a basis extending that subspace one deletes sy rows and sy columns, each deletion decreasing
rank by at most one. This proves (i). The formal list itself supplies the claimed bounded space of
linear forms. The term T° has no Z variables and does not affect this argument.

For (ii), distinct labels have independent selector evaluation vectors. Their two Z direction
spaces are therefore disjoint. Restricting a random matrix to these two spaces in the two orders
reads independent off-diagonal blocks. Any nonempty parity involving ordered L, R evaluations is
consequently a uniform n-by-n matrix on these directions, even after all other matrices and E
have been fixed.

For the parities using only F, choose its matrices M, independently and uniformly. On the
two # direction spaces, F restricts to

b
As,s/ = Z(Sa + Sg)Maa

a=1

which is uniform because s # s’. The reverse gives A ,, and their sum is alternating. An |n/2]

square block with disjoint row and column indices is uniform also in this last case. A uniform
dy-by-dy matrix has probability at most 2(d1d2)r=did2 of rank at most r, by representing such a
matrix as a product of a di-by-r and an r-by-ds matrix. Taking r» < n/5 gives probability 2-Q(n?)
in all the preceding cases, including the square block of side |n/2].

There are at most 22° ordered label pairs and 24/ [€17+2 parities to check. These counts are
fixed in n. The Z and # restrictions also show that the tester part of E and the choice of flavor
cannot reduce the ranks just proved. A union bound establishes both properties simultaneously.
Fix one successful choice for each sufficiently large n. O

Remark 5.6. The raw frame law has an exact symmetry under a common GL,(2) change of the
Z input coordinates at one vertex, using that change at every component and in both primal
modes. Indeed E has no Z entries, so the prescribed self-Grams and all frame injectivities are
preserved; the transformation is a bijection of the finite uniform frame space. Tester summaries
are unchanged. This is a symmetry of the raw law, not a claim that 7! is invariant. Under a
change of variables in a parameter test it moves the bounded row-bit space in Lemma 5.5, part (i)
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while preserving the unfiltered empirical mass of any test depending only on the resulting key and
on unchanged tester data.

Choose 1y only after the preceding parameters and the bounded rank requirements in Sections 6
and 8; retain h = 1000rg. Finally choose My large enough for every stated nominal-coefficient and
scalar-record cost to be the required small fraction of N = Myn. None of the finite-test accuracies
used later changes these choices.

6 Recipes and realization of the gradients

We now construct finite certificates for the four cross holes between two units. The witnesses will
be sums of point atoms. Matching their vector keys will give the shared tensors in Equation (2.1);
the main task is to arrange the gradient identities on the whole cut-profile space. We reduce that
task to prescribing O(n) scalar cross Gram entries. Section 7 will estimate the probability that
the actual frames satisfy those prescriptions.

We use the nominal coefficient spaces of Section 4. For a unit O and component e, these are

Lo.=@PBioH), TRoe=@PBeH) HE=F,.
€0 €0

Their images are obtained by summing the corresponding frame columns in the common ambient
space. If i’ is the other endpoint of O, put p; = u;U; € X*.

6.1 Paired witnesses and scalar recipes

For every cross pair i, z, choose between one and seven atoms at ¢ and the same number at z, with
a bijection preserving the tag and the diagonal bit g of each position. At any one endpoint all
labels in its two lists must be distinct and must avoid the exclusions of Lemma 5.3. Write v;, for
the sum of its list toward z. For an atom a;(s,y) at 4, its nominal key direction at each incident
component and sign is the copy of v(s,y) in endpoint i’s primal coefficient block. Its vector key is

(Piev(37 y)a Qiev(sa y))eal’

with a fixed order of its 2(g — 1) entries. Matching keys means equality in this order at every
matched atom position. It gives U;v;, = U,v,;. If the two witnesses also have different a-values,
the sharing and parity equations for a hole hold.

The gradient equations must in particular hold on the bounded effective spaces C;. We record
the cross pairings needed for these restrictions in a small table. Admissibility will let us test
the table by separate filters on the two units; injection will eliminate obstructions supported on
individual pinned primal directions.

Definition 6.1. For a leaf and component, put

Ji. = P(st e HE).
€0

For two leaves belonging to units A, B, a small table specifies the two cross bilinear forms on
jj X Jg,.and J, g o X J 4, for every e. It is admissible for two orientations if it agrees with their
actual cross Grams whenever at least one of the two table arguments is a stored pin direction.
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Let Hfo be the projection of the appropriate pin space onto Hii, and fix a complement
Hf = Hfo @ Hzi1 The complement is called private. We identify the two channel coordinate

copies with IE‘S in their common column order. The table is injecting if, for each component, each
orientation of the roles O,0’, and i € O,z € O’, the following maps are injective:

DJOF7e nB, — FS/HZO, d — table evaluation of d against Y, (6.1)
D .NBi — FS/H;O, d — table evaluation of d against X,.

These quotient conditions use the standard coordinate dot pairing on the channels. For instance,
the first image is zero in the quotient precisely when it pairs to zero with all vectors annihilating
Y,

Contractions on C; computed from the table carry a star. Thus (u.U;)*(z), for z € Cj, is
computed by writing x. in S;“ . ®5;, and taking the dot product of its two table evaluations
against Y., X,. This is linear in z. All coordinates involved have bounded dimension, although
that bound may depend on h.

A scalar recipe consists of the paired lists and requires, in both orientations of the two unit
roles,

Z qg=1, a(viy) + a(vy) = 1,
list toward z
T(Uizv )‘Cz = (CL + (uzUi)*)’Cw
(pi + a)(viz) = (pi + a)(virz).

The odd sum of diagonal bits will give a low-rank representation of each target gradient. The role
equation supplies the hole parity, and the next line specifies the gradient on C;. The last equation
couples the two endpoints of a unit; the next lemma shows that it gives the consistency needed to
prescribe the gradients on all selected atoms.

(6.2)

Lemma 6.2 (Table flags and binary prescriptions). The following statements hold.

(i) For a fized pair of leaves and a numerical small table, admissibility is the intersection of two
unary orientation filters, one on each unit. Its numerical coordinate data, including injection
and the bases of the effective spaces, have bounded description length apart from the nominal
coefficient bases, which require O(n) bits.

(ii) The key directions of the lists at either unit are jointly independent modulo its table-coordinate
spaces, component by component and sign by sign.

(iii) Given (6.2), there is a prescription of the binary L, R evaluations between distinct atoms at
each endpoint, depending only on their tags, tester summaries and p bits, which makes

0, x 1s an atom of the list toward z,

r(viz)(x) = { (6.3)

p(T), x is an atom toward 2/,
where 2’ is the other endpoint of the opposite unit and T is the matched atom there.

Proof. A pin image is fixed on its leaf. A cross entry with a pinned first argument therefore
depends only on the other unit’s orientation, and conversely for a pinned second argument. Entries
with both arguments pinned are numerical tests on the leaf pair. This proves the first assertion
about filters. Use bases of the projected pin spaces to encode tensors of C;: their coordinates lie
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in spaces of dimension at most K2, and there are at most K2 basis tensors. The pin, projection
and channel relationships and the table are bounded-dimensional matrices. The nominal bases
themselves have O(K dim B) = O(n) coefficients.

For the second assertion, project a purported dependence onto an individual primal coordinate
block. It expresses a sum of at most fourteen selected rays as an element of Sice. Any nonzero
such vector would have a sparse representation on selected labels and is forbidden by Lemma 5.3.
Independence of those label factors and the nonzero constant coordinate of each point then makes
all coefficients zero. The channels introduce no relation because the table space is the direct sum
of its individual primal and channel blocks.

For the last assertion, at one endpoint let 17, I5 be its two disjoint nonempty lists. The matrix
of T on its atoms must be symmetric, with diagonal a on each atom. Prescribing the two list sums
of its rows is possible exactly when their self-pairings equal the corresponding diagonal sums and
their mutual pairings agree. To see sufficiency, subtract any symmetric matrix with the required
diagonal. The remaining task prescribes an alternating form on the span of the two independent
list indicators and its pairings with the whole coordinate space. Extend those indicators to a
basis, retain the prescribed entries in their rows and columns, and assign the remaining alternating
entries arbitrarily.

For (6.3), the self-pairing requirements hold because T'(v,v) = a(v). Mutual consistency is
pz(vzi) + D (Uz"i) = a(viz) + a(viz’)-

The coupled equation at the opposite unit gives the left side as a(v,;) + a(v,/;), which equals the
displayed right side by the two role-sum equations in (6.2). Thus the symmetric matrix exists.
Every off-diagonal entry can be implemented by formal L, R bit prescriptions on that pair of
atoms. The value of TV is already determined by their tester summaries. Choose one indexed
product term in 7 linking a component of the first star to a component of the second star; set
its two factors to give the desired correction and set all other product factors to zero. Forward
and reverse evaluations are distinguished. The two labels at this endpoint differ, so these are
the indexed ordered evaluations covered by Lemma 5.5. This argument specifies the bits; their
occurrence in parameter tests will be supplied by Lemma 10.9. It makes no assumption about
independence of arbitrary actual evaluations at fixed points. O

6.2 The deterministic realization theorem

The small table provides starting values for the completion. The permanently prescribed entries
are the actual cross pairings with pin or key directions; other table entries may change while we
arrange the full gradient identities.

Theorem 6.3 (Gradient realization). Suppose two units in fized leaves have lists satisfying (6.2),
the binary prescriptions yielding (6.3), equal matched keys, and an admissible injecting small table.
Freeze their actual cross Gram entries whenever either argument is a pin or a key direction. Then
there are abstract cross bilinear forms on the full nominal spaces, extending all these frozen entries,
whose primal-versus-channel entries satisfy

uUi =7r(viz) on X (i and z in opposite units). (6.4)

Only the primal-versus-channel entries need be prescribed in the final test. Their number is at most
16|€|h dim B = O(n), with its coefficient fized before My. Agreement of the actual cross Grams
with these entries produces all four cross holes, with witnesses (Viz, Vz;).
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Proof. Equal keys imply U;v;, = U,v,;, and the role sums in (6.2) supply the witness parity. It
remains to construct the gradients. We distinguish abstract Gram entries from the random event
that the actual entries agree with them.

The construction has three steps. We first solve a relaxed linear problem, allowing an arbitrary
bilinear correction on the unfrozen quotients. We then bound the rank of that correction, and
finally factor it through the available channel coordinates.

1. Linear solvability with the frozen data. We begin with a baseline of bounded primal
rank. At each component and sign choose a splitting of the table space as J = D& J’, append the
key space, and append an additional primal complement. The independence in Lemma 6.2 makes
these splittings possible. Retain the small table on the product of the two table spaces and the
actual frozen entries in any pin or key row or column. These prescriptions agree on their overlaps
by admissibility. Set the free blocks from an additional primal complement to the opposite J’ to
zero, in both orientations, and set the additional-primal by additional-primal block to zero. This
defines baseline cross bilinear forms.

Fix an opposite endpoint z. Let
F.:Loe—TFy,  GY :Roe.—Fj

be evaluation against its Y,, X, channels. On additional primal inputs, evaluation of an opposite
channel factors through its projection from J onto D; hence the rank there is at most dim D.
The remaining primal inputs are in bounded-dimensional projected pin and key spaces. It follows
that the ranks of both baseline maps on all primal inputs are bounded independently of rg, h, n.
Arbitrary channel-channel entries of the small table do not affect this bound. A uniform bound
for either map on the combined primal inputs of the two endpoints is

Biin = 3K + 28 : (6.5)

the opposite pin projection costs at most K dimensions, the two individual projected primal spaces
cost at most 2K, and the two endpoints have at most twenty-eight key rays.

Let u%U; denote the resulting contractions. They give the table values on C;. On a selected
atom toward z they are zero, since its tensor is the equal-key tensor at z and u,U, = 0. On a
selected atom toward z’ they equal p,/ of its matched atom, since that tensor is the corresponding
tensor at z’. These are precisely the values in (6.3).

We next describe the changes that preserve the frozen entries. Let "45 . be the span of all key
directions on the indicated side of the unit, and put

Foe=Dge+ A5,
Write bars for the quotients
ZO,e = EO,e/(]:(J)r,e + &D; Hi—j_l)7 ﬁO,e = RO,&/(}B,e + &D; Hz_l)
We may change FV, GY by any maps
0F.e:Loe— (H g)",  0G.c:Roe— (Hip)" (6.6)

Here each map is extended to a bilinear change supported on its opposite channel block and
zero on the opposite primal blocks. It vanishes on all frozen entries: the domain quotient kills
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frozen directions on one side, while on the other side a pin’s channel projection lies in H ¢ and is
annihilated by the allowed values. A reciprocal-role change in the same Gram block contributes
nothing on this map’s primal inputs, because it is supported on a channel argument there. On
private-by-private blocks both changes are zero. They may add further channel-channel values,
which are irrelevant to the primal contractions. Thus all choices below may be made independently
for opposite endpoints and for the reciprocal unit roles as far as primal-input values are concerned.

Fix z and solve simultaneously for the two i € O. The change in a contraction has the form
(FO+0F.) - (GY+6G.) — F° . G° = FV . 6G, + 0F. - GY + 6F, - 6G...

The last term is bilinear on the barred quotients. Temporarily allow it to be an arbitrary such
form, independent of the two derivative terms. This gives the linear space of responses formed by

FY.6G, + 6F, - GY

and all bilinear forms on 2076 X ﬁO@ with their contractions summed over components on each
individual cut profile. We claim that the pair of target forms

(r(viz) — uUs),c) (6.7)

belongs to this response space.

We prove this by examining its annihilator. The key point is that every annihilating pair of
profiles is a sum of effective-space profiles and selected atoms, on all of which the target is already
correct. The argument starts with arbitrary profiles in X©.

Let (;);co € X© annihilate all responses. Annihilating the arbitrary pure bilinear forms says
that at each component the sum of the two nominal tensors has zero image in the product of
barred quotients. Project further onto the individual primal spaces modulo Sfe and the individual
key spans. This projection is well defined on the barred spaces, since every pin projects into Sice.
It shows that z; . vanishes after both such quotients. A matrix killed after quotienting its two
factors by spaces of dimensions d4,d_ has rank at most d; + d_: in bases extending those spaces
all entries outside their rows and columns vanish. Consequently

rankz; . < 2K + 28 < R,.

Apply Lemma 5.2 to every component.

For a selected label at 7, compare its label summand with all key directions in that component.
Their combined label set has at most R, 4+ 14 elements, whose direction spaces ps; ® Féﬂlb form a
direct sum. Any vector of Sfe in this sum has zero component at the selected label, by Lemma 5.3.
Thus this summand of z; . projects to zero modulo just its individual key ray if the atom uses this
component, and is zero if there is no such ray. In the former case, writing its affine base vector as
v = (1,y), a symmetric matrix killed in the two quotients by v has the form

Z=cov +vd +dv".

Indeed choose v as the first basis vector: the surviving matrix can be supported only on its first
row and column. The moment identities in the original affine coordinates now give

Ly = cvj, Zoi = cv; + d; + dovy,

so d; = dov; and Z = cov'.
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The cut relation on any triangle of tags separates label by label: the union of the three
supports has at most 3R, labels, within the interpolation bound. At this selected label the nonzero
components lie on its tag star; the triangle relation forces their scalar coefficients to be equal.
Subtract that scalar multiple of the selected atom from ;. Do this for every selected label. Each
subtracted atom annihilates the response space, because both its factor directions are keys. The
remaining profiles still annihilate the response and have only unselected label support. Removing
these separated label blocks does not increase their component ranks or label support sizes.

At one component contract a remaining x; . on the minus side by a primal functional ¢ at i
annihilating S; , and all individual key directions. Extend ¢ by zero on other endpoint and channel
blocks; it is a functional on ﬁo@. Pure annihilation shows that the resulting individual plus vector
d is a sum of a pin, key directions, and private channel directions. In this representation all key
coefficients vanish. To see this, project onto each individual primal block. At the other endpoint
the projected pin would be a sparse sum of selected rays. At endpoint ¢ it is the difference of the
vector d, supported on at most R, unselected labels, and a sum of at most fourteen selected rays.
In both cases the label exclusion forces every coefficient on a selected ray to vanish. The channel
components of the pin lie in the protected spaces Hy, whereas the remaining channel term lies in
their chosen complements Hi. They must both vanish. Therefore

de DJOF76 N B;.

Test the derivative response using 6G . = ¢ ® c for arbitrary c € (HZO)L. It gives FY (d) - c=0.
Hence the table evaluation of d is zero modulo H j o, and injection in (6.1) yields d = 0. The
reciprocal contraction proves the same assertion in the minus mode.

It follows that the remaining component tensors lie in the products of the individual projected
pin plus key spaces. Their support on unselected labels removes the key directions by the same
sparse-label argument. Thus the remaining profiles belong to C;. We have proved that every
annihilator is a sum of effective-space profiles and selected atoms. The target (6.7) vanishes on
the former by (6.2) and on the latter by (6.3) and the baseline values. In a finite-dimensional
vector space the image of a linear map is the annihilator of the kernel of its dual: this follows
by extending a basis of the image to a basis of the target space. It proves the claimed linear
solvability.

2. A correction of controlled rank. The relaxed solution need not yet fit through A channel
coordinates. We first remove an explicit low-rank part of the target; the remaining task will admit
a rank bound independent of ¢, h,n. For one i, the form r(v;,) has a matrix representation on
the components of rank at most

151 + 14J|€] (6.8)

per component. Here is an explicit routing for its tester part. Let (w;) be the representation given
by its atom list. The list condition gives x.(w) = >~ ¢ =1. On an allowed Og4; block at any tag
the coefficient in a + T(v;., -) is

L+ a(viz) + be(viz) = 1+ xa(w) + ns(wi) = ns(wy).

There are at most seven tags ¢ with nonzero ng(w;). Route this tester from each allowed tag [ € I
to d through the component {l/,d}. It contributes nothing at d, where Og4; is disallowed. At a
component this uses at most fourteen ordinary testers, allowing either endpoint as center. For the
shared tester, route a star centered at ¢ with coefficient a;(v;,). Its contribution at the center is
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(9 — Dat(viz) = 0, and at any other tag it gives the desired term in a;(v;,)b;. Consolidating gives
at most one shared tester per component. Each ordered tester matrix has rank rg, proving the
1579 bound.

For T*(v;,, ), each of the two orientations of an indexed term supplies a matrix of rank at most
the component rank of v;,. This profile is a sum of at most seven atoms, so its total component rank
is at most 7(g — 1). The total contribution per component has rank at most 14.J(g — 1) < 14.J|&|.
This proves (6.8).

We project these representing matrices away from the bounded pin and key spaces. Let M; .
be the preceding representing matrices. On each individual primal factor choose a projection A;te
whose kernel is the sum of its projected pin and key spaces. The matrix (Aj e)TMZ-,eAZ-_’ ., extended
by zero outside that individual block, is a permitted pure quotient form. Its sum over 7 has rank

at most twice (6.8). Moreover
Mie— (Af)TM; Ay, = (I — A )T M + (Af)T M (I - A7), (6.9)
rank (M; . — (Af)TM; A7) < rank(I — Af,) + rank(I — A;,) < 2K + 28.

Subtract these pure forms from the linear task. Its residual, including the baseline contraction,
has a per-individual matrix representation of bounded rank independent of rg, h,n, and remains
linearly soluble.

In any unrestricted solution, replace the derivative output maps by bounded-rank maps in the
same allowed value spaces, preserving all their dot products with the opposite baseline values on
primal inputs. Such replacement is possible as follows. The map from the allowed value space
to the dual of the span of those baseline values has bounded rank. Choose a linear section of its
image and compose with that map. This has bounded-dimensional image and preserves every
observed pairing. Postcomposing the original derivative map with this value projection leaves its
primal derivative response unchanged and preserves its domain quotient. The two new derivative
maps have bounded rank. Their extra product dF, - G, is also a bounded-rank pure form, which
we include with opposite sign in the remaining pure task. That task still has an unrestricted pure
solution. Its per-individual target matrices have rank at most

Ryes = 2K + 28 + 4By, = 14K + 140. (6.10)

Here the first term bounds the projection difference, one By, bounds the baseline contraction, two
bound the derivative terms, and one bounds their extra product.

To obtain a bounded-rank pure solution, we compress the base coordinates while preserving
the cut-profile domain and the residual target. At endpoint ¢, expand all projected pin and key
vectors, and all row and column forms in its bounded-rank target representation, along selector
coordinates and base blocks. Their counts depend on earlier construction parameters but not on
ro, h,n. On each ordinary base block let U be the span of the vectors to fix and Ky the common
kernel of the forms to preserve. Choose a complement in Ky to U N Ky, and project along that
complement onto a subspace containing U. The resulting endomorphism fixes U, preserves all the
forms, and has rank at most dim U + codim K. There are at most 2|E|(K + 14) vectors to fix and
at most 2|E|Ryes forms to preserve at one endpoint before selector expansion. Thus an explicit
bound for the rank on an ordinary block is

Dblk = 2p*‘8|(K + 14 + Rres)- (6.11)

Use these endomorphisms blockwise, fix the constant base coordinate, and act trivially on the
selector factor. Use the same resulting map at every component and in both modes at this endpoint.
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It sends each allowed point to an allowed point and therefore preserves all W; and the cut domain.
It fixes the individual projected pin and key vectors. Taking identity on channels consequently
fixes every mixed pin itself and preserves private channel subspaces. The map descends to the
barred spaces and has bounded rank there: only the bounded protected channel dimensions survive
their quotients. On either barred space a uniform bound is

Dauo = 20+ (1 + (¢* + 3) D) + 2K. (6.12)

The first term counts the two compressed primal blocks and the second bounds their surviving
channel projections.

Precompose an unrestricted pure solution on its two arguments with these maps. Its rank
per component becomes bounded. On individual cut profiles its value is unchanged, because the
compressed profile remains in that cut domain and every form in the target representation is
preserved. It is therefore the required bounded-rank pure solution.

3. Realization through the channels. Restore the earlier projected pure forms. Their sum
with the compressed correction has rank at most

3070 + 28J|€| + Dquo (6.13)

per component for the fixed opposite endpoint. In particular the additive constant is independent
of rg, h,n. In the two allowed channel value spaces impose, in addition, orthogonality to the
opposite baseline and bounded derivative values on primal inputs. These are only boundedly many
linear restrictions. Each remaining value space has codimension at most K + 2By, so their dot
pairing has rank at least h — 2K — 4Bj;,: restricting a nondegenerate pairing by codimensions
c1, co loses at most ¢ + ¢o in rank. With A = 10007, the sufficient requirement is

97OT0 > 28J’5‘ + uno + 2K + 4Blin' (614)

Every quantity on its right is fixed before rg, so this is one of the permitted requirements on that
choice.

Factor a rank-r desired pure bilinear form as ), _; ¢, ® m,. Choose vectors f,, g, in these
remaining channel spaces with f, - g, equal to the Kronecker delta; they exist by the pairing rank.
The changes ), ¢qf, and >, mag, realize that form as their dot product. Their cross terms with
the baseline and the previous small derivative changes vanish on primal inputs by the additional
orthogonality conditions. They obey (6.6) and hence preserve every frozen entry. This realizes the
target exactly for both endpoints i € O.

Repeat for both opposite endpoints and both unit roles. The independence of primal-input
changes already proved ensures that the resulting two cross Gram blocks realize all equations (6.4)
simultaneously. Only primal-channel entries have been used. In each of the two blocks there are
at most 8h dim B such entries per component, proving the asserted count. Actual agreement with
them gives all gradient equations; equal keys and the role sums give the other witness conditions.
All four cross pairs are therefore holes. O

7 From overlapping key distributions to four holes

The deterministic construction becomes useful when its keys collide. The principal cost is equality
of ambient vectors; the remaining primal-channel scalar entries have a smaller cost. We give a
criterion that retains this distinction, including for cells selected using the parameters on the
opposite side.
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7.1 Queries and their reference measure

A numerical template fixes the shape of all lists in a scalar recipe: positions, endpoints, tags, labels,
flavors and desired ¢ bits, with matching tags and ¢ bits across the two sides. It also fixes each
atom’s numerical unary status: its tester summary, role a(atom), basis values of T'(atom, -)|¢;, and
p; bit. It fixes the within-endpoint L, R bit prescriptions of Lemma 6.2. Its labels are distinct at
every endpoint. For a fixed pair of leaves it may specify a small table and two separate orientation
filters, including its admissibility filters. Only choices for which equal accepted keys satisfy the
hypotheses of Theorem 6.3 will be used.

The query at a unit draws fresh independent point parameters at all its positions and evaluates
their keys. Parameters may be uniform on the retained flavor coordinates, or normalized conditional
on the prescribed, possible ¢ bit at each position. This latter conditioning depends only on point
parameters and has a fixed positive probability whenever it is possible. In particular the two
units’ parameter draws remain independent. No normalization is made for the other status, binary,
Gram or orientation acceptance conditions. Every resulting accepted measure is a subprobability
measure.

Let k& be the number of ambient vector slots on one template side, counting components and
signs. There are at most four lists of seven atoms, each with 2(g — 1) slots, so

k< 56(g — 1) = kmax. (7.1)

Let IC,, be the set of global tuples of these k vectors satisfying the prescribed paired diagonal bit
at every position and component, and having every off-position plus/minus inner product within a
component equal to zero. Write v, for the uniform probability measure on KC,,.
The set IC,, has density bounded below by a positive constant in the space of all k independent
uniform vectors, and
K| < 28N, (7.2)

Indeed the number of slots is fixed. With probability tending to one the plus vectors in each
component are independent; given them, each minus vector fulfills a fixed list of independent linear
equations with the prescribed probability 27", where r is the number of equations on it. Their
total number is fixed. This supplies a constant lower bound, including all diagonal and off-position
requirements. Queries are accepted only when their keys belong to K.

For a pair of leaves, let d4,dp be the densities relative to v, of the separate accepted key
measures, integrating over their normalized leaf orientation laws and parameter draws. The
densities include their orientation filters and all query conditions but are not renormalized for
success. Thus [dadvy,, [dpdy, <1.

Proposition 7.1 (Collision criterion). Let o be a unit law in Theorem 3.1, and let & be a restriction
of it of relative mass at least 2=°N) | decomposed into leaves satisfying (4.7). Mix the leaves with
their actual masses in o. Suppose accepted numerical queries as above, with their leaf-pair choices
of table and separate filters, satisfy

Eindependent leaf pai’r/dAdB an > 2_O(N)- (73)

Then two independent units from the original o have all four cross holes with probability at least
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It suffices to obtain (7.3) after skipping some leaf pairs, or after summing over a bounded number
of numerical options. Positive subsequential constants and inverse-polynomial overlap bounds both
suffice. In particular, this conclusion contradicts a sequence violating Theorem 3.1.

Proof. We first work with one shape of vector slots and one option per leaf pair. A bounded
number of shapes or options will be handled at the end.

The numerical records. Fix two leaves, a key ¢ € K,,, and point parameter values a, b on the
two sides. Freeze the images of all pin and key directions. The pin images are known from the
leaves and the key images are the entries of q. At each unit record the pairings of all its nominal
columns with these opposite frozen images. Record any numerical statuses in Equations (6.2)
and (6.3) not already fixed by the query conditions. For fixed parameters these records, together
with acceptance, partition the unit’s orientations into unary cells. A partition is allowed to depend
on the opposite parameters; it does not depend on the opposite orientation once its frozen images
have been specified.

There are at most
L, =2" (7.5)

cells on either side, for a constant C' fixed before My. To verify the count, there are O(dim B+h) =
O(n) columns and only boundedly many pin and key vectors to pair against. Nominal projected-pin
bases use O(n) coefficients. The basis tensors of C; are encoded in their bounded projected pin
bases, rather than as full matrices on B; this uses boundedly many further coordinates. Parameter
values require O(n) bits and the remaining table and status information has bounded size. The
ambient pin and key images are already fixed and are not charged again as new records.

The numerical records determine every frozen cross entry. Together with the fixed algebraic
data, leaves, parameters, and table, they determine a choice of the abstract solution in Theorem 6.3.
One can make this choice deterministic by taking the first solution in fixed coordinate orders on
the finite spaces. Its unknown entries need not be encoded as additional records. Any further
orientation acceptance test is only a predicate; its description is not an additional input to this
solver.

Pruning at a fixed parameter pair. Put
Ty = 27 (FHODN, (7.6)

For the fixed parameter pair (a,b) and key ¢, let a’(c;q) be the mass of a first-side accepted
orientation in record cell ¢, measured in its normalized leaf law. Define 5 (d;¢) similarly. Denote
their sums over records by a,(q), Bp(q); these sums do not depend on the opposite parameter,
since it only refines the record partition. Their sums over all keys are at most one.

Discard for this fixed pair only cells of mass less than 7,. The product mass lost from small
first-side cells at key ¢ is at most

Ly, Bb(Q)'

Sum over keys and average the independent parameter weights. The loss in collision probability
is at most Ly, Ty, since >_, Br(q) <1 for every b. The reciprocal loss is at most the same amount.
Because v, is uniform, the overlap integral is |IC,,| times the probability of an accepted key collision.
Thus the total overlap loss, for any fixed leaf pair and also after averaging leaf pairs, is at most
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for the chosen sufficiently large My and all sufficiently large n.

Every retained cell is its original unary cell and has mass at least 7,,. We have not intersected
the retained sets over different opposite parameter values; such an intersection could reduce a cell
below its threshold. Instead all subsequent estimates are made for this fixed parameter pair and
its unaltered cells, and then averaged. This preserves both their mass bounds and the product of
the two conditional orientation laws.

Image entropy inside a retained cell. By Lemma 6.2, the k£ nominal key directions are
jointly independent modulo the pins, with rank computed separately by component and sign and
jointly across the two endpoints. Suppose a further tuple has rank ¢ > 1 modulo pins and these
key directions. Apply (4.7) to the combined tuple of rank k + ¢, prescribe the known key images
and any images of the further tuple, and divide by the cell mass at least 7,. Its largest conditional
point mass is at most

9~ (1=20)(k+t) N+(k+ 0N _ o[~ (1-20)t+.01+2CkIN < 9—95tN (7.8)

Here k < kpax and ¢ = 1/(1000kmax), so .01 4+ 2¢k < .012. The inequality holds for every ¢ > 1,
including tuples whose rank grows with n. Further restrictions defining the cell cause no additional
loss: the numerator was bounded by an event containing the entire cell and the prescribed images,
and only the original cell mass has been divided out.

Testing the remaining scalar Gram entries. For a retained cell pair the abstract target is
fixed. Let s, be the number of its tested primal-channel entries in the two cross Gram blocks. By
Theorem 6.3 and the final choice of Mj,

sp < 16[|E|hdim B < .01N.

Expand the indicator that all these entries agree with the target as a sum of 2°» binary characters,
with the factor 27%7.

A character has a coefficient tensor in the direct sum of the two cross nominal tensor products,
over all components. Take its image after quotienting every nominal factor by pins and keys.
If this image is zero, its value depends only on frozen cross entries. More explicitly the kernel
of a tensor-product quotient is the sum of tensors with a frozen factor on at least one side; all
their pairings have been recorded. The actual and target Grams agree there, so the disagreement
character is identically one.

Otherwise let ¢ > 1 be the sum of the ranks of the quotient coefficient matrices, over components
and the two cross orientations. A rank factorization expresses its phase, up to a constant and two
separate phases involving frozen images, as

On each unit the corresponding coefficient directions have joint rank ¢ modulo its frozen space.
The two different cross orientations use opposite nominal signs, so their ranks add. By (7.8), each
tuple of actual images has largest point mass at most 27"V under its conditional cell law. The
two laws are independent. Absorb the separated phases into bounded weights. Lemma 4.6, in
dimension tN, bounds the absolute character mean by

2tN/2(2—.95tN2—.95tN)1/2 _ 945N < 9= 45N (7.9)
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There is at least the trivial character with value one, and all other zero-quotient characters
also have value one. Consequently the conditional agreement probability on every retained cell
pair is at least

2—Sn (1 _ 25n2—.45N) > 2—Sn—1 > 2—.02]\7

for all sufficiently large n. No independence of the individual tested Gram bits is asserted or
required.

Averaging and the exponent. The assumed overlap is subexponentially large. The error
in (7.7) is exponentially small, so the retained collision probability, after averaging leaves and
independent parameters, is at least 27°(N) /|1Kr|. Integrating the preceding scalar agreement bound
gives four holes with probability at least

o= (k+.02)N—o(N)

under 2. This implication is valid even if many successful queries certify the same orientation
pair: the fresh query experiment is a probability space, and its successful event is contained in the
event that the underlying orientations have all four holes. The original law dominates its restricted
normalized law by the restriction mass; for two independent draws this costs only another 27°0V).

If there are boundedly many options, sum the corresponding overlap quantities and choose one
whose expectation is at least the sum divided by their number, or partition into these fixed cases.
Shapes of K,, and varying finite numerical formats can likewise be separated into boundedly many
cases. These constant factors are absorbed by the slack from .02 to .03 in (7.4). Finally

kmax + .03 = 56(g — 1) + .03 < 100g,

so (7.4) contradicts a sequence whose four-hole probabilities are less than 271009V, O

8 Phase estimates before key collisions

The scalar recipes in Equation (6.2) couple the two endpoints of each unit. We estimate the cross
contractions that arise when these scalar conditions are tested against profiles in the effective
spaces. These estimates will supply the compatible small tables in Section 9.

Throughout this section different units are independent, while the two endpoints of a unit
may have arbitrary dependence. A marked unit is a unit together with choices \; € Cg’ld, 1=1,2,
where C’fld is its effective space after the first peeling. The marks may depend on the whole unit.
Put

Ao = Ui\ + Us g, uo,8 = Zu, (S C{1,2}). (8.1)
€S
The effective-space rank bound and rank subadditivity give total component rank at most 2K for
Ap. We use the slightly larger budget » = 2K + 2.

One case explains why the four bits

up1(Aa), up2(Aa), uai(Ap), ua2(Ap)

are relevant. Suppose, for this calculation, that p; = T'(\;,+) + a on X, where p; = u;U;, and
that ¢ = a(A\1) + a(A2) is common to the units. Test the recipe using the actual small table. Its
effective-space equation and symmetry of T' give, for an endpoint z of the opposite unit,

(i +a)(viz) = T (N, viz) = a(N) + (wUs) ().
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The coupled recipe equation is therefore

2

0= Z(Pz +a)(viz) = c+u(Ay).
=1

The reciprocal equations require all four displayed bits to equal ¢. More general descriptions of the
p;’s lead to parities of the same four bits; Sections 9 and 13 identify the required parities. Here we
prove estimates for arbitrary marks, without assuming the identities used in this illustrative case.

We use Lo, do, up, K from Equations (4.4) and (4.5); in particular,
Lo = [100(D + 10)], do = 4rLy, ug = 10(K1 +do + 1).

All fixed positive mass restrictions in the phase argument have lower bounds depending only on
D, g, Ky and fixed numerical tolerances. Their marginal densities are consequently at most Ly, for
an L depending only on these early parameters, and their joint densities are at most 2(P+0DN ;2
for sufficiently large n. Fixed multiplicative factors affect only the lower bound on n.

Definition 8.1. A componentwise cover is a collection of subspaces Tt C V;E. It covers a tensor

§= (ge)e if
€TV + VP ®T,  for every e.

Its two mode dimensions are Y, dim7." and >_, dim 7."; its total dimension is their sum.

Theorem 8.2 (Phase alternative). Suppose a marked-unit law is obtained by restricting an
admissible law in Theorem 3.1 to mass at least 1072, and Ao # 0 throughout. For all sufficiently
large n, one can retain a sublaw of fized positive relative mass, bounded below using only the early
parameters, such that one of the following holds for independent draws A, B:

(i) every nontrivial phase mean
E(_l)“B,S(AA)+UA,R(AB)7 (S,R) # (@, @),

has absolute value less than .005;

(ii) a componentwise cover of total dimension at most dy covers every Ao, and every displayed
mean for which |S| =1 or |R| =1 is 279%N),

The cover may depend on the law and on n. The constants in its dimension bound and in the
relative mass bound do not depend on the later selector or channel sizes.

In the first alternative, Fourier inversion gives every prescribed four-bit pattern probability
at least (1 — 15(.005))/16. In the second, only the characters using an even number of bits from
each unit pair remain uncontrolled. The full-sum kernel F'(A, B) = up {1 2}(A4) has rank O(N)
because A4 belongs to the cover tensor space. Lemma 8.5 uses this rank bound to control the
remaining phase conditions. When F(A4, A) = 0, it gives an inverse-polynomial lower bound for
the event that all four bits equal a prescribed c. This smaller probability scale requires a separate
final overlap argument.

The proof first tests for a cover whose mode dimensions may grow linearly with N. If no
such cover carries appreciable mass, the following rank-growth lemma gives cancellation by a
high-moment estimate. If such a cover exists, its offset coordinates permit the singleton estimates.
A second concentration step either reduces that cover to bounded dimension or gives cancellation
for the remaining characters as well.
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Lemma 8.3 (Rank growth without a cover). Let r > 1 be an integer, set m, = 100r + 10 and
qgr =27 and let s be a power of two with s > 2™, Suppose 11, ...,Ts are independent copies
of a random tensor of total component rank at most r. If every fized componentwise cover with
dimension at most rs in each mode has probability less than p, then

S
P < rank ZT] < qps/dy < 45p¥e/?, (8.2)
j=1

Here rank means the sum of component ranks.

Proof. Regard all components as blocks in the direct sums of the two mode spaces. Their column
and row spaces are direct sums of componentwise spaces, so that every cover obtained in this proof
is componentwise. We first make a deterministic observation about any realized list of tensors.

Expose a subset E of the indices and quotient the two modes by the column and row spans of
the exposed tensors. If b = s — |E| indices remain, let C;, R; be their projected original column
and row spaces. Define their span deficits by

b¢ =) dimC;j—dimY»_ C;, dg=)» dimR;—dim ) R;.
i¢E i¢E i¢E 22

The projected sum has rank at least
#{j%ETJ%O}—(Sc—(SR (83)

Indeed, before adding the mode spaces, place the projected tensors on the separate formal
summands C; ® R;. Their block diagonal sum has rank at least the displayed number of nonzero
tensors. Applying the two addition maps can decrease rank by at most their kernel dimensions,
which are d¢, dR.
There is an exposed set leaving b = s/ 27 indices for some 0 < j < m, such that 6c + ép < b/4.
To prove this, order the realized direction spaces by a uniform random permutation. In either
mode, let a; be the expected increase of their span dimension at the ¢-th step. Submodularity and
exchangeability give
r>a >az>--->as>0.
For b; = s/27, set
S
[i = as—p;41, Ujij—bl >

J t=s—b;+1

Each remaining index has expected projected dimension f; immediately after the first s — b;
exposures. Consequently its mode’s expected deficit divided by b; is v;. The average increment on
the first half of this tail is at least fj;1. It follows that

vj < fi = fi+1 + 5041
Summing for 0 < j < m, yields

my—1

> vj <2(fo = fm,) — V0 + Um, < 21
j=0
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The two modes therefore have total expected deficit ratios at most 4r across these m, scales. Some
scale has expected ratio less than 1/4, and some permutation realizes a ratio at most 1/4, as
claimed.

If the original sum has rank less than ¢,s/4, its projection at this exposed set has no larger
rank. By Equation (8.3), at most ¢,s/4 + b/4 < b/2 remaining tensors have nonzero projections.
At least g,s/2 of them thus belong to the cover formed by the exposed column and row spans.
Both cover dimensions are at most rs.

For fixed disjoint index sets E, J, with |J| = [¢,s/2], condition only on the tensors indexed by
E. The cover is then fixed, and the tensors indexed by J are still independent. The probability
that all are covered is at most pl/|. There are at most 2° choices for each index set. Taking their
union proves Equation (8.2). O

Proof of Theorem 8.2. Write
ce = 107121 4 7)74, qo = 27 100r=10, 0=10"1%, I' =D+ 2r+10,

and let s be the largest power of two not exceeding c¢s/N. For large n, it satisfies the size requirement
of Lemma 8.3 and s > ¢;N/2. Choose py > 0, using only these early parameters, so small that

q0 2r
D logy(1/p0) 2 2+ logy(1/6) + = (8.4)
S
When the channel size is chosen, require also
h 2T
20 > Yogy(1/6) + . (8.5)
4 Cs

Further lower bounds for h arising below will again involve only early parameters.

No large cover. Suppose no fixed cover of dimension at most rs in each mode has mass at
least pg. Fix a candidate value £ of Ap, a nonempty S, and a set R. Define the unit-side sign
P(A) = (=1)*48E), Against completely iid channel columns at the endpoints selected by S,
expansion of the even s-th moment gives

Eiid channels

E q(4) (1) sG]

S EAl A 2—hrank(AA1+...+AAs)' (86)

For one channel pair the expectation of its bilinear character on a tensor & is 2~ "2%¢ Independence
over channels and components proves this assertion; selecting both endpoints only squares the
factor. The signs 1(A;) have absolute value one and can be removed for an upper bound. By
Lemma 8.3, the last expression is at most

225])805/2 + 27hq05/4.

The channel marginal comparison in Lemma 4.3 multiplies this bound by a constant depending on
h and the number of components, but independent of n. Markov’s inequality and Equations (8.4)
and (8.5) bound the probability that the inner mean has magnitude at least 6 by C;,27 TV,
There are at most C,.22"V tensors of total component rank at most 7: choose their component
ranks, then factor each matrix through that rank. The component-rank choices and the overcounting
factors are bounded independently of n. Take a union over these candidate values and the
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bounded choices of S, R, and then pay the joint-law density 2(P+0DN  The exceptional B-mass is

exponentially small. On all other B’s the conditional A-mean is at most 0, even after inserting the
actual value Ap. Every required phase mean is therefore at most 6 +2-®) < 005. Interchanging
A, B deals with S = @. This proves the first alternative without a further restriction.

A large cover and its offsets. Otherwise retain mass at least pg in a fixed cover (7,7, T, ) of dimension
at most rs in each mode. Each individual primal frame span avoids these fixed subspaces except

on exponentially small mass. Indeed its dimension is dim 3, its location is uniform under p, and
Pu{lm P.N Te"' 7& 0} < 2dim8+dimTe+_N+1;

the same estimate holds for the minus mode. Here rs < resN and dim B/N is sufficiently small.
The fixed marginal density bound permits deletion of these exceptions. Normalize the retained
law, still denoted p. Its marginal bound p; < Lu has L bounded in terms of the early parameters
and pg.

Project both modes of each component modulo 7. Because A is covered, the two endpoint
tensors have the same quotient. The projections are injective on the individual primal spans, so
they preserve each tensor rank. Choose a shortest outer-product factorization of the common
quotient tensor and lift each factor to the two endpoint primal spans. Componentwise, the
difference has the form

A= (paby + Gaty + aaby), aa €TY, bo €T . (8.7)

The first endpoint is the reference here; its factors are pq, ¢o, and those at the second endpoint
are po + o, ¢o + bo. The factor lists at either endpoint are independent in their respective modes.

Choose bases for the spans of the offsets a,, by in each component. Their combined ordered
list is denoted wp, and its size is tp, with

1 <tp <2r. (8.8)

The lower bound follows from A # 0. Collect the companions of these offset basis vectors in a tuple
Zo: minus companions pair with plus offsets and vice versa. The companions are independent
within each component and mode. For example, writing b, = > ckaw;, gives a full-row-rank
matrix (cgq), so the vectors Y, ckaPa are independent. Using the second endpoint as reference
changes each companion by a known combination of offsets, and preserves independence.

An offset record consists of these basis vectors, their component and sign assignments, and the
bounded coefficient arrays in Equation (8.7). Its logarithmic count is at most

2r%s + O, 4(1) < .002N

for sufficiently large n. Choosing a nominal representation of a companion tuple in one endpoint’s
primal frame costs 200" dimB) — 90(n) poggibilities. This last cost has an arbitrarily small ratio
exponent after choosing Mj. Fix deterministic conventions for all these records and factorizations;
their choices can be arbitrary functions of the marked unit.

For a linear tensor functional u, let ®,(w) be the tuple obtained by contracting u with the
offset basis vectors. In particular, on a plus offset a its corresponding plus output is X (YTa); on a
minus offset b the minus output is Y (X Tb). At fixed two offset records the phase in the theorem
is, up to a sum of two unary phases,

Za- (I)UB,S (wa) + Z5 - <I>UA,R(WB)' (8.9)
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The unary phases are evaluations of the last term of Equation (8.7); fixed offset records make
them separate functions of A and B.

Singleton phase estimates. All record laws in the following calculation are unnormalized subproba-
bilities of p. For any record, the companion tuple alone has point masses at most

Pmax(Zo) < 27 toNTOIN, (8.10)

To obtain this, enumerate its nominal primal representations, apply the individual frame-image
estimate and the marginal bound Ly, and choose My large enough to absorb the coefficient count
and lost primal codimensions.

Suppose S = {j}, and use endpoint j as the reference for the B-companions. For fixed wy,
discard pairs on which the coefficient lists YjTa or Xij, for its independent offsets, fail full rank in
any component. An individual channel frame is uniformly located by invariance. Comparing it to
iid columns, the transpose-rank failure on d independent ambient vectors is at most 2¢="+1 for
large n. Consequently the discarded pair mass is at most

LO(r)2¥~h <1074,

on making h sufficiently large using early parameters only.
On the remaining pairs, the tuple (Zp, @5 ;(wa)) has point masses at most

27(tB+tA)N+.02N. (811)

Here is a direct conditional count. Enumerate a nominal representation of Zpg, first test its values,
and condition on the primal frames at endpoint j. The two channel maps are independent uniform-
column draws in the appropriate annihilators, apart from a bounded injectivity conditioning.
Freeze the values of Y Ta and X Tb. Their number of possibilities is bounded in n, and their lists
have full rank on the retained event. Ignore the equations that originally defined these coefficient
values. Prescribing their images under X and Y then costs at least (N — dim B)t4 bits, up to
a bounded factor. Together with the primal companion test this gives Equation (8.11). The
ignored equations only enlarge the event, so no independence between a coeflicient list and the
map defining it has been assumed.

Apply Lemma 4.6 to Equation (8.9), on (t4 + t5)N bits, with the two tuples ordered as

(ZA7(I)UA,R(WB))7 ((I)“B,j (WA)vZB)'

On the A-side the point-mass bound for the entire tuple is no larger than Equation (8.10); on the
B-side use Equation (8.11). Separate unary phases have absolute value one. The contribution for
two fixed records is at most

12

o(ta+tp)N/2 (2—tAN+.01N2—(tA+tB)N+.O2N) 9(~ta/2+.015)N

2.004N

There are at most record pairs. By Equation (8.8), their total is at most 2748V, Thus
every singleton phase mean is bounded by 10™* + 2748V The same proof applies when |R| = 1.

A tiny cover or mizing of the full endpoint sum. Put § = .0005. If a cover of total dimension at
most dy contains the whole offset list with probability at least d/4, restrict to those units. Delete
units whose channel transpose at either endpoint is not injective on the fixed bases of that cover.
The deletion has arbitrarily small fixed relative mass when h is large; the required lower bound for
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h uses only L,d,dy. On the remaining law every offset list passes the singleton rank test, so the
preceding calculation has no pair discard and gives 2~(V) for all singleton means. Every A is
covered by this fixed tiny cover. This is the second alternative.

Assume instead that no such cover captures mass §/4. Fix an A-offset list v = wy4, and use
endpoint 1 as reference throughout the next calculation. Call B frequent for this list if its offset
record m, its companion value z, and its output ¢ = @y, {172}(0) have joint point probability
greater than 2=(t8+5)N  For fixed m, z, define the deterministic list

]:v(ma Z) = {¢ : p(mB =m,Zp = z, (I)uB,{l,Q} (U) = ¢) > 2_(tB+‘5)N} : (812)

By Equation (8.10), |F,(m, 2)| < 2:51V,

We claim that the frequent-pair mass is at most 0. Otherwise a set of B’s of mass at least d/2
has frequent A-mass at least §/2. Draw L( independent A-probes. At each stage the spans of all
past offsets have total dimension at most 2rLy < dy. The mass of a probe whose whole offset list
lies in those spans is less than 6/4. Thus each stage has conditional probability at least §/4 of
being frequent and having a fresh offset vector. Select one fresh vector by a fixed rule using only
the probe lists. Averaging fixes a probe collection with independent selected witnesses in each
component and mode, and with successful B-mass at least

g = (6/2)(6/4)% > 0. (8.13)
This lower bound is independent of selector and channel sizes. Require
LO(Lg)2ko=h < ¢, /2. (8.14)

The successful B’s can then be trimmed so that the channel transpose at endpoint 1 has full rank
on all these fixed witness vectors, while leaving mass at least ¢, /2.

Now estimate this event under the raw law pu?. Condition on all of endpoint 2 and on the
primal frames at endpoint 1. Enumerate the offset record m, and enumerate a nominal primal
tuple representing Zp at endpoint 1. There are at most 2:002V+0() gyuch choices. For each choice
the ambient value z, all the lists in Equation (8.12), and their endpoint-2 translations are fixed.
The event defined by the adaptive marks is contained in the union of these raw events. This uses
no conditional density assertion about the marked law, and does not enumerate 2¢8Y arbitrary
ambient companion values.

Project each of the Ly lists onto the coordinate of its chosen fresh witness. Their total product
size is at most 29110V Freeze the bounded lists of channel coefficient values on the witnesses. On
their full-rank event, prescribing the corresponding endpoint-1 output tuple costs at least .99Lo N
bits, by the same annihilator count as in Equation (8.11). The upper probability under p, after
paying its joint density, is therefore at most

9(D+.01)N+.002N+0(n)—.48LoN+O(1)

Choose My to make the O(n)/N term small. Because Ly > 100(D + 10), this is exponentially
small, contradicting the mass g/2. The claim follows.

Discard the frequent events in a full-sum phase test. For fixed records, this is a restriction
on B alone once the A-offset record is fixed. The B-tuple point bound is now 2~ (55N the
A-tuple bound is 2~ (4= 0N Walsh on (t4 + t5)N bits gives 2724 before the 294V record
count. Thus every phase with S = {1,2} has magnitude at most § + 2—92N)  Interchanging the
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units covers the cases with R = {1,2}. Together with the singleton estimates, all nontrivial means
are less than .005.

All the positive-mass restrictions made above have lower bounds in terms of pg,d and early
tolerances. The inequalities for h were imposed after those quantities were fixed. The h-dependent
bounded factors in the raw counts only affect how large n must be. This completes both alternatives
and the parameter-order assertion. ]

The remaining phase conditions may hold on only inverse-polynomial pair mass. The next
lemma makes injection failure small relative to that mass. It estimates the accepting pair event
under independent draws, without conditioning the two units jointly on acceptance.

Lemma 8.4 (Injection on accepting pairs). Let a prepared marked-unit law have final pins of
total dimension at most K, and mized marginals at most M2°N) . Let A be a pair event for
independent draws, of probability at least N~ for some fixed cy. For each fized draw suppose its
accepting opposite units form a member of a fized family of cardinality at most 26N . Assume C,
is fixed before h. For every fixed € > 0, by choosing h sufficiently large in terms of K,Cs, ¢, g, the
proportion of pairs in A failing the small-table injection conditions is at most &, for all sufficiently
large n. For the unconditional pair event the accepting family has one member.

Proof. 1t suffices to prove the assertion for a fixed component, endpoint pair, and sign, with a
sufficiently small failure tolerance n > 0, and then sum over the at most 16|€| tests. For example,
let V4 be the image of the individual pinned primal space DX,@ N B;, and let Hg C FS be the
protected coefficient subspace at the tested endpoint of B. Both dimensions are at most K.
Injection fails exactly when some nonzero v € V4 has YBT ve Hpg.

Fix an accepting-set member S of A-mass at least 27V, and put £ = |[N/(10(K + 1))].
Under A conditioned on S, a new individual primal frame span meets any previously fixed space
of dimension at most K¢ with probability at most

N90(N)+.01N gdim B+KL—N+1 _ 9—Q(N)

This bound includes every possible nominal pin choice, since it tests the entire individual primal
frame span. If a fixed B has failure probability greater than n on S, successive draws A1, ..., Ay
from S can each witness failure while their entire spaces V4, are mutually independent. At every
step the conditional probability is at least ¢ = n/2, for large n. The probability of the complete
test is therefore at least cf.

Conversely fix any such independent spaces. There are at most 25¢ ways of choosing a nonzero
witness in each. The chosen witnesses are independent. For iid Yz columns, their transpose images
are independent uniform elements of F4. If Hp were fixed, their membership probability would
be at most 2~ (~5)¢_ There are at most (K + 1)25" protected coefficient spaces of dimension at
most K, a constant in n. Conditioning Y5 to have full rank costs a bounded factor. Thus, even
allowing adaptive Hp, the raw probability of failure throughout is at most

Cx h2_(h_2K)€-
The B-marginal density multiplies this by M2°(Y)

imply

. Fubini and the preceding lower test bound

Pp{P s (failure | B) > n} < C M2~ (2K -loga(1/e)lrolN),

Choose, for example,
h > 2K +logy(1/c) + 10(K + 1)(Cs + 2).
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Taking a union over the accepting-set family leaves an exponentially small exceptional B-mass.
Accepting sets of mass less than 279V contribute at most 279V to the pair event. On the
remaining nonexceptional B’s, failures have mass at most 7 times the accepting mass. Thus this
one test fails on at most nP(A) 4+ 2-W), Choose 1 < £/(32|€|), sum all tests in both roles, and
use P(A) > N~%. The exponential errors are negligible relative to this probability, which proves
the result. O

Lemma 8.5 (Consequences of a tiny cover). Suppose the second alternative of Theorem 8.2 holds,
and write
F(A,B) = up 11,2;(A4).

Then the following assertions hold.

(a) The matriz F on the finite support has rank at most dyN. Its alternating part F + FT has
rank at most 2dgN. If P{F(A, B) + F(B, A) = 0} — 0, there is a restriction of mass 2~°N)
on which that alternating part is identically zero.

(b) If F(A, A) = 0 throughout, then for either fized c € Fy,
IP{UB,l(AA) = uB72<AA) = uA71(AB) = UAQ(AB) = c} > 01N74 (8.15)

for a positive fixed c¢1 and all large n.

(¢) In part (b), one can apply the second peeling so that the event in Equation (8.15) is determined
by the two leaves. At most 4K + 2dy < ug additional image directions are needed. The same
Q(N~%) leaf-pair mass survives the exponentially small discards. On admissible small tables,
the contractions on the old X\;’s then equal the actual contractions.

Proof. Write (T(iF e 10, )ece for the fixed cover. The cover sum space has dimension at most
> (dim T(fe + dim7; )N < doN. Since F' pairs a vector A4 in this space with a functional
determined by B, the stated rank bounds follow.

For part (a), let ey be the zero probability of the alternating kernel H = F + FT, and retain
those rows whose zero probability is at most /. Their mass is at least 1 — ,/ey. Under the
normalized retained law, each such row is zero with probability at most /ex/(1 — /en). Choose
a row basis for the restricted kernel, of length at most 2dg/N. The entropy of its list of evaluations
on a random retained unit is bounded using binary entropy

Hy(t) = —tlogyt — (1 —t)logy(1 — 1), 0log, 0 = 0.

It is at most

2doN H, (%) = o(N).

A most likely list therefore has mass 27°(N). On its fiber, every row of the restricted kernel has
the same value on every two columns, because the chosen rows span all rows. Taking one column
to be the row index itself shows that this value is zero: H(A, A) = 0. This proves (a).

For part (b), set Ry =1+ doN. A pairwise incompatible subset of the support, meaning that
no distinct pair has F(A, B) = F(B, A) = 0, gives

I+Feo(l+F) =1
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on that subset. The entrywise-product rank is at most rank(1 + F)? < R%;, by expanding both
factors as sums of rank-one matrices. Thus the subset has at most RJQV members. Take R?\, +1
independent samples from the weighted law. A repeated sample is compatible because F'(A, A) = 0;
otherwise the samples cannot all be pairwise incompatible. A union bound gives

-1
R% +1
P{F(A, B) = F(B, A) = 0} > ( N; > . (8.16)
Apply Fourier inversion to the four bits in Equation (8.15). The four characters with even
support in each endpoint pair contribute exactly one quarter of the probability in Equation (8.16).
Each of the other twelve characters contains a singleton subset and has magnitude 2-(N). The
coefficients of the even characters are one for either common prescribed value ¢. Thus

P(all four bits equal ¢) = EP{F(A, B) = F(B, A) =0} + 027 %W,

which proves Equation (8.15).

Finally record the choices of the old A;’s in their effective bases and pin the primal support
images needed to determine their tensors at both endpoints. A bound of 4K directions suffices.
On each fixed plus cover basis vector p, and at each endpoint, store the bounded coefficient list Y Tp
and pin the channel image X (Y Tp). For a minus cover basis vector g, store X ¢ and pin Y (X Tq).
There are at most 2dy such image directions over the two endpoints. These data determine each A
and both u-functionals on the whole cover sum space, because

u(pg") = (X(YTp)) - q=p  (Y(XTq)).

They therefore determine the four phase bits for any pair of leaves.

The total new rank is at most 4K + 2dg < ug. The scalar channel lists have bounded length
in n; nominal support descriptions cost O(n) bits. Lemma 4.5 permits this refinement and the
subsequent second peeling, with total final rank at most K, losing only exponentially small total
mass. Removing unit mass €y changes independent pair mass by at most 2e 5, which is negligible
in Equation (8.15). The old support directions are now pinned, so every admissible table evaluates
their tensors by actual frozen entries. This proves (c). O

Remark 8.6. For later applications of Lemma 8.4, the four-phase event in Equation (8.15), or a
condition on F(A, B)+ F (B, A), has an accepting family of log-size Cs N, with Cy < 100(r +do+1).
Indeed the opposite unit can be described, for this event, by its rank-at-most-r tensor A and its
two functional restrictions to the cover sum space. The former has at most 2rN + O(1) bits, and
the latter at most 2dypN bits. Enumerating all such descriptions supplies a fixed family containing
every accepting set. The bound is independent of A, of nominal leaf bases, and of the selector
dimensions.

9 Preparation of the two-endpoint statuses

The scalar recipes involve the endpoint functional p; = uyU;, where ¢’ is the other endpoint of
the unit. We distinguish laws on which the values p;(z) have a common description in terms
of the effective-space evaluations, the role bit, and the global key. Such a description will be
called a prediction. For a predicted law, we combine the phase estimates with two properties of
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predictions to obtain the compatible tables stated below. If no prediction exists, the first peeling
already supplies the preparation we need. The scalar recipes are constructed in Section 13 for the
positive-mass alternatives, and directly in Section 14 for the inverse-polynomial alternative.

We work along a sequence of admissible unit laws that would violate Theorem 3.1, and may
pass to subsequences. Perform the first peeling and the deletion in Lemma 4.4. The effective
spaces at this stage are denoted by C'Z»Old. For a tag | and a diagonal bit g, let € ,,, be the uniform
law on the global plus and minus vector slots of the star of [, with paired diagonal ¢ in every
component. Requiring its individual vectors to be nonzero changes it by exponentially small total
variation.

9.1 Common predictions and the preparation statement

Definition 9.1 (Common prediction). A prediction along a subsequence consists of common
binary functions
fim(L,q,7) : Qugn — Fa, i=1,2,

a set of units of mass at least 1075, and, on every unit in this set, choices
NeCM,  aeF  &CF, |8 < B,

such that the following uniform statement holds. There is €, — 0 for which, at both endpoints, at
every label outside &;, at every tag, and in every permitted flavor, a uniform parameter atom x
satisfies

pi(r) =T (N, ) + aia(z) + fin(l, g, key(z)) (9.1)

except with probability at most ¢,,. The functions f;,, are the same for all retained units. The
marks \;, ;, & may depend on the whole unit.

The errors refer to uniform parameters in each flavor, before conditioning on a tester bit.
Conditioning on a possible fixed tester value only multiplies the error by a fixed constant. There
are finitely many labels, tags and flavors, with their numbers fixed independently of n.

If a prediction exists, retain its marked population and pigeonhole the values of the two «;’s, of
c=a(A1)+ a(r2),

and of the indicator A = 0, where A = U1 A1 + Us 9. This loses a factor at most 16, leaving mass
at least 6.25 - 107® > 107!'2. Pass to a subsequence on which every reference error probability
of every binary combination of fi, fo,¢ has a limit, for each tag and bit. Only finitely many
comparisons are needed.

Identify two sequences of common functions when their disagreement probability tends to zero
on every {} ,,, and then quotient by the span of the common diagonal-bit function ¢g. Thus two
predictors have the same class when their difference agrees asymptotically with ~vq, for a single
v € Fy common to all tag and bit spaces. Write [f] for this class and put

di=1+ o, e = (di, [fz]) (9.2)

The e; are prediction classes, with support {i : e; # 0}. They are common to all retained units,
although the marked A;’s can vary. A query’s numerical unary status, by contrast, records the
scalar outcomes specified in Section 7.
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For an admissible small table, contractions on an old \; are computed from the table. They
remain defined after pins are enlarged, since the old effective spaces are retained inside the new
ones. We require the following phase compatibility conditions:

if S°={i:e; #0} # @,
up so(Aa) +uase(Ap) = [5°|d, and all nonzero e; coincide,
d = their first bit;
uB’j(AA) =6 uAvi(AB) =c (Zaj = 17 2)7 if €1 = €2 = 0.

(9.3)

There is no additional phase condition in the other cases. When testing a table, the u’s in this
display mean its contractions, rather than contractions of actual orientations. These equations
remove the possible dual obstructions to the scalar recipes, as proved in Lemma 13.4.

Proposition 9.2 (Status preparation). Along a subsequence, the unit law can be prepared with
final pin dimension at most K and the final per-leaf bounds of Lemma 4.5, at relative mass cost
27°V) | 50 that one of the following descriptions applies.

(i) There is no prediction as in Definition 9.1 on the first-peeled law. The effective spaces are
still the first ones. For independent units, the mass admitting an admissible injecting small
table is greater than .99.

(ii) A prediction with fized o, c and common classes e; is retained. The old marks and exceptions
are preserved, and Equation (9.1) has uniform o(1) error on every retained unit. The mass
admitting an admissible injecting table satisfying Equation (9.3) is bounded below by a positive
constant.

(iii) Both prediction classes are zero, and every retained unit satisfies the exact identities
pi=T(N\,:)+a onall of X, 1=1,2.

There is a set of leaf pairs of mass at least coN~* under the final leaf mizture, for a fived
co > 0, with phase compatibility determined by the two leaves. For each such pair one can
choose a specific injecting compatible table whose two separate orientation admissibility filters
have masses at least ag > 0. The constants co, ag are independent of n.

In every case the mized joint density is at most 2(D+0(1))N,u2, and its individual marginals are
at most M2°WN) . Relative to the stored leaf bases and pin images, all numerical table formats,
unary statuses, old-mark coordinates and exception-set descriptions have bounded length in n. The
extra eract pins are used only in case (iii).

We first prove two facts about predictions. Vanishing prediction classes give exact identities
on X, while A = 0 forces a; = . The latter fact makes the required phase equation attainable
when the tensor difference vanishes. After these proofs, the phase estimates of Section 8 give the
preparation alternatives.

9.2 Exact identities for vanishing prediction classes

Lemma 9.3 (Exactification of vanishing prediction classes). If e; = es = 0, deleting o(1) unit
mass makes
pi=T(Ni,-)+a onall of X, 1=1,2, (9.4)

an exact identity on every retained unit.
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Proof. Vanishing prediction classes give a; = 1 and f; ~ ~;q for a fixed ~; € Fy. At any fixed tag,
label and parameter point, the raw key law is the single-key reference up to an exponentially small
injectivity error, by Lemma 4.3. The individual marginal density bound, which is a fixed constant
at this stage, transfers the reference disagreement of f; and +;q to an average o(1) parameter error
on the marked population. There are only finitely many endpoint, tag and label choices. Markov’s
inequality therefore allows deletion of o(1) unit mass so that this error tends to zero uniformly on
the remaining units and choices. Combining it with Equation (9.1) gives, at every nonexceptional
label,
pi(x) + T (Xi, ) + a(x) +viq(x) = 0

with parameter error tending to zero in the generic flavor.

For fixed label and tag the left side is a Boolean polynomial of base degree at most two. A
nonzero Boolean polynomial of degree at most k has nonzero probability at least 2~* under uniform
bits. For completeness, this follows by induction: choose a coordinate with a nonzero derivative;
the derivative has degree at most k£ — 1, and whenever it is nonzero at least one of the two values
on that coordinate is nonzero. The constant nonzero polynomial is the initial case. Thus the
displayed relation, once its error is below 1/4, is exact for every allowed base value.

For any fixed allowed base value its dependence on the selector has degree at most 2j,. It
vanishes at every selector outside a set of size at most B,. The choice of b gives B, < 2b_2j*, SO
the same polynomial bound forces it to vanish at the excluded labels also.

Use one shared-only base point with g = 1, the same at every tag. The sum of its g star
atoms is zero in the cut space. Summing the exact relation over these atoms gives 0 = ;9 = 7,
because g is odd and the first three terms are linear on X'. Consequently v; = 0. The point atoms
span the cut space by its definition, proving Equation (9.4). O

9.3 The zero-difference case

We next show that A = 0 forces a; = as. The proof compares the common predictors on affine
parameter slices. The predictors need not be polynomial, so we first establish the comparison
for arbitrary common functions of the displayed image columns. It does not apply to arbitrary
orientation-dependent tests.

Lemma 9.4 (Affine-slice comparison). Fiz a selector, a flavor, and a fized number d of affine
parameter variables. Write a random affine coefficient map as

C(t,u) = ps ® (t, zot + Lu), (t,u) € Fy @ FI.

Assume the flavor retains an n-bit Z-block absent from E. Suppose we condition the affine
coefficients on CTEC = G, where G is fized, this event has probability at least a fized B > 0, and
it depends on no Z coefficient. Let T, be any common test of absolute value at most one on the
image column arrays (P.C,Q.C)e, using a fized set of components. Its empirical average over the
conditioned affine coefficients, at a raw orientation, has variance

0(27N/2 + 22d+17n)

around its mean under uniform injective image column arrays with internal Gram G. The constants
may depend on the fized column counts and B, but the estimate is uniform over the tests Tp.
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Proof. The Z-coefficients remain independent uniform bits after the conditioning. The columns of
C are independent except with probability O(2¢~"). For two independent conditioned maps C,C’,
a relation

Cla,u) + C'(d',u") =0

has a = d/, by its constant coordinate. Its Z-part is
a(z0 + 2y) + Lzu + L'yu' = 0.

The matrix [z9 + 2, Lz, L] is a uniform n x (2d + 1) bit matrix. A union over its nonzero
coefficient vectors bounds the failure of combined independence by (22¢+1 — 1)2=". In particular,
the two translation columns do not share a forced nominal constant direction.

For fixed independent nominal columns, the restricted-image transitivity in Lemma 4.3 gives
the uniform injective law with its specified Gram. One batch consequently has the claimed
reference law, independently of the remaining nominal coefficients. For two batches, compared
with two independent copies of this reference law, the actual images have finitely many additional
mutual Gram entries prescribed. Joint injectivity contributes only O(2= +O(d)) to the comparison:
under independent uniform vector slots, a dependence among a fixed number of columns has this
probability, and the fixed Gram conditioning has bounded reciprocal probability.

Expand the mutual Gram indicator in binary characters, collapsing any repeated identical
entries. A nonzero character has a nonzero coefficient matrix on at least one interaction between
the two batches. More explicitly the coefficient blocks pairing first-batch plus vectors with second-
batch minus vectors and first-batch minus vectors with second-batch plus vectors give cross-batch
bit rank N(rank A+rank B) > N. The internal Gram constraints, individual injectivity indicators,
and the two arbitrary tests are separate bounded weights on the two batches; their normalization
factors are fixed. Lemma 4.6 bounds every nontrivial character contribution by O(27"/2). The
same computation without the tests gives the normalization of the mutual Gram conditioning.
There are only a fixed number of characters. Thus the conditional two-batch product expectation
differs from the product of the one-batch expectations by O(Q_N / 2), uniformly over the nominal
mutual Gram values.

Averaging the coefficients, and including the probability of nominal dependence, proves the
asserted second-moment estimate. The one-batch mean differs from the reference mean only by
the already bounded nominal-dependence error. O

Lemma 9.5 (Equal coefficients when the tensor difference vanishes). On a predicted branch with
A = 0 throughout, o = .

Proof. Suppose otherwise. By Lemma 4.4, the two canonical sparse representations w® = (wl(I))l
of the marked \;’s have the same value of x.. Each has at most 4D /g nonzero tag entries. As
a1 # (g, on every unit exactly one endpoint has X*(w(i)) + a; = 1. Fix an endpoint ¢ on a positive
fraction of the units. Pigeonhole the set

and choose a single selector outside the stored exceptions on a positive fraction of this remaining
population. The latter is possible by averaging over selectors, since B, < 2°~!. All these restrictions
have fixed positive mass in n; their endpoint marginal is at most Ly for a fixed L. No restriction
made solely for this contradiction will be used later to choose a channel-size threshold.
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At each tag [, use the pure flavor retaining exactly the allowed Oy blocks with ¢ ¢ Tj, setting
all S bits to zero and retaining the #, Z blocks. For a pure tag atom, a(z) = ¢(x) and every
bi(x) = 0. The coefficient of its tester 1, in T(\i, z) + a;a(x) is

a(\) + b () + i = xe (WD) + g (w?) + a5 = 1

on the retained ¢’s. Hence Equation (9.1) gives

fill,q. key(z)) +q = pi(z) + T (\i, ) (9.5)

with uniform o(1) parameter error.
The right side of Equation (9.5) is a sum of at most

s1= (g — 1)(h+2JK}) (9.6)

products of affine functions of the base variables. Indeed p; contributes at most h products in each
of the g — 1 star components. Factoring the old A;’s, whose total component rank is at most K7,
gives at most 2.J(g — 1) K7 products for T'. The selected pure tester retains at least

—1
L= (9—4D/g)ro > 251 + 1 (9.7)

disjoint ordered bit pairs. To check the last inequality, use D = 4000g and h = 10007y. After
division by (g—1)rg, the left side is (¢g—16000)/2 and the right side is at most 2000+4.J K5 /ro+o(1).
The fixed value g = 10? + 1 and the later choice of sufficiently large 9 make the inequality hold.

We will compare g matrices of cross coefficients, each of rank at most 2s;, whose sum is an
identity matrix of size 2gs; + 1. To construct them, place the common predictor on one array of
synthetic keys. Shared-only parity will determine the sum, while its restrictions to small pure-flavor
slices will give the individual rank bounds.

Put m; = 2¢s; + 1, and introduce synthetic variables £, v € Fy'* and
mi
G =D &vs
j=1

For every component independently, choose uniform injective maps of the affine coefficient columns
(1,&,v) into the plus and minus ambient spaces with full paired Gram

<phlS(1, 3 U)a minus(l, 5/’ Ul)) = Zgj’U;
J

Such maps exist for large n, since the number of columns is fixed. Their point evaluations form
one synthetic array of global component keys; all tag stars use the corresponding entries of this
same array.

We next prove two properties of this array with probability tending to one.

Shared-only parity. In a local shared-only test use the fixed selector and the same point at every
tag. The sum of the tag atoms is zero in X. Summing Equation (9.1) therefore gives

> fill, g, key;) =0
I
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except on o(1) parameter mass, uniformly on the retained units. Both tester bits have probability
at least 1/4: the bias of the sum of ry independent bit-pair products is 277°.

Apply Lemma 9.4 with no affine variables (d = 0), the shared-only flavor, and internal Gram
(¢). The Gram event depends only on the fixed tester coordinates and has probability at least
1/4. The common test is the displayed parity predicate of the global keys in all components. Its
empirical frequency under u concentrates at its global reference probability. The endpoint marginal
bound Ly, and its frequency 1 — o(1) on the retained population, force that reference probability
to tend to one. At every point of the synthetic array the point-key marginal is this reference, up
to the exponentially small nonzero-vector conditioning. There are a fixed finite number of points.
Thus, with probability tending to one,

Z fi(l,gs, key;) = 0 at every synthetic point. (9.8)
1

Affine-product representations on every small slice. Fix sets I,J C {1,...,m1}, each of size
at most 2s; + 1, and set all £ and v coordinates outside I, J, respectively, to zero. There are
d = |I|+|J| < 4s1 +2 remaining variables. At a given tag, map this slice into its selected local pure
flavor by independent uniform affine functions for every retained base bit, including independent
translations. Condition their full oriented Gram to equal the synthetic slice Gram.

This conditioning has a fixed positive probability. At the fixed selector E# vanishes on pairs.
There are at most 2s; + 1 active terms fjvg- in the target Gram, so Equation (9.7) lets us route
them into distinct retained ordered tester pairs, and set all other tester affine coefficients to zero.
If tg scalar tester coordinates are prescribed, this assignment alone has probability 2~ to(d+1) >
independent of n. The Z-affine coefficients remain iid. At every fixed slice point the unconditioned
base input is uniform; after conditioning, its density is bounded by the fixed reciprocal Gram
probability.

Consequently Equation (9.5) holds simultaneously at all points of the slice except on o(1) of
these parametrizations, uniformly on the marked population. Its right side pulls back to a sum of
at most s affine products. Consider only the event

the array of values of the common function f; + ¢, on this specified slice admits such
an affine-product representation.

This is a common test of the image column arrays. It contains neither the mark A; nor any
coefficients of the unit-specific representation. Its empirical success probability is 1 — o(1) on the
retained population. Lemma 9.4 and the marginal bound Ly therefore force its probability under
the synthetic slice law to tend to one. That law is also the marginal of the corresponding slice in
the full synthetic array, by restricted frame transitivity.

There are only finitely many choices of tag and slice, with the number fixed independently
of n. We may therefore require all these events and Equation (9.8) simultaneously. Notice that
we embedded only the small slices locally; no local realization of the entire synthetic tester was
required.

Choose one synthetic array on which all these properties hold, and define

E(’Sa U) = fi(l7Q*7kGYI) + Gx-

For each tag define its Boolean cross-coefficient matrix by

Cl[jv k] = ﬂ(ejaek) +E(€j30) + E(ank) +E(0’0)
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On a coordinate slice where Fj is a sum of s; affine products, this is the matrix of §;v;, coefficients.
One affine product contributes a sum of two rank-one matrices to this cross matrix. Every (2s;+1)-
square minor of C is therefore singular, so rank C; < 2s;. On the other hand Equation (9.8),
together with odd g, gives ) ; F; = ¢« and hence

> Cr=1In,.
l

Rank subadditivity would imply m; < ) ;rank C; < 2gs;, contradicting m; = 2gs; + 1. This
proves aq = qo. O

9.4 Proof of the preparation statement

Proof of Proposition 9.2. If no prediction exists along any subsequence, retain the first-peeling
law. Apply Lemma 8.4 to the unconditional pair event, using the first pins and the final budget K
as an upper bound. The failure tolerance here and in the remaining cases is a fixed numerical
constant chosen before h. With a sufficiently small failure tolerance it gives injection probability
greater than .99. The actual small table is admissible, so this proves (i). Negligible later deletions
cannot create a prediction on a mass bounded above 107 by a fixed positive amount: transfer
its uniformly valid marks and functions to the original law and multiply its mass by the retained
proportion. This is the form of the no-prediction conclusion used subsequently.

Otherwise make the prediction and the finite initial pigeonholing described after Definition 9.1.
If both prediction classes vanish, perform the o(1) deletion in Lemma 9.3 now. Thus all later
refinements start with the exact identity in that case. For the moment test attainability of
Equation (9.3) on the actual table.

Vanishing tensor difference. Suppose first that A = 0. If there is exactly one active class and
its first bit were d = 1, its endpoint would have a; = 0, whereas the inactive endpoint would have
ay = 1. This contradicts Lemma 9.5. With two equal active classes the right side of Equation (9.3)
is 2d = 0. Thus all nonempty-support conditions are automatic. If both classes vanish and ¢ = 1,
the equality Ui A; = UsAa, together with Equation (9.4), gives the two affine-gradient equations
and the required unequal a-values for an internal hole. This is impossible for a unit. Consequently
¢ =0, and the empty-support phase conditions are automatic too. Unconditional injection gives

(ii).

Mixing of the four phase bits. Now suppose A # 0, and apply Theorem 8.2. If its mixing
alternative holds, any specified pattern of the four cross-phase bits has probability at least

1 — 15(.005)

.05
16 ”

by binary Fourier inversion. Choose a pattern satisfying Equation (9.3), if any condition is required.

Unconditional injection fails on an arbitrarily small fixed pair mass by Lemma 8.4. Taking that
mass below .01 leaves a positive mass of actual tables with all required properties, proving (ii).

A tiny cover with nonempty support. It remains to treat the tiny-cover alternative. If there
is no extra phase condition, injection alone suffices. If there is one active class, the only condition
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is one singleton phase equality, which has probability 1/2 + 2~%(N) " Again unconditional injection
leaves positive mass. If both classes are nonzero and equal, the required bit is

F(AvB) + F(B7A> =0, F(A7 B) = UB,{1,2}(AA)‘

Pass to a subsequence on which its probability has a limit. If that limit is positive, use the
accepting family in Remark 8.6 and the relative form of Lemma 8.4; a positive mass remains. If
the limit is zero, part (a) of Lemma 8.5 retains a fiber of mass 27°N) on which the condition
is automatic. Its individual marginals have at most the allowed 2°V) inflation. Unconditional
injection on that fiber gives a positive mass of suitable tables in the normalized law. All these
cases give (ii).

A tiny cover with vanishing classes. Finally suppose both prediction classes vanish. For any
unit,

F(A, A) = u1(Ua)a) 4+ ua(UrA1) = p2(X2) + p1(A1) = 0.

The same-endpoint contractions vanish by w;U; = 0, and Equation (9.4) gives
Pi(Ai) = T(N\iy Ni) + a(N;) = a(N) + a(X) = 0.

Parts (b) and (c) of Lemma 8.5 now give four-phase compatibility on Q(N~%) leaf-pair mass,
determined by those leaves after at most ug additional pins and the second peeling. The exponential
deletions leave the same polynomial order of mass. Apply Lemma 8.4 to this compatibility event,
using the family in Remark 8.6. Its relative failure can be made less than .001.

For clarity, disintegrate this last assertion over the independent leaf pair. A positive fixed
fraction of the compatible leaf-pair mass has conditional injection probability at least 1/2; indeed a
conditional failure larger than 1/2 can account for at most twice the total failure mass. There are at
most a fixed number ) of numerical small tables in any leaf-pair format, since all table-coordinate
dimensions are bounded by constants in n. For each of these good pairs, some actual injecting
table value occurs on conditional pair mass at least 1/(2Q)). This table is compatible: the old
tensor supports are pinned, so all its contractions on the old marks agree with the fixed actual
values.

For that table, admissibility is the intersection of one filter on the first orientation and one on
the second, because pin images are fixed in the leaves. Their conditional product mass is at least
1/(2Q), since it includes the event where the actual table equals the chosen one. Each separate
filter therefore has mass at least ap = 1/(2@Q)). Choosing such a table for each good leaf pair proves
(iii), without pigeonholing over the number of leaves or ambient image values.

In the positive-mass cases the existence statement also has the required finite-data form. Table
entries and pin/projection relations are bounded numerical data. The old marks can be recorded by
their coordinates in the old effective bases, and exception labels have bounded descriptions. For a
fixed leaf pair the admissibility checks are separate unary orientation flags. The phase contractions
are computed from the table and these bounded mark coordinates. Thus the actual-table success
is detected among a finite list of table/metadata alternatives; no pairwise conditioning of the two
unit draws is needed.

Retained masses and leaf bounds. We finish by recording the density and peeling effects.
All global restrictions above have mass at least 27°(N): all except the alternating fiber have fixed
positive mass, apart from deletions tending to zero. Therefore the mixed law has the density caps
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in the statement. If a retained portion of a first leaf has relative mass less than 27¢V, discard
that portion. Summed over the old leaf weights, these losses have exponentially small mass, also
after division by the global retained mass 27°("). On the other leaves the joint exact-image bound
weakens from 1 — ¢ to at most 1 — 2(, as in Lemma 4.5. Use its second-peeling conclusion only in
case (iii), where the new image rank is within ug. This leaves total rank at most K and all stated
conditional leaf bounds. The uniform unitwise errors of Equation (9.1) survive every restriction;
when both classes vanish, the identity is already exact. This proves all assertions. O

Remark 9.6 (No feedback from later accuracies). The injection tolerances used in this section are
fixed numerical constants: they are chosen before h, together with the early phase thresholds.
Injection is established before splitting success among numerical tables. Thus the potentially
much smaller flag lower bound ayp = 1/(2Q), which may depend on h, never becomes an input
to the choice of h. The errors in the affine-slice comparison and in subsequent fixed-test limiting
arguments are handled by increasing n. Their accuracies, slice counts, partition sizes, and flag-mass
thresholds do not require any alteration of the already fixed channel size or of the early pin budgets.

10 Leaf histograms and mixed-law estimates

The collision criterion in Proposition 7.1 asks for overlap between the unnormalized distributions of
accepted query keys. We prepare two different controls on these distributions. On each normalized
leaf, the exponential joint density bound gives uniform integrability and finite L!-nets, even after
orientation and flag filters. On the mixed law, the additional subexponential marginal bounds give
typicality for prescribed common tests and positive fractions for basis statuses on common key
cells. Section 11 will connect these controls to the successful queries used in the overlap argument.

All construction parameters, including My, are fixed throughout this section, and N = Myn.
Constants in estimates may depend on those parameters. A bounded number always means a
number bounded independently of n. In particular, the numbers of tags, labels, coordinates in a
small table, and positions in a query are bounded in this sense.

10.1 Query measures and the distinction between tests and flags

A position specifies an endpoint of a unit, a tag [, a label s, and one of the flavors from Section 5.
Its parameter is a uniform allowed base input. We may condition this input on a possible value
of g, or on a feasible tester summary. The probability of any such fixed conditioning is bounded
below by a positive constant. The Z block remains uniform and independent of the other input
coordinates. The parameters of different positions are independent, even when some positions
have the same label. At a fixed orientation O, the key at position j is denoted by K;(O, z;). A
query consists of a fixed bounded list of positions and their fresh parameters.

For a position of tag [ and diagonal value ¢, let €, ,, be the uniform law on its global vector
slots, subject to the prescribed plus—minus diagonal g at each component of its star. For a query,

write
Q= Q) U, ;-
J
Let w,, instead be uniform on all its vector slots without any Gram conditions. Finally, v, is
uniform on KC,,, the set obtained by imposing all the individual diagonals and all the off-position
Gram zeros required in Section 7. Each of these bounded lists of Gram conditions has probability
bounded below under w,,.
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We will use three different kinds of assertions.

(i) A common key test is a prescribed function of global keys. It may depend on n and on the
law under consideration, but it is not chosen using the particular orientation being queried.

(ii) A common input-and-key test may also use the nominal parameters. The concentration
result below applies to these more general tests. The positivity result for basis statuses
applies only to common key tests.

(iii) A histogram flag is any one of a fixed bounded list of bits depending on an orientation
and its query parameters. The histogram compactness result permits arbitrary filters of
the orientation and these flags. Later successful queries use a narrower class: products
of unary status requirements, the specified Gram and L, R constraints, and an additional
orientation-only filter. The product comparison in Section 11 is stated for that narrower
class.

All filtered measures in this section are subprobability measures. We do not divide them by the
probabilities of their filters.

10.2 Compactness of the leaf histograms

On a normalized leaf, average a query over both its orientation and its fresh parameters. We call
the resulting key distribution, or a filtered subdistribution, a histogram. The following lemma
bounds all histograms obtained from a fixed number of flags, while allowing every orientation filter.
Its proof follows the Gram and many-query estimates below.

Lemma 10.1 (Uniform histogram control). Fiz a query shape, a constant Cr,, and an integer F'.
Consider any collection of normalized leaf laws 7 satisfying

< 20N 2, (10.1)

The following assertions are uniform over those leaves and over the bounded numerical choices of
a query.

(i) If A, is a sequence of slot sets with w,(Ay) — 0, then the probability that the unfiltered query
key belongs to Ay, averaged on any choice of leaves, tends to zero. Equivalently, the averaged
key laws are uniformly absolutely continuous in this asymptotic small-set sense.

(71) On each leaf, choose any F binary flags of the orientation and query parameters. Let Hy ,, be
the family of unnormalized key densities obtained by filtering by any event of the orientation
and the flag values. For every e > 0, this family has an L'(w,) e-net of cardinality bounded
independently of n and of the leaf, for all sufficiently large n. The net itself may depend on
the leaf.

(iii) Both conclusions persist after restricting the query to K, and expressing the subdensities
relative to vy,. In particular these subdensities are uniformly integrable: for every n > 0 there
is R < oo such that, for all sufficiently large n, all their tails above R have integral at most
7.

The flag functions may vary with the leaf and with n. The number of flags is fixed. No bound on
the normalized marginal of an individual leaf is assumed here.
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10.3 Finite Gram comparisons

We use the following comparisons both to prove histogram compactness and to compare empirical
query integrals with the global reference laws.

Lemma 10.2 (Gram normalization). Let a plus slots and b minus slots in one ambient component
be independent uniform vectors, and prescribe their entire a by b Gram matriz. If a +b < N/2,
the probability of that prescription together with injectivity in each mode is

2—ab (1 + O(2—N+a+b)) ,

uniformly in the prescribed matrixz. The same statement holds for a fized collection of independent
endpoint/component groups, with the sum of their Gram-bit counts in place of ab and a fized factor
in the error bound. In particular, for a bounded number of slots all relevant Gram normalizations
and their ratios are bounded above and below by positive constants, uniformly in the nominal inputs.

Proof. The bounds in Lemma 4.2 put the probability, divided by 279, between (1 — 2¢~V)(1 —
20+0=N) and 1. This gives the stated relative error uniformly even when a,b grow subject to
a+ b < N/2. Multiplication over the independent groups gives the remaining assertions. ]

When the number of slots is bounded, dropping an injectivity condition in a normalized Gram
law changes a bounded integral by O(2~ +O(1)). For the growing batches used below we will
instead retain injectivity in the denominator and drop it only from a nonnegative numerator; this
avoids paying an inappropriate additive error before a density bound.

Lemma 10.3 (Comparison of two bounded batches). Consider two bounded batches of prescribed
nominal columns in one raw endpoint, or in two independent raw endpoints. Suppose their union is
nominally independent in every endpoint, component, and mode. Let F' and G be bounded functions
of the separate image batches, respectively. The difference between their joint raw expectation and
the product of their separate raw expectations is

O(||Fllool| Gll2~ ™).

The bound is uniform in the independent nominal columns and all their prescribed same-endpoint
Gram entries. The functions may also depend on the fired nominal inputs determining their own
batch.

Proof. By Lemma 4.3, the image laws are uniform laws on the indicated independent vectors with
their same-endpoint Gram entries prescribed. Relative to the product of the two separate batch
laws, the union law adds only the mutual Gram entries and joint injectivity. The latter may be
omitted at an exponentially small error because the number of columns is bounded.

Expand the indicators of the mutual Gram entries into binary characters. Their values, which
are determined by the nominal inputs, enter this expansion only as signs. In a nontrivial character,
after identical descriptions of an unordered slot pair have been collapsed, the coefficient matrix
between the two batches is nonzero. Its bit rank is at least N. The individual batch Gram densities
can be included in the two separate bounded weights. Lemma 4.6 bounds this character by a
constant times || F||oo||G||so2~ /2. There are only boundedly many characters. Applying the same
expansion with F = G = 1 controls the normalization, while Lemma 10.2 bounds all internal
normalization factors. The zero character gives the product of separate expectations. ]
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Lemma 10.4 (Product tests under the key reference). For a fized query shape and arbitrary global
single-key functions f;n with |fjn] <1,

JTL 6500851 =TT [ 000,04 02 )
J j

The bound is uniform over the functions.

Proof. Start with Q,, and expand the off-position Gram conditions. For any nonzero character,
choose an interacting pair of positions and fix all other positions. The remaining phase has rank
at least IV between the two selected position groups. The prescribed single-position diagonal
densities and the unary functions are separately bounded weights. Lemma 4.6 gives the error
above. The identical expansion with all functions one gives the normalization of the off-position
Gram event. Its zero-character contribution is a fixed positive constant, and all other contributions
are exponentially small. Dividing proves the assertion. O

10.4 A many-query Fourier bound

To use the exponential cap (10.1), we repeat a query a number of times proportional to n. At a
fixed orientation, the empirical cell frequencies approach its conditional cell law. The next bound
will make excess coarse entropy sufficiently unlikely under the raw law to outweigh the leaf’s
density cap. The leaf remains normalized to have mass one; its individual marginals need not
satisfy a small cap.

Lemma 10.5 (Many queries and prescribed cells). Fiz a bounded query shape. There are constants
c1,¢2 > 0, independent of any key-space partition, with the following property. Put ¢ = |cin|
and repeat the query independently £ times at a common orientation. Let Aq,..., Ay be cells of
a partition of the full slot space, with weights w; = w,(A;). Suppose the partition has bounded
size and its nonempty weights have a positive lower bound along the sequence under consideration.
Conditional on any nominal inputs whose queried columns are jointly independent in every endpoint,
component, and mode, the raw image probability that query j lies in A; is at most

0
22 T w; (10.2)
j=1

for all sufficiently large n. How large n must be may depend on the partition and its weight bound.
The constants ci,co do not.

The probability, over the repeated fresh parameters, that the required nominal independence
fails tends to zero exponentially in n, uniformly over the common orientation.

Proof. Let k bound the number of vector slots in one draw, enlarging it by a fixed factor when
convenient. At any endpoint and component, a new point column contains the component p; ® Z
with a fresh uniform n-bit vector Z. Its probability of lying in a previously exposed space of
dimension v is at most 27"": the projection of that space onto its ps ® Z direction space has
dimension at most v. This remains valid with repeated labels, and also after the input is conditioned
on q or a tester summary. A union bound, with £¢ a small fraction of n, proves the independence
assertion.

Fix independent nominal inputs. The raw image law is an iid global slot law conditioned
on all required same-endpoint Gram entries and on injectivity. Divide the Gram entries into
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those within a draw and those between draws, after collapsing duplicate descriptions of the same
unordered slot pairing. Write their numbers as by, and beyoss, respectively. We have by, = O(f).
The normalization in the denominator is at least a fixed constant times 2~%n~beross by Lemma 10.2.
In the nonnegative numerator, drop injectivity and the within-draw conditions, and expand only
the cross-draw conditions. It remains to bound

l
2903 IE sex [ 14,1,
X j=1

where the zero character has contribution []; w;.

Represent a nonzero character by a symmetric binary matrix on the distinguished slot indices,
grouped into £ draw blocks of size at most k. Its diagonal draw blocks are zero. A coeficient records
one unordered interacting slot pair; in particular there is no nontrivial character represented by
the zero matrix. Let ¢ > 1 be the maximum rank of a coefficient rectangle whose row draw-block
set and column draw-block set are disjoint.

We claim that the number of such patterns with this value of ¢ is at most 2CKt £o1 an absolute
constant C'. Choose a nonsingular ¢ by ¢t minor witnessing the rank, with row-block set I and
column-block set J. Each of I,.J has at most ¢ blocks. Specify all entries incident with those
blocks. If u, v lie in two distinct unselected blocks, border the chosen minor by row u and column
v. The enlarged row and column block sets are still disjoint. Its rank cannot exceed t, so its
bottom-right entry is uniquely determined by the other entries and the invertible minor. Entries
in a single unselected diagonal block are already zero. Thus the specified entries determine the
whole pattern. Their number is O(k?/t); the choices of the minor add at most 2tlogy(kf) bits,
which is absorbed in the asserted bound.

For one pattern, fix slots outside the draw blocks I U J. Across I and J the phase has bit rank
at least tIN. Phases internal to each group or involving the fixed slots are separate weights, and
the cell indicators within the two groups are bounded by one. The Walsh estimate gives 27tV/2,
Integrating the other cell indicators gives

Ex 14 <272 ] wy < 272w 2 [T wj, (10.3)
J jEIuJ J

where wpin, = min; w;. This argument treats components and modes as distinguished slots; their
only effect is to constrain which coefficient entries may be nonzero.

The sum of nonzero characters, divided by [[; wj, is therefore at most

Z 20k2£t7tN/2+2t logo (1/Wmin)
t>1

Choose ¢; small enough both for nominal independence and for Ck?c; < My/8. For any fixed
positive weight bound, the displayed sum is at most > ;-4 2-tN/4 for all sufficiently large n. It

can consequently be absorbed in the within-draw factor 20(). This proves (10.2) with a constant
independent of the partition and its positive weight bound. O

10.5 Entropy control and finite nets

For a finite partition P and reference weights w¢, use relative entropy in bits,

bc
D(pllw) = Y pclogy —, 0Olog, 0 = 0.
Cep wo
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Only nonempty reference cells are used.

For the finite entropy chain rule and Pinsker inequality in these units, see Cover and Thomas
[7, Theorem 2.5.3 and Lemma 11.6.1]. We include the short derivation of the inequality and its
constants in bits. For probability vectors p,q, put A = {j : p; > ¢;}. Convexity of tlogt (the
log-sum inequality) collapses their relative entropy to that of the two probabilities p(A4),q(A).
Binary relative entropy in natural units has second derivative 1/[u(1l —u)] > 4 in its first argument
and has value and first derivative zero at u = ¢(A). Since p(A4) — q(A) = ||p — q||1/2, Taylor’s
integral formula gives )
Do) > W > 4y g2 (10.4

2In2 2

Zero probabilities follow by continuity, with infinite relative entropy when appropriate.

Proof of Lemma 10.1. We first obtain a uniform bound for coarse conditional information. Fix a
partition with a bounded number 7 of cells and with every nonempty reference weight bounded
below by a positive constant. At an orientation O, let Ho(C') be its input probability of cell C'.
Repeated queries are independent with this cell law. Uniformly over probability vectors on the fixed
r-simplex, the empirical histogram of £ = |¢;n| samples converges to Hp. Relative entropy against
the fixed positive reference weights is uniformly continuous on that simplex: each cell frequency
has variance at most 1/(4¢), and ulogu is continuous at zero. Consequently, on orientations with
Dy(Hp||lw) > L+ 1, the empirical histogram has entropy greater than L with probability 1 — o(1),
uniformly over those orientations. The nominal independence event of Lemma 10.5 can be imposed
simultaneously at a further o(1) loss, also uniformly over orientations.

There are at most (¢ + 1)" empirical types. The standard method-of-types estimate [7,
Theorems 11.1.1 and 11.1.4] gives, for a type v,

lve < 27£D2(v||w) )

0
T (fve)! g e

Indeed the probability of that same type under cell probabilities v is at most one, which bounds
its multinomial coefficient by [[~ vagvc. Apply (10.2) for each cell sequence of a type, and then
pay (10.1). We obtain

(1 — o(1))m{Ds(Hollw) > L + 1}
< ZCLMOYL—I-(CQ—L)Z-H"logz(f“’l)_ (105)

Choose L > ¢g + CMy/c1 + 2. This bound is exponentially small. The density cap has been
applied only on the event of nominal independence. Its failure was removed in the uniform
per-orientation lower bound, not multiplied by 2¢2% as an additive raw exceptional probability.

Since D2(Ho||lw) < logs(1/wmin), it follows that

limsup Eo~rD2(Hol|lw) < Ch (10.6)
n—oo

for a constant C'i; independent of the fixed partition size and its positive weight bound. The onset
of the bound may depend on both. The constant may depend on C7,, My and the query shape.
Let V denote the flag vector, let Cp(K) denote the cell of P containing the key K, and let
po,v be its cell law conditional on O, V. Average this law with the actual joint distribution of
(O,V); flag values of probability zero may be given any conditional law. The entropy chain rule
gives
ED;(po,v|lw) = EDy(Hollw) + I(Cp(K); V | O) < ED2(Ho||w) + F.
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Indeed, split each logarithm logy(po,v(C)/wec) through Ho(C). The first term averages to
I(Cp(K); V | O); the second averages to EDy(Hp||w) because averaging po,y over the conditional
flag law gives Hp. The information term is at most the entropy of the F-bit flag vector, hence at
most F. Thus (10.6) holds for these conditional histograms with Cgr + F' in place of Cp.

For the small-set assertion, suppose by contradiction that wy(A,) — 0 but the averaged query
probability of A, is bounded below by a > 0 on a sequence of leaves. Fix 0 < § < 1/2 and enlarge
A, to a set of reference weight tending to ¢; the uniform slot atoms tend to zero, so this is possible.
On the resulting two-cell partition, the binary entropy inequality gives

Da((p,1 = p)I|(8,1 — 6)) = plogy(1/6) — 1.

Taking expectations and limits in (10.6) yields alogy(1/0) < Cpy + 1. Sending § to zero is a
contradiction. This proves (i), and the same assertion holds for every filtered submeasure by
domination.

We next prove the net assertion. For a partition P, write IIpd for its conditional-average
density relative to wy. If some filtered density d satisfies ||d — IIpd||; > €, split every cell by the
set where d — IIpd is positive. On the refined partition the filtered cell masses differ in ¢! by more
than e from their parent masses subdivided in reference proportions. Since the filter is a function
of (O,V) with values in [0, 1], the triangle inequality implies that the ezpected corresponding
discrepancy of the unfiltered conditional vectors po v is at least e.

For any refinement, the relative entropy chain rule and (10.4) give

ED, (pchild | | wchild) —ED, (pparent ‘ | Wparent )

1 .
> 5 (EHpchild - Sphtw(pparent)||1)2 . (10.7)

Here split,, divides each parent mass among its children in their reference proportions. To see the
last step, apply the usual conditional relative entropy identity inside each parent, then Pinsker,
and then Jensen first with the parent masses and then over (O, V).

A bounded number of refinements must suffice uniformly asymptotically. For otherwise choose
any large fixed depth d and a sequence of leaves with d successive witnessing refinements. Their
final partitions have at most 2¢ cells. Pass to a subsequence on which the reference weights of
the entire finite tree converge and the laws of the conditional histogram vectors converge. A
final cell of zero limiting reference weight has zero limiting expected conditional mass by (i), and
hence zero conditional mass almost surely. Delete these zero-weight cells in the limit. For a
positive-weight parent, reference subdivision ratios converge. For a zero-weight parent, both the
actual and subdivided total masses tend to zero in expectation. The positive discrepancy at every
refinement consequently persists in the limit, at least as /2 if needed.

The limiting final conditional entropy is at most C'y + F'. Indeed, before taking limits merge
all zero-limiting-weight final cells into one positive cell, and use the conditional version of (10.6)
on that partition. All its limiting weights are positive, so entropy is continuous. This merging
is used only for the final upper bound. The remaining positive limit cells still form a genuine
refinement tree, on which (10.7) telescopes. That identity forces the final entropy to be at least
de? /8, a contradiction for large fixed d.

Apply the preceding argument with £/2. On a partition of bounded size r{, that approximates
every family member, quantize each cell mass downwards in increments ¢/(2r(). The L' error in
the piecewise-constant density is the sum of the cell-mass errors, at most €/2. There are at most
(1 + 2r) /€)™ possible quantized mass lists. They form the required net, proving (ii).
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For (iii), the restriction of a density d relative to w, has density wy,(KC,)d on I, relative
to v,. Restriction therefore cannot increase the L' distance. A v,-small set is also wy,-small,
so (i) transfers as well. Every resulting subdensity has integral at most one; its superlevel set
above R has reference measure at most 1/R. Assertion (i), applied along any contrary sequence,
makes the integrals on those superlevel sets tend to zero uniformly as R — oo. This is uniform
integrability. O

Remark 10.6. Lemma 10.1 allows a leaf to have strongly nonuniform histograms. For example,
forcing a whole primal frame map into a fixed ambient subspace of constant codimension costs
20(") and can be consistent with (10.1). It puts its keys on a fixed small reference set. The uniform
entropy constant is therefore allowed to depend on the leaf density exponent and on Mj.

10.6 Fixed tests under the mixed law

The remaining estimates concern typical orientations in the mixture. They compare empirical
query integrals with their global reference values, then combine unary weights with the prescribed
binary constraints and give positive conditional fractions for basis statuses. For these conclusions
we use the marginal bounds retained by the mixed law.

For the rest of this section, let p, be a law on units satisfying, for a fixed C' and some a,, — 0,
pn <29Np2 0 (pa)i < M2V (i =1,2). (10.8)

Changing the fixed factor M does not matter. Since My is fixed, a,, N = o(n). The law may have
arbitrary dependence between its two endpoints. A decomposition into leaves does not change
(10.8) for its mixture.

Lemma 10.7 (Typicality of common input-and-key tests). Let F,, be a uniformly bounded common
function of the inputs and keys of a fixed bounded query, with no other orientation dependence.
Put

An(O) =E,F,(z,K(O,z)), My = Eo2 . (2, K(O, 2)).

For every fized € > 0, under (10.8),
pn{|An —my| > e} = 279,

Repeated labels in the query are allowed. The constants may depend on the query and €, but the
estimate is uniform over tests with the given sup bound. The exceptional set may depend on the
test.

For a query at just one endpoint, its raw variance about its raw mean is 2-%")  This variance

bound is also uniform when an arbitrary external input-and-image datum is fized as an argument
of the test.

Proof. Rescale the test to have absolute value at most one. First consider one raw endpoint and
duplicate its parameter batch. The two batches have jointly independent nominal columns except
with 272 probability, because their Z inputs are independent and their total number of columns
is bounded. With the nominal inputs fixed on this event, Lemma 10.3 compares the product of
the two tests with the product of their separate raw expectations, at error O(2~ / 2). Averaging
the two independent input batches and bounding the dependent-input event trivially proves

Varom, (B, Fy (2, K (0, 2))) < C1274", (10.9)
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All these estimates are uniform in a fixed external datum, since it only changes the separate
bounded test functions. Chebyshev’s inequality proves the one-endpoint assertion at every fixed
tolerance.

For the paired assertion, assume that both endpoints are used; the other case follows at once
from the marginal bound. Let D denote the second endpoint’s input-and-image data under its
raw model, and for a first orientation o define

hO(DQ) - Elen(Zla K1(07 Z1)7 D2)7 h(D2) - EONMho(DQ)'

Fix a small constant > 0. By (10.9), uniformly in Dg, P, {|ho(D2) — h(D2)| > n} is exponentially
small. Fubini and Markov show that, outside an exponentially small set of first orientations, the
raw-model probability of the bad data set

By ={Dy : |ho(D2) — h(D2)| > n}

is at most 27" for some ¢ > 0. The marginal cap in (10.8) still makes the discarded first-endpoint
mass exponentially small.

Fix any of the remaining first orientations. We claim that a raw second orientation o' has
empirical input probability at least 1 of B, only with probability 2-%(""). Draw ¢ = |chn ]
independent second-endpoint input batches. For an orientation with empirical bad probability at
least 1, at each step success and nominal independence of the new columns modulo the previous
ones have conditional probability at least

n—02"T0) > p)2.

The failure bound depends only on fresh uniform Z coordinates and holds for any past inputs.
Thus all successes together with joint nominal independence have probability at least (1/2).

For independent nominal columns, the joint raw image law of these batches has density at
most 262(8)? relative to the product of the individual raw batch laws. Indeed it adds only O((¢')?)
mutual Gram conditions and injectivity; count their normalizations by Lemma 10.2 and bound
the indicator in the numerator by one. After averaging the inputs, the all-success probability on
the independence event is consequently at most

QCQ(Z/)Q]P)(DQ c Bo)£/ < 202([)2—071[/‘

Choose ¢ > 0 small enough that Cy(ch)? < cch/2 and that nominal independence is available.
Dividing by (n/2)% proves the claim.

This quadratic-exponential estimate is uniform in the fixed good first orientation. Hence the
set of paired orientations with a good first endpoint but a bad oversampling second endpoint has
p2-mass 2-Qn?), Multiplying by the joint density 26V = 26Mom stil] leaves quadratic-exponentially
small mass. On every remaining pair,

|E22h0(D2) - EZ2ﬁ(D2)’ < 3n.

Finally, & is a common input-and-key test of the second endpoint. Apply the one-endpoint estimate
again and its marginal cap to compare its empirical integral with its raw mean to within n. Taking
4n < € proves the lemma. O

Remark 10.8. Uniformity in the test means that each prescribed test has a small exceptional
set with the stated bound. It does not mean that one orientation is simultaneously good for
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every possible global test. The later arguments use only finitely many common tests at a time.
Restriction to a sublaw of inverse-polynomial mass, or more generally of reciprocal mass 20",
preserves (10.8). Such restriction need not preserve a uniform cap on every individually normalized
old leaf. The mixed-law lemmas do not require that additional conclusion.

10.7 Mixing of the binary parameter constraints

Lemma 10.9 (Binary mixing). Fiz a query template whose labels are distinct at each used endpoint.
Impose the off-position Gram zeros of KC,, and a consistent fized specification of the within-endpoint
ordered L, R evaluations used in Section 6. Let A,(O,z) be their joint indicator. There is a
template constant k > 0 such that, outside an exponentially small set of orientations under (10.8),

E.A,(O,z) ij(O, zj) = mHEzjwj(O, z;) +0(27M") (10.10)

uniformly over all unary weights with |w;| < 1. These weights may depend on the entire fized
orientation. The input laws may be conditioned separately on feasible diagonal values or tester
summaries. The exceptional set is independent of the unary weights.

Proof. Collapse all identical Gram entries, including the repeated same-endpoint entries that equal
the same E evaluation, and impose only one copy of each. Consistency means that their prescribed
values respect these repetitions. Expand the resulting binary indicators into characters. Its zero
character has coefficient k = 27%, where b is the number of the resulting specified bits. We show
that every nonzero character has an exponentially small integral against the product of unary
weights.

If an interacting pair of positions belongs to the same endpoint, their labels are distinct. The
second property of Lemma 5.5 says that every nonzero parity of its ordered L, R bits, with its
possible E bits in either order, has bilinear rank at least n/5 on the retained free variables. This
includes characters involving only E bits.

For positions from opposite endpoints, we establish the analogous claim for their global Gram
bits except on a 2-92n*) raw exceptional set. Write d = dim B+ h for the full plus-frame dimension.
At one component, an intersection of dimension at least v = |n/10] between the two full plus
spans gives v independent image relations. Their coefficient choices number at most 227,
the frame image estimate bounds each event by 2-(1=9N for a fixed small e. The choice of Mj,
hence d/N small, makes this 2-2n*)  There are only boundedly many components.

and

Condition on plus frames off this exception. Choose a nonzero pair pattern and a component
where, after exchanging the endpoints if necessary, it uses a plus slot at endpoint 1 paired with
a minus slot at endpoint 2. At least n — v of the first position’s Z directions are independent
modulo the second endpoint’s full plus frame. The second position’s nominal minus Z directions
are independent. Conditional on the plus frames, the latter minus columns have independent
uniform values on the appropriate affine annihilator spaces, before their full-rank conditioning.
Their evaluations on these n — v directions therefore form a uniform rectangular matrix, up to
a fixed translation. Terms in the reverse order and other components may be frozen first; they
use separate minus-frame randomness. The final injectivity conditioning costs only a bounded
multiplicative factor.

A uniform a by b binary matrix has rank at most  with probability at most 2(@tb)r—ab py
writing it as a product of an a by r and an r by b matrix and counting. With a > n —v and b = n,
this shows that the bilinear rank is greater than n/5 except with probability 2-%n*) | Union over
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the boundedly many nonzero pair patterns. The joint density in (10.8) preserves this exceptional
scale.

For any nonzero full character, choose a pair with nonzero coefficient pattern and fix the other
position inputs. The remaining terms become separate unary phases. The selected pair has rank
at least n/5 by one of the preceding two arguments. Lemma 4.6 gives an error 0(2_"/ 10) against
the two remaining bounded unary weights. Input conditioning costs only the fixed reciprocal
probabilities of the diagonal values or tester summaries; those events can be absorbed into the
respective weights. Summing the bounded number of characters proves (10.10). All estimates
were uniform in the unary weights, so the exceptional set does not depend on them. ]

10.8 Positive basis fractions on common key cells

We give the small-cell argument explicitly, because its uniform lower fraction will be used on a
countable collection of signature cells.

Lemma 10.10 (Quadratic signs on affine subspaces). Let Q be a quadratic function on a binary
vector space and let its polar form have rank 2r. Its uniform sign bias has magnitude at most 27".
On an affine subspace of codimension c, the restricted polar rank is at least 2r — 2¢, and its sign
bias is at most 27" whenever this bound is less than one.

Proof. Squaring the mean sign and translating one variable gives

|Em(—1)Q($)|2 — Eh(—l)Q(h)+Q(0)1{B(h,-):0}a

where B is the polar form. Its absolute value is at most the kernel proportion 272", Restricting a
bilinear form to a codimension-c¢ subspace in each of its two factors can decrease rank by at most
2¢. Apply the first assertion on that affine subspace, where translation affects only the linear and
constant terms. O

Lemma 10.11 (Unary reference law and base-status positivity). Fiz an endpoint, tag, label,
flavor, and feasible tester summary with diagonal q. For a bounded number of common global key
tests, its empirical conditional key frequencies differ from € 4, by any prescribed fixed tolerance
except on exponentially small mized mass under (10.8).

At each unit, let C; C X be any orientation-dependent space of dimension at most K? all
of whose elements have total component rank at most K, and choose any basis. Fir a sequence
of global single-key sets Ay, with 0 4,(Ap) > 6 > 0. Except on exponentially small mized mass,
every basis assignment has, conditional on the tester summary and on K; € A, fraction at least
(7/8)2_ dim Ci'

For the full generic flavor and inputs conditional just on q, the following conservative constant
s valid:

B=2"K-1y=(¢*+1) 5 (10.11)

For every feasible specified tester summary and basis assignment, outside an exponentially small
exceptional set,

P.{K; € Ay, the specified summary and basis bits | q} > QY gn(An). (10.12)

In particular each joint choice of the role a(atom) and the basis bits has this lower bound, after
choosing a compatible summary. Both roles are available for either possible generic q.
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The lower constants do not depend on §, on the key tests, or on the orientation-dependent
choice of C;. The onset of the asymptotics and the exceptional-set constants may depend on a fixed
positive lower bound 6. The exceptional set is allowed to depend on the prescribed tests: there is
no simultaneous assertion over all measurable key sets at one orientation.

Proof. For each fixed point parameter, the raw key law is the single-key reference up to an
exponentially small injectivity error, by Lemma 4.3. The first conclusion therefore follows from
the one-endpoint part of Lemma 10.7, also after conditioning on a feasible summary.

Fix a nonzero profile x € X of total component rank at most K, and consider the sign
SI(Z) _ (_1)T(1‘,atom(z))_

By the first property of Lemma 5.5, its dependence on Z factors through a bounded-dimensional
space of linear forms, independent of the other input values, and its Z-polar rank is at least
2(J — sp). Put

y = 27K2737 b, = 27 +2s0 - 5.
The strict inequality follows from the chosen lower bound on J.

Apply a uniform G € GL,,(F2) simultaneously to the Z input coordinates in all primal frames
at the queried endpoint. This preserves the raw law because E has no Z rows or columns. It also
preserves the empirical mass of a global key cell: change variables in the uniform Z input and
leave the other coordinates unchanged. After this change of variables the cell event is fixed and
the sign’s bounded row-bit space is moved by the inverse transformation.

Fix a starting orientation for which the cell, conditional on the summary, has input mass at
least 0/2. We claim that at most 2724" of the transformations can make its conditional absolute
sign bias exceed 7, for sufficiently large n. Suppose the contrary and retain one bias sign, losing
at most a factor two. For any fixed integer u, choose u such transformations successively so
that each new row-bit space meets the span of the previous ones in dimension at most sy. This
is possible for large n. Indeed, for a uniformly moved space of bounded dimension and a fixed
space of bounded dimension, the probability of an intersection of dimension greater than sg is
O, (27%0™): choose sy independent vectors in the former and bound the probability that their
uniformly independent images all lie in the latter. The number of such choices and target vectors
is bounded independently of n. Since sg = 4[A] > 2A, this excluded fraction is smaller than the
retained fraction at each of the fixed number of choices.

Let Ey be the fixed cell event in the conditional input probability space and let ¢’ = P(Ey) > §/2.
Denote the chosen signs, with their common bias sign adjusted to be positive, by si,...,s,. Let
Fj—1 contain all non-Z inputs and the row bits of the preceding chosen spaces, and put

mj =E(s; | Fj-1),  Dj=s;—my.

Conditioning the current row bits on the past imposes at most sy linear conditions on their
distribution. The polar rank can therefore lose at most 2sg further dimensions. By Lemma 10.10,

[m;j| < by

pointwise, including after the non-Z inputs are fixed. The D; are martingale differences with
second moments at most one, so |ju~? > Dill2 < u~/2. On the other hand every selected sign
has conditional mean greater than v on Ejy. Consequently

(v = 0.)8 < [Elgyu™' > Dj| <1/ /u. (10.13)
J
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Here the intrinsic bias costs b,d’, because its conditional mean is bounded pointwise; it does not
cost an absolute b, before division by the cell mass. Taking u > 2/[§(y — bs)?] contradicts (10.13).
This proves the transformation claim with J fixed independently of the cell mass.

Integrate that claim over the starting raw orientation, using frame-law invariance. The first
part of the lemma makes the cell mass at least /2 outside an exponentially small set. More
precisely, the transformation estimate is used only on orientations with this mass; that property is
itself invariant under the transformations. This cell-mass exceptional set is common to all profiles
and is discarded only once. For a fixed z, the bad conditional sign-bias event on that set has raw
probability at most 224", There are at most 24™ nonzero profiles of the required rank for all
sufficiently large n, by Lemma 5.5. Union over them, and over the bounded numerical position
and summary choices. The resulting event is still exponentially small, also after the marginal
inflation in (10.8).

On its complement every nonzero linear combination of a basis of C; has conditional sign bias
at most ~y, regardless of how the space and basis were selected from the unit. Fourier inversion, for
d; = dim Cj, gives for every assignment

P(assignment | Ep, summary) > 27% (1 — (2% — 1)) > (7/8)27%.
This also covers d; = 0.

It remains to check the uniform generic constant. For one retained tester block, the sum of
ro > 1 independent bit-pair products has probabilities (1 £277°)/2, both at least 1/4. Distinct
tester blocks use disjoint input bits. There are at most g2 + 1 such blocks, so every feasible
summary has probability at least 4=(@*+1) Conditional on its compatible value of g, its probability
is no smaller. Its empirical key-cell mass, conditional on that summary, is at least (3/4)€ 4n(An)
outside an exponentially small set by the first part. Combining this with the basis lower fraction
gives (10.12), since (3/4)(7/8) > 1/2. In the generic flavor there is at least one retained O tester
and the independent shared tester. Prescribing their parities realizes either a role at either fixed ¢,
and a feasible summary for each has the same lower probability bound. O

Remark 10.12. The key-only hypothesis cannot be omitted. For a fixed nonzero profile xg, the
input event {z : T'(xp,atom(z)) = 0} has zero conditional mass for the opposite basis bit. This is
an allowed input-and-key test for concentration, but is not a common global key cell for positivity.
The constants in Lemma 10.11 apply on every fixed positive limiting key cell, however small.
Countably many resulting cell inequalities can be passed through a diagonal subsequence; they do
not assert simultaneous finite-n control of all possible cells. An orientation-only subfilter preserves
an almost-sure limiting positivity statement, whereas an arbitrary additional input filter need not.

11 Weak product testing

The preceding histogram lemma gives compact families within each leaf. We now prove a different
statement: a fixed global test on a tuple of keys can be replaced, for the integrations that occur
here, by a bounded sum of products of global single-key functions. Both its reference and its
actual-query conclusions are needed.

Fix a query template with r positions and with labels distinct at each used endpoint. Its input
laws and reference measures are those of Section 10. In particular §,, = ®§:1 Qlj,qj n and vy, is its
off-position-Gram-conditioned reference on K,,. The additional prescribed binary tests are the
within-endpoint ordered L, R evaluations from Section 6. Let A, (O, z) be the successful binary

indicator from Lemma 10.9, including the off-position Gram zeros.
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Theorem 11.1 (Weak product comparison). Let W, be any sequence of real functions on K,
with |Wh|leo < B, where B is fixred. Extend it to the product of the single-key spaces with the same

bound. For every e > 0 there are constants L,C < oo, independent of n, and functions
L T
Sﬂ(klv SRR kr) = Z Ca,n H fa,j,n(kj)a |Ca,n‘ < Cv ’fa7j7n‘ < 1a (111)
a=1 j=1

with the following properties.

(i) For arbitrary global unary functions g;, of bound one,
[V = 8 T] g ) o] < & (11.2)
J

for all sufficiently large n.

(ii) Under any mized unit law satisfying (10.8), outside an exponentially small exceptional set of

orientations,
sup |[E, A, (O, 2) (W, — Sp)(K(O, 2)) ij(O, zj)| <e. (11.3)
lw;|<1 j
The unary input weights may depend on the entire fixed orientation and on any additional
marks fized with it. The exceptional set is independent of these weights.

The functions f,;n are global key functions; they can be chosen to be indicators of sets, or finite
linear combinations of such indicators with uniformly bounded complexity. They do not depend on
the sampled orientation. The constants may depend on B, e and the fived template and construction
parameters, but not on n.

An additional orientation-only filter of bound one may multiply (11.3) without changing it.
In particular, after averaging normalized leaves, the same error control applies to unnormalized
admissibility-filtered query measures, even when the filter is chosen using the opposite leaf. No
assertion is made for an arbitrary additional joint input filter.

The proof uses a finite family of twists. If I, J partition a set of positions into two nonempty
groups, let 77,y consist of all products of their available inter-position global Gram signs: the dot
products of a plus slot at one position with a minus slot at another position in the same component.
These signs are defined on the product reference whether or not that Gram is prescribed by a raw
same-endpoint frame law. Every such twist equals one on K. The number of twists is a constant
depending only on the query shape.

For a real function D on the keys of I U J, define its twisted cut norm by

1D

0,7 = max  sup \/D(/{:I,k:J)T(kI,kJ)f(k])g(kJ) dﬁ[uj’n|. (11.4)
T€TLI | 1) lg1<1

Here f, g may be arbitrary functions on their whole respective groups. Only after the recursion
below will they become unary.

We use the finite-partition energy-increment method underlying weak regularity; see Frieze and
Kannan [14]. The additional Gram conditioning needed here is retained explicitly in the following
self-contained proof.
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Lemma 11.2 (Finite twisted regularity). Let |W| < B on the product key space of I U J, and let
6 > 0. There is a decomposition

1%
W = Z Cafa(k])ga(kJ)Ta(kb kJ) + D, (11'5)

a=1

where | fol, |ga| <1, 7o € 1.7, |cal < B, ||Dl]|oc < 2B, and |D||o7 < . The number L' is bounded
in terms of B,d and the twist count only. The functions fq, g, may be chosen as indicators of cells
in finite group partitions.

Proof. Let I' be the finite list of crossing Gram bits generating the twists. Begin with the trivial
partitions of the two groups. For any current pair of finite partitions, condition W on their cells
and on I'; call the resulting conditional expectation S. Then ||S]|sc < B and [|W — S|« < 2B.

If D =W — S has twisted cut norm greater than §, choose a twist and witnesses f, g giving
correlation greater than d. Quantize f,g uniformly within their bounds finely enough, with a
mesh depending only on B, ¢, that their quantized product times the twist still correlates with D
by more than §/2. Refine the group partitions by the values of these quantized functions. The
witness product is measurable for the new conditioning algebra and has L? norm at most one.
Thus the new conditional expectation of D has L? norm at least §/2. Since D is orthogonal to the
old conditioning algebra, the squared L? norm of the new conditional expectation of W increases
by at least 62/4. It is bounded above by B2. At most 4B%/62 + 1 refinements are possible. Each
increases the partition sizes by a factor bounded in terms of B, d, so the final partitions have
bounded size.

On each product of group cells, the final conditional expectation is a bounded function of I'.
Assign value zero to any impossible combination of a cell pair and Gram bits. Its finite Fourier
expansion on the Gram bits has coefficients of absolute value at most B. Multiplying by the two
cell indicators gives (11.5). The decomposition is exact everywhere on the product key space,
regardless of which Gram bit values occur in a particular cell pair. ]

We next prove that a small twisted-cut remainder is negligible on actual queries. This is the
step that is not supplied by unary histograms alone.

Lemma 11.3 (A terminal remainder on actual inputs). Let I, J be a nontrivial partition of some
of the template positions. Let D,, be a common function of their global keys with | Dy||cc < B1 and
|Dnllo,7 < 6. Let (1, J) be any product of the specified nominal L, R signs and global Gram
signs crossing from I to J, evaluated on their actual inputs and keys. For each fixed p > 0, except
on exponentially small mized mass,

S [y e, Dl Kyl DI (0. 2)9(0,2)] < (Cad +p+ o). (11.6)
lgl<1

The constant Cs and the vanishing error depend only on By and the fixed template. The weights
may depend arbitrarily on the fized orientation. The exceptional set does not depend on those
weights.

Proof. For one fixed orientation, put U(I,J) = D, (K1, K ;)¢ (I, J) and use independent copies
of the parameter groups I, J. Cauchy—Schwarz in I gives

[BU(L,J) f(Dg(J)? < B (E,U (I, J)g(J))>
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Expand the square, and apply Cauchy—Schwarz in the two J variables. The factors g(Jy)g(J1)
have bound one. We obtain

|EU(L J)f([)g(J)|4 < Qn(o) = E10J1,J0,J1 H U(Ia7<]b)' (11‘7)
a,be{0,1}

In particular @, (O) > 0: it is the expectation over Jy, J; of the square of E;U(I, Jo)U(I, Jy). All
separate weights, including their orientation dependence, have disappeared.

The right-hand side is a bounded common input-and-key test, involving two fresh copies of
each original position. Repeated labels across these copies are permitted by Lemma 10.7. It follows
that, outside an exponentially small mixed exceptional set,

Qn(0) <E,2Qn + p. (11.8)

We bound the raw mean by C30 + o(1).

Fix the nominal inputs of the four groups. Their columns are jointly independent within each
endpoint, component, and mode except with 27" probability, since all copies have fresh Z inputs.
The dependent-input contribution is o(1) by the fixed sup bound. On the independence event,
Lemma 4.3 gives the uniform image law with prescribed same-endpoint Grams and injectivity.
Ignore injectivity at an exponentially small error and express this law relative to the product of all
the individual single-key references. There are only boundedly many additional Gram bits, and
their normalization is bounded uniformly in the nominal inputs by Lemma 10.2. Expand their
indicators into characters. The nominal L, R phases are now constants. The global Gram phases
already in the four copies of v, can be combined with the expansion characters.

For completeness, distinguish a slot by its group I or J, its copy, its position, component, and
sign. Remove the diagonals already in the reference and collapse repeated descriptions of the
same unordered slot dot. Every remaining Gram coefficient belongs to exactly one of the following
classes:

(a) both slots lie in one of Iy, Iy, Jo, Ji;
(b) the slots join Iy to Iy, or Jy to Ji;
(c) the slots lie in one of the four I,—J;, quadrants.

Class (a) contributes bounded separate group phases. Suppose a nonzero class-(b) pattern between
Iy, I; remains. Fix both J groups. The four D,, factors split into two bounded functions of Iy and
I,. The class-(c) phases become separate functions of those two groups, as do all class-(a) phases.
Their only remaining interaction is the nonzero coefficient rectangle between Iy and I;, whose bit
rank is at least N. The individual diagonal densities may also be absorbed into the respective
bounded weights. Lemma 4.6 bounds this term by O(2~V / 2). The same argument applies to a
nonzero Jy—J; pattern.

If neither class-(b) pattern remains, attach each class-(c) pattern as an available twist to its
corresponding Dy, (K7y,, K, ). Fix I1, J;. The remaining integral in Iy, Jy has one factor D,, times
an available twist, tested against bounded separate functions. The two other unfixed D,, factors
have bound B; and the fixed factor has bound By. The twisted cut estimate therefore bounds this
term by Bjd, with the harmless fixed normalization factors included in the constant.

These cases exhaust the character expansion. Positions in I or J may belong to both endpoints
of the unit: this only removes some same-endpoint Gram bits from the expansion and does not
create a new class. A nonzero coefficient rectangle has rank at least one in distinguished global
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slots, hence bit rank at least N. The two dots P, - @y and P, - )4, for example, use different slots
and are not duplicates. The prescribed nominal Gram values affect character coefficients only by
signs.

Summing the bounded number of terms and averaging the nominal inputs gives E 2@, <
C36+0(1). Combine this with (11.7) and (11.8). The same Q,,(O) bounds every choice of separate
weights, so the exceptional set is independent of them. ]

Proof of Theorem 11.1. If r = 1, quantize the values of W, in [—B, B] with mesh at most /2,
choosing representatives in the same interval. The resulting S, satisfies |W,, — Sy |lcc < /2 and is
a linear combination of at most 1 + [4B/e]| global level-set indicators, with coefficients bounded
by B. Both required errors are at most €/2, since the reference measure is a probability measure
and the actual-query indicator and weights have bound one. This includes B = 0, when S,, = 0.
For r > 2, apply Lemma 11.2 to a nontrivial split of the full set of positions. Recursively apply
it to group factors in the structured terms until every factor is unary. Whenever a remainder is
produced, leave that whole term terminal; do not expand its other factors. We obtain the exact
decomposition, on the unconditioned product reference,

Wn=5"4+ Y Ryn. (11.9)
’UEV’n

Each structured term is a product of unary global functions times available Gram twists. Each
terminal term has the form

Rv,n(k) = Cv,an,n(kI, k) H f’u,H,n(kH) Tv,n(k?), (11.10)
H

where I, J partition one group, the groups H are disjoint outside I U J, all outside functions are
bounded, 7, , is a product of available Gram signs, and D, , has a specified small twisted cut
norm on I|J. The sup bounds, numbers of terms, and partition complexities are all bounded
independently of n.

Here is an explicit way to organize the tolerance choices. Along any structured branch a split
replaces one group by two, so at most r — 1 splits are needed before all groups are unary. At any
fixed depth the number of pending terms and all their coefficient and factor bounds have already
been bounded using previous choices. Allocate at most €/(2r) of each desired final error to that
depth, dividing this budget among its pending terms and their known outside bounds. Choose
the next cut tolerances small enough for the reference estimates below and for the fourth roots in
Lemma 11.3. These choices determine a finite bound on the next level’s number of structured
terms. Continue for at most » — 1 levels. The empirical tolerance p for each terminal test is chosen
at the same stage, sufficiently small for its allotted fourth-root error. All choices are constants;
none requires a change in the construction parameters or in M.

On K, every Gram twist in St equals one. Removing them gives the function S, in (11.1).
Its unary factors are indicators of the finite partitions used in the recursion; coefficients and term
counts have the asserted bounds.

To prove the reference assertion, multiply a terminal term (11.10) by a product of arbitrary
bounded unary tests and expand the off-position Gram event defining v,,. Fix all positions outside
its remainder. Their group factors are bounded constants. Gram phases internal to I or J and
phases involving a fixed outside position are separate bounded group weights. The only other
phases are available crossing twists. Thus the integral is bounded by the twisted cut norm of D, ,,
times a constant depending only on its known bounds and the fixed Gram normalization. The
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tolerance allocation makes the sum of these errors at most ¢, proving (11.2). This estimate is
uniform over all unary reference test functions.

For the actual-query assertion, expand .A,, into its Gram and nominal L, R characters. The
number of terms is bounded. Consider a terminal term and fix the outside position parameters.
All phases internal to I or J, or involving an outside position, can be absorbed into separate
group weights. The remaining crossing phases are a product v, (I, J) of precisely the form in
Lemma 11.3. It is independent of the outside parameter values: a binary bit involving an outside
position has already been put into a separate weight. All original unary weights, even when they
depend on the orientation, can also be included in these two weights.

Apply Lemma 11.3, scaling the known outside bounds as necessary. Its common four-copy test
is independent of the fixed outside parameters, so one exceptional orientation set controls every
such fixation. Integrate the outside parameters, sum the bounded binary-character expansion,
and sum the terminal terms. The chosen cut and empirical tolerances make the total at most
¢ for sufficiently large n. The union of the finitely many exceptional sets is exponentially small.
Since each four-copy estimate is uniform over its separate weights, the final exceptional set is
independent of all unary input weights and of orientation-only filters. This proves (11.3). O

Corollary 11.4 (Factorized integration of the approximant). For the structured sum in (11.1)
and arbitrary bounded unary input weights, outside exponentially small mized mass,

EzAn<O; Z)Sn(K(O7 Z)) H wj(O7 zj)

L
=5 Can [ [ Bz [fayjn(E;(0, 2))wi(0, 2;)] + o(1). (11.11)
a=1 J

The error is uniform over the unary weights. An orientation-only filter may be included before
averaging this identity over leaves.

Proof. Apply Lemma 10.9 to each structured term, with f, ;,(K;)w; as its unary weights. The
number of terms and their bounds are fixed at the chosen approximation accuracy, so the sum of
the exponentially small errors tends to zero. The exceptional set in that lemma is independent of
these weights. O

Remark 11.5 (What the two comparisons do not assert). The reference error in (11.2) is weak testing
error, not L' error. The actual comparison allows arbitrary orientation-dependent unary parameter
weights, and the specified binary Gram/L, R conditions. It does not allow an unprescribed joint
input filter to be inserted without proof. For instance, two complementary bounded tuple densities
determined by a high-rank global bilinear bit can have nearly uniform unary marginals and
zero overlap. A two-element histogram net would not exclude that example. The additional
actual-query conclusion of Theorem 11.1, proved by the four-copy expansion, is what rules it out
for the successful-query format used here. All factors added to the common signature lists by this
theorem are global key functions. Nominal input status bits remain weights, not common key cells
in Lemma 10.11.

12 A common limit for successful queries

We first treat the alternatives of Proposition 9.2 in which the mass admitting a compatible injecting
table is bounded away from zero. All arguments in this section concern a sequence with n — oo,
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with the construction parameters, including My, fixed. We freely pass to subsequences. The
leaves retain their actual mass weights. Conditional on a leaf, its orientation law is normalized; a
restriction imposed on a query is never normalized away.

The task is to turn positive status overlap at individual matched positions into overlap for an
entire successful query, including its binary conditions. Section 13 will construct lists satisfying
the scalar recipe equations. Here we establish the analytic implication that allows those lists to be
used simultaneously.

12.1 Options and the permitted filters

Definition 12.1 (Numerical option). A numerical option specifies a recipe shape with between
one and seven positions on each cross edge, together with the following data:

1. the endpoint, tag, label, flavor, and diagonal bit at every position;

2. the full numerical unary statuses required at those positions, including the tester summary,
the role a(atom), the basis coordinates of T'(atom, -)|c;, and the p; bit;

3. the required within-endpoint binary evaluations, and the off-position Gram conditions
defining the reference key space;

4. the small tables and the finite coordinate formats in which they are written.

The two sides have matching tags and diagonal bits position by position. All labels used at one
endpoint are distinct. Coordinate formats of smaller dimension are padded by zeros.

Once the construction parameters have been chosen, the collection of options is finite. In
particular, a large selector length does not make this collection grow with n. The actual frames,
leaves, and effective spaces may vary with n; an option records only their bounded numerical
formats. A basis of each C; was chosen on its own leaf. Its tensor coordinates in the projected pin
bases, its a values, the pin/projection relations, and the mandatory support exclusions all have
bounded finite descriptions. No arbitrary ambient tensor is included in this metadata.

Fix an option w and a pair of leaves (L 4, Lp). Call the option usable on this pair if its finite
metadata satisfy the label and injection requirements and its numerical statuses imply (6.2),
with its binary prescriptions supplying (6.3). Denote this indicator by U, (L4, Lp). Usability is
determined by bounded discrete metadata. The phase conditions in Proposition 9.2 will help us
find usable options; they need not be added to the definition of usability. Likewise, prediction
exceptions may remain orientation metadata. They restrict our later choice of an option, rather
than its definition of usability on an entire leaf pair.

For a specified table, admissibility against pinned images is checked separately on the two
orientations. Write these flags as F4,, and Fg . They may depend on both leaves, but each is
a function of only one orientation once the leaves are fixed. The successful query on one side
therefore consists exactly of

an orientation-only flag x H a unary status indicator at ¢
¢ (12.1)
X the specified binary and Gram indicators.

The parameter input at each position is independent and uniform in its specified flavor, conditional
on the requested feasible diagonal bit. Only the diagonal conditioning is included in this input
normalization. The other successful-query factors remain unnormalized.
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Remark 12.2 (Two different classes of flags). The density nets in Lemma 10.1 cover arbitrary
orientation filters and a bounded family of additional numerical flags. The factorization argument
below uses the narrower format (12.1). It does not introduce an arbitrary additional joint predicate
on the point parameters. In particular, membership in a nominal basis-bit cell is a status
requirement, not a global key test on which all basis assignments are asserted to remain possible.

For the key shape of w, let (K, ) be the uniform reference space from Section 7. Define
di , and dp ,, to be the densities of the two successful queries with respect to v, after averaging
orientations in their normalized leaves. Their integrals are at most one. Set

Li(w) = Ep, 1, Un(La, L) /}C &5 0d% v, (12.2)

Here the leaves are independent before usability or flag passage is tested. All restrictions in the
integrand have already been charged to the subdensities. By Proposition 7.1, a positive lower
bound for I,,(w) along a subsequence suffices for the desired collision. We shall analyze the contrary
possibility

I(w) —0 for every numerical option w. (12.3)

Under this assumption we will construct a limiting experiment in which almost every orientation
pair has the following property: every usable option whose two flags pass has zero unary status
overlap at some matched position. This is the obstruction stated precisely in Proposition 12.7 and
contradicted in Section 13.

Two parts of the construction are needed. Own-leaf nets and common projections pass
vanishing overlaps of truncated densities to the limit. Uniform integrability identifies the full
limiting measures as increasing suprema of those truncated measures, so their density products are
also zero. Separately, both conclusions of Theorem 11.1 identify the full successful-query densities
from their unary status measures. Lemmas 12.5 and 12.6 establish these two facts.

12.2 A global projection for independent leaf families

The nets supplied by Lemma 10.1 are chosen separately for each leaf. The next elementary
Hilbert-space argument produces the common partitions that will be needed in the limit.

Lemma 12.3 (Global projections with adaptive filter choices). Let (K, v,) be finite probability
spaces. On each first-side leaf L and each second-side leaf L' let there be a family of subdensities.
Assume that, for each fized R < oo and € > 0, their truncations at height R have L'(v,) nets of
uniformly bounded size, with the nets chosen using their own leaf only. The bounds may depend on
R, e but not on n or the leaf.

For every R < oo and n > 0, there are deterministic partitions Py, of uniformly bounded size
such that the following holds. These partitions may depend on the leaf laws, but are chosen before
the leaves are sampled. For independent leaves, choose a member f and a member g of the two
truncated families, allowing either choice to depend on both leaves. If P, is conditional expectation
onto Py, then

E|(f,9) = (Puf, Pag)| <. (12.4)

The same conclusion holds for every deterministic refinement of P, chosen independently of the
sampled leaves. Multiplication of the discrepancy by any indicator determined by the leaf pair does
not increase the bound.
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Proof. We may truncate net representatives to [0, R]. Since ||f — g||3 < R||f — g||1 for functions in
this interval, we obtain L? nets with uniformly bounded size, say at most m. Pad shorter nets by
zero functions. Write their members as fr,, and gz, and form the positive operators on L3(vy)

m m
Ca=FELY fra® fLa; Ce=Ep Y gup®gup
a=1 b=1

Here (f ® f)v = f{f,v). Both traces are at most T = mR?.

Fix § > 0. There are at most 7'/§ eigenvalues of C'4 larger than ¢. A unit eigenfunction e for
such an eigenvalue \ satisfies, pointwise,

le(@)| S ATEL Y [ fra(@)[{fra,e)] < T/AST/S.

Quantize these finitely many bounded eigenfunctions with a common finite partition. Its conditional
expectation P can be made to satisfy ||[(1 — P)el|2 < € for every one of them. With Q =1 — P,
the spectral decomposition gives

1QCAQ||op < & + Te?.

The number of partition cells is bounded in terms of m, R, d, . If P’ is a refinement and Q' = 1— P/,
then Q' = Q'Q = QQ’, so the same operator bound holds for Q'C4Q’".

For net representatives, independence of the leaves gives

Erp Y [{fra90) — (P fLas P'grp))? = Te(Q'CaQ'C)
a,b

< (6 +TeHT.

This estimate permits pairwise-adaptive choices: the squared error for any chosen pair of represen-
tatives is pointwise at most the displayed sum. Cauchy—Schwarz bounds its expected absolute error.
Approximating arbitrary family members by their net representatives costs at most a constant
times R times the L? net error, since orthogonal projections are contractions. Choose the net
accuracy, then § and e, sufficiently small in terms of 7. This proves (12.4), also for refinements. The
final indicator assertion follows from the absolute-value bound before the indicator is applied. [

For a fixed numerical option, all parameter-dependent predicates needed by one side can be put
in a bounded own-leaf flag family: its own basis bits, tester outcomes, and prescribed binary tests
are already fixed by the option. All remaining dependence on the opposite leaf is an orientation
filter. Consequently Lemma 10.1 supplies the net hypothesis of Lemma 12.3 for all such filters
simultaneously. No net need be chosen anew using the opposite leaf.

12.3 Common signatures and stored conditional measures

The key spaces change with n. We compare them through lists of common binary tests: a key’s
signature is the sequence of its test values, and a cylinder prescribes finitely many of those values.
There are lists for single keys and for key tuples. The tuple lists include all unary pullbacks and
the additional tests needed to retain the projected overlaps. Their construction is given in the
proof below.

At an orientation, record the empirical mass of every unary signature cylinder together with
every full numerical status. The unary type t = (i,[, s, ¢, q) specifies the endpoint, tag, label,
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flavor, and diagonal bit. These masses and the finite metadata form an array 6,,. For each leaf pair,
also store the two conditional laws of (6, flag vector) in a record Z,. This is necessary because a
side’s admissibility flags may depend on the opposite leaf. Conditional on the leaf pair, the two
orientation draws are still independent; averaging the record and ignoring the flags recovers the iid
base arrays. The next lemma preserves this structure in the limit.

Lemma 12.4 (Common signature model). There is a subsequence and a common limiting
experiment with the following properties.

(i) For each tag and diagonal bit (I, q) there is a compact bit-sequence space Z;, with reference
law my 4. For each key shape there is a compact tuple-test space Y with reference law p. Its
single-position projections § have the independent laws my, 4, .

(ii) A base orientation array 6 contains its bounded discrete metadata and its single-atom status
measures. For a unary type t = (i,1,s,¢,q) and a full numerical status v, these measures
have jointly measurable densities

hfﬂ} 15 — [0,1], Z hfﬁv =1 myq-almost everywhere. (12.5)
v

For the full generic flavor, the sum of these densities over statuses with any specified role
and basis vector in the recorded actual dimension is bounded below by a positive construction
constant, almost everywhere. Compatible finer tester requirements have the lower fractions
supplied by Lemma 10.11.

(iii) There is first a random limiting leaf-pair record Z, which includes two conditional laws
A, Ap of the arrays and their finite flag vectors. Conditional on Z, the two orientation
records are drawn independently from these laws. After flags are dropped and Z is averaged
out, 04,0p are iid.

(iv) Ewvery discrete assertion of table usability, injection, and prepared phase compatibility is
retained in this experiment. In particular, the positive mass of a passed compatible injecting
table from Proposition 9.2 is retained. On the no-prediction branch the mass of a passed
injecting table is at least .99. On a predicted branch the prediction relation is exact in the
limiting status measures outside its stored exceptions.

All single-key tests used to define =, are functions of global keys only.

Proof. We construct the test lists by successive finite stages. On predicted branches begin with
the two global predictor bits. For every numerical option, positive integer truncation height, and
successively improving fixed accuracy, request the cells of a partition provided by Lemma 12.3 as
tuple tests. For every tuple cylinder already obtained and successively improving accuracy, request
all unary indicator factors needed in Theorem 11.1. Include their unary pullbacks and the finite
Boolean operations needed to record them. Enumerate these requests and fulfill finitely many at
each stage, so that every request is eventually included. The resulting countable lists are closed
under the required operations.

Every finite stage has bounded complexity independent of n, so it defines sequences of tests for
all sufficiently large n; finitely many missing initial values may be assigned arbitrarily. Bounded
coefficients in the approximations are also included among the scalar coordinates that will converge.
Regularity in Theorem 11.1 is performed on key spaces, so its new unary factors remain global key
functions. Nominal input phases handled in that theorem are not added to the lists.
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In 6,,, include the finite metadata needed for the chosen C; bases and all numerical options; in
predicted cases include the old marked profiles in these bases, the fixed role coefficients, and their
exception sets. The cylinder masses lie in [0, 1] and obey consistent finite additivity identities.
Their closed consistency space, together with the finite metadata, is compact and metrizable.

Besides the two conditional laws already specified, retain in Z,, the full and truncated successful-
query measures on all tuple cylinders, for each option. These are measures of mass at most one
on compact bit-sequence spaces; their spaces are compact for weak convergence. Take a common
subsequence of the laws on the resulting countable product, and simultaneously of the deterministic
reference laws and the bounded approximation coefficients. Consistent limiting cylinder masses
define countably additive measures on the bit-sequence spaces, for example by first defining the
measure on finite prefixes and taking the unique measure with those finite-dimensional laws.

Cylinder evaluation is continuous because bit cylinders are clopen. For each fixed unary
cylinder, Lemma 10.7 says that the sum of its empirical status masses differs in probability from its
reference mass by a quantity tending to zero. The mixed marginal assumption is the one needed
here; no assertion is made about every individually normalized leaf. Countably many limiting
cylinder equalities imply that the total status measure is 1, , almost surely. Each status measure
is therefore dominated by my 4, giving (12.5). Versions jointly measurable in (6, &) are obtained by
taking the limits of their conditional density averages on increasing finite cylinder partitions.

For a generic role/basis assignment, apply Lemma 10.11 to each fixed cylinder of positive
limiting reference weight. The lower fraction is independent of the cell; the onset of the estimate
may depend on its positive weight. All profiles of the relevant rank are covered by that lemma, so
the chosen C; may vary with the orientation. Its lower inequalities pass to the limiting cylinder
masses. Zero-reference cylinders already have zero total status mass. The cylinder inequalities
extend by finite unions and monotone approximation to all measurable sets, giving the claimed
almost-everywhere lower densities. This argument does not condition on arbitrary nominal input
cells.

By Lemma 10.4, every finite collection of unary signature tests has its product reference law in
the tuple limit. Therefore the unary projections under p are independent with the stated marginal
laws.

There is no need to interchange disintegration and weak convergence. The conditional laws
themselves were retained as random coordinates. For bounded continuous tests, taking their
product is continuous in these two laws. Consequently sampling from A4 ® Ap conditional on
the limiting record Z reproduces the limiting joint orientation tests. Before flags are applied,
the two base orientations were independent with the same law at every n, so this remains true
after averaging Z and dropping flags. Finite metadata are discrete coordinates, hence all their
incidence and compatibility identities are retained. This proves the table assertions and their
mass statements. Finally the prediction errors tend uniformly to zero on the retained orientations.
Since the predictor bits are included as unary tests, each such error is a finite status-cylinder mass
and becomes zero in the limit. O

12.4 Truncation and the zero-product implication

Fix the common model from Lemma 12.4. For an option and a side, let nr(Z) and n(Z) denote
the limiting successful-query measures obtained respectively from min(d,, R)v, and d,v,. All are
measures on the tuple space for that shape.

Lemma 12.5 (Passage of vanishing overlaps). Assume (12.3). For almost every Z, the measures

80



na(Z),np(Z) of every usable option are absolutely continuous with respect to p, and their densities
have product zero p-almost everywhere.

Proof. For each integer R, cylinder inequalities give 0 < nr < Rp, and the measures increase
with R. The uniform small-set conclusion of Lemma 10.1 also gives uniform integrability of the
successful-query densities. Indeed, since their masses are at most one, v,{d,, > R} < 1/R; uniform
small-set control bounds the mass on this set by a quantity tending to zero as R — oo, uniformly
asymptotically in the leaf and in its orientation filter. Thus there is a deterministic function
er — 0 such that, in the limit,

0<n(Z)(Y)—nr(Z)(Y) <er almost surely.

It follows that n = supp nr. In particular it has a density which is the increasing supremum of the
truncated limiting densities.

Fix R. The prelimit inner product of the two truncated densities, multiplied by usability, tends
to zero because it is bounded above by (12.2). Choose a global partition with projection error at
most € in Lemma 12.3. For that finite partition the inner product of the projected densities is

Z 77A,R7n(0)77B,R,n(C) )
C:vm(C)>0 va(C)
This expression passes to its limiting counterpart in expectation, jointly with the discrete usability
indicator. A cell whose reference weight tends to zero contributes at most R?v,(C) and may be
omitted. On the other cells ordinary continuity applies.

Take increasing cylinder partitions which generate all tuple tests and include global projection
partitions at accuracies tending to zero. The refinement assertion in Lemma 12.3 preserves the
error estimate. Conditional expectations of the limiting bounded densities on these partitions
converge in L?(p): this follows, for instance, by approximating an L? function by cylinder-simple
functions and using that conditional expectation is an L? contraction. Their inner products
therefore converge in expectation, being bounded by R?. We obtain

dnapd
E,U.(2) / ZZ‘;R ZiR dp = 0.

All terms are nonnegative. Taking the countable intersection of the resulting almost-sure assertions,
then increasing R, proves the same product-zero conclusion for the full densities. There are only
finitely many options. O

12.5 Identification of the full limiting density

The preceding argument transfers zero products to the limit. To express those products in terms of
individual statuses, we now identify the full limiting query measure. The actual-query comparison
in Theorem 11.1 replaces an arbitrary tuple test by a bounded sum of unary products. Binary
mixing evaluates those products from the single-atom status measures. The reference comparison
makes the same replacement against the limiting status densities.

For a side of an option, let azz be the subprobability law of # obtained from its conditional law
A by retaining the appropriate orientation flag. Let ¢y, vy be its required unary type and status at
position £. Write k > 0 for the binary mixing constant for this side and numerical prescription.
Constants on the two sides need not be denoted by the same letter.
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Lemma 12.6 (Successful-query density). For almost every Z, the full limiting successful-query
measure on this side has density

G(u) = & / 14, ., (€(w) daz(6)  (ueT) (12.6)
Y/

with respect to p.

Proof. The displayed expression is jointly measurable and nonnegative, by Lemma 12.4. We prove
equality against every tuple cylinder indicator W.

At a fixed accuracy ¢, apply Theorem 11.1 to its prelimit global key test W,,. On the reference
key space its structured approximation has the form

W (k) =3 can [] Paenke),
a=1 Y4

where the number of terms and all bounds are fixed at this accuracy. The unary factors may be
taken to be finite linear combinations of indicator factors already in the common test lists. In the
actual-query assertion of that theorem, take as unary weights the numerical status indicators of this
option. These may depend on the orientation. The extra admissibility condition is orientation-only.
Thus, after averaging over leaves, the successful mass tested by W, differs from that tested by
W,SE) by at most the prescribed accuracy and a vanishing error.

For clarity, this last use does not require typicality separately on every leaf. At a typical
orientation the product-testing error is uniform over the allowed bounded unary weights. Mul-
tiplying by any orientation flag only decreases its bound. After both leaves are averaged, the
mass of exceptional orientations is bounded by the mixed orientation error in Lemma 10.7. An
opposite-leaf-dependent choice of the flag cannot increase that unconditional error.

Apply Lemma 10.9 to each structured term. Again its unary weights are the status indicators
times bounded global unary factors. The resulting expression is

K / Z Ca,n H (/ Pa,t,n dnfzw,n) daz, (0n), (12.7)
a ¢

up to a vanishing error at this fixed complexity. Here the measures inside the product are the
empirical single-atom status measures at the given orientation. Every integral in parentheses is a
finite linear combination of status-cylinder coordinates. The coefficients and conditional measures
were stored in the compactification. Consequently (12.7) converges jointly with the successful
cylinder mass to the analogous expression in the limit. The preceding errors are controlled in
mean absolute value over Z.

It remains to compare that limiting structured expression with the integral of WG z. This is
where the reference conclusion of Theorem 11.1 is also needed. Its error bound, uniform against
products of bounded unary functions, passes to the limiting reference law first for cylinder-simple
unary functions, since all the relevant finite test probabilities converge. It then holds for all
bounded measurable unary functions on the signature spaces: approximate each one in Ll(ml,q)
by cylinder-simple functions, and telescope the product. At this fixed approximation accuracy the

structured test has a fixed finite bound, so this passage costs a quantity tending to zero.

We may therefore use the unary functions hfe’v , in the limiting reference comparison, for each

f, and integrate it under the subprobability law « . Independence of the unary projections under
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p gives
/W u)Gz(u) dp(u _,{/an]'[ (/qbaz h )dml[qe(£)> day(6).

This is exactly the limit of (12.7). Replacing W) by W in this last integral costs at most &
times the reference approximation accuracy. Combining the empirical and reference estimates and
sending € — 0 yields

Ez =0.

N2 W)~ [ WGz dp

There are countably many cylinder indicators. Equality on all of them determines the measures
and proves the lemma. ]

Proposition 12.7 (The limiting overlap obstruction). Assume (12.3). In the common experiment
of Lemma 12.4, almost every sampled pair of orientation records has the following property: there
18 mo usable numerical option whose two orientation flags pass and for which, at every matched
position,

L h (@2, (€ diig(€) > 0. (12.8)

=lg

Proof. For a usable option, Lemmas 12.5 and 12.6 give [ G4 zGp,z dp = 0 for almost every Z.
Fubini’s theorem and independence of the unary projections express this integral as

it | [ TL(f 18 (O (€10, )) din2(0) dn 20,

All factors are nonnegative and both k constants are positive. Hence the product inside is zero for
almost every passed pair from the conditional laws. Averaging Z and taking the finite union over
options proves the assertion. O

13 Solving the status constraints

To contradict Proposition 12.7, we need a passed table and matched lists whose scalar recipe is
satisfied and whose unary status overlaps are all positive. We first solve the scalar equations in the
spans of numerical status vectors with positive overlap. Without a prediction, sufficiently frequent
dual relations would produce a common prediction on the finite key spaces. With a prediction,
the prepared phase conditions make every dual relation vanish on the target. We then turn the
scalar solutions into lists of at most seven generators per cross edge, with distinct labels at every
endpoint.

Write the endpoints of the two units as (A4, 1), (A,2) and (B, 1), (B,2). In this section ha; or
hp,; denotes an atom’s role bit a(atom), not the channel dimension. The basis status vector at an
endpoint is denoted by x, and its dimension is the recorded dimension of that endpoint’s effective
space Cj.

13.1 Generators and the coupled linear system

Fix two orientation arrays 64, 0p satisfying the almost-sure conclusions of Lemma 12.4. Some
labels at each endpoint may be excluded. In particular, the mandatory support exclusions from
Equation (5.4) are always excluded.
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Definition 13.1 (Available generator). On the cross edge (7, ), an available generator consists of
a vector

9=1(qhaihB j XA,i,XBj,PAi»PB,j) (13.1)
and a certificate: a common tag, a surviving label at each end, and allowed flavors giving positive
overlap as in (12.8) for these entries. Entries of the tester summary not displayed in (13.1) are
summed over. All witnessing certificates remain available. Generators with the same numerical
vector and different certificates may therefore be used as different occurrences. Sums and spans of
generators refer to their numerical vectors.

Let V;; be the binary span of these generators. Its base projection forgets the final two p entries
and has target . .

B =F, & Fy & T @ Fy "4 @ 7™ 5,

For every surviving pair of labels and every tag, each base vector has at least one available
generator in the full generic flavor with those labels and that tag. Indeed, at fixed ¢ the sum of
the status densities with any requested role/basis assignment is bounded below almost everywhere
by Lemma 12.4. The product of the two such sums has positive integral on the common signature
space. Splitting its finite sum over the two p bits yields an available generator. Both diagonal bits
are feasible in the full generic flavor. Thus

Vij — Biyj is surjective, dimker(V;; — Byj) < 2. (13.2)

This remains true after any exclusions leaving surviving generic labels.

Fix a small table. Its local target basis vectors are the evaluations of

(a+ (uB,jUai)")cas (a+ (ua,iUs;)")lcs

in the recorded bases. Denote these vectors by t4;.; and tp j;, respectively. We seek one sum
vector v;; € V;; for each cross edge, subject to

qi; = 1, hagij +hBji; =1, (13.3)
XAz = A XBjii = B jsi
2
> (paij +hagi) =0 (j =1,2),
£ (13.4)

N

(PB.jiij + hB i) =0 (i=1,2).

J

I
_

These are precisely the scalar recipe equations (6.2). The occurrence of a given endpoint in two
different sums is distinguished by its edge subscript. By Theorem 6.3, these are the effective-space
conditions needed for the full gradients; the conditions on the selected atoms are supplied by (6.3).
This use does not require pins to be supported at individual endpoints. The realization theorem
already treats the mixed pin spaces through their projections and the injection hypothesis.

Lemma 13.2 (Dual relations). Any obstruction to the scalar system has a nonzero vector of
weights (s1,52,71,72) € F3. On every edge span Vij these give a relation

$j(pai+hai) +ri(pBy + hpg) = cij - Xai+ - X + Bij(hai + hsj) + i (13.5)

for suitable coefficients. The scalar system is soluble if, for every such relation, the sum of the
right sides evaluated at the local targets is zero.
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Proof. Apply finite-dimensional duality to the linear constraint map on P, ; Vi;. The coefficients
of the four coupled equations are s;,7;, giving (13.5) separately on each edge. If they were all zero,
the local projection onto (g,ha; + hp j,X4,,Xp, ;) would be surjective by (13.2), forcing all other
dual coefficients to vanish. Hence a nonzero obstruction uses some coupled equation. Conversely
the constraint target lies in the image exactly when it annihilates every dual relation. The coupled
targets are zero, so their evaluated contribution is the sum stated in the lemma. O

13.2 Frequent dual relations give a common prediction

Call a pair of arrays obstructable if there are total exclusion sets of size at most B, at each endpoint,
containing the mandatory exclusions, and some nonzero weights for which (13.5) holds throughout.
We do not require the relation to take a nonzero value on a particular table target. This stronger
event is useful because its complement works for every table.

A dual relation on one pair need not give a prediction common to many units. The next lemma
shows that obstructable pairs of mass at least .1 would yield a common prediction on more than
10~ unit mass. The estimate covers all exclusions within the budget, so that labels may still be
reserved when the final lists are chosen.

Lemma 13.3 (Extraction of a global prediction). On the no-prediction alternative of Proposi-
tion 9.2, the probability that the iid base arrays are obstructable is less than .1.

Proof. Suppose otherwise. Let E; be the event that a witnessing relation has some s; = 1, and
define F, similarly. Interchanging the two iid units interchanges these events, so they have the
same probability. Their union is the obstructable event. Therefore P(E;) > .05.

Fix a witness with s; = 1. For each first-side endpoint 7, rewrite its edge relation as
P+ Cij-Xai+ (1+ Bij)has = rippj + ¢ij - Xpj + (ri + Bij)hpj + Yijq- (13.6)

For any surviving label/flavor choices and any common feasible (I, ¢), this equality holds almost
surely under the product of the two status distributions conditional on the same signature.
Otherwise a violating pair of numerical statuses would have positive overlap and would be a
generator violating the relation. The two bits in (13.6) are conditionally independent at a fixed
signature. If two independent bits agree almost surely, both are constant almost surely with their
common value: writing their success probabilities as a, b, the mismatch probability a(1—b)+(1—a)b
is zero only for (a,b) = (0,0) or (1,1).

Compare all surviving first-side choices to one fixed generic surviving choice at (B, j). Its total
conditional status mass is one on every signature space, and its generic flavor admits either ¢. It
follows that, simultaneously over all tags, feasible bits, labels and flavors remaining at (A, 1),

PA; = T()\AJ, atom) + aA,’ihA,i + fl(lv q, 5)7 (137)

where A4 ; is the basis combination specified by ¢;; and a4 ; = 14 3;;. The coefficients are common
to these choices. The offset is also common across them; one does not choose a new offset for every
label or flavor.

There are very few possible offsets after the second-side array is fixed. If r; = 0, generic
positivity of the role and basis at (B, j) forces ¢;; = 0 and 8;; = 0 in (13.6). The offset is then
either zero or ¢. If r; = 1, it is, up to a common multiple of ¢, the deterministic value of

PB,j —|—C/ *XB,j +O/hB,j- (13.8)
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For this fixed array and endpoint there is at most one possible deterministic expression (13.8),
including its coefficients, even if the permitted exclusions vary. Indeed two candidate exclusion sets
of size at most B, have a common surviving generic label, since the label universe is larger than
2B,. At that label every role/basis assignment has positive density conditional on the signature.
Subtracting the two claimed deterministic expressions therefore forces their coefficient differences
to be zero, and then their offset functions agree almost everywhere on every (I, q) space. The same
generic label can be used at every tag and diagonal bit.

Thus, for a fixed second-side array, each choice of j supplies at most four offsets for each
first-side endpoint: the two multiples of ¢, and the unique function (13.8) plus those two multiples,
if that function exists. Across both choices of j there are at most 2 - 42 = 32 pairs (f1, f2).

All events used here are measurable. There are finitely many types, status vectors, coeflicients,
and exclusion sets, and generator availability is a positivity test on the integral of jointly measurable
densities. By Fubini, choose a fixed second-side array for which the first-side mass of Fs exceeds
.04. One of the at most 32 pairs of offset functions then gives (13.7) on first-side mass at least
dp = .04/32, allowing its coefficients and exclusion sets to vary with the first-side array. This is
much larger than 1076,

We now transfer these fixed signature functions to a prediction in the finite problem. This
step is necessary because the definition of prediction asks for global functions of actual keys.
For any € > 0, approximate each fixed binary function f; by a binary cylinder function fi(g),
with disagreement measure at most € on each of the finitely many (I, q) reference spaces. Such
approximation follows by approximating the measurable event where f; = 1 in measure by the
algebra of finite cylinders. The total unary measure of every type is its reference measure, so
replacing f; increases every relation error in (13.7) by at most e.

For fixed cylinder functions and a fixed choice of coefficient bits and exclusions, all these
error probabilities are finite linear combinations of status-cylinder coordinates. Their maximum
over the remaining unary types is continuous. Minimizing over the finitely many permitted
coefficient /exclusion choices is also continuous, separately on each discrete coordinate format. The
strict event that this minimum is below 2e consequently has limiting probability at least dg. Weak
convergence implies that its prelimit probability exceeds dy/2 for all sufficiently large indices. One
may see this directly by approximating the indicator of an open strict-error event from below by
continuous functions.

Choose decreasing ¢, — 0 and increasing prelimit indices at which the last mass bound
holds. At index m use the two global functions obtained by evaluating fi(g’") on the actual global
key signature. Keep the orientations in the strict-error event and choose one of their successful
coefficient /exclusion records. The kept mass is at least §o/2 > 107, and the maximum relation
error over all remaining unary types tends uniformly to zero. Conditional-on-g errors give the same
conclusion for the unconditioned flavor tests. These are precisely the requirements of Definition 9.1.
The no-prediction branch has only the first effective spaces and only negligible trimming, so
this mass margin also gives a prediction before that trimming. This contradiction proves the
lemma. O

13.3 The predicted dual relations

In the predicted alternatives, exclude the stored prediction exceptions as well as the mandatory
support exclusions. Write the marked profiles as A4 ; and Ag;. The constants ; and the functions
fi are common by endpoint index across units. Put d; = 1 + a;. The prepared class e; = (d;, [fi])
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is as in (9.2): functions are first identified almost everywhere on all tag/bit signature spaces, and
then quotiented by the span of the one function ¢, with a common coefficient on those spaces.

In a limiting table computation, use the notation

2 2
upj(Aa) =Y (upjUai)*(Mag),  uaildp)=> (uaiUs;)* (Apy)- (13.9)

=1 7j=1

These are finite contractions in the recorded table coordinates. The notation does not require
retaining an ambient tensor A in the compactification.

Lemma 13.4 (Predicted scalar compatibility). For a predicted pair with a table satisfying the
compatibility conditions of Proposition 9.2, the system (13.3)—(13.4) is soluble. The assertion
survives any further bounded label exclusions leaving generic labels.

Proof. The exact limiting prediction is

PA; = Aai-Xai taihai+ fi,  pBj = Ap;-XB;+ojhp;+ fj,

where bold X denotes coordinates in the effective basis. Substitute this into a dual relation (13.5).
At a fixed signature the two generic status distributions have every pair of role/basis assignments
available. Comparing their coefficients forces

Cij = 8jAA,i; Cij = TiAB.j, Bij = sjdi = rid;, (13.10)
sjfi +rifj = vizq- (13.11)

Thus
Sje; = T;€; (’L,j S {1, 2}) (1312)

Equality of functions here is exactly the almost-everywhere equality recorded in the prepared
subsequential class.

If both e; vanish, Lemma 9.3 supplies the exact identity p; = T'(\;, atom) + h; on all atoms.
Hence on each span p; + h; = A; - x;. At the local targets, the first coupled sum for a fixed j is

> a(Aai) +up(Aa) =c+up;j(As) =0
i
by the empty-status compatibility condition. The reciprocal coupled sums vanish in the same way.
Local surjectivity therefore solves all constraints in this case.

Suppose that some e; is nonzero. A nonzero solution of (13.12) is possible only when all
nonzero e; are equal, and then both weight vectors are the indicator of their support .S. To check
this without any assumption on the dimension of the function space, first consider a support with
one index, say e; # 0,es = 0. The off-diagonal equations force ro = so = 0, and the diagonal gives
s1 = r1 = 1 for a nonzero solution. If both e; are nonzero, the diagonal equations give s; = r;.
The off-diagonal equation sse; = sjeo either makes both weights zero, or makes both one and
e1 = es. These cases exhaust the possibilities.

If the two nonzero classes are unequal, no dual obstruction exists. Otherwise let d be the
common first bit on S. With s; = r; = 1;eg, (13.11) is symmetric in 4, j. Its diagonal is zero.
Since the function g is not zero on the family of reference spaces, this gives v;; = 7;; and ~;; = 0.
The sum of all four g-contributions to a target is therefore zero. The total role contribution is

Z/Bij = |S|d in Fa.

1,J
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Evaluate the basis terms in (13.10) at their local targets. The a-terms sum to |S|c+ |S|c =0,
because Proposition 9.2 fixed the same value ¢ = >, a(};) in both units. The remaining terms are

D upj(Aa)+ D> uaidg).

jeS €S

By (9.3), this equals |S|d. Together with the role contribution it is zero. Thus every dual relation
vanishes on the target, and Lemma 13.2 proves solvability. The argument used only surviving
generic labels and the prediction on those labels, so additional exclusions of the indicated kind do
not change it. O

Lemma 13.5 (Scalar solvability on positive mass). In each positive-mass alternative of Proposi-
tion 9.2, the common experiment has positive mass of passed injecting tables for which the scalar
system is soluble, robustly under the exclusions needed below. On the no-prediction branch this
holds whenever the total exclusions stay within B, per endpoint. On a predicted branch it holds
after the stored exceptions and any further bounded exclusions leaving generic labels.

Proof. Without prediction, the probability of an obstructable base pair is less than .1 by Lemma 13.3.
This statement uses the unflagged iid base law. In the full conditional-law experiment, a passed
injecting table exists on mass at least .99 by Lemma 12.4. Their intersection therefore has mass
greater than .89. On it no nonzero dual pattern exists for any exclusions within the stated budget,
so Lemma 13.2 solves the scalar system for every such table. No independence of the two events is
being assumed.

With prediction, a passed compatible injecting table exists on positive mass in the same
experiment. The exact prediction and all almost-sure unary properties continue to hold on that
event, and Lemma 13.4 gives the assertion. O

13.4 Stable spans and fresh short lists

It remains to replace a vector in an edge span by a short list of actual generators, using distinct
labels across both lists at an endpoint. The base space may have large dimension, but every base
vector has a single-generator lift at fresh generic labels. Only the discrepancy in the kernel must
be corrected. Its dimension is at most two by (13.2); we will choose a kernel basis whose vectors
each use at most three generators, giving the bound 1+3+3 =7.

Lemma 13.6 (Fresh lists of at most seven generators). On each scalar-soluble pair from
Lemma 13.5, further bounded exclusions can be made so that every scalar solution on the resulting
four edge spans can be realized by between one and seven available generators per edge. The two
endpoint labels of each generator are retained with its certificate, and all labels used at an endpoint
are distinct across its two incident lists. Every realized matched position has positive status overlap.

Proof. Begin with the mandatory support exclusions and, in the predicted case, the stored
exceptions. Whenever deleting at most 100 additional labels at each endpoint can shrink any
of the four edge spans, make such a deletion. Each span continues to project onto its full base
space. Its dimension exceeds that base dimension by at most two, so there are at most eight
dimension-reducing steps in total. At the end, every edge span is unchanged by deleting up to 100
further labels at each endpoint. There remain generic labels, since (5.5) makes the label universe
much larger than all these bounded exclusions. On the no-prediction branch the total budget,
including later fresh-label removals, is at most By + 900 < B,. On a predicted branch it is at most
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the stored exceptions plus this quantity, still leaving many generic labels. Scalar solvability is
retained by Lemma 13.5. Fix one solution on these stabilized spans.

We prove a statement for one edge after any labels used on earlier edges have also been reserved.
Write its stabilized span as V, its base space as B, and its projection as . Let G, be the generators
avoiding the current reserved sets L. Their span is still V. Let Hy, be the span of sums of one,
two, or three members of G;, whose total base projection is zero and whose endpoint labels are
mutually disjoint within that word. We claim

Hp = kerm. (13.13)

To prove the claim, take two generator lifts of the same b € B. There is a third generic lift of b
at labels avoiding both of them and L. Comparing each original lift to this third one gives an
allowed two-generator kernel word. Hence all lifts of b have the same class modulo Hy. Call that
class £(b). A generator above base zero is itself an allowed one-generator kernel word, so £(0) = 0.
Choose mutually label-disjoint generic lifts of b, ¢,b + ¢. Their sum is an allowed three-generator
kernel word, and therefore £(b) + ¢(c) = £(b + ¢). The generators span V, so this additive lift
identifies V//Hy, with B: the induced projection is inverse to ¢. This proves (13.13), including the
case of zero base projection.

For the desired vector in V, first choose a generic singleton lift of its base projection. Reserve
its labels. The remaining discrepancy belongs to ker 7w, whose dimension is at most two. On the
remaining labels (13.13) still holds because stability has preserved V. If the kernel is zero no
correction is needed. If it is one-dimensional, choose a nonzero short kernel word and use it if
needed. If it is two-dimensional, choose a nonzero short word, reserve its at most three labels
at each end, and apply (13.13) again. The new short words still span the full kernel, so one lies
outside the first word’s direction. These two words form a basis and the discrepancy is the sum
of an appropriate subset of them. This uses at most 1 + 3 + 3 = 7 generators. The initial lift is
always retained, so the list is nonempty; reserving labels before each choice ensures disjointness
even when two generators have the same numerical bit vector.

Carry out this procedure on the four edges in turn. Each endpoint is incident to only two lists
and uses at most fourteen labels in total. All removals and auxiliary freshness comparisons in the
procedure are within the 100-label stability allowance. The generators keep their certificates of
positive overlap, proving the lemma. O

13.5 Positive overlap on every positive-mass prepared alternative

Proposition 13.7 (Positive-mass overlap). For every positive-mass alternative of Proposition 9.2,
some fized numerical option has expected unnormalized successful-query overlap bounded below by
a positive constant along a subsequence. Consequently it satisfies (7.3). This conclusion includes
the prepared restrictions of reciprocal mass 2°N) permitted there.

Proof. If the conclusion failed, finiteness of the option collection would give (12.3) along the
sequence in question. Construct the common model of Lemma 12.4 and apply Proposition 12.7.

By Lemma 13.5, there is positive model mass of a table with both flags passed and with a
scalar solution surviving the needed exclusions. Apply Lemma 13.6. This gives between one and
seven matched generators per edge with fresh allowed labels. Their sum vectors obey (13.3) and
(13.4); equivalently, the lists obey all scalar recipe equations. At each generator the unspecified
tester bits were only aggregated. Expanding the positive overlap integral as a finite sum over
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the two full tester summaries yields at least one pair of summaries for which the overlap is still
positive. Make that refinement independently at each position.

The scalar consistency argument in Section 6, in particular (6.3), now supplies a consistent
numerical prescription of the required within-endpoint binary bits from these summaries and p
bits. Together with the already passed table, these data define a usable numerical option. The
only parameter filters added are precisely the unary statuses and the prescribed binary conditions
in (12.1). At every matched position the refined status overlap is positive. The full-density
identification in Lemma 12.6, combined with the independent unary projections of the limiting
reference law, expresses the limiting full-query overlap as kakp times the integral of the product
of these matched overlaps against the two flagged orientation laws. Thus this usable option
contradicts Proposition 12.7 on a positive-mass event.

No pointwise uniform lower bound for these individual positive integrals is needed. The options
form a finite collection and every product has finitely many nonnegative factors. A positive-mass
event on which some such product is positive gives positive expectation for at least one option. Its
lower bound is a constant on the chosen subsequence, however small that constant may be. The
preceding contradiction therefore proves the stated subsequential lower bound.

Finally the successful densities are unnormalized with respect to the retained law, and Propo-
sition 7.1 explicitly charges any law restriction of reciprocal mass 2°(N). A positive constant, or its
product with such restriction costs, is 27°V). The resulting four-hole probability has exponent at
most kpax + .03 4+ o(1), whereas

100g — (Kmax + .03) = 44g + 55.97 > 0.

Thus these overlaps are on the scale required for Theorem 3.1. O

14 The inverse-polynomial option and completion of the proof

In the remaining alternative of Proposition 9.2, compatible pairs of leaves have mass Q(N~*). We
will prove an expected overlap lower bound of the same order. The compatible event can have zero
mass in the common limit of Section 12, so we need exceptional-set estimates smaller than N4,

The endpoint identities in this alternative are exact:
pi=T(Ni,") +a. (14.1)

The bit ¢ = a(A1) + a(A2) is common to the prepared law, and the old marked tensors and their
evaluations on the fixed cover have been pinned. Compatibility is therefore determined by the
two leaves before their orientations are sampled. We shall use the exact identities to choose one
generic atom per cross edge, with no additional p;-status filter.

First we prove a hit estimate for each prescribed large reference set, with a uniform superpoly-
nomial bound on the exceptional orientation mass. This estimate uses the mixed-law bounds. The
original prepared leaves’ histogram bounds then supply a finite family of large sets on each B-leaf.
Choosing that family before the independent A-leaf is sampled lets us apply the hit estimate to all
its members.

14.1 Generic base queries

In this Section a base query is a successful-query format with at most four atom positions in
one unit, with labels distinct at each endpoint. Every position uses the full generic flavor, a
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prescribed possible diagonal bit ¢, a feasible tester summary, and a prescribed assignment of
the basis bits T'(x,)|c,. It also imposes the reference off-position Gram zeros and a consistent
numerical specification of the binary evaluations used in Theorem 6.3. There is no additional
pi-status restriction and, for now, no orientation-only filter.

The point inputs are independent, each normalized conditional on its prescribed ¢g. For a unit
orientation w, write @ for the unnormalized measure of its accepted key tuples in format t. Its
total mass is at most one. The reference space for its shape is (K¢, v%5). The request is feasible
at w when its coordinate format, labels, summaries and assignments are allowed there. A basis
of dimension smaller than K2 may be padded by zero coordinates; feasibility then requires the
corresponding requested bits to be zero. There are only finitely many numerical formats and
requests, although their effective tensor bases can depend on the orientation and its leaf.

Let , ,
B =2 K-y~ g™+, (14.2)

This is the uniform generic base-status fraction from Lemma 10.11; see (10.11). The constant
applies to every feasible generic tester summary and basis assignment on each fixed common key
cell of positive mass, independently of that cell’s mass.

Let k¢ > 0 be the product-mixing constant of Lemma 10.9 for a consistent format, and take
Kmin > 0 to be the minimum over the finite collection in use. If necessary include the finitely many
coordinate formats separately. Put spax = 4.

Lemma 14.1 (Uniform large-set hit estimate). Fiz § > 0, and consider a sequence of unit laws
whose mized joint densities are at most 2°N) relative to p2, whose two marginals are at most
M2°WN) i and whose marked effective spaces have the rank and dimension bounds of Lemma 10.11.
The implied joint-density constant is uniform. Set

1
chit((s) = Z K;minﬂsmaxd- (143)
For every fized p > 0,
v is feasible at w _
P ) = o(nP), 14.4
o < Que(Wa) < c1ic(9) ) on™) (14.4)

where the supremum is over the finitely many numerical requests and deterministic measurable
sets Wy, C Ky satisfying ven,(Wy) > 6. Each choice of W, has its own exceptional orientations.

Proof. Suppose the conclusion fails for some p. Along a subsequence there are deterministic sets
W, requests t, and a fixed ¢ > 0 for which the displayed bad event has probability at least cn™?.
By a finite subdivision, fix the numerical format and request along this subsequence. Restrict
the unit law to this bad event and normalize it. The additional density factor is at most ¢~ 'n?.
Since N = Myn with My fixed, its logarithm is O(logn) = o(n) = o(N). The restricted mixed law
therefore still satisfies the hypotheses of Lemma 10.7 and Theorem 11.1, and the uniform profile
estimates in Lemma 10.11.

We give the measure-identification argument for this restricted law. It uses no density bound
on its individually normalized old leaves. On each single-key space choose countably many common
bit tests, and on the tuple-key space choose countably many bit tests containing 1y, . Include the
unary factors in weak product approximations to every tuple cylinder at accuracies tending to zero,
their unary pullbacks, and the resulting finite Boolean combinations. This countable collection is
obtained by successive closure. At every fixed stage its complexity is bounded independently of n.
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Pass to a subsequence on which the reference signature laws, the bounded coefficients in these
approximations, and the laws of all empirical unary status arrays converge. The arrays have
coordinates in [0, 1], indexed by finite cylinders and the finite status choices; hence this is ordinary
compactness on a countable product of compact spaces. Write Z; for the single-key signature
space at position j, and p for the tuple-test reference law. By Lemma 10.4, the unary projections
of p are independent with the respective laws on Z;. The limiting W-coordinate is a bit, and
p(W) = 0.

Let 6 denote a limiting orientation status array. Its unfiltered unary measure equals the
single-key reference measure on every cylinder, by Lemma 10.7. The requested unary base-status
measure therefore has a density hg relative to that reference measure. Versions can be chosen
measurably by conditional averages on the increasing finite cylinder partitions. The simultaneous
positive-fraction estimates on all fixed positive-reference-mass cylinders give

8 < h?- <1 almost everywhere, for almost every 6. (14.5)

Indeed these inequalities hold on the generating cylinder algebra and hence on its generated
sigma-algebra by measure domination. All requests are feasible in the restricted law, so their
limiting coordinate formats and summary assignments are feasible as well.

Also pass to a limit of the unnormalized accepted tuple measures on the tuple-test cylinders.
Denote it by 7. We claim that

dr 5
d—p = Kk Eg H h?(fj), 5 < Smax- (14.6)
j=1

Here ¢; is the unary projection of the tuple signature. This is the one-law version of the density
identification in Lemma 12.6; the details needed here are as follows.

Fix a tuple cylinder and an accuracy € > 0. By Theorem 11.1, its prelimit indicator can be
replaced on actual successful queries by a bounded finite sum of products of global unary key
functions, with error at most € outside a vanishing set of orientations. This comparison allows the
requested unary status indicators as orientation-dependent unary weights. For each structured
product, Lemma 10.9 gives its successful integral as k., times the product of its separate unary
status integrals, with vanishing error. Averaging over the restricted law preserves these errors: the
relevant estimates use the mixed density and marginal bounds already checked.

The unary integrals and finite numerical metadata are coordinates of the status arrays. Their
finite products and averages therefore pass to the limit. Independence of the unary projections of
p identifies the result with the structured test against the right side of (14.6). The reference part
of Theorem 11.1 bounds the error of the same replacement against arbitrary products of unary
functions bounded by one. Passing this assertion first for cylinder-simple functions and then by L'
approximation permits the functions h? themselves. After averaging 6, the discrepancy on the
chosen cylinder is bounded by a constant multiple of e. Send € to zero. A countable generating
algebra of cylinders proves (14.6).

In particular, the limiting mean of Q,.(W,) is
m(W) = ke | B TL 1) dp = ™.
j=1

But each restricted orientation had hit mass smaller than cpit(d), contradicting (14.3). This proves
(14.4). O
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Remark 14.2. A restriction of polynomial total mass need not preserve a uniform density cap
for every separately normalized old leaf. Lemma 14.1 does not require that conclusion: its proof
uses mixed-law typicality and weak product testing, not the per-leaf net lemma or the two-leaf
covariance projection. The leaf estimates used next concern the original prepared leaves. Also, the
proof of Lemma 10.11 may choose a larger fixed number of transformations for a smaller positive
key cell. This changes an asymptotic onset and a constant prefactor, not 3, J, or M.

14.2 A bounded family of large superlevel sets

We record explicitly the elementary net consequence that determines the order of the remaining
choices.

Lemma 14.3 (Superlevel sets from all-filter nets). Consider the family of unnormalized successful
base-query densities on a prepared leaf, allowing every orientation-only filter. Suppose a member d
has total mass at least by > 0. Uniformly over the prepared leaves and the finite formats, there are
constants t, 0y > 0 such that, for every sufficiently small fized € > 0, a bounded family of reference
sets contains a set W satisfying

V(W) > 60/2,  v{ke W :d(k) < t/a} < de/t. (14.7)

The family depends on the leaf, format, and €, but not on the orientation-only filter subsequently
selected. The constants t,dy can be fixed before e.

Proof. Every such density is dominated by the corresponding unfiltered query density. Since
J ddv <1, its superlevel set {d > T'} has reference measure at most 1/7". The uniform small-set
conclusion of Lemma 10.1 therefore makes the integral on this set uniformly small as 7" increases.
Choose a fixed T so large that [, (d>T} ddv < by/4 for every density in question and all sufficiently

large n. Put
t=bo/4, do = bo/(27).

The region ¢t < d < T carries integral at least by/2, so its reference measure is at least dg.

Take an L'(v) e-net for the entire family of orientation-filtered densities, as supplied by
Lemma 10.1. If f; approximates d, set W; = {f; > t/2}. At most 2¢/t of the region d > t lies
outside W;. Consequently v(W;) > §p/2 when e < 6pt/4. On W;N{d < t/4} one has |f; —d| > t/4,
so that set has measure at most 4¢/t. The sets W; for all net representatives form the required
family. O

14.3 Overlap on the compatible leaf pairs

Proposition 14.4. In the inverse-polynomial alternative of Proposition 9.2, the overlap criterion
(7.3) holds with a lower bound QX(N~%), along the prepared sequence.

Proof. Write 7, for the prepared leaf distribution and o, for the conditional orientation law on a
leaf. Two leaves are initially independent. The preparation supplies a set C,, of compatible leaf
pairs with

(T @ T ) (Cr) > coN 4

for some fixed ¢y > 0. For every pair in this set, choose an injecting compatible small table whose
two separate admissibility filters have orientation masses at least ag > 0. All choices are from
finite numerical table and coordinate formats; the constants ¢y, ag do not depend on n.
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Choose one generic atom for each cross edge, at a common fixed tag, with diagonal bit ¢ = 1.
At each endpoint choose two distinct allowed labels. Use role zero on the first unit and role one on
the second. Feasible summaries exist: on the first side take all ordinary-block tester bits zero and
the shared tester bit one; on the second side take one allowed ordinary-block tester bit one, all
the other such bits zero, and the shared tester bit zero. Prescribe the basis values at endpoint ¢,
facing endpoint z, to be

T(@iz;-)lo; = (a + (wUi)")]c-
Here the star denotes the contraction computed with the chosen table. By (14.1),

(pi +a)(ziz) = T(Nis wiz) = a(Ni) + (wUi)* (N).

Summing over the two endpoints i gives ¢ + u,(A4) = 0, by the pinned compatibility. The same
calculation applies with the two units interchanged. Thus the coupled conditions in (6.2) hold,
as do its diagonal and role conditions. Choose the binary prescriptions given by Lemma 6.2.
These are base queries: the recorded old marks and prescribed basis values already determine the
pi-values, so no additional p;-filter is imposed. By Theorem 6.3, equal accepted keys therefore
satisfy the hypotheses of Proposition 7.1.

At all but an exponentially small proportion of orientations, Lemmas 10.9 and 10.11 give a
fixed positive lower bound for the total successful mass of every feasible numerical base request.
There are finitely many requests. Markov’s inequality over conditional leaf probabilities shows
that, outside an exponentially small set of second-side leaves, every admissibility filter of mass at
least ag retains total successful query mass at least a fixed by > 0. For example, first make the
conditional fraction of exceptional orientations at most ag/2; the fixed success lower bound times
ap/2 then gives by. Removing these leaves loses o( N ~*) leaf-pair mass even before compatibility is
imposed.

Apply Lemma 14.3 on each remaining B-leaf and each numerical base format. Fix its uniform
constants t, dg, and put

d=10d0/2, chit = chit(0), A = (ao/2)cnit > 0.

Use uniform per-leaf small-set control to choose n > 0 such that every reference set of measure at
most 7 has A-query mass less than Ay /2, for all sufficiently large n. This applies also to a filtered
query, which is dominated by the unfiltered one. Now fix a net accuracy satisfying

e < min{dpt/4, nt/4}.

For each B-leaf and numerical base format, take the family of sets Wy, .. ; supplied at this accuracy,
and let L be a uniform bound on its cardinality. The constants through L are independent of n,
although the sets themselves may vary with n and the B-leaf. Each family was formed over all
orientation-only filters. For a compatible pair, its filtered B-density dp has mass at least by, so
choose a member W satisfying (14.7) for that density. Although the table and filter may depend
on {4, that dependence only selects a member of the already fixed B-leaf family.

We now quantify the first-side exceptional pairs. Let C' bound the number of numerical request
and shape choices. Discard family members of reference measure below J; the selected member
is not discarded. Let e, denote the supremum bad probability in (14.4), over the remaining sets
and all relevant requests. For a fixed B-leaf every such set is deterministic for an independent
A-orientation. A union bound and then independence of the original leaves give

Eg 050 )0, (s0me relevant Wy, ;. ; fails its feasible hit bound) < C'Ley,. (14.8)
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Hence the leaf pairs on which the inner probability exceeds ap/2 have mass at most 2C'Le,, /ag =
o(N~%), by Lemma 14.1. On any other compatible pair, at least ag/2 of the A-orientations pass
the admissibility filter and all relevant hit bounds. For its selected W and unnormalized density
da, this gives

/ dadv > Ay, (14.9)
w

Together with the exceptional B-leaves, the discarded leaf pairs consume o(/N~*) mass.
On a remaining compatible pair let H = {k € W : dg(k) < t/4}. Then v(H) <7, and (14.9)

yields
t tA
/dAdBduz - (/ dAdu—/ dAdu) > 20
4 \Jw H 8

There remain at least (co/2)N~* compatible pairs for large n. Consequently

A
col o 4 (14.10)

Etytn [ dadpdv >

Tables and numerical requests may be chosen separately for each leaf pair, as allowed in Propo-
sition 7.1; alternatively one may sum over their finitely many options. This proves the overlap
criterion. O

14.4 Completion

Proof of Theorem 8.1. Fix the construction constants and, for every sufficiently large n, fix mixers
satisfying Lemma 5.5, before choosing a unit law. Suppose there is no common sufficiently-large-n
bound as asserted. Then along an increasing sequence of n’s there are admissible unit laws o,
whose probability of four cross holes is smaller than 271099%  Apply Lemma 4.5 and Proposition 9.2,
taking subsequences where needed. All retained laws have relative mass 2oV ), and their final
leaves satisfy the required image bounds.

Every alternative with positive limiting mass of injecting compatible tables gives the overlap
criterion by Proposition 13.7. The remaining inverse-polynomial alternative gives it by Proposi-
tion 14.4. In both cases Proposition 7.1, including the cost of returning to the original laws, gives

four-hole probability at least
9~ (kmax+03)N—o(N)

But
100g — kmax — -03 = 100g — 56(g — 1) — .03 = 449 + 55.97 > 0.

The displayed lower bound is therefore larger than 271999V for large n, a contradiction. Since
a failure of uniformity over admissible laws produced precisely such a sequence, the resulting
sufficiently-large-n statement is uniform over those laws. O

Proof of Theorem 1.1. Apply Proposition 3.4 to Theorem 3.1. For every sufficiently large admissi-
ble n, there is a graph on m = 2¢09Y sampled positions with independence number at most two
and with cm(G) < m/100. Since all constants, including My, are fixed and N = Myn tends to
infinity, these orders are arbitrarily large. O
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A Parameters, ranks, and probability scales

This Appendix checks that the construction parameters can be chosen in the required order and
that the resulting bounds suffice at every probability scale. All construction constants are fixed
independently of n and of the unit law. These constants may be very large. The mixer matrices are
then chosen separately at each sufficiently large n, by Lemma 5.5, before the unit law is selected.

A.1 The acyclic order of construction

The construction constants and first pin budget from (2.3) and (4.4) are

Cp = 1000, g=10"+1, D =4Cyg, M = 21000,
1 4(D+1)
k —56(q — 1 - - K= |=—_"71. A1l
max (g )s ¢ 1000k 1 { ¢ —‘ ( )
In particular g is odd and D = 4000g. The early law and repinning budgets are
r=2K1+2, Ly = [100(D + 10)], do = 4rLy,
10(D + K 10
o= 10Ky +do+1), Ken, >0+ 1C+“°+ ). (A.2)

These are the bounds in (4.5); the construction takes K to be the least integer meeting the
displayed lower bound.

The remaining early tolerances in Theorem 8.2 and Lemma 8.4 include
s =107"2(1 471, go=27100710 5., =.0005. (A.3)

For each n, the moment order is the largest power of two s < ¢sV; it is even for sufficiently large
n, and s > ¢;N/2. Choose py > 0 sufficiently small in terms of r, D, cs, qo and the fixed phase
tolerance. Fix the transpose-injection error thresholds as well, with their total over all component
and endpoint roles below the required constant error, such as .001. These thresholds precede
selector and channel sizes.

The exponential demands of the no-cover argument are simultaneously satisfiable in this order.
Fix a phase-test threshold 9 > 0 smaller than the required fixed phase accuracy, and choose a
constant I' > D + 2r 4 1 large enough to absorb the indicated density and bounded-rank tensor
counts. With Ly = log,(1/9), it suffices to arrange

o (rog(1/m) 2 1y) > T. (A4)
Cs hQO

The first determines a sufficiently small pg using only early quantities; the second is a later lower
bound on h. Indeed the two moment terms are 225pgos/ % and 2-haws/ 4 and Markov at threshold ¥
costs 219, The comparison between raw and independent channel laws has a factor depending on
h, but it is constant in n and does not alter the linear exponents.
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Next choose the row and selector parameters:

R. = 2(K +20), jx > 10(K + 1)(R. + 20),
By = 2|€| K (R, + 14), B = 10(By + 10000g + 1),
202 > 100g(B, + 1), Pe=_ ( ,
i=0 \/
A =10(K + 1)p.(g* +5), s0 = 4[A], J >100(sg + K2 +1). (A.6)

Integer inequalities are met by rounding upward when needed. This agrees with Lemmas 5.2
and 5.5. In particular j, exceeds the interpolation degree required for (K + 1)(R. + 14) labels.
The length b is chosen before A, and hence before sg, J.

Now choose a sufficiently large integer rg, always setting
h = 1000ry. (A7)
The demands are finite in number and depend only on preceding constants:
1. the moment demand (A.5);
2. fixed-cover and fresh-probe transpose-injection errors in Theorem 8.2;
3. the accepting-set family estimate in Lemma 8.4;
4. residual ranks and private-channel space in Theorem 6.3;

5. the tester rank inequality in Lemma 9.5.

Each is eventually satisfied by increasing rg. Quantitative checks appear below.
Finally choose a sufficiently large integer My, and put

N = Myn, m = 260N, (A.8)

The coefficient of every O(n) count paid as a fraction of N has then been fixed. Choose My to
make all those fractions smaller than their prescribed slacks. Only afterward does n tend to infinity
through integers with n > 2rg. The resulting dependency order is

(Co,9,D, M, kmax, ¢, K1) — (7, Lo, do, uo, K, early tolerances, pp)
— (R*,j*, B(), B*, b,p*, A, S0, J) — (To, h) — MO — N.
A.2 The channel demands precede later tests

In the frequent-output argument, a fixed collection of Lg fresh probes succeeds on B-mass at least

qx = (5cov/2)(5cov/4)LO > 0. (AQ)

The one-vertex density factor depends only on the early marked-law restrictions and pg. Transpose-
injection failure on the fixed fresh vectors is at most that factor times O(Lg)2%0~". It can be made
smaller than ¢./2 by increasing h, without consulting a selector choice or a future common test.
The later raw-event exponent is at most

—(.99 — .51)LoN + DN + small linear errors.
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The specified Ly leaves a margin close to (.48Lo — D)N. The small coefficient-count errors are
paid by Mjy.
For Lemma 8.4, one may use accepting-set log-size

C,N,  C,=100(r +dy+1). (A.10)

The family is encoded by rank-bounded A’s and channel functionals on a cover tensor space of
dimension at most dy/N. There is no h multiplier in its N-coefficient. Let ¢ > 0 be the fixed per-
probe success lower bound after the early failure tolerances are fixed. With ¢ = | N/(10(K +1))],

the comparison is

CZ against 2—(h—2K)E+O(N) QCSN'

For example it suffices that
h > 2K +logy(1/c) + 10(K + 1)(Cs + 2). (A.11)

The floor changes only a bounded factor. Every quantity on the right was fixed before h.
For channel realization, the explicit bounds in Equations (6.5) and (6.10) to (6.12) are

By, = 3K + 28, R, = 14K + 140,
Dy = 2p4|E|(K + 14 + Ryes), Dauo = 20+ (1 + (¢ + 3) D) + 2K.

The pure correction rank per component is at most 307y + 28J|€| + Dquo, and the remaining
channel pairing has rank at least h — 2K — 4Bjy;,. Thus Equation (6.14) asks precisely for

9707'(] > 28J|5‘ + uno + 2K + 4Blin. (A12)

Every quantity on the right is independent of h,rg,n and is fixed by parameters through J.
The baseline first factors through bounded pin/key projections on primal inputs, then derivative
corrections of bounded rank are chosen, and the small residual is compressed before the rg-sized
pure terms are factored through private channels.

The tester inequality in Lemma 9.5 is

g—1

5 (g—49D> 0 >2(g—1)(h+2JK1)+1. (A.13)

Substituting D = 4000g and h = 1000rq gives
— 20000 1
S betetete rg > 4JK1 + ——.
2 g—1

The coefficient on the left is positive for the specified g. This is therefore another compatible lower
bound on rg.
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A.3 Pin, atom, and tensor-rank ledger

Quantity

Bound and role

First pin dimension
Added exact support pins
Added cover-evaluation pins

Total added rank

Final pin dimension
Effective space

Selected atoms at one endpoint
Component rank in the annihilator ar-
gument

List length per cross edge

Atom positions in one unit’s full query
General key-vector slots

Rare-query key-vector slots

K1, summed over components and signs.

At most 4K, for both old marked tensors in a unit.
At most 2dg, for both endpoints’ channel products
on cover bases.

4K1 + 2dy < ug.

At most K; the second peeling is needed only in case
(iii) of Proposition 9.2.

dim C; < K?; every member has total component
rank at most K.

At most 14, across its two lists.

2(K +14) < R, = 2(K + 20).

At most 7 on either side.

At most 4 -7 = 28.

28 -2(9 — 1) = kmax = 56(9 — 1).
4-2(9—1)=8(g—1).

Each tag atom occupies g — 1 star components and supplies one plus and one minus vector at
each. These are vector counts, not scalar Gram counts. The label exclusions in Lemma 5.3 give
nominal independence modulo the pins, as proved in Lemma 6.2, part (ii). The effective-space
dimension is counted in projected pin bases: for a fixed endpoint }, dim Sffe < K, so

> dim(S7, ® S;,) < (Z dim 5;e> (Z dim S> < K>

Thus an effective tensor basis is encoded in bounded projected coordinates, not as unrestricted
matrices with O(n?) entries.

The unprojected representation of one gradient in Theorem 6.3 has per-component rank at
most
1579 + 14J|&|.

Two endpoint contributions give 30rg + O(1). If A4, A_ remove bounded pin/key subspaces, then
rank(M — ATMA_) < rank(l — Ay) + rank(l — A_).

Hence this projection contributes only bounded residual rank, without multiplying the tester rank
by a pin-dependent constant. The later blockwise compression and derivative corrections preserve
that independence from rg.

A.4 Scalar records and the final dimension multiplier

Write
dp = dim B = p. (1 + (¢> + 3)n). (A.14)
Then )
dn _ p:(g"+3) | P
N MO Mon.
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This ratio, and the ratio after adding the bounded channel dimension, can be made arbitrarily
small by choosing My last. In particular the image estimate can use a fixed sufficiently small
€ < (/4. The same choice leaves room for the injective frames and prescribed self-Gram values.
The collision records are linear in n. There are at most 56 point inputs across two units, costing
at most
56(g* 4 3)n + 56b

bits. A list of K nominal pin directions uses at most 2K (d,, + h) coefficient bits, plus bounded
component, sign and rank indices. Once pin projections are fixed, a basis of C; uses at most K4
binary coefficients in its tensor-coordinate space; there are four endpoints. Tester summaries,
numerical small tables, projection relationships and finite statuses have bounded lengths in n. The
construction matrices F, L, R are fixed data and are not encoded afresh in each query record.

The total frozen dimension of a unit is at most K + kpax, over all components and signs. There
are 2(d, + h) nominal columns of a given sign at each component. Recording all interactions of
both units’ columns with opposite frozen images therefore uses at most

A(dy, + h) (K ~+ kmax)

scalar bits. The deterministic solution is selected from these data and the point parameters. No
unrestricted O(n?)-entry matrix is appended. The number of record cells, including bounded
nominal choices when needed, is consequently at most

QCrecn+CreC,O, (A.15)

for constants fixed before Mj.

Only mixed primal-channel Gram entries are tested in the final target. For one cross Gram
block and component, the two endpoint primal summands have total dimension 2d,, and the
channel summands have total dimension 2h on either side. The two mixed products contain at
most 8d,h entries. There are two cross Gram blocks; hence at most

16|€| hdy, (A.16)

bits are tested. Frozen or redundant entries only reduce this count. This is O(n), with coefficient
already fixed.

Choose My to meet every earlier coefficient/codimension slack and, in particular, so that for
sufficiently large n,

log, (record-cell count) < .005N, tested scalar Gram bits < .01N. (A.17)

The smaller image and pin-count slacks form a finite collection and can be met by the same final
enlargement of M.

The remaining collision estimates are those of Proposition 7.1. In particular, (7.8) gives the
following conditional point-mass bound on a surviving cell:

1089 Pmax/N < —(1 —2¢)(k +t) + (k +.01)
=—(1-20)t+.01+2Ck < —95t  (t>1, k < kmax)-

Here 2Ck < .002. The quotient-character estimate (7.9) bounds the absolute mean of a rank-t

character by
otN/2 (2—.95tN2—.95tN)1/2 — 945N
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This pays for fewer than .01N scalar bits, leaving agreement probability at least 2702V, The
overlap loss in (7.7), with the record count made explicit, is at most

QUC’VL’ 2Crecn+0rec,0 27(k+01)N7

which is exponentially small since |IC,| < 2¥V and (A.17) holds. As in that proof, this bound is
obtained at each fixed parameter pair and then averaged.

A.5 Probability scales and later analytic choices

The mixed law retains marginal control, whereas a normalized leaf is required to satisfy a joint
cap and the exact-image bounds. Since M is fixed, o(N) = o(n) in all the comparisons below.

Mechanism Scale and permissible cost

Joint cap 2PN u2; both marginals at most M j.
Joint cap 2(P+e()N ;2

restriction mass 27°N),

Uniform joint cap 2C1eatV
with 2( slack.

Original unit law
Prepared mixed law marginals at most M2°WN)

Prepared normalized leaves 12 and the fresh-image bound

Fixed-cost early restrictions
Polynomial bad-law restriction
Single-endpoint typicality

Paired oversampling and cross-rank
failures

Tiny-cover compatible pairs
Large-set hit exceptions

Independent B-leaf net use

Key equality
Final four-hole probability

Negative logarithmic mass cost O(1), absorbed by fixed
linear exponent margins.

nP = 20" = 2°(N) for fixed p; mixed caps survive, but
old separate leaf caps need not.

Error 2~ surviving 2°") marginal inflation.

Error 2_9(”2), surviving 20(N) = 20(") joint inflation.

Mass Q(N %), with exponential singleton-character and
peeling errors.

o(n™P) for every fixed p, uniform over deterministic
large key sets and finite requests.

Exception at most 2CLe,, /ag = o( N~%), with C, L, ay*
fixed.

Factor |[Kp|™' > 27"V &k < kpax.

2_(kmax+'03)N_o(N), exceeding 271009V for large n.

The polynomial compatibility scale is explicit. The cover tensor space has dimension at most
doN, so rank(1 + F') < Ry := 14 doN. An incompatible clique has size at most R?V. Sampling

RJQ\; + 1 times and union bounding compatible pairs gives probability at least (R?\’;l) 1. The
four requested phase bits retain one quarter of this contribution, up to exponentially small error.
A fixed fourth power therefore suffices; no exponent depending on n is concealed in the term
inverse-polynomial.

Subexponential restrictions are compatible with leaf trimming. If retained total mass is

gn = 27°0) | Jeaves whose surviving fraction is below 27¢V contribute at most
Q*CN/qn — 9—(C—o(1))N

of the retained law, negligible compared with N~%. The second-peeling threshold also loses
exponentially little: there are at most 2“0 image choices and 29" other choices, while each
discarded part has relative mass below 2~ (to+1N,
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Later entropy bounds, nets, partitions, weak product accuracies and finite transformation
sample sizes are analytic choices made after the construction constants. They may depend on My,
on a fixed positive test-cell mass, or on fixed accuracy. They do not change a vector-pin rank or
the scalar record coefficient in (A.15). For each law sequence satisfying the stated density bounds
and each fixed finite test, these choices affect only constant factors and the required onset in n. In
a countable common-test construction, each fixed finite stage is passed before taking a diagonal
subsequence. No exponential rate uniform over all stages is asserted.

For example, unary positivity fixes v = 27K =3 and by = 2771250 < ~. On a reference key
cell of mass at least § > 0, the proof first obtains conditional input mass at least 6/2. It may

therefore use 5

(7 = bint)?
transformations. This changes the constant in O, (27%"), while sg = 4[ A| and the profile count
247 remain fixed. A smaller cell does not require a larger J. Likewise the final B-net accuracy in

Proposition 14.4 is fixed after the positive density, set-size, flag-mass and A-hit thresholds. Its
cardinality is then a constant that a superpolynomial error absorbs.

u >

The final collision margin is
100g — [56(g — 1) + .03] = 449 + 55.97 > 0.
For sampling, the fingerprint log-count is
O(N32199NY — (), m — 91000gN

For k = [m/200], the exceptional-pair bound is

m2kz2—kDN — 2—20009Nk:_

The terminal endpoint-set mass is below 1/M = 271090 its binomial tail at m /200 is exponentially
small in m. These estimates pay for the fingerprint union in Proposition 3.4 and complete the

scale ledger.
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