A nine-dimensional counterexample to Borsuk’s covering assertion
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Abstract

The compact set of rank-one orthogonal projectors on R*, with the Frobenius metric, cannot
be covered by ten sets of strictly smaller diameter. It therefore gives a counterexample to
Borsuk’s conjecture in dimension nine.
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1 Introduction

Borsuk’s partition problem asks whether every bounded set of positive diameter in R? can be
covered by d 4 1 subsets of strictly smaller diameter. For a bounded set Y of positive diameter,
write b(Y') for the least number of such subsets needed to cover Y. Covers and partitions give the
same number: overlaps may be removed without increasing diameters. We prove that b(Y") > 10
for a compact set in R?.

Let Sym,(R) be the space of real symmetric 4 x 4 matrices, with Frobenius norm || A[|% = tr(A?).
Its trace-one affine hyperplane is a nine-dimensional Euclidean space. For a unit vector u € R?,
the matrix uu' is the orthogonal projector onto the line spanned by w.

Theorem 1.1. The compact set
X ={uu":ueRY |Ju| =1} c {4 € Symy(R) : tr A =1},

with the Frobenius metric, has diameter /2 and cannot be covered by ten subsets of diameter
strictly less than v/2.

Thus Borsuk’s assertion fails in dimension nine. The theorem does not determine the smallest
dimension in which it fails or the exact value of b(X). Its witness is the full compact projector image
of real projective three-space. Corollary 7.1 extends the construction to compact counterexamples
in every dimension d > 9.

History and the method

Borsuk posed the partition question in 1933 [3]. Kahn and Kalai disproved it in high dimensions
[13], using a forbidden-intersection theorem of Frankl and Wilson [5] to force many smaller-diameter
parts. Early reductions in counterexample dimension include 946 by Nilli [16], the announced
bound 903 of Grey and Weissbach [6], 561 by Raigorodskii [18], and 560 by Weissbach [20].

Spherical codes led to a further series of reductions. Hinrichs obtained dimension 323 using
vectors of the Leech lattice [10]. Pikhurko reduced the bound to 321 and credited an independent
discovery by Hinrichs and Richter [17]; Hinrichs and Richter published their bound 298 in 2003
[11].

A different series of advances used strongly regular graphs. Bondarenko constructed a two-
distance counterexample in dimension 65 [2]; Jenrich and Brouwer obtained dimension 64 [12].
Grinsztajn’s public proof note gives a finite counterexample in dimension 63 [7]. Theorem 1.1
improves this dimension bound using the full compact image of projective space rather than a
finite configuration.

The projector embedding itself is classical. Kalai describes the map x — x ® = and the full
rank-one positive semidefinite configuration in his account of the Kahn—Kalai construction [14,
Section 2.3]. Conway, Hardin, and Sloane use the same projection-matrix model for Grassmannian
packing and its Euclidean metric [4, Section 5, Theorem 2]. Our contribution is the covering
obstruction for the projector set associated with R*.

The relevant topological antecedents include Walkup’s eleven-vertex minimum for triangulations
of RP? [19, Theorem 3] and the projective-space vertex bounds of Arnoux and Marin [1]. These
results cannot be applied directly to the complex here: its faces are positive coordinate supports
of a map, not simplices in a triangulation of projective space. The central difficulty is to derive
enough of its face structure from the map itself. We do this through an odd map on symmetric
matrices, mod-two degree, and local preimage counts, and then give the finite combinatorial
obstruction in full.



Proof overview

Two projectors in X are at diameter distance precisely when their underlying lines are orthogonal.
A hypothetical cover by ten sets of strictly smaller diameter can be enlarged to an open cover. A
smooth partition of unity then gives nonnegative functions fi, ..., fip on RP?, with sum one, such
that orthogonal lines have disjoint sets of positive coordinates. Section 2 proves this reduction for
arbitrary covering sets.

We record these sets of positive coordinates in a finite simplicial complex: a set of labels is a
face if all its coordinates are positive at some line. To constrain this complex, Section 3 extends
the map f to positive semidefinite matrices by integration, then subtracts its values on the positive
and negative parts of a symmetric matrix. For the resulting odd map, the sum of the absolute
output coordinates equals the sum of the absolute eigenvalues of the input matrix. Normalizing
these two sums gives an odd map between spheres. In Section 4, its mod-two degree forces every
maximal support to have four labels and the sum of these tetrahedral faces to be a cycle.

The main topological step is the equality argument in Section 4. At the threshold of k(k+1)/2
labels on RP*~!, a maximal support with fewer than k labels would give a positive-dimensional
regular level set inside one affine projective chart. Applying the matrix extension on the orthogonal
complement of each line gives a map on a sphere bundle over this level set. The odd degree of the
original extension forces an odd preimage count for this map, whereas the chart trivialization makes
the same count even through the induced map on the projective bundle. Once every maximal
support has k labels, the remaining odd local counts determine the coefficients of the facet cycle.

The last stage converts this topological information into a finite obstruction. The same degree
argument in R? produces a rigid triangle system on six labels, described in Section 5. Each
tetrahedral face of the ten-label complex forces such a system on its six-label complement. Once
these systems have been derived, Section 6 follows them across adjacent tetrahedra by purely
combinatorial arguments. Their compatibility restricts the cycles around edges and organizes
a subset of the labels into small blocks. The blocks and the remaining labels give the final
contradiction. Section 7 returns to the diameter cover.

2 From diameter covers to projective maps

The geometric part of the proof converts a smaller-diameter cover into a smooth map whose
positive coordinates separate orthogonal lines. We first make this conversion explicit, so that the
remaining obstruction can be formulated entirely on projective space.

The projection-matrix metric is the rank-one case of the standard Euclidean embedding of real
Grassmannians [4, Section 5, Theorem 2]. Their chordal distance is 1/v/2 times the Frobenius
distance used here. We give the short computation to fix the normalization throughout the proof.

Let V = R* have its usual inner product, with k£ > 2, and let P(V') denote its space of one-
dimensional linear subspaces. For a line 2 = [u], represented by a unit vector u, write P, = uu' for
the orthogonal projector onto z. Let Sym(V') be the space of real symmetric operators, equipped
with the Frobenius inner product (A, B)p = tr(AB), and put

k(k+1)

N = dim Sym(V) = 5

Xy ={Py:2 e P(V)}.

Lemma 2.1 (Projector geometry). The map = — P, identifies P(V') homeomorphically with the
compact set Xy, in the trace-one affine subspace of Sym(V'). This affine subspace is Euclidean of



dimension Ny — 1. If u,v are unit representatives of x,y, then
1Py — Pl =2 — 2(u, )2, (2.1)

Consequently diam(X}) = v/2, and two projectors are at this distance exactly when their lines are
orthogonal.

Proof. The formula uu' is unchanged when v is replaced by —u, so it gives a continuous map on

projective space. Its range as an operator is exactly z, which proves injectivity. A continuous
injection from the compact space P(V') into a Hausdorff space is a homeomorphism onto its
image. Every P, has trace one, and the trace-one hyperplane has codimension one in Sym(V).
Finally, tr(P2) = tr(PyQ) =1 and tr(P,P,) = (u,v)?, proving (2.1). Orthogonal lines exist because
k> 2. O

Remark 2.2 (Euclidean coordinates). An explicit isometry from the trace-one symmetric 4 x 4
matrices to R is

A (all — a2 a11+aze —2a33 ai] + az + azz — 3a
V2 V6 ’ V12 ’

(2.2)
V2a12, V2a13,V2a14, V2a33, V204, \/§a34>.

The first three coordinates use an orthonormal basis of the trace-zero diagonal matrices. The
factors /2 in the remaining six coordinates account for the two equal off-diagonal entries in the
Frobenius norm. Thus the nine-dimensional witness will be X, with exactly its stated metric.

Write [m] = {1,...,m} and A™ 1 = {(t1,...,tm) 1 t; >0, >, t; = 1}.

Definition 2.3. A smooth map f = (f1,...,fm) : P(V) — R™ is admissible if each f; is
nonnegative, >, f; = 1, and, writing S(z) = {i : fi(x) > 0},

rly = S)nSly) =2. (2.3)

Here smoothness means smoothness of the real coordinate functions on the usual smooth manifold
P(V).

Restricting an admissible map to P(W) for a nonzero linear subspace W C V preserves
admissibility. Coordinates that vanish identically on this subspace may be omitted.

Lemma 2.4 (The strict-gap reduction). If X is covered by at most m subsets, each of diameter
strictly less than \/2, then there is an admissible map f : P(V) — R™.

Proof. Pad the cover by empty sets to write it as Ay,...,A,,. For every nonempty A;, set
d; = diam(4;) and &; = (v/2 — d;)/4 > 0, and define the relatively open set

U, = {P € X : diStF(P, Al) < EZ‘}.

Set U; = @ if A; = @. The sets U; cover Xi. For any P,Q € U;, points of A; within &; of P, Q
and the triangle inequality give

/2
M<\/§.

||P—Q|‘F<di+2€i: 5



In particular diam(U;) < (d; + v/2)/2 < V2.

Pull these sets back to a finite open cover V; of P(V'). A smooth partition of unity subordinate
to this cover [15, Theorem 2.23| gives smooth nonnegative functions f;, with sum one and f;(x) > 0
only if z € V;. Empty sets receive the zero function. If i belonged to both S(z) and S(y) for
orthogonal lines x,y, then P,, P, € U; would be at distance V2 by Lemma 2.1, a contradiction. [

The strict diameter inequalities are what permit the open neighborhoods and the smooth
partition of unity; merely excluding individual orthogonal pairs from arbitrary color classes does
not supply this reduction.

For an admissible map, define its support complez K on the label set {1,...,m} by

Ie K <= [ICS(z)for some z € P(V).

It is a finite simplicial complex, possibly with unused labels, and f takes values in its geometric
realization inside the standard simplex. No triangulation of P(V') is assumed. The next sections
derive the properties of K that will rule out an admissible map when k£ = 4 and m = 10.

3 An extension to symmetric matrices

Fix an admissible map f : P(V) — R™, where dim V' = k. We extend f first to positive semidefinite
operators and then to all symmetric operators. Orthogonal spectral subspaces will give disjoint
sets of labels, producing an odd map between spheres.

Define the continuous degree-two homogeneous function H : V. — R™ by

v 2 v v
Hv) = {g 177 ([v]), vigi

Continuity at zero follows from ||H (v)||; = ||v||?. For a positive semidefinite operator Q, let

B@=k | oy HQ ) dpr (), (3.1)

where uy is rotation-invariant probability measure on the unit sphere. The positive square root is
meant throughout. We usually write £ when the ambient space is clear.

Lemma 3.1 (Properties of the positive extension). The map Ey is continuous on the full positive
semidefinite cone, including its singular boundary. For t > 0 it satisfies

m

Ey(tQ) =tEv(Q),  Ev(Q)i>0, Y Ev(Q)i=trQ.

i=1
Its positive coordinates are exactly the labels used on the range of Q:

{i:Bv(@Qs>0= | S, (3.2)

z€P(ran Q)

where the right side is empty for Q@ = 0. Moreover:
1. Ey(P,) = f(x) for every line x;
2. if Q is supported on a nonzero subspace W C V| then Ey(Q) = Ew(Q|w), where the latter
construction uses flpy) and the factor dim W;



3. this last expression is smooth when W wvaries smoothly with fized dimension and Q|w varies
smoothly through positive definite operators.

Proof. The positive square root depends continuously on a positive semidefinite matrix. For
example, approximate the square-root function uniformly by polynomials on a compact interval
containing the spectra under consideration, and apply those polynomials to the matrices. Thus
the integrand in (3.1) is jointly continuous in (@, w); integration over the compact sphere proves
continuity of Ey . Its homogeneity and nonnegativity follow from the corresponding properties of
H. Since 3, H(v); = ||[v||? and [wu" dpy (u) = k=11, we have

> Ev(@Q)i =k [ (Qu.u) dpy (w) = tr Q.

Every nonzero Q'/2u lies in ran Q. Conversely, every line in that range is spanned by some
Q'?u with ||u| = 1, because Q'/? is invertible on its range. If f; is positive on such a line, the ith
integrand is positive at that u, and hence on a nonempty open set of the sphere. Such a set has
positive measure. This proves (3.2) in both directions. For Q = P,, every nonzero integrand is a
scalar multiple of f(z), and the scalars integrate to tr P, = 1. Thus Ey(FP,) = f(x).

To prove the subspace identity, write r = dim W and let my be orthogonal projection. The
finite measure on S(W) defined by

B+— /S(V) H7TwuH2 l{ﬂwu;ﬂx e/ |l €B) dMV(U)

is invariant under all orthogonal transformations of W. Its total mass is [ ||myul® duy (u) = r/k,
so it equals (r/k)uy . Because Q vanishes on W+ and H is homogeneous of degree two, this gives

EfH@Pwdu () = [ QW) w) dya (w)
S(V) S(W)

as claimed.
Finally choose, locally in the parameters, a smooth orthonormal frame 7" : R™ — W. Write
Q|w in that frame as the positive definite matrix C. The subspace formula becomes

Ev(Q)=r - H(TCY?w) du(w).

The matrix square root is smooth on positive definite matrices, and TC'/2w never vanishes. The
function H is smooth away from zero. Differentiating this expression over the compact sphere
proves the asserted local smoothness. ]

For a symmetric operator A, let |A| = (A%)Y/2 and A, = (JA|+A)/2, A_ = (|A| — A)/2. These
are its positive and negative parts, so A = Ay — A_ and their ranges are orthogonal. Define

F(A) = By(Ay) - Ey(AL). (3.3)

Lemma 3.2 (The odd sphere map). The map F : Sym(V) — R™ is continuous, odd, and
homogeneous of degree one for nonnegative scalars. It satisfies

|F(A)|]; = tr|A], ZF(A)i =tr A. (3.4)



More precisely, its positive and negative label sets are

{i:F(A,>0= | S@),

z€P(ran Ay)

{i:F(A;<0y= |J S(.

z€P(ran A_)

(3.5)

If every coordinate of F(A) is nonzero, then A is nonsingular. If all coordinates of F(A) are
strictly negative, then A is negative definite; the analogous statement holds with both signs reversed.
The map F is smooth on the open set of nonsingular symmetric operators. In particular, it restricts
to a continuous odd map

{A:tr|Al =1} — {y e R : |ly|]1 = 1}. (3.6)

Proof. Continuity and homogeneity follow from Lemma 3.1 and the continuous formulas for A..
Replacing A by —A exchanges A, and A_, so F' is odd. Any line in ran A is orthogonal to
every line in ran A_. Admissibility and (3.2) therefore imply that Ey(Ay) and Ey(A_) have
disjoint positive coordinates. There is no cancellation in their difference. This proves (3.5) and, by
summing coordinates, (3.4).

If ker A contains a line x, choose i € S(x), which is possible because Y, fi(x) = 1. The line z is
orthogonal to both spectral ranges. Thus label 7 is absent from both unions in (3.5), so F'(A4); = 0.
This proves the nonsingularity assertion. If all coordinates of F'(A) are negative, then Ey(A4) =0
by disjointness of the two positive supports. Hence tr A, = 0, so Ay = 0, and nonsingularity
makes A negative definite. Oddness gives the positive case.

For local smoothness, fix nonsingular A. In a neighborhood of A, the positive and negative
spectral subspaces have constant dimensions and depend smoothly on the matrix. Explicitly their
projections are

I (4) = 3 (1 + A(4%)172),

which are smooth there because A? is positive definite. Each projection admits a local smooth
orthonormal frame: project a fixed basis for its range and apply Gram—Schmidt after shrinking
the neighborhood. In these frames, A, and A_ restrict to positive definite operators on their
respective ranges. The last assertion of Lemma 3.1 proves smoothness of Fy (A4) and Ey(A_),
with a zero term if the corresponding range has dimension zero. This proves smoothness of F'. [

The two norm spheres in (3.6) are not being regarded as globally smooth hypersurfaces. Radial
normalization identifies them antipodally with the ordinary Euclidean spheres of dimensions N — 1
and m — 1. These identifications are homeomorphisms everywhere and smooth diffeomorphisms
locally at nonsingular matrices and label vectors with every coordinate nonzero. Indeed, tr|A|
is smooth near a nonsingular A, while the ¢! norm is a fixed linear form within each open sign
orthant. Consequently ordinary sphere degree applies to (3.6) when m = Ny, and local differential
arguments are valid at every preimage of a full-support value.

4 The equality case gives a simplicial cycle

The symmetric-matrix extension gives more than a lower bound on the number of labels. At
equality, its degree controls every maximal support of the admissible map. We prove that these



supports all have the same size and that their sum is a cycle. No triangulation of projective space
is assumed.

Throughout this section, homology and cohomology have coefficients in 5. For a Euclidean
space V of dimension k, write

Y(V)={AeSym(V):tr|4| =1}, Ym={yeR"™: Y, |yi| = 1}.

Radial projection identifies these spaces antipodally with S+~ and S™~!, respectively. We give
them the smooth structures transported by these identifications. Near nonsingular operators,
respectively full-support label vectors, these structures agree with their usual smooth hypersurface
structures: the relevant norm functions are smooth there. Let f : P(V) — A™~! be a smooth
admissible map, and let F' : (V) — X,, be its continuous odd extension constructed in the
preceding section.

Proposition 4.1 (The number of labels). Ifk > 2, every smooth admissible map f : P(RF) — A™~1
satisfies m > Ni. If m = Ny, its extension F' has mod-two degree one and is surjective. In this
equality case, every pair of labels is an edge of the support complex of f.

Proof. An odd map S™ — S? requires n < d, and an odd self-map of S™ has odd degree; see |8,
Proposition 2B.6 and Corollary 2B.7]. Applying these facts to F' proves the bound and the degree
assertion. A map of nonzero degree cannot omit a point of its target sphere, since the complement
of a point is contractible.

Suppose m = N and fix distinct labels 7, j. Choose a vector in X, with every coordinate
nonzero, with precisely the ith and jth coordinates positive. At a preimage A under F, every
line in the positive spectral subspace of A uses only these two labels. That subspace cannot have
dimension at least two: restriction to a two-dimensional subspace would contradict the bound
Ny = 3 just proved. Its dimension is therefore one. The exact spectral-support property of F' says
that this line has both labels 4, j in its support, so {i,7} is an edge. O

We will count regular preimages of maps which need not be smooth everywhere. The following
local form of the degree formula explains why this causes no problem.

Lemma 4.2 (Local counting). Let M be a closed smooth n-manifold, possibly disconnected, and
let ¢ : M — Y be continuous, with Y Hausdorff. Suppose a point y € Y has a neighborhood
homeomorphic to an open subset of R™, and that q is smooth in the corresponding coordinates near
q (y), with invertible derivative at each point of that fiber. Then the fiber is finite, and the image
of the total fundamental class of M in

Hn(Y.Y \{y}) = Fs
is |¢~ (y)| modulo two. In particular, if Y is a connected closed n-manifold, this parity is the
mod-two degree of q.

Proof. The inverse function theorem makes every point of the fiber isolated. The fiber is closed in
compact M, hence finite. By excision,

H,(M,M\q '(y))= @ Hn(M, M\ {z}).
z€q™(y)

The fundamental class has coordinate one in each summand. A local diffeomorphism sends each
local generator to the generator at y. Naturality of relative homology now gives the assertion.
This argument uses no smoothness away from the selected fiber. O



Theorem 4.3 (Supports at equality). Let k > 3 and m = Nj,. Suppose f : P(RF) — A™1 is a
smooth admissible map. Its support complex K has every pair of labels as an edge, every facet has
k wvertices, and

oI

I a facet of K

is a simplicial cycle over Fo. Consequently every (k — 2)-dimensional face lies in a positive even
number of facets.

Proof. The edge assertion is Proposition 4.1. We prove the remaining assertions by examining an
arbitrary facet I. Set

82‘1’7 J:{Lam}\la a:’J‘? h = Ng_1.

Since [ is a maximal support face, there is a line z¢ with S(xzg) = I. Every line in xOL uses only

labels in J. Proposition 4.1, applied in :Bé‘, gives

a > h, s=m-—a< N —N_1 =k. (4.1)

A compact level set over one affine chart. Define
Ur={xeP(V): fi(x) >0 for every i € I}.

Maximality of I implies S(z) = I for all x € U;. Thus the coordinate map fr takes U smoothly
to the open simplex Ay on I. Moreover, Uy lies in the affine projective chart

P(V) \ P(xqp),

because a line orthogonal to xy cannot use any label in I. Choose a regular value r € A 7 of fr,
using Sard’s Theorem [15, Theorem 6.10], and put

L=f'r)cUr.

For now L is allowed to be empty. If 7 denotes 7 extended by zero on J, then L = f~1(7):
positivity of the coordinates of r puts every such preimage in U;. Hence L is compact. It is a
smooth manifold without boundary [15, Corollary 5.14] of dimension

dmL=(k-1)—(s—1)=k—s=a—h. (4.2)

If s < k, the level-set dimension in (4.2) is positive. We will construct a map on a sphere bundle
over L whose regular preimages have odd cardinality, by comparison with F'. The affine-chart
trivialization will force the induced map on the projective bundle to have degree zero when
dim L > 0, contradicting that count. When s = k, the same count will determine the coefficient of
I in the desired cycle.

For = € Uy, admissibility ensures that f on P(z1) uses only labels in J. Apply the extension
construction in this (k — 1)-dimensional space to obtain an odd map

Gy S(zt) — 2,

The subspace-restriction and continuity properties of the extension make these maps a continuous
map on the corresponding sphere bundle. Restrict that bundle to L and write

M ={(z,B):z €L, BeSym(z), tr|B|=1},  G(x,B) = G.(B).



The bundle z — =+ is trivial on the affine chart above. Indeed, choose the unit representative
u of x having positive inner product with a fixed unit representative of zy. Orthogonal projection
from moL onto u™ is invertible and varies smoothly with z; orthonormalizing its images of a fixed
basis gives a smooth orthonormal trivialization. The induced trivialization of symmetric operators,

followed by radial change from trace norm to a Euclidean norm, gives
M =[x Sh1 (x,B) — (z,—B) <+ (x,2) — (z,—2). (4.3)

Equip M with the smooth structure given by the FKuclidean sphere bundle. The trace-norm
parametrization is smooth near every definite B, which is all that will be needed. In particular,

dimM =(a—h)+(h—1)=a—1. (4.4)

Odd parity on the bundle. Consider the open negative orthant of >,, where all J coordinates
are strictly negative. At a preimage of this orthant, B has no positive spectral subspace. It has no
kernel either: the exact support property says that all J labels occur on its range, leaving no label
for a kernel line. Thus B is negative definite on . Consequently G is smooth on the preimage of
the negative orthant. Sard’s Theorem allows us to choose a regular value g in that orthant. Its
preimage is finite by compactness, including the possibility of an empty preimage.

Fix 0 < A < 1 and form the full-support vector

Y= ()\7“, (1 - A)g) € Ym,

with the two coordinate blocks indexed by I and J. We claim that F~!(y) corresponds exactly to
G~ Y(g). Every A € F~1(y) is nonsingular by the full-support property. All lines in its nonzero
positive spectral subspace use only labels in I. That subspace must be one-dimensional: a subspace
of dimension at least two intersects the hyperplane xé, where no label in [ is available. Call the
resulting positive line . The positive output block has every I coordinate nonzero, so S(z) = I
and z € U;. Since the sum of the positive coordinates of F'(A) is A, the positive eigenvalue is A.
Therefore

A=AP,+(1-\NB, B<Oonz', tr|Bl=1. (4.5)

The subspace formula for the extension now gives fr(xz) = r and G,(B) = g. Conversely, every
(z,B) € G7(g) gives a preimage by (4.5).

The value y is regular in the local sense of Lemma 4.2. To see this precisely, near a preimage
use (N, 2/, B') as coordinates for symmetric operators of signature (1,k — 1), with B’ negative
definite and normalized on z'. The single positive eigenvalue and its line vary smoothly, so these
are smooth coordinates on the trace-norm sphere near that preimage. In the target orthant, use
the positive mass followed by the two normalized coordinate blocks. In these coordinates F' is

(N, 2", B') — (X, fr(2"), G (B")). (4.6)

The first derivative block is the identity. The second is surjective because r is regular for f;y. On
the kernel of these two blocks, the third block is the derivative of G|y, which is surjective because
g is regular. Thus the full derivative is surjective, and is an isomorphism since source and target
both have dimension m — 1. By the odd degree of F' and Lemma 4.2,

Gl =F'(y)| =1 (mod 2). (4.7)

This proves, in particular, that L is nonempty.
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The double cover forces maximal supports to have size k. The oddness of GG in the sphere
variable gives a quotient map
G:LxRP"! — RP* L

Write w € H'(RP*™!) and u € H'(RP"!) for the first Stiefel Whitney classes of the real line
bundles associated with their antipodal double covers. Equivariance identifies the pullback of the

target sphere cover with
Lx 8" — L xRPV1,

Indeed, the identification sends (z, z) to ((x, [2]), G(x, z)) and is an isomorphism on each two-point
fiber. This cover isomorphism induces an isomorphism of the associated real line bundles. Their
first Stiefel-Whitney classes are natural under pullback [9, Theorem 3.1(a)]. The source cover is
pulled back from the second factor, so

G w = pryu. (4.8)

There is no contribution from H'(L) in this identity.
Suppose a > h. The projective-space cohomology calculation [8, Theorem 3.19] gives

ul =0, G (w1 =pry(us) =0.

Both source and target of G are closed manifolds of dimension a — 1, and w® ! is the target’s top
cohomology generator. Evaluation on the total fundamental class therefore gives mod-two degree
zero. On the other hand, [g] is a regular value in local quotient coordinates, and every preimage of
[g] has exactly one representative mapping to g. Its preimage count is therefore the odd number
in (4.7), a contradiction. Together with (4.1), this proves a = h and s = k for every facet.

The coefficients of the facet cycle. Now dim L =0, so L is a finite set. For each = € L, the
map G, is odd between spheres of the same dimension h — 1. Regularity of g for G implies its
regularity for each such fiber map. Each fiber therefore contributes an odd number to (4.7), and
hence
f7'@)|=|L|=1 (mod 2). (4.9)
Every facet has k vertices, so K has dimension k — 1. Using the identification of simplicial and
singular homology [8, Theorem 2.27], consider the homology class

S+[P(V)] € Hy—1(|K]).

The interior point 7 of the facet I has a neighborhood in |K| contained in that facet. Passing
to Hy—1(| K|, |K| \ {7}) reads the coefficient of I in a simplicial top cycle. By the regularity
of r, Lemma 4.2 and (4.9), this coefficient is one. The same holds for every facet. Since a
(k — 1)-dimensional complex has no simplicial k-chains, its top homology classes are exactly its
top cycles. Thus f.[P(V)] is represented by the sum of all facets. Its boundary vanishes. Each
codimension-one face consequently occurs in an even number of facets, and purity makes that
number positive. ]

5 Triangle systems on six labels

We now extract the finite combinatorial consequences of the equality case. We call a face with
three vertices a triangle, and a face with four vertices a tetrahedron. These names refer to faces of
the support complex, not to geometric simplices in projective space. Our eventual application is
to the six labels complementary to a tetrahedral facet of the ten-label support complex.
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Definition 5.1. A siz-label triangle system on a set C of cardinality six is a collection 7 C (g)
such that

1. exactly one of T"and C'\ T belongs to T for each T € (g),

2. every pair of elements of C' belongs to exactly two members of 7T .

Lemma 5.2. The triangles of the support complex of an admissible map f : RP?> — A® form a
six-label triangle system.

Proof. By Theorem 4.3, the complex is pure of dimension two, has all fifteen edges, and each
edge belongs to a positive even number of triangles. Two complementary triples cannot both be
triangles: choose witness lines x,y C R® whose supports contain the respective triples. A line
perpendicular to both exists and, by admissibility, could use none of the six labels.

There are ten complementary pairs of triples, so there are at most ten triangles. Counting
incidences between triangles and edges gives at least 2 - 15/3 = 10 triangles. Equality holds
throughout: there is one triangle in each complementary pair, and every edge occurs twice. [

For a triangle system 7 on C' and a € C, its link graph at a has vertex set C'\ {a} and an edge
{u,v} precisely when {a,u,v} € T.

Lemma 5.3. Let T be a siz-label triangle system on C.
1. Every vertex link is a cycle of length five.
2. Every four-element subset of C contains a triangle, but does not contain all four of its triples
as triangles.
3. If a,b € C are distinct and R C C'\ {a,b} has cardinality three, the link graphs at a and b,
restricted to R, are different. In particular, no transposition of two labels preserves T .
4. The triangles contained in any five-element subset of C determine T uniquely.

Proof. Every vertex of the link at a has degree two, since the corresponding pair with a lies in
exactly two triangles. A simple graph in which every vertex has degree two is a disjoint union of
cycles of length at least three. On five vertices it must therefore be a single five-cycle.

Let A C C have four elements and choose a € A. A five-cycle has no independent set of size
three: if three vertices were independent, the three gaps following them around the cycle would
each contain another vertex, requiring at least six vertices. Thus the other three elements of A
contain an edge of the link at a, giving a triangle in A. If all four triples in A were triangles, the
link at a would contain the three-cycle on A \ {a}, which a five-cycle cannot contain.

For the third assertion, write C' = {a,b,c,d, e, f}, where the two triangles containing {a, b}
are {a,b,c} and {a,b,d}. Deleting b from the five-cycle at a leaves a path on {c,d,e, f} with
endpoints ¢, d. Its middle edge is {e, f}, so its other two edges are one of the matchings

M = {{Ca 6},{d,f}}, My = {{Cv f}>{d7 6}}

Deleting a from the link at b gives a path with the same endpoints and middle edge. The two
paths must use opposite matchings, as in Figure 1. For example, if the first uses Mj, the triangles
{a,c,e} and {a,d, f} exclude their complementary triples {b,d, f} and {b, ¢, e}, forcing the second
path to use M.

The symmetric difference of the two paths is the four-cycle with edges My U Ms. Every three
of its four vertices retain an edge, so the restrictions of the paths to any such triple differ. A
transposition (a b) preserving the triangle system would make the two restricted link graphs
identical, which is impossible.
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(a) A complementary pair (b) Link at a (c) Link at b

a b c d c d
2
[ —— °
c e d f e f e
present absent c—e—f—d c—f—e—d

Figure 1: The complementary-triple rule forces opposite matchings. Suppose the two triangles
through {a, b} are {a,b,c} and {a,b,d}. The links at a and b, restricted to {c,d, e, f}, share the
edge {e, f} and use opposite matchings between {c,d} and {e, f} (shown in blue). One of the two
possible choices is drawn. The crossing in (c) is not a vertex. Panel (a) shows one complementary
pair for this choice.

Finally, if z is the omitted vertex of a five-element subset, every triple containing z has
its complementary triple in that subset. The complementary-triple rule therefore recovers its
membership in 7. O

6 The obstruction on ten labels

We prove that an admissible map RP? — A9 cannot exist. Its support complex would have
tetrahedral facets. Each facet forces a six-label triangle system on its complement; transporting
these systems between adjacent facets will constrain the whole complex.

Lemma 6.1. Suppose f : RP? — A is admissible, let K be its support complex, and let S be a
tetrahedron of K. The triangles of K contained in the siz-element set C = [10]\ S form a siz-label
triangle system. In particular, two tetrahedra of K cannot be disjoint.

Proof. Theorem 4.3 says that K is pure of dimension three. A witness line = for the facet S has
support exactly S. The restriction of f to P(z1) =2 RP? uses only labels in C. Tt uses all six:
otherwise the lower bound in Proposition 4.1, applied in dimension three, would be violated. By
Lemma 5.2, this restriction supplies a six-label triangle system contained among the triangles of
K on C.

There are no additional triangles on C'. Otherwise some complementary triples 7', C'\ T would
both be triangles of K. Take witness lines for S,7,C \ T. In R* there is a line perpendicular to
all three; their supports together contain all ten labels, leaving that line no admissible label.

If a tetrahedron S’ were disjoint from S, its four triples would all be triangles on C. This
contradicts Lemma 5.3(2). O

The rest of the proof is purely combinatorial. We retain the notation K and write 7¢ for the
triangle system on a facet complement C. By Theorem 4.3, each triangle of K lies in a positive
even number of tetrahedra.

Lemma 6.2. Every triangle of K belongs to exactly two tetrahedra.

Proof. First observe that if two tetrahedra differ by exchanging labels a, b, the same exchange
carries their complementary triangle systems to one another. Their complements share five labels,
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on which both systems are the triangles of K. After the exchange these triangles remain fixed, so
the systems agree everywhere by Lemma 5.3(4).

Suppose three tetrahedra T'U {a}, T'U {b}, T'U {c} contain the same triangle 7. Put R =
[10]\ (T'"U{a, b, c}), which has four elements. Transporting the complementary systems successively
by (a b) (b e (c a)

RU{b,c} —> RU{a,c} — RU{a,b} — RU{b,c}

preserves the initial system. The composite fixes R and exchanges b and ¢, contradicting
Lemma 5.3(3). Thus at most two tetrahedra contain any triangle. Positive even multiplicity gives
exactly two. O

For an edge D of K, define its link graph to have as vertices the labels v ¢ D for which DU {v}
is a triangle, and as edges the pairs {v,w} for which D U {v,w} is a tetrahedron.

Lemma 6.3. Every connected component of an edge link is a cycle of length three or four.

Proof. Every vertex of an edge link has degree two by Lemma 6.2, so each component is a simple
cycle. We show that the link contains no path on five distinct vertices.

Suppose such a path has consecutive vertices wvg, v1,v2,v3,v4. Let R be the three labels
outside D U {vg,v1,v2,v3,v4}. The four successive edges give tetrahedra D U {v;,v;y1}, whose
complementary systems are transported by

RU {1)2, 3, 1)4} M) RU {’Uo, U3, 1)4} M RU {1)0, V1, 7)4}
M) RU {1)0, U1, UQ}.
The composite fixes R and sends v4 to ve. Hence for every pair {r, s} C R, the first system contains
{vy4,7, s} if and only if the last contains {vg, 7, s}. The latter triple belongs to both complementary
sets, so its membership in either system is simply its membership in K. The first system therefore
has identical link graphs at v4 and vy when restricted to R. This contradicts Lemma 5.3(3). Every
cycle of length at least five contains such a path, proving the assertion. ]

The short links let us describe every facet obtained by repeatedly crossing a triangular face of
one fixed tetrahedron. The description will produce enough facets to contradict the complementary
triangle system.

Lemma 6.4. Fiz a tetrahedron S of K. Forv € S, let p(v) be the unique label outside S such
that (S'\ {v})U{p(v)} is a tetrahedron. For each distinct value y of p, set

By =p '(y)U{y}.

The sets By are disjoint and have at least two elements. For every choice q, € By, the set

U (By \ {Qy})

y€p(S)

is a tetrahedron. Moreover, every tetrahedron of K contains at least two elements of one of these
blocks.
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p(w) =v p'(w)=b

Figure 2: The two partner updates in the link of D = S\ {v,w}. Put a = p(v) and b = p(w),
and replace v by a in the tetrahedron S. The new partner map is p’. The known edges {v, w},
{w,a} and {v,b} form a triangle when a = b. When a # b, they form a path on four vertices;
the short-link condition forces the closing edge {a,b} (dashed). In both cases p/(a) = v, and the
blocks retain their elements.

Proof. The partner p(v) exists and is unique by Lemma 6.2, applied to S\ {v}. It lies outside S,
since the only tetrahedron on the vertices of S is S itself. The stated disjointness and lower size
bound are immediate.

We first prove that replacing v by a = p(v) leaves the collection of blocks unchanged. Put
S" = (S\ {v}) U{a} and let p’ be its partner map. We have p'(a) = v. For w € S\ {v}, put
D =S\ {v,w} and b = p(w). The link of D contains the edges

{v,w}, {w,a}, {v,b}.

If a = b, these form a three-cycle. Since every link vertex has degree two, that cycle is a whole
component, and the other tetrahedron on D U {a} is D U{a,v}. Thus p/(w) = v. If a # b, the
displayed edges form the path a,w, v, b on four distinct vertices. Lemma 6.3 forces it to complete
to a four-cycle, with the edge {a,b}. Thus p'(w) = b = p(w). The two cases are illustrated in
Figure 2. We have proved

The block formerly indexed by a is now indexed by v and has the same elements; all other
blocks are unchanged.

The tetrahedron S contains all elements of each block except its indexing partner. The same
is true after any such exchange, by block invariance. To change the omitted element of a block
from g to u, replace the present element u by its partner q. Doing this once in each block where
a change is wanted realizes every possible choice of omissions. These sets have cardinality four,
since 3°, (|By| — 1) = |S]| = 4.

Finally, suppose a tetrahedron 7' met each block in at most one element. In each block omit
that element if present, and otherwise omit any element. The resulting tetrahedron lies in the
union of the blocks and is disjoint from 7', contrary to Lemma 6.1. O

Theorem 6.5. There is no admissible map RP? — A9,

Proof. Assume such a map exists and fix a tetrahedron S of its support complex. Let ¢ be the
number of blocks in Lemma 6.4, and let R be the set of labels outside their union. The blocks

15



B, By Bs R

( i
° ° o ° o ° o i o o o |
Uy U2 Q1 v q2 w q3 Ler s 3
| 1

S = {U/l,U/Q,’U,U}}, [10] \ S = {Q1,QQ,Q37’I"7S,’I"3}

{T,S,QQ}QT d T:{’I’,S,QQ,’U}

Figure 3: The only remaining block sizes are 3, 2,2, with three labels in R outside the blocks.
Filled dots are the vertices of the fixed tetrahedron S; the omitted block elements are q1, g2, q3.
Every tetrahedron must contain two vertices of one block. After relabeling the two-element blocks,
the final argument selects a triangle {r, s, g2} with r, s € R. Its only possible tetrahedral extension
is obtained by adjoining v, contradicting the two required extensions.

contain 4 + t labels in total, so

If t = 4, each block has size two and S meets each in just one element, contradicting the last
assertion of Lemma 6.4. Thus ¢ < 3.

There is no triangle entirely in R. By purity, such a triangle would extend to a tetrahedron; its
one remaining vertex could not supply two vertices in a block. On the other hand, R is contained
in [10] \ S, where every four labels contain a triangle by Lemmas 6.1 and 5.3(2). Consequently
|R| < 3, and therefore t > 3.

It follows that ¢t = 3, |R| = 3, and the block sizes are 3,2, 2, as in Figure 3.

The complement of S consists of R and one omitted element from each block. Choose two
distinct labels 7, s € R. In the triangle system on this complement, {r, s} belongs to two distinct
triangles. Their third vertices cannot be in R, because R contains no triangle. They are therefore
two distinct omitted block elements. Only one block has size three, so at least one of these triangles
is {r, s, z} with z in a block B of size two.

Every tetrahedron containing {r,s, z} must contain two vertices of some block. As r,s lie
outside all blocks, its fourth vertex must be the other element of B. Thus this triangle belongs to
at most one tetrahedron, contradicting Lemma 6.2. O

7 The diameter obstruction

All ingredients now apply to the projector set in Theorem 1.1.

Proof of Theorem 1.1. Lemma 2.1, with k = 4, proves compactness and identifies the trace-one
affine space with Euclidean RY. It also gives the exact diameter /2. If ten subsets of strictly
smaller diameter covered X, Lemma 2.4 would supply an admissible map RP? — A®. This
contradicts Theorem 6.5. O

The spherical geometry of this witness also gives counterexamples in all higher dimensions.
We use the familiar construction of adjoining points at diameter distance; see [11, Lemma 9] and
[2, proof of Corollary 1]. The following Gram-matrix description adds all the new points at once.
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Corollary 7.1. For every integer d > 9, there is a compact subset of R% of diameter \/2 that
cannot be covered by d + 1 subsets of strictly smaller diameter.

Proof. The case d =9 is Theorem 1.1. For d = 9 4+ s with s > 1, translate its projector set to
Y ={P,— iI:2 € RP%}

in the nine-dimensional space of trace-zero symmetric matrices. Every y € Y has |y[|% = 3/4. In
an orthogonal copy of R®, choose vectors vy, ...,vs with Gram matrix

(v, v o =L+ 3117, 1=(1,...,)".

Such vectors exist because the displayed matrix is positive definite. They satisfy ||v;]|?> = 5/4 and
|v; — v;]|?> = 2 for i # j. Therefore the compact set

Z = (Y x{0H)u{(0,v):1<i<s}cRPR®

has diameter v/2: each new point is at that distance from every point of Y x {0} and from every
other new point.

A subset of Z of strictly smaller diameter containing a new point can contain neither a second
new point nor a point of Y x {0}. Thus a cover of Z by at most d + 1 = 10 + s such subsets
would leave at most ten subsets to cover Y x {0}. This contradicts Theorem 1.1, since translation
preserves diameter and the number of covering sets. O
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