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Abstract

Every invertible mixing probability-preserving transformation is mixing of every finite order.
Thus Rokhlin’s multiple-mixing problem for a single transformation has an affirmative answer.
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1 Introduction

Let (€2, F, ) be a probability space and let T' be an invertible measurable transformation with
measurable inverse that preserves p. The transformation is mizing if

WANT™B) — w(A)u(B)  (In] — o)

for every A, B € F. For an integer k > 2, it is mixing of order k if

k k
y (m T-tiAi) .
i=1 =1

whenever t; < --- < t; are integers and min;x(t;+1 — t;) — oo, for every fixed choice of the
measurable sets A;. Invariance allows us to take t; = 0.

Theorem 1.1. FEvery invertible mizing probability-preserving transformation is mizing of every finite

order. More explicitly, under the assumptions above, for every k > 3 and every Ay, ..., A € F,
k
p(AyNT ™Ay Tt g0y TT u(Aq)
i=1
as min(nqy,...,ng_1) — oo through positive integers. No standardness or countable-generation

assumption is imposed on the original probability space.

Corollary 8.1 extends the conclusion to mixing endomorphisms on arbitrary probability spaces
and to mixing flows whose Koopman operators are strongly continuous on L!. These consequences
are stated and proved in Section 8.

Theorem 1.1 answers Rokhlin’s multiple-mixing problem affirmatively for one transformation.
Rokhlin [15] introduced higher-order mixing and proved it for ergodic surjective continuous endo-
morphisms of compact commutative groups with Haar probability. The question whether ordinary
mixing alone implies the next order is presented as Rokhlin’s 1949 question in de la Rue’s account [6,
Section 1.1]; Ryzhikov surveys the all-orders formulation in [20, Section 1]. We count the order by
the number of sets, as de la Rue does: order k here corresponds to multiplicity £ — 1 in Rokhlin and
Ryzhikov. Neither a group structure nor any other special form of the transformation is assumed in
our theorem.

The distinction between one time generator and several is essential. Ledrappier’s zero-entropy,
mixing Z? example is not threefold mixing [14]; de la Rue explains its three-dot relation and why a
direct one-dimensional analogue fails [6, Sections 1.2 and 3.4, preprint version]. On the positive
side, Kalikow proved the twofold-to-threefold implication for rank-one transformations [11]. Host
obtained all orders under a singular-spectrum hypothesis [9], and Ryzhikov obtained all-orders
conclusions for mixing finite-rank automorphisms [17]. More recently, Kanigowski and Ravotti
proved that mixing locally uniformly shearing flows are mixing of all orders [12, Theorem 6.8].
These results require structure not present in a general mixing transformation. For strongly mixing
actions of countable abelian groups on separable probability spaces, Bergelson and Zelada proved
that the higher-order good layouts form a strong Ramsey-large set [2, Theorem 1.11]; this does not
assert convergence along every diverging-gap layout required here.

The language of joinings, originating with Furstenberg’s work on disjointness [7], makes a
failure of higher-order mixing visible as a nonproduct limit law with independent proper marginals.
Pairwise independence alone does not force a joining to be product. For an aperiodic finite-alphabet
process, Janvresse and de la Rue show that a pairwise-independent joining in which one coordinate



is a continuous function of the other two forces positive entropy [10]. For the twofold/threefold
question, de la Rue records both the limit joining and a zero-entropy reduction [6, Propositions 3.1
and 3.2, preprint version|. At arbitrary order, an antecedent Pinsker-factor reduction is described
by Ryzhikov [19, p. 251], who attributes it to a lemma of Thouvenot [21]. We prove below the exact
finite-alphabet, least-failure form needed here, including the passage from a possibly nonstandard
original probability space. The new obstacle after that reduction is to control all residual interactions
of the proper-independent limit law, not merely a selected joining. We therefore use an ordered
family of array laws and prove the later operator and cancellation steps directly. Markov-operator
methods for joinings and intertwinings provide a related precedent [18, 19]; the rectangle and
exact-line statements used here are established under our specific hypotheses.

The structural argument

Suppose that k is the least failing order, and put I = {1,...,k}. The reduction gives a zero-entropy
finite-alphabet mixing process X and centered one-site functions fi, ..., fr with product correlations
bounded below by a fixed positive constant along a sequence of diverging layouts. A single limit
joining retains this failure, but independence of all its proper marginals does not force it to be
product. For each n > 1, repeated limits at sums of n layouts give a law p, on X", with the
layout indices sent to infinity in a specified order. The law p; retains the correlation witness; po is
an ordered square whose proper families of last-axis planes are independent. Higher levels allow
one axis to become part of a local state while preserving that conditional-product property. No
symmetry under permutations of array axes is assumed.

We enlarge all these laws together. A local state y retains an X-coordinate z(y) and a parameter
u(y); proper last-axis planes remain independent even after conditioning on the whole parameter
array. A conditional-expectation energy construction, using the method of sated extensions [1],
makes the extension saturated: richer data in any further admissible extension do not improve the
conditional expectation of an old test. This permits a first axis to be included in the local state
while selected states on that axis are included in the parameter. The main conditioning argument
proves that these extensions still have the prescribed relative independence. In a square array,
saturation consequently gives exact locality of row and column conditional laws.

The next step turns that locality into a description by orthogonal lines of functions. At a
coordinate of a joint law, consider the closed span of the conditional expectations of functions
of the other coordinates. We call this its active space. Row and column conditional-expectation
operators in a square satisfy two rectangle identities. The identities force fixed positive parts on the
intersections of the active spaces; their polar parts form an abelian unitary group. This yields lines
spanned by modulus-one functions that can be completed along either a row or a column so that
their product is constant. The converse inclusion requires both incident operator identities and is
proved as part of the same argument.

Here the sated-extension method is implemented in an array category whose specified conditional
product laws survive countable inverse limits. It does not require mixing of the enlarged system.
The operator step extracts multiplicatively matched orthogonal lines from concrete kernel identities.
It uses dense-range cancellation of positive operators and does not require their inverses to be
bounded.

From lines to the contradiction

The parameter geometry of the square makes the active space in each individual fibre equal to the
span of its exact lines. We enumerate these lines measurably and regard multiplication modulo



constant phases as a countable abelian group. The row laws match these groups by isomorphisms.
A counting-measure lift of the parameter laws partitions each group into finite blocks of constant
cardinality. Time permutes the blocks, and on an abstract copy of the group this permutation is
implemented by a single automorphism. Only the motion of whole blocks is used; a uniform rule for
the time evolution of individual labels inside a block is unnecessary.

Finally, a label orbit is either dissociated on arithmetic progressions or polynomial on such
progressions. In the first case an exponential estimate for the label functions combines with the
subexponential number of likely words in a zero-entropy process. In the second case a Hilbert-space
averaging argument reduces polynomial degree, with ordinary mixing providing the base case. These
estimates allow an arbitrary coupling of the process and the label functions. They show that the
average absolute correlation with each moving finite block tends to zero, contradicting a positive
quantity preserved by time.

The averages appear only in this contradiction inside a hypothetical counterexample. The
conclusion of Theorem 1.1 remains convergence along every diverging positive-gap layout. The
proof uses one time transformation throughout; the auxiliary array indices are not additional time
generators.

Section 2 constructs the zero-entropy witness. Section 3 proves saturation and square locality.
Section 4 establishes the operator description of exact lines. Section 5 obtains measurable labels
and finite blocks. Section 6 proves the one-dimensional cancellation result, Section 7 assembles the
contradiction, and Section 8 proves the endomorphism and flow consequences.

Conventions

We write T = {z € C: |z| = 1} for the circle group under multiplication. Hilbert spaces are complex,
with inner products linear in the second argument, and all spans of subspaces are closed spans.
Conditional laws and identities of factors are understood modulo null sets. After passing to the
finite-alphabet factor, all random-element spaces and subsequent extensions are standard Borel
spaces, with completion when needed. Regular conditional laws can therefore be chosen using
countable determining classes. Assertions needed in finitely many orientations or countably many
time translates are imposed on a common conull set. We use the standard conditional-expectation
convergence theorems, the finite-partition entropy chain rule, and the spectral theorem for compact
positive operators. Their applications below take place on the indicated probability spaces or
separable Hilbert spaces.

2 A finite-alphabet witness of zero entropy

We first place a hypothetical failure in a standard probability space and remove its positive-entropy
part. The reduction also preserves the least order of failure. Throughout, the entropy of a finite
partition is Shannon entropy with natural logarithms.

Proposition 2.1 (Zero-entropy witness). Suppose an invertible mizing transformation fails to be
mizing of every order. There then exist an integer k > 3, a finite alphabet A, a shift-invariant
probability measure px on X = A%, and real one-site functions fi,. .., fi such that the shift Tx is
mizing of every order less than k,

n—oo n

1
/fi dpx =0, [ fillo <1, lim —H,(z1,...,20) = 0.



Moreover, there are § > 0 and integer layouts
0= dl(b) < dQ(b) < < dk(b), HEIIcl(dHI(b) — dl(b)) — 00,

for which

k
/ H fi(T;?(b)w) dux(x) > 6  for every b. (1)
X iZ1

Proof. Let k be the least failing order and choose sets witnessing failure along layouts whose least
consecutive gap tends to infinity. Passing to a subsequence makes the discrepancy from the product
of the means have a fixed sign and absolute value at least some € > 0. Mixing at every smaller order
holds for bounded functions, by approximation with simple functions.

Let o be the finite partition generated by the witnessing sets and put a; = T %a. We work
inside the completed factor generated by (o;);cz and define its past tail by

C= ﬁa(ai:ig—m).

m>1

All the factor o-fields in this proof are understood with their probability completions. This o-field
is invariant under 7 and T~!. Write g; for the witnessing indicators and g; = E[g; | C]. Replacing
gi 0 T%®) by g; o T4 successively from i = k down to i = 1, changes the product integral by a
quantity tending to zero. Indeed, after translating the time of the factor being replaced to zero, all
earlier factors are measurable with respect to

Fy=oloiii<—g),  g=min(d(b) - di(h))

and all later, already replaced factors are C-measurable. Their product has absolute value at most
one. The error at this step is therefore at most

1Elg: | F—g] — Elgi | Clllx,

which tends to zero by the reverse martingale theorem. The same argument applies to the first
factor, whose remaining factors are all in the tail. Conditional expectation preserves the means, so
the tail functions still witness failure along a subsequence.

We next verify that every finite C-measurable partition 8 has entropy rate zero. For a finite
partition ~, write v; = T~%y. Stationarity and the entropy chain rule give

.1 .
h(v) = lim —H(y,....70) = H(yo [ o(5i 20 < 0). (2)
For completeness, the increments in the chain rule are H(yo | 7—j,...,7-1); they decrease to the

right side, since the conditional probabilities of the finitely many atoms converge and entropy is a
bounded continuous function on their probability simplex. Their Cesaro averages give the asserted
limit.

For any € > 0, there is M such that

H(Bo | a—m,...,anm) <e

Consequently the chain rule and monotonicity under conditioning give

H((aVP)1,...,(aVB)n) < H(ou—m,. .. ntm) + ne.



After division by n, this proves h(a V 8) < h(a) + €. The reverse inequality follows from refinement,
and hence h(a V ) = h(a).

On the other hand, every translate of 8 belongs to the invariant tail C and hence to the past of
« before each fixed time ¢. Conditioning on f31,..., 3, therefore does not add information beyond
o(a; : j <) in the lower bound below:

I
.M:

s
Il
—

H(Oél,...,()én|,31,...,ﬂn) H(Ozi|Oé1,...,0(i_1,,31,...,6n)

>

-

@
Il
—_

H(o; | o(aj:j <i)) =nh(a).

Combining this with

H((aVP)i,...,(aVB)y) =H(Bi,...,00) + H(or,...,an | By, Bn)

and taking rates proves h(/) = 0.

Choose, once and for all, finite-valued C-measurable approximations h; to the g;, with values in
[0,1]. They can be made sufficiently close in L' to preserve a fixed positive discrepancy along the
selected layouts: the change in either a product integral or the product of the means is bounded by
the sum of the L! errors. Let 3 be their common finite partition. Coding the S-name gives a factor
on A”, with its induced measure puy. This is a standard probability space, its alphabet entropy
rate is h(S) = 0, and its shift inherits all mixing properties of the original transformation. The h;
become one-site functions.

Center these functions. Expanding their centered product, every proper subproduct tends to
the product of its means, because its ordered sublayout still has all consecutive gaps tending to
infinity and contains fewer than k& times. Thus the centered product differs by o(1) from the original
discrepancy. Each centered function has supremum norm at most one. A change of sign in the first
function, followed by discarding finitely many layouts, gives (1). O

The all-orders Pinsker-factor antecedent is described by Ryzhikov [19, p. 251], with attribution
there to Thouvenot [21]. The corresponding reduction from failure of threefold mixing appears in
de la Rue’s account [6, Proposition 3.2, preprint version]. We included the proof to specify the
finite-alphabet witness, the replacement order, and the entropy conclusion on an arbitrary original
probability space.

From now on we fix the system and witness supplied by Proposition 2.1, and put I = {1,...,k}.
The rest of the proof will contradict (1).

3 Ordered arrays and conditional locality

The next construction retains the order in which limits are taken. Its basic independence is along
the last axis. Additional independence and conditional locality will be consequences of an extension
argument; they are not symmetry assumptions on the arrays.

3.1 The initial array laws

We interpret I° as a singleton. For each n > 0 there is a probability law p, on X!" with the
following properties:

1. po = px, and p, is invariant under simultaneous T'x;



2. fixing any one axis at any slot gives p,_1;
3. any proper family of last-axis planes is independent under p,;

4.
[ A dpr @) = 6. (3)

el

Here a last-axis plane is the whole array with its last coordinate fixed; “proper” means containing
at most £ — 1 of the k planes.
To construct the laws, fix a free ultrafilter on the layout indices b. For by, ..., b,, start with the

law of
" di, (b
(T);“ ! 2)9?> ;T pX.
(J1yeeergn)EI™

Take the ultralimit in b,, first, then b,,_1, and so on. These limits exist on cylinder probabilities.
They are consistent probabilities on every finite collection of alphabet coordinates and therefore
determine a probability measure on the countable product X!". These are also successive weak
ultralimits on this compact metrizable space. Ultralimits of bounded scalar sequences are linear
and multiplicative.

Time invariance is immediate. Fixing one axis adds a common time translation to all remaining
entries; invariance of px removes that translation before the limits are taken. This proves consistency
for every axis. To verify last-axis independence, take cylinder tests on s < k — 1 distinct last-axis
planes and hold by, ...,b,—1 fixed. Each test is then a fixed bounded function of x, translated by
the corresponding d;(by,). Mixing of order s makes their product integral converge to the product of
their integrals. Multiplicativity of the remaining ultralimits gives independence with plane marginal
pn—1; for s = 1 this is simply the marginal assertion and requires no mixing hypothesis. Cylinder
tests determine the asserted law. Finally, (3) follows from (1).

3.2 The class of extensions

All spaces in the rest of the proof are standard Borel spaces, with their probability completions when
discussing measurable functions or o-fields. Conditional laws are regular conditional laws. Their
identities are equalities almost surely, determined first on countable generating families of tests.
This permits simultaneous choices of versions for the countably many array levels and identities
below.

At level 1, the law p; still carries (3). At level 2, view I? as a square: proper families of its
columns, the last-axis planes, are independent as whole column arrays. We have not asserted the
analogous row independence. The higher levels will let us roll a first-axis row into one local state
and retain the same last-axis contract. To do that we enlarge every p, compatibly, retaining an
X-factor and recording a parameter at each local state.

Definition 3.1 (An array object). An array object consists of standard probability systems
(Y, mo, Ty') and (U, v,Ty), factor maps

k:Y — X, u:Y — U,

and probability laws m, on Y!" for n > 0. All transformations are invertible and the factor maps
commute with time. The laws satisfy the following requirements.



1. Each m,, is invariant under simultaneous 7Ty and projects coordinatewise to p,. For n > 1,
fixing any axis at a slot gives my,_1, and every proper family of last-axis planes is independent
under m,,.

2. For n > 1, conditional on the complete parameter array (u(yy))yecrm, every proper family of
last-axis planes is independent. The conditional law of each plane is m,_1 conditioned only
on that plane’s own parameter array.

3. Under myg, k(y) and u(y) are independent; in particular, k.mo = px.

An extension is another such object together with a local factor map 6 : Y’ — Y preserving every
array law and the map to X, such that the old parameter is a factor of the new parameter. The
latter means that u o 6 = v o’ for a time-commuting factor ¢ : U' — U.

We also write z(y) = k(y) for the X-coordinate of a local state. The initial laws give an object
with Y = X and a constant parameter. For an object and n > 1, let

Pn=oc(u(yy) : v elm), Onj =0y :vn # J), Gnj="PnVOpn;.

Thus P, records every parameter, O, ; records every state outside plane j, and G, ; combines both.
Saturation will prevent an extension from revealing more about an old test through any of these
three kinds of data.

The construction uses the conditional-expectation energy and inverse-limit method of sated
extensions; see [1, preprint version, proof of Theorem 3.11 and Lemma 3.12]. We verify directly
that the defining conditional product laws of our array category survive inverse limits.

Proposition 3.2 (Saturation). Every array object has an extension with the following property.
For every n > 1, every F € L?(m,,), and each

De {Pn} U {gn,jyon,j RS I},

no extension increases the norm of E[F' | D] after pullback. More precisely, if 6,, is the coordinatewise
factor map from any extension and D' is the corresponding data in that extension, then

E[F 06, | D'|=E[F|D]ob,. (4)

Proof. We first check closure under sequential inverse limits. For a sequence of extensions, take
the local state and parameter spaces to be the spaces of compatible paths, with their consistent
probability laws. They are standard Borel spaces. At every array level the consistent finite-stage
laws determine a law on compatible array paths. Time acts coordinatewise. Projection to X,
consistency under fixing any axis, and unconditional last-axis independence pass to the limit by
testing finite-stage functions. Independence of the local X-state and the limiting parameter follows
in the same way.

For the conditional requirement, fix a proper family J of last-axis planes and bounded functions
F}; on those planes, all pulled from one finite stage. Let 737(18) denote the full parameter array at stage

s, and 737(15_)1, ; its restriction to plane j. For every sufficiently large s, the defining property gives

E|[[F|PY| = [1EE P,

jeJ jeJ

Increasing martingale convergence on both sides gives the same identity for the limiting parameter
fields. The factors are uniformly bounded, so their products converge in L?. This proves both



independence and dependence of each plane law only on its own parameters, first for finite-stage
tests and then, by density, for all bounded tests.

For a fixed test and data type, the norm of the indicated conditional expectation is nondecreasing
under extension and bounded above by the norm of the test. At each constructed stage, choose
countable dense families of bounded tests in every L?(m,,), and list all pairs of a test and one of
the finitely many data types at that level. Construct successive extensions as follows. At round
q, process the first ¢ listed pairs from each of the first ¢ stages already constructed. For each
pair choose an extension whose projection norm is within 279 of the supremum over extensions of
the current stage. There is no requirement to attain the supremum. Append these finitely many
extensions and continue. Every listed pair is processed infinitely often with error tending to zero.
Taking the sequential inverse limit gives an object M, in the class.

Let Z be any extension of M, and fix a test listed at some finite stage. At any sufficiently late
processing step, Z is also an extension of the current stage. Its projection norm is consequently at
most that step’s supremum, which is at most the chosen next-stage norm plus 279. The next-stage
norm is at most the limiting norm. Letting ¢ — oo proves that Z cannot increase the norm for this
test. Finite-stage functions are dense in the inverse-limit L? spaces, and conditional expectation is
a contraction. The same conclusion follows for every F' € L?(my,) of M.

Finally, the pullback of D is contained in D’. The Pythagorean identity for these nested
orthogonal projections is

IE[F 06y, | D]||5 — |[E[F | D] o 6,3
= |E[F 08, | D] —E[F | D] o 8,3

The equality of norms therefore gives (4). O

We fix a saturated object for the rest of the proof. Its enlargement need not be mixing. All
subsequent locality assertions will come from (4) and the defining array laws. The equality says
that observing the extension’s richer parameter or outside-plane data reveals no more about an old
L? test than the corresponding old data did.

3.3 Conditioning on parent planes

We record the elementary conditioning fact that will justify the induction. It keeps track of which
parameters determine each marginal.

Lemma 3.3 (Local conditioning). Let E,Oy,...,Os, B be standard random elements. Suppose
E; =ej(E) and Aj = aj(Ej,O;) are measurable, and that

Law((0;)5=, | E) = ®Kj(Ej, Y, Law(B | E,O1,...,04) = L(E, Ay, ..., Ag;-).
j=1

If Q; is the conditional law of O; given (E;, A;), then

S

Law((Oj)jzl | E, Al, PN ,AS,B) = ®Qj(EjaAj; ) (5)

j=1

Proof. The tower property shows that K;(Ej,-) is also the conditional law of O; given E;. Let
M;(z,-) be its image under o — a;(x,0). Disintegration gives, for almost every = with respect to
the law of Ej,

Kj(z, d0)dy,(z,0)(da) = Mj(z, da)Qj(, a; do).



Substituting x = e;j(E) preserves these almost-sure identities. The joint law of (£, O, A, B) thus
factors as

Law(E)(de) | Q) Mj(ej(e), day) | Lle, a; db) | Q) Qj(ej(e), aj; doj)
j=1 J=1

The first three factors give the law of (E, A, B), proving (5). O

Lemma 3.4 (Rolling an axis into the local state). Let R C I satisfy |R| < k — 2, and choose
a € I'\ R. There is an extension of the saturated object whose local state is Y' = Y1, with local law
m1, parameter

“/((QC)CEI) = ((w(¥e))cer, (Ye)cer), (6)

and factor map (Ye)eer = Ya- Its level-n law is my,11, with the first axis treated as internal to the
local state, and its time transformation is componentwise Ty .

Proof. We prove the statement by induction on |R|, simultaneously for all array levels and all
projection slots a ¢ R. Saturation will be used only for extensions already supplied by smaller
parent sets. The resulting screening identity and Lemma 3.3 will then verify the conditional product
law for the larger parent set. Write an entry of the old level n + 1 as y., where ¢ € I is the
internal axis and w € I" comprises the remaining axes. The proposed projection retains vy, q,. It
preserves every array law by axis consistency, preserves the X-state through r(y,), and recovers the
old parameter from (6). Time invariance, consistency, and unconditional last-axis independence for
the candidate follow directly from the old level n + 1.

At the local level, condition on (u(yc))cer in my. The set R U {a} is proper. Its states are
conditionally independent, with the law at a conditioned only on u(y,). Since the X-image of that
conditional law is px, the selected X-state still has law px after conditioning further on (y.)ccr-
This verifies the required independence from the enlarged parameter. If R = &, the remaining
conditional last-axis requirement is exactly the old condition at level n + 1, so the base case is
proved.

Now suppose R # & and that the lemma holds for smaller parent sets. Fix n > 1 and a missing
last-axis slot jo. In the old law my,41 let

E= (u(yc,w»c,wa 0= (yc,w C W ?é ]0)

For j # jo, let O; be the full plane at last slot j, E; its old parameter array, and A; its states at
internal indices ¢ € R. Finally, let

B:(yc,w:C€R7 wn:jO)

be the parent states in the missing plane. Conditional on F, the O; are independent, with each
plane law depending only on FE;. We claim that

Law(B | E,0) depends on O only through (A;);j,- (7)

Enumerate R and reveal its missing-plane slices one internal index ¢ at a time. Let R’ be the
set of indices already revealed. It has smaller cardinality than R. The induction hypothesis supplies
a valid extension with parent set R’ and projection slot c. Apply saturation to a bounded test F' of
the missing-plane slice (Y : Wy = Jo), viewed as a function on the projected old level n. For the
data type Gy j,, the old data are the parameters of the row at c and its states outside the missing
plane; the enlarged data are F, all of O, and the already revealed missing parent slices. More
explicitly, if B denotes those already revealed missing slices, write Af/ for the states of O; at

10



internal indices in R’. This smaller-parent extension has P,, = o(E, (Af/) i#jor Br1), Oy 4o = 0(0),
and G,, ;, = o(E, O, Bgr). Hence (4) says exactly that
]E[F | E, O, (yl,w)lER’,wEI”} = E[F | (u(yc,w))welnv (yc,w L Wp 7& ]0)] (8)

The right side is the old m,, conditional kernel at the fixed internal index c¢. It involves only E
and the part of O belonging to that same ¢, and it does not depend on previously revealed missing
states. Multiplication of these successive kernels proves (7).

Apply Lemma 3.3 to the proper family of planes O;. Conditioning on E, all the A;, and B
preserves their independence and conditions each plane only on (Ej, A;). These are precisely the
complete enlarged parameters and each plane’s own enlarged parameters, respectively. The law
of such a plane is the old m,, now viewed as the candidate level n — 1; its conditional law given
(Ej, A;) is therefore exactly the one required by Definition 3.1. We have proved the requirement for
k — 1 planes. Marginalization proves it for every proper family.

There are only countably many levels and finitely many choices of parents and slots at each
induction step. Testing on countable determining classes makes all the kernel equalities simultaneous.
The induction is complete. ]

3.4 The square and its grouped kernels

Introduce the disintegrations

mo(dy) = [ n(dpu(dw,  mi(dy)= [ A(dy)e(dp), 0

where 7 is the law of the parameter tuple under m;. The local law 7, is concentrated on u(y) = u
and satisfies
KMy = px for v-almost every u. (10)

Every proper coordinate marginal of 7 is a product of copies of v. Every proper coordinate marginal
of Ay is @; 7p; on those coordinates. These assertions follow respectively from unconditional and
conditional last-axis independence at level one.

The measure v is Ty-invariant, and 7 is invariant under Té. Uniqueness of disintegration and
time invariance give

nTUU = (TY)*qu )‘Tép = (Té)*/\p (11)

By intersecting the relevant conull sets over all integer translates, we may use these identities, the
marginal assertions, and (10) on invariant conull sets. In particular, time carries one fibre Hilbert
space to another; it need not preserve an individual fibre.

Write the level-two state as (Ya,j)a,jer, With a the first axis (the row index) and j the last axis
(the column index). Its full parameter array and its row and column parameter tuples are

E= (ua,j)a,ij Pa = (Ua,j)jED q; = (ua,j)ael-

Thus the order within either tuple is the original order on I. For subsets D,J C I, let Yp ; =
(Ya,j)acD,jes; write Y, 1 for a single row and Y7 ; for a single column.

Proposition 3.5 (Square locality). The following properties hold in mz, and can be imposed
simultaneously on one conull set of full parameter arrays E.

1. Conditional on E, every proper family of columns is independent, with column j having law
Ag; - Bvery proper family of rows is independent, with row a having law Xy, .
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2. Let R C I, |R| < k—2. Given E and the full parent rows Yg 1, every proper family of columns
is independent, and each column has law Ag; conditioned on its own parent entries Yg ;.

3. Ifa¢ R and jo € I, then
Law (Yajo | £, YR,1, Y1,1\{jo}) = Apa(Wago | Ya,n\ (o)) (12)

There is also the following grouped form. Partition the rows into three nonempty groups P, A, B and
the columns into three nonempty groups r,s,t. At a fixed typical E, each grouped row

(YD,Ta YD,Sa YD,t)a D e {P7 A7 B}7

has a three-coordinate law with pairwise independent coordinates, and the same holds for each
grouped column. Given Ypr, any two grouped columns are independent with their own column laws
conditioned on their entries in P. Finally, putting Ay = Q,ca Ap,,» we have

Law(Ya: | E,Ypr1, Y1 r0s) = Aa(dYays | Yar, Yas). (13)

All these grouped assertions hold for every ordering of the three row groups and the three column
groups.

Proof. Column independence in (1) is the defining conditional independence at level two. To obtain
rows, use the extension in Lemma 3.4 with parent set R and projection slot a ¢ R. For a bounded
test I’ of the entire projected row, saturation for the full parameter data P; gives

EIF(Yau) | E.Ynil = [ Fdy,. (14

Reveal the members of any proper row family in turn. The previous members number at most k — 2,
so (14) applies at every step. Their joint conditional law is the product of the indicated row laws.

Assertion (2) is the conditional last-axis requirement at level one of the extension with parents
R. Tts local law is m; on each column, and its own parameter there is (g;, Yr ;), giving precisely
the stated marginal kernel. For (3), use the same extension and saturation for Gy j,. The projected
old data are p, and the other entries of row a, while the extension data are F, the parents, and all
columns except jo. This gives (12).

We prove the grouped assertions without interchanging array axes. Each row group is a proper
set of rows, so its full law is the product of its individual row laws. Within each individual row,
any proper set of column coordinates is independent. Consequently any two grouped cells in that
grouped row are independent. The identical conclusion for a grouped column follows by applying
the corresponding column assertions. Since |P| < k — 2, (2) applies to the parents P. The union
of any two column groups is proper, which gives the claimed conditional independence of grouped
columns.

It remains to prove (13). We first handle a single missing column jy. Given E, Yp;, and all
other columns, reveal y, j, successively for a € A. At each step the parents consist of P and the
previously revealed rows in A. Their number is at most

IP|+|A|—1=k—|B| - 1<k—2.

All their remaining entries are already known from the observed columns. Equation (12) therefore
gives the kernel of the individual row at that step. These kernels do not depend on the previously
revealed entries in column jy, and hence

Law(Yajo | E,YP1, Y1 1\ (o1) = Q) Apa (Wajo | Ya,n(o})- (15)
ac€A
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Now choose jg € t, put J =1\ {jo} and C' = r U s, and retain W = Y, ; as part of the output.
The set C'UJ consists of exactly k—1 columns. By (2), conditional on E and Yp, those columns are
independent. In each of them, PU A is a proper row set. Thus the A-entries, even after conditioning
on its P-entries, have the plain product marginal @,c 4 7, ;- It follows that

Law(W | E,Yp, Y1) = ® Nta - (16)
a€A, jeJ

Use (15) and then integrate away the additional states in columns J, retaining W. Its right side
depends on those columns only through W, so the resulting joint kernel for (W, Y} j,) is the measure
n (16), followed by the product of the individual row kernels in (15).

Under the row-group law A4, the coordinates in C' U J are also independent with exactly
those marginals: the rows in A are independent and each row has independent proper coordinates.
Consequently the just obtained kernel is exactly the conditional law of Y4 ; under A4 given Yy c.
This proves (13), including the case J = @. Only cardinalities of the groups were used, so every
ordering of the groups is allowed. All choices are finite; the earlier convention on kernel versions
makes the assertions simultaneous. O

3.5 The geometry of the parameters

The last property needed from the square is unconditional: it describes how a row parameter tuple
and the column parameter tuples can meet. For a € I, let

Ko(u, dg) = m(dq | qla] = u). (17)
This is a probability kernel for v-almost every u, because the ath coordinate marginal of 7 is v.

Lemma 3.6 (Parameter geometry). In the level-two parameter law, for every a € I and every
proper set J C 1,

Law((q;) jeJ | Pa) = ®K (pals]s dgj)- (18)
JjeJ

In particular, for each i € I, the diagonal row and column tuples p;, q; are conditionally independent,
with the same law K;(u,-), given their common coordinate u = w;;.

Proof. Tt is enough to prove (18) for J = I\ {jo}, and then take marginals. Write
Z=Yor, O={15)jes, 5= Yay)jes-

Use the extension with no parents and projection slot a. Saturation for the data Oy j, says, for
every bounded row test F,

E[F(Z) | O] = E[F(2) | S]. (19)

Since S is a function of both Z and O, this is conditional independence of Z and O given S. One
direct verification is to multiply (19) by a bounded function of O and condition on S; the resulting
factorization is the conditional-independence identity. It also gives the reversed screening statement
Law(O | Z) = Law(O | S).

Unconditionally the columns in O are independent, each with law m;. Conditioning on their
separate shared states therefore gives

LZ-LW(O | Z) = ®m1(dYI7]~ ‘ yad)-
JjeJ
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We identify the parameter image of each factor. In a single column, the joint law of its parameter
tuple ¢ and its state y, at slot a is
m(dg)nga)( dYa)- (20)

Disintegrating 7 at gla] rewrites this as

v(du)Kq(u, dg)nu(dya).

Since u(y,) = u almost surely under 7, the conditional law of ¢ given the shared state y, is exactly
Ka(u(y,), dg). Thus
Law((g))jes | Z) ®K U(Ya,j)s dgj)-
jeJ
The right side is a function only of p,, which itself is a function of Z. Conditioning down to p,
proves (18).

For the last assertion, take a = ¢ and retain just j = ¢. The tuple p; has marginal 7, and its
coordinate at i is u;;. Given p;, the law of ¢; is K;(p;[i],-). Disintegrating once more over that
coordinate shows that

Law(pi, i | wii = u) = Ki(u, dp;) Ki(u, dg;),

as required. ]

We now have two complementary descriptions of the same square. Proposition 3.5 gives exact
conditional kernels at a fixed full parameter array. Lemma 3.6 controls how those parameters vary.
The first description yields the operator structure in the next section; the second will identify which
parts of that structure persist across fibres.

4 The operator square

We now fix the parameters of a square supplied by Proposition 3.5. The aim is to describe the
functions at one cell that are visible both from the rest of its row and from the rest of its column. We
shall prove that this common subspace is spanned by unimodular functions satisfying multiplicative
relations in both directions. The proof first treats three groups of rows and three groups of columns;
varying the groups will then recover the individual coordinates. Operator representations of joinings
have a substantial precedent in Ryzhikov’s intertwining work [18, 19]; the particular rectangle
identities and exact-line conclusion below are proved from the conditional kernels of Section 3.

4.1 Active spaces and exact relations

Definition 4.1. Let A be a probability law on a finite product S7 x --- x S, of standard spaces,
with coordinate variables Y7,...,Y,, and marginals u1, ..., um. The active space at coordinate i is
the closed subspace

A;(\) = span{EA[F(Y; : j #4) | Yi] : F bounded and measurable} C L*(1;).

An exact tuple is a tuple of measurable functions y; : S; — T for which
H xi(Yi) =c A-almost surely, ceT. (21)

An exact line at coordinate ¢ is a one-dimensional subspace Cy; occurring in an exact tuple.
Representatives differing by a constant of modulus one define the same line.
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The active spaces contain constants and are invariant under complex conjugation. Their
orthogonal projections therefore commute with conjugation. Every exact line lies in the active space:
solve (21) for its representative and condition on the chosen coordinate.

Lemma 4.2. Suppose m > 3 and every m — 1 coordinates of A\ are independent. Distinct exact
lines at any coordinate are orthogonal. An exact line at one coordinate has a unique tuple of partner
lines at the other coordinates. The exact tuples of lines form an abelian group under coordinatewise
multiplication, and projection to any one coordinate is a group isomorphism onto its group of
exact lines. Each of these groups is countable when the marginal L? spaces are separable. Every
nonconstant exact line has zero mean.

Proof. For an exact tuple put a; = |[ x;dui|. Solving the product relation for x; and using
independence of the remaining coordinates gives

ai:Haj, 0<a; <1.
J#i

If some a; = 0, at least one other a; is zero, and the same equations then force all a; to be zero.
Otherwise put b; = —log a;. The equations give 2b; = >_; b; for every ; since m > 3, all b; vanish.
Thus either all means have modulus one, in which case all the functions are constant almost surely,
or all means are zero.

The quotient of two exact tuples is again exact. If their lines differ at one coordinate, its
quotient function is nonconstant, so all quotient means vanish. In particular the two representatives
are orthogonal at that coordinate. If their lines agree at one coordinate, the quotient there is
constant, forcing constant quotients everywhere. This proves uniqueness of partners. Products
and conjugates preserve exact tuples; uniqueness makes multiplication of lines well defined and
makes each coordinate projection bijective. A family of nonzero mutually orthogonal lines in a
separable Hilbert space is countable. Comparing any exact tuple with the constant tuple gives the
final assertion. O

For the rest of the section, fix a parameter square E in the conull set of Proposition 3.5,
and suppress E from the notation. Partition the rows into three nonempty groups P, A, B, and
the columns into three nonempty groups r,s,t. A grouped cell Y;; is the tuple of states in the
corresponding rectangle. Write y;,; for its marginal and H;; = L?*(p;;). The square locality
statement supplies the following facts, for every ordering of the three row groups and of the three
column groups:

1. Each grouped row and each grouped column has a three-coordinate law whose coordinates are
pairwise independent.

2. Given the whole grouped row P, any two grouped columns are independent. The conditional
law of each uses only its own entry in P.

3. Given the whole row P and all columns except ¢, the conditional law of Yy ; is its own row-law
kernel given Y4 ,, Y4 5.

These statements concern permutations of groups within each axis; no interchangeability of the two
axes is assumed. Let V;; and W;; be the active spaces for the grouped row and grouped column
laws at (i,1), with projections szl and PZV}/, respectively.
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4.2 Conditional Markov operators

Set
Z = YP,Ta c= YP,S, d= YP,ta T = YA,T, Yy = YB,T-

The triples (z, ¢,d) and (z, z, y) are pairwise independent. Moreover, (¢, d) and (z,y) are conditionally
independent given z: the law of column r given the whole row P depends only on z. It follows that
each individual variable in either pair is independent of the whole opposite pair. For example, for
bounded f, g,
E[f(z)g(c,d)] = E[E[f(z) | z]E[g(c,d) | 2]] = E[f(2)|E[g(c, d)].

In particular, each triple formed from one variable of a pair and the whole opposite pair has product
law.

Define four conditional Markov operators, with the arrow indicating the direction in which
functions are mapped:

La(z):Hay — Has, Lp(y): Hpr — Hps,

22
JS(C) : HB,S — -HA,37 Jt(d) : HB#/ — HA,t- ( )

For instance,

(La(x)h)(Yas) =E[(Yar) | Yar =2,Ya]

in the grouped row law. Pairwise independence makes the source and target marginals independent
of the conditioning value, so these are contractions between the fixed Hilbert spaces displayed above.
Their adjoints are the reverse conditional Markov operators. Kernels make their matrix coefficients
measurable; separability then gives strong measurability on each vector.

Figure 1 fixes the four cell Hilbert spaces and the five conditioned cells. The first identity in
Lemma 4.3 compares the two paths from the lower-right vertex to the upper-left. The second
compares the paths from the lower-left to the upper-right, using the reverse row operators.

T S t

P | z=Yp, . e=Yp, C d=Yp;
R ! La(x

A z=Yar o Hy g < a(2) Hay
””””””” ‘ Y A

Js(c) Ji(d)

R 1 L

B | y=Ypr Hp s Le) Hp,

Figure 1: The grouped operator square at a fixed parameter E. The five shaded cells record the
conditioned values z, ¢, d, z,y. Each arrow acts on functions in its source Hilbert space by conditional
expectation in the indicated row or column law. Reversing an arrow represents its adjoint.

Lemma 4.3 (The rectangle identities). For the grouped square just described, almost surely in
(Z7 c, d7 Z, y)7
La(x)Ji(d) = Js(c)Lp(y),  La(z)"Js(c) = Je(d)Lp(y)" (23)

The identities also hold in every ordering of the row and column groups.
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Proof. Condition on z,c¢,d,z,y. The marginal law of the two remaining entries in column s is
the column law given ¢, and similarly column ¢ has its law given d. Indeed, given row P, each of
these columns is independent of column r. Denote the corresponding two joint L? spaces by H
and H;. Let Q : H; — Hs be the conditional Markov operator between them under this five-cell
conditioning, and let ¢4, tBs,tA,:, LB, be the isometric embeddings of the individual cell spaces
into the appropriate joint spaces.

The own-row kernel assertion gives

Quay =tasla, Qupt = tBsLp.

The same assertion with s and t reversed gives
Q*LA,S = LA,tle’ Q*LB,S = LB,tLE'-
Also J, = L*A75LB7S and J; = Lj‘47tLB7t. Consequently
Lady =1y Qupy = JsLp, LyJs =04,Q"tps = JiLp.

Countable dense sets of tests make these operator equalities simultaneous on a conull set. The
grouped locality assertions hold for all the indicated orderings, so the same proof applies to each of
them. 0

We next identify the subspaces on which the rectangle identities carry information. For a
measurable operator family, its essential closed range span means the smallest closed subspace
containing its ranges for almost every parameter value.

Lemma 4.4. In every grouped cell, the projections PV and PV commute. Every row Markov
operator intertwines the column-active projections at its source and target; every column Markov
operator intertwines the row-active projections. Put

Diy=ViynWi,,  PH=pYPY.

2y 2y 2y

Each Dy is invariant under conjugation, and Pi]?l commutes with conjugation. All incident row and

column operators intertwine the PP projections. For either choice of source in a row or column,
the restrictions to D have essential closed range span equal to the target D; the same holds for the
reverse operators.

Proof. First, the essential closed range span of L4(z) is V4 5. Conditional expectations of product
tests onto Y4 , have the form

/ w(@) La()h dpa (), (24)

where w, h are bounded. Such tests span the active space by density of product functions in the
L? space of the other two coordinates. A vector orthogonal to every integral in (24) is orthogonal
to La(x)h almost everywhere, by varying w. A countable dense set of h then makes it orthogonal
to the whole range for almost every x. The converse is immediate. This proves the assertion, and
the same argument applies to every incident operator in either direction. In particular each such
operator has its range in its own-direction active space and annihilates the orthogonal complement
of the source active space.

By the first rectangle identity, Js(c)Lp(y) has range in V4 . The pair (¢,y) is independent.
Fubini and the essential range span of Lp therefore give Js(c)Vp s C V4 s for almost every c. The
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adjoint of the second identity is Js(c)*La(z) = Lp(y)Ji(d)*. Independence of (¢, x) gives the reverse
inclusion for the adjoint. Together these say

PY Js(c) = Js(c) P . (25)

Likewise, the first rectangle identity and independence of (z,d) show that La(x)Wa; C Was; the
second identity and independence of (z,c¢) give the adjoint assertion. Thus

PX‘;L alx) =1L A@)PXZ. (26)

The same reasoning works at every edge.
Equation (25) shows that PXS preserves the essential range span of J;, which is Wy 5. As

an orthogonal projection it also preserves Wj’ s> and therefore commutes with PXYS. This proves
commutation in every cell. Combining (26) with the own-row active-space reduction gives P£ La=
L APEt, and similarly for all other edges. Finally, projecting the essential range span V4 , onto D 4 4

shows that the restricted ranges of L4 span D4 4: Pf,s RanL, = Ran(LAP}Bt). The corresponding
argument handles each edge and its adjoint. O

We have obtained commuting projections and a rectangle of contractions between their intersec-
tions. The next two lemmas show that the parameter dependence of this rectangle is carried by an
abelian group of unitaries. That description will produce exact functions at the corner cell.

4.3 Fixed positive parts and an abelian unitary group

Restrict the four operators in (22) to the D spaces. Temporarily denote them, in the same order,
by F(z), G(y), K(c) and N(d). Their equations are

FN = K@, F*K = NG*. (27)
All four families and their adjoints have the essential range spans proved in Lemma 4.4.

Lemma 4.5 (Fixed squares). For the four restricted families in (27), each source square and target
square is independent of its parameter almost surely, and each is injective on its D space. The four
polar parts are measurable families of unitaries between the D spaces and satisfy the first rectangle
identity.

Proof. The two rectangle equations and their adjoints imply
KK*F =FNN*, K*KG =GN*N, (28)
F*FN = NG*G, FF*K = KGG". (29)

The parameter triples in these four equations are, respectively, (¢, z,d), (¢,y,d), (x,d,y) and (z,c,y).
Each has product law by the independence observations preceding Lemma 4.3.
For the first equation, compare two independent values ¢, ¢’ using the same x, d. Fubini gives

(K(c)K(c)" = K()K()") F(x) =0

for almost every (¢, ¢/, z). The essential range span of F' is its whole target D space, so the two
target squares agree. The adjoint equation and the essential range span of F* similarly make N N*
fixed. The second equation in (28) makes K*K and N*N fixed. The two equations in (29), using
the range spans of NV, K and their adjoints, make F*F,G*G, F'F*, GG* fixed. These comparisons
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are operator comparisons: countable dense vector tests first give a common conull set, after which
boundedness gives equality on every vector.

If v is in the kernel of the fixed square F*F, then F(z)v = 0 for almost every x. Hence v
is orthogonal to the ranges of almost every F(x)*, whose essential span is the whole source D.
Thus v = 0. The same reasoning proves injectivity of all source and target squares. Each operator
consequently has zero kernel and dense range, so its polar part has full initial and final spaces and
is unitary.

To preserve the rectangle identity, put A = |F| and B = |G|. From F*FN = NG*G we obtain
A2N = NB2. Polynomial approximation to the square-root function on [0,1] gives AN = NB.
Write F' = UrpA and G = UgB. The equation FN = KG becomes

(UpN — KUg)B = 0.

The range of the injective self-adjoint B is dense, so the bounded operator in parentheses vanishes.

If N = Uy|N| and K = Ug|K], then
UpN = (UrUN)IN|,  KUg = (UxUg)(Ug|K|Uc)

are polar decompositions of the same operator. Uniqueness yields UpUy = UgUg. This argument
uses no inverse bound for the positive parts. Finally, polar parts are strongly measurable on vectors,
for example by the bounded approximations F'(F*F + €id)_1/ 2ase 0. O

Denote these polar parts by a(z),b(y), co(c), do(d), respectively. They satisfy
a(x)do(d) = co(c)b(y). (30)
The subspaces are nonzero, since constants belong to every D space.

Lemma 4.6 (Normalization of the polar rectangle). There are fixed unitary identifications of the
four D spaces with one separable Hilbert space H such that the four polar variables in (30) take
values in one closed abelian subgroup G of the unitary group of H. Their common support is G. The
variables a,b have a common law p, invariant under left multiplication by every element of G, and
there is a measurable G-valued function h(z) such that

a(x)b(y) ™" = co(e)do(d) ™" = h(2). (31)

The group G has a simultaneous orthonormal eigenbasis. Monomials in its diagonal circle coordinates,
evaluated at h(z), span L*(o(h(2))) and are exact functions for both the row and column three-cell
laws at (P, 7).

Proof. Give the unitary spaces the strong operator topology. On unitaries, inversion and multipli-
cation are continuous, and these spaces are separable metrizable. Conditional on a typical fixed
value zg, the pair (a,b) and the pair (co,dp) are independent, while each individual marginal equals
its unconditional marginal. The continuous identity (30) therefore holds throughout the product
of the two conditional pair supports. Choose one point (a,bs) from the first support and one
point (cy, dy) from the second. They satisfy a.d. = c.bs. Identify the four vertex spaces by these
reference unitaries, starting at the lower right vertex. The two possible identifications of the upper
left vertex agree by this equation, so all four reference edge values become identity. Use these fixed
identifications from now on.

The conditional pair supports at zp now contain (id,id). Fixing the column pair at this point in
(30) forces a = b throughout the other pair support. Fixing the row pair similarly forces ¢y = dp.
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The two row marginals therefore have a common law p and the two column marginals a common
law 7; these are also their unconditional laws. The supports of p and 7 both contain identity.
Substitution of diagonal pair values into (30) shows that these two supports commute elementwise.

For general z, conditional independence of the two pairs and their fixed individual marginals
imply

1

p=upv "~ for almost every actual pair (u,v) = (co,dp). (32)

Indeed, after fixing z, co, do, the equation says a = cobdy ! and a, b each have law p. Unconditionally,
co, do are independent, so their pair law is 7 ® 7. The map (u,v) — upv~—! is continuous for weak
convergence of probability measures: apply strong-topology continuity and dominated convergence
to each bounded continuous test. Thus (32) holds for every u,v € supp 7. The symmetric argument
gives 7 = urv~! for every u,v € supp p.

Taking v = id shows that each support is preserved by left translation by elements of the other.
Because identity belongs to both, they contain one another. Write their common closed support as
G. For g € G we have gG = G. This proves closure under products, and id € gG supplies g~ ! € G.
Thus G is a group. It is abelian by the earlier commutation, and (32) gives left invariance of p.
Equation (30) now gives equality of the two ratios in (31). Given z, the ratios are independent and
equal almost surely, hence have a common point-mass conditional law. A countable determining
family in the standard unitary group makes its point measurable in z, giving h.

Choose a positive injective trace-class operator @@ on H and form the trace-norm integral

Qo= /g UQU* dp(U).

The integrand is trace-norm continuous under strong-unitary convergence, as follows first for finite-
rank ) and then by trace-norm approximation. The integral is positive and trace-class, and left
invariance of p makes it commute with every element of G. For v # 0 each quadratic form (v, UQU*v)
is positive; hence so is (v, Qov). Thus Qy is injective. Its finite-dimensional positive eigenspaces
span H. Each is invariant under the commuting unitaries, so simultaneous diagonalization in each
gives a full orthonormal eigenbasis (ey,).

Write Ue,, = v, (U)en, with 7, (U) € T. These coordinates are continuous characters. On diagonal
unitaries, coordinatewise convergence is equivalent to strong convergence, by approximation of any
vector by its finite basis truncations. The coordinates therefore generate the Borel information
of G. Trigonometric polynomials on every finite coordinate torus are dense in L? of its actual
probability law. Increasing conditional expectations onto the finite-coordinate fields then show that
the functions

v(h(2)), v = H o, J finite, my,, € Z,
neJ
span L?(o(h(2))). No identification of the law of h as Haar measure is needed for this density
statement. Finally, (31) gives

V(h(2)) = v(a(x))v(b(y)) = v(co(c))v(do(d)).
Each factor is unimodular. Multiplying by the conjugate factors shows that v(h(z)) is exact both in
column r and in row P. O
4.4 Completeness of the exact functions

Lemma 4.6 gives exact functions at the corner. To show that they span the entire common active
subspace, we must also prove that no other dependence remains in Dp,. The following projection
identity supplies this reverse inclusion.
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Lemma 4.7 (Projection of tensor contractions). In any three-cell row of the grouped square,
abbreviate the cell spaces by H,., Hs, Hy and their common-active projections by P,, Ps, P,. For
g€ Hy, h € Hy, set

Cr(g,h) =E[g(Ys)h(Y1) | Yz].

Then
PrCr(gvh) = Cr(gvpth) = Cr(Psg7 h) = Cr(Psg7Pth)‘ (33)

The contractions with both inputs in their D spaces lie in D, and span it. The same assertions hold
for each grouped column. Moreover, with h(z) from Lemma 4.6,

Dp; = L*(a(h(2))). (34)

Consequently the intersection at every grouped cell is spanned by lines exact simultaneously for its
three-cell row and column laws.

Proof. Since (Ys,Y;) has product marginal, the bilinear contraction is well defined on Hg x H; and
satisfies

1C(g: 1) ll2 < llgll2lIAll2- (35)

For bounded inputs let L,..(v) be the row Markov operator from ¢ to r given Yy = v. Pairwise
independence gives the vector-valued integral formula

Crlg.) = [ (0 Lrr(0)hdps(0).

Lemma 4.4 says P.L,.(v) = Ly(v)P,. Moving the projection through the integral proves
P.C.(g,h) = C,(g, P,h). Using instead the edge from s to r conditioned on Y; proves P.C,(g,h) =
Cr(Psg,h). The bound (35) extends both identities to all L? inputs, including unbounded projected
tests. Idempotence then gives

PrCr(ga h) = PrCr(gvpth) = Cr(Psga Pth)a

proving (33). Restricted contractions are fixed by P, and hence lie in D,. Unrestricted product
contractions span the row-active space; projecting that space onto D, proves the restricted spanning
assertion. The column proof is identical.

Apply this result first in row A. For g € D s and h € D4y, its contraction onto x = Yy, is

Car(g,h)(x) = (g, La(x)h).

Conjugation preserves D4 5. On the restricted spaces, La(z) = a(x)Ag for a fixed positive operator
Ag by Lemma 4.5. Thus every displayed coefficient is a function of a(x) alone. The space L?(o(a(z)))
is closed, being the range of a conditional-expectation projection, so the spanning assertion gives

Day C L*(o(a())),  Dpy C L*(a(b(y))).

Apply the column version of the spanning assertion in column r. Given z, we have a = h(z)b and b
has its fixed marginal law p. For bounded measurable f, g the contraction of f(a) and g(b) onto z is
therefore

/g F((2)u)g(u) dp(u),

a function of h(z). The product marginal of (x,y), the bound (35), and bounded approximation
extend this conclusion to the two D spaces and their contraction span. Closure therefore yields
Dp, C L*(o(h(z))). In the other direction, the monomials of Lemma 4.6 are exact for both laws,
hence lie in Dp,., and they span L?(c(h(z))). This proves (34). We have used no assumption that
D was already closed under multiplication. Permuting row groups and column groups places any
grouped cell at the corner and proves the last assertion. O
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4.5 From grouped cells to individual coordinates

Return to the individual square, with row tuples p,, column tuples g;, and marginal 7, ;] at cell
(a,j). Let V, ; be the active space there for the full row law \,, and W, ; the active space for the
full column law A, .

Proposition 4.8 (Common exact lines). For almost every parameter square E, the following
assertions hold simultaneously at all individual cells.

1. The orthogonal projections onto V, ; and W, ; commute. Their common range Vg ; N W, ; is
spanned by the lines exact for both the full k-coordinate row law A,, and the full k-coordinate
column law A, .

2. For distinct columns s,t, let L% _,(v) be the row Markov operator from cell (a,t) to (a,s),

conditioned on the remaining k — 2 row entries v. Then, for almost every v,
Wra _T1a W
Pa,s s<—t(v) - s<—t(v)Pa,t'
Column operators likewise intertwine the corresponding row-active projections.

3. If (xj)jer is an exact tuple for row a, with []; x;j(Ya ;) = ¢, then

Liwxe =c [] xi(vy) x. (36)
j?éS,t

In particular, membership of one partner line in the column-active space is equivalent to
membership of any other partner line in its column-active space. The analogous assertion
holds with rows and columns exchanged.

Proof. Isolate row a and column j as singleton groups, and split each of their complements into two
nonempty groups. At the isolated cell, the row-active and column-active spaces do not depend on
the chosen splits: the other two grouped cells still contain exactly all the other entries of that row
or column. Lemma 4.4 gives commutation, and Lemma 4.7 gives a spanning family of simultaneous
exact lines for the two split three-cell laws. We take this family to contain all such lines: each is in
the intersection, and orthogonality leaves no additional line outside the spanning family.

Fix the row-group partition and vary the column-group partition. Every resulting family is a
subset of the mutually orthogonal exact lines of the same fixed split column law, by Lemma 4.2. All
have the same closed span V; ; N W, ;. Two subsets of one orthogonal family with the same closed
span must coincide: a line belonging only to one would be orthogonal to the other span. Now fix
the initial column grouping and vary the row grouping. The same argument, using the fixed split
row law, shows that the initial family is exact for every split in both directions.

For k = 3 the grouped laws already have individual coordinates. For k > 3, fix a unimodular
representative y; of one of the lines and consider its row completions. For each split S of I'\ {j},
there are unimodular functions ag, bg and cg € T with

Xj(Yaj)as(Ya,5)bs (Yo 1\ (sugs})) = Cs-

Absorb c§1 into ag. All the resulting completion functions then equal x;(Y; ;) under the row law,
so they define the same function ¢ of the other coordinates. Those k& — 1 coordinates have product
marginal. For each singleton split, ¢ lies in a one-dimensional line in that coordinate tensored with
the remaining L? spaces. The orthogonal projections to these individual line factors commute and
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all fix ¢. Their product has the full one-dimensional tensor product as range, so ¢ is a pure product
of its unimodular individual factors, up to one scalar. This proves exactness for the full row law.
The column argument is the same. Conversely, every line exact for both full laws is active for both
and belongs to their intersection. This proves part (1).

For part (2), make the chosen row a singleton group, the chosen columus s, ¢ singleton groups,
and put all remaining columns in the third group. Split the remaining rows into two nonempty
groups. The intertwining in Lemma 4.4 is exactly the stated identity for this grouping. To obtain
the column assertion, isolate the two chosen rows instead and apply the already proved column
intertwining; there is again no interchange of axes.

Finally, solving the exact product relation for x; and conditioning gives (36). Its scalar has
modulus one. The projections PV commute with conjugation. Thus the intertwining in part (2)
carries membership of Cx; in W, ; to membership of Cy, in W, ;. The reverse row Markov operator
gives the converse. The same proof applies to column partners. ]

All constructions in this section were performed at a fixed typical parameter square. Kernel and
operator identities can be imposed using countable determining tests, and there are only finitely
many groupings and orientations. The resulting conull set of parameter squares can therefore be
chosen measurable before any selection of exact lines. The unitary reference choices and diagonal
bases were needed only for the pointwise proof: the conclusions of Proposition 4.8 concern the
original conditional laws and do not require those choices to vary measurably with E. In the next
section these intrinsic conclusions, together with the parameter geometry, will identify the exact
lines on individual fibres.

5 Measurable labels and finite blocks

We retain the saturated array object of Section 3. Its local conditional laws are 1, its parameter-
tuple law is 7, and its conditional state-tuple laws are \,. Proposition 4.8 describes intersections
of active spaces in a square. We must turn that intersection statement into a description on each
individual fibre. First we show that an entire active space is spanned by exact lines. We then
enumerate those lines measurably over tuple parameters and prove that the family depends only
on the local parameter. Finally, we partition the lines into finite sets on which time has a fixed
permutation rule. One such moving set will retain a nonzero coefficient of the original mixing
witness, providing the input for the cancellation argument in Section 6.

Write H, = L?(n,). For a tuple p = (p1,...,px) and a slot i € I, let II;(p) be the active
projection in Hp, for A,, and let Cj(p) be the closed span of its exact lines. At this point Cj(p) is
defined separately for each tuple; no measurability of its line family is assumed. We use p,[j] for the
entry of row tuple p, in column j, so that the row index on p, is distinguished from a coordinate of
a single tuple. Let ¥ denote the law of the complete parameter square £ = (uq j)q, jer-

5.1 From intersections to entire active spaces

The fields H,, can be coordinated measurably using a countable algebra of bounded simple functions
on the standard state space and Gram—Schmidt orthogonalization. Zero vectors are omitted, or
retained as zero padding in a fixed coordinate space £2. These local coordinates depend on u alone.
In particular, two tuple parameters with the same entry u refer to the same coordinated Hilbert
space. Conditional-expectation contractions of countably many product tests give a measurable
spanning family for each active space. Increasing finite-dimensional projections onto these spans
show that p — II;(p) is a measurable operator field.

23



Lemma 5.1 (Active-space exactness). For m-almost every p and every i € I,
Ranlli(p) = Ci(p). (37)

Proof. Fix i. By Lemma 3.6, the row and column tuples meeting at cell (i,47) are conditionally
independent with law
mi=7(dp | pi = u)

given their common entry u. Proposition 4.8 therefore gives, for almost every such pair (p, q),
IL;(p)IL(q) = ;(q)ILi(p), RanIl;(p) NRanII;(q) C Ci(p). (38)

Here the almost-everywhere assertion does not presuppose a measurable description of C;. Indeed,
choose a measurable conull set of parameter squares on which the conditional kernel hypotheses
of Proposition 4.8 hold on countable determining classes. That Proposition gives its pointwise
conclusion on every square in this set. Disintegrate this set over the two tuples meeting at (i,17).
On a measurable conull set of pairs the conditional measure assigns probability one to admissible
squares, and is concentrated on the prescribed pair. Each such pair has an admissible completion.
The conclusions in (38) depend only on the two tuple laws, so they hold for that pair. No measurable
choice of a completion or of an exact line is required. Disintegration over u then gives conull sections
for the product law 7' @ 7.

For a typical u define the positive contraction on H,

B, = /Hi(q) ' (dq), Qi = the projection onto Ker B; . (39)

The weak operator integral is well defined, and its matrix entries are measurable in u. Since
0 < Bj, <id, Qj, is the strong limit of (id —B;,)" and is measurable too. In the fixed ambient 02
coordinates, use the projection of each standard basis vector e; into H, and extend the operators
by zero on H;-. Then

/Hﬂz'(P)Qi,uejHQ m'(dp) = (Qiuej; BiuQiuej) = 0.
After a countable intersection, II;(p)Q;., = 0 for almost every p. Taking adjoints gives
RanIl,;(p) C (Ker B;,)*. (40)
This range containment is an operator assertion on a measurable conull set: it is tested by
Qi,uHi(p)ej =0 for all j
Fix p satisfying (40) and having a conull g-section in (38). If v € RanIl;(p) is orthogonal to
C;(p), commutation implies that II;(¢)v belongs to the intersection in (38). Consequently

ITL;(q)v]|? = (v, T;(g)v) =0 for mi-almost every q.

Thus (v, Bj,v) = 0, and v € Ker B;,. Equation (40) forces v = 0. The conull g-section used
here gives whole-subspace statements, so it works for every such v; a measurable selection of v is
unnecessary. Every exact line is active, by its defining product relation. This proves (37). There
are finitely many slots i. d
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5.2 A measurable group of lines over each local parameter

A measurable countable family over U will mean a standard measurable space over U whose fibres
admit countably many measurable partial sections enumerating them without repetition. In this
description, measurability of a fibrewise operation means measurability of its indices in these
enumerations. A line is represented by a unit vector; for the exact lines below such a vector has
modulus one almost surely. Different scalar phases represent the same line.

Proposition 5.2 (Measurable local labels). There is a measurable countable family of abelian
groups u — L(u), defined on a v-conull set, with the following properties.

1. Each t € L(u) labels a line in H, with a measurable modulus-one representative Xy ¢. The iden-
tity label 0 has representative 1. Distinct labels are orthogonal, every nonidentity representative
has mean zero, and

Xu,tXu,r € TXu e

2. For m-almost every p, the exact lines at slot i of A\, are precisely L(p;), for every i, and they
span its active space. Unique exact matching gives measurable group isomorphisms

D (p) : L(ps) — L(pt) (s,t €1),
where ®45(p) = id.

3. Local time gives measurable group isomorphisms
Tt L(u) — L(Tyw),  [x]— [xo Ty ).

They respect exact matching. All local time assertions may be imposed on an invariant conull
set.

4. For ¥-almost every parameter square, prescribing a label at any one cell gives a unique array
of labels matched along every row and every column.

Proof. We first enumerate the exact lines over tuple parameters, then show that these enumerations
describe a family depending only on a local entry. The distinction is necessary: Lemma 5.1 alone
gives no such independence from the other parameters.

Enumerating the tuple-dependent lines. Fix ¢ and another slot j # 4. Let

Ai(p) : Hy, — @Hpt
t£i

be conditional expectation onto all the other coordinates under \,. Their joint marginal is product,
so the displayed target is their L? space. This is a measurable contraction field. It is the adjoint
of conditional expectation in the other direction, and hence vanishes on the inactive complement.
For a unit representative of an exact line, A;(p) gives, up to a scalar phase, the unit tensor of the
conjugated matched representatives in the other slots.

Choose dense unit-ball test sections g, (u) in each H,. If 6,h = g(g, h), set

An(p) = Ai(p)* (04, (p,) ® idizi ) Ai(p). (41)
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All their matrix entries are measurable before any exact-line enumeration. Pointwise, Lemma 5.1
and Lemma 4.2 give an orthogonal exact-line basis of the active space. Write w;, for the unit
partner appearing at j in A;(p)x,. The operators in (41) are diagonal on this basis, with eigenvalues

an(0) = [{gn(p;), wje)|*.

Indeed, for two distinct labels the partners are orthogonal in every other slot. Since k > 3, at least
one slot outside 4, j is untouched by the insertion, and its inner product kills the off-diagonal entry.
The partners at j are orthonormal, so Bessel’s inequality gives

tr Au(p) = Y an(f) < 1. (42)
V4

Dense tests detect each line and distinguish any two different lines: the corresponding rank-one
projections at j are different.

Here is a measurable spectral construction which does not assume that the basis just used
pointwise is already enumerated measurably. Choose independent continuously distributed weights
wy, € (0,27™) and form

A(p,w) = Z wWnAn(p).

n>1

The series converges in operator norm and is jointly measurable. It is positive and has trace at most
> n Wy, on the conull set where the preceding arguments apply. Trace finiteness is itself measurable,
being the finiteness of the sum of nonnegative diagonal entries in the fixed coordinate space. Set the
operator to zero on its null exceptional set, so that the ensuing recursion always acts on a positive
compact operator.

For such an operator A, its norm is measurable from a countable dense set of unit vectors. If
a = ||A|| > 0, the strong limit

Q= lim (A/a)™

m—00

is its top-eigenvalue projection. Its matrix entries and rank are measurable. Remove a() and repeat,
taking zero projections if the remainder is zero. Compactness ensures that this lists every distinct
positive eigenvalue and its finite-dimensional eigenspace. Thus a repeated positive eigenvalue is
detected by the measurable event that some nonzero projection in the recursion has rank at least
two.

For a fixed p, two distinct exact lines have different coefficient sequences (a,(¢)),. Conditioning
on all but a weight where they differ shows that their weighted eigenvalues coincide with probability
zero. There are only countably many lines in the separable Hilbert space. Fubini applied to the
measurable collision event therefore chooses one deterministic sequence of weights for which the
positive spectrum is simple for almost every p. Every active line has a strictly positive eigenvalue,
because some test detects it and all weights are positive. The zero eigenspace is precisely the inactive
complement; eigenvalues tending to zero add no kernel vectors. The positive spectral projections
therefore enumerate exactly the exact lines. Zero padding of the Hilbert coordinates supplies no
positive eigenvectors and hence no extra lines.

Choose a unit vector in each one-dimensional projection by projecting the first coordinate vector
with nonzero image and normalizing. These measurable Hilbert sections have jointly measurable
function representatives. One direct verification is to approximate a section in each fibre within
27™ by the first suitable member of a countable family of rational combinations of simple sections.
The choices are measurable. The successive differences are summable in the integrated L? norm,
and hence in L', giving a measurable almost-everywhere limit that represents the section. Each
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unit vector on an exact line has modulus one, so its representative does also. For a listed tuple of
such representatives, their product Z is constant under ), exactly when

\/depy — 1. (43)

This measurable scalar test enumerates the unique matched tuples and is unchanged by all choices
of scalar phases.

Forcing all column memberships. Return to a typical parameter square. Fix a matched tuple
along row a, with unit representatives v; in its cells. At cell (a, j) let @; denote the column-active
projection II,(g;). Proposition 4.8 and orthogonality of distinct row exact lines show that

ijj = £V, g5 € {0, 1}. (44)

Here ¢; = 1 precisely when this row line is also an exact line of the column law. The row Markov
operator between two cells, given the remaining cells, intertwines their column-active projections.
The exact relation maps one chosen representative to the conjugate partner times a modulus-one
scalar depending on the remaining cells. Since the projections commute with conjugation, this
intertwining and (44) imply €; = &; for every j, .

Choose the row tuple measurably from the enumeration just obtained. Given p,, each ¢;
depends only on ¢; and this fixed tuple. Lemma 3.6 makes these indicators pairwise conditionally
independent. Their common conditional probability r(p,) therefore satisfies r(pg) = r(pa)?: indeed,
writing 7j(pa) = Elej | pa], the almost-sure equality of the indicators makes all 7; equal, while
conditional independence gives r; = r;r; for j # t. At the matched column j = a, however,

r(p0) = [IMa(@)eall* 7(dq | 2 = pafa)) = {vs Bug,ata) > .

The strict inequality follows from (40), since v, is a nonzero active vector. Thus r(p,) = 1. Countably
many row labels and finitely many cells make the resulting inclusions simultaneous: every row exact
line is a column exact line at its cell, almost surely in the parameter square.

Descent to the local parameter. At (i,47) two conditionally iid families of exact lines over the
shared parameter u satisfy inclusion almost surely. Swapping the two copies gives reverse inclusion,
so the families agree. To descend this agreement measurably, for each local dense test g, (u) encode
a family S of orthogonal unit lines by

En(S) = ) {gn(u), v)[*00. (45)

veS

The sum is independent of phases and order, has trace at most one, and is measurable for our
tuple-dependent enumeration. For every matrix entry, the two conditional iid encodings are equal
almost surely. Their conditional squared difference is twice the conditional variance, so that variance
is zero. Each entry equals its conditional expectation given u. The encodings consequently give
measurable operator fields depending only on u. The family of encodings detects and distinguishes
its orthogonal lines, so the same positive-weight spectral construction recovers a measurable family
L;(u) agreeing with the slot-i exact lines for almost every tuple with that entry.

At a nonmatched cell (a, j) the already proved inclusion now reads £;(uq;) C Lq(ua,;). The
marginal of u, ; is v. Applying this to every ordered pair a, j yields one common family £(u) almost
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everywhere. We have now removed the dependence on the other entries of a tuple: the remaining
construction can be made on the local parameter space.

By Lemma 4.2, multiplication of representatives modulo scalars makes each family an abelian
group. Orthogonality and the zero-mean assertion for nonidentity labels follow from the same
Lemma. Equality of unit lines is tested by |(v,w)| = 1. Testing the product of two representatives
against the countable list therefore makes multiplication measurable; conjugation gives the inverse.
The constant line is measurably identifiable and we choose its representative to be 1. Equation (43)
and uniqueness give the measurable group isomorphisms ®g(p).

The equivariant versions of 7, and )\, show that composition with Ty ! carries exact tuples to
exact tuples. It consequently induces 7, and respects all matchings. Equality tests against the
measurable line lists show that this map and its inverse are measurable. Intersecting local conull sets
over all integer translates makes the local assertions time invariant. Tuple and square assertions are
imposed separately on their own conull sets, also intersected over integer time translates; nothing
asserts validity for every tuple over the local conull set.

Consistency around the square. Start with a matched label tuple along a row and extend
every one of its labels along its column by exact matching. Choose representatives for the resulting
labels at all cells. The product down each column is constant under the conditional square law,
as is the product along the initial row. Dividing the product of the column relations by that row
relation shows that the product of the remaining k£ — 1 row products is constant. Those rows are
independent as wholes by Proposition 3.5. Each row product has modulus one. The absolute mean
of their product is one, so each has absolute mean one and is itself constant. Thus every row is
matched. Starting from a single cell, its row and then all columns are uniquely determined; the
preceding argument supplies consistency along the other rows. Countability of the label lists makes
this simultaneous for every initial label. This proves the final assertion. O

We now have a countable group of lines over each local parameter, with matchings consistent
across the square. It remains to find a finite moving set of labels that retains the nonzero level-1
correlation.

5.3 Counting labels and their transition operators

We next use the parameter-square geometry to compare labels over different local parameters.
Counting measure is the appropriate measure on each group: exact matching is a bijection, even
when the group is infinite. Set

Z=iwhiecw), [ ra=[ ¥

F(u,f)dv(u) (F >0).
LeL(u)

The measurable enumeration makes £ sigma-finite. The measurable map 7(u,?) = (Tyu, 7,¥)
preserves &, because time preserves v and bijects the label fibres.

Lemma 5.3 (Counting lift). There are sigma-finite measures @ on Z! and J on Z™1 obtained
by counting matched label tuples and arrays over m and v, respectively. Every coordinate marginal
is £, and each row and column marginal 0f1§ is T. For s # t the coordinate transition in T is the
probability kernel

Kol 4) = [ 1a(ps ®a(p)) 7(dp | ps = ). (46)
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Its operator Mg on L2(§) is a contraction, has adjoint My, and commutes with VEF = F orT. For
all a # b,
Mst = M*sztMab‘ (47)

a

Given a labelled row in 5, any proper family of labelled columns has the product of the column laws
conditioned on their respective shared labelled points.

Proof. For a nonnegative measurable function F on Z!, define

/ Fdf = / S F((pr @at(p)0)rer) dr(p). (48)
)

ge[’(ps

Unique exact matching makes this independent of the chosen source slot s. Define the square
measure in the same way, counting its unique matched arrays from one chosen cell. The last assertion
of Proposition 5.2 makes this independent of the chosen cell. Counting from a coordinate, row, or
column gives the claimed marginals. The preimages of the first N labels of any one coordinate have
measure at most N and exhaust the lifted spaces. Thus the measures are sigma-finite.

Disintegrating (48) first over ps = u gives (46). For each prescribed source label there is exactly
one completion over every compatible tuple; fixing that label introduces no weight into the parameter
kernel. This proves directly that the conditional kernels are probability kernels even when the total
lifted measure is infinite. Similarly, given a labelled row of the square, its label has exactly one
extension over every compatible parameter square. Its conditional parameter-square law is therefore
the original law given that row’s parameter tuple. Lemma 3.6 gives independent proper columns;
their labels are then determined separately by their shared labels and their own parameter tuples.
This proves the last assertion of the Lemma.

Write 7g for the (s,t) marginal. Its two marginals are £, and its kernels in the two directions
are K and Ky. Jensen’s inequality and the marginal identities give L? contraction and M o = M.
Time equivariance of exact matching preserves both lifted measures and gives VMg = Mg V.

Finally, test the (s,t) pair in row b of the lifted square with f, g € L?(¢). Conditional on labelled
row a, its two column transitions are independent applications of M, since two columns form a
proper family when k > 3. Hence

(. Mag) = [ TCos) 9(z00)dd

- /m (Mabg)(za,t) dd
= (Masf, MuMayg) = (f, MM Marg).

These integrals are absolutely integrable by Cauchy—Schwarz with the pair marginals €. Alternatively
one may first use bounded tests of finite-measure support and then pass in L?. The calculation
proves (47) without normalizing the sigma-finite measures. O

5.4 Finite blocks and the time permutation

The transition operators constrain how the countable groups can vary with the parameter. We
now extract finite pieces that have fixed sizes and a common permutation under time. Their
individual labels need not follow a parameter-independent time rule. The construction starts with
the information transported deterministically by a transition operator. Independence of the local
parameters will make its possible values countable; a positive L? test will make each corresponding
set of labels finite. The group matchings will then make these finite sizes the same in almost every
fibre.
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Lemma 5.4 (Finite label blocks). There are a countable index set B, measurable partitions

L(u) = |_| By(u)  for v-almost every u,
beB

and permutations Dg, Sy of B with these properties. Fvery By(u) has a fized finite positive cardinality
my, independent of u. For one fized pair s # t, exact matching satisfies

@4 (p)By(ps) = Bpob(pe) (m-almost every p),

and time satisfies
TuBb(u) = Bgob(TUu).

Moreover, there are a countable abelian group L, a partition £ = ||, By into sets of cardinalities
myp, block-preserving group isomorphisms Jy, : L — L(u) for typical u, and an automorphism G of L
such that
T _
G"By = Bso_rb (reZ). (49)

The isomorphisms J, are only asserted to exist separately in each fibre; they need not be chosen
measurably or intertwine individual time trajectories.

Proof. Fix s # t and write M = M. Taking (a,b) = (s,t) and (¢, s) in (47) gives
M = M*MM = MMM?*, (50)

Let H1 = Ran M and Ho = Ran M*. The first identity puts H; in the fixed space of M*M, which
lies in Hy. The adjoint of the second identity puts Hs in the fixed space of M M*, which lies in
‘H1. They are therefore equal to a closed space H. On it M*M = M M* = id, while M vanishes on
H+ = Ker M. Thus M is unitary on #, with inverse M* there. For every F € H, equality in the
conditional-expectation norm gives

F(z) = (MF)(zs) ms-almost everywhere. (51)

Indeed, the integral of the squared difference is ||F||3 — || M F||% = 0.

Choose a measurable enumeration ¢, (u) without repetition, and set h(u,¢,(u)) = 27" on its
domain, starting at n = 1. Then h > 0 and ||h|3 < 3,51 4™™ < co. The probability kernel sends
h to a strictly positive function v = Mh almost everywhere: the kernel avoids every &-null set for
almost every source point, by its marginal identity, and the integral of a positive function under a
probability law is positive. Also v € H.

The time operator V is unitary and commutes with M in both directions, so it preserves H.
Define the measurable countable vector

¥(2) = (M"VT0)(2))  yeze € T (52)

Negative powers of M are taken on H. All its coordinates have finite versions outside one null set,
and its (0,0) coordinate is positive there. On CZ° define

(DOC)n,r = Cn+1,r, (SOC)TL,T = Cnr+1-

These are commuting invertible coordinate reindexings. Using (51) for the countably many coordi-
nates gives

U(z) = Dov(zs),  (72) = Sov(2) (53)
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almost everywhere in the respective measures.

We claim that ¢ has countable essential image. Given a source point z = (u, ), the parameter
of its K4 target has law v, since pg, p; are independent under 7 and fixing a source label does not
tilt that law. Consider the occurrence relation

R(z,v') <= Dyy(z) = (', £, (u)) for some defined £, (u’).

It is measurable: existence is a countable union and equality of vectors is a countable conjunction
of coordinate equalities. The first identity in (53) implies v{u’ : R(z,u')} = 1 for {-almost every
z. Tonelli’s theorem for the sigma-finite product { ® v selects one u’ for which R(z,u’) holds for
&-almost every z. That target fibre has only countably many -values. Invertibility of Dy proves
the claim.

Let B be the positive-mass values in this countable essential image. For b € B put

By={z:0(:) =b},  Bylu) = {£: (wl) € By).
Every b has positive (0,0) coordinate by, and

2
2
‘ 2

0 < £(F,) < o]l

= Thoo < 00. (54)

Equal marginals in the first identity of (53) and time invariance in the second show that Dy and Sy
permute B, preserving each level’s mass along their orbits. After discarding a v-null set, all labels
in every remaining fibre belong to these levels, and each By(u) is finite. Countability of B makes
these assertions simultaneous.

Counting the labels in (53) shows that, for m-almost every p, its matching isomorphism @ (p)
carries every block b onto block Dgb. Because each fibre’s label list and B are countable, intersecting
the corresponding conull sets upgrades the transported label identity to every label in every block for
such a tuple. Disintegrate the measurable conull set of such tuples over (ps, p). Since its marginal
is ¥ ® v, there is a measurable conull set of pairs (u,w) admitting a tuple with this property. Fubini
chooses a common source u, for which almost every target is in this set. For each such target u,
choose one resulting group isomorphism I, : L(u.) — L(u). Each I, takes block b to block Dgb
simultaneously for every b. The choices are used only pointwise.

Fix one typical target ug, set £ = L(up), and define J,, = Iulu_ol. These group isomorphisms
preserve every block index. Thus all |By(u)| are constant almost everywhere. Equation (54) makes
each constant finite, and its positive left side makes it nonzero. Let By = By(ug) and my, = | By|.

The second identity of (53) gives the asserted time permutation of blocks. Restrict the local
parameter set to the intersection of all integer translates of the conull sets just used and of the
time-equivariance set. Choose v in this invariant conull set. The automorphism

A= Jf;uTuJu
of £ maps every By to Bg,,. Take G = A~1. Tteration gives (49). This last step fixes one

automorphism realizing the permutation of blocks; it makes no assertion about the maps inside a
block at other parameters or later times. ]

5.5 A finite block carrying the witness

All structural objects needed for the final argument are now available. The next Proposition records
the precise connection to the nonzero correlation retained from the original process. Its measurable
quantities are sums over finite blocks, so the abstract identifications in Lemma 5.4 will cause no
measurability issue.
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Proposition 5.5 (A block carrying the witness). Let the saturated array object lie over the zero-
entropy finite-alphabet mizing process (X, ux,Tx) supplied by Proposition 2.1, with its centered
finite-valued one-site functions f1,..., fr and nonzero level-1 product integral. There exist a function
fe{fi,---, fx}, a countable abelian group L, an automorphism G of L, a finite nonempty set
B C L, and a number ¢ > 0 with the following properties.

For v-almost every u, the probability space (Y,n,) has factor map x : Y — X with x.n, = px,
and admits representatives (x})ecr such that

xo =1, Ixrl =1, xeXe € TxXirp, (55)
/X}f dn, =0 (£#0), XU XU ) L2 () = Lpe=ery-

For every r > 0 the function

sr(u) =

S| [ 105 w) X ) ) (56)

has a measurable version and satisfies
0 < sp(u) < Bl f]loos / sp(u)dv(u) = ¢ > 0. (57)
U

The group identifications used to choose the representatives in (55) need not be measurable in u.
Their finite sums in (56) are intrinsic sums over the measurable moving blocks. In particular, no
time invariance of an individual 1, is asserted or required.

Proof. Condition the nonzero product integral at level 1 on p. For any chosen slot 4, the conditional
expectation of the product of the other bounded inputs onto that slot belongs to its active space. If
fi(x) were orthogonal to that space for almost every p, the product integral would vanish. In using
complex inner products here one can conjugate the other product; the active space is conjugation
invariant. Lemma 5.1 and Proposition 5.2 therefore give a choice f = f; with a nonzero coefficient
on some local label on a set of positive v-measure. The identity-label coefficient is zero:

[ 1)) = [ faux =0

Thus nonidentity labels supply the nonzero coefficient.
For a block b € B define the measurable function

Cb

D Xee @) dialy >\.
EEBb

The countably many blocks cover all labels, so some fixed block b has [ ¢, dv > 0. Its cardinality
my, is fixed and finite, and hence ¢, < my|| f|loo. Set B = By C L using Lemma 5.4, and ¢ = [ ¢, dv.

For each typical u choose the block-preserving identification J, from that Lemma and put
X¢ = Xu,J.¢- Proposition 5.2 gives (55). By (49), the sum in (56) equals the intrinsic measurable
sum

[ £ @)Xt dnty)|. (58)

U'eB _Tb( u)

Only the set of lines is relevant; changing representative phases or permuting labels inside this set
changes no summand magnitude. This proves measurability without a measurable choice of J,,.
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The conditional laws are equivariant: (T7).«nu = nry7u. Time carries Bsarb(u) bijectively onto
By(T}u), taking representatives to representatives up to scalar phase. The change of variables
y' = Tyy in (58) consequently gives

50(u) = (Thu). (59)

Invariance of v proves its integral is ¢ for every r. Finally, G" bijects B onto Bg-—r;, so every moving
0

block has the same cardinality |B| = m;. Each coefficient is at most || f||oo- This proves the bound
in (57) and completes the Proposition. O

Proposition 5.5 leaves a problem on a single probability fibre: show that the absolute coefficients
along each orbit G"¢ have Cesaro mean zero. The uniform finite-block bound will then allow
integration over u. The next section proves this cancellation using only the mixing zero-entropy X
marginal and the group relations (55).

6 Cancellation in one time dimension

The structural argument has produced finite sets of orthogonal lines whose motion is described by
an automorphism of an abstract abelian group. We now prove the cancellation statement needed to
rule out a nonzero correlation with the zero-entropy witness. The probability law in this section
need not be invariant under any transformation of the space carrying the lines. Only its marginal
on the original process is used.

Let (X, ux,Tx) be a mixing system, let (Y,n) be a probability space, and let z : ¥ — X
have law px. Suppose that a countable abelian group L is represented by measurable functions
x: : Y — C such that

il =1, xo =1, xixr € Txitr, /Xl dn=0 (I#0). (60)

Here Ty denotes all constant multiples of x by scalars of modulus one; in particular, the scalar in
the product relation is independent of y. These assumptions imply that distinct x; are orthogonal.
Let G: L — L be a group automorphism.

Proposition 6.1 (Orbit cancellation). Assume that X is a mizing two-sided finite-alphabet stationary
process whose alphabet partition has entropy rate zero. For every centered finite-valued one-site
function f on X, every probability coupling x : 'Y — X, every family satisfying (60), every
automorphism G, and everyl € L, one has

N—-1
Jim 3 [ s@xaxean =o. (61)

The proof separates three possibilities for a label orbit. A dissociated orbit is handled by entropy.
A finite relation either produces dissociated subsequences on arithmetic progressions, or makes the
orbit polynomial on such progressions. Mixing then handles the polynomial case.

6.1 Entropy against dissociated labels

Definition 6.2. A sequence (l,;,)m>0 in an abelian group is dissociated if

Z Emlm # 0

meA

for every finite nonempty set A C NU {0} and every choice ¢, € {—1,1}.
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This definition concerns distinct indices. Thus it excludes zero labels and repetitions, and also
applies to groups with torsion.

The proof begins with the exponential-moment argument for dissociated characters; see [8,
Section 2.2, Proposition 17]. We give the argument for the projective characters above and then use
the sublinear word-entropy hypothesis.

Lemma 6.3 (Entropy cancellation). Suppose (60) holds and (1) is dissociated. Let (Fy,)m>0 be
complex random variables on (Y,n) taking values in a fized finite subset of the closed unit disk. If
the Shannon entropy Hy, of (Fu,...,Fn_1) satisfies Hy, = o(n), then

5

m<n

/melmdn’ — 0.

No independence between the variables F,, and the functions x;,, is assumed.

Proof. For deterministic complex numbers w,, with |w,,| < 1 and 0 < 6 < 1, the elementary
inequality ef <1+t + 2t2 for [t| < 1 gives

exp(OR(wmX1,,)) < 1+ R(wnxz,) + 202,

The right side is nonnegative. Multiply these inequalities over m < n and integrate. On expanding
the product, a nonconstant term contains one factor y;,, or X7, at each of a nonempty set of distinct
indices. By (60), it is a constant multiple of the representative of a signed sum of those labels.
Dissociation makes that label nonzero, so its integral vanishes. Hence

/exp (0 Z %(wmxlm)> dn < (1+20%)" < 20, (62)

m<n

For 0 < & < 1, choose 6 = £/4 and apply Markov’s inequality. Uniformly over the deterministic
coefficients,

n {1 3 Rlwmxa,) > e} < /8, (63)

m<n

We next allow the coefficients to be the random word (F},,). Put
an =+\/Hp/n+ n=1/2,

Call a word likely if its probability is at least e~*»"™. There are at most e**" likely words. For the
random word, the mean of minus the logarithm of its probability is H,, so the total probability of
the other words is at most H,,/(a,n). Both a, and this last bound tend to zero.

Fix arbitrary deterministic phases w,, € T. On the event that (F},)m<n equals a particular

likely word (v,y,), the sum
1
V==Y RwnFnXi,)

n m<n

is the sum in (63) with w,, = wy,v,. We do not condition the character law on that word: the
event in question is simply a subset of the corresponding event for deterministic coefficients. A
union bound therefore gives

H. 2
{Yn >e} < —" +exp (ann - 6871> — 0. (64)
ann

n
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This explains why arbitrary coupling is allowed.
Finally choose each w,, to make wy, [ F),X7,, dn nonnegative real, choosing any phase if that
integral is zero. These choices are deterministic. Since Y,, < 1, we have

1
0< — E
nm<n

/melmdn‘ = /Yn dn <e+n{Y, > ¢}

First let n tend to infinity and then let € tend to zero. O

For the process in Proposition 6.1, fix integers p > 1 and 0 < j < p. The word (f(T§m+jx))m<n
is a function of a consecutive alphabet window of length at most pn + p. Stationarity and zero
entropy give entropy o(n) for this word. After scaling f, Lemma 6.3 therefore proves (61) on any
arithmetic progression on which its label sequence is dissociated.

6.2 The algebra of a single orbit

The finite-generation and spectral steps below have predecessors in Rokhlin’s compact-group
argument [15, Sections 2.3 and 3.2]. Here the labels may have torsion, and the case in which a
power acts unipotently is retained for polynomial cancellation.

Lemma 6.4 (Orbit alternatives). Let G be an automorphism of an abelian group L and l € L. At
least one of the following holds:

1. The sequence (G"l),>¢ is dissociated.
2. There is p > 1 such that (GP™I1),,>0 is dissociated for every 0 < j < p.

3. There are p,d > 1 such that, on the subgroup K = (Gl : r € Z), the endomorphism N = GP—id
satisfies N = 0. In this case

d—1
pm+j1 m acyj > < 4
GP™ ] ;(CL)N Gl (m>0,0<j<p). (65)

Proof. Suppose the first alternative fails. Remove any initial zero coefficients from a nonempty
signed relation and apply a power of G~!. We obtain

bol + b1Gl+ -+ b,Gl =0,  by,by € {~1,1}, by €{—1,0,1}.

If ¢ = 0, then [ = 0 and the third alternative holds with p = d = 1. For ¢ > 1, the unit coefficient at
the upper end expresses GY1 as an integral combination of the preceding g labels. The coefficient at
the lower end does the same in the other direction. Applying the relation to all translates shows
that K is generated by I,Gl,..., G9!, In particular, its torsion subgroup K., is finite and its
quotient K is a finite-rank lattice.

The induced map G is a lattice automorphism. If it has an eigenvalue A with |A\| > 1, choose a
nonzero complex left eigenfunctional ¢ on K ®z C. The two-sided orbit of I spans this vector space.
Thus ¢(1) # 0, since otherwise ¢(G' 1) = N¢(I) = 0 for every integer . Choose p with R = |A\]P > 2.
On each residue class j, the absolute values of the projected labels are | ¢(I)|R™. In any finite
signed relation on distinct indices, the term with largest index strictly dominates the sum of all
earlier terms, because R* < R™. There can be no such relation in K. This proves the second
alternative.

a<m
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It remains to consider the case with no expanding eigenvalue. If the lattice has positive rank,
det G = £1 implies that every eigenvalue has modulus one. We use the bounded-coefficient argument
in Kronecker’s root-of-unity criterion [13, Theorem IJ; see also [5, Theorem 1 and its proof]. The
characteristic polynomial of G has integer coefficients, each bounded independently of n: its
coefficients are elementary symmetric functions of a fixed number of numbers of modulus one. Only
finitely many such polynomials exist. For each eigenvalue A, all the powers A" are roots of these
finitely many polynomials. Hence two powers agree and A is a root of unity.

Choose p such that G* is unipotent and GP is the identity on Kio,. The latter is possible because
the automorphism group of a finite group is finite. This argument includes the rank-zero case.
For some dy > 1, the map N = GP — id satisfies NV b C Kior, and NKior = 0. Consequently
N+l = (. The additional application of N accounts for possible maps from a free part into
torsion; an invariant splitting of K has not been assumed. Taking d = dyp + 1 and expanding
(id +N)™ proves (65). O

6.3 Polynomial labels and mixing

A group-valued polynomial of degree at most d on the nonnegative integers will mean a sequence

d
m
P(m) =Y <a>l“’ lo € L.
a=0

For each fixed integer h > 1, the difference P(m + h) — P(m) has degree at most d — 1. Indeed,
Vandermonde’s identity expands (m:h) — (™) as an integral combination of ('),...,(,”;). This
observation is valid in every abelian group, including groups with torsion.

We use Hilbert-space van der Corput differencing and induction on polynomial degree; compare
[3, Theorems 1.4-1.5 and p. 339]. The argument below works in the present coupling, whose law

need not be invariant.

Lemma 6.5 (Polynomial cancellation). Let (X, ux,Tx) be mizing, let x : Y — X have law px,
and assume (60). For every bounded centered function F' on X, every p > 1, and every group-valued
polynomial P(m), one has

1

D

m<n

/F(T}}mx)wdn’ — 0.

Here neither zero entropy nor invariance of n is required.

Proof. We induct on the degree. If P(m) = ly is constant, condition X7, onto z. Its conditional
expectation is a bounded measurable function g on X, and

/ F(TP™ )i dy = / F(TP™2)g(x) dpx () —s 0

by mixing and centering. Mixing for bounded functions follows from the set formulation by
simple-function approximation. This proves the base case, including Iy = 0.

For the inductive step, choose deterministic phases w,, aligning the integrals in the assertion. In
the fixed Hilbert space L?(n) put

Uy = me(Tﬁma})Xp(m).

Their norms are bounded by ||F||«. At a fixed positive lag h, the absolute value of (vy,, Vymin)
equals

’/Fh(Tﬁmx)XP(erh)P(m) dn|, F, = (F OTﬁh)F
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The constant phases from alignment and from (60) disappear inside this absolute value. Apply the
induction hypothesis to the centered function Fj, — [ F}, dux and the polynomial of lower degree.
The remaining constant contribution has absolute value at most | [ Fj, dux|. Therefore

hmsup— Z {(Vm, Vman)| < ‘/th/ix’ (66)

n—o0 m<n

The following averaging step is the Hilbert-space van der Corput argument; see [4, Theorem 4.1]
for a real Hilbert-space formulation, using the real part of the inner product in the complex case.
For completeness, fix H > 1. Replacing each vy, in its mean by H~ Z 0 Um+q Changes the mean
by a vector of norm at most 2H || F'||o/n. Convexity of the squared norm bounds the squared norm
of this new mean by the mean of the squared norms of its summands. Expanding those squares,
grouping terms by the lag, and using (66) gives

lva SM 2%(1—)‘/&@4

n m<n
The harmless shift of the averaging range by at most H indices does not change any of these limiting
bounds. Mixing and centering imply [ Fj,dux — 0 as h — oo. Letting H — oo shows that the
Hilbert-space means tend to zero. Testing them against the constant function 1 yields exactly the
mean of the aligned absolute integrals, proving the induction. O

lim sup
n—oo

Proof of Proposition 6.1. Apply Lemma 6.4. In the first alternative, Lemma 6.3 applies directly. In
the second, apply it on each of the finitely many residue classes modulo p, using the progression-word
entropy estimate after that lemma. In the third, (65) gives a polynomial on every residue class.
Apply Lemma 6.5 there with F' = f o T)j(. This function is centered by invariance of px. In each
case the finitely many progression averages tend to zero and combine to give the full average in
(61). O

7 Proof of the main theorem

We apply orbit cancellation in each conditional fibre and integrate the measurable finite-block
averages from Proposition 5.5.

Proof of Theorem 1.1. Suppose the conclusion fails, and let k > 3 be the least failing order. Propo-
sition 2.1 gives a mixing finite-alphabet process (X, ux,Tx) of zero entropy, centered finite-valued
one-site functions, and a sequence of layouts witnessing failure at order k. All proper sublayouts
satisfy the lower-order mixing conclusions.

Construct the ordered array laws and their saturated extension by Section 3. The square locality
and operator results of Sections 3 and 4 apply to this extension. Proposition 5.5 supplies a centered
one-site witness f, a countable abelian group £, an automorphism G, a finite nonempty set B C L,
and representatives xj' in each typical fibre. The measurable coefficient sums s, (u) defined in (56)
satisfy

0 < s,(w) < |B|flloo, /Usrduzc>0 (r>0).

Fix a typical u. The marginal of x under 7, is exactly px. The representatives obey (60) by
(55). Apply Proposition 6.1 to each of the finitely many [ € B. It gives

*ZST

r<IN
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This is a pointwise argument in the fibre; it uses neither invariance of 7,, under time nor a measurable
choice of the abstract identification. The original sums are already measurable, and are bounded by
|B||| flloo for every r and almost every u. Bounded convergence therefore makes their integrals tend
to zero. Every such integrated average equals ¢ > 0, a contradiction.

There is consequently no least failing finite order. Since ordinary mixing supplies order two, all
the conclusions in Theorem 1.1 follow. O

8 Endomorphisms and flows

Theorem 1.1 also yields higher-order mixing for noninvertible transformations and for flows. The
first deduction applies the theorem to the invertible extension of a finite-symbol factor; the second
approximates real-time layouts by integer-time layouts.

Corollary 8.1 (Endomorphisms and continuous flows). Let (2, F, 1) be an arbitrary probability
space.

1. Suppose T : Q — Q is measurable, preserves p, and p(ANT™"B) = u(A)u(B) as n — 400
for every A, B € F. Then, for every fized k > 2 and measurable A, ..., Ag,

k k
I <ﬂ T_tiAi> — [T (A
i=1 i=1

along nonnegative integer times t1 < - -- < tx whose least successive gap tends to infinity. Only
preimages under forward iterates are used.

2. Let (St)ter be a probability-preserving group of invertible measurable transformations. Assume
w(AN St_lB) — uw(A)u(B) ast — oo for every A, B € F, and that its Koopman operators
Usf = foS; are strongly continuous on L' (u); equivalently,

lUslqa —14lh — 0 (s = 0) forevery A€ F.

The same product limit holds with T~% A; replaced by St_ilAi and with arbitrary real times
t] < --- <t whose least successive gap tends to infinity.

Jointly measurable probability-preserving flows on standard probability spaces satisfy the
continuity hypothesis [16, Section 1.7, p. 7].

Proof of Corollary 8.1. For the endomorphism assertion, fix the tested sets and let a be the finite
partition they generate, with alphabet D. The one-sided name map 7 records the atom of «
containing T™w in coordinate n > 0. It takes values in D%>0 and intertwines T with the left shift
V. The Borel measure v = 7, is stationary and mixing, by pulling back any two Borel sets. Its
completion is still mixing, by null representatives. Take the mixing invertible natural extension
of this standard factor, (17, v, IA/) with projection p [16, Section 9]. If C; is the time-zero cylinder
coding A;, then for every nonnegative layout,

[ (ﬂ T‘“AZ) =D (ﬂ ‘A/_tip_lcl) .

Theorem 1.1 gives the required product limit. Only Borel cylinders are pulled back to the original
space; no natural extension of that possibly nonstandard space is asserted.

38



For the flow assertion, S is mixing: integer positive times are a subsequence of the assumed
limit, and invertibility gives negative times by exchanging the tested sets. Subtract ¢; from each
layout and write t; = n; + r;, where n; = |t;] and 0 < r; < 1. The successive integer gaps still
diverge. Along any sequence of layouts, pass to a subsequence on which every r; converges to
r¥ € [0,1]. The product telescoping bound and the L! isometry of U, give

’/H Uni—&-ri 1Ai dluf - /HUn,Jrr;‘lAl d/'L

< ZHU"'i]‘Ai - Ur;‘].Ai”l — 0.
%

Theorem 1.1 applied to Sy and the fixed indicators U,=14, gives the product of their unchanged
means. Every hypothetical sequence violating the real-time limit has such a subsequence, proving
the assertion. O

References

[1] Tim Austin. Pleasant extensions retaining algebraic structure, I. Journal d’Analyse
Mathématique, 125:1-36, 2015. Preprint version: arXiv:0905.0518v6, 7 September 2014.
Published version: doi:10.1007/s11854-015-0001-9.

[2] V. Bergelson and R. Zelada. Strongly mixing systems are almost strongly mixing of all orders.
Ergodic Theory and Dynamical Systems, 44(6):1489-1530, 2024. doi:10.1017 /etds.2023.63.

[3] Vitaly Bergelson. Weakly mixing PET. Ergodic Theory and Dynamical Systems, 7(3):337-349,
1987. doi:10.1017/50143385700004090.

[4] Vitaly Bergelson and Inger J. Haland Knutson. Weak mixing implies weak mixing of higher
orders along tempered functions, 2008. Author manuscript, 28 September 2008.
https://people.math.osu.edu/bergelson.1/tempered-sept-08.pdf.

[5] Pantelis A. Damianou. Monic polynomials in Z[z] with roots in the unit disc, 2015.
arXiv:1507.02419v1.

[6] Thierry de la Rue. 2-fold and 3-fold mixing: why 3-dot-type counterexamples are impossible in
one dimension. Bulletin of the Brazilian Mathematical Society, New Series, 37(4):503-521,
December 2006. Preprint version: arXiv:math/0603154v1, 7 March 2006. Published version:
doi:10.1007/s00574-006-0024-z.

[7] H. Furstenberg. Disjointness in ergodic theory, minimal sets, and a problem in Diophantine
approximation. Mathematical Systems Theory, 1(1):1-49, 1967. doi:10.1007/BF01692494.

[8] B. J. Green. Structure theory of set addition. Lecture notes, ICMS Instructional Conference in
Combinatorial Aspects of Mathematical Analysis, Edinburgh, 2002. 25 March—5 April 2002.
Author’s notes.

[9] B. Host. Mixing of all orders and pairwise independent joinings of systems with singular
spectrum. Israel Journal of Mathematics, 76:289-298, 1991. doi:10.1007/BF02773866.

[10] E. Janvresse and T. de la Rue. A class of pairwise-independent joinings. Ergodic Theory and
Dynamical Systems, 28(5):1545-1557, 2008. doi:10.1017/S0143385707000958.

39


https://arxiv.org/abs/0905.0518v6
https://doi.org/10.1007/s11854-015-0001-9
https://doi.org/10.1017/etds.2023.63
https://doi.org/10.1017/S0143385700004090
https://people.math.osu.edu/bergelson.1/tempered-sept-08.pdf
https://arxiv.org/abs/1507.02419v1
https://arxiv.org/abs/math/0603154v1
https://doi.org/10.1007/s00574-006-0024-z
https://doi.org/10.1007/BF01692494
https://people.maths.ox.ac.uk/greenbj/papers/icmsnotes.pdf
https://doi.org/10.1007/BF02773866
https://doi.org/10.1017/S0143385707000958

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

S. A. Kalikow. Twofold mixing implies threefold mixing for rank one transformations. Ergodic
Theory and Dynamical Systems, 4(2):237-259, 1984. doi:10.1017/S014338570000242X.

A. Kanigowski and D. Ravotti. Multiple mixing for parabolic systems, 2024.
arXiv:2410.13686v1, 17 October 2024.

Leopold Kronecker. Zwei Sétze iiber Gleichungen mit ganzzahligen Coefficienten. Journal fir
die reine und angewandte Mathematik, 53:173-175, 1857. doi:10.1515/crll.1857.53.173.

F. Ledrappier. Un champ markovien peut étre d’entropie nulle et mélangeant. Comptes
Rendus de I’Académie des Sciences de Paris, Série A-B, 287(7):A561-A563, 1978.

V. A. Rokhlin. On endomorphisms of compact commutative groups. Izvestiya Akademii Nauk
SSSR. Seriya Matematicheskaya, 13(4):329-340, 1949. Russian original.

V. A. Rokhlin. New progress in the theory of transformations with invariant measure. Russian
Mathematical Surveys, 15(4):1-22, 1960. doi:10.1070/RM1960v015n04ABEH004095.

V. V. Ryzhikov. Joinings and multiple mixing of finite rank actions. Functional Analysis and
Its Applications, 27(2):128-140, 1993. doi:10.1007/BF01085983.

V. V. Ryzhikov. Joinings, intertwining operators, factors, and mixing properties of dynamical
systems. Russian Academy of Sciences. Izvestiya Mathematics, 42(1):91-114, 1994.
d0i:10.1070/IM1994v042n01 ABEH001535.

V. V. Ryzhikov. Intertwinings of tensor products, and the stochastic centralizer of dynamical
systems. Sbornik: Mathematics, 188(2):237-263, 1997.
doi:10.1070/SM1997v188n02ABEH000202.

Valery V. Ryzhikov. Multiple mixing, 75 years of Rokhlin’s problem, 2024.
arXiv:2411.07234v2, 12 November 2024.

J.-P. Thouvenot. Une classe de systemes pour lesquels la conjecture de Pinsker est vraie. Israel
Journal of Mathematics, 21(2-3):208-214, 1975. doi:10.1007/BF02760798.

40


https://doi.org/10.1017/S014338570000242X
https://arxiv.org/abs/2410.13686v1
https://doi.org/10.1515/crll.1857.53.173
https://www.mathnet.ru/eng/im3198
https://doi.org/10.1070/RM1960v015n04ABEH004095
https://doi.org/10.1007/BF01085983
https://doi.org/10.1070/IM1994v042n01ABEH001535
https://doi.org/10.1070/SM1997v188n02ABEH000202
https://arxiv.org/abs/2411.07234v2
https://doi.org/10.1007/BF02760798

	Introduction
	A finite-alphabet witness of zero entropy
	Ordered arrays and conditional locality
	The initial array laws
	The class of extensions
	Conditioning on parent planes
	The square and its grouped kernels
	The geometry of the parameters

	The operator square
	Active spaces and exact relations
	Conditional Markov operators
	Fixed positive parts and an abelian unitary group
	Completeness of the exact functions
	From grouped cells to individual coordinates

	Measurable labels and finite blocks
	From intersections to entire active spaces
	A measurable group of lines over each local parameter
	Counting labels and their transition operators
	Finite blocks and the time permutation
	A finite block carrying the witness

	Cancellation in one time dimension
	Entropy against dissociated labels
	The algebra of a single orbit
	Polynomial labels and mixing

	Proof of the main theorem
	Endomorphisms and flows
	References

