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Abstract

Every prescribed-order finite sequence of vectors in the Euclidean unit ball of R? has one
signing for which every signed prefix has norm at most C'v/d, with C' absolute and independent
of the sequence length. Consequently, every indexed zero-sum family of unit-ball vectors admits
an ordering with the same bound for its unsigned partial sums. This determines the Euclidean
Steinitz constant up to absolute factors, Sa(d) = ©(v/d), and resolves the Euclidean Steinitz—
Bergstrom conjecture.
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1 Introduction

Let vq,...,vn be vectors in the Euclidean unit ball of R?. There are two natural ways to keep their
partial sums small: choose signs in a prescribed order, or, when the family sums to zero, choose an
order without changing any signs. The difficulty in the first problem is to control every prefix by
one choice of signs, with a bound independent of N. We prove such a bound on the square-root
scale in the dimension.

Theorem 1.1 (Prescribed-order signed prefixes). There is an absolute constant C such that,
for all integers d,N > 1 and every sequence vi,...,vxy € R% with ||lv;|la < 1, there are signs

€1,...,en € {—1,1} for which
k

< CWVd.

2

EiUj
0<Ek<N ||#
=1

The same signs control all prefixes, and C is independent of d, N and the sequence.

The zero-sum ordering problem is quantified by the Euclidean Steinitz constant. For an indexed
family with vazl v; = 0, define

k

> Un(i)

=1

v1,...,UN) = min max
Blor,--svw) TE€EGN 0<k<N

)

2

where Gy is the set of permutations of {1,..., N} and an empty sum is zero. Let S2(d) be the
supremum of § over all finite indexed zero-sum families of Euclidean unit-ball vectors in R%. The
Euclidean Steinitz-Bergstrém conjecture asks whether So(d) = O(v/d). Theorem 1.1 gives its
affirmative resolution.

Theorem 1.2 (Euclidean Steinitz-Bergstrom bound). There is an absolute constant C' such that, for
all integers d, N > 1 and every indexed family v1,...,vx € R? satisfying ||vil|2 < 1 and Z?Ll v; =0,
some permutation m € Sy satisfies

< CVd.

2

max
0<k<N

k
; Uni)

The constant in Theorem 1.1 also suffices here.

Both statements allow repetitions and zero vectors. The empty-sequence and dimension-zero
extensions have every partial sum equal to zero. The construction is existential: its choices may
depend on the complete input sequence. Its successive choice of signs does not supply an online rule
or an efficient algorithm.

The order of growth in Theorem 1.2 is necessary. In the d-dimensional hyperplane orthogonal to
the all-ones vector 1 € R%*! let e; denote the standard coordinate vectors and take

[d+1 1 .
- - PR — <1 < .
U; p <el 7 1), 1<i<d+1

These unit vectors sum to zero and satisfy (u;, u;) = —1/d for i # j. Hence every sum of k distinct
members has squared norm k(d 4+ 1 — k)/d. With k = [(d + 1)/2], this is at least d/4, regardless of
the ordering. Thus

Wd < Sy(d)y<ovd  (d>1).



1.1 From signs to an ordering

We give the short transference argument at once. Chobanyan’s transference principle [13] relates
rearrangements and signed sums. We use its finite positive-forward, negative-reverse form [12,
Theorem 2.1 and Remark 1].

Proof of Theorem 1.2 from Theorem 1.1. Fix an indexed zero-sum family and choose an order
attaining its minimum f; this exists because there are only finitely many permutations. Relabel the
vectors in that order. Put

J J
Aj=3 v, Bj=) ev, O0<j<N,
i=1 1=1

where the signs come from Theorem 1.1. Hence ||A;||2 < 8 and ||Bj|2 < CV/d. The positive-sign
and negative-sign selections from an original prefix sum respectively to

_Aj-l-Bj

_ A= Bj
2 n ‘

P; 5

M;
Place all positive-sign indices in their original order, followed by all negative-sign indices in reverse
original order. A partial sum in the first block is some P;. In the second block, the unused indices
are the negative-sign indices of an original prefix. Since the total sum is zero, the current partial
sum is therefore some —M;. This also covers either block being empty. Every new partial sum has
norm at most (3 + C+v/d)/2. By minimality,

and hence B<CVd.

B<5+C\/&
g 2 )

This permutes indices and so preserves all multiplicities. ]

The signed-prefix bound also yields finite-dimensional £, estimates and a colorful row-permutation
theorem. We develop these distinct consequences in Section 6.

1.2 Historical context

The finite rearrangement theorem goes back to Steinitz’s work on conditionally convergent vector
series; Ambrus and Heck give a historical account in [2, Section 2]. The dimension bound for
zero-sum rearrangement holds for arbitrary norms: Grinberg and Sevast’yanov [16, Theorem 1]
prove that the partial sums can be kept within d times the unit ball. The smaller square-root
scale in Euclidean space has a long history; Behrend discusses this expected growth in [8, p. 108].
The modern formulation and its attribution to Bergstrém are recorded by Ambrus and Heck [2,
Conjecture 5]. Their Theorem 7 reduces the asymptotic question to a relaxed rearrangement problem
for vectors with norms in [1 — ¢, 1], with 0 < € <1 fixed independently of the dimension. In that
problem each prefix is compared with its proportional share of the total sum, rather than with
zero. For prescribed-order Euclidean signing, the square-root-dimension question is stated explicitly
by Bansal, Jiang, Meka, Singla and Sinha [6, Section 6, Conjecture 6.3], following Banaszczyk [4].
Their discussion records Banaszczyk’s bound O(v/d + v/log N); the length term becomes significant
when N is large compared with the dimension. In a 2026 preprint, Dutta, Jha and Jiang state an
efficient prescribed-order signing bound

O(Vd + d"/*1og"* N),



and the corresponding zero-sum ordering bound [15, Theorem 1.1 and Corollary 1.2]. Theorem 1.1
gives an absolute multiple of v/d for every finite length.

Terminal vector balancing has a different quantifier. For columns in the Euclidean unit ball,
Li [18, Theorem 1.1] bounds the final signed sum in infinity norm by an absolute constant and
gives a deterministic polynomial-bit algorithm on rational input. That terminal statement implies a
Euclidean bound of order v/d for one sum. Applying it separately to each prefix permits the signs
to change with the prefix; Theorem 1.1 instead supplies one common signing. The present all-prefix
estimate is Euclidean and does not assert a constant infinity-norm all-prefix bound.

1.3 Proof strategy

Gaussian convex bodies are a central setting for vector balancing, notably in the theorem of
Banaszczyk [3]. Our proof takes place in a space of coefficients: one coordinate is reserved for each
incoming vector, together with d initial state coordinates. A sequence of linear maps sends these
coefficients to states in R?. At each step an invertible contraction acts on the old state and the next
coefficient injects a multiple of the incoming vector. The body of coefficients for which every state
is bounded will provide the simultaneous control of all prefixes.

Two analytic ingredients make this construction possible. First, if a bounded symmetric convex
body has small Dirichlet energy for every positive diagonal weight, it supports a single square root
of a probability density with small derivatives in every coordinate. A lifted Steiner symmetrization
preserves these bounds and permits a coordinate step of the form ¢ + ¢, where |¢| < 1/4 and
e € {—1,1}. This adapts the directional-density and symmetrization method of Guo, Fang and
Lu [17, Sections 3-4].! Bandeira [5] gives a related formulation for terminal balancing in terms of
Dirichlet eigenvalues. Akbas and Sra [1, Lemmas 2.2-2.3] develop the common quadratic-energy
witness and lifted L2-symmetrization argument. Here the hypotheses use diagonal weights, and the
coordinate shifts may depend on earlier choices. We prove the required energy and shifted-step
statements in full.

Second, the filtered body has a diagonal Dirichlet-energy bound independent of the number of
filters. To prove this, we follow a stationary Ornstein—Uhlenbeck process in coefficient space and
localize its filtered states to dyadic spectral scales. A matrix estimate controls changes at one scale
by an additive trace budget, including gains inserted between noncommuting contractions. At a
fixed scale, this estimate gives a uniform positive probability for all constraints in a group of indices
with bounded accumulated energy, over a matched time interval. Gaussian correlation combines
these groups, scales and time intervals; the exponential survival rate yields the energy bound.

The two ingredients meet through a scalar predictor. The allowed shift in the incoming coefficient
exactly compensates for the contraction of the old state. Consequently the final states are the
signed partial sums themselves. We give this complete construction in Section 2, after stating the
two analytic propositions. Section 3 proves the shifted-sign proposition. Section 4 establishes the
matrix variation estimate, and Section 5 uses it to prove the filtered-body energy bound. Section 6
develops the norm-comparison and colorful row-permutation consequences.

Throughout, all unspecified constants are absolute. Vectors and matrices are real; ||-||op and
||I'|lus denote operator and Hilbert—Schmidt norms. For symmetric matrices, A < B means that
B — A is positive semidefinite. Functions of positive definite matrices are defined by the spectral
calculus.

1Guo, Fang and Lu credit the Odin Automatic AT Research Agent for their proof.



2 Constructing the signed walk

We will encode the signed walk by one point in a convex body in a larger coefficient space. The
body controls a contracted version of every prefix. Its extra coordinates will be chosen so that their
contributions exactly restore the parts removed by the contractions. This section states the two
analytic inputs and proves Theorem 1.1 from them.

2.1 The two analytic inputs

Let D C R™ be a nonempty bounded open convex set, and let ) be a positive definite diagonal
m X m matrix. Define its diagonal Dirichlet energy by

] (@V9.Vg)da
Ao(D) = inf . 1
D

Here H}(D) is the closure of C°(D) in the Sobolev norm, and derivatives are weak derivatives.
This normalization corresponds to Brownian motion with covariance rate 2Q). Central symmetry
will always mean symmetry about the origin. Fix

1 1
F=100 T (2)

Our first input turns small coordinate energies into signs while allowing a bounded shift at each
step. The shifts may depend on previously assigned coordinates.

Proposition 2.1 (Signs with adaptive shifts). Let K C R™ be nonempty, bounded, open, convex
and centrally symmetric. Suppose that

Mo(K) < k*trQ  for every positive definite diagonal Q. (3)

Let j1,...,7js be distinct elements of {1,...,m}, and let ¢; : R"™! — [=6, 6] be arbitrary functions,
for 1 < i <s. There exist signs €1, ...,s such that the recursion

2@ =0, 20 =204 (V2T 1 eey,

has ¥ € K. Fori =1, the function q1 has a one-point domain.

This is an existence statement; the choice of signs can depend on the whole body K and all the
prescribed functions. Its proof uses backward transformations of K, followed by forward choices of
the signs.

The second input supplies a body satisfying a uniform energy bound. Its linear maps retain a
d-dimensional state and read one new coordinate at each step.

Proposition 2.2 (Energy of a filtered path body). There are positive absolute constants Ay, By, Ho
with the following property. Let d > 1 and n > 0 be integers and put m =d +n. For 1 <t <mn, let
C, be an invertible real d x d matriz and let by € R¢ satisfy

CiCF + bl = 1.
Define linear maps Ry : R™ — R by

Rox = (21, ..., 24), Rz = CiRi17 + bizgy (1<t <n). (4)



Then the bounded open convex centrally symmetric set

|25 < Bo (1<j<m),
D= R™: Y
{xe |Riz||2 < AgvV/d (0 <t <n)

satisfies
Ao(D) < HotrQ for every positive definite diagonal Q.

The constants are independent of the number of maps and of ). This uniformity is essential: the
application will use n equal to the number of vectors. To compensate for the contractions, we will
also impose linear constraints on the coefficients. The following estimate bounds their additional
energy cost; we prove it after completing the construction.

Lemma 2.3 (Adding slabs). Let D C R™ be bounded, nonempty, open, conver and centrally
symmetric. Let D, > 0, 6 > 0, and let my,...,my be real rows of length m. Set

K = (2D.D)n ﬂ{x s miz] < d}.
=1
For every positive definite diagonal Q,
AQ(K) < DAg(D) +7%072 ) miQmj . (6)
i=1

2.2 The filter, the shifts, and their cancellation

We now prove the signed-prefix theorem from Propositions 2.1 and 2.2. Their proofs in the remaining
sections are independent of this application.

Proof of Theorem 1.1. Write the prescribed sequence as vy, ...,v, € R% with |lv;|la < 1. The
hypotheses give d,n > 1.

The symmetric contractions. For a positive absolute 0 < 1, to be chosen below, set

1
bi = oy, m = CZ =1-— mbzsz (7)

1+ /1= b3

On the span of b;, the matrix C; has eigenvalue /1 — ||b;]|3, and on its orthogonal complement it is
the identity. This includes b; = 0, for which n; = 1/2 and C; = I. Consequently

Ci=T -2 =cl -0, C?+bb! =1, <m <1

| =

Use these matrices in (4), and let D be the body in Proposition 2.2.
For z € R4 let 20 be obtained by setting its first d coordinates to zero. Define row vectors
m; by
m;r — niblTRi_ll'O. (8)

Each row m; is supported only on the noise coordinates d +1,...,d +¢ — 1. In particular it is
unaffected by any coordinate assigned at step ¢ or later.



The cost of the predictor constraints. Let M be the matrix with rows m;. We claim that
every column of M has squared Euclidean norm at most 2. Its initial d columns are zero. For a
noise coordinate d + j, follow its contribution to the state:

rj = bj, ri=Ciricy (j <i<n).

The coefficient of that coordinate in m; is zero for i < j, and is nib?ri,l for ¢ > j. Symmetry of C;
gives the exact loss identity

Iri1ll3 = llrll3 = (b rie1)?.

Thus the losses telescope:

n
[Megyjll3= > ni(bfri—1)?
i=j+1
n 9)
< >0 (lrizalls = lImll3) < 1165113 < o™
i=j+1

In particular, for every positive definite diagonal @,

n d+n
Y omiQm] = Qi Mej|3 < o*tr Q. (10)
i=1 =1

Choose an absolute dilation D, > 0 and define
K = (2D.D)Nn{z: miz| < d for 1 <i<n}. (11)
This is a bounded open convex centrally symmetric set containing a neighborhood of zero. Lemma 2.3,
Proposition 2.2, and (10) give
Ao(K) < (HoD:? + 7207207 tr Q. (12)
We can therefore fix, once and for all,
D, > max{1,\/2Hy/rx}, o =min{l/2,ké/(v/2m)}. (13)

The same body K then satisfies (3) for every positive definite diagonal ). These choices are
independent of d, n and the vectors.

Choosing the coefficients. For u € R write clips(u) = max{—4J, min{u,d}}. Apply Proposi-
tion 2.1 to the distinct axes egyi1,...,€e41n. At step i prescribe the shift

gi = clips(mzl=V).

By the support of m;, this is a function of the previously assigned coordinates, as required. The
proposition supplies signs and a final point 2 = (™ € K. Its first d coordinates remain zero. Also,
coordinates assigned before step ¢ never change afterward, so

mix(z_l) = m,;T.

The final membership x € K implies |m;z| < §. Hence each shift was already within the permitted
interval: clipping was inactive, and

Tits = M;x + & = UiszRz;lfL‘ + &;. (14)

Here 2% = z because the initial block is zero. Clipping is used only to make the application of

Proposition 2.1 unconditional; causality and the final constraints subsequently remove it.
Figure 1 illustrates the identity that completes the construction.



Cancellation. For this single final coefficient vector, Rypz = 0 and

Riyx = CiRy 12 + byzgye
= (I — ntbtth)Rt_lsc + bt(ntbth—ll‘ + Et)
= Rt_ll’ + Etbt.

Thus, simultaneously for every 0 <t < n,
t
i=1

Since € 2D,D, all these states have norm less than 2D, Agvd. Dividing (15) by o proves
Theorem 1.1 with the absolute constant C = 2D, Ay /0. O

r {Ctr =r— ntbtthfr’} /—D T+ eiby

]

biTgit = bt(ntb%“ + 5t)J

Figure 1: For the final coefficient vector, put r = R;_1x. The predictor term in the incoming
coordinate restores exactly the component removed by C}, leaving the signed increment &;b;.

2.3 Brownian proofs of the slab bound

We now prove Lemma 2.3, which bounded the cost of the predictor constraints. Brownian survival
converts intersection with slabs into an event to which Gaussian correlation applies. The two
Brownian facts below will also be used in the remaining analytic arguments.

Lemma 2.4 (Brownian survival rate). Let D C R™ be bounded, nonempty, open and convezx, and
let Q be positive definite and diagonal. If W is Brownian motion with covariance rate 2Q), started
at x € D, then

1
lim ——logP,{W(s) € D forall0 < s <T} = A\g(D). (16)
T—oo 1
In particular, the starting point may be 0 when D is centrally symmetric.

Proof. The generator of W is tr(QV?). Let 7p = inf{s > 0: W(s) ¢ D}, and let
Pth(.’L') = Em[h<w(s))1{s<TD}]

be its killed semigroup. The corresponding nonnegative self-adjoint operator is the Dirichlet
realization of —tr(QV?), with form [, Vg7 QVg on H}(D). These standard Dirichlet facts apply
here because bounded convex domains are connected and Lipschitz; see, for example, [14, Section 2
and Appendix C], after the linear change of coordinates for () and the time normalization above. The
killed representation can also be obtained first on smooth interior domains and then by exhaustion:



their compactly supported smooth functions exhaust the form domain, while any continuous path
remaining in D on a compact time interval has compact image in D.

Write A = A\g(D). Compactness of H}(D) < L%(D) and the spectral theorem give || PP |32 =
e~** and a first eigenfunction ¢ that can be chosen nonnegative by taking the absolute value of a
Rayleigh minimizer. Interior elliptic regularity and the strong maximum principle make ¢ strictly
positive at every point of D. It is bounded: free heat kernel domination and ¢ = e’\PlD p give this
directly by Cauchy—Schwarz. Consequently,

e P o(x) = PPo(x) < |¢lloo Po{rp > T}

For the reverse bound, let pg denote the free heat kernel. For T" > 1, the semigroup property and
free kernel domination yield

Po{rp > T} < |lpg(L,@,-)l|2[|PFy 1p]l2
< Ip(L,@,-)||2 |D"/Ze =D,

Both prefactors are finite for the fixed D, @, z. Taking logarithms and dividing by T" proves (16).
Finally, a nonempty open convex set symmetric about 0 contains 0 as an interior point. O

We will use the following path form of Gaussian correlation. Its finite-grid proof also records
how closed constraints are handled.

Lemma 2.5 (Gaussian correlation for path constraints). Let X : [0, 7] — R™ be a centered Gaussian
process with continuous paths. Fori=1,...,r, let E; be an event of the form

E;, = ﬂ {Ain(S) € Kij fOT all s € Iij}y
j=1

where A;; is linear, K;j is a closed centrally symmetric convex set in its target space, and I;; C [0,T]

is a closed interval. Then . .
P(() Ei) > [T P(E).
i=1 i=1

Proof. Replace each interval by a finite grid. All the constraints are then closed centrally symmetric
convex conditions on one finite-dimensional centered Gaussian vector. Represent that vector as
a linear image of a standard Gaussian on its linear support; thus a possibly singular covariance
creates no difficulty. Royen’s Gaussian correlation inequality [20], iterated over the finitely many
events, gives the desired product bound on the grids. Now refine nested grids whose unions are
dense in the respective intervals. Closedness of each K;; and path continuity identify the decreasing
limit with the stated event. Continuity of probability from above proves the assertion. O

Proof of Lemma 2.3. The set K is again a bounded open centrally symmetric convex neighborhood
of 0. Take Brownian motion W of covariance rate 2(Q) started at 0. On [0, 7], impose the closed
constraints

W(s) € DD, |m;W(s)| <d/2 (1 <i<n).
Their simultaneous occurrence implies survival in K: D,D C 2D, D, since 0 is interior to the convex
set D, and the half-threshold slabs lie inside the open full-threshold slabs. By Lemma 2.5, and then
by replacing each closed-event probability by its smaller open-event probability,

Po{W([0,T]) C K}

> Po{W(]0,T]) C D.D} ﬁP0{|miW(s)| <d/2forall0<s<T}.
i=1



For a nonzero row m;, the process m;W is one-dimensional Brownian motion with covariance rate
2¢;, where ¢; = m;Qm! > 0. The first Dirichlet eigenfunction of —c; d?/dz? on (—§/2,8/2) is
cos(mxz/§), with eigenvalue 72¢;/6%. Lemma 2.4 gives the corresponding survival exponent. A zero
row gives the identically zero process, so its probability is one and its cost is zero.

Take negative logarithms, divide by 7', and let T' — co. Lemma 2.4 applies to K and D,D,
and the change of variables in the Rayleigh quotient gives Ag(D.D) = D;2)\g(D). This proves (6).
The argument used only inclusions between closed and open events; it requires no assertion about
equality of their survival rates. O

It remains to prove the two analytic inputs. We first construct the domain transformations
behind Proposition 2.1, and then establish the uniform energy bound in Proposition 2.2.

3 From low energy to shifted signs

We prove Proposition 2.1. Its spectral hypothesis will first give a single normalized function with
small derivatives in every coordinate. A lifted Steiner symmetrization then produces a new domain
from which one can take one of two signed steps, even after a prescribed small shift. Repeating
this construction backwards will allow us to choose the signs forwards. The construction adapts
the common-density and prescribed-section arguments of Guo, Fang and Lu [17, Proposition 2.2,
Lemmas 3.3-3.4 and 4.1-4.3]. Quadratic-energy versions of this approach appear in Bandeira [5] and
Akbas and Sra [1, Lemmas 2.2-2.3]. Here we retain only coordinate Sobolev energies and enough
geometric slack for bounded adaptive shifts. The coordinate-energy and shifted-step arguments
needed here are proved in full below.
Throughout this section,

3.1 One function for all coordinate energies

We first record a useful boundary convention. If a bounded open convex domain D C R™ contains
zero, then
HYD)={flp: fe€ HY(R™), f =0 a.e. outside D}, (17)

where functions on the left are extended by zero. Indeed, for a function on the right, f.(z) = f(z/r)
converges to f in H'(R™) as r 1 1. For r < 1 its support lies in the compact subset rD of D.
Mollification with a sufficiently small radius therefore approximates f, by functions in C2°(D).
Conversely, zero extension preserves the H! norm on C2°(D) and hence on its completion.

Lemma 3.1. Let K C R™ be a nonempty bounded open convex set symmetric about zero. If
Ao(K) < k2 trQ for every positive definite diagonal @,

then there is a nonnegative f € H'(R™), vanishing almost everywhere outside K, such that
/f2:1, /]@ﬂanQ (1<i<m).

Proof. Let F be the nonnegative functions in H'(R™) that vanish almost everywhere outside K
and have L? norm one, and put E;(f) = [ |0;f|?. Consider the set of simultaneous upper bounds

A={ueR"™: E;(f) <w; for every ¢ for some f € F}.

10



It is nonempty and is closed under addition of nonnegative vectors. It is also convex. For f,g € F
and 0 < ¢ < 1, the function h = (tf2 4 (1 — t)g?)"/? belongs to F and satisfies

|0:h)? < tO;f|> + (1 —1)|9ig]*  a.e.

This follows from the Sobolev chain rule for the Euclidean norm and Cauchy—Schwarz.

To see that A is closed, let u9) € A converge to u, and choose corresponding fj € F. Their
H' norms are bounded. Since all supports lie in a fixed bounded set, weak H' compactness and
compactness in L? give a subsequence converging weakly in H' and strongly in L? to a member f
of F. Lower semicontinuity gives E;(f) < u; for every i.

If ¢ = k2(1,...,1) did not belong to A, strict separation would give a nonzero w € R™ with

w-c < inf w- u.
ueA

The upper-set property forces every w; to be nonnegative. For € > 0 let Q. = diag(w; + €). By (17),
taking absolute values and normalizing does not change the Rayleigh infimum, so

inf w - u—mf w )< A K) < K2 w; + €).

int £ i) < 0. (K) < 8 (i +0
Letting € | 0 contradicts separation. This argument also covers zero components of w. Thus ¢ € A,
as required. 0

3.2 Convexity under Minkowski averages

We will apply Jensen’s inequality to the energies of horizontal sections. The needed property is a
diagonal version of the classical Brascamp—Lieb convexity inequality for the first Dirichlet eigenvalue
[10, Theorem 6.2]; see also the statement in Bryan, Clutterbuck and Rankin [11, Theorem 1.2].
We give the proof from Gaussian log-concavity and the Brownian survival rate, including the
open-domain approximation used here.

Lemma 3.2. Let Dy, D1 C R™ be nonempty bounded open convex sets symmetric about zero, and
let @ be positive definite diagonal. For 0 < a <1,

)\Q((l — OZ)DO + Ole) (1 — Oé)/\Q(Do) + Oé)\Q(Dl)

Proof. The endpoints are immediate, so suppose 0 < o < 1 and write D, = (1 — «)Dy + aD;. Fix
0<n<l1,set r=1—mn, and put

Ai = T‘E, Aa = (1 - Oé)Ao + OéAl.
These are compact convex sets, and A, C D,: indeed, A, C rD,, which is compactly contained in
D,.

Let W start at zero with Brownian covariance rate 2¢). On a finite grid of positive times in
[0, T, its values form a Gaussian vector. Gaussian log-concavity [19, Theorem 2| shows that

1
P{W lies in A, on the grid} > H P{W lies in A; on the grid}*’, (ag,a1) = (1 — a, ).
=0
Here the Minkowski average of the two grid events is contained in the grid event for A,. Increase

the grids to a dense subset of [0,T]. Closedness of the A; and continuity of Brownian paths allow
passage to the decreasing limits of these events. Since rD; C A; and A, C D,, it follows that

1
Po{W([0,7]) C Do} > [[ Po{W([0,T]) C rD;}*.
1=0

11



Lemma 2.4, followed by the scaling of the Dirichlet quotient, now gives
Aq(Da) < 77((1 = a)Aq(Do) + adg(D1)).

Finally let n | 0. O

3.3 A section that permits shifted signed steps

The next lemma is the geometric step in the signing construction. Its conclusion holds for every
allowed shift after the point in the new domain has been chosen.

Lemma 3.3. Let K C R™ be a nonempty bounded open convexr set symmetric about zero and
satisfying Ag(K) < k2tr Q for every positive definite diagonal Q. For every coordinate vector e,
there is another domain T.(K) with the same properties such that, for all y € T,(K) and |q| < 9,
some ¢ € {—1,1} satisfies

y+ (g+e)eeK.

Proof. Lift K to the bounded open convex set
B={(y,s) e R"xR:y+see€ K, |s| </}

Let P be its projection onto R™. For y € P, its vertical fiber I, = {s : (y,s) € B} is a nonempty
open interval. Write L(y) = |I,|. Convexity gives

(1—t)1,+tl, C T—vyysiz L(1—t)y+tz) > (1 —t)L(y) + tL(z).

Thus L is positive, concave and continuous on the open convex set P. The vertical Steiner
symmetrization of B is

B*={(y,s):y € P, |s| < L(y)/2}.

This set is bounded, open and convex. Symmetry of K implies L(—y) = L(y), so B* is symmetric
separately in y and in s. For s > 0 put

Ds={ye P:L(y) > 2s}, b=sup{s>0:Ds # @}

Then 0 < b < ¢. Each D with 0 < s < b is a nonempty bounded open convex set symmetric about
zero, and these domains decrease as s increases.

The section D1 is the target because each of its points permits the required shifted signed step.
Indeed, for any y € D1, write I, = (a, bp). Its length exceeds two. Choose ¢ € (a + 1,by — 1); then

3
c—1,c+1] C Iy, ]c\<€—1:§.

For |g| < 6, we have |[c —¢q| < 7/4 < 2. If ¢ <e¢, then ¢+ 1 liesin [c—1,c¢+1];if ¢ > ¢, then ¢ — 1
lies in that segment. Thus one of ¢ + 1, ¢ — 1 lies in the original open fiber, giving membership in K
itself. It remains to prove that D; is nonempty and has the same spectral bounds as K.

Choose f from Lemma 3.1, and define

U(y,s) = (2072 f(y + se)L ) (s).

Translation invariance and Fubini give
Iwle =1, [ 10,92 = [10:F < s (18)
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Only derivatives in the horizontal variable y will be used.

Rearrange each nonnegative fiber ¥(y,-) into an even function nonincreasing in |s|, denoted
U*(y,-). A jointly measurable version is obtained from the measurable superlevel lengths p(y,u) =
[{s: ¥(y,s) > u}| by replacing each superlevel set with its centered interval of length p(y, ). This
preserves the L? norm. Since ¥ vanishes almost everywhere outside B, its rearrangement vanishes
almost everywhere outside B*.

For nonnegative a,b € L?(R), the layer-cake formula gives

/ab:/ooo/ooo\{a>u}ﬂ{b>v}]dudv</a*b*.

The intersection is bounded by the smaller of the two superlevel measures, and centered intervals
attain that bound. Since rearrangement preserves the individual norms, |a* — b*[|2 < ||a — b||2.
Applying this to the fibers at y and y + he;, then integrating over y, bounds the horizontal difference
quotients of ¥* by those of W. Their weak limits yield

[0 < [l < w2 (19)

Sobolev slicing and Fubini therefore imply that, for almost every s, ¥*(-,s) € H'(R™) and vanishes
almost everywhere outside D). Each nonzero such slice belongs to H&(D| s|) by (17).

We next show that the rearranged density puts enough mass at heights above one. Its mean
absolute height is

M = //\s\\ll*(y,s)Q dy ds

VY (20)
- % /_z /_e /Rm min{ f(y + re)?, f(y +r'e)*} dy dr dr’.

Indeed, a centered interval of length u has integral of |s| equal to u?/4. Apply this to the superlevel

intervals of ¥*2 and use Tonelli; the factor (2¢)~! in ¥? gives the displayed normalization. For
nonnegative translates u, v of f, both of norm one,

/min(u2,v2) =1—3|lu® = 0?1 > 1— [Ju— vl

Moreover,
1f(+re) = f(-+r'e)ll2 < |r— 1" |0c fll2 < 2¢k.

It follows from (20) that

14 19
> —(1- = — .
M > 2(1 20K) 16 >1 (21)

Under the probability density ¥*?(y, s), we have |s| < b almost surely; hence M < b. In particular,
D1 is nonempty.

It remains to pass the derivative bounds to this particular section. Fix a positive definite diagonal
@ and put hg(s) = Ag(Ds) for 0 < s < b. This function is finite and nondecreasing. Convexity of
B*, domain monotonicity and Lemma 3.2 give

ho((1—t)s +tr) < Ag((1 — £)Dy + tD,)
< (1 =1)hq(s) + tho(r),
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so hg is convex. Give s the probability density p(s) = [ U*(y, s)? dy. Testing the Rayleigh quotient
with each nonzero slice and then integrating, we obtain

/hQ(ysy)p(s) ds < //<vam*,vy\p*> <k2trQ.

This also proves the integrability needed for Jensen’s inequality. Since 1 < M < b, monotonicity
and Jensen give

AQ(D1) = ho(1) < ho(M) < /hQ(ISI)P(S) ds < K*tr Q.
The construction of Dy is independent of (), so every required spectral bound is preserved. Taking
T.(K) = D; proves the lemma. O
3.4 Choosing the signs

Proof of Proposition 2.1. Write the prescribed coordinate directions as ej,...,ej,. Construct
domains backwards by

KS:K, Ki—lzTeji(Ki) (iZS,S—l,...,l).

Lemma 3.3 preserves all domain and spectral hypotheses. Each K; therefore contains zero, and we
may start with 2 =0 e Ky. Suppose (7Y e K;_1, and set

_ (i-1) (i-1)
qg= qi(le b Ty ).

Since q € [—4, 4], the lemma supplies ¢; € {—1,1} with
W =207 4 (g4 ¢)ej, € K.

Induction gives z(®) € K, = K and the required signs. Distinctness of the coordinate directions
ensures that later steps do not alter the preceding coefficient coordinates on which a shift depends.
The backwards domains may depend on the entire input sequence, as allowed in the proposition. [

4 Matrix variation along the filter

The proof of Proposition 2.2 must control all the states of a filtered Gaussian vector, even when the
sequence is arbitrarily long. We first prove a deterministic estimate that measures variation of the
filter by a total energy, rather than by the number of steps. Spectral localization will give separate
bounds for changes in the sequence index and in Ornstein—Uhlenbeck time.

Throughout this section, fix a recursion as in Proposition 2.2 and a positive definite diagonal
matrix @ € R™*™. The sequence index is ¢t € {0,...,n}. For a real matrix A, write ||A|#g =

tr(AAT).

4.1 Trace budgets and spectral scales

The support of R;— is contained in the initial block and the first ¢ — 1 new coordinates. Hence the
new coordinate has no cross term in R;R;, and induction gives

RtR;r = Id) Lt = RtQR: = CtLt_lctT + Qd+t,d+tbtb;r° (22)

In particular L; is positive definite. Every C} is a contraction, since CtCtT =< 1.

14



Let ¢; be the trace lost in the contraction in (22), and let g; be the trace added afterward. Both
are nonnegative. Since ||b| < 1,

th < Z Qd+t,d+t, th =trLo+ th —trL, <tr@. (23)
t=1 t=1

t=1 t=1

These two budgets are independent of the length of the sequence.
Fix the following piecewise linear cutoff on (0, c0):

0, 0<az<i,
2¢ — 1, %<x<1,

folx) =41, 1<x <2,
2—-3, 2<xz<4,
0, x> 4.

Thus 0 < fp <1 and its Lipschitz constant is 2. We use the scalar functions

NI

T w(u

a=3 w@=mineta ), pe) = [ Wa
0o U

-1 (24)
T ou® d oroa—1 -1
pi@) = | A o) =minfat )
The potential p will control changes of the cutoff between endpoint matrices, while p; will control
gains accumulated through intervening contractions. The function ¢ measures the contribution of
each spectral direction to the size of a scale. Matrix functions below are defined by spectral calculus.

For each dyadic scale 8 € 2%, set
Xi=Li/0,  F =R fo(X)R,  k(6) =tro(Xy).

Here R; is d x m, X; is d x d, and th is m x m. By (22), R/ is an isometry, so the lift preserves
the localized state norm:
IF x| = |l fo(Xe)Rex|| (€ R™).

It also removes dependence on state coordinates: replacing R; by OR;, with O orthogonal, replaces
X; by OX,0T and leaves F{ unchanged. The notation X; always refers to the scale currently under
consideration; at a fixed scale we also abbreviate F; = FY and k; = k¢(6). The geometric decay of ¢
at zero and infinity gives
> k() < Cd. (25)
0e2z
Indeed, for each positive eigenvalue A of Ly, the terms ¢(\/6) on either side of § = A\ form bounded
geometric sums. On the support band of fp, one has ¢ > 1/4. It follows that

tr fo(Xy)? < 4ky, tr (X, fo(X1)?) < 16k, | Ftllop < 1,

X (26)

Every eigenvalue of L; lies between the smallest and largest diagonal entries of (). Consequently
only finitely many scales have F} # 0 for some ¢, and every such scale satisfies § < 2||Q||op-
We now assign an additive energy to intervals of sequence indices. Put h = p + p; and
Xi = szz_lc;r Define
¢
Ey(s,t) = Z {tr h(Xi 1) — tr h(X;) + tr h(X;) — tr h()?z)} ) 0<s<t<n. (27)
i=s5+1
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The ordered eigenvalues decrease under a contraction and increase under a positive semidefinite
gain. Since h is increasing, every trace difference in braces is nonnegative. In particular, Fy is
nonnegative and additive on adjacent index intervals.

The derivatives of the two functions satisfy, uniformly for x > 0,

> ¥ (2/0) + pi(x/0) < C.

022

For p/, use the bounds u!/2 for v < 1 and u~2 for u > 1; for Py, use u'/? and ! respectively. All
four dyadic sums are geometric. Pairing ordered eigenvalues before and after each contraction or
gain, and integrating the last bound between each pair, proves

Z 0Ey(0,n) < C (Z& + Zg@> <CtrQ. (28)

022 i

The factor € cancels the factor 1/6 from differentiating p(x/0) or p1(x/0).
Here is the variation estimate to be used in the next section.

Lemma 4.1 (Weighted increment estimate). There are absolute constants eg > 0 and C < oo with
the following property. For every recursion in Proposition 2.2, every positive definite diagonal Q,
every dyadic 0, and 0 < s <t <n, if E = Fy(s,t) < eq, then

[(Ff — F) (I + Q/0) o < CU+ k(@) EY",  a=3. (29)

S

We prove this in three steps. A scalar inequality first controls changes of spectral cutoffs.
Exact matrix expansions then compare the two endpoints using the old part of the state and the
accumulated new gains. Finally, a separate estimate bounds those accumulated gains by the additive
energy, even through noncommuting contractions.

4.2 A scalar comparison

For x,y > 0, define
y 1) w(z) + w(y)

J(x,y) = p(x) — ply) + (m 5

Lemma 4.2. There is an absolute ¢ > 0 such that, for all x,y > 0,

T (x,y) = c(1+y)|folz) — foy)l?,

J(y,2) = c(1+y)lfo(z) — foly)|*. (30)

Y

x
Proof. The function u +— logw(e*) = min{au, —u} is a-Lipschitz. Write r = y/z. For r < 1, the
two endpoint lower bounds give

w(w) = max{w(@)(u/o)", wy)(y/w)}, y<u<a

The two expressions cross inside [y, x], by the same Lipschitz bound. Integrating them against du/u

yields
@)+ wly) = 2/o@eE)

p(x) — p(y)
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For r > 1, integration of the minimum of the corresponding endpoint upper bounds on [z, y| gives

(@) < YO0 = i) —u(y)

p(y) —p -
Using 2v/w(x)w(y) < w(z) + w(y) in either case, we obtain
wl@) + w(y) 21

J(x,y) 2 B(r), Br)=r—1-

(31)

2 a/2

Ifb=a/2 = 3/4, then B(1) = B'(1) = 0and B"(r) = (1-b)r*~2 > 0. Moreover B(0+) = 1/b—1 >0
and B(r)/r — 1 at infinity. Thus, with an absolute positive constant,

1, 0<r<i,
B(r) > ¢ (r—l)Q, %STSQ,
T, r > 2.

The function rB(1/r) satisfies the same bounds, after changing c. Applying (31) with the arguments
reversed therefore gives these bounds for both left sides of (30).

If fo(x) # fo(y), at least one argument belongs to [1/2,4]. When 1/2 < r < 2, both arguments
lie in [1/4,8], where w is bounded below and 1 + y is bounded above. The Lipschitz bound
|fo(x) — fo(y)| < 2z|r — 1| applies. When r < 1/2; one w value is bounded below and y < 4. When
r > 2, one w value is again bounded below, and either y < 4 or y = rx < 4r. The preceding three
bounds, together with |fo(x) — fo(y)| < 1, prove the result. If the cutoff values are equal, the right
sides vanish and the result follows directly from (31). O

4.3 Comparing the endpoints

Fix a scale and indices s < t. Abbreviate
Y = X,, X =X, C=0Cy - Cyp1, Z=CYcC', V=X-2

An empty product is the identity. The recursion shows that V is positive semidefinite: it is the
sum of all intervening gains, each transported through the contractions that follow it. The matrices
Y, X, Z are positive definite, since every C; is invertible.

Lemma 4.3 (Endpoint comparison). With the preceding notation,

(= Fo) (I + Q/0) 2|7 < C {tr(p(Y) = p(2)) + tr(p(X) — p(2)) } . (32)

Proof. Let P; be the coordinate projection onto the initial block and the first s new coordinates,
and put

Qold = PS(Q/Q)P& Qnew = Q/(9 - Qold-
Diagonality of () makes these nonnegative matrices with disjoint coordinate supports. Since
R, P; = CR,, the support identities are
RR; =C,  RQoaR; =CY,  RQouR[ =2,

33
RthewR;r = V7 FsQnew =0. ( )

We split the right weight into I,,, + Qo1q and Qpew, and use the intermediate matrix F= RtT fo(Z)Ry
for the first part.
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The old state under contraction. Choose orthonormal eigenbases of Z and Y, with eigenvalues
z; and y;. Let m;; be the squared entries of C in these bases. Its row and column sums are at most
one; denote their deficits by

dizl_zmija hjzl_zmij-
J %

The matrix n;; = m;;y;/2; has both row and column sums one. For rows this follows from Z = cye'’:
for columns it follows from the identity

c'z-lc=v!,

which uses invertibility of C.

Expanding the weighted squared distance with (33), its two diagonal terms are tr(fo(Z)?(I4+ Z))
and tr(fo(Y)*(I3+Y)). The cross term, before multiplication by two, is >, mi; (1 +y;) fo(2i) fo(y;)-
Since }>; m;jy; = z;, this gives the exact expansion

|(F = ) (T + Qo) Il
2 4
= " mi (14 y;) (fo(z:) = fo(y;))” + > difo(z:)> + > hi(L+y;) foly;)*. (34)
i J

ij

Expanding J instead, the two stochastic sums of n and the relation n;;z; / y; = myj yield
1 1
tr(p(Y) —p(2)) =Y nij T (yj, z) + 3 > diw(z) + 3 > hjw(y;). (35)
ij i j

The second inequality of Lemma 4.2 controls the double sum in (34). The remaining terms are
controlled by the deficits in (35), since both fo(u)? and (14 u) fo(u)? are bounded by an absolute
multiple of w(w). This proves the required bound for F' — Fj.

The accumulated gain. Now choose eigenbases of X and Z, with eigenvalues x; and z;, and
let m;; be the squared entries of their orthogonal change of basis. Both sums of m equal one. Set
nij = mi;zj/x;. Its row sums are at most one by Z < X, and its column sums are at most one by
X1 < Z71: explicitly, for a unit zj-eigenvector v;,

Znij = zjv;—X_lvj < zjv;—Z_lvj =1.
i

Write d, h;- for these row and column deficits. Expansion of J now gives

tr(p(X) — p(2)) = Zmijj(ari, z) + %Zdiw(mz) + % Zh;-w(zj). (36)
ij i j
The coisometry R;R,] = I; and (33) show that
I(Fe = F) (I + Quia)? |5
= 1(fo(X) = Jo(2))(La + 2)[fys = D mug (1 + 2)) (folw) = folz))".

ij

The first inequality of Lemma 4.2 controls this by (36).
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It remains to include the new-coordinate part of the right weight. By (33), it is exactly

[(Fy — F) QU2 |7 = tr(fo(X Za:zd folai)?. (37)

Here z;d, is the ith diagonal entry of X — Z in the X-eigenbasis. The bound ufy(u)? < Cw(u)
controls this term by the row deficits in (36). Finally apply the squared triangle inequality to
(Fy — F) + (F — F) with the old weight, and add (37). This proves (32). O

The endpoint comparison has accounted for all coordinate weights. Its remaining difficulty is
that p(X) — p(Z) describes a single accumulated gain, whereas the energy in (27) records gains
separated by contractions. The next estimate connects these two quantities.

4.4 Controlling the accumulated gain
Lemma 4.4. For the matrices X,Y,Z,V above, suppose E = Ey(s,t) < eg, where
1

Cq = a2%, ey = T6c.” a= %
If ¢ = (coE)V/®, then q < 1/4 and
V =<q(1;+ X), tr(p(X) — p(2)) < Cqtr¢(X). (38)

Proof. Follow the old and new parts separately through the interval [s, ¢]. Start with (Z,, V) = (Y,0).
At each contraction, replace both matrices by their congruences under C;. At each gain, add the
positive semidefinite gain to V, only, interpolating linearly during this addition. At every stage
D = Z,+V, is the matrix in the original contraction-and-gain path; at the endpoint (Z,, Vi) = (Z,V).
Define
S=I;,+ 2, A=81?vy8712  G=trA"

The use of 15 + Z, makes this quantity stable under contractions. We will show that its increases
during gains are paid for by the p; part of the energy.

Contractions do not increase G. For a contraction C, put S’ = I + CZ.CT and T. =
(8")~Y2C 82, The new relative matrix is A’ = T.AT.. Moreover

S'—cscT =1,—-ccT =0, T.T) <1,

Thus the ordered eigenvalues of A’ are no larger than those of A; for example, compare the singular
values of T.A'/? and AY/2. Raising these nonnegative eigenvalues to the power a and summing
proves tr(A")* < tr A% This argument uses eigenvalue comparison, not operator monotonicity of
the power a.

The derivative during a gain. Here S is fixed and V, = 0. Introduce
J=I,+D=S+V,  H=JYv gV  T=g812]/2
Since I — H = J~1/25J71/2 ig positive definite,

T'T = (I;— H)™ %
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Write the polar decomposition as T = U (I; — H)~ /2, where U is orthogonal. Then
A=THT" =U[H(I;- H)" U, (39)

In particular, the eigenvalues of A are h/(1 — h), where h ranges over the eigenvalues of H.

For a continuously differentiable scalar function g on the spectral range of a differentiable
symmetric matrix path A(§), % trg(A) = tr(g'(A)A). One can verify this first for polynomials by
cyclicity of the trace, then approximate ¢’ uniformly by polynomials and integrate along the path.
Applied to g(u) = u?, this gives

G = atr(S71/2497 157127, (40)

This formula remains valid when A is singular, because u — u® is continuously differentiable at zero
for a > 1. The coefficient in this trace has the exact conjugation identity

J1/2s—1/2Aa—15—1/2J1/2 _ TTAa—lT
= H Y1, — H)™ (41)

The second equality follows from (39) and the polar decomposition. The factors on its right commute
because they are functions of H; no commutation of Z, and Vi is assumed.

As long as G < 1, every eigenvalue of A is at most one, so (39) gives H < [3/2. Since a—1 = 1/2,
spectral calculus in H then gives

HY Y (I;— H)™® < 2°H'/?,

Also Vi, < D, and hence
H=JY2pj=Y2? = D(1;+ D)~

The square root preserves positive semidefinite order. One direct proof is the convergent integral
formula

a2 l/ wVPM(uly+ M) Ydu, M >0:
0

s

the integrand preserves order because M (uly + M)™! = I; — u(uly + M)~! and inversion reverses
order. It follows that
Hl/? < Dl/z(Id—f—D)_l/Q.

Conjugating (41) back by J~/2 yields
S—1/2Aa—ls—1/2 =< 2aD1/2(Id + D)—3/2 _ 2ap/1(D)

Pair this inequality with V, = 0 in (40). Since D = V, during a gain, we obtain the conditional
differential bound p
G < catr(py(D)Vi) = cad—g trpi(D), G <1 (42)

Closing the bound. Initially G = 0, and contractions cannot increase it. The sum of all increases
of trp; (D) during gains is at most E, by (27). If G first reached one during a gain, integration of
(42) up to that point would give G < ¢, E < 1/16, a contradiction. Thus the differential bound
applies throughout, and G < ¢, E at the endpoint. In particular,

A=qly,  V=qa+7Z)<qla+X), ¢<167° <
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If E =0, this already gives V = 0 and the second conclusion in (38). Suppose now that ¢ > 0.
The ordered eigenvalues of X and Z obey
zj > zj 2 (1= q)zj —q,
because X — Z =V < q(I;+ X). For a corresponding pair z, z, if z < 4¢ < 1, then

4

p() —p(z) < pla) = < Lgat = Zgo(e).

If 2 > 4q, then 2 > 2/2 and # — z < ¢(1 + z). On [2/2, 2] we have w(u) < 2%w(x) and u~! < 2/,
0
p(x) = p(2) < Cq(1+ 2~ w(z) < Cqg(a).

The last inequality holds for both < 1 and x > 1 directly from (24). Summing over the eigenvalues
proves the trace bound in (38). O

Proof of Lemma 4.1. The total variation of tr p along the separate contraction and gain steps from
s to t is at most E. Therefore
[trp(Y) — trp(X)| < E.

Together with Lemma 4.4, this bounds the sum on the right of (32) by
E+2tr(p(X) — p(Z)) < E + CEY%,.
Since 0 < E < ey < 1, we have E < EY/% Lemma 4.3 now proves (29), including E = 0. O

The two estimates needed for the probability argument are now in place. Equation (28) bounds
the sum of the energies over all spectral scales, while Lemma 4.1 turns a short interval in this energy
into a small Gaussian increment. In particular, zero energy implies Fta =F 5‘9 exactly, so repeated
indices at zero distance will not increase the size of a covering in the next section.

5 Uniform Gaussian survival

We now prove Proposition 2.2. The matrix estimates of the preceding section measure how much the
filtered constraints change as the sequence index varies. At a fixed spectral scale, we use that estimate
to control each bounded-energy group of states over one short interval of Ornstein—Uhlenbeck time
with a fixed positive probability. Gaussian correlation then combines these intervals and the spectral
scales. Their total cost per unit time is bounded by C tr (), which gives the required Dirichlet-energy
bound.

5.1 Stationary survival and Dirichlet energy

Let @ be a positive definite diagonal matrix on R™, and let U(7) be the stationary solution of

dU = —QU dr + /2Q dB(T).

Here B is standard m-dimensional Brownian motion and U(0) has standard Gaussian law ~,,,
independently of its future driving noise. Thus the generator is

Lo =tr(QV?) — (Qz,V),  Cov(U(r),U(s)) = e 977l

Throughout, 7 denotes Ornstein—Uhlenbeck time and ¢ denotes the sequence index.
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Lemma 5.1. Let D C R™ be bounded, nonempty, open and convex. Define

h, Vh) dvm,
/\8U(D): inf fD(Qv ;V > Y ]
0#£heH} (D) Ip h? dvm

For every T' > 0,
P{U([0,T]) c D} < e ") x\o(D) < AQV(D) + Q. (43)

Proof. The Gaussian density and its reciprocal are bounded on D, so the Gaussian and Lebesgue
H} form domains agree. Integration by parts identifies the displayed form with the killed Ornstein—
Uhlenbeck semigroup PF. Its L?(7,,) operator norm is e~ TG (D)

tation used in Lemma 2.4 therefore gives

. The killed-semigroup represen-

P{U([O,T]) C D} = <1D7PCZ[‘)1D>L2(7m) < 'Ym<D)efT)‘8U(D)-

This proves the first inequality. Equivalently, the representation follows from the Dirichlet Feynman—
Kac formula after the conjugation below; its potential is bounded on D [14].

Write p(z) = (2)~™/2¢~12*/2 and put g = hy/p. For h € C°(D), expansion and integration by
parts give

/D (QVh, VhY dop, = /D (QV9.Vg) + (1a7Qr — L 1rQ) ¢?] d.

The identity extends by form closure to HJ (D). Multiplication by \/p maps this space bijectively
to itself and preserves the corresponding L? norms. Since the potential is at least — tr /2, taking
Rayleigh infima proves the second inequality. O

5.2 One energy interval at one spectral scale

Fix the data of Proposition 2.2 and a positive diagonal ). We use the matrices and scalar quantities
from the preceding section:

Ly = RiQR], X =L/, Fy = F{ = R} fo(X¢) Ry, ke = ki (0) = tro(Xe).

In this subsection the dyadic scale 6 is fixed. Recall that a = 3/2 and that Fy(s,t) is additive and
nonnegative for s < ¢. Put hy = Ep(0,t).

Lemma 5.2. There is an absolute ¢ with the following property. Let T C {0,...,n} be an index
set whose values hy lie in an interval of length at most eg, where eq is the constant in Lemma 4.1.
For every u > 0,

IP’{HFtU(T)H < cVks foreveryt €T, u <1 <u+ 9_1} > 1. (44)

The same conclusion holds on any shorter time interval.

Proof. We may omit indices with F; = 0. By (26), every remaining index has k; > 1/4. Divide
these indices into the classes

Ij={teT:K;<k<2K;}, K;=2/4  j=0,1,....

We first bound the expected supremum within one nonempty class, writing & = K.
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Stationarity, coisometry and (26) give
E||F,U(7)|]? = tr fo(X;)? < 4k, < 8k. (45)
For two indices in the class, Lemma 4.1, with the indices put in chronological order, implies
E||(F; — FOU(7)|*> < Chlhy — hy|'/*. (46)

Here we dropped the positive right weight in that lemma and used 1+ k; < 6k. For time increments
at a fixed index,
Cov(U(1) — Ulo)) = 2(I — e 977l < 2|7 — 0|Q,

so that

E|F(U(1) = U(0))II* < 27 — o] r(F7Q)
= 20|17 — o| tr(X¢fo(X1)?) < Ckb|T — 0. (47)

This trace identity uses R;R} = I; it does not require @ and F; to commute.

We give the elementary chaining argument for the two parameters. Choose H so that h; €
[H, H + eg] for every index under consideration, and put o = (hy — H)/ep and 5 = 6(7 — u) in [0, 1].
Split a mixed increment into an index increment and a time increment. Equations (46) and (47)
bound its second moment by

Ck(’a - O/‘l/a + ‘5 - B,‘)a

where « is the normalized energy coordinate; the constant absorbs ey < 1. At depth [, divide both
parameter intervals into dyadic cells of width 27! and choose a representative from each occupied
product cell. There are at most C4' representatives. The increment from each representative to
that of its parent cell is a centered Gaussian vector with second moment at most

U = Cinl/a.

For use here, if Gy, ..., Gy are arbitrarily dependent centered Gaussian vectors and E||G;||? < v,

then
Erréa]\%HGlH < 24/v(log M + 1/2). (48)

Indeed, for v > 0, diagonalizing the covariance of G; gives EellGill?/(4v) < 1/ 2 because its eigenvalues
are nonnegative and sum to at most v. Bound the exponential of the maximum by the sum of the
exponentials, then use Jensen’s inequality and Cauchy—Schwarz. The case v = 0 is immediate.

Apply (48) to the increments at each depth. Starting with (45) and summing the parent
increments gives an absolute Cy such that

J
u<rt<u46-1

E sup |FUT)| <CVE (1 +> 27 4 xﬁ)) < CoVk. (49)

>1

To justify convergence of the representatives, note that there are only finitely many distinct energy
values. If hy = hg, Lemma 4.1 gives F; = F, exactly. At sufficiently fine depth a target index
therefore has the same filter as its representative, and the representative times converge to its target
time. Continuity of U completes the passage to the supremum. Equivalently, one may first use
finite time grids and then increase them to a dense set. Neither argument uses a lower bound on
the positive gaps between energy values. In particular, the number of indices does not enter (49).
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It remains to control all the k classes at once. On a finite time grid the supremum S; in (49) is
a maximum of Gaussian vector norms. Represent the joint Gaussian vectors as linear images of one
standard Gaussian vector. Each corresponding linear map has norm at most one because its output
covariance is F? < I, by (26); consequently S; is a 1-Lipschitz function of that standard Gaussian
vector. Equivalently, it is a supremum of scalar Gaussian functionals, each with variance at most
one.

Markov’s inequality and (49) give P{S; < 2Cy/K;} > 1/2. Borell’s Gaussian enlargement
inequality [9, Theorem 3.1], applied to this sublevel set, gives

P{S; > 2Co\/K; +r} <1—®(r) <e /2, r>0,

where ® is the standard normal distribution function. The same bound holds for the full time
supremum by increasing dense grids and path continuity. Choose ¢; > 2Cj. The probability that
any constraint in class j exceeds c1v/k; is at most

exp(—(q - 200)2Kj/2).

With A = (¢ — 2Cp)?/8, the sum of these bounds is at most

—A

j e
Y < ——m <y
>0 l—e”

once c; is an absolute constant large enough that A > log 3. This proves (44). Restricting the time
interval can only increase its probability. O

The two bounds in this proof have different roles: the trace of the covariance controls the
expected vector norm, while its operator norm gives the absolute concentration parameter. This
distinction is what allows the class failure probabilities to be summed without a factor depending
on the dimension.

5.3 Combining the constraints

Proof of Proposition 2.2. Fix d,n,( and the entire recursion. Let © be the finite set of dyadic
scales for which some Fte is nonzero. If guin and gmax are the smallest and largest diagonal entries
of ), then coisometry gives ¢mind = L = gmax!, and the support of fy gives

O C [gmin/4: 2qmaxs 3. 0 < Agax < 411 Q. (50)
[<C)

At each scale, partition the sequence indices by the half-open intervals
[reo, (r + 1)ep), r=0,1,...,

containing Fy(0,t). These are the energy intervals to which Lemma 5.2 applies. There are at most
C(1+ Ep(0,7n)) nonempty intervals, including any repetitions of an energy value in the same interval.

For each fixed t, the scale constraints control the original state norm. To see this, diagonalize L;
and write y = R;U(7) in this eigenbasis, with eigenvalues \; > 0. Each \; admits a dyadic scale
with \;/0 € [1,2], where fo = 1; that scale belongs to ©. Since R} is an isometry,

D_IFU@N =3Il 3o foxi/0)* = [|RU (7)1 (51)

0cO fco
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Thus all the scale constraints at a given time imply, by (25),

IRU(T)IP < i > ke(0) <ciCyd  (0<t <), (52)
fcO®

with an absolute Cy.

We also impose coordinate bounds. A stationary scalar Ornstein—Uhlenbeck process of rate
q > 0, restricted to an interval of length at most 1/¢, stays in [—2, 2] with probability at least an
absolute pg > 0. By stationarity and time rescaling, it suffices to consider rate one on [0, 1]. In
distribution that process is

e (Z+B(e*-1), 0<s<1,

where Z is standard normal and B is an independent standard Brownian motion. The event |Z| <1
and sup,<.2_1 |B(r)| < 1 has a fixed positive probability and implies the asserted bound.

Choose absolute constants
A0>61\/C, By > 2,

and let D be the domain in Proposition 2.2 with these constants. It is bounded, open, centrally
symmetric and convex, and contains a neighborhood of zero. The closed constraints (52) and
|U;j(7)| < 2 lie strictly inside D.

For a fixed T' > 0, cover [0,T] by at most 1 + 70 consecutive closed intervals of length at most
1/6 at scale 0. For every such interval and every nonempty energy interval impose the event in
Lemma 5.2. Also cover [0,T] by at most 1 + T'Q);; intervals of length at most 1/Q;; for coordinate
j and impose its box event. All these events are closed symmetric convex constraints on linear
evaluations of the centered Gaussian path. There are finitely many events for this fixed input and
T. Lemma 2.5 therefore multiplies their probability lower bounds. In particular, its finite-grid
argument and the continuity of the paths apply even when some constraints are duplicates. The
strict slack just chosen ensures that their intersection is an event of survival in the open domain D.

It follows that

—logP{U([0,T]) c D} < C Z(l +T60)(1+ Eg(0,n)) + Cf:(l +TQj;)
E) j=1

< A(Q,R,d,n)+C'TtrQ. (53)

Here (28) and (50) bound the coefficient of 7' by an absolute constant times tr (), and

AQ,R,d,n)=C |Y (14 Ey(0,n)) +m

0cO

< 00.

This additive constant may depend on the input and on the smallest entry of (); no uniform bound
on it is required.

By Lemma 5.1,

AU (D) < C'tr @ + AlQ R, d;n) ];3’ d, ”).

Let T tend to infinity while keeping the input fixed. This removes the additive constant, including
the number of spectral scales. The second inequality in (43) now gives

Ao(D) < (C"+1/2)tr Q.
Thus Hy = C’' + 1/2 is absolute. The constants Ao, By, Hy are independent of d,n, @ and of the

recursion, as required. O
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6 Further consequences

The signed-prefix theorem gives bounds for other finite-dimensional norms and, through matrix
transference, for arrays whose rows can be permuted separately.

6.1 Finite-dimensional /, bounds

Corollary 6.1 (Finite-dimensional ¢, bounds). Let 1 < p < oo, with 1/00 =0, and let d, N > 1 be
integers. Bvery sequence vy, ...,vn € R? with ||v;]|, <1 admits signs ¢; € {—1,1} such that

< Crdmax{l/p, lfl/p}'

max
0<k<N

k
D_eivi
i=1

p

If additionally Zf\il v; = 0, there is a permutation m € Sy such that

< Cdmax{l/p, l—l/p}.

max
0<k<N

k
; Un(i)

p

Here C is the same absolute constant as in Theorems 1.1 and 1.2, independent of p,d, N. For
1 < p <2, both bounds have sharp dimension order d‘/P: for every d there is a unit-ball sequence
for which every signing has a prefiz of norm at least d*/?, and a finite indexed zero-sum unit-ball
family for which every permutation has a prefiz of norm at least %dl/p.

Proof. For 1 < p <2, the norm comparisons
lzll2 < llallp < d/P~ 2|z

allow direct application of Theorems 1.1 and 1.2, followed by the bound Cd*/? on all prefixes. For
2 <p < oo, use
Izl < llll2 < d72777|[2]],.

Divide the input vectors by dt/2=1/p, apply the corresponding Euclidean theorem, and scale back to
obtain Cd'~'/P. Scaling preserves the zero sum, and in each case the one signing or permutation
controls all prefixes. At p = oo this gives Cd.

For the lower bounds, let 1 < p < 2. The ordered standard basis eq,...,eq has final signed
sum of norm d'/? for every signing. For the ordering problem, take ey, ...,eq and d copies of
w = —2(1,...,1). This indexed family sums to zero and lies in the unit ball, since ||w||, = di/r=1 < 1.
If d > 2, consider any permutation and its prefix just after the k = |d/2]-th basis vector. If ¢ copies
of w have appeared, put a = t/d € [0,1]. The prefix sum s has k coordinates equal to 1 — a and
d — k equal to —a. Since both k and d — k are at least d/3, convexity gives

d d
Isllf = k(1 = @) +(d = k)a? = 2((1 = a)” +a") = 521"

Thus ||s|[, > %(Zd/?))l/p > %dl/p, for every permutation. When d = 1, the family is (1,—1) and
either permutation has a prefix of norm one. O
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6.2 A colorful row-permutation consequence

Béarany’s matrix transference principle turns the signed-prefix bound into a row-permutation bound
for arrays. Each row may have its own permutation, while the controlled sums aggregate the same
number of entries from every row.

Corollary 6.2 (Euclidean colorful Steinitz bound). Let d,k,n > 1 be integers and let ag e RY, for
1<j<kandl <1t <n, satisfy

lafl <1, > > al=0.

j=1i=1
There is one tuple of permutations (71,...,7g) € 67’2 such that
kK m ‘
J
ogﬁnEQX}%m <20V4,
j=li= )

where C' is the absolute constant in Theorem 1.1. The same tuple works for every m and may be
chosen jointly from the whole array. Only the global total sum is assumed to vanish; the bound
controls the displayed aggregate synchronous prefizes, not each row separately.

Proof. For an arbitrary k x n array B = (bf ) in the Euclidean unit ball BY, with no zero-sum
condition, list its entries column by column:

Vipay = b (1<i<n, 1<j<k).

Apply Theorem 1.1 to this sequence of length kn. With Eg = £(i—1)k+j, every complete-column

prefix satisfies
km

S
1

< CWVd.

2

/=

k-m

>3l =

j=li=1 9
This is the column-major reduction in the proof of [7, Lemma 2.1], with the present signed-prefix
bound in place of its dimension-linear bound. Thus Barany’s matrix signed constant satisfies
V(BY) < C+/d, uniformly in k,n. Here V allows an entrywise signing of an arbitrary array, whereas
the row-permutation constant U ranges over total-zero arrays and controls the same aggregate
prefixes. His transference theorem [7, Theorem 2.2] gives U(BY) < 2V (B$) for every number of
rows. Shorter auxiliary arrays may be padded with trailing zero columns when using the bound
uniformly in the number of columns. Since B is a centrally symmetric convex body, this gives the
asserted bound. O

Taking k = 1 in the regular-simplex example in the introduction shows that no o(1v/d) bound can
hold uniformly over these arrays. Thus the order in the dimension is sharp; the numerical constant
2C' is not asserted to be optimal. The row permutations are existential, with no online or efficient
algorithm claimed.
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