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Abstract

For every integer n > 2 and every origin-symmetric convex body K C R”, we prove that the
Gromov width of int K x int K° is 4. We construct smooth symplectic embeddings of standard
balls of every capacity 0 < ¢ < 4 into this polar product. Volume preservation then resolves the
symmetric Mahler conjecture positively in every dimension.

1 Introduction

Let K C R™ be an origin-symmetric convex body: a compact convex set with nonempty interior
and K = —K. Its polar is

K°={peR":{q,p) <1 for every q € K}.

We place K in the position coordinates and K° in the conjugate momentum coordinates of
(R x R}, wo), where

n
w0:qujAdpj, Uk =int K x int K°.
j=1

For ¢ > 0, write

B*(c) = {(q:p) : w(la]* + [p|*) < c}.
The Gromov width cg(U) of an open set U C R?" is the supremum of the capacities ¢ for which
there is a smooth embedding e : B>"(¢c) — U satisfying e*wg = wp.

Theorem 1.1. For every integer n > 2 and every origin-symmetric conver body K C R",
Cg(UK) = 4.
More precisely, for every 0 < ¢ < 4 there is a smooth symplectic embedding B**(c) — Uk .

The theorem imposes no smoothness, strict convexity, unconditional symmetry, or product
structure on K. It concerns every capacity strictly below 4; no embedding at the supremum
is needed. Symplectic embeddings preserve volume, and voly,(B?"(c)) = ¢*/n!. Consequently
Theorem 1.1 gives

4n

vol, (K) vol, (K°) > o

Thus the theorem resolves the symmetric Mahler conjecture positively; the complete deduction,
including the one-dimensional case, appears in Corollary 5.3. We make no claim here about the
classification of equality cases.

For n > 3, the width theorem also transports finite ball packings satisfying strict volume and
pairwise-capacity inequalities into Ug; see Corollary 5.5.



Background and prior constructions

The symmetric volume-product problem goes back to Mahler’s work on transference in the geometry
of numbers [14]. Earlier sharp volume inequalities cover the plane [2, Theorem 13], unconditional
bodies (those invariant under coordinate sign changes) [19, Sections 1-2], and dimension three [10].
Bourgain and Milman’s asymptotic reverse Santalé inequality gives a lower bound a"/n! for some
a > 0 independent of dimension [3]; the sharp target is 4"/n!. The companion paper [17] discusses
the wider convex-geometric history and the equality problem. Our focus is the stronger geometric
assertion that the polar product contains large symplectic balls.

Gromov’s nonsqueezing theorem established that ball embeddings detect symplectic restrictions
beyond volume preservation [5]. Viterbo later proposed a sharp volume-capacity inequality for
convex domains [22]. Artstein-Avidan, Karasev, and Ostrover connected this proposed inequality to
the symmetric Mahler conjecture and proved

ez (K x K°) =4

for every origin-symmetric convex body [1, Theorems 1.6-1.7 and Section 4]. Here cpy is the Hofer—
Zehnder capacity, normalized to have value 7R? on a ball of radius R [9]. This computation implies
the upper bound for Gromov width. We use the supporting-cylinder argument of [1, Remark 4.2]
and nonsqueezing to prove that bound directly. The matching lower bound requires actual ball
embeddings; it does not follow from the Hofer—Zehnder capacity computation.

Earlier constructions establish this lower bound for particular families. Karasev proves it for
¢, unit balls, 1 < p < oo, [11, Proposition 3.1], using coordinatewise area-preserving constructions
related to those of Latschev, McDuff, and Schlenk [12]. Ramos and Sepe identify the interior of
the cube—crosspolytope product with the open ball of capacity 4 [18, Theorem 7]. Vicente obtains
capacity equalities for functional-dual products defined by Young functions and lower bounds for
ordinary polar products [20, Theorems 1.3 and 1.5]. Functional duality and ordinary polarity give
different partners, so these results require separate hypotheses. Theorem 1.1 answers positively the
unrestricted symmetric-polar-product width question formulated in [21].

The unrestricted Viterbo volume—capacity conjecture was disproved by Haim-Kislev and Ostrover
[7]. Their four-dimensional counterexample uses a regular pentagon and a rotated partner [7,
Theorem 1.3 and Proposition 1.4]; the pentagon is not centrally symmetric. The theorem here
concerns the particular Lagrangian product of a symmetric body and its polar, and makes no
assertion for arbitrary convex domains in phase space.

The planar coordinate is Gross’s uniform-distribution map in the conformal Skorokhod construc-
tion, rotated in source and target [6, Section 3.2]. The same lens and high powers of its inverse
coordinate appear in the complete companion paper [17, Section 3 and proof of Lemma 5.1]. Every
lens estimate needed here, including the estimate uniform up to the tips, is proved locally. Neither
the volume-product theorem nor the equality classification of the companion is used in the proof.

The holomorphic-zero argument belongs to the broader use of logarithmic poles to measure
local positivity, as in Demailly [4, Section 6]. Its replacement of a potential near the origin by a
regularized maximum has a close analogue in Witt Nystrom [23, Proposition 3.3]. Those results
concern projective Kéhler geometry; here the replacement is proved directly for the specified form on
a noncompact sublevel domain. Moser’s deformation method [15, Section 4], with compact support
verified below, then transfers the ball to the original form. The radial coordinate change is a special
case of the Kahler symplectic-coordinate formula of Loi and Zuddas [13, proof of Theorem 1.1,
equation (23)]; its pullback is also verified directly.



The construction

The lower bound comes from comparing two scales. For a fixed body K given by finitely many
symmetric strips and a large integer k, a holomorphic construction produces balls of every capacity
below 7k in a suitable symplectic domain. We realize that domain in int K x Sjint K°, where
the momentum scale satisfies S = (1 4+ o(1))7k/4 as k — oo. Dividing momentum by Sj; and
compensating with a dilation of the source ball gives each prescribed capacity below 4 once k is
sufficiently large. Two independent analytic ingredients supply these scales.

The first turns holomorphic vanishing into a ball (Theorem 2.1). Let f = (f1,..., fm) be
holomorphic on an open set 2 C C" containing 0, have the unique common zero 0, and satisfy
|f(2)| = O(]z|*) there. The domain {|f|?> < 1}, equipped with a symplectic form constructed from
the potential |2|2 + |f(2)|?, contains balls of every capacity strictly below 7k, provided the closed
sublevels of |f|? below 1 are compact in 2. The order of vanishing controls the slope of a logarithmic
potential near zero. Replacing its singularity by a smooth radial potential exposes a ball, and
a compactly supported Moser deformation transports that ball to the original form. Compact
sublevels ensure the deformation is supported away from the boundary; no regularity of the level
hypersurfaces is required.

The second ingredient controls the momentum scale (Proposition 3.2). A conformal map F' takes
the unit disk D = {w € C: |w| < 1} to a bounded domain D with tips at £i and centered horizontal
slices at every height —1 < t < 1. Write g = F'~!. The horizontal primitives of the densities |(g"*)’|?
taken from the imaginary axis, have absolute value at most (7k/4)|g|?* 4+ o(k), uniformly on all
of D. Uniformity near the tips is essential: the slice height may approach 1 or —1 as k increases.
Section 3 proves this estimate locally, including the moving-endpoint bound needed at those tips.

To combine the ingredients, write K = {z : [(b;,z)| < 1, 1 < j < m}, where the real vectors b;
span R™. Extend these pairings complex-linearly and set f;(z) = g((bj, 2))* on the domain where
every (bj, z) lies in D. These functions have the required unique common zero and compact sublevels.
The phase-space realization sends the imaginary part of z to position and uses the horizontal
primitives for momentum. Their monotonicity makes the map globally injective, and their uniform
estimate bounds the momentum in the polar body. Section 4 carries out this construction. Finally,
approximation in the polar body extends the lower bound to arbitrary K. A supporting-cylinder
argument and nonsqueezing give the matching upper bound.

I

Organization

Section 2 proves the holomorphic ball principle. Section 3 constructs the planar coordinate and
proves the uniform slice estimate. Section 4 treats finite strip bodies, and Section 5 passes to all
convex bodies, proves the matching upper bound, and derives the volume-product and packing
consequences. Balls and symplectic domains are open unless explicitly stated otherwise.

2 Balls from holomorphic vanishing

The aim of this section is to turn the order of a holomorphic zero into the capacity of an embedded
ball. We first fix the differential-form normalization, then smooth a logarithmic singularity and
transport the resulting radial ball by Moser’s deformation method.

Identify C" with R?" by writing z = u + iz. For a smooth real function ¢, use the convention

FH(X) =~ {d86X),  dd6=d(d9)



In particular, the standard primitive and symplectic form are

1 n n
Ao = d°|z|? = B Z(u] drj — xjduj), wo = dd°|z|? = Zduj Ndx;. (2.1)
j=1 j=1

For every real tangent vector X, one has

¢ eC.

1

Thus a smooth function ¢ is plurisubharmonic precisely when these quantities are nonnegative. In
that case dd°(|z|? + ¢) is symplectic: it is closed and its value on (X,iX) is at least | X|2.

We will also use that a smooth convex, coordinatewise nondecreasing function of plurisubharmonic
functions is plurisubharmonic. Indeed, on each complex line the ordinary chain rule gives

N N
AT (hy,...,hy) =Y ;AR + Y Tij(Vhi, Vhj) > 0.
j=1 i,j=1

The first sum is nonnegative by monotonicity, and the second is nonnegative because the Hessian of
I' is positive semidefinite.

Theorem 2.1 (A ball from a holomorphic zero). Let n,m > 1, let Q C C™ be an open set containing
0, and let f = (f1,..., fm) : Q& — C™ be holomorphic. Suppose that, for some integer k > 1,

(i) f710) = {0} and |f(2)] = O(|2|*) as z — 0;
(ii) for every 0 < s < 1, the set {z € Q: |f(2)|* < s} is a compact subset of (2.

Set
T =|f|?, V={2eQ:7(z) < 1}, w = dd°(|z|* + ).

For every 0 < ¢ < mwk, there is a smooth symplectic embedding
(B*(¢),w0) — (V,w).

Proof. Step 1: a logarithmic potential with the required slope. For a holomorphic tuple, differentiation
along a complex line gives

dd°T(X,iX) = |df (X)|?,
FRIFCOPR — |y T dfy ()|
I

The second expression is nonnegative by Cauchy—Schwarz. Hence 7 and, away from its zero, log T
are plurisubharmonic.
Fix 0 < a < k; we will embed the ball of capacity ma. Choose

dd®log7(X,iX) = on 2\ {0}. (2.2)

%<b<1, a < p < bk

Choose numbers logb < t_ < t; < 0 and a smooth nondecreasing cutoff 5 : R — [0, 1] which is 0
for t <t_ and 1 for ¢t > ¢,. Define x on (—o0,0) by

X' (t) =0+ B(t)(e" —b),



choosing its additive constant so that x(t) = e’ for t > t,. This is possible since x' = e there.
Moreover, X’ > 0 and

X'(t) = B(B)(e" = b) + B(t)e’ >0,

because the transition occurs where e > b. For t < t_, the function y is affine with slope b.
It follows that
H = x(log7)

is smooth and plurisubharmonic on V \ {0} and satisfies H = 7 wherever 7 > s¢ := e'+. The
vanishing assumption gives 7(z) < Cy|z|?* near zero. Since Y is eventually affine, there is a constant
(1 such that

H(z) < bklog|z|* + Cy for all sufficiently small z # 0. (2.3)

Step 2: smooth the singularity without changing the form near the boundary. The strict inequality
w < bk lets a smooth radial logarithm dominate H close to zero while remaining below it on an
outer sphere. Write B, = {z € C" : |z| < r}, and choose 7 > 0 with B,, C V. For 0 < § < 1,
consider

Py(2) = plog(|2[2 + ) — M.

For each fixed r > 0, the radial calculation in Step 4 identifies (B, dd°(|z|*> + Ps)) with a standard
ball whose squared radius is 72 + pur?/(r? + ). Since p > a, this exceeds a for all sufficiently small
0. We will therefore arrange that the modified potential agrees with Ps on a ball whose radius is
fixed before 0 is chosen.

The functions Py are plurisubharmonic by Equation (2.2), applied to the nowhere-zero holomor-
phic tuple (v/9, 21, ..., 2,). Choose M so that

M > plog(rs +1) — min H(z) + 2.

|z|=2

The minimum is finite because f has no zero on this sphere. Then Ps < H — 2 on |z| = rg for every
0 < ¢ < 1. On the other hand, Equation (2.3) gives

Ps(z) — H(2) > (u — bk)log |z|* — M — Cy.

As z — 0, this lower bound tends to 400, uniformly in §. We may therefore fix 0 < r; < ro,
independently of §, such that

Ps>H+2 on0<|z|<r forevery0<d<1. (2.4)

Fix from now on one positive § satisfying

0<5<min{1, r%(“—1>}. (2.5)

The upper bound is positive because u > a.

We next replace the singularity of H by Ps using a regularized maximum, the standard gluing
device in Richberg’s smoothing method; see [8, Section 2]. A related replacement of Kéhler
potentials appears in [23, Proposition 3.3] in a projective setting. We give the elementary two-
function construction explicitly. Let ¥ € C¢°((—1,1)) be nonnegative and even, with [p ¥ =1, and

set
h+p+ p(h —p)

p(s) = /IR |s — t|9(t) dt, rmax(h,p) = 5 .




The function p is smooth and convex, with |p’| < 1, and equals |s| for |s| > 1. Thus rmax is smooth,
convex, nondecreasing in both arguments, and equals max(h, p) when |k — p| > 1. Define H to be
rmax(H, Ps) on By, \ {0}, to be H outside B,,, and to take the value Ps(0) at zero. The outer
comparison gives equality with H in a neighborhood of 0B,,, and Equation (2.4) gives equality
with Ps on B,,. Consequently H is smooth and plurisubharmonic on all of V.
The difference H — 7 has compact support in V. Indeed, set so = maxg T < 1, choose
max(Sp, $2) < o < 1, and put
C={z€Q:7(2) <o} (2.6)

This is a compact subset of V by hypothesis. Outside C' a point lies outside B,, and has H = 7, so
that H — 7 vanishes there.

Step 3: transport the smoothed form. We now use Moser’s deformation argument [15, Section 4].
The support estimate above supplies a complete flow even though V need not be compact. Consider
the symplectic forms

ws = dd°(|]2|* + (1 — 8)7 + sH), 0<s<1,

and write @ = wy. Each form is symplectic because the two non-Euclidean potentials are plurisub-
harmonic. Define the smooth time-dependent vector field Yy by

ws=—v,  y=d(H 7).

Both v and every Y; are supported in the fixed compact set C'. Extending Y by zero outside V/
gives a smooth vector field on C", with its coefficients and first derivatives bounded uniformly for
s € [0,1]. The ordinary differential equation for this field has a flow 4 throughout this time interval.
The ambient flow fixes C™\ V pointwise and hence restricts to diffeomorphisms of V. This argument
applies even if V is disconnected and places no regularity assumption on its boundary.

Since dws = 0, differentiation of pullbacks gives

d
£g0;‘ws = @i (dy + diy,ws) = 0.

Therefore

P10 = w, o7t (V,&) — (V,w) is symplectic. (2.7)

Step 4: read off the ball in the radial model. The deformation has reduced the problem to an explicit
radial form. On B,, the new potential, up to the additive constant —M, is ¥(|z|?), where

U(t) =t+ plog(t+9).

R(:) = W (2P) 2 = 14 e

This is the radial case of the symplectic-coordinate construction in [13, proof of Theorem 1.1,
Equation (23)]. In the pullback of A\g from Equation (2.1), the terms differentiating the radial factor
cancel. Hence

Define the radial map

R = V(|2 A0 = dU(|2[*), Rwo=a|, .
"1

The squared radial coordinate is strictly increasing, because

d d ut o
— (¢’ = — ) =1 .
i) =g <t+t+5) TR



At zero the map is smooth and has derivative DR(0) = /1 + /0 I, so its inverse is smooth there
as well. Thus R is a diffeomorphism from B,, onto the standard ball B?*(7Qs), where

2

2 HTY
= >
Qs =17+ 215 a

by Equation (2.5). If ¢+ : B,, < V denotes inclusion, the map

orloto R_l‘B%(m) : B (1a) — V

is a smooth embedding, and its pullback of w is wy by Equation (2.7) and the radial pullback identity.
Since a was arbitrary in (0, k), the theorem follows. O

3 A planar coordinate and a uniform slice estimate

We use Gross’s conformal map 1 for the uniform distribution [6, Section 3.2], with the rotation
F(w) = i(iw). There is no scaling. The same lens appears in [17, Section 3|; its half-width A(¢) is
the function V'(¢) used here. We establish its needed properties directly and then prove a uniform
slice estimate that controls the momentum coordinates in the polar product.

Lemma 3.1. The holomorphic function

)8 20+1
22 ez WED (3.1)

is a biholomorphism from I onto a bounded domain D. It is odd, commutes with conjugation, and
satisfies F'(0) = 0. The imaginary coordinates of D range over (—1,1), and for each t € (—1,1)
there is a finite V(t) > 0 such that

{fveR:v+ite D} =(=V(t),V(t)). (3.2)
Write F(ir) =iT(r) for 0 <r < 1. The function T increases strictly from 0 to 1, with

T(r) = 8 arctanhr

3 0<r<1, lim 7"(r) = +o0. (3.3)

r il

For fized t € (—1,1), put ro = T~(|t|). The positive horizontal slice is parametrized by
w(r,t) = rerh) F(w(r,t)) = v(r,t) +it, ro<r<1,

where —m/2 < O(r,t) < w/2 and v(r,t) increases strictly from 0 to V(t).

Proof. The map and its angular derivative. The series in Equation (3.1) is absolutely summable on
the closed disk. Hence F' is bounded, odd, and commutes with conjugation. Termwise differentiation
in the open disk gives

1+ w
1—iw’

8
wF' (w) = — arctan w, arctan w = % log
i

> (3.4)

Here the logarithm is the branch on the right half-plane that is real on the positive real axis. Indeed,

L+iw 11— |w?
= >0 e D).
1—iw |1 iw]? (w € D)

7



This also shows that arctanw = 0 only at w = 0. Thus F’ has no zeros away from the origin, and
the series gives F’(0) = 8/7% # 0.
For w = re'?, define
4 2 0

A(r,0) = R(wF'(w)) = —5 arctan %. (3.5)
To obtain the last identity, the imaginary part of the fraction in Equation (3.4), divided by its
real part, is 2rcosf/(1 — r?), and its argument lies in (—n/2,7/2). On the right semicircle,
0 < A(r,0) < 2/m. The identities

wF' (w)

O, F(re) = r— OpF(re'?) = iwF' (w) (3.6)

therefore show that RF'(w) > 0 in the right half-disk: its radial derivative is positive, and its value
tends to zero at the origin. They also show that SF(re) increases strictly with 6 on each right
semicircle.

Oddness and conjugation symmetry give F'(ir) = ¢1'(r) with real T'. Differentiating Equation (3.4)
on the imaginary axis gives Equation (3.3). In particular, T is strictly increasing, T7'(0) = 0, and
T'(r) diverges as r T 1. Since F(r) is real, Equation (3.6) also gives

T(r) = /O " A0 do.

The integrand is bounded by 2/7 and tends to 2/m at every 6 € [0,7/2) as r T 1. Dominated
convergence therefore gives T'(r) — 1.

Horizontal slices and global invertibility. Fix |t| < 1 and let T'(rg) = |t|. For every r € (1o, 1), the
strictly increasing imaginary coordinate on the right semicircle ranges from —7'(r) to T'(r). There
is consequently exactly one angle 0(r,t) there with imaginary coordinate ¢. It depends smoothly on
r, since its angular derivative is A > 0. Writing wF'(w) = A + iB, implicit differentiation at fixed ¢
gives

B A A? + B?
0 = ——, v =— — B0 = ———.
00 rA Orv r 9 rA
Thus
ov |wF"' (w)]?

oD = CAr ) (3.7)
As r | rg > 0, the angle tends to the appropriate imaginary-axis endpoint of the semicircle, so
v(r,t) — 0. If o = 0, the same limit follows from F'(0) = 0. Boundedness of F' now shows that v(r,t)
maps (rg, 1) continuously and strictly increasingly onto an interval (0, V'(¢)), where 0 < V() < oc.

This parametrization proves injectivity on each positive horizontal slice. The reflection identity
F(—w) = —W gives the negative slices, and the strict monotonicity of T" gives injectivity on the
imaginary axis. The right half-disk, imaginary axis, and left half-disk have images with positive,
zero, and negative real parts, respectively. Hence F' is globally injective. Every point of its image
has imaginary coordinate in (—1,1), and every such coordinate occurs on the imaginary axis. This
proves Equation (3.2). Since F’ # 0, the local holomorphic inverses combine into a holomorphic
inverse g : D — D. [

Figure 1 illustrates the radial parametrization of a horizontal slice. Along the right half of the
highlighted disk curve, SF(w) = t stays fixed while |w| increases, and its image moves to the right



Unit disk D

Fixed height: Im F(w) =t Along the arrows: r 7, v(r,t) 1

Figure 1: A fixed horizontal slice and its preimage, illustrated for ¢ > 0. Along the right half of
the highlighted preimage curve in the left panel, r increases from ro = T~!(¢) to 1, while v(r,t)
increases from 0 to V(¢). The dashed circle and its image pass through the corresponding marked
points. Open markers indicate boundary limits.

along the horizontal slice. Equation (3.7) therefore allows us to rewrite horizontal integrals using
the disk radius r, as we do below.
For an integer k > 2, define the signed slice integral

Te(v, 1) = k?/ g(h + it)[**2|g/ (h + it)2dh,  v+it € D. (3.8)
0

The segment of integration lies in D by Lemma 3.1.

Proposition 3.2. Fach J; is smooth on D, is odd in v, and satisfies
Ao Ji(v,t) = K2|g(v + it) 22|/ (v + it)|* > 0. (3.9)

There is a sequence €, > 0, depending only on F, with €, — 0 such that, simultaneously for every
v+t €D,
|k (v, 7)]
k
Proof. Step 1: express the slice integral in the disk radius. For any fixed v 4 it € D, the horizontal
segment from it to v + it is a compact subset of the open set D; the same is true for all sufficiently
nearby endpoints and heights. The formula

< %Ig(v +it)[** + €. (3.10)

1
Te(v, 1) = k%/ lg(av + it)|22\¢ (av + it)|? da
0

then proves smoothness by differentiation under the integral. The integrand is smooth even at the
zero of g, since |g|**=2 = (|g|?)*~! and k is an integer. Equation (3.9) follows from the fundamental



theorem of calculus. The symmetry g(—() = —g(¢) makes the density in Equation (3.8) even in its
real coordinate. Thus Ji(—v,t) = —Jk(v,t), and it suffices to estimate v > 0.
Fix such a point and put

=lglv+it)l,  ro=T""(It]).

Along its positive horizontal slice, the radius increases from r¢ to R. Since ¢'(F(w)) = 1/F'(w),
Equation (3.7) gives
Jr(v,t) . R g2kl
ko e Alr,0(r,t))

Indeed, |¢'|?dv = (r/A)dr. At the lower endpoint this is understood as an improper integral:
perform the change of variables first on a segment beginning at a positive real coordinate, and then
let that coordinate decrease to zero. The original integrand is smooth on the full compact segment,
so its integral is finite; the nonnegative transformed integrals converge to the same value. This
argument also covers t = 0, when g = 0.

The leading constant comes from splitting 1/A into /2 and the nonnegative excess 1/A — /2,
since 0 < A < 2/7. The constant part in Equation (3.11) contributes Z(R?* — rgk). It therefore
suffices to bound the remaining weighted integral uniformly over all heights and endpoints by a
quantity tending to zero as k — oc.

dr. (3.11)

Step 2: estimate the loss near the two tips. We next control the possible small denominator near
the ends of the right semicircle. Suppose 1/2 < r < 1 and set

2rsin s

s

For every X > 0,
1 2 2
_— = — < = 3.12
arctan X 7w X (812)
For X <1, this follows from arctan X > X/2; for X > 1, use 7/2 —arctan X = arctan(1/X) <1/X
and arctan X > 7/4. Combining Equation (3.12) with sins > 2s/m and (1 +r)/(2r) < 3/2, we

obtain

1 T 3ml—r
< = . 3.13
A0 S22 78 s (3:13)
On the other hand, the vertical gap to the semicircle endpoint is
2
A(r,0) :=T(r) — |SF(re)| —/ —5 arctan rsmf 5 d

4r 5 2 82
< — 5" < = 3.14
_772(1—7“2)8 —m2l—r (3.14)

Here we used arctany < y and siné < & The last inequality supplies the lower bound s >
(m/v/2)\/A(r,0)(1 — 7). Consequently, with the absolute constant Cy = 3v/272/8, Equation (3.13)
implies
L T > 172 > ) (3.15)
— r r>Tr). .
Alr,6(r,0) ~ 2 7V T(r) — I R
Step 3: separate a compact part from the tip region. Fix a radius r, € (1/2,1). The part of the
original horizontal integral for which |g| < 7, is uniformly bounded, after division by k, by
Ckr2k=2, Cy := diam(D) max |F'(w)|™? < o0. (3.16)

|w|<ry

10



To see this, the radius is strictly increasing along the positive slice, so the relevant portion is exactly
its initial segment ending at radius min(R, r.), when ro < r., and is empty otherwise. Every point
of this segment lies in F'({|w| < r.}), and its horizontal length is at most diam(D). This includes
the case R < r,, when it is the whole integral.

If an outer portion remains, put

_ s /
Tq = max(ro, 7s), L,:= r*lg%de (r) > 0.

Since T'(rq) > T'(ro) = |t|, for r > r, we have
T(r)—|t| > T(r) —T(rq) > Li(r —rq). (3.17)
Equations (3.11) and (3.15) therefore bound the outer contribution by

Co

1—17r

T (R ) (3.18)

r—"Tq

The extension of the error integral from R to 1 uses its nonnegativity and removes any dependence
on the distance R — 7.
The last integral has an absolute bound, including when its lower endpoint depends on k. Write

I(k,7a) —k/ ,/r__; = k(1 —ra).

The substitution y = k(1 — r) gives

H 2k—1 Y
O R
H
- Y
<[ ev /L ay,
<[ e a

since logr < —(1 —r) and 2k — 1 > k. On [0, H/2] the square-root factor is at most one. On
[H/2, H], bound the exponential by e~#/2 and use

/H ] TH
e dy = —.
0 H—y 2

H
I(kyra) 14+ e M2 <14 2 (3.19)
(&

It follows that

The same integral without its exponential factor also gives I(k,r,) < mH/2. These estimates hold
for every H > 0, covering both H | 0 and H — co.

Combining Equations (3.16), (3.18), and (3.19), and using symmetry when v < 0, we have, for
every v+ it € D,

Uk(vvtﬂ U N\ 12k 2k—2 CO(1+ 7‘/6)
— — —|glv+it < Cik + — .
i 4| (v 1 )\ <C Ty #*

When there is no outer portion, the first term alone bounds the excess, so the same displayed
inequality remains valid. It is also valid at v = 0.

(3.20)

11



Step 4: make the error uniform. The cutoff radius will be chosen before the power k, so the estimates
above allow the slice height and both radial endpoints to move with k. Define explicitly

€x = max {O, sup (‘Jk(v’t” - E]g(v + lt)\%)} . (3.21)

v+iteD k 4

Equation (3.20) makes this supremum finite for each k. For fixed r,, its first error term tends to
zero as k — oo. Moreover, Equation (3.3) gives

8
L, > — arctanh r, — oo as ry T 1.
T

Given ¢ > 0, first choose 7, so that the second term in Equation (3.20) is less than /2. For this
fixed r,, choose N such that C*krfk_Q < ¢/2 for every k > N. The resulting bound € < € holds
simultaneously on all of D. In particular it allows the height ¢, the initial radius rg, and the final
radius R all to vary with k, with no separation from either endpoint. This proves ¢, — 0 and
Equation (3.10). O

4 Realization in a polar product

We now combine the ball construction with the uniform slice estimate. Writing z = u + ix, the
imaginary coordinates x will give the position in a convex body. The signed slice integrals will
correct the standard momentum —u to account for the holomorphic part of the symplectic form.

Proposition 4.1. Let n > 2 be an integer, let by, ..., by, € R™ span R™, and set
K={xecR":|bj-z| <1, 1<j<m}.
For every 0 < ¢ < 4 there is a smooth symplectic embedding
B*(¢) — int(K) x int(K°).

Proof. Step 1: encode the strips by holomorphic functions. The body K and its finite list of defining
vectors are fixed throughout the proof. Extend each real functional b; - x complex-linearly to
lj(z) =bj-z. Let F: D — D and g = F~! be the maps of Lemma 3.1, and define

Q={2e€C":4j(z) € D for every j}. (4.1)

This is an open neighborhood of the origin. The spanning condition makes the linear map z
(41(2),...,4m(2)) injective, so there is a constant Cj, such that

2] < Gy max |£5(2)].

Since D is bounded, €2 is bounded as well; neither set depends on the integer k chosen below. The
same linear bound makes K compact, and a sufficiently small Euclidean ball lies in all its defining
strips. In particular, 0 € int(K).

For each integer k > 2, put

[i(2) :g(ﬁj(z))k, 7(2) :Z|fj(z)|2, V={2eQ:7(2) <1}, w:ddc(\z|2—|—7).
j=1

12



The tuple f = (fi,..., fm) is holomorphic on Q. Since g has its only zero at the origin, the common
zero set of f is
{z€Q:4;(z) =0 for every j} = {0}.

Holomorphicity at the origin gives |f(z)| = O(|z|¥). To verify the compactness hypothesis of
Theorem 2.1, fix 0 < s < 1. On {7 < s}, for every j we have

ti(z) e F{w e C: lw| < s/},

a compact subset of D. The linear bound above makes this sublevel bounded. Moreover, the limit
of any convergent sequence in it still has all its images under the functionals ¢; in that compact
subset of D, hence belongs to 2 and satisfies 7 < s by continuity. Thus the sublevel is compact in
Q2. Theorem 2.1 now supplies symplectic embeddings into (V,w) of every standard ball of capacity
less than 7k.

Step 2: realize the form by a globally injective map. Write z = u + ix and use the signed integrals
Ji of Proposition 3.2 to define

m
PV — Ry x RY, q=rz, p:—u—ZJk(bj~u,bj-x)bj. (4.2)
j=1

The signed integrals J; are smooth on D by Proposition 3.2, so ®; is smooth.
Set v; = b; -u and t; = b; - x. Pulling back the target form gives

Drwo = Y _dayg A (—dug) — > dt; AdJy(vj, t5)
=1 j=1

= Z dug N\ dxy + Z aUJk(Uj, tj) dvj AN dt]’
—1 j=1
=dd°(|z)* + 1) = w. (4.3)

Indeed, the terms containing 0;.Jj vanish because dt; A dt; = 0, while
BT (v,t) = K?|g(v + it) [ 2|g' (v + it)[*.

This is precisely the coefficient of dd®|g(v + it)*|? in front of dv A dt, with the convention for d¢ fixed
above.

The map P, is globally injective. To see this, equality of its ¢ coordinates first fixes . For two
possible real coordinates uy, us at that x, write

AUZUQ—Ul, vji:bj-ui, tj:bj-l‘,
and denote the corresponding momenta by p1,p2. Both v;; and vj2 belong to the same horizontal
interval of D at height ¢;. Since 0,J; > 0 on this entire interval,

m

(p2 — p1) - Au = —|Aul* = > (Ji(vja, t5) — Je(vj1,5)) (vj2 — vj1)
j=1

< —|Aul?

Thus equal momenta force u; = us. This comparison applies to any two points of the fiber, even
if that fiber of V is disconnected. Equation (4.3) and nondegeneracy of w show that @y is a local
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diffeomorphism. It is therefore open, and its injectivity gives a smooth inverse onto its image.
Consequently @ is a symplectic embedding.

Step 3: control the momentum by the polar body. We next bound its image. All imaginary parts of
points of D lie in (—1,1), so |b; - x| < 1 for every j. The finite system of strict inequalities implies
q = = € int(K). Introduce the support function

i (p) = max(p, y).
It satisfies hy(+b;) < 1, and int(K°) = {p : hg(p) < 1}. Because 2 is bounded, there is a
finite constant C, independent of k, such that hx(—u) < Cx on Q. Subadditivity and positive
homogeneity of hg, followed by Proposition 3.2, give

hK(p) Ck = |Jk(vjvtj)|
<
koS k +jzzl k
Crx 71 2%k Cxk 7
S —1-4]2:1 lg(£;(2))]™" + mey, p —|—47'(Z)—|-m6k (4.4)

Here ¢ > 0 tends to zero, uniformly in the planar argument. The number m and the constant Cx
are fixed before k varies. It follows that, for any n > 0 and all sufficiently large k,

C
TK+mek<%T.

Since 7 < 1 on V, Equation (4.4) then gives the strict inclusion

Oy (V) C int(K) x Sint(K°),  S=(1+ n)%k. (4.5)

Step 4: rescale the ball and the momentum together. Finally, fix 0 < ¢ < 4. Choose 1 > 0 with
(14 n)e < 4, and then fix an integer k large enough for Equation (4.5). The resulting constant S
satisfies Sc¢ < 7k, so there is a symplectic embedding

E: B™(Sc) — (V,w).
Let D s5(z) = V'S z and Ls(q,p) = (¢,p/S). The composition
Lso®yoEoD /5:B*(c) — int(K) x int(K°) (4.6)
is a smooth embedding. Since D, ;5 maps B?"(c) onto B**(Sc) and
Df/gwo = Swo, Lwy = S~ wo,

its pullback of wy is exactly wg. This proves the proposition. ]

5 Arbitrary convex bodies and consequences

The passage from finite strip bodies to arbitrary convex bodies uses an approximation in the polar.
This keeps the momentum factor inside the desired polar and enlarges the position factor by an
arbitrarily small amount.
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Lemma 5.1 (Finite polar approximation). Let K C R™ be an origin-symmetric convex body. For
every o > 0, there are finitely many vectors by, ..., b, € R™ spanning R™ such that

K ={zeR": |(bja)| <1, 1<j<m)

satisfies
KCcK' c(1+a)K, (K')° C K°. (5.1)

Proof. First, 0 € int K. Indeed, if the Euclidean ball B(y,r) is contained in K, then so is
B(—y,r), and their midpoints contain B(0,r). Since K is also bounded, there are v, R > 0 with
B(0,r) C K C B(0,R). The definition of the polar gives

B(0,R™") c K° c B(0,r1).

Thus K° is a compact, origin-symmetric convex body with nonempty interior.

We will use the bipolar identity K°° = K. To recall its justification here, if x ¢ K, separation
gives a nonzero vector v such that

(v,2) > hg(v), hi (v) = max(v,y) > 0.
yeK

The normalized vector v/hx (v) belongs to K° and pairs with x to a value greater than 1, so x ¢ K°°.
The reverse inclusion follows directly from the definition. The same argument applies to every
convex body containing the origin in its interior.

Put A\=1+4+ «a and

p = min ho(v) > 0.
v]=1
Choose d > 0 with d < ap/(1 + «), and choose a finite d-net {by,...,b,} in the compact set K°,
with all net points in K°. Let
P = conv{+by,..., by}

Symmetry of K° gives P C K°. For every unit vector v, a maximizer of (v,p) over p € K° lies
within distance d of a net point. Consequently

hp(v) > hio(v) —d > X thgo (v).

The characterization of inclusion by support functions, which follows from convex separation, now
gives

AM1K° Cc PCK°.
In particular, P has interior, so its generating vectors span R". Taking polars and using the bipolar

identity yields
K C P° C \K, (P°)°=PCK".

Finally, the definition of P shows that P° is exactly the finite strip body K’ in the statement. [J

Proof of Theorem 1.1. Fix 0 < ¢ < 4. Choose o > 0 such that Ac < 4, where A = 1+ «, and choose
one body K’ from Lemma 5.1. Proposition 4.1 gives a smooth symplectic embedding

e: B*™(\¢) — int K’ x int((K')°).

If one body is contained in another, every interior ball in the first is contained in the second. Thus
Equation (5.1) implies
int K’ C Nint K, int((K')°) C int K°,
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even when their boundaries meet. Regard e as an embedding into Aint K x int K°. Define

D 5(z) =VAz,  Qala,p) = (¢/\p).

The composition
QroeoD s5: B*(c) — Uk (5.2)

is a smooth embedding. Since
D7 rwo = Awo, Qiwo = A wo,

its pullback of wy equals wy. This proves cg(Ugk) > 4.

For the upper bound, we use the supporting-slab construction of Artstein-Avidan, Karasev, and
Ostrover [1, Remark 4.2]. Choose qp € K and py € K° with (go, po) = 1. Such a pair is obtained by
maximizing any nonzero linear functional on K and normalizing its maximum to 1. Complete g to
a basis of R™ by vectors in ker pg, and let A be the matrix of this basis. The linear change

Q=A"'4q  P=A4ATp

is symplectic and has first coordinates Q1 = (po, q) and Py = (qo,p). Both functionals are nonzero,

so symmetry, polarity, and the interior condition give |Q1] < 1 and |P;| < 1 on Ug. Thus this

change embeds Uy into (—1,1)? x R?"~2, with the square in its first conjugate coordinate pair.
For completeness, this open square is area-preservingly diffeomorphic to the disk of area 4. Put

R=2/y7, h(X)=VR? — X2 for —R < X < R, and
X
H(X)=-1 +/ h(s)ds.
~R

Since fFR h(s)ds =2 and H' = h > 0, H is a smooth diffeomorphism from (—R, R) onto (—1,1).
The map
(w,0) > (X = H(w), ¥ = oh(H " (w)))

has image B?(4) and Jacobian X’(u)h(X) = 1. Applying it to the first conjugate pair gives a
symplectic embedding Uy < B%(4) x R?"~2. Gromov’s nonsqueezing theorem [5] therefore bounds
the capacity of every ball in Ug by 4. Combined with the lower bound, this proves cq(Ux) =4. O

Remark 5.2 (Order of choices). For each prescribed 0 < ¢ < 4, first choose a > 0 so that Ac¢ < 4,
where A = 1 + a. Then fix the finite body K’ and its m defining constraints. Choose 1 > 0 so that
(1 +n)Ac < 4, then choose k large enough that

K’ nm

This is possible because the constraint list is fixed before k varies. Proposition 4.1, applied at
capacity Ac, and the final rescaling then give the required ball. Each prescribed capacity is obtained
by one finite construction; no limit of embeddings is required.

Corollary 5.3 (Symmetric Mahler inequality). For every integer n > 1 and every origin-symmetric
convex body K C R",

n

4
vol, (K) vol, (K°) =2 —.
n!
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Proof. For n = 1, write K = [—a,a] with a > 0. Then K° = [-a~!,a™!], and the product of their
lengths is 4. Assume henceforth that n > 2.

We first justify that taking interiors does not change the volumes in the statement. If a convex
body C' C R"™ contains B(0,r), then convexity gives, for 0 <t < 1,

tC'+ B(0,(1 —t)r) c C.
Hence tC' C int C, and
t" vol, (C) < vol,(int C') < vol, (C).
Letting ¢ 1 1 proves vol,(int C) = vol,(C). Apply this to K and K°, both of which contain a
neighborhood of the origin. The product formula for Lebesgue measure then gives

vola, (Uk ) = vol,,(K) vol, (K°). (5.3)

For every 0 < ¢ < 4, Theorem 1.1 supplies a smooth symplectic embedding f : B?"(c) — Ug.
Taking the nth exterior power of f*wy = wg shows that det Df = 1, so the change of variables

formula gives
n

£ = Volyy (B2(c)) = volan (f(B¥(c))) < volan(Uk).

n!
Here the first equality follows from the Euclidean ball volume 7" R?"/n! at radius R = +/c/7.
Combining this with Equation (5.3) and letting ¢ 1 4 proves the claimed inequality. O

Remark 5.4 (Sharpness). The cube [—1,1]" has volume 2". Its polar is {p : > 7 [p;| < 1}, whose
intersection with each coordinate orthant is a simplex of volume 1/n!. These 2" simplices meet only
along faces, so the polar has volume 2" /n!. Their volume product is therefore 4™ /n!, showing that
the constant in Corollary 5.3 is sharp.

Corollary 5.5 (A sufficient packing criterion). Let n > 3 and k > 1 be integers, and let K C R™ be
an origin-symmetric convexr body. Suppose that Ry, ..., Ry > 0 satisfy

k
YR} <4",  Ri+Rj<4 (1<i<j<k).
=1

Then there are symplectic embeddings of open neighborhoods of the closed balls B>*(Ry), ..., B*"(Ry)
into Ug with pairwise disjoint images. The pairwise condition is vacuous for k = 1.

Proof. Strictness and finiteness permit a choice of 0 < ¢ < 4 such that >, R < c" and R; + R; < ¢
for every i < j. The ball-packing theorem [16, Theorem 1.1] embeds these closed balls into B2"(c),
with embeddings defined on neighborhoods. Their compact images are pairwise disjoint and lie in
the open target, so the neighborhoods can be shrunk to have pairwise disjoint images contained in
B?"(c). Composing with the embedding in Theorem 1.1 proves the assertion. O
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