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Abstract

We prove the annular r-variation estimate for the triangular Hilbert transform from complex
L3 x L3 to L3/? for every r > 2. The partitions may depend on the output point and range
over all positive scales. The estimate yields the two-endpoint maximal bound and joint almost-
everywhere and norm principal values, and resolves the symmetric scalar triangular Hilbert
transform problem.
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1 Introduction

For complex functions F, G € L3(R?) and 0 < ¢ < R < oo, define the annular triangular Hilbert

transform by

BesFO) @)= [ FattyGy+n . (1)

The two inputs are translated along different coordinate directions. Every finite integral is absolutely

convergent outside one common null set; we use its usual representative there and set all quantities

to zero on the exceptional set. Lemma 2.1 justifies this convention and continuity in the endpoints.
For r > 2, its annular variation is

1/r
J
‘/;“(Fa G)($7y> = sSup (Z ‘Bt]'—l,t]' (F') G)(.I',y)’r> . (12)
J>1, 0<t?@<"'<t.] j=1
t; €

The supremum is pointwise: the partition may depend on (z,y), and there is no restriction on
the number of endpoints within a dyadic scale interval. The use of rational endpoints makes
measurability immediate and, by endpoint continuity, does not change the supremum.

Theorem 1.1 (Full annular variation). For every real v > 2 there is a finite constant C, such that
Ve (F, Gl ar2rey < CrllFll Lo @) |Gl L3 r2)
for all complex F,G € L3(R?).

Taking a single increment gives the maximal estimate with the supremum over both hard
truncation endpoints. In Section 9 we prove that the joint principal value

B(F,G) = lim B- n(F,G)
€
Rtoo

exists almost everywhere and in L%*2. In fact, the supremum of |B. gr(F,G) — B(F,G)| over
0 <e < 1/m, R >m, tends to zero in L3/

Pairing the bilinear output with a third L3 input gives a scalar form. Its symmetric, or simplex,
coordinates are

dadbdc

_ 1.3
at+b+c (1.3)

Aen(Go,Gr, Go) = [[[ Go(a,b)Gh (b,¢)Gale. )
e<|a+b+c|<R



The three equal exponents 3 form the symmetric point of the scalar Holder relation 1/py + 1/p1 +
1/p2 = 1. We obtain a uniform bound by C'T], ||Gy||3 and the joint scalar principal value for every
complex L3 triple. Proposition 9.4 gives the norm-preserving coordinate maps and equality of
the optimal constants for the flat and simplex scalar formulations. In particular, this proves the
symmetric scalar estimate in Thiele’s Problem 13 in [9, Section 9].

1.1 History and related work

The flat operator occurs in Demeter and Thiele’s study of bilinear averages for two commuting
transformations [3, Section 6]. The scalar form (1.3) is a basic entangled singular integral: each input
sees one pair of the three variables, and the pairs form a cycle. This dependence differs from the
bipartite configurations in many multilinear estimates. Kovac¢, Thiele and Zorin-Kranich established
estimates for a Walsh model with two general inputs and a third input of specified structure [15,
Theorem 1.7]. Their paper also records the cyclic trace formulation and the equivalence of the flat
and simplex forms.

Quantitative cancellation over a finite range of scales was developed in several stages. Tao proved
sublogarithmic bounds for one-dimensional multilinear Hilbert transforms [21], and Zorin-Kranich
obtained sublogarithmic cancellation for simplex Hilbert transforms [22]. Durcik, Kova¢, Skreb and
Thiele proved square-function and norm-variation estimates that yield square-root cancellation for
the triangular form over finitely many smooth scales [7, Corollary 5]. Durcik, Kova¢ and Thiele
obtained power-type cancellation for hard truncations [6, Theorem 1]. Permuting and interpolating
their (4,4, 2) bounds gives a y/log(R/c) bound at the symmetric tuple. These estimates retain a
dependence on the scale range. Moreover, norm-variation estimates for a fixed list of scales do not
place the supremum over output-dependent partitions inside the output norm as in (1.2).

Other results gain cancellation by averaging a direction parameter [8, 19] or by introducing
curvature [1, 11]. Those mechanisms are distinct from the flat problem considered here. The broader
role of variation in strengthening maximal estimates and controlling convergence is illustrated by
Lépingle’s martingale inequality [17], the variational inequalities of Jones, Seeger and Wright [12],
and the variation-norm Carleson theorem [20]. These results provide context rather than an input
to our proof.

The energy method here is related to telescoping arguments for entangled forms: Kovac’s twisted
paraproduct and Bellman-function framework [14, 13], and Durcik’s continuous Gaussian telescoping
[4, 5]. The obstruction presented by a triangular cycle is discussed in [13, Section 6.2]. We work
with the finite matrix energy tr(Pg/ 2) for P > 0, establish a mixed trace inequality, and compare its
heat derivatives at neighboring vertices. All matrix and heat estimates required below are proved in
this paper.

1.2 The count estimate and the new ingredients

The proof reduces variation to a quantitative estimate for finitely many disjoint annuli. For an
integer n > 1, define

0<m<n, 0<€j<Rj, €j,RjE@,

(¢, Rj) pairwise disjoint (1.4)

Sn(Fa G) = Sup Z |BE]',Rj (Fa G)| :
j=1

Intervals may share endpoints, and the empty sum is zero. As in the variation, the entire choice is
made separately at every output point.



Theorem 1.2 (Disjoint-annulus count estimate). There is an absolute constant C' such that, for
every integer n > 1 and every complex F,G € L3(R?),

1Sn(F, G)l372 < Cv/nlog(2 + )| F|ls]|G|s. (1.5)

Theorem 1.1 follows by arranging the increments of each partition in decreasing order and group-
ing their ranks dyadically. The resulting series has terms bounded by C(1 + 5)2//7=1/2)|| F||5||G|s.
The substance of the paper is therefore (1.5).

For smooth annuli, we write the kernel as a scale integral of convolutions of three one-variable
Gaussian derivative windows. Each convolution is an integral over window centers whose sum is
zero; with the centers fixed, the three window factors depend separately on a,b,c. On a finite grid
the resulting sums are cyclic matrix traces: the sampled pairwise inputs supply three matrices, and
the window factors supply diagonal insertions. We localize the matrices with positive Gaussian
weights. At each vertex we place the two incident weighted matrices side by side to form a row
matrix R. The energy tr((R*R)%?) has the same degree-three scaling as the trilinear form. A
mixed trace inequality bounds the localized trace by quadratic costs from the Hessians of these
energies. With the matrices fixed, heat identities control the accumulated costs by initial energies
after integration over centers. Those integrated energies are bounded by sums of cubed L3 norms.

There are two different costs in passing from one annulus to many. For smooth annuli, entries of
the matrix formed from the dual input switch on and off at their chosen endpoints. We estimate
the energy jumps entrywise, then rescale the dual input to obtain a \/n bound. For hard annuli,
estimating each endpoint error separately would give a linear loss. We instead group endpoints in
dyadic radius intervals. Disjointness gives uniform size and derivative bounds for each group even
when it has many jumps.

The main additional analytic tool is the frequency-block estimate of Proposition 6.1. It handles
modulated Gaussian windows with coefficients depending jointly on scale, frequency, and output
position. For uniformly bounded coefficients, a pointwise square-integral bound over scales and
frequencies suffices, uniformly in the frequency size. To obtain that uniformity, we narrow one
Gaussian variance and average its center shifts. This expresses each oscillatory insertion as an
average of derivatives of narrower Gaussians. Auxiliary heat flows retaining only one input edge
control the extra derivative terms. A two-dimensional Gaussian estimate then bounds the energy
changes at the ends of the scale intervals without a loss from the narrow variance. This estimate
and the rough-kernel family bound in Proposition 7.2 are formulated separately from the annular
application.

1.3 Organization

Section 2 fixes truncations, coordinates, and line maximal estimates. Section 3 proves the finite
matrix inequalities; Section 4 develops their Gaussian heat flow. Section 5 proves the repeated-mask
estimate for smooth annuli. Sections 6 and 7 establish the uniform frequency-block estimate and
control the hard endpoint errors. Section 8 proves Theorems 1.2 and 1.1 by linearization, density,
and rank summation. Section 9 derives the maximal, principal-value, and scalar conclusions.

2 Truncations, coordinates, and maximal averages

We first fix the representatives of all finite truncations and the coordinate convention for their
linearizations. We also record the one-dimensional maximal estimates that will control changes of the



matrix energy. Constants denoted by C' may change from line to line; their additional dependences
are indicated explicitly. For an integrable function f and L > 0, set

Dilg, f(t) = L™ f(t/L).

All inputs and matrices may be complex. Scalar forms are complex multilinear, so pairings with
dual inputs do not include a conjugate.

Lemma 2.1 (Finite truncations). For F,G € L3(R?), all finite annular integrals defining B: r(F, G)
are absolutely convergent outside one common null set. On its complement they depend continuously
on (¢,R) in 0 < e < R < o0o. Changing representatives changes this family only on a common null
set. Moreover,

< 2log(R/e)||F 3] Gs- (2.1)
3/2

det
/ |F(z +t,9)G(z,y +1)] —
e<|t|<R |t|

Proof. For each fixed t, Holder’s inequality and translation invariance bound the L3/2 norm of
the product by ||F||3]|G||3. Minkowski’s integral inequality gives (2.1). Apply this estimate to the
countably many annuli 1/m < |t| < m, m > 2. Their union of exceptional null sets works for every
finite annulus. Absolute continuity of the integral gives endpoint continuity. The same estimate
applied to a zero L? difference proves the assertion about representatives, first on those countably
many annuli and hence on all finite annuli. O

In particular, suprema over rational endpoint pairs agree with suprema over all endpoint pairs
whenever only finitely many endpoints occur in a choice. Rational exhaustion makes the variation
and the count quantities in the introduction measurable.

2.1 The triangular coordinates

For most of the proof the inputs are smooth and compactly supported. The change of variables
T = —a, y = —b, t=a+b+c
has absolute determinant one. Define
Gi(b,c) = F(b+ ¢, —b), Ga(c,a) = G(—a,c+ a). (2.2)

Both pair maps preserve L? norms. With a dual input Go(a,b), the expressions to be estimated
take the form

Ac(Go, G1, ) = / / Gola, b)G1 (b, ¢)Gale, a)Kup(a+ b+ ¢) dadbde. (2.3)

The maps in (2.2) are invertible, so estimates for arbitrary smooth compactly supported G, are
equivalent to the corresponding dual estimates in the original coordinates.

A step choice is a choice from a finite menu that is constant on each cell of a partition of R? by
finitely many horizontal and vertical lines. Unbounded cells are allowed. For annular linearizations,
each menu item is a list of at most n disjoint radius intervals (g, R;), together with coefficients
|Bj| < 1. At a fixed output point the intervals are disjoint up to endpoints. We first prove all
estimates for step choices. Values on cell boundaries can be assigned any menu item; they do not
affect the integrals.



For such choices and smooth compactly supported inputs, finite-mesh estimates pass to (2.3)
by ordinary Riemann sums. Indeed, choose T so large that all coordinates in the input supports
lie in [-T,T], put h = T/N, and sample at the nodes u; = ih. After any auxiliary frequency
integration over a fixed bounded block, the finitely many kernels used below are continuous in their
scalar variable. The resulting integrands on [T, 7T]? are bounded and continuous off finitely many
coordinate planes. Their Riemann sums converge, as do the discrete L3 norm sums. No limit of
matrix energies is taken.

2.2 Maximal averages on a line

For functions on R and sequences on Z, respectively, let

1 patr 1
M — sup — )| dt My f(5) = .
rf(z) Sup 5 /H |f(t)] dt, zf(j) Tzlgo o 1 mzﬂqwm)\

The discrete operator includes singleton averages. We use these operators on individual coordinates
of a function or array as well.

Lemma 2.2 (Line maximal estimates). On either space, the centered mazimal operator satisfies

6p 2P~1
p—1

M{Mf>ﬂ}§2”lea 1Ml < £l (1 <p<o0).

Let go(t) = (2m0)~Y2e~1*/(20)  There is an absolute constant C' such that

> hgo((m —jh)|f(m)| < CMzf(j), o> h?, (2.4)

[ 9001 - Dl dt < CMaf(a), o> 0. (2.5)

Proof. We recall the covering proof of the Hardy—Littlewood estimates [10]. From any finite family
of intervals, repeatedly select one of largest radius and discard those meeting it. The selected
intervals are disjoint, and the union of the family lies in their triple-radius enlargements. Each
enlargement has at most three times the original measure, also for integer intervals. Apply this
to witnessing intervals centered at a finite subset of a discrete level set, or to a finite witnessing
cover of a compact subset of a continuous level set. The latter level set is open because fixed-radius
averages are continuous. Taking suprema over the finite or compact subsets proves the weak bound.

For f € LP, split at height p/2. The low part has maximal function at most p/2, while the high
part is integrable. Thus

M{Mf>P}S6/ | fldp.
P J1fl>p/2
The distribution formula and Tonelli’s theorem give the strong bound after integrating pp?~! dp.
Truncation of the distribution integral first makes this argument independent of any a priori finiteness
assertion.

For (2.4), put @ = \/o/h > 1. The kernel is (v/2wa) e~ (m=)?*/(26*) " Split the sum into
|m — j| < a and the annuli 2'~'a < |m — j| < 2'a, I > 1. The sum of |f| in the corresponding ball
is at most 3 - 2'aMzf(j). The resulting series is bounded by a constant times 1 + ;54 2le=4'71/2,
The same shell argument with integrals proves (2.5). - O



3 Dimension-free matrix inequalities

The finite-dimensional part of the argument has two tasks: to bound a cyclic product by positive
quadratic costs, and to keep those costs under control when matrices change or are averaged. We
give all the needed estimates here, including the support and complex-phase arguments required for
arbitrary complex input matrices. The averaging inequality in Lemma 3.4 will permit a Gaussian
window to be replaced by a probability average of narrower windows without paying for their relative
widths.

All spaces in this section are finite-dimensional complex Hilbert spaces. Matrix inequalities
mean inequalities of Hermitian quadratic forms. Set

®(P) = tr(P3/?), supp P = (ker P)* (P >0).

The application uses three spaces H,, indexed by v € Z/37Z, and maps W, : H,4+1 — H,. The two
matrices incident to vertex v form its row star

R, = [WU W,:_l] : Hv+1 e H, 1 — H,. (31)

We use both Gram matrices
T, = R,R,, Sy = Ry R, (3.2)

Their nonzero eigenvalues agree, including multiplicities, so ®(T,) = ®(S,). Our eventual objective
in this section is to bound the cyclic trace formed from the W, by second-derivative costs of these
three energies. We first develop those costs for an arbitrary positive matrix P.

A matrix is supported on P if it vanishes on ker P on both sides. The Hilbert—Schmidt inner
product is (K, L)pg = tr(K*L). Write L4(X) = AX and Ra(X) = XA. For Hermitian matrices
K, L supported on P, define

Bp(K,L) = ;Re <K (Lyp+ Rﬁ)*1L>HS ,  bp(K)=Bp(K,K). (3.3)

The inverse is taken on matrices acting on supp P, where the operator is positive definite. If P = 0,
its only supported direction is zero and these expressions are zero.

3.1 The energy and its quadratic costs

Lemma 3.1 (Supported Hessian). On the cone of matrices positive definite on a fixed support, ® is
smooth and

ddp(K) = gtr(\/ﬁK), d*®p(K, L) = Bp(K, L).

In an orthonormal eigenbasis for the positive eigenvalues p; of P,

]2
NISEEDS \/% (3.4)

In particular, Bp is a positive definite symmetric bilinear form on the real space of supported
Hermitian directions, and
|Bp(K, L)| < bp(K)"/?bp(L)"/>.



Proof. Restrict to the support and put A = v/P. The derivative of the squaring map at A is
X — AX + X A; in an eigenbasis, it multiplies entry (i, j) by /p; + /pj > 0. The inverse function
theorem gives a smooth positive square root, whose derivative X solves

AXkg + XA =K.

Multiplying by A and taking traces gives tr(PX) = 3 tr(AK). Hence differentiation of ®(P) =
tr(PV/P) yields d®p(K) = 3tr(AK). Differentiating once more proves the Hessian formula.
Formula (3.4) follows by diagonalizing A, and proves the remaining assertions. This is the square-
root case of the classical divided-difference calculus [2, Section 1]. O

Both ® and B are invariant under simultaneous unitary conjugation of their arguments. They are
also invariant under extension of every argument by zero: their positive eigenvalues and supported
entries do not change. These facts will let us compare Grams on different subspaces.

Lemma 3.2 (Order comparison). If P,Q > 0 on the same space, a > 1, and P < aQ, then every
Hermitian K supported on P is supported on Q, and

bp(K) > a2bg(K). (3.5)

Proof. For z € ker @ we have 0 < (Pz,z) < a(Qz,z) = 0, so kerQ C ker P. This proves the
support assertion.

We recall the order facts used in the proof. Inversion reverses order for positive definite matrices,
as follows by conjugating 0 < X <Y by X ~'/2, inverting, and conjugating back. Also

1 [ _q dt
VX:—/<MX+U)A— (X >0)
7 Jo Vit
Spectral calculus reduces this norm-convergent formula to the scalar integral. Since X (X +tI)~! =
I —t(X + tI)~!, inversion order shows that square root preserves order. This is the classical
Loewner—Heinz square-root monotonicity; see, for example, Kwong [16, Theorem 1 and Section 2].
The supported Hessian comparison below is derived from these order facts here.

For n > 0,
P+l <a(Q+nl), VP +nl <VayQ +nl.

If A< B, then Ly + R4 < Lp + Rp on Hilbert—Schmidt space: the difference has quadratic form
tr(X*(B — A)X) + tr(X*X(B — A)) > 0. Invert these positive operators to obtain

bpiqi(K) > a Pog i (K).

Let | 0. In an eigenbasis, every entry of K meeting the kernel of the corresponding limiting matrix
is zero. Thus Formula (3.4) gives precisely the supported costs on both sides of (3.5). O

Lemma 3.3 (Inserted Gram bound). For a linear map R : E — F and a Hermitian map L : F — F,
the matriz R*LR is supported on R*R, and

* 3 *
@mmngzmﬁ@mRy (3.6)

Proof. The insertion is Hermitian and annihilates ker R = ker(R*R). If R = 0, there is nothing to
prove. Otherwise let p; > 0 be the positive singular values of R, and let C' be the compression of L
to the corresponding left singular vectors. Then ||C/||op < ||L||op and

. 3
meRLM:§§:

27]

i
pi+ pj

Cis.



For z,y > 0, 22y%/(z +y) < (zy)*?/2 < (2® 4+ 3°)/4. Every row and column of C' has squared
Euclidean norm at most ||LH<2>p- Therefore

brer(R'LR) < 2> (p} + p))|Cyy* ZHLIIOprw
ivj
as required. O

We next show that averaging a Gram and its inserted direction can only decrease the corre-
sponding cost. No uniform lower bound on the positive eigenvalues is required.

Lemma 3.4 (Joint convexity under probability averages). Let (2,v) be a probability space and E
a fized subspace of a finite-dimensional complex Hilbert space. Suppose T,, > 0 and K, = K, are
measurable matrices, supp T, = E and K, is supported on T,, almost everywhere, and

L0 Tellop + 1Eollop) () < .

Then T = [T, dv has support E, [ K, dv is supported on T, and

K=
b (K / br, ( (w)- (3.7)

The right side may be infinite.

Proof. If E = {0}, all matrices and costs vanish. Otherwise restrict every matrix to E. For every
nonzero x € E, the positive quantity (T,,x, z) has positive integral, so T is positive definite on E.
All averages vanish on E-, proving the support assertions.

Put A, = VT, and A = [ A, dv. The integral exists by the stated integrability and Cauchy—
Schwarz. For every vector z, the vector-valued Cauchy—Schwarz inequality gives

| Az|? < /HAM:UW dv = (Tz,z).
Consequently A? < T, and square-root order, proved in Lemma 3.2, implies
VT > / VT, dv. (3.8)
For a positive definite selfadjoint operator M on a real Hilbert space, completing the square proves

(K,M7'K) = Sl)l(p{2<K, X) — (X,MX)}. (3.9)

Apply this identity on Hermitian matrices with real Hilbert—Schmidt inner product. The operators
L7 + R7 preserve that real space. By (3.8), for each Hermitian X the expression inside the
supremum for (T, K) is at most the average of the corresponding expressions for (7, K,,). Taking
the supremum and then bounding the supremum of an integral by the integral of the pointwise

suprema, gives
br(R) < [ b (K

Every inverse in this argument is taken on matrices acting on E; uniform invertibility over w was
never assumed. 0



3.2 Changes that alter the rank

The Hessian was defined on a fixed support, but switching matrix entries on or off can change that
support. The following first-derivative formula remains valid across such changes. It is a special
case of the gradient formula for unitarily invariant matrix functions [18, Theorem 3.1].

Lemma 3.5 (Rank changes and entrywise derivatives). For rectangular complex matrices R_, Ry
of the same size, set R(z) = (1 —2)R_ 4+ zR4 and D = Ry — R_. Then

O(RLR) - =3 / Re(R(2)\/R(2)"R(2), D)us dz. (3.10)
For every rectangular matriz R and every entry (i,7),
(RVER);| < lrow; Rllallcol; Rll>. (3.11)

Proof. For n > 0, Lemma 3.1 gives

%tr((R( )*R(2) +11)*?) = 3Re(R(2)\/R(2)*R(z) + nl, D)us

Spectral calculus implies ||[v/R*R+nl — VR*R|op < /7. The matrices R(z) stay bounded for
0 < z <1, so the derivatives converge uniformly as n | 0, and the endpoint energies converge.
Integrating first and passing to the limit proves (3.10).

For (3.11), Cauchy—Schwarz in the matrix product bounds the entry by the norm of row i of
R times the norm of column j of vV R*R. The latter column has squared norm (R*R);;, also the
squared norm of column j of R. O

3.3 The cyclic product

Return to the three maps W, and the row stars (3.1)—(3.2). The reason for combining the two
incident matrices is the following estimate: three inserted star costs control the entire cyclic product.

Lemma 3.6 (Mixed trace inequality). For Hermitian maps D, : H, — H,, put D, = max,||Dy||op-
Then

5 2
[tr(DoWo D1 W1 DaWs)| < 3D > b1, (RyDyRy). (3.12)
v=0

The constant is independent of the dimensions and no Gram is assumed invertible.

Proof. We put the three costs in one quadratic form, bound a cubic trace, and then recover the
complex phase of the cyclic product.

One quadratic form. On H = Hy® H; & Hs, define

0 Wo Wi
M = W{)k 0 W1 5 D:diag(Do,D1,D2).
Wy Wi 0

Both are Hermitian and ||D||op = Ds. If P, is the orthogonal projection onto H,, put A, = M P,M
and K, = M P,DM. After permuting blocks and extending by zero, these are respectively T, and
R;D,R,. The matrix K, is Hermitian because P, commutes with D. Moreover,

ker A, = ker(P,M) C ker K, 0< A, <M

10



Thus K, is supported on A, and on M?. Lemma 3.2 and the inequality >"2_, b(X,) > %b(zv Xv)
for a positive quadratic form give

1
£:=> br,(R;DyRy) > bye(K,) > ngz(MDM). (3.13)

A cubic trace estimate. Choose an orthonormal eigenbasis of M, with real eigenvalues m;
ordered so that g; = |m;| is nonincreasing. Ties are arbitrary. In that basis Formula (3.4) yields

445
£25Q. Q= )} Dyl (3.14)
,J:qi+q;>0 E

Any term with one zero g; is zero; pairs with both zero are omitted. Write

Ai=q|Dil*>, Ei=aqy gDy, A=Y A, E=) Ei
: 5

J>i

Hermitian symmetry and ¢; < ¢; for j > 4 imply

A G 2 A
Q==+2 Dy > =+ E. 3.15
372 L P2y (3.15)
qi+q;>0

Expand
tI‘((DM)S) = Z mimjmkDiijkai
i,k
and group triples by the multiplicity of their smallest index ¢. If it occurs once, its three cyclic
positions give
377% Z mjmkDiijkai.
Gk>i
The inner sum is *Ds;x for © = (m;Dj;)j>i, where D~; is the corresponding compression of D.
Since ||Dxillop < Dx, this contribution has modulus at most 3D, E;. The argument allows j = k
and retains the signs of the m;.
If the smallest index occurs twice, its contribution is

3m? Dy Y m|Dig|*.
k>i

By Cauchy-Schwarz and 3, |Dix|? = || De;||? < D2,

> mi|Dy|?

k>1

1/2
ém(Zﬁwmﬂ :

k>i

The contribution is therefore at most 3D,+/A; E;, also when ¢; = 0. Finally, if all three indices equal i,
the modulus is at most D, A;. These cases exhaust all triples. Summing and using Cauchy—Schwarz
gives

|tr((DM)?)| < D.(A+3E + 3V AE)

3.16
<D, (ZA + gE) < 5D, (‘;1 + E) < 5D.Q. (3.16)

11



Recovering the complex phase. Set 7 = tr(DyWoD1W;DyW5). Since M has zero diagonal
blocks, every nonzero closed three-step block product visits all three vertices. The three starting
vertices in one orientation give 7, by cyclicity of trace; the reverse orientation gives 7, because the
D, are Hermitian. Consequently

tr((DM)?) = 6 Re .

When 7 # 0, choose |z| = 1 so that z7 = |7| and replace Wy by zWj. This changes the stars by
Ry — Ry diag(zIHl,IHQ), Ri— Ry diag(IHz,EIHO),

and leaves Ry unchanged. These right multipliers are unitary; each conjugates the Gram and its
insertion by the same unitary. Thus £ and D, are unchanged. Apply (3.14) and (3.16) to the
modified matrices, with their own value of @), to obtain

67| < 5D,Q < 10D,E.
This is (3.12). The case 7 = 0 is immediate. O

In the applications a diagonal insertion may be complex. Write D,, = Dq(,o) + z'Dq()l) for its real
and imaginary diagonal parts, and put D, = max,||Dy|lop. Expanding gives eight products with
Hermitian diagonals, each bounded by Lemma 3.6. Both parts have operator norm at most D,, and
each of their six costs occurs four times in the sum. Thus

2 2 1
[tx(DoWo D1 Wi DaWa)| < =D S5 br (R;DYR,). (3.17)
v=0e=0

All directions appearing in this bound remain Hermitian.

4 Gaussian heat dissipation

We use Gaussian weights to turn the matrix costs of the preceding section into derivatives of an
energy. Integration over a plane of Gaussian centers then gives two complementary estimates: strict
dissipation of the sum of the three star energies when the variances are comparable, and single-edge
dissipation for arbitrary positive variance rates. Both estimates are uniform in the matrix dimension.
We retain arbitrary positive rates in the differential identities, since both forms of dissipation will
be needed below. Continuous Gaussian telescoping for entangled forms also appears in Durcik [4,
Lemma 3 and Section 3.

Fix h > 0, an integer N > 0, and nodes u; = th, —IN <14 < N. The vertex index v is taken in
Z/3Z. For finite complex edge arrays A,(i,7), put

N 1/3
Ny = Z h2’Av(i7j)‘3
N

i:jzi
For centers p, € R and variances o, > 0, define

9o (t) = (2ma) V21D (i) = hge, (u; — Do),

Wy (i, §) = Av(i, )\ wo (D) wet1 ()
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Form the stars and their Grams as in (3.1)-(3.2), and set e, = ®(7},) = ®(5,). To distinguish the
two blocks of the star, write

Cv,v+1 = Wv; Cv,v—l = W:—la Rv = [Cv,v+1 Cv,’u—l}-

The diagonal Gaussian scores and the corresponding inserted Grams are

. Ui — * *
N, = diag; = b U, =RIN,R,,  Pow=CouNuCla (w#0),

v

Their quadratic costs are
‘/v = bTv (Uv)7 Y;J,w - bSv (Pv,w)7 Zv = BSU (Pv,v—l—h Pv,v—l)' (42)

All these insertions are supported on their respective Grams: an inserted Gram B* DB annihilates
ker B on both sides.
For d € R, equip the plane II; = {pp + p1 + p2 = d} with the measure

Hd?TdZ/ H(po,p1,d — po — p1) dpo dp1. (4.3)
Iy R2

Any pair of centers can be the free coordinates, since the changes between these charts have absolute
determinant one. Given positive rates & = (g, a1, 2), we evaluate the weights at o; = «;s and
write

Jo(d,s) = /H ey dmg, J(d,s) =Y "Ju(d,s), Sa=> o
d v %

The arrays remain fixed whenever a scale derivative is taken.

4.1 Differentiation and the plane identities

Lemma 4.1 (Heat identities). For fized finite arrays and arbitrary positive rates, the energies e,
are smooth in the centers and positive variances. For s > 0,

20se, = Z ozi@giev — ayVy — Z v Yo a0, (4.4)
i w#v
apv+1apuf1ev = Zy. (45)

The plane integrals are finite, continuously differentiable in s, and twice continuously differentiable
in d, with

2as<]v(d7 3) = Zaagjv(ch 3) - / (avvv + Z ava,w) dmg,
Iy

wv (4.6)

93 Ju(d,s) = | Z, dmg.
14
On compact positive scale intervals, the plane integrals of the absolute values of all derivatives used
here grow at most polynomially in |d|.

Proof. We first check that the possible kernels of the Grams cause no differentiability problem. Each
star has the form
R, = DrongDcob Rg = [Av A;—l]v

13



where both diagonal multipliers are positive and invertible. With the column parameters fixed,
ker R, is fixed, so T; has fixed support as the row parameters vary. With the row parameters
fixed, ran R, is fixed, so S, has fixed support as either or both column parameters vary. For
joint smoothness, factor a nonzero Rg as XY™ with X,Y of full column rank. Set X' = D, X,
Y' = D. Y, P = X" X' and Q' = Y*Y’. These last two matrices are positive definite and smooth,
and the nonzero eigenvalues of R, R} are those of Q''/2P'Q''/2. Consequently

ey = @(Qll/QP/Qll/Q)

is smooth. The rank-zero case is immediate.
For one Gaussian density w = hg,(u — p) and its score N = (u — p) /o,

Opw = Nw, 8510 = (N? — 67 Huw, 20,w = 8]%10.
With the columns fixed, T}, is linear in the row density, and hence
Op, Ty = U, 205, T, = 02, T,
The chain rule on its fixed support and Lemma 3.1 give
20y, €y = éﬁvev — V.

For a column vertex w # v, use S, instead. It is linear in that column density, has fixed support,
and satisfies 0,,5, = Py. Thus 205,e, = éﬁwev — Y, w. Taking the variance derivative along
0; = a;s proves (4.4). The two summands of S, = w105 11+ Cuw—1Cy 1 depend on different
column densities. Its mixed derivative in those two centers is zero; the Hessian term in the chain
rule is therefore exactly Z,, proving (4.5).

Before integrating these identities, we give the domination needed for differentiation under the
integral. Lemma 3.3 yields

Vi < %HNngpeva Y;),w < %HNngpem 2|Zv‘ < Yu,erl + va,vfl-

For the second inequality, apply the insertion bound to R}, padding N,, by zero on the other column
block. For any Hermitian B on the row space,

| tr(\/f)R:BRv)’ < ||3H0peva

because R,+/T, R} is positive and has trace e,. The corresponding estimate for a column insertion
follows by using S,. The Gaussian derivative formulas and the Hessian chain rule therefore bound
every first center derivative, pure second center derivative, mixed column derivative, and first scale
derivative used above by a polynomial in the centers times e,, locally uniformly in s > 0.

The energy itself satisfies

3/2
ev < (IIWollfs + 1Worlits) ™" < V2 (IIWollfis + 1Woa s - (4.7)

Since the node set is finite, each edge norm cubed is bounded by a Gaussian in its two endpoint
centers, locally uniformly for positive variances. On Iy, with |d| < D, each pair of distinct indices
1,7 satisfies

P+ 0} +p5 < A(p} +p3) + 3D

Thus the preceding bounds have integrable majorants in every plane chart, locally uniformly in
(d, s). Dominated convergence justifies all the asserted derivatives. To obtain polynomial growth in

14



d, use the two endpoints of each bounding Gaussian as free coordinates; the third center is d minus
their sum. Integrating a polynomial times that Gaussian leaves at most polynomial growth in |d|.
Constants in these differentiability arguments may depend on the fixed arrays, mesh, rates, and
compact scale interval, but do not enter the estimates below.

Choosing p; as the dependent coordinate gives, for each 4,

0, = [ 2 es dra
g

To obtain the mixed derivative, first choose p,11 dependent and differentiate once. Reparametrize
the resulting integral with p,_1 dependent and differentiate once more. This gives

92, = / Oy, Oy ireo dra= | Z, dma.
114 Iy

Integrating (4.4) proves the first identity in (4.6). These comparisons concern integrated derivatives;
no pointwise equality of pure and mixed center derivatives is asserted. O

4.2 Strict dissipation at comparable variances

The plane identities contain mixed terms Z, whose signs are not controlled. We bound them by
column costs and then compare those costs with the row cost at the neighboring vertex. The
resulting loss is v/2, small enough to leave strict dissipation for the variance ratios we use.

Lemma 4.2 (Plane dissipation). For fixed finite arrays and arbitrary positive rates,

20,J(d, s) < / > [~ + V2max{0, /2 - a}] Vi dra (4.8)

g =,

In particular, put X = 11/10. For each permutation of (1, A, \),

—0sJ(d,s) > c*/ Vi dmg,
Iy Zw: (4.9)

¢ = tmin{1 - 3v2, 2 —1v2} > 0.

Proof. We first prove the neighbor comparison
Vet + Yotw < V2V (4.10)

Write A = Wy, B =W} _;, and N = N,. The elementary inequality |Az + B2'||? < 2||Az|* +
2||BZ'||? gives
Tw < 2Q, Q = diag(A*A, B*B).

By Lemma 3.2, Vi, > 27'/2bo([A B]*N[A B]). In a block-preserving eigenbasis of @, the Hessian
cost is a sum of nonnegative squared entries. Discarding the off-diagonal blocks gives

bo([A BI*N[A B)) > ba- a(A*NA) + bp-5(B*NB).

Now A*A < Sy41 and B*B < Sy,—1; the respective insertions are P11, and Py_14. A second
use of Lemma 3.2, with comparison factor one, proves (4.10).

In (4.6), replace 2Z,, by its upper bound Y, y4+1 + Y, »—1 and sum over v. The two column costs
carrying the score at vertex w have common coefficient /2 — «a,,. If this coefficient is negative,
discard those terms; otherwise apply (4.10). This proves (4.8). For the specified rates, ¥, = 16/5,
and the two possible coefficients are —1+ (3/5)y/2 and —11/10+ (1/2)y/2. Both are negative, giving
(4.9). O
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4.3 Energy bounds and the single-edge case

The decrease in (4.9) controls the accumulated costs by an initial energy. We now bound that
energy uniformly once the Gaussian variances are no smaller than the mesh scale.

Lemma 4.3 (Initial energy). For all d € R and all variances o, > h?,

/ Wolds dma < Mnd, M —=1+/2/,
g

/H Zev d7rd<2\fMZn

d v

(4.11)

These bounds also hold with the original right-hand sides if any entries are replaced by entries of
smaller absolute value.

Proof. The Gaussian grid mass obeys

2h
Vi Py

Indeed, for u; > p + h compare the summand with the integral over the preceding interval of length
h; for u; < p — h, use the succeeding interval. These intervals are disjoint, and the at most two
remaining nodes contribute at most 2hsup g,. For o > h?, the right side is at most M. Weighted
Hoélder therefore gives

Z hgo(u; —p) < 1+ (4.12)

3/2
Wi = (Z |Av(i7j)’2wv(i)wv+l(j)) <MY A0, §)Pwo (i) wes (7).
i3 i,J

Use py, pu+1 as free coordinates on I1;. Each density integrates to h, proving the first estimate in
(4.11). Each edge occurs in two stars, so (4.7) proves the second. The same upper bounds decrease
when the entrywise absolute values decrease. O

For example, if h? < sg < s and the rates are a permutation of (1, A, \), these two lemmas

imply
- 2v2M
/ / E V, dmg ds < I(d,50) = J(d, 51) < V2 E nd. (4.13)
I Cx Cy

The first inequality retains the terminal energy, which is essential when arrays are changed at finitely
many scales.

For much more unequal variance rates, (4.8) does not guarantee that the summed star energy
decreases. A single edge nevertheless has no mixed term and retains exact dissipation. We state
that consequence separately.

Lemma 4.4 (Single-edge energy). Fiz v # w, retain the weighted block C' = C,,,, and delete the
other block of the star at v. For arbitrary positive rates, set

e, = (CCY), Viw = boxc(C*N,C), Yy w = boc-(CN,C™),

:// eic;wdpvdpw'
R2

The plane integrals of €3, ,,, Vi, and Y5, are independent of d. Moreover,
—205J3 4 // Vi + 0wYy ) dpy dpu. (4.14)
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If ne denotes the discrete L? norm of this edge’s unweighted array, then, whenever cu,so, cuyso > h?
and s1 > 8o,

S1
/ /AQ(av%fw + awYyy,) dpy dpy ds < 2Mnd. (4.15)
50

For the original two-block star, Yy < Yy,

Proof. The three integrands depend only on the two endpoint centers. Using these as free coordinates
proves independence of d. In the one-edge star the other column insertion is zero, so Z, = 0. After
permuting column blocks, its matrices are

R=[C 0], T = diag(C*C,0), U = diag(C*N,C,0), S=Cc.

The Hessian cost is unchanged by zero extension, so its row and column costs are exactly V7, and
V¢, Equation (4.6) now proves (4.14). Also €f ,, < [|C|[}g, so Lemma 4.3 gives J¢ ,(s0) < Mn}.

Integrate (4.14) and discard the nonnegative terminal energy to obtain (4.15). Finally CC* < S,
while CN,,C* is supported on CC*. Lemma 3.2 with factor one gives Y, ,, < Y7, O

5 Repeated masks and smooth annuli

The fixed-array dissipation from Section 4 controls smooth annuli as long as we also pay for changes
in the dual array. We now allow up to n disjoint intervals at every output point. The useful feature
of the jump estimate is its dependence on the dual norm: every mixed jump term contains that
norm twice. A rescaling will then turn the linear switch count into a square-root loss.

Define the odd windows and their scale integrals by

B0 = T, L0 = [ Ouehos k)0 6.1)

Proposition 5.1 (Smooth annuli with repeated choices). Let G, € C°(R?) be compler. At
each output pair (a,b), make a step choice of at most n > 1 disjoint radius intervals (g5, Rj) and
coefficients |5;| < 1. For

Kap(t) = Z /8j18j7Rj (t)
J

one has

2
|Ax(Go,G1,Ga)| < CVn T IGolls-

v=0

The constant is independent of the step partition, the menu of choices, and all endpoints.

5.1 The cost of the switches

Work first on the finite grid of Section 4. Make the stated interval and coefficient choices separately
for each pair (7, ) and put
Aj(i,5) = Ao(i7j)25@1{s§<s<R§}' (5.2)
¢

The sum runs through the list chosen at this particular index pair. Keep A;, As fixed. Choose a
compact positive scale interval [s_, s, ] containing all switch scales in its interior, and take h? < s_.
By disjointness,

A3 < Ao D)l DOIATT (6, 4) — A (0,5)] < 2nlAo(i, ). (5:3)

17



The sum is over the distinct switch scales, and one-sided values are used. Both inequalities hold for
complex coefficients, including simultaneous openings and closings.

Lemma 5.2 (Repeated-mask dissipation). Use the masked arrays above and variances o, = s,
where a is any permutation of (1,11/10,11/10). With n, denoting the norms of the original arrays,

/:+ /HO > Vedmeds < C <Z ny +n(ng + ng(n1 + ng))> : (5.4)

Proof. Between switch scales the arrays are fixed, so (4.9) applies. It remains to bound the energy
jumps. At a switch 7, freeze the weights and set 0A(4, j) = AJ"(i,5) — A5~ (4,5). Interpolate all
changed entries linearly. Their moduli stay bounded by |Ag| by convexity. For fixed centers and

(i,7) let

X* = Z ]Ag(i,m)\le(m), Y? = Z \Ao(m,j)ng(m),
m m
H? =" |Aa(m, i) [Pws(m), Q% =" |41 (G, m)|Pwaz(m).
m m
These quantities use the original arrays, and square roots are nonnegative. In Ry = [Wy W3],

the changing entry has row norm at most \/wo(2)(X + H), column norm at most /w1 (j)Y, and
derivative modulus v/wo(2)wi(j)|d0A(7, 7)|. The adjoint entry in Ry = [W; W{] instead has row and
column bounds /w1 (j)(Y + Q) and /wy(7)X. The star Ry is unchanged. Lemma 3.5 therefore
gives
Acol + [Aer| < CF wnliyun ()I6AG, )XY + HY +QX). (55)
i?j
The measure h~2wq(i)wi(j) dmg is a probability measure. Under it, pg,p; are independent
normals with means w;,u; and variances g, 01, while p» = —py — p1. Adding Gaussian variances
gives

Ewo(m) = hgaoy (um — u;),
Ewi(m) = hgoo, (um — u;),
Ews(m) = hgoy+o1+0s (Um + Ui + uj).

Extend all arrays by zero to Z2. Lemma 2.2 bounds EX?2, EY2 EH? EQ? by constant multiples of,
respectively,

X2(i,7) = Mz(| Ao, )[*) (9), Y2(i,5) = Mz(| Ao, 5)[) (0),
All these majorants are independent of the switch scale. Cauchy—Schwarz under the probability
measure controls the three products in (5.5). Their square-root majorants have L3(Z?, h?) norms at
most C'ng, Cngy, Cna, Cnq. This follows from the L3/2 line maximal inequality, applied on slices; the

changes j — —i — j or i — —i — j are bijections on the relevant slices.
Integrate (5.5), sum the jumps using (5.3), and apply Holder on the grid. The result is

>

T

< On(ng + ng(n1 +n2)).

A J,(0,7)
v
Finally integrate (4.9) between consecutive switches. The resulting sum is bounded by the initial

energy plus the sum of absolute jumps, after discarding the nonnegative terminal energy. Lemma 4.3
bounds the initial energy by C'3", n3. This proves (5.4). O
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5.2 From the energy to the smooth kernel

Proof of Proposition 5.1. Put A = 11/10 and use base variances As at all vertices. In Lemma 3.6,
insert the diagonal matrix with entries kgs(u; — py)/grs(u; — py) at vertex v. It is Hermitian and
uniformly bounded: the polynomial factor in kg is absorbed by the extra Gaussian decay relative to
9rs-

For the cost at vertex v, narrow just its row variance to s. Write T for the base Gram and T
for the narrowed-row Gram. Directly from the densities,

(RP)*D R = \/sU®, T < VATP.

Invertible row scaling preserves the support. Lemma 3.2 therefore bounds the base cost by C'sV.
The narrowed variances are one of the permutations allowed in Lemma 5.2.

Integrate the mixed trace inequality over base centers in IIy and over s with measure ds/s.
Its right side is bounded by (5.4). On the left, the density at each vertex is now hks(u; — py).
Integration over the center plane convolves the three windows, giving

hSZAo(i,j)Al(j, 1)As(l, 1) Z BI&‘yR(Ui + u; + ).

1,5, chosen at (7,5)

All signed integrals here are absolutely convergent for fixed arrays on the compact positive scale
interval.

If the original norms are nonzero, apply this bound to arrays normalized to have norms n~/2,1, 1.
Its right side is bounded by an absolute constant, since n(n_3/ 2+ 2n71) is bounded. Rescaling gives
Cy/n[[, ny. The zero-norm case is immediate. The Riemann passage described in Section 2 now
proves the proposition. The finitely many endpoints are fixed before the mesh tends to zero, so its
scale restriction causes no loss. O

5.3 The hard endpoint errors

The smooth annuli differ from the hard Hilbert annuli by a difference of two localized odd kernels.
We record the exact identity because the next two sections must estimate their sum, rather than
pay a constant separately for each of the up to 2n endpoints.

Put

W =kyxkyxky = —gy P(v)—2/ovw(z)dz (v >0), co = P(00) = 244(0) # 0.

The function P has a smooth even extension and vanishes to second order at zero. For p > 0 define

_ P(t/p) = colqy>py

Ex(t) t ,

(5.6)

with the continuous value zero at ¢ = 0. Gaussian scaling and the substitution z = |t|//s in (5.1)
yield, away from endpoint values,
_ P(tl/e) = P(t|/R) _ <

IE,R(t) - t = ?1{a<\t|<R} + Es(t) - ER(t)- (5'7)

Here k; = —gj, so convolution gives ¢ = —g4'; integrating this derivative gives the stated value of

co. Each E, is an odd dilate of a kernel with Gaussian decay and two jumps. The next section
proves a frequency-block estimate that can accommodate many such jumps without a linear loss in
their number.
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6 A uniform frequency-block estimate

The rough kernels arising from hard truncation will be decomposed into frequency blocks. The
estimate in this section permits their coefficients to depend on the output point and on frequency.
Its decisive hypothesis is a pointwise square-sum bound over scales and frequencies; no sum of
frequency suprema is required.

Fix ¢ > 0, let D > 1, and let Zp be a measurable subset of [—2D,2D], equipped with the
measure dy(§) = d¢/D. Thus v(Ep) < 4. Define

d
=D'—
le(2) pp

The parameters ¢, D are suppressed in this notation. Constants below may depend on ¢, but not on
D.

(9a(2)6),  He=lexbenle. (6.1)

Proposition 6.1 (Frequency-block estimate). Let T C Z be finite and nonempty, and set Ly, = 2F.
Let Ag, A1, Ag be finite arrays on the lattice u; = ih, with the norms n, defined in the heat-flow
preliminaries. Suppose that measurable coefficients p;j : Ep — C satisfy

pas @< C Y [ na©F dy© < ¢ (62)
kez ”=D
for every output index pair (i,7), with the first inequality holding almost everywhere. If

: 2
) _ qminger I}

B2 < LTRET T
- 16D2

(6.3)

then

2
hg/_ SN Ao, §)ir(§)Ar(5,1) Aa(l,7) Dily, He(u; + uj + wg) dy(€)] < C(g, C1) [] nw- (6.4)
ED ket il v=0

There are two reasons for refining one Gaussian variance in the proof. First, a window oscillating
at frequency D becomes an average of score insertions at variance comparable to D~2s. Second, the
boundary energy produced by changing the output array can still be estimated uniformly at this
small variance. More precisely, the refined row scores will be controlled by the heat identity through
single-edge energies and the changes of star energy at slab boundaries. Such a change contains the
square of the changing edge norm times the norm of the unchanged edge. We isolate a uniform
estimate for that mixed term before beginning the main proof.

Lemma 6.2 (A uniform mixed boundary estimate). Fiz distinct vertices v,w € {0,1}, so that
{v,w} = {0,1}. Let the edge joining v,w have array B, indexed in the original endpoint order
(0,1), and let the edge joining v,2 have array E, indexed in the order (v,2). Use variances
(00, 0uw,02) = (05,5, 5), where 0 < 0 < 1/16 and h* < 0s. Write dvs(d) = g(1_g)s(d) dd. There is a
nonnegative array Hg(i,j), independent of s,0, such that

L 1Calfisl Cualls dma dvi(d) < € 30 R21B(.5) M i) (65)
d i,j

1/3 1/3
(Z hmE(i,j)?’) <C (Z h2|E(m,l)|3) . (6.6)
1,7 m,l

Here (i,7) are always in the original order of the endpoints of edge 0; iy,1i, denote the same two

indices in the order (v,w). The input arrays B, E are extended by zero to 72,
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Proof. Expand the square of the first Hilbert—Schmidt norm. For each pair (i, j), the measure
B 2wy (i ) Wi (i) dmrg dvg(d)

is a probability measure. Indeed, with p,,p, as the free coordinates on Il;, it makes p,, pw,d
independent normal variables with respective means u;,,u;,,0 and variances 0s,s, (1 — 0)s. The
remaining center is po = d — py, — Pow-

Under this probability measure, the expectation of h™2w,(m)ws(l) is a bivariate Gaussian
density, evaluated at (u;,,u;). Its mean is (u;,, —u;, — u;, ), and its covariance matrix is

20 —46
s\_g 5/

Call this covariance matrix . The bounds ¥ < 4sdiag(f,1) and det X = (6 — 0)s? show, directly
from the Gaussian density formula, that

Elw, (m)ws(1)] < Ch®gergs(um — i, )gors (wr +us, +us,,), (6.7)

where C' is absolute and one may take C' = 4.
Let Mél) and Mg) be the discrete line maximal operators in the two coordinates. By Lemma 2.2,

we can take . )
(i, §)? = C(MPYMP|EP) (iy, —iy — iw). (6.8)

In fact, (6.7) and h? < @s show that E||Cy 2|/} < HE(i,j)?. Cauchy-Schwarz under this probability
measure now proves (6.5). The map (i, ) + (i, —iy — iy) is a bijection of Z2. The £3/2 bounds for
the two line maximal operators, applied to |E|?, prove (6.6). O

Proof of Proposition 6.1. We may discard a common null set of frequencies so that all pointwise
bounds in (6.2) hold. Set

1

B (i,5) = Aoli, g (), ax = gL,
For each &, use Bg . on the open slab 2a;, < s < 3ag, and use the zero array on edge 0 outside these
slabs. The slabs are pairwise disjoint because ar;1 = 4ag. The other two arrays remain Aj, Ao
throughout. All scale integrals below are over

_ = [mi 4 .
[s—5+] = [min ax, 4 max ]
The mesh hypothesis gives h? < fs on this entire interval.

We first turn the oscillatory windows into refined row scores. We then bound the integrated row
scores by telescoping the star energies, using Lemma 6.2 at every slab boundary.

Refining a row variance. Fix a slab, put L = Ly, a = ag, and w = {/L. The window at each
vertex is

fea(w) = Dily () = 1+ (gul

Initially give all three vertices the variance s. The diagonal insertion with entries fe i (w; —pv)/gs(ui —
pv) has operator norm at most C(q), uniformly on 2a < s < 3a. Indeed, |Lw/D| < 2, and the
remaining factor is bounded using Gaussian decay in g,/gs. Split this diagonal into its real and

u)e™™). (6.10)
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imaginary parts before applying Lemma 3.6. The resulting eight terms involve only Hermitian
insertions of uniformly bounded norm.

Consider the cost belonging to the row star R,. Replace its row variance s by v/ = fs, leave
both column variances equal to s, and shift the row center from p, to p, + d. Denote the refined
Gram and score insertion by 7¢ and U¢. Addition of Gaussian variances gives

T, = / T4 duy(d),  dus(d) = gs_y(d) dd. (6.11)
R

All these Grams have a common support: changing a strictly positive row density amounts to
invertible row scaling and leaves the kernel of the row matrix unchanged.

To represent the inserted Gram in the same way, put w’ = aw/(a—1b"). Since b’ < a/2, completing
the square gives the exact identity

w2ab/

ga(u)eiwu = eXp <2(a—b’)

) /Rgb/ (u— d)e™ g,y (d) dd. (6.12)
The exponential prefactor is at most C(q), because w?b’ < C(q). Also

ga—b’(d) < Cgs—b’(d)’ < C(Q)\/%

Sl

Differentiate (6.12) in u. The derivative of the first Gaussian supplies the negative refined row score
—(u—d)/V. Consequently, for either the real or the imaginary diagonal insertion, its inserted Gram
K, has the form

K, —/ d)US dv,(d), a(d) =Rec(d) or Ime(d),

where the scalar coefficient is explicitly

L wQab/ io'dd —b’(d)
d) = = L w iw dai‘
d)=-p eXp<2(a - b’)) )

The preceding bounds give |a(d)| < C(q)Vfs. The averaged matrices are integrable, since the
finite-array Gaussian weights dominate the polynomial score factors. By (6.11), Lemma 3.4, and
the quadratic homogeneity of by in its second argument,

b, (K,) < C(q)es/Rm(pO, et d,. . pa;s) dus(d). (6.13)
The cost on the right uses variances
oy = 0s, ow =5 (w#v). (6.14)

Thus the factor 6 in the refined score is gained at exactly the scale needed to accommodate the
oscillation.

Integrated refined scores. Fix v and use (6.14) for the rest of this part of the proof. All stars,
energies, and costs refer to the slab-dependent edge 0 just defined. Dependence on £ is suppressed
until frequency integration is needed. For a center-dependent cost (), write

_ / Qp,s) drg dvs(d),  Jo(s) = / To(d, s) dvs(d).
R JII4 R
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On each open interval where the arrays are fixed, the heat identities (4.6) give

205Jy =3Zy —OVy — > Yy (6.15)
w#v

Here the coefficient 3 has a useful interpretation. The original plane second derivative has coefficient
2 + 0. Differentiating v, applying its heat equation, and integrating twice by parts adds 1 — 6. The
second heat identity identifies the averaged plane second derivative with Zy.

For fixed arrays on a compact positive scale interval, Lemma 4.1 bounds the plane integrals of
the energies, costs, and relevant absolute derivatives by polynomials in |d|. The density v, and its
derivatives have Gaussian decay. These bounds justify differentiation under the integral and the
two integrations by parts in d, and give the required one-sided limits at slab boundaries. Their
constants may depend on the mesh and 6; they justify the identities and do not enter the estimates.

The metric Cauchy—Schwarz inequality gives 22, <}, 4, Y. Hence

0V, < —20,J, + = ZYW (6.16)
w;év

The column costs in this inequality can be paid for by individual edges. Indeed, Sy > CyCy ),
the order comparison of Lemma 3.2 yields

Youw < 00,05, (CowNuwCy ) =Y (6.17)

v,w

The inserted matrix is supported on the single-edge Gram, so this comparison also applies if the
larger star Gram has a larger support. Define the integrated single-edge energy

= // O (CywCy ) dpy dpy.
R2 ’

The integral of Y7, over Iy is independent of d, because only the two endpoint centers occur. With
just this edge present, the heat identities give

—20sJ // s) dp, dpy. (6.18)

The coefficient of this column cost is 1; the remaining row cost is nonnegative. Thus the estimate is
independent of the small variance ratio 6.

If the edge is unchanged throughout [s_, s ], integration of (6.18) and Lemma 4.4 bound its
total cost by C(n$ +n3). If it is edge 0, apply the same argument separately on its slabs. The result

is bounded by
ISR
kET .5

After integration in ¢, this is at most C(C7)ng, since
S L BEGP dr< Q)P S [ sl dr < Rl (619
k Y=D

We have therefore controlled all column terms in (6.16). The remaining issue is the boundary energy
of the stars.
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Summing the slab boundaries. Before the first slab, edge 0 is zero. By Lemma 4.3, jv(s_) <
C(n$ +n3). The star at vertex 2 has no jumps. For v € {0, 1}, let w be the other vertex of edge 0.
At either boundary of a slab, write Csy = Cl,,, for the slab-side weighted block and Cgy = C, 2 for
the unchanged weighted block. The absolute change in the pointwise star energy is at most

C([ICswllfis + | Cowllfis || Caxlls) - (6.20)

To verify this bound, integrate the derivative of ®(CqxCf, + tCswCs,) for 0 < t < 1. Its support is
fixed there, and the derivative is
3

5 tr((cﬁxch + tCSWCS*W)l/QCSWC:W)

3
< 5 (IChxllns + (| Cowllas) | Cowllfrs-

Continuity gives the endpoint at ¢t = 0. Removing the edge has the same absolute change as adding
it.

The integrated cubic term in (6.20) is bounded by the cube of the norm of Bak, by Lemma 4.3.
Summing both boundaries of every slab and using (6.19) gives C(C1)n} after frequency integration.

For the mixed term, let A(“2) be the fixed unweighted array on the edge joining v, 2, indexed in
that order. Apply Lemma 6.2 with this array and denote its majorant by H,. It is independent of
k,&, s, and its cube norm is at most C(ny 4+ ng). Both boundaries together consequently contribute
at most a constant times

SR Ai PRGN Y [ lse©)F
,] k V=D
< C(Cr)nj(n1 + no),

by (6.2) and Holder’s inequality. This is the point at which averaging coefficient squares over
frequency is essential. Taking a separate supremum in frequency for each scale would not give this
bound.

Integrate (6.16) on the intervals between consecutive boundaries and telescope. The final energy
is nonnegative and may be discarded. The initial energy and the absolute jumps just estimated,
together with the single-edge costs, give

/: /s+ 0V, (s) ds dy(€) < O(Cr) szn? (6.21)
=p JS— j:o

Here we absorbed n3(n;i + ng) by Young’s inequality. Values at the finitely many boundaries are
immaterial. All integrands are measurable in &: the arrays are measurable, and the finite-matrix
energies and supported quadratic forms are Borel functions of their entries. The latter can also be
obtained as limits of positive-definite regularizations. Thus every nonnegative frequency integration
above is justified by Tonelli’s Theorem, without any regularity assumption on the coefficient functions
beyond measurability.

Recovering the frequency-block form. Return to the equal-variance stars and apply Lemma 3.6
to the real and imaginary parts of the three window insertions. Integrate the bound over base
centers on Ily. Shifting the row center in (6.13) maps this plane to I1;; using the two column centers
as free coordinates shows that its Jacobian is 1. The integrated cost at vertex v is therefore at
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most C(q)0sV,(s). Integrate over every slab with ds/s, and then over Ep with dy. The sum of the
resulting bounds is controlled by (6.21).

On the other side, multiplying the three weighted windows in the trace and integrating the
centers gives exactly

W* > B§ (i) A1 (5, 1) Az (L, 4) Dil, He(u; +uj + up).
il

This is the convolution identity on Ily: the three arguments of the windows sum to w; + u; + ;.
The expression is independent of s within its slab, whose logarithmic length is f23;1: ds/s =1log(3/2).
All signed center integrations are absolutely convergent by Gaussian decay. We have proved (6.4)
with its right side replaced by C(q,C1) 3>, no.

Finally, if all n,, are nonzero, apply this estimate to A, /n,. The coefficients and mesh hypothesis
are unchanged, and trilinearity gives the product bound claimed in the Proposition. If any norm is
zero, the form is zero. O

Corollary 6.3 (Continuous frequency-block estimate). Let q, D,Ep,Z be as in Proposition 6.1.
Suppose that g p 1 (§) is constant in (a,b) on every cell of one finite rectangular partition, independent
of & and common to all k. Suppose its values on these cells are bounded measurable functions of &,
and that

a1 <1 3 [ I ©F dr(€) < CR (622
L V=D

Define
Kaslt) = [ 3 ass(€) Dile, He(t) dr(€), (6:23)

=D keI

Then, for complex G, € L3(R?),
2
[Ak(Go, G1,G2)| < C(g,C1) [T 1Golls- (6.24)
v=0

Proof. First take smooth compactly supported G,. Within any fixed step choice, the kernel in (6.23)
is continuous in ¢: the frequency block is bounded, the coefficients are bounded and measurable, and
the Gaussian formulas supply a common majorant for dominated convergence. After performing
the frequency integration, the trilinear integral is therefore the limit of its lattice Riemann sums.
The finitely many rectangular step boundaries have measure zero. The mesh condition (6.3) holds
for all sufficiently fine lattices, and the discrete norms converge to |G, ||3. Proposition 6.1 proves
(6.24) for these inputs.

To pass to general L3 inputs, note that for the fixed finite block and scale set there is an integrable
majorant k. (t) with |KCqp(t)| < ki (t), uniformly in (a,b). One may take a constant times the finite
sum of the dilates of supgcz, |He|, which has Gaussian decay. For every integrable nonnegative k,

// Go(a, )G (b, €)Ga(c, a)lk(a + b+ c) da db de < [[k] [T Golls.

Indeed, set t = a + b+ ¢, apply Holder’s inequality in (a, b) for fixed ¢, and use the determinant-one
changes of variables for the other two edge functions. Thus the defining integral is absolutely
convergent and continuous in the three L? inputs. Smooth approximation completes the proof. The
final constant comes from the Proposition and remains independent of D, the number of scales, and
the particular step choices. O
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7 Rough kernels and the annular endpoint errors

The comparison (5.7) leaves one error kernel at each annular endpoint. Estimating these kernels
separately would cost the number of endpoints. We instead collect endpoints at comparable scales.
Disjointness of the annuli gives a Gaussian bound for each resulting kernel, independent of the
number of its discontinuities. The frequency estimate from the preceding section then controls the
groups with few discontinuities; the remaining groups are few enough to estimate pointwise.

7.1 A pointwise Gaussian estimate

For a locally integrable function on R?, let M, and M, denote the centered Hardy-Littlewood
maximal operators in the first and second coordinates. For F,G € L3(R?), put

2/5 2/5
Mrg(a,y) = (Mo(|FP/2) ()" (M, (1GP) ()" (7.1)
The one-dimensional maximal inequality on L%/°, followed by Hélder’s inequality on R2, gives
[IMrgcllse < ClIF(3]Glls. (7.2)

Lemma 7.1 (Gaussian envelope). Suppose that ¢ > 0 and that a measurable kernel f satisfies
1£(2)| < e " w(z), where w > 0 and ||w||5 < 8. Then, for every L > 0,

[ 1F @+ t9)Gay -+ )] Dil £(0)] dt < Cub Mig(a,y) (73)

at every point where the right side is finite. In particular, a bound |f(z)| < Ae—c* gives (7.3) with
C.0 replaced by C.A.

Proof. After setting t = Lz, apply Holder’s inequality with exponents 5/2,5/2,5 to
[F(a+ Lzy)le™™ 2 |Glay+La)le™ % w(z).

The first resulting integral is [ |F(z + Lz, y)|?/2e=5¢=*/4 dz. Splitting R into |2| < 1 and 2/ < |z| <
271 hounds it by CoM,(|F|*/?)(z,y), uniformly in L. The second integral has the corresponding
bound with G and M,. This proves the first assertion. For the last assertion, retain half the
Gaussian decay in w, whose L® norm is then at most C,A. O

We will use this estimate inside the triangular form. Recall that G1(b,c) = F(b+ ¢,—b) and
Gy(c,a) = G(—a,c+ a), and that these changes of coordinates preserve the L? norms. With
t = a+ b+ ¢, the absolute value of the c-integral is bounded by C.d Mp g(—a,—b). Consequently,
integrating against |Go(a, b)| costs at most C.6 [T2_, [|Gy||3. The kernel, its dilation, and its envelope
may depend on (a,b): the same assertion holds whenever the bound for ¢ is uniform.

7.2 Families with a controlled number of jumps

The next proposition turns the frequency estimate into an estimate for piecewise smooth kernels.
The pointwise bound on the number of jumps at one scale and the bound on their total number
play different roles: they will give, respectively, the uniform bound and the square-sum bound for
the frequency coefficients.
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Proposition 7.2 (Rough kernel families). Fix A > 1 and ¢ > 0. Let n > 1, and let T C Z be finite.
ForkeT, let Kopp: R — C and mgpy € {0,1,2,...} be finite-valued step choices in (a,b), with
Kopr =0 whenever mgyp . = 0. When mgp i > 1, suppose that K,y is C' outside a set of at most
Amygp 1 points and that, outside that set,

2

|Kapi(2)] + K pp(2)| < Ae™. (7.4)
Assume also that
/ ZeKa,b,k(Z) dz=0 (£=0,1,2), Z Mapp < An, mgpr < Avn. (7.5)
R kel

For

’Ca,b(t) = Z Dilyk Ka,b,k(t)a
kel

and smooth compactly supported Go, Gy, G2, one has

2
[Ak(Go, G1,G2)| < Caev/nlog(2+n) ] Golls- (7.6)
v=0

Proof. We first obtain Fourier estimates for a single kernel K = K, ; write m = mqp . All
constants below depend only on A, ¢. There is nothing to prove for m = 0, so suppose that m > 1.

A Gaussian-weighted primitive. We seek a representation K = (g, f)"” for a suitable fixed
q: the Fourier modes of f then produce exactly the differentiated Gaussian windows controlled by
Corollary 6.3. Define

1 z
U(z) = = / (2 — w)?K (u) du.
2 J)-
The three moment conditions imply, for j = 0,1, 2,

1
2-))
Use the defining integral when z < 0 and this tail integral when z > 0. Gaussian tail estimates
give [UU)(2)| < Ce=* for j = 0,1,2, with ¢; > 0 fixed. Moreover, U"” = K as a weak derivative.
Choose g > 0 sufficiently large, depending only on A, ¢, and put

_ U(z)
93q(2)

U0 (z) = — / Tz —w)? K () du.

The quotient and product rules, with a slight reduction in the Gaussian exponent, give
fOE)| <0 (0<j<3). (7.7)

Here and below derivatives of order three are weak derivatives, or their almost-everywhere represen-
tatives. The functions f, f/, f” are continuous. Between the exceptional points, the same calculation
using K’ bounds the classical derivative of f” by Ce=¢2%". Its jumps are bounded by C, and there
are at most Am of them. Thus, for 0 < j < 3,

/DN <C,  Var(f9) < Cm. (7.8)

The same bounds hold with zero right sides when m = 0.

27



Fourier bounds. Use the normalization f(¢) = (27)~! [ f(2)e %7 dz. Let

21 =A{¢: gl <2},

[1]

p={¢:D<|¢(|<2D} (D=248,...).

We claim that o
~ m
ID?f(&)]? dE < —. (7.9)
D

~ Cm
swp [D°f(o1 < 5
§€ED D = D

For D > 2, the distributional derivative of f” is a finite measure of total variation at most C'm.
Taking its Fourier transform gives |£[*|f(£)] < Cm, proving the first bound. For the second, the
translation inequality for functions of bounded variation gives

_ Cm
1F(-+D71) = fh < —-
D
Indeed, integrate the absolute derivative measure over each traversed interval and apply Fubini’s
theorem. By the uniform supremum bound in (7.8), the squared L? norm of this difference is also

at most Cm/D. Plancherel’s identity and fA’”(g) = (i€)3 f(€¢) now yield the second bound, since
/P — 1] > 2sin(1/2) on Ep. When D = 1, both assertions follow from (7.7) and m > 1.

A finite frequency cutoff. Choose y € C2°(R) supported on [—2,2] and equal to one on [—1, 1],
and set

Po=@2+n) [ =FEOXE/P),  K.=(gef)"
We show that this replacement has a summable pointwise error. Let n be the Schwartz convolution
kernel of the multiplier y, normalized so that [ =1, and let np, (z) = Pn(Psz). For 0 < j < 3,

f*(j ) — fU) s np_. The translation inequality gives

179 = 590 < Var(s9) [ fullnp. ()] du < S

Their supremum norms are uniformly bounded, by (7.8) and the L' norm of 5. Interpolation
therefore gives

159D — f9)5 < C(m/ P>,

Since every derivative of g3, is bounded by a constant times a slightly wider Gaussian, the product
rule shows that ,
K (2) = Ko(2)| < e w(z),  [lwlls < C(m/P)"?, (7.10)

for a nonnegative w. This calculation also holds for weak derivatives, so no additional terms occur
at the jumps of K.

Apply this construction separately to every Ko px. By (7.5), (mapr/Pi)'/® < C/n whenever
Map i 7 0, and at each (a,b) there are at most An such indices. Lemma 7.1 bounds the sum of all
replacement errors pointwise by CMpg(—a, —b) after integration in ¢. Their contribution to Ag is
consequently at most C'T], ||Gy||s-

Applying the frequency estimate. It remains to estimate the kernels K,. For each dyadic D
use the kernels from Corollary 6.3, namely

1 d £z
le(2) = D' (gq(2)e™"),  He = lexlex L.
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Gaussian convolution and modulation give
(93q(2)e’™*)" = D*Hg(2).

For the block Zp, the contribution to Ky 1 « is therefore

/ capi(OHe(2) A€, capil€) = D*Fupi(E)x(E/Py).

=D

Set pig b k(&) = Deapr(§)/v/n. The two estimates in (7.9) give precisely

Cmgp i o d€ Ma bk
el < L <00 3 [ naaa©P <03t <C
All transformations were applied separately to finitely many kernel values. The coefficients jiq 4
therefore remain step choices on a common finite rectangular refinement of the original partitions.
The block kernel is \/n [z ta,bk(§)He d€/D. Thus Corollary 6.3, with measure d¢/D, bounds this
block by Cv/n[l, ||Gv|l3. Only O(log(2 + n)) blocks meet the support of the cutoff. Summing their
bounds and adding the replacement error proves (7.6). O

7.3 Removing the first moment of an odd kernel

The endpoint kernels are odd but need not have vanishing first moment. A short dilation identity
reduces them to the preceding proposition.

Corollary 7.3 (Odd kernel families). Proposition 7.2 remains valid if the three moment conditions
in (7.5) are replaced by the assumption that every Koy is odd almost everywhere.

Proof. Choose a real, smooth, compactly supported odd function ¢ with [ z¢(z) dz = 1. Put

Ugbk = /ZKa7b7k(Z) dz.

These coefficients are uniformly bounded and vanish when mg = 0. The kernels K p p — g p k@
satisfy all three moment conditions and the other hypotheses of Proposition 7.2, with enlarged fixed
constants and unchanged counts. It remains to bound the subtracted terms.
Define ¥ = ¢ — 27! Dily . Oddness gives its zeroth and second moments, and its first moment

is 1 —271.2 = 0. For every integer J > 1,

J-1

Dilyr ¢ = > 277 Dilyess ¥ + 277 Dilyris .

j=0
For each fixed j, apply Proposition 7.2 to the shifted scales k + j with kernels u, ¥ and the
same shifted counts m, ;1. The constants are independent of j, and the outer coefficients 277 are
summable. The remainder contributes at most C2-7/n ], ||Gy||3 by Lemma 7.1, since there are at
most An nonzero counts at any output point. Letting J — oo proves the claim. 0

7.4 Grouping the endpoint errors

We now verify that the errors in (5.7) have the structure just proved. Recall

_ P(t/p) = colqy>py

Ey(t) t ,

P =2 [ v du =g,

We take the continuous extension at t = 0; values at the jump points do not affect any integral.
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Proposition 7.4 (Endpoint errors). At each (a,b), choose at most n pairwise disjoint open radius
intervals (e, R;) with 0 < e; < R; < 00, and complex coefficients §; with |3;| < 1. Suppose that
these choices form a finite-valued step function of (a,b). Then the kernel

£0i(t) = 3 B3 (-, (1) — B, ()

satisfies ,
[Ae(Go, G, Ga)| < Cy/nlog(2+n) [ ] IGoll (7.11)
v=0
for smooth compactly supported inputs.
Proof. Place each endpoint p in the unique half-open dyadic interval [Ly,2Lz), where L; = 2F.

Let mgp , count these endpoints, with multiplicity, and collect their contributions into Dily, Kqp k-
Thus K1 is a linear combination of

en(z) = P(|z]/a) - 601{|z\>a}7

with coefficient 8; at a lower endpoint and —/3; at its upper endpoint. Every kernel is odd, its
possible jump points are the +«, and

1<a<?, (7.12)
z

> mapr < 2n. (7.13)
k

The important assertion is the uniform bound
2
| Kapk(2)| + Ko pi(2)] < Cem (7.14)

away from at most 2myp , points, with constants independent of mg k. Fix (a,b) and k. Pair the
two endpoints of every annulus whose endpoints both lie in [Ly,2Ly). After scaling, its contribution
is Bj(ea; — ey;) with 1 < a; <5 < 2. The intervals (ay,~;) are disjoint, so

D () <1 (7.15)

There are at most two unpaired endpoint contributions. Their intervals must satisfy, respectively,
g; < L < Rj < 2Ly, or L, < g; < 2L < Rj.

Disjointness allows at most one interval of each type. An interval with €; < Lj and R; > 2L}, has
no endpoint in this group. Figure 1 illustrates the decomposition.

For |z| < 3, first consider the smooth term s,(z) = P(|z|/«)/z in (7.12). The function P has a
smooth even extension and vanishes quadratically at zero. Hence s, extends smoothly across z = 0,
and

sup (|0asa(2)| + 0:0a34(2)]) < o0.
|2|<3
1<a<2
The fundamental theorem of calculus in «, followed by (7.15), bounds the sum of the paired smooth
terms and their z-derivatives independently of their number. For the hard terms, the paired
difference is

o
= (Liz>a) = L{jzf>a,3)-
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one unpaired paired endpoints one unpaired

!
|
T
|
!

Iy 2Ly

Figure 1: Endpoint grouping inside one dyadic interval. Intervals with both endpoints in the group
contribute differences; their total length is at most Lg. Only intervals reaching a boundary of the
dyadic interval can leave unpaired endpoints. The picture is schematic.

Away from endpoints, at most one such difference is nonzero at any fixed |z|, because the intervals
(cj,7;) are disjoint. On its support |z| > 1, so its size and its classical derivative are uniformly
bounded. The at most two unpaired terms have the same bounds on this compact range.

For |z| > 3, all indicators in (7.12) equal one, and

P(|z]/a) = co = —245(]2| /).

Consequently en, d.€q, Oneq, and 0,0,e, are bounded by Ce_czz, uniformly for 1 < a < 2. The
paired-length estimate and the two unpaired contributions prove the same bound for their sum.
Combining the compact and tail estimates proves (7.14).

We finish by separating the groups according to their counts. At each output point, (7.13)
implies that there are at most 2y/n indices with mp 5 > +/n. The uniform Gaussian bound (7.14)
and Lemma 7.1 bound all these groups together, after integration in ¢, by Cy/nMpq(—a,—b).
Their trilinear contribution is at most C'v/nI], ||Gy||3-

Set the kernels and counts of those groups to zero. The remaining family satisfies (7.4), has
odd kernels, and has counts satisfying >, mgpxr < 2n and mgp, < y/n. Corollary 7.3 applies and
proves (7.11). Every grouping and deletion is made at the output point, so the proof imposes no
common choice of endpoints or dyadic groups at different output points. ]

8 From the count estimate to full variation

We now assemble the smooth estimate and the endpoint estimate, remove the restrictions on choices
and inputs, and sum the count bounds to obtain the full variation. No selection of a common
partition for different output points is made in this argument.

Proof of Theorem 1.2. First let F,G € C°(R?), use the pair maps (2.2), and take Gy € C°(R?).
For step choices of disjoint annuli and coefficients, the identity (5.7) writes the hard linearization,
multiplied by ¢y # 0, as its smooth linearization minus its endpoint errors. Propositions 5.1 and 7.4
therefore give

ileo <14 c )
///Go(a,b)Gl(b,c)Gg(c,a)Z/B] {;1‘ ;rl_’:CKRJ}dadbdc < Cymlog2+n) [ 1G]l (8.1)
i v

The interval list and coefficients in the sum may vary with (a, b).

Fix a finite menu of such choices. Its measurable choice sets can be approximated in measure
on a compact set by finite unions of rectangles. To see this, approximate each of the finitely many
sets using Lebesgue regularity and then refine all rectangle boundaries to one coordinate partition.
Resolve overlaps by a fixed ordering of the menu; the total mismeasured set remains bounded by the
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sum of the approximation errors. Assign any menu item on the remaining cells. For the fixed menu,
the annuli are uniformly bounded away from zero, and the integrals against the smooth inputs
are bounded on the compact support needed for GGy. Consequently the corresponding linearized
integrals converge. Thus (8.1) holds for arbitrary measurable choices from a fixed finite menu.
Now fix a finite collection of lists of disjoint rational annuli, each of length at most n. The
maximum of their sums of absolute increments is measurable. Choose a maximizing list measurably
by resolving ties in a fixed order. For each of its increments choose a coefficient from {1, —1,4, —i}
whose product with that increment has real part at least half its modulus. These choices are again
measurable and range over a finite menu. Testing (8.1) against nonnegative smooth compactly
supported Gg shows, by L3 duality, that this finite maximum has L*/2 norm at most C Vvnlog(2 +
n)||F||3]|G]|s. The reflection (x,y) = (—a, —b) preserves that norm. Exhausting the countable family
of all rational lists and applying monotone convergence proves the count bound for smooth inputs.
For general complex F,G € L3, choose smooth compactly supported approximants F,, G,.
For every fixed annulus, bilinearity and (2.1) give convergence of B. g(F,Gm) in L¥2. For a
fixed finite collection of lists, the difference of the two finite maxima is bounded by a finite sum
of such truncation differences. It therefore converges in L3/2. Pass the estimate to the limit for
this finite maximum, then exhaust the rational lists once more. Lemma 2.1 supplies the common
representatives required in the definition of S,,. O

Proof of Theorem 1.1. For any finite rational partition, arrange the absolute annular increments
in nonincreasing order, denoting them by dy > ds > --- > 0. Whenever the index 27 exists, the
corresponding largest increments are a permissible list in Sy;, so

dy; < 2778,(F,G).

The group of indices 2/ < [ < 2/+! has at most 2/ members. Bounding the full /" norm by the sum
of the group norms yields, uniformly in the chosen partition,

V.(F,G) < Z 29/7718y;(F,G) almost everywhere. (8.2)
320

Theorem 1.2 and Minkowski’s inequality now imply

IVi(F,G)l3j2 < CIF13l|Glls Y (1 + 5)27(/r=1/2),
j=0

The series converges for every r > 2. In particular, neither a bound on the number of increments
nor a restriction to dyadic endpoints survives in the conclusion. O

9 DMaximal estimates and principal values

The counting estimate already contains the maximal estimate, by taking a single annulus. We
first record its continuity with respect to the inputs, then use that continuity to transfer joint
principal-value convergence from smooth functions to all complex L3 inputs. Throughout this
section, write p = 3/2.

Corollary 9.1 (The hard maximal operator). For compler F,G € L3(R?), define
B.(F,G)(z,y) = sup [Ber(F,G)(z,y)

0<e<R<o00
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on the common full-measure set of Lemma 2.1, and set it to zero elsewhere. This function is
measurable, and there is an absolute constant Cy; such that

1B<(E, G)llp < Cuml|Fll3[| G- (9-1)

The supremum includes both finite hard truncation endpoints. Moreover, By is a continuous map
from L3(R?) x L3(R?) to LP(R?) and is the unique continuous extension of its values on compactly
supported smooth pairs.

Proof. Endpoint continuity in Lemma 2.1 identifies the supremum with its restriction to rational
endpoint pairs. Consequently it is measurable and equals S;(F, G). Theorem 1.2 gives (9.1), with
its absolute factor log 3 absorbed into C};.

For two pairs of inputs, bilinearity of each finite truncation gives, almost everywhere,

|B«(F,G) = Bu(f,9)| < B«(F = f,G) + Bu(f,G — g). (9-2)

Taking LP norms and using (9.1) proves continuity. Density of compactly supported smooth functions
gives the asserted uniqueness. O

Corollary 9.2 (Joint bilinear principal values). For every complexr F,G € L3(R?), the joint limit

B(F,G) = lim B z(F,G)
el0
Rtoo

exists almost everywhere and in LP(R?), and
IB(E,G)lp < CulIF|3]1G][3-
More precisely, the entire tail converges in the maximal sense
sup |B:r(F,G)— B(F,G)||| — 0. (9.3)

0<e<1/n
R>n p

The operator B is the unique bounded complex bilinear extension of the principal-value operator on
compactly supported smooth inputs.

Proof. For compactly supported smooth f, g and fixed (z,y), put h(t) = f(x+t,y)g(x,y+t). Then

Ber(f,9)(@,y) = / " h(t)—th<—t)

dt.

The numerator is O(t) at zero and vanishes for large ¢, so the joint limit exists at every point.
For general F, G, define the tail oscillation

0(F,G)= sup |B:r(F,G)— Bo r(F,G)|.
0<ee’<l/n
R,R'>n

These functions are measurable by endpoint continuity, decrease with n, and satisfy 0 < Q,,(F,G) <
2B, (F,G). Choose compactly supported smooth f,, — F and g,, — G in L3. Take a common
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full-measure set for the pairs (F, G), (fm,9m), (F — fm,G), and (fm, G — gm), for all m. On this
set, bilinearity gives

Qn(F7 G) S Qn(fmvgm) + 2B*(F - fva) + 2B*(fma G - gm)

The smooth joint convergence implies Q,, (i, gm) — 0 pointwise. Thus, writing Qo = lim,, Q,(F, G),
we obtain

1Q200lp < 2Cx (I1F = finllsGlls + [ fmlIsl|G = gmlls)-

Letting m — oo shows that 0, = 0 almost everywhere. This is the joint Cauchy criterion for
the two endpoints, and hence defines B(F,G) almost everywhere. Taking, for example, the cofinal
sequence (g, R) = (1/(2n),2n) shows that the limit is measurable; its magnitude is at most B, (F,G).
Define it to be zero on the remaining null set.

Letting (¢/, R’) tend jointly to (0,00) in the definition of €, gives

sup |Ber(F,G) — B(F,G)| < Qu(F,G).
0<e<1/n
R>n

The supremum is measurable, again by endpoint continuity. Dominated convergence applies because
0, (F,G) <2B.(F,G) € L?, proving (9.3) and therefore joint norm convergence. The norm bound
follows from |B(F,G)| < B.(F,G). Passing to the LP limit in the bilinear identities for finite
truncations proves complex bilinearity. The bound and density then prove uniqueness. ]

9.1 Flat and simplex scalar forms

For complex Fy, Fy, Fy € L3(R?), let

dt
LonPo B = [[[  R@yp R+t Fey+0) dody
e<|t|<R t

No input is conjugated in this scalar form.

Corollary 9.3 (Flat scalar principal values). For every complex L? triple, each finite flat truncation
1s absolutely integrable, and

2

sup Lo g(Fo, Fr, F2)| < Cur [] I1Fu]ls.
0<e<R<oo o0

Its joint scalar principal value exists and equals [po FoB(F1, F3). This limiting form is the unique
bounded complex trilinear extension of its compactly supported smooth definition.

Proof. Holder’s inequality in (z,y) bounds the integral of the absolute value by 2log(R/e) [1, || Fv||3-
Fubini’s Theorem therefore identifies the finite form with [ Fy B g(F1, F>). Corollary 9.1 gives its
uniform bound, and pairing the joint LP limit in Corollary 9.2 with Fj gives the scalar principal
value. The limiting form is bounded and complex trilinear; density proves uniqueness. O

In simplex coordinates the corresponding scalar form is

da db de

Aer(Go, G, Ga) = / / / s @ DG G ) T

The equivalence of the flat and simplex formulations, including their optimal constants, is described
in [15, Appendix B.1]. We record the norm-preserving maps to track both hard endpoints and their

joint limit.
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Proposition 9.4 (Scalar equivalence). For every complex Gy, G1,Go € L3(R?), each finite simplex
truncation is absolutely integrable, and

2
sup  |Ae,r(Go, G1,G2)| < Cur [] IGolls.
0<e<R<0 =0

Its joint scalar principal value exists and is the unique bounded complex trilinear extension of its
compactly supported smooth definition. The optimal constants in the uniform finite flat and simplex
scalar estimates are equal.

Proof. Use the determinant-one change of variables
T = —a, y = —b, t=a+b+c, a=—-x, b=—-y, c=t+z+y.

For flat inputs set

FO(T7 S) = GO(_T7_3)7
Fi(r,s) = Gi(—s,r + s),
FQ(T7 S) = G2(r+57 _T)'

These maps preserve L3 norms, compact smoothness, and the Schwartz class. Direct substitution
identifies both the integrands and the finite truncation regions. Absolute integrability, the uniform
bound, and joint scalar convergence therefore follow from Corollary 9.3. The inverse maps realize
every simplex triple, so the optimal constants are equal. Density proves uniqueness of the bounded
trilinear extension. O

For completeness, let C's denote this common optimal scalar constant. It is also the optimal
constant for the uniform family of individual bilinear bounds

1B, r(F, G)llp < Cs|Fl[3]|G|3.
Indeed, Holder’s inequality gives one direction. For the other, if U € LP is nonzero, then

U ‘U’l/Q

U

defined to be zero where U = 0, satisfies ||H|3 = 1 and [ HU = ||U||,. Apply this duality formula to
each finite bilinear truncation. In particular, the optimal pointwise maximal constant is at least Cg;
equality of the scalar constants does not assert equality with the maximal or variation constants.
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