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Abstract

We prove that the minimum possible maximum modulus on the unit circle of a polynomial
with N consecutive real coefficients in {−1, 1} is (1 + o(1))

√
N , as N tends to infinity through

all integers. This disproves the real-sign analogue of Erdős’s fixed relative-gap conjecture. As a
consequence, the largest binary merit factor at length N tends to infinity through all integer
lengths, disproving Turyn’s conjecture.
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1 Introduction
Write T = R/Z and e(t) = exp(2πit). All tori carry probability Haar measure. A Littlewood
polynomial of length N is a polynomial

P (z) =
N−1∑
k=0

εkz
k, εk ∈ {−1, 1}.

Its maximum modulus is ∥P∥∞ = maxt∈T |P (e(t))|. Define

mN = min
ε0,...,εN−1∈{−1,1}

1√
N

∥∥∥∥∥
N−1∑
k=0

εkz
k

∥∥∥∥∥
∞

.

Orthogonality gives ∥P∥2
2 = N , so mN ≥ 1. The real-sign analogue of Erdős’s fixed-gap question

asks whether mN is eventually bounded below by 1 + c for some absolute c > 0. Erdős’s original
question allowed complex unimodular coefficients and was refuted in that class by Kahane; the
restriction to real signs is the question addressed here [12, Problem 22]; see also [17] and [15,
Problems 4.13 and 4.31].

Theorem 1.1. For Littlewood polynomials with real coefficients,

lim
N→∞

mN = 1.

Equivalently, for every η > 0 there is N0 such that for every integer N ≥ N0 there are signs
ε0, . . . , εN−1 with

max
|z|=1

∣∣∣∣∣
N−1∑
k=0

εkz
k

∣∣∣∣∣ ≤ (1 + η)
√
N.

The theorem concerns every sufficiently large length, rather than a subsequence. It gives no
uniform lower bound for |P (z)| and hence does not assert two-sided uniform ultraflatness. The
choices in the proof are existential; no useful convergence rate or efficient signing algorithm is
asserted.

1.1 Context and comparison

The Shapiro–Rudin construction, obtained earlier by Shapiro and independently by Rudin, gives
real-sign polynomials with maximum O(

√
N); at dyadic lengths its paired identity gives an upper

bound
√

2N [22, Theorem I and its proof]. Balister proved the all-length bound
√

6N − 2 − 1
for its initial segments [2, Theorem 1]. A different problem asks for upper and lower bounds by
fixed positive multiples of

√
N throughout the circle. Such two-sided flat Littlewood polynomials

were constructed by Balister, Bollobás, Morris, Sahasrabudhe and Tiba, whose proof combines
the Shapiro–Rudin construction with discrepancy theory [3]. These results control the scale of the
maximum, but do not make the upper constant tend to one.

The coefficient class matters. Complex coefficients of modulus one allow ultraflat constructions.
Littlewood used quadratic phases near this Parseval scale, Kahane obtained ultraflatness, and
Bombieri and Bourgain gave quantitative constructions [18, 17, 5]. The smoothed quadratic phases
and Poisson summation used in [5, Sections 2 and 7] are analytic predecessors of the sampling
argument below. Their bounded-to-unimodular correction also develops a method of Körner [5,
Section 8]. The present proof must instead preserve real coefficients and round them to signs.
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The distinction between the unimodular and real-sign questions is also explicit in [15, Problem
4.31]. Georgiev, Gómez-Serrano, Tao and Wagner recently used AlphaEvolve to search for the same
real-sign minimum at degrees up to 100; their computations do not give an asymptotic theorem [14,
Section 6.13].

There can still be a growing additive gap above Parseval’s bound. Erdélyi proved that every
Littlewood polynomial of length N satisfies [11, Theorem 2.1]

∥P∥2
∞ ≥ N + (N − 1)1/3

38 .

The extra term divided by N tends to zero, so this is compatible with Theorem 1.1.
The theorem implies flatness in every fixed finite Lp modulus sense. This conflicts with nonflatness

claims in preprints of el Abdalaoui [8, 10, 9]. Section 7 proves the implication with our normalization.
Appendix A examines specific issues in the contrary arguments.

1.2 Merit factors and a symbolic spectral consequence

For a binary word A = (a0, . . . , aN−1) ∈ {−1, 1}N of length N ≥ 2, define its aperiodic sidelobe
autocorrelations and merit factor by

Cu(A) =
N−1−u∑

j=0
ajaj+u (1 ≤ u < N), F (A) = N2

2
∑N−1

u=1 Cu(A)2
.

This is the standard merit-factor normalization [7, Definition 2 and Lemma 0]; see also [16,
Introduction] for its fourth-moment formulation. The conjectured boundedness of F (A) over all such
words is called Turyn’s conjecture, equivalently Erdős’s L4-norm conjecture, in [7, p. 3 of the author
manuscript]. For comparison, Jedwab, Katz and Schmidt constructed families with limiting merit
factor 6.342061 . . ., improving the previous proven value 6, by modifying and extending Legendre
sequences [16, Theorem 1.1 and Corollary 3.2]. Section 8 disproves this boundedness in the stronger
all-length form: the largest merit factor at length N tends to infinity as N tends to infinity through
all integers.

Downarowicz and Lacroix also relate this question to binary Morse shifts, the discrete-time
symbolic systems generated by iterated products of binary words. Their theorem converts unbounded
binary merit factors into a uniquely ergodic binary Morse shift with simple spectrum whose zero-
coordinate spectral measure is absolutely continuous with an L2 density [7, Theorem 2 and its
proof]. Section 8 gives the precise spectral statement and its deduction from Theorem 1.1.

1.3 Proof overview

We first allow real coefficients XN,k ∈ [−1, 1]. Their defect from being signs is measured by

µ(XN ) = 1
2

N−1∑
k=0

(1 − |XN,k|).

The construction makes the normalized Fourier maximum close to one while keeping N−1∑
k X

2
N,k

close to one. The latter condition makes µ(XN )/N small. A discrepancy argument then replaces the
coefficients by signs, with an error controlled by this small defect. Section 2 states both intermediate
results precisely and gives the deduction of the theorem.

To build the relaxed coefficients, we use a real trigonometric polynomial F on an auxiliary torus
whose absolute value is at most one and whose mean-square mass is nearly one. Each Fourier
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mode of F is assigned a nonzero quadratic curvature. A stationary-phase calculation shows that
sampling such a mode on a block spreads its Fourier contribution over an interval whose width is
proportional to that curvature. There are two requirements: distinct modes and blocks must have
disjoint intervals, and each individual contribution must have size at most approximately

√
N .

Section 3 supplies the interval packing, even when the integer frequency vectors have linear
relations. It uses a randomly constructed finite-field hypergraph and the Pippenger–Spencer coloring
theorem, in the near-perfect-packing lineage of Frankl and Rödl [13, 21, 1]. Section 4 adjusts the
Fourier coefficients of F by quadratic oscillations in extra variables so that their sizes match the
available widths. Section 5 samples the resulting fixed polynomial on disjoint blocks. At each angle
at most one stationary contribution remains, whereas orthogonality in the sampling limit recovers
nearly full mean-square mass.

Finally, Section 6 proves the defect-sensitive rounding bound. We use the partial-coloring method
of Beck and Spencer [4, 23], in the arbitrary-vector form verified through Lovett–Meka’s theorem
[19]. A dyadic rounding procedure keeps the defect mass from increasing, which makes its total
loss o(

√
N) as the target error decreases. All auxiliary dimensions, frequencies, primes, blocks and

smooth cutoffs are fixed before N tends to infinity.

2 Reduction to approximation and rounding
For a vector X = (X0, . . . , XN−1) ∈ [−1, 1]N , write

QX(t) =
N−1∑
k=0

Xke(kt), µ(X) = 1
2

N−1∑
k=0

(1 − |Xk|).

The first proposition constructs vectors with small Fourier maximum and nearly maximal energy.
Its proof occupies Sections 3–5.

Proposition 2.1 (Almost-sign approximation). For every 0 < δ < 1/20, there are vectors XN =
(XN,0, . . . , XN,N−1) ∈ [−1, 1]N , one for each integer N ≥ 1, such that

lim sup
N→∞

∥QXN
∥∞√

N
≤ Kδ, Kδ =

√
(1 + δ)3

1 − δ
, (1)

lim inf
N→∞

1
N

N−1∑
k=0

X2
N,k ≥ 1 − 7δ. (2)

The next lemma converts an arbitrary relaxed vector to signs. Its constant does not depend on
the vector or its length. We prove it in Section 6.

Lemma 2.2 (Rounding with a small defect). There is an absolute constant C such that for every
N ≥ 1 and every X ∈ [−1, 1]N , some signs ε0, . . . , εN−1 satisfy

max
t∈T

∣∣∣∣∣
N−1∑
k=0

(εk −Xk)e(kt)
∣∣∣∣∣ ≤ C

(
1 +

√
µ(X) log 80N

µ(X)

)
. (3)

The square-root term is defined to be zero when µ(X) = 0; in that case X already has sign entries
and the left side may be zero.
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Proof of Theorem 1.1. Fix 0 < δ < 1/20 and choose the family from Proposition 2.1. For all
sufficiently large N , (2) gives

1
N

∑
k

X2
N,k ≥ 1 − 8δ.

Since 1 − |x| ≤ 1 − x2 for |x| ≤ 1, it follows that µ(XN ) ≤ 4δN . The function u 7→ u log(80N/u) is
increasing on 0 < u ≤ N/2. Applying Lemma 2.2 and then (1), we obtain

lim sup
N→∞

mN ≤ Kδ + 2C
√
δ log(20/δ).

First the limit in N was taken with every auxiliary choice depending on δ fixed. Now let δ ↓ 0. The
right side tends to one, and the lower bound mN ≥ 1 follows from Parseval. This proves the limit
through all positive integer lengths.

3 Packing signed intervals
The sampling construction will divide the coefficient positions into H blocks, each of normalized
length 1/H. To explain the packing required, consider one mode with coefficient c ∈ C, a smooth
cutoff 0 ≤ χ ≤ 1 supported strictly inside its block, linear frequency η ∈ R, and nonzero quadratic
curvature λ ∈ R with |λ|/H < 1. On a block centered at x∗ its phase, with x = k/N , is

N

(
λ

2 (x− x∗)2 + (t+ η)x
)
.

After allowing for integer frequencies in Poisson summation, a stationary point in the cutoff support
can occur only when −t belongs to the circle interval centered at η (mod 1) of width |λ|/H. With
the mode and cutoff fixed, quadratic stationary phase gives the asymptotic bound |c|/

√
|λ| for its

contribution divided by
√
N . We therefore reserve total width |λ| across the H blocks for this mode,

while each block has the same peak bound. Section 5 will make these estimates uniform in t. For a
real auxiliary polynomial, opposite Fourier modes produce opposite centers and equal widths, so
both intervals must be reserved.

We now prove the geometric statement needed to separate all these stationary intervals. Their
centers must be values of specified integer linear forms at one common point for each block. We
allow relations among three or more forms; the only independence assumption concerns pairs of
forms.

For η ∈ T and 0 < ℓ < 1, write

I(η, ℓ) = {η + x (mod 1) : −ℓ/2 ≤ x ≤ ℓ/2}

for the closed interval with center η and length ℓ.

Lemma 3.1 (Signed interval packing). Let m ≥ 1 and r ≥ 2 be integers, and let a1, . . . , ar ∈ Zm\{0}
be pairwise nonparallel. If w1, . . . , wr > 0 satisfy 2

∑
iwi < 1, there exist an integer H ≥ 1 and

points θ1, . . . , θH ∈ Tm such that the 2rH closed intervals

I
(
σai · θh, wi/H

)
, 1 ≤ i ≤ r, 1 ≤ h ≤ H, σ ∈ {−1, 1},

are pairwise disjoint.
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We will use the following form of the Pippenger–Spencer edge-coloring theorem [21]; the quantified
statement below is [1, Lemma 2.1]. A hypergraph here is finite and has distinct edges, each an
r-element subset of its vertex set. Its degree d(v) counts edges containing v, and its codegree d(u, v)
counts edges containing both distinct vertices u, v. An edge coloring partitions the edges into
matchings, where a matching is a collection of pairwise disjoint edges.

Theorem 3.2 (Pippenger–Spencer). For each integer r ≥ 2 and each γ > 0, there exists β > 0 with
the following property. If an r-uniform hypergraph satisfies, for some t > 0,

(1 − β)t < d(v) < (1 + β)t for every vertex v, d(u, v) < βt for u ̸= v,

then its edges can be partitioned into at most (1 + γ)t matchings.

In particular, for fixed r, degrees (1 + o(1))D and maximum codegree o(D) give an edge coloring
with (1 + o(1))D colors. We construct such a hypergraph whose vertices are small disjoint slots in
a half-circle. An edge records one compatible center of each type. A large matching will provide
many compatible choices without reusing any slot.

Proof of Lemma 3.1. All constants implicit in asymptotic estimates may depend on the fixed forms
and the fixed slot lengths chosen next. The sole parameter tending to infinity in this proof will be a
prime q.

Slot lengths and finite-field ranks. Choose positive proportions αi > 2wi with
∑

i αi = 1.
Approximating Tαi by positive odd integers as T → ∞ gives fixed odd integers Li such that, with
L =

∑
i Li,

wi <
Li

2L (1 ≤ i ≤ r). (4)

Let b be the rank over Q of the matrix whose rows are the ai. Then b ≥ 2. For every sufficiently
large prime q, the full matrix has rank b over Fq, and each pair of rows has rank two. Indeed, it
suffices to exclude the prime divisors of a nonzero b-by-b minor and of one nonzero two-by-two
minor for each pair. Fix such a prime for the following construction.

Random slots and oriented centers. Put n = (q − 1)/2, R = ⌊√
q⌋, and Uq = {1, . . . , n}. For

s ∈ Fq, let |s|q be the absolute value of its representative in [−n, n]. Partition Uq into consecutive
chunks of R sites, with a possible final shorter chunk. There are K = ⌈n/R⌉ chunks.

Consider a periodic partition of the integers into consecutive slots: each period has one slot
of type i, consisting of Li consecutive sites, for each i = 1, . . . , r. Independently in each chunk,
translate this pattern by a uniform residue modulo L, and keep only slots entirely contained in that
chunk. A kept slot is a vertex of its type. Its middle site c is an integer because Li is odd. Give it
an oriented center s = c or s = −c in Fq, with equal probabilities, independently for all kept slots.
The random data in different chunks are independent.

A chunk of length u contains u/L+O(1) kept slots of each type, uniformly in its shift. Thus in
every realization the number of vertices of each type is

n

L
+O(K) = q

2L +O(q/R+ 1). (5)

This estimate includes the last short chunk. Call a site interior if its distance from both endpoints
of its chunk is at least L. For any nonzero u ∈ Fq whose folded site |u|q is interior, the probability
that u is the oriented center of a vertex of a specified type j is exactly

p = 1
2L. (6)
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There is exactly one shift modulo L placing a type-j middle site there; the resulting slot is fully
contained in the chunk, and its orientation has the required sign with probability 1/2.

Compatible tuples form a simple hypergraph. An edge is a tuple of one vertex of each type,
with oriented centers s1, . . . , sr, for which the equations

ai · y = si (1 ≤ i ≤ r)

have a solution y ∈ Fm
q . We keep one edge per tuple, regardless of the number of solutions. Every

compatible tuple has exactly qm−b solutions, the size of the kernel of the rank-b evaluation map.
This constructs a simple r-uniform hypergraph.

Write Cj(u) for the indicator that u is the oriented center of a type-j vertex. For nonzero s,
define the random variable

Zi,s = 1
qm−1

∑
y∈Fm

q
ai·y=s

∏
j ̸=i

Cj(aj · y).

When the vertex of type i with center s exists, its degree is exactly

d(i, s) = qb−1Zi,s. (7)

This follows by dividing the number qm−1Zi,s of generating vectors by qm−b. Likewise, two fixed
evaluations of different types leave qm−2 possible vectors, so their codegree is at most

qb−2. (8)

Two vertices of the same type have codegree zero.
We next show that nearly all vertices have nearly the same degree. Although evaluations

of several forms may be dependent, their folded sites usually belong to different chunks. The
independent chunk choices then supply the first and second moments we need.

Exceptional centers and the moment estimates. For a fixed type i, let Ei contain those
nonzero s ∈ Fq for which there exist j < l, both different from i, and a relation

aj + al = cai or aj − al = cai, |cs|q ≤ R. (9)

Any such relation has a unique nonzero c: if c = 0, the two forms aj , al would be parallel over Fq.
For each relation, multiplication by c is a bijection, so at most 2R+ 1 residues are excluded. There
are at most 2

(r−1
2
)

relations, giving
|Ei| = O(R). (10)

Fix a nonzero s /∈ Ei, and sample y uniformly on the affine fiber ai ·y = s. Each other evaluation
aj · y is uniform on Fq, by pairwise rank two. Let Qs be the chunk containing |s|q. At most 2LK
positive sites are noninterior; this bound also covers a short final chunk with no interior sites.
Including their negatives, zero, and the residues folding into Qs, the probability that a specified
evaluation fails to fold into an interior site outside Qs is at most

τq = 1 + 4LK + 2R
q

= O(q−1/2).

If two residues fold into one chunk, the difference of their folded sites has absolute value at most
R. Consequently at least one of their sum and difference has folded absolute value at most R. For
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aj · y and al · y, each of these signed combinations is either uniform on Fq under ai · y = s, or is
the constant cs from a relation in (9). The latter case cannot cause a collision because s /∈ Ei; the
former has probability at most (2R + 1)/q. Thus the r − 1 evaluations fold into distinct interior
chunks different from Qs, except on an O(q−1/2) fraction of the fiber.

For the second moment, take two independent uniform vectors y, y′ from the same fiber. The
preceding bounds apply within each copy. Across copies, aj · y and al · y′ are independent uniform
residues for any j, l ≠ i, including j = l; their sum and difference are therefore uniform. A union
bound shows that the combined list of 2(r − 1) evaluations also occupies distinct interior chunks
outside Qs, apart from a fraction O(q−1/2). More explicitly, for either u = 1 or u = 2 independent
fiber samples, the failure fraction is at most

u(r − 1)τq + 2
(
u(r − 1)

2

)
2R+ 1
q

= O(q−1/2). (11)

This bound uses no joint independence among the forms in one copy.
Let Vi,s be the event Ci(s) = 1, and condition on it whenever it has positive probability. The

event depends only on random data in Qs. Each tuple counted as good in (11) uses distinct other
chunks, where the required center hits are independent and each has probability p. The good-tuple
condition itself depends only on the fiber vectors, not on the slot choices. Averaging over those
vectors, and bounding the contribution of bad tuples between zero and one, gives

E[Zi,s | Vi,s] = pr−1 +O(q−1/2), (12)
E[Z2

i,s | Vi,s] = p2(r−1) +O(q−1/2). (13)

The expectations are over the random slots and orientations. The second identity follows by
expanding the square as the average over the independent pair y, y′. Both error bounds are uniform
in nonexceptional s. The conditioned vertex itself need not be interior: avoiding its entire chunk
makes that unnecessary.

Deleting the few vertices of atypical degree. Set Dq = pr−1qb−1 and εq = q−1/8. Equa-
tions (12)–(13) imply

E
[
(Zi,s − pr−1)2 | Vi,s

]
= O(q−1/2).

By Chebyshev’s inequality and (7), a nonexceptional present vertex has degree outside [(1 −
εq)Dq, (1 + εq)Dq] with conditional probability O(q−1/4). Summing over the at most r(q − 1)
candidate centers gives an expected O(q3/4) such vertices. The vertices with centers in some Ei

number O(q1/2) in every realization. Markov’s inequality therefore provides a realization with at
most q7/8 vertices in these two classes, for all sufficiently large q.

Delete these vertices and all incident edges. By (8), any remaining vertex loses at most

q7/8qb−2 = O(q−1/8Dq)

edges. Hence every remaining degree is (1 +O(q−1/8))Dq, and the maximum codegree remains at
most qb−2 = o(Dq). By (5), each type still has (1 + o(1))q/(2L) vertices.

A matching supplies the centers. We have obtained a hypergraph to which Theorem 3.2
applies. If it has vq vertices, degree summation gives

|E| = 1
r

∑
v

d(v) = (1 + o(1))vqDq

r
.

8



An edge coloring into (1+o(1))Dq matchings therefore has a color class with at least (1−o(1))vq/r =
(1 − o(1))q/(2L) edges. A matching has no more edges than the number of vertices of any one type.
We have consequently found a matching of size

H = (1 + o(1)) q2L. (14)

For each of its edges choose a generating vector yh ∈ Fm
q . Using integer representatives of its

coordinates, set θh = yh/q (mod Zm). Then ai · θh is the oriented center of the corresponding slot
divided by q, modulo one.

It remains to check the geometry, including endpoints. A slot of type i with sites t, . . . , t+Li − 1
corresponds to the real interval

J =
[
t− 1/2
q

,
t+ Li − 1/2

q

]
.

Its length is Li/q, and its center is the middle site divided by q. The positive slots lie in [1/(2q), 1/2]
and have disjoint interiors. Their reflections modulo one lie in [1/2, 1 − 1/(2q)] and also have disjoint
interiors. Neighboring slots may share an endpoint, and a slot may meet its reflection at 1/2, but
none of these intersections reaches their interiors.

By (4) and (14), a sufficiently large prime gives wi/H < Li/q for every i. The desired closed
interval at each signed center is therefore contained strictly inside its slot or reflected slot. Both
signs use this same pair of slots, irrespective of the chosen orientation. The matching uses distinct
vertices, so all these containing slot interiors are disjoint. This proves the required disjointness of
the closed intervals, including at 1/2 and across zero on the circle.

The prime, the matching size H, and the points θh have now served only to establish the finite
packing. In applications we choose them once, after the forms and widths are fixed; they impose no
restriction on a later sampling length.

4 Spreading Fourier coefficients
We next construct a real function which has almost unit modulus in mean square and whose Fourier
coefficients fit within a total spectral width less than one. The coefficient assigned to a width w
must have size at most approximately

√
w: this is the normalization of the quadratic integral in

Lemma 4.2. Additional torus variables let us distribute each coefficient among many frequencies
while controlling both their number and their sizes.

For a trigonometric polynomial F on Tm, write

F̂ (a) =
∫
Tm

F (x)e(−a · x) dx, a ∈ Zm.

A finite set is a containing Fourier support if every coefficient outside it vanishes; coefficients inside
it are allowed to vanish as well. All norms and integrals on tori use probability Haar measure.

Proposition 4.1 (An auxiliary polynomial with controlled widths). For every 0 < δ < 1/20,
there exist integers m ≥ 1 and r ≥ 2, nonzero vectors a1, . . . , ar ∈ Zm, a real-valued trigonometric
polynomial F on Tm, and a vector v ∈ Rm with the following properties. No two of the vectors ai

are parallel, and
A = {a1,−a1, . . . , ar,−ar}
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is a containing Fourier support of F . Moreover,

∥F∥∞ ≤ 1, ∥F∥2 ≥ 1 − 3δ. (15)

Writing λa = a · v for a ∈ A, we have

λa ̸= 0,
∑
a∈A

|λa| < 1, |F̂ (a)|√
|λa|

≤ Kδ, Kδ =

√
(1 + δ)3

1 − δ
. (16)

All these objects depend on δ alone.

The construction starts with a polynomial of almost unit mean square. Quadratic oscillations in
new variables spread its coefficients; finite Fourier truncation then gives the required polynomial.
We first record the uniform quadratic estimate used to control the spread coefficients. The quadratic
Fourier-inversion identity behind this estimate also appears in [5, Section 2, Equation (2.2)]. We
give the fixed-cutoff form, uniform in the linear frequency.

Lemma 4.2 (Uniform quadratic integration). Let g ∈ C∞
c (R) and let β ∈ R \ {0} be fixed. As

T → ∞ through positive real values,∫
R
g(x)e(Tβx2/2 − ux) dx = e(sgn(β)/8 − u2/(2Tβ))√

T |β|

·
(
g

(
u

Tβ

)
+Og,β(T−1)

)
,

(17)

uniformly for every real u.

Proof. Use the real-line Fourier transform ĝ(ξ) =
∫
R g(x)e(−ξx) dx, and put x0 = u/(Tβ). Com-

pleting the square reduces the integral to

e
(

− u2

2Tβ

)∫
R
g(x0 + y)e(Tβy2/2) dy.

Insert the damping factor exp(−πρy2) with ρ > 0, and use Fourier inversion on g(x0 + y). The
resulting double integral is absolutely integrable. The inner Gaussian integral is∫

R
exp

(
−π(ρ− iTβ)y2 + 2πiξy

)
dy = (ρ− iTβ)−1/2 exp

(
− πξ2

ρ− iTβ

)
.

Here the square root is the branch analytic in the right half-plane and positive on the positive real
axis. As ρ ↓ 0,

(ρ− iTβ)−1/2 −→ e(sgn(β)/8)√
T |β|

, exp
(

− πξ2

ρ− iTβ

)
−→ e

(
− ξ2

2Tβ

)
.

The modulus of the exponential multiplier is at most one, and |(ρ− iTβ)−1/2| ≤ (T |β|)−1/2. Since
ĝ is Schwartz, dominated convergence applies on the Fourier side. On the original side it applies
with dominating function |g(x0 + y)|. We obtain the exact identity∫

R
g(x)e(Tβx2/2 − ux) dx = e(sgn(β)/8 − u2/(2Tβ))√

T |β|

·
∫
R
ĝ(ξ)e(ξx0)e

(
− ξ2

2Tβ

)
dξ.

(18)
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The difference of the last integral from g(x0) has absolute value at most

π

T |β|

∫
R
ξ2|ĝ(ξ)| dξ.

This bound is independent of x0, proving the required uniformity.

Proof of Proposition 4.1. Fix δ. The choices below are successive: once a parameter has been
chosen, it stays fixed while later parameters vary.

A polynomial of almost unit mean square. Starting with p0 = 0, introduce one new torus
coordinate at each step and define

pj(y1, . . . , yj) = pj−1(y1, . . . , yj−1) + 1 − pj−1(y1, . . . , yj−1)2

2 cos(2πyj). (19)

For |z| ≤ 1, (1 − z2)/2 = (1 − |z|)(1 + |z|)/2 ≤ 1 − |z|. Thus |pj | ≤ 1 pointwise. Integrating first in
yj shows that pj has mean zero. If Mj =

∫
Tj p2

j , integration of the square in the new variable gives

Mj = Mj−1 + 1
8

∫
Tj−1

(1 − p2
j−1)2 ≥ Mj−1 + 1

8(1 −Mj−1)2. (20)

Hence Mj ↑ 1: a limit below one would make the increments bounded below by a positive constant.
Choose d ≥ 2 so that Md ≥ 1 − δ.

Let S ⊂ Zd be the Fourier support of pd, consisting of the frequencies with nonzero coefficients,
and put cs = p̂d(s). Every vector in S has last nonzero coordinate equal to 1 or −1. Indeed, the old
term in (19) keeps the previous frequencies with new coordinate zero, whereas every frequency in
the new term has new coordinate 1 or −1. The two terms cannot cancel each other. There is no
constant frequency because the mean is zero.

If two such vectors are parallel, comparing their last nonzero coordinates shows that they
are equal or negatives. Let s1, . . . , sD be those with positive last nonzero coordinate. They are
pairwise nonparallel and S = {±s1, . . . ,±sD}. There are at least two: the coefficient at the first
coordinate vector in p1 is nonzero, and the coefficient at the second coordinate vector in p2 is
(1 −M1)/4 = 7/32 > 0; both persist in later steps.

We have obtained the mean-square mass needed in (15). It remains to distribute its Fourier
coefficients so that the total width and the coefficient-to-width ratios in (16) are both controlled.

Choosing the quadratic curvatures. Choose γ ∈ Rd outside the finite union of hyperplanes
s⊥, s ∈ S, and define ρs = |s · γ| > 0. We will choose vectors b1, . . . , bD ∈ Rd so that the products

∆s =
D∏

j=1
|s · bj |

are approximately a common multiple of |cs|2/ρs. These products will determine both the number
and the sizes of the spread coefficients.

For each j, choose b0
j ∈ s⊥

j which is not orthogonal to any sl with l ̸= j. This is possible because
each such orthogonality condition cuts out a proper subspace of s⊥

j , and a finite union of proper
subspaces cannot cover that space. Choose b1

j satisfying

sj · b1
j =

|csj |2

ρsj

∏
l ̸=j |sj · b0

l |
> 0,

11



and set bj = b0
j + τb1

j for a positive parameter τ . Every denominator is nonzero by the choices just
made. For s = sj ,

∆sj

τ
= (sj · b1

j )
∏
l ̸=j

|sj · b0
l + τsj · b1

l | −→
|csj |2

ρsj

(τ ↓ 0).

The same limit holds for −sj . Fix a sufficiently small τ > 0 so that, simultaneously for all s ∈ S,

(1 − δ)τ |cs|2

ρs
≤ ∆s ≤ (1 + δ)τ |cs|2

ρs
. (21)

In particular, every curvature βs,j := s · bj is nonzero. All these curvatures are fixed from now on;
no lower bound uniform in δ is needed.

Spreading the coefficients. Choose g ∈ C∞
c ((−1/2, 1/2)) with 0 ≤ g ≤ 1 and(∫

R
g(x)2 dx

)D

≥ 1 − δ.

For a large positive real parameter B, and z ∈ [−1/2, 1/2]D, define

G(y, z) =

 D∏
j=1

g(zj)

 pd

y + B

2

D∑
j=1

bjz
2
j

 , y ∈ Td. (22)

The cutoff makes this function vanish near every boundary face in z, so it extends to a smooth real
function on Td+D. Translation invariance in y gives

∥G∥∞ ≤ 1, ∥G∥2
2 = Md

(∫
g2
)D

≥ (1 − δ)2. (23)

Fourier integration first in y shows that the only possible frequencies are (s, u) with s ∈ S and
u ∈ ZD, and

Ĝ(s, u) = cs

D∏
j=1

Is,j(uj), Is,j(w) =
∫
R
g(x)e(Bβs,jx

2/2 − wx) dx. (24)

Lemma 4.2 and 0 ≤ g ≤ 1 imply

|Is,j(w)| ≤ 1 +O(B−1)√
B|βs,j |

uniformly for every real w. The constants may depend on the already fixed curvatures and cutoff.
Since there are only finitely many pairs (s, j), for all sufficiently large B we have

|Ĝ(s, u)| ≤ (1 + δ) |cs|√
BD∆s

(s ∈ S, u ∈ ZD). (25)

The stationary points for these integrals suggest keeping the boxes

Us =
{
u ∈ ZD : |uj | ≤ B|βs,j |

2 for every j
}
.
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Their cardinalities satisfy

|Us| =
D∏

j=1

(
2
⌊
B|βs,j |

2

⌋
+ 1

)

≤ BD∆s

D∏
j=1

(
1 + 1

B|βs,j |

)
≤ (1 + δ)BD∆s (26)

for all sufficiently large B. Thus the product ∆s controls the number of retained frequencies as well
as their coefficient bound.

A summable bound outside the boxes. We need uniform approximation after truncation, so
the additive error in Lemma 4.2 cannot simply be summed over the whole lattice. Instead, outside
the boxes the phase has no stationary point near the amplitude support.

Choose α < 1/2 with supp g ⊂ [−α, α]. For a fixed β ̸= 0, if |w| > B|β|/2, then

|Bβx− w| ≥ |w| −B|β|α ≥ cα,β(B + |w|) (x ∈ supp g), (27)

with cα,β > 0. Indeed, the middle expression is at least (1 − 2α)|w|, while B < 2|w|/|β|. Integrate
by parts l times using

1
2πi(Bβx− w)

d

dx
e(Bβx2/2 − wx) = e(Bβx2/2 − wx).

There are no boundary terms. Each term after these integrations contains a bounded derivative of
g and a factor bounded by ClB

h(B + |w|)−l−h for some 0 ≤ h ≤ l. Hence∣∣∣∣∫
R
g(x)e(Bβx2/2 − wx) dx

∣∣∣∣ ≤ Cl(B + |w|)−l
(

|w| > B|β|
2

)
. (28)

For integer w the sum of this bound outside the one-dimensional box is O(B1−l) when l > 1. The
full sum over integer w is O(B): inside there are O(B) terms, each at most ∥g∥L1(R), and the outside
sum is bounded by (28).

The complement of Us is contained in the union of the D coordinate complements. Consequently

∑
u/∈Us

|Ĝ(s, u)| ≤ |cs|
D∑

j=1

 ∑
|uj |>B|βs,j |/2

|Is,j(uj)|

∏
h̸=j

∑
uh∈Z

|Is,h(uh)|


= O(BD−l). (29)

Fix an integer l > D. Summing over the finite set S shows that the total discarded coefficient mass
tends to zero. The Fourier series is absolutely convergent, so this mass also bounds the uniform
truncation error.

Truncation and the final budgets. Fix one B large enough for (25), (26), and a truncation
error at most δ in (29). Define

TB(y, z) =
∑
s∈S

∑
u∈Us

Ĝ(s, u)e(s · y + u · z), F = TB

1 + δ
.

13



The boxes satisfy U−s = Us = −Us. Since G is real, the retained coefficients have conjugate
symmetry, and F is real. By (23) and the uniform error,

∥F∥∞ ≤ 1, ∥F∥2 ≥ 1 − 2δ
1 + δ

≥ 1 − 3δ.

Set m = d+D and take the containing support

A = {(s, u) : s ∈ S, u ∈ Us}.

Its vectors are nonzero. If two are parallel, projection onto the first d coordinates forces the
proportionality factor to be 1 or −1; the full vectors must then be equal or negatives. Thus one
representative from each signed pair gives nonparallel vectors a1, . . . , ar. Every box contains zero,
so r ≥ D ≥ 2. Some of the corresponding Fourier coefficients can vanish; the containing support
and all estimates remain valid in that case.

Finally choose
v =

(
γ

τBD(1 + δ)3 , 0
)

∈ Rd+D.

For a = (s, u) ∈ A,
|λa| = |a · v| = ρs

τBD(1 + δ)3 > 0.

Using (26) and (21), with both signs already included in S, gives∑
a∈A

|λa| =
∑
s∈S

|Us| ρs

τBD(1 + δ)3

≤ 1
τ(1 + δ)2

∑
s∈S

∆sρs ≤ 1
1 + δ

∑
s∈S

|cs|2 = Md

1 + δ
< 1.

The coefficient bound (25), divided by 1 + δ, also gives

|F̂ (a)|2

|λa|
≤ |cs|2τ(1 + δ)3

∆sρs
≤ (1 + δ)3

1 − δ
= K2

δ .

These are all the assertions of the proposition.

The strict signed width bound means that wi = |λai | satisfies 2
∑

iwi < 1, exactly the input
required by Lemma 3.1. The polynomial F , its support, and its velocity v are now fixed. In the
next section they will be sampled along quadratic phases while only the length N tends to infinity.

5 Sampling the auxiliary polynomial
We now prove Proposition 2.1. The auxiliary polynomial from Proposition 4.1 has nearly full
mean-square mass, and each Fourier coefficient has a prescribed admissible width. We pack those
widths, then sample the polynomial along quadratic paths on consecutive blocks. The packing
allows only one stationary contribution at any angle; the distinct packed centers also preserve the
mean-square mass when some curvatures coincide.

14



5.1 A uniform estimate for quadratic sums

Bombieri and Bourgain [5, Section 7] use Poisson summation to evaluate smoothed quadratic phases
in their unimodular construction. The next lemma isolates the uniformity needed here for the
maximum over the whole circle. Its data are fixed while the integer N tends to infinity.

Lemma 5.1. Let χ ∈ C∞
c (R), let x∗ ∈ R and λ ∈ R \ {0}, and let J ⊂ R be compact. For b ∈ J

and ℓ ∈ Z, put

xb,ℓ = x∗ + ℓ− b

λ
, ωb,ℓ = (b− ℓ)x∗ − (b− ℓ)2

2λ .

As N tends to infinity through positive integers, uniformly for b ∈ J ,
1√
N

∑
k∈Z

χ(k/N)e
(
bk + Nλ

2 (k/N − x∗)2
)

= 1√
|λ|
∑
ℓ∈Z

χ(xb,ℓ)e
(sgnλ

8 +Nωb,ℓ

)
+O(N−1). (30)

The sum on the right has only finitely many nonzero terms, lying in one fixed finite set of indices
for all b ∈ J . The error constant depends only on the fixed data χ, x∗, λ, J .

Proof. For b ∈ J and ℓ ∈ Z, define

ϕb,ℓ(x) = λ

2 (x− x∗)2 + (b− ℓ)x.

Poisson summation, with the change of variable k/N , gives

1√
N

∑
k∈Z

χ(k/N)e
(
bk + Nλ

2 (k/N − x∗)2
)

=
√
N
∑
ℓ∈Z

∫
R
χ(x)e(Nϕb,ℓ(x)) dx. (31)

Here the factor N from Poisson summation combines with the original factor N−1/2 to give
√
N .

Choose a fixed integer L so large that, for |ℓ| > L,

|ϕ′
b,ℓ(x)| = |λ(x− x∗) + b− ℓ| ≥ |ℓ|/2

on suppχ, uniformly in b ∈ J . Since the amplitude is compactly supported, two integrations by
parts have no boundary terms and yield∫

χ e(Nϕb,ℓ) = 1
(2πiN)2

∫ {
χ′′

(ϕ′
b,ℓ)2 − 3λχ′

(ϕ′
b,ℓ)3 + 3λ2χ

(ϕ′
b,ℓ)4

}
e(Nϕb,ℓ).

These integrals are O(N−2|ℓ|−2). Their total contribution to (31) is therefore O(N−3/2), uniformly
in b. This summable estimate handles the infinite tail before any stationary-phase errors are added.

For the finitely many indices |ℓ| ≤ L, expand the phase as

Nϕb,ℓ(x) = Nλx2

2 −N(ℓ− b+ λx∗)x+ Nλx2
∗

2 .

Apply Lemma 4.2 with T = N , curvature λ, and u = N(ℓ− b+ λx∗). Its stationary point is xb,ℓ,
and ϕb,ℓ(xb,ℓ) = ωb,ℓ. After multiplication by

√
N , it gives the corresponding term in (30) with error

O(N−1), uniformly in b. Increasing L if necessary ensures χ(xb,ℓ) = 0 whenever |ℓ| > L and b ∈ J .
Summing the finitely many remaining errors proves the lemma.
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5.2 Fixed blocks and separated stationary contributions

Proof of Proposition 2.1. Fix 0 < δ < 1/20. Proposition 4.1 supplies a real trigonometric polynomial
on Tm,

F (y) =
∑
a∈A

cae(a · y), ca = F̂ (a), A = {±ai : 1 ≤ i ≤ r},

and a vector v ∈ Rm. The representatives ai are nonzero and pairwise nonparallel. Write λa = a · v.
The properties needed here are

∥F∥∞ ≤ 1, ∥F∥2 ≥ 1 − 3δ, λa ̸= 0,
∑
a∈A

|λa| < 1, (32)

|ca|√
|λa|

≤ Kδ (a ∈ A). (33)

The set A is a containing Fourier support; coefficients equal to zero are allowed.
Apply Lemma 3.1 with wi = |λai |. Its strict width hypothesis holds because 2

∑
iwi =∑

a∈A |λa| < 1. We obtain an integer H ≥ 1 and points θh ∈ Tm such that all the closed
intervals

Ia,h = a · θh +
[
−|λa|

2H ,
|λa|
2H

]
(mod 1), a ∈ A, 1 ≤ h ≤ H, (34)

are pairwise disjoint. Each has length less than one.
Put x∗

h = (h− 1/2)/H. Choose smooth cutoffs

χh ∈ C∞
c ((h− 1)/H, h/H) , 0 ≤ χh ≤ 1,

H∑
h=1

∫
R
χh(x)2 dx ≥ 1 − δ.

Such cutoffs can be chosen to equal one except in sufficiently small neighborhoods of the block
endpoints. All data chosen so far, including the cutoffs, are now fixed independently of N .

For every integer N ≥ 1 and 0 ≤ k < N , define

XN,k =
H∑

h=1
χh(k/N)F

(
kθh + N

2 v(k/N − x∗
h)2
)
. (35)

The expression does not depend on the choice of real lifts of θh. It is real, and at most one summand
is nonzero, so |XN,k| ≤ 1. As every cutoff is supported strictly inside (0, 1), extending the sum over
k to all integers introduces no additional nonzero terms.

The maximum on the whole circle. Expand F in (35) and apply Lemma 5.1 with

b = t+ a · θh, λ = λa, x∗ = x∗
h, χ = χh.

For fixed real lifts of the finitely many θh, all such b lie in one compact interval as t ranges over
[0, 1]. Thus every error is uniform in t. The leading term indexed by (a, h, ℓ) contains

χh

(
x∗

h + ℓ− t− a · θh

λa

)
. (36)

For this factor to be nonzero, its argument must lie in the interior of the hth block. Hence

|ℓ− t− a · θh| < |λa|
2H ,

which says that −t (mod 1) lies in Ia,h, as illustrated in Figure 1.
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Disjointness of all intervals in (34) allows at most one pair (a, h). For that pair, their length
being less than one allows at most one integer ℓ. The cutoffs vanish near block endpoints, so this
argument also covers angles at the ends of the packed intervals.

0 1

a1 · θh a2 · θh

a3 · θh

−a3 · θh

−a2 · θh

−a1 · θh

−t
|λa1 |/H

Figure 1: Schematic signed intervals for one block, drawn in a representative of T. Paired intervals
have the same width and opposite centers. The construction packs the intervals for every block
together. Only an interval containing −t can give a nonzero stationary contribution at angle t; the
diagram illustrates this condition, not a particular packing produced by the lemma.

By (33), the modulus of the sole possible leading contribution, including its Fourier coefficient,
is at most Kδ. Summing the errors over the fixed finite set of pairs (a, h) therefore gives

1√
N

max
t∈T

∣∣∣∣∣
N−1∑
k=0

XN,ke(kt)
∣∣∣∣∣ ≤ Kδ + o(1). (37)

The error tends to zero uniformly in t, with all construction data held fixed. We have obtained the
desired maximum bound; it remains to show that sampling retains the mean-square mass of F .

The mean-square mass. The block supports are disjoint, so products from different blocks
vanish. Within block h, a pair a, a′ ∈ A contributes the coefficient caca′ times

1
N

∑
k∈Z

χh(k/N)2e
(
kβ + Nκ

2 (k/N − x∗
h)2
)
, β = (a− a′) · θh, κ = λa − λa′ . (38)

If a = a′, this is a Riemann sum with limit
∫
χ2

h. If κ ≠ 0, Lemma 5.1, now with amplitude χ2
h,

shows that the sum with normalization N−1/2 is bounded. The additional factor N−1/2 in (38)
therefore makes this contribution tend to zero.

The remaining case is a ̸= a′ and κ = 0. It cannot be omitted: the coefficient-spreading
construction deliberately produces repeated curvatures. The centers of Ia,h and Ia′,h are distinct
modulo one, so β /∈ Z. Geometric summation gives∣∣∣∣∣

w∑
k=u

e(kβ)
∣∣∣∣∣ ≤ 2

|1 − e(β)| (u,w ∈ Z, u ≤ w).

Writing ψ = χ2
h, summation by parts consequently bounds

∑
k ψ(k/N)e(kβ) by a fixed constant

times ∥ψ∥∞ +
∫

|ψ′|. Indeed the discrete variation is at most
∫

|ψ′|. Division by N again makes (38)
tend to zero.
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There are only finitely many pairs, so we may sum these limits. Parseval on the auxiliary torus
gives

lim
N→∞

1
N

N−1∑
k=0

X2
N,k =

(
H∑

h=1

∫
χ2

h

)∑
a∈A

|ca|2

=
(

H∑
h=1

∫
χ2

h

)
∥F∥2

2

≥ (1 − δ)(1 − 3δ)2 = 1 − 7δ + 15δ2 − 9δ3 ≥ 1 − 7δ. (39)

Together with (37), this proves Proposition 2.1. Every integer N was allowed throughout. In
particular, neither the packing prime nor the number of blocks imposes a divisibility condition on
N .

6 Rounding with a small defect mass
We now prove Lemma 2.2. Its input is a real coefficient vector whose entries have absolute values
close to one in total. We round this vector to signs while controlling its Fourier sum. The small total
defect limits the number of coordinates that need attention at each scale. Spencer’s discrepancy
method gives the required square-root cancellation [23]. Balister, Bollobás, Morris, Sahasrabudhe
and Tiba [3, Sections 4–5] apply partial coloring to round bounded Fourier coefficients to signs in
their real Littlewood construction. Here we track the total defect to make the rounding loss small
relative to

√
N . To specify the real-matrix input precisely, we derive it from the arbitrary-vector

partial-coloring theorem of Lovett and Meka [19, Theorem 4 in the cited preprint version].

6.1 A discrepancy bound for real matrices

Lemma 6.1. There is an absolute constant C0 such that, for integers 1 ≤ s ≤ R and a real matrix
B ∈ [−1, 1]R×s, there is a vector ξ ∈ {−1, 1}s satisfying

∥Bξ∥∞ ≤ C0

√
s log(2R/s).

Proof. We first state the partial-coloring input in its vector form. Given v1, . . . , vR ∈ Ru, a starting
point x0 ∈ [−1, 1]u, and nonnegative numbers c1, . . . , cR such that

R∑
i=1

exp(−c2
i /16) ≤ u/16,

the theorem of Lovett and Meka gives, for every sufficiently small η > 0, a point x ∈ [−1, 1]u with

|⟨vi, x− x0⟩| ≤ ci ∥vi∥2 (1 ≤ i ≤ R), |xk| ≥ 1 − η for at least u/2 coordinates k.

Letting η tend to zero and taking a convergent subsequence gives a point with at least ⌈u/2⌉
coordinates equal to signs and the same discrepancy bounds. Indeed, there are only finitely many
choices of these coordinates, and all the displayed inequalities are closed under limits.

Start at zero in [−1, 1]s. At a stage with u coordinates not yet equal to signs, restrict the rows
of B to those coordinates, take their current values as x0, and choose

ci = 4
√

log(16R/u) (1 ≤ i ≤ R).
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The threshold sum is exactly u/16, and every restricted row has Euclidean norm at most
√
u. Thus

this step changes each row sum by at most 4
√
u log(16R/u) and fixes at least half the remaining

coordinates. Leave the fixed coordinates unchanged and repeat. Zero rows impose no restriction.
The process terminates with a sign vector.

If uh is the number of remaining coordinates before step h, starting with h = 0, then uh ≤ 2−hs.
The function u log(16R/u) is increasing for 0 < u ≤ R. With L = log(16R/s) ≥ log 16, the sum of
the row errors is therefore at most

4
∑

h

√
uh log(16R/uh) ≤ 4

√
sL

∞∑
h=0

2−h/2

√
1 + h log 2

L

≤ 4
√
sL

∞∑
h=0

2−h/2
√

1 + h/4.

The last series converges, and log(16R/s) ≤ 4 log(2R/s) for s ≤ R. This proves the lemma with an
absolute constant, including when s = R.

6.2 Dyadic rounding and the Fourier error

The discrepancy estimate will be applied to real and imaginary Fourier evaluations on a grid. At
each dyadic scale we can reverse all the chosen signs without changing their discrepancy. This
permits rounding without increasing the total defect mass, which is the source of the improved error
bound.

Proof of Lemma 2.2. Let X = (X0, . . . , XN−1) ∈ [−1, 1]N and µ = 1
2
∑

k(1 − |Xk|). If µ = 0, every
Xk is already a sign, and we take εk = Xk. Suppose henceforth that 0 < µ ≤ N/2. Set

σk =
{

1, Xk ≥ 0,
−1, Xk < 0,

pk = 1 − |Xk|
2 .

Then Xk = σk(1 − 2pk), 0 ≤ pk ≤ 1/2, and
∑

k pk = µ. In particular, this definition includes Xk = 0.
Put M = 20N and R = 2M = 40N . For the grid points tℓ = ℓ/M , 0 ≤ ℓ < M , define the real

R×N matrix A by

A2ℓ,k = σk cos(2πktℓ), A2ℓ+1,k = σk sin(2πktℓ) (0 ≤ k < N).

Its entries belong to [−1, 1], and every selection of its columns has at most N ≤ R columns.
Choose an integer J ≥ 1 with N2−J ≤ 1, and first round down:

p
(J)
k = 2−J⌊2Jpk⌋.

This does not increase the mass, and∥∥∥A(p(J) − p)
∥∥∥

∞
≤
∑

k

|p(J)
k − pk| ≤ N2−J ≤ 1. (40)

We next construct p(j−1) from p(j), for j = J, J − 1, . . . , 1, preserving the two properties

p(j) ∈ ([0, 1] ∩ 2−jZ)N ,
∑

k

p
(j)
k ≤ µ.
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Let Sj be the set of coordinates for which 2jp
(j)
k is odd, and let sj = |Sj |. If sj = 0, no change is

needed. Otherwise apply Lemma 6.1 to the columns indexed by Sj , obtaining signs ξk. Replace all
these signs by their negatives if necessary so that

∑
k∈Sj

ξk ≤ 0, and define

p
(j−1)
k =

p
(j)
k + 2−jξk, k ∈ Sj ,

p
(j)
k , k /∈ Sj .

An odd integer in [0, 2j ] lies between 1 and 2j − 1; adding either sign therefore gives an even integer
still in [0, 2j ]. Thus the new vector belongs to ([0, 1] ∩ 2−(j−1)Z)N . Its mass does not increase, and
the simultaneous sign reversal has left the discrepancy unchanged. The step error is consequently at
most ∥∥∥A(p(j−1) − p(j))

∥∥∥
∞

≤ C0 2−j
√
sj log(80N/sj) (sj > 0). (41)

Every coordinate in Sj is at least 2−j , so the mass bound gives

sj ≤ min(N, 2jµ).

This is where the total defect enters the estimate. Put Uj = 2jµ and Lµ = log(80N/µ). The function
f(s) = s log(80N/s) is increasing on (0, N ]. If Uj ≤ N , then

f(sj) ≤ f(Uj) = Uj log(80N/Uj) ≤ UjLµ.

If Uj > N , then, using µ ≤ N/2,

f(sj) ≤ N log 80 ≤ UjLµ.

These estimates apply at every nonempty stage. Summing (41) and (40) therefore gives, for
p′ = p(0) ∈ {0, 1}N , ∥∥A(p′ − p)

∥∥
∞ ≤ 1 + C0

√
µLµ

∞∑
j=1

2−j/2

= 1 + C0√
2 − 1

√
µ log(80N/µ).

(42)

Empty stages contribute zero, without invoking the discrepancy bound with no columns.
Now set εk = σk(1 − 2p′

k) ∈ {−1, 1} and define the error polynomial

Q(z) =
N−1∑
k=0

(εk −Xk)zk = −2
N−1∑
k=0

σk(p′
k − pk)zk.

At a grid point, the real and imaginary parts of −Q/2 are entries of A(p′ − p). Hence

G := max
0≤ℓ<M

|Q(e(tℓ))| ≤ 2
√

2
∥∥A(p′ − p)

∥∥
∞ . (43)

It remains to pass from this grid bound to the whole circle. We apply this step only to Q, the
rounding error.

Write S = max|z|=1 |Q(z)|. If Q = 0, there is nothing to prove. Otherwise let d ≤ N − 1 be its
degree. Applying the maximum principle to Q on the unit disk and to the reversed polynomial
zdQ(1/z) gives

|Q(z)| ≤ Smax(1, |z|d), max
|z|≤1+1/N

|Q(z)| ≤ exp(1)S.
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Cauchy’s estimate on the disk of radius 1/N centered at a point of the unit circle yields |Q′(z)| ≤
exp(1)NS there. Consequently ∣∣∣∣ ddtQ(e(t))

∣∣∣∣ ≤ 2π exp(1)NS.

Every point of T has circular distance at most 1/(2M) from the grid. Integrating this derivative
along the shorter arc gives

S ≤ G+ π exp(1)
20 S, S ≤ G

1 − π exp(1)/20 .

The denominator is positive. Combining this inequality with (43) and (42) proves Lemma 2.2, with
an absolute constant. The same argument covers N = 1, when the error polynomial is constant.

7 Flatness for every finite exponent
The maximum estimate and Parseval imply that normalized moduli converge to one in Lp for every
fixed 0 < p < ∞. The same fourth-moment calculation will give the merit-factor consequence in the
next section.
Corollary 7.1. There are Littlewood polynomials PN of every length N such that, for each fixed
0 < p < ∞, ∫

T

∣∣∣∣ |PN (e(t))|√
N

− 1
∣∣∣∣p dt −→ 0.

Proof. Choose a minimizing polynomial at each length; the finite set of sign vectors ensures that
the minimum is attained. Put fN (t) = |PN (e(t))|/

√
N . Parseval and Theorem 1.1 give

∫
f2

N = 1
and ∥fN ∥∞ = 1 + o(1). Hence

1 ≤
∫
f4

N ≤ ∥fN ∥2
∞

∫
f2

N = 1 + o(1),
∫

(f2
N − 1)2 −→ 0.

For u ≥ 0, |u − 1|4 ≤ |u2 − 1|2, so
∫

|fN − 1|4 → 0. For p ≤ 4, the probability-space integral
inequality gives the assertion. For p > 4, use the eventual uniform bound on |fN − 1| and the same
fourth-moment convergence.

8 Binary merit factors and Morse shifts
We now derive the autocorrelation and symbolic-dynamical consequences of the maximum estimate.
For a binary word A = (a0, . . . , aN−1) ∈ {−1, 1}N , recall

PA(z) =
N−1∑
j=0

ajz
j , Cu(A) =

N−1−u∑
j=0

ajaj+u (1 ≤ u < N).

For N ≥ 2, its merit factor is F (A) = N2/(2
∑N−1

u=1 Cu(A)2). The denominator is positive, since
CN−1(A) = a0aN−1 ∈ {−1, 1}. Expanding |PA|2 on the unit circle and applying Parseval with
probability Haar measure gives

∥PA∥4
4 = N2 + 2

N−1∑
u=1

Cu(A)2, F (A) = N2

∥PA∥4
4 −N2

. (44)

In the notation of Downarowicz–Lacroix, MA = N−2∑N−1
u=1 Cu(A)2 and F (A) = 1/(2MA) [7,

Definition 2 and Lemma 0].
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Corollary 8.1 (All-length unbounded binary merit factors). For N ≥ 2, let

FN = max
A∈{−1,1}N

F (A).

Then
lim

N→∞
FN = +∞,

where the limit runs through all integer lengths. Equivalently, one can choose a word AN ∈ {−1, 1}N

for each N ≥ 2 such that
N−1∑
u=1

Cu(AN )2 = o(N2).

Proof. Choose AN so that PAN
attains the minimum defining mN . By (44), Parseval, and the

elementary fourth-moment bound,

0 < 1
F (AN ) =

∥PAN
∥4

4
N2 − 1 ≤

∥PAN
∥2

∞ ∥PAN
∥2

2
N2 − 1 = m2

N − 1 −→ 0.

The last limit is Theorem 1.1. Thus F (AN ) → ∞ and FN ≥ F (AN ) has the same conclusion. The
equivalence with the autocorrelation formulation follows directly from the definition of F (A).

This corollary refutes the bounded-merit-factor conjecture while retaining the all-length quantifier
of Theorem 1.1. It supplies no quantitative rate of divergence.

For completeness, we specify the symbolic class in the next consequence. For binary words B
and C of lengths b and c, respectively, their product is defined by

(B × C)(s+ bt) = B(s)C(t) (0 ≤ s < b, 0 ≤ t < c).

If each Bj begins with 1 and has length at least two, the products B1 × · · · × Bj have a one-
sided coordinatewise limit. This limit admits a two-sided extension with the same finite words [7,
Definition 3 and the following paragraph]. The orbit closure X ⊂ {−1, 1}Z of such an extension,
under Sx(n) = x(n+ 1), is a binary Morse shift. This is the discrete-time system called a Morse
flow in that paper. Simple spectrum means that the Koopman operator has a cyclic vector: the
linear span of its integer iterates is dense in the underlying L2 space.

Corollary 8.2 (Binary Morse spectral consequence). There is a binary Morse shift (X,S) with a
unique S-invariant Borel probability measure µ for which the Koopman operator USg = g ◦ S on
L2(X,µ) has simple spectrum. For the zero-coordinate function f(x) = x(0), let σf be the spectral
measure characterized by

σ̂f (n) :=
∫
T

e(nt) dσf (t) =
∫

X
f(x)f(Snx) dµ(x) (n ∈ Z).

Then dσf = h dt for some h ∈ L2(T) with h ≥ 0 almost everywhere and
∫
T h dt = 1. In particular,

the absolutely continuous spectral component is nonzero.

Proof. Corollary 8.1 supplies nontrivial finite binary words with arbitrarily large merit factors.
The forward construction in [7, Theorem 2 and its proof] therefore gives a binary Morse shift
with

∑∞
n=1 |σ̂f (n)|2 < ∞. Its defining words have frequencies of both signs tending to 1/2; their

Fact 1 gives unique ergodicity, and their Fact 2 gives simple spectrum for that invariant measure.
Conjugate symmetry extends the square summability to Z. Fourier Plancherel and uniqueness
of Fourier coefficients then give σf = h dt with h ∈ L2(T). Positivity of σf gives h ≥ 0 almost
everywhere, and

∫
h dt = σf (T) = ∥f∥2

2 = 1.
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Here simplicity concerns the full Koopman operator, whereas absolute continuity is asserted
for the cyclic subspace generated by f ; the remaining spectral type is not identified. A different
realization is given in the companion manuscript [20, Theorem 1.1]: it constructs a smooth volume-
preserving diffeomorphism of T3 whose Koopman operator has simple Lebesgue spectrum on the
entire mean-zero L2 space. The present consequence instead concerns the constrained class of binary
Morse shifts.

A Comparison with contrary flatness claims
Corollary 7.1 conflicts with several stated nonflatness results. We compare the precise versions listed
in the bibliography and examine the proposed obstructions. This discussion is independent of the
construction proving Theorem 1.1.

An earlier preprint of el Abdalaoui asserted nonexistence of square-L2-flat real Littlewood
sequences [8, Theorem 3.3]. Its definition fixes both endpoint signs to +1 [8, Equation (2.1)].
Changing at most two endpoint signs of our length-N polynomials costs at most 4/

√
N in normalized

uniform norm. Their normalized maxima still tend to one, so the proof of Corollary 7.1 gives
square-L2 flatness with this convention as well.

A.1 The concentration constant and a neighborhood of zero

Theorem 1 of [10] claims that L2-normalized real-sign polynomial sequences cannot be L2p-flat for
integers p > 1. This conflicts with Corollary 7.1, even though our maximum estimate supplies no
uniform lower bound. The final inference in the cited proof uses a concentration constant with a
different quantifier order from the one needed there.

To see the distinction, let I be the nonzero analytic idempotent trigonometric polynomials

I(t) =
∑

k∈E0

e(kt), ∅ ̸= E0 ⊂ Z≥0 finite.

For α > 0 and a measurable set E ⊂ T, define

Bα(E) = sup
I∈I

∫
E |I(t)|α dt∫
T |I(t)|α dt .

The concentration level of Bonami–Révész is [6, Definitions 1–2]

cα = inf
E symmetric, open

E ̸=∅

Bα(E). (45)

Indeed every number strictly smaller than the infimum is a concentration guarantee for each such
E, and every uniform guarantee is no larger than the infimum. Thus an upper bound on cα does
not give that upper bound on Bα(E) for a prescribed E.

For completeness, the particular sets used in the contrary inference have optimal concentration
equal to one. Suppose E contains the neighborhood (−d, d) of zero, where 0 < d < 1/2, and put
Dq(t) =

∑q−1
k=0 e(kt). The geometric-series formula gives

|Dq(t)| ≤ 1
sin(πd) (t /∈ E).
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For |t| ≤ 1/(2q), the same formula and sin x ≥ 2x/π on [0, π/2] give |Dq(t)| ≥ 2q/π. Consequently,
for α > 1, ∫

T\E
|Dq|α ≤ sin(πd)−α,∫

T
|Dq|α ≥ (2/π)αqα−1.

Their ratio tends to zero, proving Bα(E) = 1. Bonami–Révész also explicitly distinguish full
concentration at zero from the uniform concentration level [6, Theorem 7 and Proposition 9].

Under its assumed flatness, Equation (27) of [10] gives concentration tending to one in each
fixed neighborhood of zero. This is compatible with (45); it does not contradict the cited upper
bound c2p ≤ 1/2. Multiplicative normalization cancels in the ratio. Even restricting supports to
{0, . . . , q − 1} with density tending to 1/2 does not give the required cap: use D⌊q/2⌋. This explains
the failure of that specific concluding inference.

A.2 A later weighted assertion

A separate preprint [9, Theorem 1] asserts a nonflatness criterion for fixed real coefficients aj and
unimodular multipliers. Its hypothesis is

n∑
j=1

a2
j ≤ K

n2

n∑
j=1

j2a2
j , (46)

and its polynomial is normalized by (
∑n

j=1 a
2
j )1/2. Without any restriction preventing a dominant

coefficient, this criterion is false.
Take aj = 2j2 and all unimodular multipliers equal to one. Let Sn =

∑n
j=1 a

2
j . For n ≥ 2,∑

j<n a
2
j

a2
n

≤ (n− 1)2−4n+2 ≤ 1.

It follows, also at n = 1, that

Sn ≤ 2a2
n ≤ 2

n2

n∑
j=1

j2a2
j .

Thus (46) holds with K = 2. On the other hand,∑
j<n aj

an
≤ (n− 1)2−2n+1 −→ 0, Sn

a2
n

−→ 1.

Uniformly for |z| = 1, therefore,∣∣∣∣∣
∑n

j=1 ajz
j

√
Sn

− zn

∣∣∣∣∣ ≤
∑

j<n aj√
Sn

+
∣∣∣∣ an√
Sn

− 1
∣∣∣∣ −→ 0.

The normalized moduli converge uniformly to one. This example concerns weighted coefficients, not
signs.

The proof of Corollary 3 in [9] displays a signed-modulus identity for values at |z| = |z′| = 1.
Even reading its repeated second argument as the intended z′, the asserted form

|P (z) − P (z′)| = σ|P (z)| + τ |P (z′)|, σ, τ ∈ {−1, 1},

is false. For P (z) = 1 + z, z = 1 and z′ = i, the left side is
√

2, whereas no value ±2 ±
√

2 equals√
2. These observations identify defects in the proposed obstructions; the real-sign assertion of

Theorem 1.1 rests on the construction and rounding proof above.
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