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Abstract

From a smooth semipositive anticanonical metric on a smooth projective complex variety,
we construct an unweighted integrable semipositive metric on a corrected anticanonical line of
a smooth base, using a normal equidimensional toroidal model and full generic adjoint rank
one at exponent zero. The explicit rational boundary correction pulls back to an exceptional
divisor. On varieties without positive-degree holomorphic forms, two-metric transfer gives
sections with prescribed boundary poles from a finite-volume log-anticanonical metric and a
target line with bounded semipositive weights. In particular, a smooth projective complex
variety with a smoothly semipositive anticanonical bundle and no such forms has a nonzero
invariant section of a positive anticanonical multiple for every torus action with its natural
linearization. On this class of varieties, generic section and adjoint-rank hypotheses give
contractions of invariant fibrations that preserve both conditions unless an invariant global
section already exists.
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1 Introduction
Anticanonical nonvanishing asks when positivity of −KX produces a nonzero section of −mKX

for some integer m > 0. We study metric descent and dimension reduction for this problem,
including sections with prescribed poles and sections fixed by a torus.

Throughout the paper varieties are over C. We write line bundles additively. On a smooth
variety X, the anticanonical bundle is −KX = detTX , with its natural linearization whenever
a group acts. A singular Hermitian metric is semipositive if its local squared frame norm is
e−φ for a plurisubharmonic weight φ. A metric with locally bounded weights satisfies two-sided
local bounds on φ. Such a condition is stronger than pseudoeffectivity and is preserved by the
normalized maximum construction below.

Two section theorems are applications of the constructions developed here. Let X be smooth
projective with no positive-degree holomorphic forms, and let D be an effective integral divisor.
View its canonical section sD as a (−KX +D)-valued top form. If a semipositive metric h on
−KX + D makes the measure |sD|2h finite, then for every line bundle L with locally bounded
semipositive weights, Theorem 6.1 gives integers a > 0 and c ≥ 0 such that

H0(X, aL+ cD) ̸= 0.

If −KX is smoothly semipositive and an algebraic torus T acts on X, Theorem 7.1 gives
H0(X,−mKX)T ̸= 0 for some m > 0, for the natural action. These conclusions are also
established in the companion [32, Theorems 1.2 and 8.1], which uses invariant sections and
finite-cover descent to obtain anticanonical nonvanishing without the no-forms hypothesis [32,
Theorem 1.1]. Here the emphasis is on reusable transfer statements, rank-preserving contractions,
and alternative constructions by orbit integrals and finite-flat norms.

A section constructed on the base of a rational fibration need not return to the original variety.
Multiplying its pullback by a rational relative section can leave poles over degenerate fibers,
and a second contraction can destroy the one-dimensional space that made an integral metric
positive. We study these two obstructions together: the boundary corrections must disappear
under birational pushdown, and the contraction must preserve both a generic section and its
adjoint section ranks.

1.1 From a volume on the total space to a metric on the base

Let X be smooth projective and suppose L = −KX has a smooth semipositive metric. The
metric determines a smooth positive volume form on X. Resolve a rational fibration to obtain

X
π←−− Z g−−→ Y, E = KZ/X ,

with X,Z, Y smooth projective. The adjoint identity is

KZ/Y + π∗(−KX) = E + g∗(−KY ).

Over a smooth fiber, the Jacobian section sE is an adjoint section after a base canonical frame
has been chosen. If it spans the generic adjoint space, integration along the fibers turns the
pushforward volume into the squared norm of a line. Relative direct-image positivity then
supplies the curvature inequality on the smooth locus. The question is what happens at its
boundary.
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The first metric result, Theorem 2.1, answers this question on a normal equidimensional
toroidal intermediate model W → Y dominating X. For a base prime Q, let eD be its pullback
multiplicity at a prime D of W above Q, and let aD be the Jacobian order over X. The correction
is the explicit rational divisor

A0 =
∑
Q

max
{

0, min
D 7→Q

(1 + aD
eD

− 1
)}

Q.

Its pullback to W is exceptional over X. The resulting metric on −KY +A0 has locally integrable
squared frame norms without inserting a vanishing section. If, away from the Jacobian divisor,
the coefficient curvature dominates a positive pulled-back base form on one patch, then this
metric is smooth and strictly positive on a nonempty ordinary open set. The proof checks every
divisorial valuation, including those centered in intersections of the boundary. This construction
is proved before any section-existence argument. The companion [34, Sections 5.3 and 11.2]
uses precisely this unweighted integrability, strictness, and exceptional support for its fixed-error
effectivity argument and its Fano-type model of an auxiliary base.

The distinction between a normal intermediate model and its smooth resolution is useful.
Equidimensionality controls which divisors can carry poles. Smoothness permits fiber integration.
A smooth resolution need not be equidimensional, but its additional divisors over subsets of base
codimension at least two are exceptional over the original variety. Keeping both models makes
the final support statement exact.

1.2 A contraction that keeps its generic section

The second main result is Theorem 4.1. Let X have no positive-degree holomorphic forms, let
−KX be smoothly semipositive, and let a torus T act on X. Consider an invariant rational
fibration to a trivially acted-on base Y whose function field is relatively algebraically closed in
C(X). Assume that a positive anticanonical multiple has a nonzero invariant section on the
generic fiber, and put η = SpecC(Y ). Suppose that the invariant generic adjoint spaces

H0(Zη, (KZ/X +mπ∗(−KX))|Zη

)T
have dimension one for every positive multiple of a fixed integer. Then either a positive
anticanonical multiple has a global invariant section, or the fibration factors rationally through a
strictly lower-dimensional base satisfying the same two conditions.

The two assumptions have different roles. The generic section supplies the line whose high
moments yield a bounded base metric. Multiplication by its powers also compares degree zero
with the positive-degree adjoint spaces and forces rank one at zero; this supplies the zeroth
density as well as the high moments. The rank condition makes ratios of sections into base
functions. After contraction, the proof must recover that statement for the larger generic fiber,
as well as producing its section.

Here is the mechanism. Vertical minima normalize the section to a regular map from a base
line. A toroidal density calculation produces both a bounded metric on that line and a nef
anti-log-canonical class with a signed boundary. The negative boundary is supported on those
base primes where section poles can be absorbed upstairs. If a suitable small boundary correction
is effective, its section lifts to X. Otherwise a movable class annihilates the relevant divisors.
Twisted differential forms give an unbounded sequence of effective divisors of degree zero. Their
ratios define a smaller field. Affine relations among their horizontal multiplicities give the new
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generic section, and the controlled base poles restore all the adjoint ranks. This last step is what
permits iteration.

1.3 Methods, predecessors, and other metric hypotheses

The distinction between numerical and linear effectivity is important in positioning these results.
Lazić–Matsumura–Peternell–Tsakanikas–Xie prove numerical effectivity of nef anti-log-canonical
divisors for projective log canonical threefold pairs under Q-factoriality or rational singularities
[26, Theorem A]. A numerical equivalence with an effective divisor need not supply a section of
a multiple of the given line. Müller proves actual nonvanishing for projective klt threefold pairs
with nef anti-log-canonical divisor, and in arbitrary dimension when that divisor is semiample on
a general maximal-rationally-connected fiber [29, Theorem A and Corollary B]. His equivariant
theorem gives invariant plurisections for commutative linear algebraic groups on projective
sub-log-canonical pairs with semiample anti-log-canonical divisor [29, Theorem C]. Our invariant
conclusion instead uses smooth semipositivity on a smooth variety without positive-degree forms
and treats algebraic tori. It does not assert the same generality of pairs or groups. Müller’s
moment-polytope argument also precedes the toric initial-section construction in Section 8 [29,
Proposition 3.13 and Corollary 3.14].

The birational preparations use flattening by Raynaud–Gruson [37], the toroidalization
of Abramovich–Denef–Karu [2], and the cone subdivisions and weak semistable reduction of
Abramovich–Karu [3]. Birational toroidal preparation and reduced fibers after alteration are
different constructions here. We use the former for valuation and support estimates; the latter
gives a separate norm construction in Section 12.

The curvature mechanism builds on Berndtsson’s smooth direct-image positivity [8, Theo-
rem 1.2] and the relative Bergman theorem of Berndtsson–Păun [9, Theorem 0.1]. The singular
direct-image formulation is due to Păun–Takayama [36, Theorem 3.3.5]; the actual-multiplier-
ideal formulation is also presented in [22, Theorem 21.1]. In the ordinary singular case we
verify integrability of the generating adjoint section, including the actual multiplier ideal. In the
invariant case smooth coefficients allow compact averaging to give an orthogonal holomorphic
quotient. This explains why the singular and invariant forms of the transfer statement have
separate hypotheses. The normalized high-moment limit then produces a bounded metric, while
the zeroth moment retains a finite-volume donor metric on a different line bundle.

Movable-class slopes connect those metrics to dimension reduction. We use divisor–curve
duality [11], movable slope theory [21], and the algebraicity criterion of Campana–Păun [13].
The foliation argument follows the strategy used by Ou for generic nefness [35]; the boundary
and integrability conditions required here are retained in each local version. Proposition 5.3
proves the general finite-volume cotangent estimate by approximating a rational boundary
while preserving its strict discrepancy inequalities. For integral boundaries, the companion [32,
Theorem “Finite-volume cotangent bound”] gives a different proof through ramification estimates
and relative Bergman metrics. Hard Lefschetz with multiplier ideals [18, Theorem 0.1] supplies
twisted forms. Their determinant extraction follows Lazić–Peternell [27, Lemma 4.1], as adapted
in [26, Lemma 5.1]. The horizontal divisor comparison is a relative version of the three-index
argument in [27, Theorem 3.1, Step 3]: ratios in the smaller base field give equality of horizontal
parts instead of the absolute divisor equality furnished there by Iitaka dimension zero. The
subsequent control of vertical poles and restoration of adjoint rank are separate steps.

Several useful variants require different input data. An integrable metric after multiplication
by a boundary section need not have integrable frame norms. A signed sub-klt divisor is also
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different from an effective klt boundary. We therefore distinguish weighted, unweighted, and
signed-boundary transfer statements. The large-moment construction uses only eventual adjoint
ranks in its curvature step. Together with its regular distinguished section those ranks imply rank
one also in the earlier degrees, but the construction does not use zeroth-moment curvature. Each
variant is carried through its support and rank verification before it meets a common contraction
or induction.

Two further constructions illuminate the metric step. On a dense torus orbit, logarithmic
coordinates turn the volume density into an integral of a log-concave function. This is the setting
of complex Prékopa positivity and Kiselman’s minimum principle [24, 6, 7]. The Brascamp–Lieb
variance calculation [12, 25] proves that the negative logarithms of its integral and its supremum
are plurisubharmonic in the base variables; Section 7 gives the complete argument and its
invariant-section application. On a reduced flat alteration, a generic section instead determines
a line nonzero on every fiber. Its finite-flat determinant norm returns that line to a birational
model of the original base. The norm multiplies the section exponent by its degree and preserves
the required polar support.

1.4 Reading the proofs

Section 2 proves the exceptional unweighted metric construction. Section 3 gives two-metric
transfer and its rank-one metric hypotheses; Section 4 then proves the rank-preserving contraction.
Section 5 establishes the weighted, unweighted, and signed-boundary variants.

For the ordinary allowed-pole theorem, the direct route is from the two-metric transfer in
Section 3, through the weighted cotangent estimate, to the induction in Section 6. For invariant
sections, Section 7 applies that theorem using either rank-one quotient integrals or explicit
logarithmic orbit integration. These proofs do not require the rank-preserving contraction
theorem. Sections 8 and 9 then identify the ratio fields, extract their generic sections, and vary
the base construction. The boundary applications in Section 10 and multiplicative systems in
Section 11 give other contractions with their own rank hypotheses. Section 12 replaces the
metric-transfer step by an alteration and a finite-flat norm, then proves the rationally connected
cases of the ordinary and invariant conclusions over the original base field.

2 An integrable anticanonical metric on a toroidal base
A smooth metric on the anticanonical bundle of a smooth variety determines a smooth positive
volume form. Integrating that form along a fibration produces a density on the base. The
question here is whether this density is the squared norm of a positively curved anticanonical
metric, and whether its singularities can be corrected without changing divisors on the original
variety. Adjoint rank one answers the first question. The comparison between ramification and
Jacobian orders answers the second.

We use additive notation for line bundles. If a local frame has squared norm e−φ, its curvature
is i∂∂̄φ. For a rational line bundle, choose a positive Cartier multiple and a nonvanishing local
holomorphic frame of that multiple, and divide its weight by the chosen integer. Integrability
below means e−φ ∈ L1

loc for these root weights. Changing the holomorphic frame multiplies the
squared norm by a locally bounded positive factor with locally bounded inverse, and therefore
does not change this condition.

A toroidal embedding is a normal variety with an open subset locally modeled on a toric
variety and its dense torus. Its boundary is the complement of that open subset. We use strict
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toroidal embeddings, whose irreducible boundary components are normal, and morphisms locally
modeled by toric morphisms. The full reduced boundary will let us control discrepancies even
when the source variety is singular.

Theorem 2.1 (Toroidal volume metric). Let X and Y be smooth connected projective complex
varieties, with n = dimX and d = dimY > 0, and let L = −KX carry a smooth Hermitian
metric h of semipositive curvature α. Suppose

p : W −→ X, f : W −→ Y

are projective morphisms, where W is normal and integral, p is birational, and f is surjective,
equidimensional, and toroidal for strict toroidal embeddings. Choose a smooth projective resolution
ρ : Z →W , and put π = pρ, g = fρ, and EZ = KZ/X . Assume

rk g∗OZ(EZ) = 1. (2.1)

For each prime divisor Q ⊂ Y and each prime E ⊂W dominating Q, set

aE = ordEKW/X , eE = ordE f∗Q,

where the Jacobian divisor KW/X = KW − p∗KX is defined in codimension one. Define

aQ = max
{

0, min
f(E)=Q

(1 + aE
eE

− 1
)}

, A0 =
∑
Q

aQQ. (2.2)

Then A0 is an effective rational divisor with finite support, and f∗A0 is p-exceptional. The
rational line bundle −KY +A0 has a singular Hermitian metric of semipositive curvature whose
squared frame norms are locally integrable without a divisor weight. This metric is smooth on a
nonempty Zariski open subset of Y .

Moreover, let U ⊂ Y be a nonempty Zariski open set where g is smooth and formation of
the adjoint direct image g∗(KZ/Y + π∗L) commutes with base change. If there are a nonempty
ordinary open patch V ⊂ g−1(U) \ SuppEZ , a Kähler form ωY , and a constant c > 0 such that

π∗α ≥ c g∗ωY on V, (2.3)

then the constructed metric is strictly positively curved on a nonempty ordinary open subset of Y .

The rank in (2.1) is the full generic adjoint rank at exponent zero. It identifies the entire direct
image with a line on a suitable open set. In particular, the theorem does not obtain positivity by
restricting a direct-image metric to an arbitrary subline. Likewise, (2.3) is a hypothesis on one
patch; its conclusion is strict curvature on an ordinary open, not a global Kähler lower bound.

The theorem assumes a toroidal equidimensional model rather than constructing one. Bira-
tional weak toroidalization and projective subdivisions provide such models in the applications;
these are the constructions of Abramovich–Denef–Karu and Abramovich–Karu [2, 3]. No cover
making the fibers reduced is part of the theorem. We retain the multiplicities eE in the correction.
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2.1 The correction and its discrepancies

We first isolate the algebraic reason that the correction is disposable on X and integrable on
every higher model. The transverse map y1 = ueE

1 sends a density of order |u1|2aE to one of order
|y1|2(aE−eE+1)/eE . This explains the coefficient in (2.2). After the correction, on a normal-crossing
resolution Z ′ → W , with composite g′ : Z ′ → Y , the upstairs density will have factors |zj |2γj

with γj = coeff{zj=0}(KZ′/X − (g′)∗A0). Such factors are integrable exactly when γj > −1. New
exceptional divisors can be centered in boundary intersections, so checking only the primes
already on W is insufficient. The following lemma controls all the new exponents by comparing
with the full toroidal boundary. The canonical divisors in this discussion are chosen compatibly
with a rational top form on X; all Jacobian differences are consequently unambiguous.

For a rational Weil divisor Θ with KW + Θ rationally Cartier, its crepant pullback to a
smooth model τ : W ′ → W is defined by KW ′ + ΘW ′ = τ∗(KW + Θ). The pair is sub-klt if
every coefficient of ΘW ′ is less than one on every such model; negative coefficients are allowed.
Equivalently, every divisorial log discrepancy AW,Θ(ordF ) = 1−coeffF ΘW ′ is positive. Replacing
“positive” by “nonnegative” defines sub-log-canonicity, or log canonicity when the boundary is
effective.

Lemma 2.2. Let X,Y be smooth connected projective varieties with dimY > 0, let W be normal
and integral, and let p : W → X be projective birational and f : W → Y projective, surjective,
equidimensional, and toroidal for strict toroidal embeddings. Define A0 by (2.2), and put

Θ = −KW/X + f∗A0.

Then Θ ≤ 0, the pair (W,Θ) is sub-klt, and f∗A0 is p-exceptional. In particular, for every smooth
model τ : Z ′ →W ,

coeffF
(
KZ′/X − (fτ)∗A0

)
> −1 (2.4)

at every prime F ⊂ Z ′.

This assertion uses only the morphisms and their divisor orders. Neither a metric nor an
adjoint-rank assumption is needed; this will allow us to use the same discrepancy estimate with
invariant direct images later.

Proof. At a general point of a prime of W , the variety is smooth and the Jacobian of the
morphism to X is holomorphic. Hence aE ≥ 0. At a prime that is not exceptional over X, the
morphism is an isomorphism at its general point, so aE = 0.

Every vertical prime of W dominates a prime of Y . Indeed, an equidimensional map of
relative dimension dimW − dimY cannot map a divisor into a set of codimension at least two:
its dimension would then be at most dimW − 2. If aQ > 0, the minimum in (2.2) is positive, so
every prime over Q has aE > 0 and is p-exceptional. This proves the asserted support of f∗A0.
It also proves finite support, since there are only finitely many p-exceptional prime divisors.
Rationality follows from the integer orders in (2.2).

If E dominates Q with aQ > 0, its coefficient in Θ satisfies

−aE + eEaQ ≤ 1− eE ≤ 0.

At a prime above a Q with aQ = 0, and at any horizontal prime, the coefficient is −aE ≤ 0.
Thus Θ ≤ 0.
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Let DW be the full reduced toroidal boundary. The toroidal pair (W,DW ) is log canonical,
KW +DW is rationally Cartier, and W \DW is smooth. These assertions can be checked on a
regular subdivision of each toric chart: the logarithmic top form gives K

W̃
+D

W̃
= τ∗(KW +DW ),

and the reduced boundary upstairs has simple normal crossings. We also have

KW + Θ = p∗KX + f∗A0.

Consequently B = DW −Θ is an effective rational Cartier divisor whose support contains DW .
For any divisorial valuation v over W , the log discrepancies satisfy

AW,Θ(v) = AW,DW
(v) + v(B). (2.5)

The full toroidal boundary gives nonnegative log discrepancies; the effective rational Cartier
difference adds a strictly positive term precisely where that discrepancy could vanish. Both terms
on the right are nonnegative. If the first is zero, the center of v lies in DW , since the complement
is smooth with zero boundary. Its center is then contained in the support of the effective rational
Cartier divisor B, so v(B) > 0. If the first term is positive there is nothing more to check. This
proves AW,Θ(v) > 0 for every divisorial valuation, which is the sub-klt assertion. This argument
does not require the support of KW/X to lie in the toroidal boundary.

Finally the crepant pullback of Θ to Z ′ is

ΘZ′ = (fτ)∗A0 −KZ′/X .

Its coefficients are less than one by the sub-klt assertion, giving (2.4).

2.2 Positivity of the integrated density

We next explain why the volume density gives a semipositive metric, and why the patch in (2.3)
gives strict curvature. The analytic input is the smooth direct-image theorem of Berndtsson
[8, Theorem 1.2]. We use its primitive-representative curvature formula before the additional
product and fiberwise-positivity assumptions considered later in that paper.

For clarity, consider a proper smooth Kähler family f : Z → D over a disc with coordinate t,
relative dimension r > 0, and a smooth semipositive coefficient line (L, hL). Assume formation
of E = f∗(KZ/D + L) commutes with base change. Choose a holomorphic section u of E that
is Chern-normal at 0. Berndtsson’s representative construction [8, Proposition 4.2] gives an
absolute L-valued (r, 0)-form û representing u, with

∂̄û = dt ∧ η, ∂hL û = dt ∧ µ, µ|Z0 = 0, (ω ∧ η)|Z0 = 0.

Here ω is a Kähler form on the total space. Differentiating the fiber integral with this representa-
tive gives

−i∂∂̄∥u∥2
∣∣
0 ≥ f∗

(
ir

2
û ∧ ûhL ∧ iΘL,hL

) ∣∣
0. (2.6)

The omitted term is the nonnegative squared norm of the primitive (r − 1, 1)-form η; this is [8,
formula (4.8)]. The displayed integrand is nonnegative because an (r, 0)-form in dimension r + 1
is decomposable. If the coefficient curvature dominates c f∗(i dt ∧ dt̄) on a patch where u(0) is
nonzero, the right side is strictly positive: its integral on that patch is bounded below by the
positive integral of the squared relative form times c i dt∧ dt̄. Applying this argument on discs in
every base tangent direction proves horizontal strictness. When r = 0 and the full direct image
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has rank one, the smooth map has one-point fibers, and its line metric is the coefficient metric
itself.

We now apply this calculation to the theorem. Write Ωh for the smooth positive volume
form on X determined by h. In a coordinate frame ∂/∂x1 ∧ · · · ∧ ∂/∂xn of −KX , it has density
equal to that frame’s squared norm. Its pullback to Z contains the squared Jacobian factor and
vanishes along EZ to twice its order.

Choose a nonempty Zariski open U over which g is smooth and base change holds. After
shrinking U , the canonical section sEZ

induces an isomorphism

g∗(KZ/Y + π∗L)|U = g∗OZ(EZ)|U ⊗ (−KY )|U ≃ (−KY )|U . (2.7)

Indeed, the first direct image on the right is generically a line by (2.1), and sEZ
is a nonzero

generic section of that line. Local freeness, base change, and its nonvanishing as a frame hold
on a smaller open set. When (2.3) is assumed, the chosen ordinary patch still meets its inverse
image. We also remove SuppA0 from U .

In coordinates y = (y1, . . . , yd) on U , let dVy denote the Euclidean volume with the same
normalization used for top forms, and write

g∗π
∗Ωh = H(y) dVy. (2.8)

By (2.7), H is exactly the squared L2 norm of the corresponding frame of −KY . It is smooth
and positive on U , and − logH is plurisubharmonic by smooth direct-image positivity. If (2.3)
holds, the section corresponding to that frame is nonzero wherever the Jacobian section is
nonzero. Therefore (2.6), applied with coefficient L = π∗L, and (2.3) make − logH strictly
plurisubharmonic at an image point of the patch. Smoothness then gives strict positivity on an
ordinary neighborhood of that point.

2.3 Extension and unweighted integrability

The remaining task is to cross the omitted base locus. Extension of a plurisubharmonic weight
requires an upper bound; integrability requires an upper bound on its exponential with the
opposite sign. The ramification calculation provides the first, while the discrepancy calculation
provides the second.

On a coordinate neighborhood in Y , choose local equations tQ for the finitely many components
of A0. On its intersection with U define

Φ = − logH +
∑
Q

aQ log |tQ|2. (2.9)

These are the weights of a metric on −KY +A0: its squared frame norm is H
∏
Q |tQ|−2aQ . The

assertion follows either by the frame transition rule or after clearing the denominators of A0. On
U the added terms are pluriharmonic, so the metric has the curvature already established.

Let Q be a prime component of Y \ U . Choose a prime E over Q attaining the minimum
in (2.2). At general points of E and Q, both are smooth and E → Q is a submersion. Choose
the resolution to be an isomorphism there. After absorbing a nonvanishing unit into a local
coordinate, the map has the form

(u1, . . . , un) 7−→ (ueE
1 , u2, . . . , ud), Q = {y1 = 0}.
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On a smaller coordinate polydisc the density of π∗Ωh is bounded below by a positive constant
times |u1|2aE . Integrate over one fixed polydisc in the remaining fiber coordinates. The change
of variables y1 = ueE

1 , whose real Jacobian is e2
E |u1|2(eE−1), yields

H(y) ≥ cQ |y1|2bQ , bQ = min
f(E)=Q

(1 + aE
eE

− 1
)
. (2.10)

All other local factors in (2.9) are bounded above and below near the chosen general point. Since
bQ − aQ = bQ −max{0, bQ} ≤ 0, the lower bound in (2.10) makes Φ bounded above there. The
removable-singularity theorem for plurisubharmonic functions extends it across a general open
subset of each omitted divisor.

The remaining omitted analytic set has codimension at least two in the smooth base. The
usual Hartogs argument supplies the upper bound needed there as well. In a small polydisc,
choose one coordinate direction with circle boundary disjoint from that set. For transverse
parameters outside its projection the entire disc misses the set, so the submean inequality bounds
Φ by its bound on the circle. The exceptional parameter set has measure zero; applying the
submean inequality on a small ball about any remaining point where Φ is defined gives the same
bound there. Taking the upper semicontinuous extension proves removability. The extensions
agree in overlapping frames by uniqueness, and define a semipositive metric on −KY +A0.

To prove integrability, use the projection formula on the smooth locus, rather than pulling
back the already integrated density:

e−Φ dVy = g∗

∏
Q

|tQ ◦ g|−2aQ π∗Ωh

 . (2.11)

Take a further resolution Z ′ → W on which the Jacobian divisor and the pullback of A0 have
simple normal crossings, and denote its maps by π′ : Z ′ → X and g′ : Z ′ → Y . On a normal-
crossing coordinate chart the upstairs measure on the right of (2.11) is a positive bounded smooth
factor times

s∏
j=1
|zj |2γj dVz, γj = coeff{zj=0}

(
KZ′/X − (g′)∗A0

)
> −1,

where the strict inequalities are Lemma 2.2. Each one-variable integral
∫ ε

0 r
2γj+1 dr is finite, so

this measure is locally integrable on Z ′. Properness makes its pushforward locally finite on Y .
Formula (2.11) then proves e−Φ ∈ L1 off the omitted analytic set, with finite integral on every
relatively compact coordinate neighborhood. The extension changes the weight only on a set of
Lebesgue measure zero and therefore has the same integrability. This proves Theorem 2.1.

Corollary 2.3. For the correction in Theorem 2.1, κ(Y,A0) = 0. More precisely, for every
positive integer m for which mA0 is integral,

H0(Y,OY (mA0)) = C smA0 .

Proof. A section divided by smA0 is a rational function q on Y with poles bounded by mA0.
The rational function f∗q on W has only p-exceptional poles. Viewed in C(W ) = C(X), it
consequently has no pole along any prime of the smooth variety X. Normality extends it regularly
across the remaining subset of codimension at least two. It is constant because X is connected
and projective. Dominance of f makes q constant as well. The canonical section exists since
A0 ≥ 0, giving the asserted one-dimensional space and Iitaka dimension.
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3 Two metrics and controlled pole support
The section problem involves two line bundles with different metric requirements. The first
supplies a finite volume measure and controls cotangent tensors. The second is the bundle in
which we seek a section; its bounded metric is preserved when the problem is transferred to a
lower-dimensional variety.

All varieties in this section are smooth connected projective varieties over C, unless a normal
intermediate model is specified. We use additive notation for line bundles. A semipositive
singular Hermitian metric has local squared norm e−ϕ, where ϕ is plurisubharmonic and not
identically −∞. Bounded weights are locally bounded from both sides. Let D ≥ 0 be an integral
divisor and put A = −KV +D. Its canonical section sD is an A-valued top form. For a metric
hA on A, the notation

µ = |sD|2hA

denotes the associated positive measure. The finite-volume condition
∫
V µ < ∞ is a separate

assumption; it does not follow from semipositivity of hA. This measure has positive finite density
almost everywhere and gives no mass to proper algebraic subsets.

3.1 Models and adjoint measures

For a dominant rational map with connected general fibres we use a normal projective intermediate
model V̄ and a smooth resolution W fitting into

W −→ V̄ , p̄ : V̄ −→ V, f̄ : V̄ −→ Y, p : W −→ V, f : W −→ Y.

Here Y is smooth projective, p̄ is birational, and f̄ is surjective and equidimensional. Such models
follow by applying flattening to the graph, resolving the modified base, taking its dominating
transform, and normalizing [37]. The dimension bound from the flat model persists under base
change for the dominating transform and under finite normalization. Every vertical prime of
V̄ therefore maps onto a prime divisor of Y . A prime of W mapping into a subset of Y of
codimension at least two is exceptional over V̄ and hence over V . The smooth resolution itself
need not be equidimensional.

Write
J = KW/V ≥ 0, S = J + p∗D.

The section sS = sJp
∗sD is a section of KW + p∗A. Its squared norm is the birational pullback

of µ, including the squared Jacobian. Change of variables off the exceptional locus gives a finite
measure on W . This statement concerns densities almost everywhere and does not require a
pointwise definition of a singular metric on its polar set.

3.2 Transferring the two metrics

The next statement separates normalization of divisor orders from the analytic input which gives
curvature. This permits both a rank-one adjoint argument and a direct calculation along torus
orbits.

Lemma 3.1 (Transfer with controlled pole support). Let V be smooth connected projective,
let D ≥ 0 be integral, and suppose A = −KV + D has a semipositive singular metric hA with∫
V |sD|2hA

< ∞. Let L have a semipositive metric hL with bounded weights. Use the model
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diagram above with 0 < dimY ≤ dimV . Suppose a nonzero rational section ρ of kL, k > 0, has
no horizontal poles on V̄ . On a dense base open set put

g0(y) dλy = f∗p
∗µ, Sρ(y) = ess sup

Wy

|p∗ρ|2
hk

L
.

Assume − log g0 in coordinate frames and − logSρ have psh representatives on this open set.
Then, after clearing a positive integer denominator, there are a line bundle B with bounded
semipositive weights, an effective integral divisor DY , and a regular nonzero map

f∗B −→ bk p∗L

for some b > 0. The line bundle −KY + DY has a semipositive metric whose distinguished
adjoint measure has finite mass. Every nonzero section of aB + cDY , where a > 0 and c ≥ 0 are
integers, produces a nonzero rational section of abkL with poles only on D. If the data and ρ are
invariant for a torus acting trivially on Y , then the produced section is invariant.

Proof. We first normalize the section, obtaining both the regular map and its bounded base
metric. We then correct the pushforward measure along base primes whose poles disappear on
return to V or remain within D.

For a prime T of Y set

dT = min
Q7→T

ordQ(p̄∗ρ)
ordQ(f̄∗T )

, B0 =
∑
T

dTT.

The orders in this expression are taken on V̄ . Only finitely many dT are nonzero. Equidimen-
sionality and the absence of horizontal poles give

divV̄ (ρ)− f̄∗B0 ≥ 0.

This is an effective Q-Cartier divisor. Choose b > 0 clearing the coefficients of B0 and set
B = bB0. Normality extends the normalized section in codimension one to a regular morphism
f̄∗B → bkp̄∗L, and pullback gives the displayed map. Over each prime T a component realizing
the minimum is absent from its vanishing divisor.

For a local meromorphic equation l of B, define the weight

−b logSρ + log |l|2.

It is psh on the initial open set. Its negative exponential is the fibre supremum of the squared
norm of the regular normalized section (p∗ρ)b/f∗l. Properness and bounded weights of hL
bound this norm above locally over every base point, giving a lower bound for the weight even
near the omitted locus. At a general point of each omitted base prime T choose a minimizing
component. The normalized section is nonzero there. At general points of this component and
T , the transverse map has coordinates y1 = ze1, yi = zi for 2 ≤ i ≤ dimY . Thus every nearby
fibre meets a patch where the normalized section norm is bounded below. The fibre measure
has positive density almost everywhere on such a patch, so the essential supremum has a fixed
positive lower bound. This gives an upper bound for the weight near a general point of that prime.
Psh removable singularities extend the weight there and then across the remaining analytic set
of codimension at least two. The lower bound persists, while the extended psh weight is locally
bounded above. These weights glue and give the bounded metric on B.
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The bounded metric is now constructed. For the finite-volume metric, call a base prime T
invisible if every component of f̄∗T is exceptional over V or maps into D. There are finitely
many such primes, since they are images of the finitely many exceptional or boundary primes.
Choose a component above T on V̄ and denote its strict transform on W by Q. At its general
point write

e = ordQ(f∗T ), a = ordQ(J + p∗D).
The local psh coefficient weight of hA is bounded above, so its negative exponential is bounded
below by a positive constant. The Jacobian and boundary section therefore bound the pulled-back
measure below by a positive constant times |z1|2a times coordinate volume. Integrating over a
fixed disc in the free variables and using y1 = ze1 gives

g0(y) ≥ C|y1|2(a−e+1)/e (3.1)

almost everywhere near the general base point. If T is visible, choose a component with a = 0;
then − log g0 is bounded above there. For the invisible primes choose sufficiently large integral
coefficients of DY . Equation (3.1) makes

− log g0 + log |sDY
|2

locally bounded above at their general points. It extends psh in codimension one and then across
codimension two, defining a metric on −KY +DY . Pairing it with sDY

cancels the added factor.
Its adjoint measure is g0dλy = f∗p

∗µ almost everywhere and is therefore finite.
A section of aB + cDY is a rational section of aB with poles only on DY . Pull it back and

compose with the a-th power of the normalized map. On V̄ all possible new poles lie above
invisible primes. They are thus exceptional over V or map into D. The normal intermediate
model excludes nonexceptional divisors over base subsets of codimension at least two. Birational
pushdown therefore leaves poles only on D, and a sufficiently large multiple of D clears them.
The rational section remains nonzero. The normalization uses only base factors, so it preserves
invariance when present.

Lemma 3.2 (Rank-one sufficient condition). In the setting of Lemma 3.1, suppose on the generic
fibre of f that

h0(Wη, (J + p∗D +mkp∗L)|Wη

)
= 1 (m ≥ 0).

Then the two psh assumptions in that lemma hold. There is also an invariant version: take D = 0,
smooth input metrics invariant under a compact form of an acting torus, and an invariant ρ; it
suffices that the invariant dimensions in the display equal one.

Proof. On a base open set where ρ is regular, define

gm(y) dλy = f∗
(
|p∗ρ|2m

hk
L
p∗µ

)
.

These are finite positive densities almost everywhere, since the section norms are bounded
on compact preimages and p∗µ has finite mass. Give p∗(A + mkL) the coefficient metric
hm = p∗(hAhmkL ), and consider the integrable direct image

Fm = f∗
(
OW (KW/Y + p∗(A+mkL))⊗ I(hm)

)
.

For a local canonical frame ηY on the base, the section

um = sJ+p∗D(p∗ρ)m

f∗ηY
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is locally integrable on the total space and therefore belongs to Fm. It is nonzero and generates
the ordinary direct image generically by the rank-one hypothesis. Consequently Fm also has
rank one. On a dense open set where um is its frame, the squared direct-image norm is gm.

Singular direct-image positivity gives − log gm a psh representative there. We use the
formulation with the actual multiplier ideal in [22, Theorem 21.1], based on [36, Theorem 3.3.5].
Equivalently, in the relative Bergman description, the weight is the logarithm of the generator’s
squared holomorphic coefficient minus log gm pulled back from the base [9, Theorem 0.1]. In
the invariant case, use smooth direct-image positivity [8, Theorem 1.2]. Averaging over the
compact torus gives a holomorphic projection onto the invariant line. Distinct weight spaces are
orthogonal, so its subspace metric equals the quotient metric and is semipositive.

There is a fixed dense open set where f is a submersion and each fibre has a patch avoiding
the zeros of sJ+p∗D and ρ. Integrating over such a patch gives gm ≥ Ccm locally, with C, c > 0.
Hence the psh representatives of −m−1 log gm have uniform local upper bounds, independent of
possible extra base-change exceptions for individual m; psh extension fills those exceptions on
the fixed open set. Finite fibre measure and its positive density almost everywhere imply

− 1
m

log gm(y) −→ − log ess sup
Wy

|p∗ρ|2
hk

L

almost everywhere. The limit is finite there by the bounded metric and the regularity of ρ. Local
compactness for psh functions now gives the required representative. Indeed, a subsequence
tending locally uniformly to −∞ would contradict this finite limit. Every L1

loc-convergent
subsequence has a further subsequence converging almost everywhere, so its psh limit agrees
almost everywhere with the displayed power-mean limit. The direct-image argument at m = 0
supplies − log g0.

3.3 Divisors from twisted forms

Lemma 3.3. Let L have bounded semipositive weights on a smooth projective n-fold V with
H0(V,Ωj

V ) = 0 for j > 0. There are a line bundle M mapping nontrivially into a tensor power
of Ω1

V and effective integral divisors

Ni ∼M +miL, mi −→ +∞.

The integers mi can be chosen strictly increasing and divisible by any prescribed positive integer.

Proof. Replacing L at the outset by a prescribed positive multiple gives the divisibility assertion;
it is therefore enough to prove the statement without that prescription. Hodge symmetry gives
χ(OV ) = 1, so Serre duality gives χ(KV ) = (−1)n. Riemann–Roch makes χ(KV + mL) a
polynomial in m with nonzero constant term. It is nonzero for all sufficiently large integers. A
fixed cohomological degree q therefore has Hq(V,KV + mL) ̸= 0 for unbounded m > 0. The
metric on mL has trivial multiplier ideal. Hard Lefschetz with pseudoeffective coefficients [18,
Theorem 0.1] gives nonzero sections of Ωn−q

V ⊗mL at these exponents.
Take the saturated subsheaf E ⊂ Ωn−q

V defined by the span of their untwisted generic images.
Its determinant M = (

∧rank E E)∗∗ is a line bundle and maps to a cotangent tensor power. This
map is first defined outside codimension two and extends because the ambient tensor bundle
is locally free. Every nonzero vector from the family can be completed to a generic basis using
vectors of the same family. Wedging that basis gives a nonzero section of M twisted by the
sum of its positive exponents. These sums are unbounded because one basis vector can have an
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arbitrarily large exponent. Saturation ensures that the maps factor through E , and extension
across codimension two gives global determinant sections. Their zero divisors are the required Ni,
after taking a strictly increasing subsequence. This is the determinant method of [27, Lemma 4.1],
used for anticanonical nonvanishing in [26, Lemma 5.1].

4 Contracting the base while preserving adjoint rank
A relative section is useful only if it survives the next change of base. The theorem below
makes that requirement explicit. The section records existence on a complete generic fiber;
the one-dimensional adjoint space controls the ratios that arise when a larger fiber is formed
by contraction. The proof constructs two different metrics on the base. The first is bounded
and controls the relative section. The second comes from the pushforward volume and controls
cotangent tensors. Their common numerical zero directions determine the contraction.

Theorem 4.1 (Rank-preserving contraction). Let X be a smooth connected projective complex
variety with H0(X,Ωq

X) = 0 for q > 0, and suppose that L = −KX has a smooth semipositive
Hermitian metric. Let an algebraic torus T act on X, with its natural action on L. Let f : X 99K Z
be a dominant T -invariant rational map to a smooth connected projective variety, where C(Z) is
relatively algebraically closed in C(X). On a smooth projective resolution π : Y → X, fY : Y → Z,
put LY = π∗L, EY = KY/X , and η = SpecC(Z). Suppose that:

1. H0(Yη, pLY |Yη )T ̸= 0 for some integer p > 0;

2. there is an integer a > 0 such that

dimC(Z)H
0(Yη, (EY +mLY )|Yη )T = 1 for every positive multiple m of a.

Then either H0(X, rL)T ̸= 0 for some r > 0, or there is a dominant rational map h : Z 99KW
to a smooth connected projective variety with dimW < dimZ such that h ◦ f satisfies the same
two conditions, possibly with different positive integers. The field C(W ) is relatively algebraically
closed in C(X).

We prove the theorem in four steps. Vertical orders normalize the given section and identify
the base primes at which poles disappear on X. Fiber integration then supplies the bounded
metric and a nef signed log-anticanonical class. A supporting movable class produces effective
divisors in unbounded twists. Finally, interpolation of their horizontal orders gives the new
section, and the same field of section ratios restores adjoint rank one.

4.1 The two generic-fiber conditions

Average the weights of the given metric over a maximal compact subgroup of T . The resulting
smooth semipositive metric h is invariant under that compact subgroup. Via the identity section
of KX + L, it defines a smooth positive volume form dµX .

Fix the rational map and resolution in Theorem 4.1, writing f : Y → Z for the resolved map.
We call its two hypotheses the section condition and the rank condition. The action on the base
and its bundles is trivial; EY = KY/X has its natural invariant Jacobian section.

Both conditions are unchanged by resolving further or by replacing the base birationally.
Indeed, if ν : Y ′ → Y is a further smooth modification, then

EY ′ = ν∗EY +KY ′/Y , ν∗OY ′(KY ′/Y ) = OY .
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The comparison of the adjoint spaces uses multiplication by the relative Jacobian section. The
same comparison on a common resolution defines the invariant rational sections even on a
model on which the torus action is not regular. The degree-zero rank is a consequence of both
hypotheses: multiplication by a suitable power of the section in the first condition gives an
injection into a positive-degree invariant space of dimension one (choose a common multiple of
its degree and the integer in the rank condition), while the Jacobian section gives a nonzero
element at degree zero.

If dimZ = 0, the section condition gives a global section on Y , and then on X. We may
therefore assume d = dimZ > 0. Every smooth base encountered below has no positive-degree
holomorphic forms: pullback under a dominant map is injective, and holomorphic forms are
invariant under smooth projective birational modification. Consequently

χ(Z,OZ) = 1. (4.1)

Our task is to obtain a global invariant section or construct another map satisfying both conditions
with a smaller base.

4.2 Equidimensional preparation and the exceptional pole divisor

Apply weak toroidalization to a resolution of the rational map, prescribing the complement
of an isomorphism open over X as part of the source boundary [2, Theorem 1.1]. Then
apply the equidimensional modification by projective subdivisions [3, Proposition 4.4, arXiv:alg-
geom/9707012v1]. After renaming the base, we have

π0 : Y0 −→ X, f0 : Y0 −→ Z,

where Y0 is normal and toroidal, Z is smooth projective, π0 is projective birational, and f0 is
projective, surjective, equidimensional, and toroidal. The reduced source boundary Σ contains
every π0-exceptional divisor. The base boundary has simple normal crossings. This step is
birational: it does not assert that the source is smooth or that the fibers are reduced. We may
subsequently use smooth toroidal resolutions by subdivisions [23]; these remain toroidal over Z
but need not remain equidimensional.

Let s be a rational section supplied by the section condition. On Y0, its horizontal divisor is
effective. Write

1
p

div(s) = H + f∗
0V, (4.2)

where the coefficient of V at a prime P ⊂ Z is the minimum of

coeffD(div(s)/p)
multD(f∗

0P ) (D a component of f∗
0P ).

Equidimensionality ensures that every vertical prime maps onto a prime of Z. Thus V is a
rational divisor and H is effective and Q-Cartier. Choose r > 0 sufficiently divisible. There is an
invariant rational section

σ ∈ H0(Y0, rπ
∗
0L− f∗

0 (rV )
)
, div(σ) = rH.

Its pullback to every dominating smooth model is regular. We take r also divisible by the integer
in the rank condition. For every prime of the base there is at least one component above it with
coefficient zero in H.
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Let G be the reduced sum of the primes P ⊂ Z for which every component of f∗
0P having

coefficient zero in H is exceptional over X. This is a finite sum, since each such prime is the
image of an exceptional divisor of π0. Every nonexceptional component above G has strictly
positive coefficient in H. Hence, for every sufficiently small rational δ > 0,

(H − δf∗
0G)− is exceptional over X. (4.3)

If V +δG is rationally effective for such a δ, multiply its section by a suitable power of σ and divide
by the corresponding canonical section of δG. Equation (4.3) shows that the resulting invariant
rational section of a positive multiple of L has no pole along any prime of X. Smoothness of X
then extends it globally. Thus it suffices either to prove this effectivity or to contract the base.

4.3 The bounded metric and the pushforward density

Write
ρ(z) = f∗(π∗dµX)

dλ(z) (4.4)

on the smooth locus, using any smooth resolution of the prepared toroidal model. The next
estimate uses only the smoothness and positivity of dµX ; its curvature and the adjoint ranks
enter afterwards, when the density is made into a metric.

Write the base boundary as
∑
i Pi. For a component D above Pi, let

biD = multD(f∗
0Pi), eD = coeffD(KY0 − π∗

0KX),

where canonical divisors are chosen compatibly using a rational top form on X. At the regular
generic point of D, eD is its Jacobian order; it is nonnegative, and zero when D is nonexceptional.
Define

ci = min
D 7→Pi

1 + eD
biD

> 0, B =
∑
i

(1− ci)Pi = B+ −B−. (4.5)

If ci > 1, every component above Pi is exceptional, so Pi is a component of G. Thus B− is
supported on the primes all of whose components are exceptional over X, and in particular on G.
The coefficients of B+ are strictly less than one.

Lemma 4.2 (Toroidal density bounds). For the prepared toroidal diagram and smooth positive
volume above, near an arbitrary base point, with yi = 0 the local boundary branches, for every
η > 0,

ρ(y) ≤ Cη
∏
i

|yi|−2(1−ci+η) (4.6)

on the general smooth locus. Near a general point of Pi,

ρ(y) ≥ C|yi|−2(1−ci), C > 0. (4.7)

At a general point of a prime outside the base boundary, ρ also has a positive constant lower
bound.

Proof. The divisor
KY0 + Σ− π∗

0KX −
∑
i

cif
∗
0Pi (4.8)
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is effective and Q-Cartier. Indeed, no prime contributes to the pullbacks of two distinct Pi, by
equidimensionality. At a component above Pi, its coefficient is 1 + eD − cibiD ≥ 0. At the other
boundary components it is 1 + eD, and away from the boundary it is eD. The divisor KY0 + Σ
is Cartier and pulls back log crepantly under toroidal subdivisions: the local top logarithmic
form of a toric model trivializes it and pulls back to the top logarithmic form on the subdivision.
Consequently, on a smooth toroidal resolution, if xj = 0 are the local source boundary branches,
then

aj := 1 + ej > 0, aj ≥
∑
i

cibij , (4.9)

where ej is the Jacobian order over X and bij is the order of yi along xj = 0. These inequalities
include every new ray on every toroidal subdivision, in particular the exceptional rays over
intersections of boundary components. They follow from pullback of an effective log-Cartier
divisor, so this is more than an estimate at the original boundary primes.

For use in analytic integration we make explicit why formal toroidal charts can be replaced
by analytic monomial charts. In a formal chart write

f∗yi =
∏
j

x
Aij

j , xj = XjUj , yi = YiVi. (4.10)

In (4.10), the indices include all source and target toric coordinates, including unit coordinates;
thus A is a d× dimX integer matrix. Here Xj and Yi are analytic boundary equations, or the
constant 1 for unit coordinates; Uj , Vi are formal units. The coordinates minus their residues are
regular parameters. Dominance implies that A has full row rank, since the logarithmic monomial
map has generic rank equal to the target dimension. Factoring the analytic boundary equations
gives analytic units Ri with

f∗Yi =
(∏
j

X
Aij

j

)
Ri.

Choose analytic units V ′
i having the same first jets as Vi. We seek analytic units U ′

j satisfying∏
j

(U ′
j)Aij = Rif

∗V ′
i . (4.11)

Use the constants of the formal solution, divide by them, and take logarithms near 1. The
resulting equations are linear equations with matrix A and holomorphic right hand sides. A
linear right inverse gives a holomorphic solution. Its first jet differs from the prescribed formal
first jet by a vector in kerA; a kernel-valued affine correction removes that difference without
changing the equations. Exponentiating gives the desired U ′

j . Thus XjU
′
j and YiV

′
i have the

original first jets and remain coordinate systems, while the monomial identities hold exactly
analytically. Negative exponents can occur only on unit coordinates and cause no difficulty.

We can now estimate by coarea in logarithmic coordinates. Cut arguments into bounded
sectors and work on relatively compact pieces of these charts, away from the boundary itself.
Relative to Lebesgue measure in the logarithmic variables, the pullback of dµX is bounded above
by a constant times ∏

j

|xj |2aj

over the vanishing coordinates; all unit moduli are bounded above and away from zero. The factor
|xj |2 in this formula is the Jacobian of the logarithmic change of variables. The analogous change
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on the base introduces
∏
i |yi|2, up to bounded positive factors from its unit coordinates. The

logarithmic map is the fixed full-rank complex linear map A, up to boundedly many argument
translates. Its pushforward density is therefore an integral over affine real planes with fixed
coarea factors.

In the following products, i ranges only over vanishing target coordinates and j only over
vanishing source coordinates; bij is the corresponding boundary-order block of A. To estimate
ρ
∏
i |yi|2(1−ci+η), divide the logarithmic pushforward density by

∏
i |yi|2(ci−η). On an affine fiber,

this factor is constant and can be brought into the integrand. The resulting exponent on a
vanishing source coordinate is

2
(
aj −

∑
i

(ci − η)bij
)
> 0. (4.12)

If some bij > 0, strict positivity follows from (4.9) and η > 0; otherwise it follows from aj > 0.
The integrand thus decays exponentially as the real logarithms of vanishing coordinates tend to
−∞. Their upper bounds, and the bounds on all remaining logarithmic coordinates, allow us to
dominate it by C exp(−ε∥u∥) on the whole chart piece in real logarithmic variables. Integrals of
this bound over affine planes of a fixed direction are uniformly bounded independently of the
translation. For example, write such a plane as v + kerA with v orthogonal to kerA and use
∥v + w∥ ≥ ∥w∥. Properness supplies finitely many chart pieces over a sufficiently small base
neighborhood. The coordinate equations of each boundary prime differ only by bounded units on
overlaps. Summing the bounds proves (4.6) almost everywhere, and hence on the general locus
where the density is continuous.

For (4.7), take a general point of a component which realizes the minimum in (4.5). At that
point take coordinates

y1 = xbiD
1 , yj = xj (2 ≤ j ≤ d). (4.13)

The pulled-back volume is comparable there to |x1|2eD times ordinary coordinate volume. The
change y1 = xbiD

1 , followed by integration over a fixed patch in the remaining fiber variables,
contributes

|y1|2((1+eD)/biD−1) = |y1|−2(1−ci).

This is a lower bound for the full pushforward density.
At a general point of an excluded prime outside the base boundary, the density also has a

positive constant lower bound. In fact there is a nonexceptional component over that prime. An
exceptional component would lie in the source boundary, whereas a boundary component meeting
the inverse image of the base toroidal open cannot be vertical there: all target coordinates are
units, so the full-rank monomial matrix uses only source unit coordinates and the map restricted
to the component is dominant. At a nonexceptional component the Jacobian order is zero. If b
is its pullback multiplicity over the base prime, the same power-coordinate calculation gives a
lower bound, since its exponent is 2(1/b− 1) ≤ 0.

Lemma 4.3. In the preceding setup, V has a semipositive metric with locally bounded weights.
For the effective rational divisors B+ and B− defined in (4.5), there is a nef rational divisor M
such that

KZ +B+ +M ∼Q B
−. (4.14)

The support of B+ has simple normal crossings and all its coefficients are less than one. The
divisor B− is supported on those primes of Z all of whose components on Y0 are exceptional over
X; in particular it is supported on G.
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Proof. We first match the data with the smooth invariant version of Lemmas 3.2 and 3.1. Their
original variety is X, their allowed-pole divisor is zero, and both input bundles are A = L = −KX

with the compact-invariant smooth metric h. The finite measure is dµX . Take exponent r and
the rational section s̃ of rL whose pullback has divisor rH + f∗

0 (rV ). It is the power of the
original generic section used to construct σ. It is invariant and has no horizontal poles. On an
equivariant resolution the invariant adjoint ranks equal one for every multiple of r, including
zero by the argument above. All hypotheses of Lemma 3.2 are therefore satisfied.

The zeroth density is ρ from (4.4); hence − log ρ is psh on the smooth base-change locus.
The normalized base divisor in Lemma 3.1 is rV , by the full-component minimum in (4.2). Its
bounded metric, divided by r, gives the asserted metric on V . More concretely, for a local frame
v of rV , it is determined by

|v|2 =
(

max
f−1

0 (z)
|σf∗

0 v|
2/r
(π∗

0h)r

)r
.

The essential supremum in the transfer lemma is this maximum: on a smooth connected general
fiber the smooth measure has full support. The invariance step is the orthogonal quotient in the
smooth Berndtsson theorem, as proved in Lemma 3.2; no singular invariant-subbundle positivity
is invoked.

We now use Lemma 4.2 to construct the signed log-anticanonical metric. Put M = −KZ −B.
On the general open its local metric weight is

φM = − log ρ−
∑
i

(1− ci) log |yi|2. (4.15)

This has the transition law of M : a frame of −KZ is multiplied by the boundary factor
∏
i y

1−ci
i ,

after clearing denominators. It is plurisubharmonic away from the boundary. The lower density
bounds give the upper bound needed for extension across a dense open of every excluded divisor.
Hartogs extension treats the remaining codimension-two set. The upper density estimate implies

φM ≥ η
∑
i

log |yi|2 −Oη(1) for every η > 0. (4.16)

In particular this metric has zero Lelong numbers: the lower estimate holds with arbitrarily
small logarithmic coefficients. For every fixed divisible k > 0, choose η < 1/k. Normal-crossing
integrability shows that I(kφM ) = OZ . This assertion is about every such power, not just the
first multiplier ideal.

Choose a very ample divisor A on Z. Nadel vanishing [30], applied after adding the smooth
positive metric on (d+ 1− i)A, gives

H i(Z,KZ + kM + (d+ 1− i)A
)

= 0 (1 ≤ i ≤ d).

Castelnuovo–Mumford regularity makes KZ +kM +(d+1)A globally generated. Its class divided
by k is nef, and the limit as k tends to infinity proves that M is nef. The identical argument for
the bounded metric on V , whose every power has trivial multiplier ideal, also shows that V is
nef. Equation (4.14) follows from the definition of M .

4.4 Cotangent tensors on a supporting movable class

If V +G is big, then for 0 < δ ≤ 1,

V + δG = δ(V +G) + (1− δ)V
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is big, because V is pseudoeffective. Choosing a sufficiently small rational δ and using (4.3)
finishes the proof. We may therefore assume that V + G is not big. Duality between the
pseudoeffective divisor cone and the closed movable curve cone [11] gives a nonzero movable
curve class β with

(V +G) · β = 0.
Since V and G are pseudoeffective and B− is supported on G, we obtain

V · β = G · β = B− · β = 0. (4.17)

Lemma 4.4. Every line subsheaf N ⊆ (Ω1
Z)⊗s, for s ≥ 0, satisfies c1(N) · β ≤ 0.

Proof. For s = 0, the inclusion into OZ gives the assertion directly. Let s > 0 and let t > 0 be
rational. Since M is nef, M + tA is ample. Choose a sufficiently divisible very ample multiple
and a general member; divide that member by the multiple and add it to B+ to obtain a rational
simple normal crossings boundary ∆t, all of whose coefficients lie in [0, 1). Then

KZ + ∆t ∼Q B
− + tA

is pseudoeffective.
Apply the orbifold cotangent theorem [13, Theorem 1.3 and Section 5] to this smooth projective

log-canonical pair. On a finite adapted cover τ : Z̃ → Z, the adapted orbifold cotangent bundle
Et has determinant class τ∗(KZ + ∆t). Every torsion-free quotient of each E⊗s

t has nonnegative
degree against τ∗β. This holds for classes on the boundary of the movable cone as well.

There is an inclusion τ∗Ω1
Z ⊆ Et. In codimension one, at a branch z = wb corresponding to

boundary coefficient γ, the orbifold generator is w−bγdz; hence the ordinary generator dz belongs
to the adapted bundle. Additional branch divisors have γ = 0. Let N be the saturation of the
pulled-back line τ∗N in E⊗s

t . Saturation adds an effective divisorial class, so

deg(τ) c1(N) · β ≤ c1(N ) · τ∗β.

The quotient by N is torsion-free. Its determinant has nonnegative degree, and the tensor
determinant identity for a bundle of rank d is

c1(E⊗s
t ) = sds−1c1(Et).

If the quotient has rank zero, it is zero and the same inequality holds with determinant degree
zero. Dividing by the cover degree and using (4.17) gives

c1(N) · β ≤ sds−1(KZ + ∆t) · β = sds−1tA · β. (4.18)

Letting t decrease to zero proves the assertion.

Lemma 4.5. There are a fixed line bundle N and effective divisors Dj such that

Dj ∼ mjV +N, mj −→ +∞, Dj · β = 0, (4.19)

where the positive integers mj may be chosen strictly increasing and sufficiently divisible.

Proof. Choose b > 0 with bV Cartier. Lemma 4.3 gives bV bounded semipositive weights, and
the base has no positive-degree forms by the argument preceding (4.1). Apply Lemma 3.3 to bV ,
prescribing any further divisibility required for the construction. It gives a cotangent line N and
effective divisors Dj ∼ N + nj(bV ) with nj → ∞. Set mj = bnj . Lemma 4.4 gives N · β ≤ 0,
while V · β = 0. Effectivity gives the opposite inequality for Dj · β, so every degree is zero.
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4.5 Maximal zero-degree systems and horizontal interpolation

Choose a linear system of divisor class D with D · β = 0 whose rational map has maximal
possible image dimension among all such systems. The constant map is permitted. This maximal
dimension is smaller than d: a generically finite system makes its divisor big, whereas a nonzero
supporting functional cannot vanish on a big class. Resolve this rational map and take its Stein
factorization, followed by a smooth projective resolution of the Stein base. We obtain

h : Ẑ −→ Z, ĝ : Ẑ −→W, dimW < d,

where the general fibers of ĝ are connected.

Lemma 4.6. Every ratio of two nonzero sections in any one linear system whose divisor class
has degree zero against β belongs to C(W ) ⊆ C(Z).

Proof. Multiply the sections of that system by those defining the chosen maximal system. Their
products form a system of degree zero, and its map is the product of the two maps followed by
the Segre embedding. By maximality it has the same image dimension as the chosen map. The
added section ratios are therefore algebraic over the field of that image. The Stein factorization
identifies C(W ) with the relative algebraic closure of the image field in C(Z). This proves the
assertion.

The interpolation below is a relative form of the divisor argument in [27, proof of Theorem 3.1,
Step 3]. There, zero Iitaka dimension makes linearly equivalent effective divisors equal. Here the
maximal-field property gives equality of their horizontal parts. The subsequent rank-restoration
argument still has to control their vertical poles.

Lemma 4.7. The rational divisor h∗V is rationally effective on the complete generic fiber of ĝ.

Proof. Use the sequence in (4.19). For j < k < l, linear equivalence gives

(ml −mj)Dk ∼ (ml −mk)Dj + (mk −mj)Dl. (4.20)

Both sides are effective divisors in the same zero-degree system. By Lemma 4.6, their ratio is
a rational function from W . Its pullback has no horizontal divisor over W . Thus (4.20), after
pullback by h, is an equality of actual horizontal divisors.

Fix the first two indices. For every horizontal prime Q on Ẑ, the coefficients of h∗Dj have
the form aQ +mjbQ. The preceding identity proves this simultaneously for every index. Since all
Dj are effective and mj →∞, every bQ is nonnegative. These slopes have finite support: they
are the coefficients of the horizontal part of

h∗(D2 −D1)
m2 −m1

∼Q h
∗V.

This representative of h∗V has effective horizontal part. Its vertical components disappear on
the generic fiber, yielding the stated linear effectivity there. The argument uses actual divisors
and rational functions, rather than only numerical equivalence.
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4.6 Preserving the section and rank conditions

Compose X 99K Z with Z 99KW . The composition is invariant and has connected general fibers:
the inclusions of function fields remain relatively algebraically closed. Choose a smooth projective
resolution π′ : Y ′ → X dominating Y0 and the map to Ẑ, and write

f ′ : Y ′ −→ Ẑ, u = ĝ ◦ f ′.

Multiplication of the pullback of σ by the generic section of h∗V from Lemma 4.7 gives an
invariant section of a positive multiple of LY ′ on the generic fiber of u. Thus the section condition
is preserved.

To prove the rank condition, fix a sufficiently divisible m > 0 and take any two nonzero
invariant sections of EY ′ +mLY ′ over the generic fiber of u. They can be extended simultaneously
to global sections of

EY ′ +mLY ′ + ku∗AW (4.21)

for a sufficiently large integer k, where AW is very ample. For completeness, every pole divisor
has image in a proper closed subset of W . A high multiple of a very ample bundle has a section
in any prescribed power of the ideal of this finite union of images. Pullback then vanishes to at
least the required orders on all the finitely many pole divisors. The same section clears the poles
of both rational sections. This also handles images of codimension greater than one. It is a base
section, so it preserves invariance and does not change their ratio.

Divide the two sections of (4.21) by the Jacobian section and σm/r. The old rank condition
says that the results come from rational sections on Ẑ of

mh∗V + kĝ∗AW .

Push their divisors down to Z. A pole outside G is impossible: for a prime P ̸⊆ G, choose
a component above P on Y0 with coefficient zero in H and nonexceptional over X. Its strict
transform on Y ′ has coefficient zero in both the pulled-back H and the Jacobian divisor EY ′ .
Since h is an isomorphism at the generic point of P , a pole downstairs would remain a pole on
this component, contradicting regularity of the original global section.

After bounding the poles of both sections along G by a common integer ℓ, their ratio is a
ratio of sections in the single linear system

mV + kh∗ĝ
∗AW + ℓG. (4.22)

We verify that its degree against β is zero. Only the middle term needs proof. If W is a point
it is zero. Otherwise, let AI be the pullback to W of the hyperplane class of the image of the
defining maximal system. The map from W to that image is generically finite, so AI is big. On
a sufficiently high resolution of the system,

h∗D ∼ ĝ∗AI + F, F ≥ 0.

Some sufficiently large multiple of AI minus AW is rationally effective, by bigness. Pulling back
and pushing forward shows that a positive multiple of D minus h∗ĝ

∗AW is rationally effective.
The latter divisor is itself effective after choosing an effective representative of AW . Since D ·β = 0
and movable classes are nonnegative on effective divisors, both inequalities force

(h∗ĝ
∗AW ) · β = 0.
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Together with (4.17), this proves the asserted zero degree of (4.22).
Lemma 4.6 now puts the ratio of the two original sections in C(W ). Thus the new invariant

generic adjoint space has dimension at most one for every positive multiple of a common integer.
The new section condition and the Jacobian supply a nonzero element in every sufficiently
divisible degree, giving dimension exactly one. Both conditions have therefore been preserved
while the base dimension has strictly decreased.

This proves Theorem 4.1. The construction is conditional on the two generic-fiber hypotheses,
and their preservation is part of its conclusion. In particular the argument can be iterated
without introducing a strict-curvature assumption on the base.

5 Boundary corrections and integrable metrics
Integration along a fibration can lose regularity along its discriminant. The correction needed
to extend the resulting metric also determines which sections can be returned to the original
variety. We keep these two roles together. Three outputs will be useful: a metric integrable
after multiplication by a boundary section; an unweighted integrable metric; and a nef anti-log-
canonical class for a signed boundary. Their slope consequences are proved under the hypotheses
actually available.

A metric weight is normalized by |e|2 = exp(−ψ) in a holomorphic frame. Integrability at
exponent one therefore means integrability of exp(−ψ). For a rational line bundle we clear
denominators and divide the resulting weight by the denominator. A signed rational divisor B
on a smooth variety defines a sub-klt pair if every coefficient of its crepant boundary on a log
resolution is less than one. Negative coefficients are allowed; a sub-klt divisor need not be an
effective klt boundary.

5.1 Approximation without a strict curvature hypothesis

The approximation below uses a fixed ample auxiliary line to produce sections. The metric
being approximated is only semipositive. We give both the ideal-theoretic construction and the
Gaussian construction, since the latter directly preserves the weighted integral.

Lemma 5.1 (Weighted sub-klt approximation). Let Y be smooth projective, of dimension d > 0,
let J be a rational line bundle with a semipositive metric of weights ψ, and let P ≥ 0 be a rational
divisor. Suppose that, in local divisor frames,

|sP |2e−ψ ∈ L1
loc.

There is a fixed ample Cartier divisor A such that, for every sufficiently large divisible integer m,
there is an effective rational divisor ∆m ∼Q J +A/m for which (Y,∆m − P ) is sub-klt. When
P = 0, the pair (Y,∆m) is klt.

Proof. Choose a very ample H and an ample A such that A−KY − iH is ample for 1 ≤ i ≤ d.
Nadel vanishing and Castelnuovo–Mumford regularity give global generation of

OY (mJ +A)⊗ I(mψ).

Indeed its twist by −iH is an adjoint sheaf with coefficient metric of strictly positive curvature,
supplied by A−KY − iH, and multiplier ideal I(mψ). The ideal is coherent and nonzero; local
point extension where ψ is finite gives a nonzero integrable germ [30, 31, 16].
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Let u : Y ′ → Y resolve this ideal and P , and write I(mψ)OY ′ = OY ′(−Fm). For a prime E
on Y ′ put

bE = ordE Fm, pE = ordE u∗P, aE = ordEKY ′/Y .

We claim that
bE/m− pE < 1 + aE . (5.1)

The local point-extension estimate for mψ supplies holomorphic functions vx with |vx(x)|2 =
emψ(x) and uniformly bounded L2(e−mψ) norm on fixed nested coordinate balls. The local upper
bound for ψ bounds their ordinary norms, hence their suprema on a smaller ball. Each vx belongs
to I(mψ). At a general point of E = (z1 = 0), Cauchy estimates after division by zbE

1 give

emψ◦u ≤ Cm|z1|2bE .

The change-of-variables formula bounds the pulled-back integrable density below by a positive
constant times |z1|2(pE+aE−bE/m). Its transverse integral is finite only if (5.1) holds.

Global generation identifies the fixed divisor of the pulled-back system with Fm. Choose a
general member of the free residual system and divide the corresponding divisor downstairs by m.
The crepant boundary of ∆m − P has coefficient bE/m− pE − aE < 1 on each fixed component,
and coefficient 1/m < 1 on new moving components. Bertini, applied also to the strata of the
resolved divisor, makes their union simple normal crossings. Decreasing coefficients from the
positive part preserves positive log discrepancies, proving sub-klt on every higher model.

There is a second way to choose the member. The global Bergman lower estimate for the
same sufficiently ample A gives local expressions si,m of an orthonormal basis with∑

i

|si,m|2 ≥ Cmemψ.

This globalization by a fixed ample twist is the point-extension construction in [15, Section 9,
proof of Proposition 9.1]. One obtains the estimate by extending from a point, cutting off,
and solving ∂̄ globally with a logarithmic pole of order d at that point. The fixed positivity of
A−KY pays the uniformly bounded negative curvature of the cutoff pole; integrability forces
the correction to vanish at the point. Singular weights are handled by decreasing regularization
and weak limits in the L2 estimate [16, Corollary 13.9, Remark 13.10, and Theorem 14.2]. For
independent standard complex Gaussians ci and m > 1,

E
∣∣∣∣∣∑
i

cisi,m

∣∣∣∣∣
−2/m

= C ′
m

(∑
i

|si,m|2
)−1/m

,

where C ′
m <∞ because E|c1|−2/m <∞. Multiplication by |sP |2 and Fubini show that almost

every such member has the weighted integrability required for (5.1).

The approximation retains the negative part −P . Its immediate use is a cotangent estimate.
We first isolate the common slope argument.

Lemma 5.2 (From foliation determinants to tensor bounds). Let Y be smooth projective and
P ≥ 0 rational. Suppose that −KY +P is pseudoeffective and that KF−KY +P is pseudoeffective
for every algebraically integrable saturated foliation F ⊂ TY of positive rank and corank. Then
hP − c1(M) is pseudoeffective for every line subsheaf M ⊆ (Ω1

Y )⊗h, h ≥ 0.
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Proof. The assertion on a point is immediate. For positive dimension, fix a nonzero movable class
α and put t = α ·P ≥ 0. The total degree of TY is at least −t. If its minimum Harder–Narasimhan
slope were less than −t, its positive-slope part F would be nonzero and proper: the last negative
graded piece already has degree less than −t, whereas the whole sheaf does not. The quotient by
the positive part has only nonpositive slopes and degree less than −t. In particular

µα,min(F) > 0, 2µα,min(F) > µα,max(TY /F).

The bracket map vanishes by the slope inequality, and the Campana–Păun algebraicity theorem
makes F algebraically integrable [35, Proposition 2.2]. But c1(TY /F) = KF −KY has degree less
than −t, contradicting the hypothesis. Thus µα,min(TY ) ≥ −t. Duality and the tensor-product
rule for movable slopes give c1(M) · α ≤ ht [21, 13]. Movable-cone duality proves the assertion
[11]. For h = 0, the inclusion in OY proves it directly.

Proposition 5.3 (Finite-volume cotangent estimate). Let Y be smooth projective and P ≥ 0
rational. If J = −KY + P has a semipositive metric with |sP |2e−ψ locally integrable, then
hP − c1(M) is pseudoeffective for every line subsheaf M ⊆ (Ω1

Y )⊗h. If dimY > 0 and α ≠ 0
is movable, then µα,min(TY ) ≥ −P · α. In particular, P · α = 0 gives µα,min(TY ) ≥ 0 and
c1(M) · α ≤ 0.

Proof. The assertion on a point is immediate. Suppose dimY > 0. Lemma 5.1 gives effective
∆m ∼Q −KY + P +A/m with (Y,∆m − P ) sub-klt. Resolve a first-integral map for an algebraic
foliation F together with that pair, by u : Y ′ → Y . Write its crepant boundary as B+

m − B−
m,

with disjoint effective parts. Then

KY ′ +B+
m ∼Q u

∗A/m+B−
m, 0 ≤ u∗B

−
m ≤ P.

The positive boundary is klt. A general fibre of the resolved first-integral map meets the
isomorphism locus of u; hence u∗A restricts to a big divisor there. A divisible positive multiple
of KY ′ +B+

m consequently has a nonzero section on that fibre. Druel’s relative pseudoeffectivity
theorem, in the form recalled by Ou, applies to the effective boundary and its log canonical general
fibre [20, Proposition 4.1], [35, Proposition 3.1]. It yields pseudoeffectivity of KF ′ +B+

m. Push
down, add P − u∗B

−
m ≥ 0, and let m tend to infinity. This gives KF −KY + P pseudoeffective.

The metric already gives −KY + P pseudoeffective, so Lemma 5.2 applies. This is the signed
finite-volume adaptation of Ou’s tangent-slope argument; its relative positivity input is due to
Druel.

5.2 An unweighted integral and an annihilating movable class

When the integral contains no boundary factor, orbifold cotangent semipositivity gives a different
estimate. Its hypothesis concerns KY + J , which need not be supported on an allowed-pole
divisor.

Proposition 5.4 (Unweighted movable-slope estimate). Let Y be smooth projective of dimension
d > 0, and let J have a semipositive metric with e−ψ ∈ L1

loc. Suppose KY + J is pseudoeffective.
For every movable class α and every line subsheaf M ⊆ (Ω1

Y )⊗h, h > 0,

c1(M) · α ≤ hdh−1(KY + J) · α. (5.2)

Thus α · (KY + J) = 0 gives c1(M) · α ≤ 0. For h = 0 the latter inequality holds without the
annihilation premise.
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Proof. Use Lemma 5.1 with P = 0 to obtain klt ∆m ∼Q J+A/m. On a log resolution u : Y ′ → Y
truncate the negative coefficients of the crepant boundary. This gives an effective simple normal
crossing boundary ∆′

m, with coefficients less than one, and

KY ′ + ∆′
m = u∗(KY + ∆m) + Em, Em ≥ 0 u-exceptional.

The left side is pseudoeffective. The numerical pullback α′, defined by α′ ·D = α ·u∗D, is movable
and annihilates exceptional divisors.

On an adapted finite cover v : Ŷ → Y ′, the orbifold cotangent sheaf E contains v∗Ω1
Y ′ and

satisfies c1(E) = v∗(KY ′ + ∆′
m). In a boundary chart its generators are pullbacks of dx/xδ,

where δ is the boundary coefficient and the cover clears its denominator. Campana–Păun
tensor-quotient semipositivity gives nonnegative v∗α′-degree to torsion-free quotients of E⊗h

[13, Theorem 1.3]. The line v∗u∗M injects through ordinary cotangent pullback. Saturating
increases its determinant by an effective divisor. The quotient has nonnegative degree; if its
rank is zero, the same inequality follows directly from the effective saturation divisor. Since
c1(E⊗h) = hdh−1c1(E), cancellation of the finite covering degree gives

c1(M) · α ≤ hdh−1(KY + J +A/m) · α.

Let m increase to obtain (5.2).

For J = −KY + Θ with Θ ≥ 0, cone duality gives hdh−1Θ − c1(M) pseudoeffective. For
J = −KY + kN +R, the proposition instead applies to a movable class annihilating N and R.
Both situations occur below.

5.3 Weighted transfer with arbitrary exceptional poles

Let X be smooth projective, let L = −KX carry a smooth semipositive metric, and let a torus T
act with the natural linearization. Average the metric over a compact real form. For a T -invariant
rational map to a smooth projective Y , let

X
π←− Z g−→ Y

be a smooth equivariant resolution, with geometrically integral generic fibre F over K = C(Y ).
We distinguish the following strong rank condition: there is a nonzero invariant section s of
aπ∗L|F , a > 0, and

dimK H
0(F, (bπ∗L+D)|F

)T ≤ 1 (5.3)

for every integer b ≥ 0 and every effective invariant π-exceptional integral divisor D. This
condition persists on higher equivariant resolutions: push down sections and test regularity at
codimension one. Exceptional divisors for an additional resolution remain exceptional on the
generic fibre.

Flattening by modification, followed by finite normalization, provides a normal projective
model p : W → X, f : W → Y with no prime divisor mapping into codimension at least two in
Y [37]. Here and below the base function field is unchanged. Regard s as a rational section on
W . For every base prime Q, set

eE = ordE f∗Q, nQ = min
E 7→Q

ordE s
eE

, N =
∑
Q

nQQ.
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The sums have finite support. Let B be the reduced sum of Q for which every component
above Q is exceptional over X. Away from B define n′

Q by the same minimum restricted to
nonexceptional components; on B put n′

Q = nQ. Set R =
∑
Q(n′

Q − nQ)Q ≥ 0. Taking a power
of s, make N,R integral. Then

Ds = divW (s)− f∗N ≥ 0, f∗OY (N) −→ ap∗L is regular. (5.4)

Normality and the divisorial image property justify regularity.

Lemma 5.5 (Extension of the normalized maximum). In the normalization (5.4), suppose
the negative logarithms of the adjoint moments are psh for all sufficiently large exponents on
a smooth connected-fibre open set. Then the maximum norm gives a semipositive metric with
locally bounded weights on N .

Proof. In a local frame of N , write σ for the regular normalized section. On the smooth open
set, the moments have limit

−m−1 log
∫
Zy

|σ|2m π∗dµ

g∗dλY
−→ − log max

Zy

|σ|2.

The fibre measure is finite and has dense positive locus. After normalization to total mass one,
its power means increase to the maximum. Proper smoothness makes that maximum continuous.
Integration over a fixed patch on which both factors are nonzero gives local upper bounds for the
rescaled psh weights. The limit is therefore psh. No positivity of the zeroth moment is needed.

Regularity of σ on the proper model gives a local lower bound for the limiting weight up to
the boundary. Above each base prime a component attaining the vertical minimum has σ ≠ 0 at
its general point. In transverse coordinates the map is y1 = xeE

1 , with the other base coordinates
free. A neighbourhood there meets every nearby fibre and bounds its maximum away from zero.
This gives the upper bound needed for psh extension at general points of every omitted divisor.
Psh extension across the remaining codimension-two set then applies; local upper boundedness
there follows from transverse discs with boundary off the removed set. The lower bound persists.
The extended weights are locally bounded and obey the frame transformation rule for N .

Proposition 5.6 (Weighted exceptional correction). Under (5.3), N has a semipositive metric
with locally bounded weights. For some integer c ≥ 0, −KY + cB has a semipositive metric
satisfying |sB|2ce−ψ ∈ L1

loc. A nonzero section of any positive divisible multiple of j(N +R) + lB,
with j > 0 and l ≥ 0, gives a nonzero invariant section of a positive multiple of L on X.

Proof. If Y is a point, all the base divisors vanish and their metrics are positive constants. The
section s is then regular on Z and pushes down to the required section on X. Assume henceforth
that dim Y > 0.

For every m ≥ 0, (5.3) applied to D = KZ/X gives invariant rank one for g∗(KZ/Y + (ma+
1)π∗L). Its generator is the product of sm, the invariant Jacobian section, and a local inverse
canonical frame of Y . In a local frame of N , let σ be the normalized section from (5.4). The
generator has squared norm

Im(y) =
∫
Zy

|σ|2m π∗dµ

g∗dλY
,

where dµ is the smooth volume defined by the metric of L. Lemma 3.2 applies: Berndtsson
positivity is used on the smooth base-change locus and the invariant line is a holomorphic
orthogonal summand. Lemma 5.5 then gives the bounded metric of N .
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For the second metric use ρ = I0. Its negative logarithm is psh on the smooth locus, and
ρ dλY = g∗(π∗dµ) has finite mass. At a general point of a prime E 7→ Q, choose transverse
coordinates with y1 = xeE

1 and the other base coordinates free. If aE = ordEKZ/X , integration
on a small patch gives

ρ(y) ≥ C|y1|2((1+aE)/eE−1).

Outside B choose a nonexceptional component, so aE = 0. On the finitely many components of
B choose c large enough that

ψ = − log ρ+ c log |sB|2

is locally bounded above at their general points. The same bound is already available at every
other omitted divisor. Psh extension across these divisors, then across the remaining set of
codimension at least two, gives the metric on −KY + cB. Its weighted integral is exactly the
original finite pushforward mass.

Finally, represent a section of a positive divisible multiple of j(N + R) + lB by a rational
function v on Y . After incorporating that multiple in j, l, its divisor satisfies

div(v) + j(N +R) + lB ≥ 0.

Return the rational section sjf∗v. At a nonexceptional component E above Q ̸⊂ B, its order is
at least j(hE − eEn′

Q) ≥ 0, where hE = ordE s. There are no nonexceptional components above
B, and equidimensionality excludes vertical primes over higher-codimension sets. Horizontal
orders are nonnegative by the generic regularity of s. Thus every pole is exceptional over X and
disappears on pushdown. All factors are invariant.

5.4 Unweighted toroidal transfer

The preceding correction uses only a divisorially equidimensional model. A toroidal model gives a
finer rational correction and an unweighted integral. The rank hypothesis in the next proposition
includes zero.

Proposition 5.7 (Integrable toroidal correction). Use the smooth metric and action above. Let
p : W → X be birational with W normal, and let f : W → Y be projective, equidimensional and
toroidal for strict toroidal embeddings, with Y smooth. Include the exceptional locus of p in the
source boundary. Suppose that an invariant rational section s of aL, a > 0, is regular on the
generic fibre and that on a smooth equivariant resolved diagram

dimK H
0(F, (KZ/X +maπ∗L)|F

)T = 1 (m ≥ 0). (5.5)

Normalize s by vertical minima as in (5.4). For a boundary prime Q put

AE = 1 + ordEKW/X , cQ = min
E 7→Q

AE
eE

, Θ =
∑
Q

max{cQ − 1, 0}Q.

Then N has a semipositive metric with locally bounded weights, and −KY + Θ has a semipositive
metric with locally integrable squared frame norms. The pullback f∗Θ is exceptional over X.

Proof. For a point base, N = Θ = 0 and both metrics are positive constants. We may therefore
assume dim Y > 0.

Lemma 3.2 supplies the psh moment weights, and Lemma 5.5 gives the metric of N . The
zeroth moment is the pushed-forward smooth volume density ρ. It can be computed on a toroidal
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resolution of W , even when that model is not equivariant: change of variables identifies its
density with the one on an equivariant resolution. Put θQ = max{cQ − 1, 0} and use

ψ = − log ρ+
∑
Q

θQ log |sQ|2.

At a minimizing component the transverse calculation in the preceding proof gives ρ ≥
C|sQ|2(cQ−1). This is the local upper bound needed to extend ψ at general divisor points.
Off the boundary the morphism is smooth and gives a positive lower bound. Extend over the
remaining codimension-two set by psh removability.

The correction Θ is the divisor A0 in Lemma 2.2. To compare the two definitions, it remains
only to check primes outside the base boundary. A vertical prime above such a prime cannot
belong to the source boundary of a toroidal morphism. Since that boundary contains the
exceptional locus, the prime is nonexceptional over X; the morphism is smooth at its general
point. Its Jacobian order is zero and its pullback multiplicity is one, so the corresponding
coefficient of A0 is zero.

The rank-free discrepancy lemma now gives both the exceptional support of f∗Θ and, on
every smooth model Z ′ →W with maps π′ : Z ′ → X and g′ : Z ′ → Y ,

coeffF (KZ′/X − (g′)∗Θ) > −1 for every prime F ⊂ Z ′.

On a simultaneous normal-crossing resolution, these are precisely the exponents of the corrected
source measure in the projection formula

e−ψ dλY = g′
∗

∏
Q

|sQ ◦ g′|−2θQ(π′)∗dµ

 .
They make that measure locally integrable. Proper pushforward proves the required unweighted
integrability on Y , including at boundary intersections. Curvature here came from the invariant
zeroth moment; the discrepancy argument used no adjoint-rank assumption.

No horizontal strict-curvature patch was assumed here. The output is the integrability used
in Proposition 5.4. The separate toroidal-volume theorem includes the additional patch needed
by its effectivity applications.

5.5 The large-moment construction for eventual rank one

We now construct the donor metric from a positive moment. The hypothesis will initially specify
adjoint rank only at sufficiently large degrees. Let FX = C(X), let K ⊆ F TX be finitely generated
and relatively algebraically closed in FX , and let s be a nonzero invariant rational section of dL,
d > 0. For a prime divisorial valuation E over X, write aE = ordEKX′/X on a smooth model
carrying E. Assume

ordE s ≥ 0 whenever ordE |K∗ = 0, (5.6)

and, for every sufficiently large integer m,{
t ∈ Rat(mdL)T : ordE t+ aE ≥ 0

for all E trivial on K

}
= Ksm. (5.7)

Here Rat(mdL) is the one-dimensional FX -space of rational sections, with zero included in the
displayed set. Both conditions concern all divisorial valuations. On one smooth resolution of the
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map to a model of K, they can be tested at horizontal primes: the divisor inequalities pull to
further resolutions because the new relative canonical divisor is effective.

Together these two conditions imply rank one at every nonnegative multiple of d, including
zero. Indeed, if t has degree jd, with j ≥ 0 an integer, and satisfies the displayed adjoint
inequalities, choose m ≥ j in the eventual range. Horizontal regularity of s makes tsm−j satisfy
the same inequalities at degree md. Equation (5.7) gives tsm−j ∈ Ksm, hence t ∈ Ksj ; the
reverse inclusion follows from regularity of s and aE ≥ 0. The distinction of the following
construction is its metric: it uses one positive moment and retains the corresponding multiple of
the normalized section line.

Choose a model p : W → X, f : W → Y with Y smooth projective, W normal and Q-
Gorenstein klt, and every vertical prime mapping onto a base prime. Such a model is obtained by
toroidalization and subdivision. Refine target cones by source-cone images; on the induced source
subdivision each ray maps to a ray or to zero. The reduced boundary of the initial smooth toroidal
source defines a positive slicing function on its cone complex, linear on each cone and positive
away from the origin. Its pullback remains positive on the induced subdivision, including on
horizontal rays. Abramovich–Rojas [1, Corollary 0.11] then gives a coherent simplicial subdivision
without new rays. Since the target cones are smooth, every new source cone still maps to a target
face; equidimensionality is preserved. The resulting toroidal source has quotient singularities,
hence is klt. These are birational modifications, with no field extension [2, 3, 23].

For each base prime Q, put

hE = ordE s, eE = ordE f∗Q, nQ = min
E 7→Q

hE/eE , N =
∑
Q

nQQ,

and D = divW (s)− f∗N ≥ 0. Define

rQ = min
E 7→Q
DE=0

aE/eE , R =
∑
Q

rQQ ≥ 0.

The minimum is over a nonempty finite set. Only finitely many coefficients of N,R are nonzero.

Proposition 5.8 (An integrable large moment). There is an integer k in the range of (5.7)
such that

Ξ = KW/X + kD − f∗R ≥ 0.

The rational line N has a semipositive metric with locally bounded weights, and J = −KY +kN+R
has a semipositive metric with I(ψ) = OY . A nonzero section of a positive divisible multiple of
N +R/k returns to a nonzero invariant section of a positive multiple of L on X.

Proof. At a component with DE = 0, the definition of rQ gives aE − eErQ ≥ 0. At the finitely
many other relevant components, increase k to absorb eErQ by kDE . At horizontal components
there is no subtraction. This proves Ξ ≥ 0, and over every Q some component has ΞE = 0.

On a smooth equivariant model over Y define

Im dλY = g∗
(
|π∗s|2mπ∗dµ

)
.

For all sufficiently large m, (5.7) identifies the invariant adjoint line generated by the Jacobian
times sm. Smooth direct-image positivity and orthogonal compact averaging imply that − log Im

32



is psh on a common smooth open. The densities are smooth there, so the base-change locus for
an individual m can be removed by continuity. High moments give

I1/m
m −→ β(y) = max

Zy

|π∗s|2.

For this limit one may divide by I0 as a positive density on the smooth open; no curvature
assertion about I0 is used. The weights of the required lines are

φN = − log β +
∑
Q

nQ log |sQ|2,

ψ = − log Ik +
∑
Q

(knQ + rQ) log |sQ|2.
(5.8)

The first extends with locally bounded weights by regularity of the normalized section and a
minimizing component above every divisor, by Lemma 5.5.

For the second, choose a component above Q with ΞE = 0. In coordinates y1 = xeE
1 at its

general point, the corrected source density has exponent

aE + khE − eE(knQ + rQ) = 0.

Its pushforward is bounded below by C|y1|−2(1−1/eE). Thus ψ is bounded above at general points
of every omitted divisor and extends psh there, then across codimension two. On a log resolution
v : Ŵ →W the exponents in the corrected source density are the coefficients of

K
Ŵ/X

+ kv∗D − v∗f∗R = K
Ŵ/W

+ v∗Ξ.

They are all greater than −1, since W is klt and Ξ is effective and Q-Cartier. Normal crossing
integration and properness give e−ψ ∈ L1

loc on the entire base.
Finally D − f∗R/k is nonnegative at each component nonexceptional over X, since aE = 0

there and Ξ ≥ 0. Pulling back a section of N +R/k and multiplying by a power of s leaves only
exceptional poles, removed on pushdown.

The resulting donor line is J = −KY + kN +R. Its kN term records the positive moment
used to construct it. Although the hypotheses also imply rank one at zero, this proof obtains
integrability from Ik; it does not produce the same metric on −KY +R.

5.6 Signed anti-log-canonical classes

The third slope input starts from a nef class rather than a weighted integral. It will be applied to
the signed discriminant produced by the toroidal density calculation. Its negative part measures
exactly the possible loss in the cotangent estimate.

Proposition 5.9 (Signed-boundary cotangent estimate). Let Y be smooth projective and let B
be a rational divisor with simple normal crossing support and coefficients less than one. Write
B = B+ −B− in disjoint positive and negative parts, and suppose that −(KY +B) is nef. Then

hB− − c1(M) is pseudoeffective

for every line subsheaf M ⊆ (Ω1
Y )⊗h, h ≥ 0. If dimY > 0 and α ≠ 0 is a movable class with

α ·B− = 0, this gives µα,min(TY ) ≥ 0 and c1(M) · α ≤ 0.
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Proof. The class −KY +B− = −(KY +B)+B+ is pseudoeffective. For an algebraically integrable
foliation F of positive rank and corank, resolve its rational first-integral map together with B by
u : Y ′ → Y , and write

KY ′ + C = u∗(KY +B), C = C+ − C−.

Every coefficient of C is less than one: the positive part of the original simple normal crossing
boundary is klt, and decreasing its coefficients can only increase discrepancies. In particular
(Y ′, C+) is klt. For an ample Cartier H on Y ′ and rational δ > 0, choose a general effective
rational divisor

Aδ ∼Q −u∗(KY +B) + δH

such that (Y ′, C+ + Aδ) is klt. The class is ample, so a sufficiently divisible multiple supplies
such a member by Bertini, also on a general fibre of the resolved map. We have

KY ′ + C+ +Aδ ∼Q C
− + δH.

It is big on that fibre and hence has a nonzero section after taking a positive divisible mul-
tiple. Apply Druel’s relative pseudoeffectivity theorem [20, Proposition 4.1], in the form of
[35, Proposition 3.1], to conclude that KF ′ + C+ + Aδ is pseudoeffective. Its pushforward is
numerically

KF −KY +B− + δu∗H.

Letting δ decrease to zero proves KF −KY +B− pseudoeffective. Lemma 5.2 now proves the
assertion for every movable class, and therefore in the pseudoeffective cone.

The distinction between the three slope inputs is now explicit. Proposition 5.3 retains the
integral of a specified boundary section. Proposition 5.4 uses an unweighted integral and the
class KY + J . Proposition 5.9 uses nefness of an anti-log-canonical class with a signed boundary.
Each supplies the cotangent inequality needed for the corresponding contraction; none asserts a
global strict-curvature lower bound.

6 Choosing a smaller base
We now prove allowed-pole nonvanishing using the two metrics of Section 3 and the weighted
cotangent estimate of Proposition 5.3. The first two proofs apply when there are no positive-
degree holomorphic forms; the third gives a different choice of base in the rationally connected
case. All three start from effective divisors with a fixed cotangent twist and must produce both
a horizontal section and every required adjoint rank.

6.1 The common section conclusion

Theorem 6.1 (Allowed-pole nonvanishing). Let V be a smooth connected projective variety over
C with H0(V,Ωj

V ) = 0 for every j > 0. Let D ≥ 0 be integral and suppose −KV +D carries a
semipositive singular metric whose measure |sD|2 has finite mass. If a line bundle L carries a
semipositive metric with bounded weights, then

H0(V, aL+ cD) ̸= 0

for some integers a > 0 and c ≥ 0. The same statement holds for a rational line bundle L, with
a clearing its denominator.
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In the three proofs below, whenever a dominant rational map from V with connected general
fibers is selected, use the model diagram of Section 3.1, with smooth projective base Y . Thus
p̄ : V̄ → V is birational, f̄ : V̄ → Y is surjective and equidimensional with V̄ normal, and
a smooth resolution W → V̄ has composite maps p : W → V and f : W → Y . We write
J = KW/V .

6.2 Maximal systems dominated by the target and boundary

First proof of Theorem 6.1. Clear the denominator of L. We induct on dimV ; a point is imme-
diate. Call a nonempty linear system in a line bundle P admissible if

aL+ cD − P is pseudoeffective

for some integers a > 0, c ≥ 0. The constant system is admissible, and products of admissible
systems are admissible. Choose one whose image dimension is maximal. If it is generically finite,
then P is big. Consequently aL+ cD is big, which supplies a section after a positive multiple.
Otherwise, resolve its map and take the relative algebraic closure of its image field to obtain
f : W → Y with connected general fibres and dimY < dimV .

Every ratio of sections in every admissible system belongs to C(Y ). Indeed adjoining such
ratios cannot increase image dimension, since products of the systems remain admissible. The
ratios are therefore algebraic over the chosen image field and belong to its relative algebraic
closure. This argument also covers subsystems and pencils.

Lemma 3.3 gives Ni ∼M +miL, while Proposition 5.3 gives −M + kD pseudoeffective for
some k ≥ 0. Systems in all positive combinations of the Ni are therefore admissible. For i < j < l
the two effective divisors

(ml −mj)Ni + (mj −mi)Nl, (ml −mi)Nj

are linearly equivalent, so the rational function relating them lies in C(Y ). After pullback, their
horizontal parts are equal. It follows that the horizontal multiplicity at every prime is affine in
mi. Fixing i < j and letting l tend to infinity shows that its slope is nonnegative. Thus Nj −Ni

defines a rational section ρ of (mj −mi)L with no horizontal poles on W , and hence on V̄ . If Y
is a point, it has no poles and already proves the theorem.

For a positive-dimensional base we verify the rank-one condition. Let P denote the original
maximal system and let A0 be the pullback to Y of its image hyperplane class. It is big and
p∗P − f∗A0 has an effective representative. Given a sufficiently ample base divisor H, a positive
multiple of A0 dominates H up to an effective divisor. Therefore p∗f

∗H is dominated in the
pseudoeffective order by a positive multiple of L plus a nonnegative multiple of D.

If J + p∗D + mp∗L has two independent sections on a generic fibre, spread them out and
clear their vertical poles using f∗H with H sufficiently ample. Their pushdowns are sections of
D +mL+ p∗f

∗H; the exceptional Jacobian J contributes zero under pushdown. This system is
admissible, but its ratio is nonconstant on the generic fibre, contrary to the maximality property.
Hence its generic dimension is at most one for every m ≥ 0. For the multiples of the exponent
just constructed, sJ+p∗Dρ

l supplies a nonzero generic section, including l = 0. Lemmas 3.2 and
3.1 apply.

The base has no positive-degree holomorphic forms: pullback by the dominant map is injective,
and forms on the smooth birational model identify with forms on V . The descended data thus
satisfy exactly the hypotheses of the theorem in lower dimension. Induction gives a section with
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poles on DY , and Lemma 3.1 carries it to a section with poles only on D. An integral multiple
of D clears those finitely many poles.

6.3 A supporting class and maximal combinations

Here is a different choice of the dimension-reducing map. It uses only effective combinations of
the determinant divisors and the permitted boundary, instead of all pseudoeffectively dominated
systems.

Second proof of Theorem 6.1. Again induct on dimension and clear denominators. If L+D is
big, a positive multiple has a section. Otherwise L+D lies on the boundary of the pseudoeffective
cone. Cone duality gives a nonzero movable class α such that

L · α = D · α = 0.

The zero-degree part of Proposition 5.3 and the determinant construction give Ni ∼M +miL
with M · α ≤ 0. Effectivity forces Ni · α = M · α = 0. No nonnegative integral combination of
D,N1, N2, . . . is big.

Choose such a combination G of maximal Iitaka dimension d < dimV . Take a multiple
realizing dimension d, resolve its map, and take the connected-fibre base Y . Every ratio from
the linear system of any allowed combination lies in C(Y ), since adding systems and multiplying
sections cannot increase d. If H is any base divisor, then

ap∗G− f∗H ∼ EH ≥ 0 (6.1)

for some sufficiently large a: the resolved system contains the pullback of the image hyperplane
class, whose transform on Y is big.

We need the following stronger form of the ratio assertion. A rational function whose
horizontal poles on W are bounded by p∗G′ +E, where G′ is an allowed combination and E is
effective and p-exceptional, belongs to C(Y ). Its remaining poles are vertical. Choose an effective
sufficiently ample H whose pullback bounds them; a base divisor can contain the images of all
these finitely many poles, including images of codimension at least two, to the necessary orders.
By (6.1), the function is a ratio of sections of p∗(G′ + aG) +E. Normality gives p∗OW (E) = OV ,
so the exceptional term adds no sections. The original ratio assertion proves the claim.

The three-index relations among the Ni now imply affine horizontal multiplicities exactly
as in the first proof. Let ρ have divisor Nj − Ni and exponent k = mj −mi > 0. It has no
horizontal poles, and its horizontal zeros are bounded by p∗Nj . On a generic fibre sJ+p∗Dρ

l is a
nonzero section of J + p∗D + lkp∗L. The ratio of any other section to this one has horizontal
poles bounded by

J + p∗D + lp∗Nj .

The stronger ratio assertion makes that ratio a base function. Thus the generic section space
is one-dimensional for every l ≥ 0. If d = 0, ρ is already regular. Otherwise Lemmas 3.2 and
3.1 give the two required metrics and the controlled boundary on the smaller base. Absence of
holomorphic forms descends, so dimension induction completes the proof.
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6.4 Maximal fibre spaces on a rationally connected variety

For rationally connected varieties one can choose a maximal fibre space by two numerical and
generic-section properties. We give this construction because its rank-one conclusion follows by
enlarging a field, rather than by fixing one class of systems in advance.

Proposition 6.2. The conclusion of Theorem 6.1 on a rationally connected V follows by
dimension induction through rationally connected bases, using fibre spaces that satisfy the following
two conditions: for an ample divisor H on the base,

aL+ cD − p∗f
∗H is pseudoeffective for some a > 0, c ≥ 0,

and a positive multiple of p∗L has a nonzero section on the generic fibre without additional
D-poles.

Proof. Suppose no positive multiple of L has a section with poles only on D. In particular no
aL+ cD with a > 0, c ≥ 0 is big. Rational connectedness gives absence of holomorphic forms, so
take the determinant divisors Ni ∼M +miL and the inequality −M + kD pseudoeffective. Let
K be the relative algebraic closure in C(V ) of the field generated by functions with divisors

(ml −mj)Ni + (mj −mi)Nl − (ml −mi)Nj , i < j < l.

These functions exist because the displayed divisor class is zero. A finite selection gives the
same transcendence degree, and the relative algebraic closure is a finite extension of a finitely
generated subfield. Thus K defines a smooth projective base after resolution.

Each of those functions is represented by a pencil whose total bundle has class uL + vM ,
with u, v > 0. Finitely many such pencils give a generically finite map from the base to their
combined image; the sum of the pulled-back hyperplane classes is therefore big on the base. The
resolved pencils are bounded above by their total bundles. Pushing down and using −M + kD
pseudoeffective proves the first condition of the proposition. A large multiple of the big base
class dominates any chosen ample divisor, so the same condition holds with an ample divisor.

On the generic fibre all the displayed principal divisors vanish. The effective restrictions of
the Ni therefore have affine multiplicities in mi. Their slope is nonnegative by the unbounded
sequence, so Nj −Ni supplies the second condition. A point base would already give a regular
section, contrary to our supposition. A base of full dimension would make the pushdown of an
ample base class big, hence would make some aL+ cD big, also impossible. We have found a
base of dimension strictly between zero and dimV .

Choose, among fibre spaces with these two properties, one with maximal base dimension. The
properties survive higher models. For the first, pullback of an ample class to a birational base
model is big and a large multiple dominates every fixed divisor; pulling and pushing preserve
effectivity. The second is the regularity of a fixed rational section over the generic fibre, which
survives resolution.

Let ρ be the supplied generic section of kp∗L. If J + p∗D + mkp∗L had two independent
generic sections, their ratio would be transcendental over the relatively algebraically closed base
field. Adjoining it and taking relative algebraic closure enlarges the base dimension. Clear the
two sections’ vertical poles by a base twist f∗H ′. Their ratio pencil has class

J + p∗D +mkp∗L+ f∗H ′.

37



Add an ample system from the old base. The product map supplies a big class on the enlarged
base. On pushdown J vanishes, and the first property for the old map bounds the remaining
class by a multiple of L plus a multiple of D. Thus the first property holds for the enlarged map.
Restricting ρ to its new generic fibre gives the second property and stays nonzero at the generic
point. This contradicts maximality.

The spaces in Lemma 3.2 consequently have dimension at most one and have a nonzero
element sJ+p∗Dρ

m, also at m = 0. Transfer gives the required data on the smaller base, which is
rationally connected because it is a smooth projective model of a rational image of V . Induction
gives its permitted section and transfer gives one on V , the required contradiction.

7 Logarithmic orbit integrals and invariant sections
The invariant problem uses the natural action on −KV = detTV . Twisting this action by a
character changes the invariant subspace and is not part of the statement. Both proofs below
construct the two weights required by Lemma 3.1: a pushforward-volume weight and a fiber-
supremum weight. The first obtains their plurisubharmonicity from invariant adjoint rank one;
the second obtains it by logarithmic orbit integration. The second calculation is independent of
invariant direct-image curvature, while its final section construction still uses the allowed-pole
induction already proved.

Theorem 7.1. Let V be a smooth connected projective variety over C with H0(V,Ωj
V ) = 0 for

all j > 0. Suppose −KV has a smooth Hermitian metric of semipositive curvature. For any
algebraic torus T acting on V , there is an integer m > 0 such that

H0(V,−mKV )T ̸= 0

for the natural anticanonical action.

7.1 The rank-one quotient construction

Proof. Average local weights, with their line-bundle transition rule, over the compact form of T
using the natural linearization. This gives a smooth semipositive metric invariant under that
compact group. If the action is trivial, Theorem 6.1 applies with D = 0 and A = L = −KV .
Otherwise take the rational quotient with field C(V )T [38, 5], and its connected-fibre smooth
projective model Y . The invariant field is relatively algebraically closed in C(V ): an element
algebraic over it has a finite orbit, and the connected torus acts trivially on that orbit. General
fibres contain a dense orbit.

Choose the model diagram equivariantly, by modifying the trivially acted-on base, normalizing
the dominating graph, and taking an equivariant resolution. Write p : W → V and f : W → Y
for the smooth resolution maps, J = KW/V , and V̄ for the normal equidimensional intermediate
model of Section 3.1. Let r be the orbit dimension. A wedge of r independent infinitesimal action
fields is an invariant regular relative anticanonical section on the generic fibre; commutativity of
T gives invariance. A rational frame of −KY and the canonical Jacobian section sJ put it in

p∗(−KV ) = −KW/Y + f∗(−KY ) + J.

It has no horizontal poles. Regard this section of p∗(−KV ) birationally as a rational section ρ on
V . The Jacobian section is invariant for the induced canonical actions. The ratio of any two
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invariant sections of J +mp∗(−KV ) is a rational invariant function, hence belongs to the base
field. The sections sJ(p∗ρ)m supply the nonzero element at every m ≥ 0, including m = 0. Thus
the invariant rank-one condition holds.

If Y is a point, the full wedge of infinitesimal fields on V already gives a global invariant
anticanonical section. Otherwise the invariant case of Lemma 3.2 and Lemma 3.1 gives a bounded
semipositive base bundle and a finite-volume donor metric. The base has no holomorphic forms
by dominant pullback, and Theorem 6.1 gives a section with permitted base poles. Its transferred
section is invariant, and its only permitted poles on V lie in D = 0. It is therefore regular.

7.2 A direct integral argument on logarithmic orbits

We next establish the two psh functions needed for transfer by an integral calculation, inde-
pendently of the invariant direct-image curvature argument. The calculation uses the variance
estimate of Brascamp–Lieb [12]; we include the needed proof on a convex ball to make the
limiting procedure explicit. The integral calculation is a complex Prékopa argument, related to
Berndtsson’s formulations [6, 7]; the supremum assertion is the corresponding minimum principle
of Kiselman [24]. The tube-domain formulation in [19, Theorem 1.1] gives a direct comparison
for that second assertion. We prove both statements here because the almost-everywhere finite
integrals and the exhaustion limits are precisely the data used by the transfer construction.

Lemma 7.2 (Integral and supremum weights). Let r ≥ 0 be an integer, let U be a complex
manifold, and let Φ(z, x) be a smooth function on U×Rr such that Φ(z,Rew) is plurisubharmonic
on U × Cr. Suppose

0 <
∫
Rr
e−Φ(z,x) dx <∞

for almost every z. Then the almost-everywhere functions

− log
∫
Rr
e−Φ(z,x) dx, − log sup

x∈Rr
e−Φ(z,x)

have psh representatives, whenever the second expression is taken on the locus where its supremum
is finite and positive. Under the stated integrability assumption that supremum is finite and
positive for almost every z.

Proof. For r = 0, give R0 its unit mass. Both expressions equal Φ(z), so the assertion is
immediate. Assume r > 0. Plurisubharmonicity implies convexity of x 7→ Φ(z, x). An integrable
positive smooth log-concave function on Rr is bounded. To see this, choose a fixed ball on which
its value is at least c > 0. If values aj at points xj tended to infinity, log-concavity on the
midpoint ball between xj and that fixed ball would give a lower bound (caj)1/2 on a ball of a
fixed positive volume. Its integral would tend to infinity, a contradiction. This proves the last
assertion.

Fix a bounded real ball D and first replace Φ by Φ + ϵ|x|2, so the Hessian in x is positive
definite. Until ϵ is sent to zero, write Φ for this regularized weight. Restrict the base variable to
a complex disc. Let E denote expectation for the probability density proportional to e−Φ on D.
Differentiating under the integral gives

∂2

∂z∂z̄

(
− log

∫
D
e−Φ dx

)
= EΦzz̄ − E|Φz − EΦz|2. (7.1)
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For a smooth real weight b whose Hessian bxx is positive definite on D̄, put

EbF =
∫
D Fe

−bdx∫
D e

−bdx
.

The Brascamp–Lieb bound is

Eb|v − Ebv|2 ≤ Eb
(
b−1
xx (∇v,∇v̄)

)
. (7.2)

Here it is enough to prove it for smooth real mean-zero v and then add the estimates for real and
imaginary parts. The bounded-domain form and its Neumann identity are also proved in [25,
Theorems 1.1 and 1.2(1), and Section 3.3]. The preceding addition of ϵ|x|2 provides the stated
positive definiteness; the limit ϵ ↓ 0 is taken afterwards.

Solve the weighted Neumann problem

(−∆ +∇b · ∇)u = v, ∂nu = 0.

The mean-zero condition is precisely its solvability condition on the ball. Weighted integration
by parts and the differentiated equation give∫

D
v2e−b =

∫
D
|∇2u|2e−b +

∫
D
bxx(∇u,∇u)e−b +

∫
∂D

II(∇u,∇u)e−b.

The boundary second fundamental form II is nonnegative because D is convex, and ∇u is
tangential there. Also

∫
D v

2e−b =
∫
D∇v · ∇u e−b. Cauchy–Schwarz for the quadratic form bxx

bounds the latter integral by(∫
D
b−1
xx (∇v,∇v)e−b

)1/2 (∫
D
bxx(∇u,∇u)e−b

)1/2
.

Combining the two identities gives (7.2), including the case of zero variance by continuity.
Apply (7.2) with b(x) = Φ(z, x) and v = Φz. The complex Hessian of Φ(z,Rew) is positive

semidefinite. Its Schur complement gives

Φzz̄ ≥ Φzx(Φxx)−1Φxz̄.

The factors 1/2 in complex vertical derivatives cancel against the factor 1/4 in the vertical
Hessian. Equations (7.1) and (7.2) prove plurisubharmonicity of − log

∫
D e

−Φdx. Decreasing ϵ
to zero preserves this conclusion. Exhausting Rr by balls gives a decreasing sequence of psh
functions; its almost-everywhere finite limit is the first required representative.

For the supremum, use the high-power integral argument of [7, p. 1635, following Theorem 1.2]:
take the probability-normalized Lebesgue measure on D and replace Φ by lΦ, with integers l ≥ 1.
The functions

−1
l

log
( 1
|D|

∫
D
e−lΦdx

)
are psh and decrease with l, by monotonicity of Ll norms. Their finite limit is − log supD e−Φ.
Increasing the balls again gives a decreasing psh limit, finite almost everywhere by the first
paragraph. This is the second representative.
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Orbit-integral proof of Theorem 7.1. If the torus acts trivially, apply Theorem 6.1 with D = 0
and A = L = −KV . Assume the action is nontrivial. Give L = −KV the same compact-
torus-invariant smooth semipositive metric and let µ be its smooth positive volume. Use the
maps p : W → V , f : W → Y and intermediate model V̄ recalled in the first proof. Divide
out the ineffective kernel of the torus action. The effective torus has trivial generic stabilizer.
Indeed a subgroup fixing the generic point would act trivially on the function field and hence
on V ; subgroups of a split torus are determined by their character lattices, so the geometric
generic stabilizer is such a fixed subgroup. The generic orbit over the rational quotient field is
consequently a torsor under a split torus. Hilbert’s Theorem 90 trivializes it. Spreading out
gives a dense orbit family T × Y 0 over a nonempty base open set. These quotient and triviality
statements use [38, 5] for the quotient and [28, Corollary 3.47 and Proposition 3.50] for split-torus
torsor triviality.

On this product take logarithmic coordinates tj = exj+iθj on T , with x ∈ Rr and θ ∈ (R/2πZ)r.
Wedge the logarithmic action fields with a base coordinate anticanonical frame to obtain a frame
σ of L along the product. Its weight

Φ(y, x) = − log |σ|2

is smooth and psh in (y, x+ iθ), and is independent of θ by compact invariance. In one coordinate,

i

2
dtj
tj
∧ dt̄j
t̄j

= dxj ∧ dθj .

The top form dual to the logarithmic anticanonical frame therefore identifies the volume with a
fixed positive constant times e−Φ dx dθ dλy. Angular integration contributes a positive constant
independent of y. The complement of the orbit family is algebraic and has measure zero.
Consequently the pushforward density of µ is

g0(y) = C

∫
Rr
e−Φ(y,x)dx

almost everywhere. It is finite almost everywhere by Fubini.
Choose a nonzero rational base anticanonical frame. It differs from the coordinate frame by

a base factor and gives an invariant rational section ρ of L. For almost every general fibre, the
supremum of |ρ|2 on its dense orbit is finite by Lemma 7.2. It follows that ρ has no horizontal
pole on the normal intermediate model V̄ : a pole along a horizontal prime would make its norm
unbounded near that prime on a general compactified fibre, and the dense orbit approaches its
general points. The smooth metric is comparable to a positive smooth frame there, so such
unboundedness cannot be hidden in the norm. Normality therefore makes the section regular on
the complete generic fiber of V̄ → Y , and its pullback to W remains regular.

The supremum on the dense orbit equals the essential supremum for transfer, since the rational
section is now regular on the generic fibre and the metric is continuous. Lemma 7.2 proves both
− log g0 and − logSρ psh on the quotient open set; nonzero base frame factors contribute only
pluriharmonic terms. If the quotient is a point, the same no-horizontal-pole argument already
says that ρ is a regular invariant section. Assume now dimY > 0. Apply Lemma 3.1 with D = 0,
A = L = −KV , k = 1, and this rational section ρ. The preceding calculation supplies its two psh
weights. Vertical normalization, properness, and the bounded input metric give the local upper
bound for the normalized section norm; a component attaining the vertical minimum gives the
complementary lower bound. Thus the transfer produces a bounded metric on its line B and a
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finite-volume metric on the different line −KY +DY . Theorem 6.1 applies on Y , which inherits
the absence of positive-degree holomorphic forms by dominant pullback. The output has the
explicit form (ψ ◦ f)(p∗ρ)m on W for a rational base function ψ. Its birational pushdown to V is
therefore invariant. Since the initial boundary was D = 0, the support conclusion of transfer
removes all divisorial poles on V . This completes the orbit-integral proof.

7.3 The rationally connected variant

If V is rationally connected, the first proof also closes using only Proposition 6.2 as its nonvanishing
input. Here is the exact substitution. For the trivial action, apply that proposition with
A = L = −KV and D = 0. For a positive-dimensional orbit, construct ρ and the invariant
rank-one spaces exactly as above, retaining m = 0. The rational quotient base Y is rationally
connected, since it is a smooth projective model of a dominant rational image of V . The two
metric lemmas give B with bounded semipositive weights and AY = −KY + P with finite
distinguished volume, where P is the allowed-prime divisor. Thus Proposition 6.2 applies on Y
with target B and boundary P . Its section transfers to an invariant section on V , and the support
assertion gives no pole because the original boundary is zero. The point quotient is handled
by the full wedge of action fields, as in the first proof. Consequently the maximal-fibre-space
argument supplies invariant anticanonical nonvanishing on every rationally connected smooth
projective V with a smooth semipositive anticanonical metric.

8 Section-ratio fields and horizontal regularity
The contraction in Theorem 4.1 uses a maximal linear system. There is an intrinsic description
of its base field: it consists of the rational functions whose zeros and poles have degree zero
against the supporting movable class. This identification lets us compare two ways of producing
the new generic section. Affine interpolation uses the precise relation between three twists. A
second argument uses finite horizontal support and the ordering of nonnegative integer vectors.
We first separate the regularity and uniqueness conditions that both arguments must preserve.

8.1 Regularity on the original variety and on a resolution

Let X be smooth connected projective, let an algebraic torus T act on X, and let L be a
T -linearized line bundle. Fix a relatively algebraically closed subfield C ⊆ K ⊆ C(X)T . A
divisorial valuation is horizontal over K when it is zero on K∗; on a proper model mapping to a
projective model of K, this means that its center dominates the base. All orders of sections on
higher models refer to pullbacks of their line bundles.

Suppose s is an invariant rational section of aL, where a > 0, whose pullback is regular on
the complete generic fiber of a resolution of the map defined by K. This is a condition on every
horizontal divisorial valuation, including exceptional ones. It is unchanged by further resolution,
because a regular section pulls back regularly; the converse follows by pushforward and normality.
The uniqueness condition below, in contrast, tests the other rational sections only at prime
divisors of X itself.

Lemma 8.1 (Two equivalent uniqueness conditions). With these data, the following statements
are equivalent.
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1. For every integer j ≥ 0 and every nonzero invariant rational section u of jaL with no poles
at the K-horizontal primes of X, one has u/sj ∈ K.

2. For every integer b ≥ 0, the ratio of any two nonzero invariant rational sections of bL
having no poles at the K-horizontal primes of X belongs to K.

Both statements include degree zero.

Proof. The second assertion implies the first by comparing u with sj ; the regularity hypothesis
on s guarantees that this comparison is permitted. Conversely, let u1, u2 have degree b. The first
assertion applied to uai gives uai /sb ∈ K. Hence (u1/u2)a ∈ K, and relative algebraic closedness
puts u1/u2 in K. This argument also applies when b = 0.

These equivalent formulations do not identify regularity at original primes with regularity at
all upstairs primes. The latter is the stronger regularity requirement on the chosen section s.
In particular, a uniqueness assertion that tests only sections already regular at every upstairs
horizontal prime is not, without another argument, the uniqueness assertion in Lemma 8.1.

For L = −KX , these data imply the adjoint rank hypotheses of Theorem 4.1. Indeed, on
a smooth resolution π : Z → X, g : Z → Y , put R = KZ/X . Dividing an invariant section
of R + jaπ∗L over the generic point of Y by the Jacobian section gives a rational section of
jaL without poles at horizontal primes of X: their strict transforms have coefficient zero in R.
Lemma 8.1 makes it a K-multiple of sj . Conversely sjsR is present. Thus the invariant rank is
one for every j ≥ 0. This implication uses the original-prime test; adjoint rank alone does not
license replacing it by a test on arbitrary rational sections with exceptional poles.

8.2 The null-prime field is the maximal-system field

Lemma 8.2. Let Y be a smooth connected projective variety of dimension d > 0 and let α ≠ 0
be a movable numerical curve class. Call a prime divisor P null if α · P = 0, and set

Kα = {0} ∪ {u ∈ C(Y )∗ : Supp(div u) consists of null primes}.

Then Kα is relatively algebraically closed in C(Y ) and has transcendence degree less than d. It is
the field of the Stein base of any linear system of degree zero against α having maximal image
dimension among all such systems. Every prime of Y vertical over Kα is null. If Pic(Y ) is
finitely generated, only finitely many null primes are horizontal over Kα.

Proof. Products and inverses preserve the support condition. The poles of a nonzero sum remain
on null primes. Since a principal divisor has degree zero, its effective zero divisor then has degree
zero as well; movability makes each of its components null. Thus Kα is a field.

Equivalently, every valuation at a non-null prime is trivial on Kα. Such a valuation remains
trivial on an element algebraic over that field. An element of positive valuation cannot satisfy
a polynomial with nonzero constant term over the field, since that term would uniquely have
minimal valuation. Applying the same argument to the inverse excludes negative valuation. This
proves relative algebraic closedness.

If u1, . . . , ud ∈ Kα were algebraically independent, the sum P of their polar divisors would
be null. The monomials of total degree at most m in the ui are linearly independent sections of
mP , so P would be big. A nonzero functional nonnegative on the pseudoeffective cone is strictly
positive on its interior. Thus α · P > 0, a contradiction.
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Every ratio in a zero-degree system belongs to Kα, since the zero divisors of its sections are
effective of degree zero. Conversely, if u ∈ K∗

α and P = (div u)−, then 1 and u are sections of P
and α ·P = 0. Choose a maximal-image zero-degree system and write K0 for the field of its Stein
base. The product-system argument of Lemma 4.6 puts all zero-degree section ratios in K0, hence
Kα ⊆ K0. The generating ratios of the chosen system lie in Kα; its relative algebraic closedness
gives the reverse inclusion. This proves the claimed equality, rather than just a comparison of
dimensions.

A non-null prime is horizontal over Kα by definition. Finally, if there were infinitely many
horizontal null primes, finite generation of Pic(Y ) would give a nonzero integral relation among
finitely many of their classes (multiply to remove torsion). The resulting nonzero divisor would be
principal. Its defining function would lie in Kα but have nonzero order at one of these horizontal
primes, which is impossible.

The hypotheses for finiteness hold on every smooth base dominated by the variety in
Theorem 4.1: pullback and birational invariance give H0(Y,Ω1

Y ) = 0, hence Pic0(Y ) = 0. Such
subfields are finitely generated: choose a finite transcendence basis; the relative algebraic closure
of its rational function field inside the finitely generated field C(Y ) is finite. Consequently the
field has a smooth projective model. The same argument will apply to the fields constructed
below.

8.3 Minima on all components and on original components

We now retain the fixed-section data of Section 8.1, with L = −KX smoothly semipositive
and H0(X,Ωq

X) = 0 for q > 0. Assume also either of the equivalent uniqueness conditions in
Lemma 8.1. Let Y be a smooth projective model of K. Prepare a normal graph

X
p←−W f−→ Y

whose fibers have dimension at most dimX − dimY . This preparation can be made without
toroidalization. On the flat locus of an initial graph, the fibers define a map to the projective
Hilbert scheme of X. Resolve that map on the base and pull back the universal family. Its fixed
Hilbert polynomial bounds the dimension of every fiber. The main graph transform lies in this
family, and its normalization is finite over the transform. This gives the asserted bound. The
graph and its normalization are equivariant; take an equivariant smooth resolution ρ : Z →W
afterwards [37], and write π = pρ and gZ = fρ for its composite maps to X and Y . In particular
every vertical prime of W dominates a prime of Y .

For a prime P ⊂ Y , let Q range over the components above it on W , and put eQ = ordQ f∗P .
Define

dP = min
Q7→P

ordQ(s)
eQ

, d∗
P = min

Q7→P
Q nonexceptional over X

ordQ(s)
eQ

.

A prime P is omitted if all components above it are exceptional over X; set d∗
P = dP in this case.

There are finitely many omitted primes. The divisors

D =
∑
P

dPP, D∗ =
∑
P

d∗
PP

have finite support, D∗ ≥ D, and

divW (s)− f∗D ≥ 0.
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The last divisor is rational Cartier, so it pulls back effectively to Z. The first minimum controls
the metric because some component has zero normalized section order. The second controls
sections on X because a pole on an exceptional divisor disappears on pushdown.

Lemma 8.3. The rational divisor D has a semipositive metric with locally bounded weights.
There is an effective integral divisor P0, supported on the omitted primes, and a psh metric weight
ϕ on −KY + P0 such that |sP0 |2e−ϕ is locally integrable.

Proof. If Y is a point, then D = 0; take P0 = 0 and positive Hermitian norms on the two
trivial lines. Their weights are bounded and their adjoint measure is finite. We may therefore
assume dimY > 0. Apply Lemmas 3.2 and 3.1 with original variety X, allowed-pole divisor
zero, A = L = −KX , and both metrics equal to the compact-averaged smooth metric on L. The
section is s of degree a. It has no horizontal poles on the normal equidimensional graph. The
rank computation following Lemma 8.1 verifies the smooth invariant adjoint rank condition for
every j ≥ 0. Thus the two required psh functions are supplied by Lemma 3.2.

The full-component normalization in Lemma 3.1 is exactly D; a denominator-clearing multiple
of D receives its bounded metric, which scales back to the rational divisor. Since the allowed-pole
divisor on X is zero, the invisible primes in that lemma are precisely our omitted primes. Its
correction is therefore an effective integral P0 with the asserted support. The distinguished
measure on −KY + P0 equals the pushforward of the smooth anticanonical volume almost
everywhere, so its local integral is finite, including at boundary intersections. This proves both
assertions on the flattened graph, without requiring toroidalization.

8.4 A supporting class and finite horizontal support

Lemma 8.4. Assume the data of Section 8.3 and suppose no positive power of L has a nonzero
invariant global section. Then there is a nonzero movable class α on Y satisfying

α ·D = α ·D∗ = 0, α · Γ = 0 for every omitted prime Γ.

In particular, d∗
Γ = dΓ whenever α · Γ > 0.

Proof. The bounded psh metric makes D pseudoeffective. Alternatively, apply Nadel vanishing
and regularity to its divisible multiples: local boundedness makes their multiplier ideals trivial,
and mD +A is effective for fixed sufficiently positive A.

The divisor D∗ cannot be rationally linearly equivalent to an effective rational divisor modulo
the span of omitted primes. Otherwise, after clearing denominators, there would be N > 0 and
g ∈ K∗ with

Nd∗
Γ + ordΓ(g) ≥ 0 at every nonomitted prime.

Then sNg would have no pole along any prime divisor on X. For horizontal divisors this follows
from the generic regularity of s. For a vertical divisor, its nonexceptional strict transform on W
dominates a nonomitted prime of Y , and the displayed inequality and the minimum defining d∗

Γ
give the result. Thus sNg would be a nonzero invariant global section.

Let S ⊂ N1(Y )R be the span of omitted primes, and project the cone of effective divisor
classes to N1(Y )R/S. Denote this convex cone by C. Its closure has nonempty interior, since the
ample cone already has nonempty interior before projection. The image of [D∗] belongs to C, by
pseudoeffectivity of D and effectivity of D∗ −D. It cannot lie in its interior. Indeed, the interior
of a convex cone agrees with that of its closure and is contained in the cone itself. Membership
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of this rational point in C would express it as a finite nonnegative real combination of rational
effective classes. The corresponding finite rational linear system then has a nonnegative rational
solution. Since numerical and rational linear equivalence agree on Y , that would give the rational
effectivity just excluded.

A supporting functional at this boundary point is nonzero, nonnegative on C, and zero on
the image of [D∗]. Pull it back to N1(Y )R. It is nonnegative on effective classes and annihilates
S; by cone duality [11], it is a nonzero movable class α. Pseudoeffectivity of D and effectivity of
D∗ −D give 0 ≤ α ·D ≤ α ·D∗ = 0. The effective difference therefore has zero degree; each of
its components has zero degree. This proves the final assertion as well.

For clarity, the numerical-to-linear step in this proof uses Pic0(Y ) = 0: the kernel of the map
from the Néron–Severi group to numerical divisor classes is torsion, so rational numerical relations
among the indicated divisors are rational linear relations. The movable class just constructed
annihilates P0 in Lemma 8.3. Apply Proposition 5.3 with that effective correction, its integrable
distinguished section, and α ·P0 = 0. Every cotangent line has nonpositive α-degree. Lemma 3.3,
applied to a Cartier multiple of D, gives a fixed cotangent determinant and effective integral
divisors

Nm ∼M +mD, m −→∞, α ·Nm = 0, (8.1)

for one fixed line bundle M . All indices clear the denominators of D.
The field Kα from Lemma 8.2 is the same smaller field that maximal zero-degree systems

give. We now use a different section-extraction argument on that field, keeping its separate
input: finitely many horizontal null primes. This is the relative counterpart of the finite-support
comparison in [27, Lemma 2.1]; the uniqueness verification after extraction is an additional step
here.

Proposition 8.5 (Finite-support extraction). Under the data of Section 8.3, assume no positive
multiple of L has an invariant global section. There are a positive integer a′ and an invariant
rational section s′ of a′L satisfying both the generic regularity condition and either uniqueness
condition of Lemma 8.1 over Kα. Moreover trdegKα < trdegK.

Proof. Choose one higher equivariant resolution Ẑ → Z on which the rational map for Kα is
also a morphism. Pull back the divisors Nm. Their parts horizontal for Kα have support in a
fixed finite set of prime divisors on Ẑ. Indeed, a horizontal component mapping onto a prime of
Y must lie over one of the finitely many horizontal null primes in Lemma 8.2. There are only
finitely many components over those primes. A prime whose image in Y has codimension at least
two must be exceptional over W , by the fibre dimension bound, and there are only finitely many
such divisors on this fixed resolution.

List the horizontal multiplicities of the pulled-back Nm as vectors in Zr≥0, using this fixed
finite support. Order the indices m increasingly. Dickson’s lemma, in its sequence form (see [4,
Theorem 1.1(1) and Lemma 3.2]), gives m2 > m1 such that the earlier vector is componentwise
at most the later one. For completeness, the needed sequence form follows by induction on r: a
sequence of nonnegative integers either has an infinitely repeated value or has a strictly increasing
subsequence; apply this successively to each coordinate. This also covers empty horizontal
support. Hence Nm2 −Nm1 , pulled back to Ẑ, is effective on every Kα-horizontal divisor.

Put b = m2 −m1 > 0. From (8.1), choose g0 ∈ K∗ satisfying

Nm2 −Nm1 = bD + divY (g0).
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Set
a′ = ba, s′ = sbg0. (8.2)

The section s′ is invariant. On Ẑ, its divisor is the pullback of b(divZ(s)−g∗
ZD) plus the pullback

of Nm2 −Nm1 . It is therefore nonnegative along all Kα-horizontal divisors. The finitely many
remaining poles lie over proper closed subsets of the new base, so a dense open avoids them.
This proves generic regularity of the new section.

It remains to verify the ratio requirement, which is essential for another iteration. Let k ≥ 0,
and let t be an invariant nonzero rational section of ka′L without poles along prime divisors on
X horizontal for Kα. Since Kα ⊆ K, every K-horizontal valuation is Kα-horizontal. The old
fixed-section uniqueness condition therefore gives

g = t

skb
∈ K.

Let Γ be a non-null prime of Y . It is nonomitted, and d∗
Γ = dΓ by Lemma 8.4. Each nonexceptional

component Q over it on W is horizontal for Kα: its restriction to Kα is eQ ordΓ = 0. Its valuation
is the valuation of a prime divisor on X. Consequently

eQ ordΓ(g) + kb ordQ(s) = ordQ(t) ≥ 0.

Taking the minimum over these nonexceptional components proves

ordΓ(g) + kb dΓ ≥ 0. (8.3)

The rational divisor divY (g)+kbD has total α-degree zero. Its coefficients at every non-null prime
are nonnegative by (8.3), and the remaining primes have degree zero. Each of those nonnegative
coefficients must therefore be zero. Moreover, divY (g0) + bD = Nm2 −Nm1 is supported on null
primes. Subtracting k times this identity shows that

t

(s′)k = g

gk0
∈ Kα.

This includes k = 0, so fixed-section uniqueness is preserved in its full stated range.
Strict transcendence-degree decrease follows from Lemma 8.2. The regularity just proved

holds on the complete generic fiber and hence survives further modification. This completes the
new data, including the original-prime uniqueness test.

For the same supporting movable class, affine interpolation in Lemma 4.7 and Proposition 8.5
therefore reach the same field by different arguments. The first proves that the horizontal
multiplicities are affine functions of the twist. The second only needs finite horizontal support
and chooses a comparable pair of multiplicity vectors. Neither method replaces the subsequent
uniqueness verification.

8.5 A toric construction of the initial section

The rational torus quotient can also be initialized using the geometry of its complete generic
fiber. This gives a second construction of existence; its essential input is toric generation and a
weight argument, rather than the wedge of fundamental vector fields.
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Lemma 8.6. Let an algebraic torus T act on a smooth connected projective variety X, and
suppose that L = −KX is nef. On an equivariant smooth projective resolution π : Z → X,
g : Z → Y of the rational quotient C(Y ) = C(X)T , some positive power of π∗L has a nonzero
invariant section on the complete generic fiber, for its natural linearization.

Proof. The invariant field is relatively algebraically closed in C(X): an element algebraic over
it has a finite orbit, and the divisible abelian group T (C) has no nontrivial finite quotient.
Rosenlicht’s quotient theorem gives a dense orbit on the smooth connected general fiber F of g
[38]. The stabilizer of that orbit fixes its closure, so F is toric for an effective quotient of T . The
nef bundle π∗L|F has a basepoint-free positive multiple by the toric basepoint-freeness theorem
[14, Theorem 6.3.12].

For any one-parameter subgroup λ, the Białynicki-Birula decomposition of X has an open
attracting stratum as t→ 0, whose fixed component has nonnegative tangent weights, and an
open attracting stratum as t→∞, whose tangent weights are nonpositive [10]. Choose F very
general so that its image meets both strata for every λ; there are only countably many integral
cocharacters. The corresponding orbit limits on the proper F give fixed points with the two
weak signs for the fiber weights of π∗L, since L = detTX has its natural action. Evaluation of a
basepoint-free multiple at either point is equivariant and surjective. Thus its section space has
weights of both weak signs for every λ.

It follows that zero is in the convex hull of the torus characters in this section space: otherwise
a strict separating functional could be chosen rational and then integral. Choose a rational convex
combination with sum zero and clear denominators. The product of the corresponding nonzero
eigensections is a nonzero invariant section of a positive power; nonzeroness uses integrality of F .
This is the invariant-sections construction used in the toric setting of [29, Section 3].

For each positive integer m, cohomology and base change and torus weight splitting identify
the invariant section space of mπ∗L on fibers over a dense open with a vector bundle of its
generic rank. Choose the very general fiber also in all these countably many opens. The invariant
section just found therefore implies a nonzero invariant generic rank for its particular exponent.
This yields the required section over C(Y ). The empty-dimensional fiber and the trivial torus
are included in the argument.

Remark 8.7. The same weight argument can be made directly on the geometric generic fiber. Its
generic point avoids the complements of the two attracting strata for every chosen one-parameter
subgroup, and properness supplies the orbit limits. Toric generation and separation of the
character polytope again produce a weight-zero product. Invariants for a split torus commute
with field extension, so this section descends from the algebraic closure of C(Y ). This gives a
geometric-generic form of the preceding construction, without choosing a very general closed
fiber.

9 Evaluation metrics and fields with controlled poles
The previous section extracted a generic section from divisors of zero movable degree. We now
vary the choice of the smaller base. Evaluation in an adjoint direct image supplies a transverse
slope estimate. We apply it to systems generated by four fixed divisor classes, checking that
their maximality still restores uniqueness after contraction. A separate construction then uses
a field of functions with controlled poles to encode the divisors that may be absorbed on the
original variety.

48



9.1 Evaluation metrics and cotangent slopes

There is a second way to obtain the slope inequality needed for contraction. It uses evaluation in
an adjoint direct image over a further rational quotient of the base. This gives a metric on the
determinant of its transverse tangent sheaf, with a correction supported only on the omitted
base primes.

Proposition 9.1. Let X,Y be smooth connected projective varieties, let L = −KX have a
smooth semipositive metric, and let an algebraic torus T act on X. Suppose that f : X 99K Y is
dominant and invariant and that every invariant rational function on X having no poles at the
f -horizontal prime divisors of X belongs to C(Y ). Choose a normal projective graph model

X
p←−W φ−→ Y

on which every vertical prime maps onto a prime divisor of Y . Let N be the reduced sum of the
primes of Y above which all prime divisors of W are exceptional over X.

For every dominant rational map g : Y 99K U to a smooth projective variety, let F ⊂ TY be
the saturated sheaf tangent to its general fibers. There is an integer c ≥ 0 such that

det(TY /F) + cN is pseudoeffective.

Consequently, if α ≠ 0 is a movable curve class on Y with α ·N = 0, then every line subsheaf
A ⊂ (Ω1

Y )⊗j, j ≥ 0, satisfies α · c1(A) ≤ 0.

The uniqueness assumption in this statement is precisely the degree-zero instance of Lemma 8.1.
In particular, the evaluation argument does not require a nef anticanonical class on Y .

Proof. Average the metric on L over the compact form of T , so that it is invariant. When U
is a point the determinant assertion is immediate. Otherwise replace U birationally, without
changing F , so that every g-vertical prime P ⊂ Y maps onto a prime Q ⊂ U . To arrange this,
flatten the dominating graph and resolve the base [37]. Each g-vertical prime of Y has a strict
transform on the resulting equidimensional source. Properness defines the rational lift from Y at
its generic point, so the resulting map sends that prime onto a base prime. Put eP = ordP (g∗Q).
At the general point of P , the map has coordinates

(x, y2, . . . , ydimY ) 7−→ (xeP , y2, . . . , ydimU ).

The determinant of the differential, after quotienting by its saturated kernel, therefore has order
eP − 1. Along a horizontal prime it has order zero. Thus, in codimension one and hence as line
bundles on Y ,

det(TY /F) = −g∗KU −Rg, Rg =
∑

P vertical
(eP − 1)P. (9.1)

The pullback here is defined on the domain of the rational map and extended across its
codimension-two complement. The sum is finite, since its coefficients are the divisorial or-
ders of one determinant map.

Take a smooth projective equivariant resolution dominating W and resolving both rational
maps, with morphisms

π : Z −→ X, q : Z −→ Y, r : Z −→ U.
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Write eπ for the invariant Jacobian section of KZ + π∗L. On a dense open of U , the sheaf

E =
(
r∗(KZ/U + π∗L)

)T
is locally free, commutes with base change, and has its adjoint L2 metric. Berndtsson’s theorem
gives Griffiths semipositivity [8]. The same is true of the invariant summand: the weight-zero
projection is holomorphic and orthogonal, because the compact torus preserves the coefficient
metric and the fiber integral. Its metric is therefore the quotient metric. This argument concerns
a smooth coefficient metric on the smooth-family open.

Choose a rational frame for E and a rational frame η of KU . Its sections on Z have the form

(q∗ϕi)eπ/(r∗η), ϕi ∈ C(Y ). (9.2)

Indeed, dividing first by the Jacobian and the inverse base frame gives invariant rational functions
on X. These have no poles at the primes dominating Y : such primes also dominate U , and the
Jacobian is a unit at their strict transforms. The assumed degree-zero uniqueness places the
functions in C(Y ).

After shrinking dense opens, evaluation of the coefficients in (9.2) defines a holomorphic
functional on g∗E . For v ∈ Eg(y), denote its coefficient at y by ϕv(y). In the frame g∗η−1, set

ψ(y) = log sup
∥v∥g(y)=1

|ϕv(y)|2. (9.3)

This is psh, being the log squared norm of a holomorphic section of the dual of a Griffiths-
semipositive bundle. Replacing η by aη adds log |g∗a|2 to ψ, exactly the transformation law for
a weight on −g∗KU . The section eπ/(r∗η) has coefficient 1, so this weight is not identically −∞.

It remains to account for ramification and for the Jacobian zeros above the boundary. Fix a
prime P ⊂ Y , choose a prime D ⊂ Z mapping onto it, and put

l = ordD(q∗P ), dπ = ordD(eπ).

If P ̸⊂ N , choose D nonexceptional over X, so that dπ = 0. Suppose first that P maps onto a
prime of U . With j = leP , suitable coordinates around a general point of D express r as

(τ, z2, . . . , zn) 7−→ (τ j , z2, . . . , zh), h = dimU, D = (τ = 0).

Take η regular and nonvanishing on this base patch. If a fiber section v has coefficient av in a
regular frame of KZ/U + π∗L, its adjoint fiber norm contains the density

|av|2

|jτ j−1|2
|dzh+1 · · · dzn|2

up to positive bounded factors with bounded inverse. The denominator comes from dividing
the total coordinate top form by the pulled-back base form. For ∥v∥ = 1, holomorphic submean
on a smaller fiber polydisc gives |av| ≤ C|τ |j−1. When the fiber dimension is zero, its point
contribution to the norm gives the same bound. Dividing by the Jacobian coefficient, which is
τdπ times a unit, yields

|ϕv(q(z))| ≤ C ′|τ(z)|j−1−dπ . (9.4)

If P dominates U , then r is submersive at a general point of D. Submean gives instead
|ϕv(q(z))| ≤ C ′|τ(z)|−dπ . In both cases the constants are uniform for unit-norm sections.
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Let x define P near a general point. On the chosen patch, q∗x is a unit times τ l. Generic
submersivity along D → P , together with this transverse power, shows that the patch maps onto
a neighborhood of that point of P . We can therefore apply the preceding estimates over each
nearby y, with |τ | comparable to |x(y)|1/l. They give

ψ ≤ O(1) +


leP − 1− dπ

l
log |x|2, P vertical over U,

−dπ
l

log |x|2, P horizontal over U.
(9.5)

For P ̸⊂ N , subtracting the weight of Rg leaves a locally bounded-above function: in the vertical
case the remaining coefficient is 1− 1/l ≥ 0, and in the horizontal case it is zero. At a component
of N , adding c log |x|2 makes the remaining coefficient nonnegative once

c ≥ (1 + dπ)/l − 1 in the vertical case, c ≥ dπ/l in the horizontal case.

There are finitely many omitted primes, so one nonnegative integer c works for all of them. The
adjusted weights are psh off the divisors, since the logarithms there are pluriharmonic. Their
upper bounds extend them across the general points of every boundary divisor. The remaining
exceptional sets have codimension at least two; psh removability extends the weights there as
well. The frame changes identify the resulting metric as one on −g∗KU −Rg + cN . This proves
pseudoeffectivity and hence

α · c1(TY /F) ≥ 0 (α movable, α ·N = 0). (9.6)

We finish with the movable-slope argument of Ou, using the tensor slope theorem of Greb–
Kebekus–Peternell and the algebraicity criterion of Campana–Păun [21, 13, 35, 26]. Suppose
that a line in (Ω1

Y )⊗j has positive α-degree. For j = 0 this is impossible, since a line subsheaf
of OY has an effective negative. For j > 0, tensor slopes and duality imply µα,min(TY ) < 0.
Applying (9.6) to the identity of Y gives α · c1(TY ) ≥ 0. Thus the positive-slope part F+ of
its Harder–Narasimhan filtration is nonzero and proper. Its minimal slope is positive, whereas
TY /F+ has nonpositive maximal slope and strictly negative degree.

The bracket map F+ ⊗ F+ → TY /F+ vanishes by the slope gap, so F+ is a foliation. The
positive-minimal-slope criterion makes it algebraically integrable. Its rational quotient contradicts
(9.6). These uses of slope theory also apply to a boundary movable class. Equivalently, perturb
toward a rational interior movable class: the strict positive minimal slope and the bracket slope
gap persist. The tensor inequality at the original class follows by taking limits from the interior,
using

µα+ϵβ,min(G) ≥ µα,min(G) + ϵµβ,min(G)

and the corresponding upper bound for maximal slopes. This proves the cotangent assertion.

9.2 Restricting the contraction to a four-generator semigroup

The evaluation slope of Proposition 9.1 can be used with a smaller collection of linear systems
than all null-degree systems. We record the precise collection because maximality within it still
has to control the poles appearing in the uniqueness test.

Proposition 9.2. Keep the fixed-section data of Section 8.3 and assume H0(Y,Ωq
Y ) = 0 for

q > 0. After taking a power of s, let D,D∗ be integral, put G = D∗ −D ≥ 0, and let N be the
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reduced omitted-prime divisor. Suppose D has a bounded semipositive metric and that every
cotangent line has nonpositive degree against every movable class annihilating N . If there is no
invariant global section of a positive multiple of L, a smaller base preserving an invariant generic
section of a positive multiple of L and the original-prime uniqueness condition is obtained from
one of the systems

|mD + iM + kG+ lN |, m, i, k, l ∈ Z≥0,

where M is a single cotangent determinant line and H0(Y,M +mjD) ̸= 0 for unbounded positive
mj.

Proof. The divisor D + G + N = D∗ + N cannot be big. A section of a positive multiple,
represented by γ ∈ C(Y )∗, would satisfy ordP γ + jd∗

P ≥ 0 at every nonomitted prime. The
minimum defining d∗

P then makes sjγ regular at every vertical prime of X; its horizontal regularity
is already known. This would be an invariant global section. Since D is pseudoeffective and
G,N are effective, cone duality supplies α ̸= 0 movable with

α ·D = α ·G = α ·N = 0.

The assumed cotangent estimate and the determinant proof in Lemma 4.5 produce M and
effective Cj ∼M +mjD; effectivity forces α ·M = 0. Thus every displayed system has degree
zero, and none gives a generically finite map on Y .

Choose one nonempty displayed system |Λ| of maximal image dimension, and let Y ′ be
a smooth model of its Stein field. Products remain in the displayed collection. Exactly the
product-map argument in Lemma 4.6 therefore shows that ratios in any one of these systems
lie in C(Y ′). Moreover dimY ′ < dimY . The interpolation of Lemma 4.7 uses only products of
the sections of M +mjD, so it applies within this collection. For m1 > m0, the ratio of those
sections gives a rational section of (m1 −m0)D regular on the complete generic fiber over Y ′.
Write δ = m1 −m0 and let u be the normalized section of aL− f∗D. If ξ is the generic section
of δD just obtained, then uδf∗ξ is the new invariant generic section of aδL.

We check all-degree original-prime uniqueness directly. Let w1, w2 be invariant rational
sections of bL, b ≥ 0, regular at the primes of X horizontal over Y ′. Old uniqueness gives

wai = sbf∗γi, γi ∈ C(Y )∗.

At a nonomitted prime P of Y horizontal over Y ′, every nonexceptional component above it is
horizontal over Y ′ too. Testing regularity there and taking the nonexceptional minimum gives

ordP γi + b(dP + coeffP G) ≥ 0.

Hence, for one sufficiently large l, the γi are rational sections of bD+ bG+ lN with poles only at
primes vertical over Y ′.

These finitely many poles can be cleared by the same section of some nΛ; if there are no poles,
use n = 0 and the constant section. Resolve |Λ|. Each such prime maps into a proper closed
subset of its image: a valuation trivial on the image field is trivial on its algebraic closure, so
verticality persists for the image field. Choose a projective hypersurface containing those images
but not the whole system image. Substituting the defining sections of Λ gives a nonzero section
vanishing at each pole prime; its sufficiently high power gives the required orders. The fixed
divisor of the resolved system only adds vanishing. Multiplication by this common section places
both γi in one system of the displayed semigroup. Maximality puts their ratio in C(Y ′). Thus
(w1/w2)a ∈ C(Y ′), and relative algebraic closedness inside C(X) gives w1/w2 ∈ C(Y ′). Lemma 8.1
now restores fixed-section uniqueness, including degree zero. This proves the proposition.
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For the geometric data constructed from a rational quotient, the bounded metric is supplied
by Lemma 8.3, while Proposition 9.1 supplies exactly the cotangent hypothesis. This verifies
a complete contraction using the evaluation metric, independently of the signed-volume slope
argument. The four-generator semigroup need not generate the whole null-prime field; its own
maximality and pole-clearing property are what the proof uses.

9.3 A parameter field allowing poles at omitted primes

The next construction uses the signed-boundary slope inequality of Proposition 5.9. Its field
is built directly from rational functions with prescribed orders away from the omitted primes.
Allowing those poles is useful because no divisor of the original variety lies above an omitted
prime. The effective divisors used for horizontal interpolation, however, remain effective on the
whole base.

Use fixed-section data (f : X 99K Y, k, s) satisfying the regularity and uniqueness conditions
of Section 8.1, and a normal equidimensional model X p←− W

φ−→ Y . For a prime Γ ⊂ Y , and
primes A ⊂W mapping onto it, write

eA = ordA(φ∗Γ), lA = ordA(p∗s), bΓ = min
A→Γ

lA
eA
.

Let C1, . . . , Cv be the omitted primes, above which every such A is exceptional over X. Off this
finite list put

b♯Γ = min
A→Γ

A nonexceptional over X

lA
eA
,

and give b♯Γ the value zero on the omitted primes. Denote the resulting divisors by B,B♯. Replace
s by a power, and scale k,B,B♯, so that both divisors are integral. We have

Ds := div(p∗s)− φ∗B ≥ 0, b♯Γ ≥ bΓ (Γ ̸= Ci). (9.7)

Moreover, for l > 0 integral,

ordΓ v + lb♯Γ ≥ 0 (Γ ̸= Ci) =⇒ slf∗v ∈ H0(X, klL)T \ {0} (9.8)

for v ∈ C(Y )∗. Indeed the inequalities test every vertical prime of X through its nonexceptional
transform on W ; the original horizontal primes have nonnegative orders by the fixed-section
condition. Normality of X then gives regularity.

For the geometric application, assume again that L = −KX is smoothly semipositive and
H0(X,Ωq

X) = 0 for q > 0. Pullback of forms gives the same vanishing on Y , hence χ(OY ) = 1.
Prepare this graph toroidally as in Section 4.2; then define the minima on that prepared graph
as above. The bounded metric and signed nef anticanonical class in Lemma 4.3, the determinant
construction in Lemma 3.3, and Proposition 5.9 give an integral divisor R and an unbounded set
M⊂ Z>0 with

[R] ∈ Psef(Y ) +
v∑
i=1

R[Ci], Nm = mB −R+ div(qm) ≥ 0 (m ∈M). (9.9)

Here qm ∈ C(Y )∗, and the effectivity of Nm includes the omitted primes. To make the sign of R
explicit, Lemma 3.3 gives a line M in a cotangent tensor power of order h and effective divisors

Nm ∼ mB +M, R = −M.
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The signed boundary Bsgn furnished by Lemma 4.3 has negative part supported on the Ci.
Proposition 5.9 gives

[R] + h[B−
sgn] ∈ Psef(Y ),

so [R] lies in Psef(Y ) +
∑
iR[Ci], and in particular in its closure as required in (9.9). The

following argument depends only on the explicit data (9.7)– (9.9) and fixed-section uniqueness.

Proposition 9.3. Assume fixed-section data (f : X 99K Y, k, s) as in Section 8.1. Let B,B♯ be
the integral vertical-minimum divisors of the preceding normal equidimensional graph, and let Ci
be its omitted primes. Assume that an integral divisor R and an unbounded sequence of effective
divisors satisfy (9.9). Then either a positive multiple of L has a nonzero invariant section on X,
or there is a dominant rational map Y 99K Y ′, with dimY ′ < dimY , such that its composite with
f admits fixed-section data satisfying the regularity and uniqueness conditions of Section 8.1. Its
base field is relatively algebraically closed in C(X).

Proof. Fix a ∈M. For t ∈ Q, t ≥ a, and h ∈ Z>0, define a vector space of rational functions by

Vt,h = {0} ∪
{
v ∈ C(Y )∗ : div(v) + h(tB♯ −R) ≥ 0 away from the Ci

}
. (9.10)

Rational coefficients cause no ambiguity: this is an inequality of rational divisors. These spaces
need not be finite-dimensional. Their multiplication law is

Vt1,h1Vt2,h2 ⊂ V(h1t1+h2t2)/(h1+h2), h1+h2 . (9.11)

By (9.9) and B♯ ≥ B away from the omitted primes, qm ∈ Vm,1. Every rational t ≥ a is a rational
convex combination of a and some m ∈M with m ≥ t. Products of powers of qa, qm therefore
show that Vt,h ̸= 0 for some h > 0.

At a fixed t, let Ft be the set of ratios v/w with v, w ∈ Vt,h, w ≠ 0, allowing all positive h. It
is a field: multiplication and cross-multiplication for addition use (9.11), and inverses interchange
numerator and denominator. Its relative algebraic closure in C(Y ) is independent of t > a. To
see this, take a < t1 < t2 and a ratio at t1. Pad equal powers of its numerator and denominator
with a common power of qm, where m > t2. Choose the powers so that their weighted-average
parameter is t2. A positive power of the original ratio then belongs to Ft2 . Conversely, pad a
ratio at t2 with qa to reach t1. Clearing the rational weights makes all the powers integral. Each
field is therefore contained in the relative algebraic closure of the other.

Write K for the common relatively closed field, and choose a smooth projective model Y ′

with C(Y ′) = K. This field is finitely generated: choose a transcendence basis of K/C; the
algebraic closure of the resulting rational function field inside the finitely generated field C(Y ) is
finite over it. Since C(Y ) is relatively algebraically closed in C(X), the same is true of K. We
now distinguish whether this field has lost dimension.

The full-dimensional case. Suppose trdegCK = d = dimY . At one fixed rational t > a,
finitely many ratios in Ft are algebraically independent of cardinality d. Use common products
and powers to place their numerator and denominator sections in one degree. A sufficiently
large rational divisor C supported on the Ci compensates their finitely many omitted-prime
poles. After clearing denominators, these sections belong to a multiple of tB♯ −R+ C and give
a rational map with d-dimensional image. Hence

tB♯ −R+ C is big. (9.12)
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The closure in the first condition of (9.9) is sufficient to remove R from this assertion. Choose
pseudoeffective classes Pj and real divisors Ej supported on the Ci such that Pj + [Ej ]→ [R].
Then

[tB♯ + C − Ej ]− Pj −→ [tB♯ −R+ C].

The classes on the left are big for large j, by openness of the big cone. Adding Pj preserves
bigness, so tB♯ + C −Ej is big. Rational approximation of the coefficients on the finite support
yields a rational divisor C ′, supported on that same list, with tB♯ + C ′ big. Consequently, for
some positive integer h clearing all denominators and some v ∈ C(Y )∗,

div(v) + h(tB♯ + C ′) ≥ 0.

Away from the omitted primes this is precisely the hypothesis of (9.8), with the positive integer
l = ht. It produces the asserted global invariant section.

The smaller-base case. Suppose now that dimY ′ < d. Choose b ∈ M with b > a, write
δ = b− a, and set

f ′ : X 99K Y ′, k′ = kδ, s′ = sδf∗(qb/qa), (9.13)

where f ′ is the composite rational map. Both the map and section are invariant. We verify
separately that the section is regular over the generic point and that it restores uniqueness.

For every m ∈M with m > b, the numerator and denominator in

qδmq
m−b
a

qm−a
b

(9.14)

belong to Vb,m−a, since δm+ (m− b)a = b(m− a). Their ratio therefore lies in K. On a common
smooth resolution mapping to W,Y, Y ′, let nm be the coefficient of the pullback of Nm at a
prime horizontal over Y ′. Its valuation is trivial on K, so (9.14) implies

δ(nm − na) = (m− a)(nb − na).

Every nm ≥ 0, and the indices m are unbounded. It follows that nb − na ≥ 0. The divisor of the
pullback of s′ is

δDs + φ∗(Nb −Na),

with pullbacks to the common resolution understood. Its horizontal coefficients are nonnegative
by (9.7) and the preceding inequality. Thus s′ has no poles over the generic point of Y ′, including
at exceptional horizontal primes.

To prove uniqueness, take r ≥ 0 and a nonzero invariant rational section τ of rk′L having no
poles on the prime divisors of X horizontal over Y ′. These include the primes horizontal over Y .
The old fixed-section condition writes

τ = sδrf∗u, (s′)r = sδrf∗us, us = (qb/qa)r,

with u, us ∈ C(Y )∗. At every non-omitted prime Γ whose valuation is trivial on K, the
nonexceptional primes above it are horizontal over Y ′. Regularity of both sections there gives

ordΓ(u) + δrb♯Γ ≥ 0, ordΓ(us) + δrb♯Γ ≥ 0. (9.15)

Only finitely many non-omitted primes fail either inequality. Every such prime has valuation
nontrivial on K.
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We can compensate all these deficits with a common element of one Vb,h. For a non-omitted
prime Γ, define the excess of v ∈ Vb,h \ {0} by

ϵΓ(v) = ordΓ(v) + h(bb♯Γ − coeffΓR) ≥ 0.

If ordΓ is nontrivial on K, it is nontrivial on Fb: a valuation trivial on a field remains trivial on
an algebraic extension. Some ratio v1/v2, with v1, v2 ∈ Vb,hΓ , therefore has nonzero order. The
two nonnegative excesses are different, so at least one is strictly positive. Choose that element.
Products of sufficiently large powers of these chosen elements, one for each deficit prime, give
v ∈ Vb,h \ {0} whose excess compensates every deficit of both u and us. At all other non-omitted
primes, the excesses remain nonnegative. If there are no deficits, any nonzero element of Vb,h
suffices. Thus

uv, usv ∈ V b+δr/h, h.

The parameter is still greater than a, also when r = 0. It follows that

τ/(s′)r = u/us ∈ Fb+δr/h ⊂ K.

This is the required fixed-section uniqueness for the smaller base.
These verifications also retain the adjoint rank conditions: on a smooth resolution, multiplying

powers of s′ by the Jacobian gives a nonzero invariant adjoint section in every nonnegative
multiple of k′. Dividing any other such section by the Jacobian gives a rational section regular
at the original horizontal primes; the uniqueness just proved makes it a multiple over K of that
generator. Thus the contraction returns precisely the section and rank data needed for the next
step, including degree zero.

10 Contractions with different boundary data
Theorem 4.1 keeps a generic section and its adjoint rank. The boundary constructions of Section 5
also accommodate three other useful forms of control: arbitrary exceptional twists, eventual
discrepancy inequalities, and pole tests on the original variety. We verify these forms separately.
This identifies the exact support condition that must survive each dimension decrease.

Throughout this section X is smooth connected projective, H0(X,Ωq
X) = 0 for q > 0, and

L = −KX has a smooth semipositive metric. A torus T acts with its natural linearization on
L. Every smooth projective rational image Y has no positive-degree holomorphic forms, so
χ(OY ) = 1 and Pic(Y )⊗Q is finite dimensional. We use geometrically integral generic fibres
throughout.

Two of the pole formulations below express the same uniqueness condition. Given the
distinguished generic section, the bound for every exceptional twist in (5.3) is equivalent to
original-prime uniqueness in Lemma 8.1. Indeed, finitely many invariant rational sections regular
at the original horizontal primes acquire only exceptional horizontal poles on a fixed equivariant
resolution. One common effective invariant exceptional divisor clears those poles. Conversely
an exceptional twist changes no order at an original prime. The constructions below remain
different: they use, respectively, a weighted metric and Iitaka rigidity, or a signed boundary and
the null-prime field.
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10.1 Rigid Iitaka fibres and arbitrary exceptional twists

The following elementary form of Iitaka rigidity is useful because the base may need further
resolution after its Iitaka map is chosen.

Lemma 10.1. Let Q ≥ 0 be an integral divisor on a smooth projective variety Y , and let
u : Y ′ → Y , h : Y ′ → Y2 resolve its Iitaka fibration, with connected generic fibre S. For every
effective u-exceptional integral divisor A and every positive integer m,

h0(S,m(u∗Q+A)|S
)

= 1.

Proof. Choose the Iitaka map from a multiple of Q attaining the maximal image dimension and
take its Stein factorization. A multiple of u∗Q dominates the pullback of a big divisor on Y2;
after taking a higher multiple and replacing that divisor by an ample divisor plus an effective
divisor, it dominates a pulled-back ample divisor. The generic fibre is geometrically integral.
Adding an effective exceptional divisor changes no global space of sections, by normality, and
hence no Iitaka dimension. If a multiple of (u∗Q+A)|S had two independent sections, extend
them rationally over Y ′ and clear their vertical poles with a sufficiently high pulled-back ample
twist. The preceding domination absorbs that twist into a multiple of u∗Q + A. Their ratio
remains nonconstant on S. Combined with ratios defining the base, it increases the transcendence
degree of a global section-ratio field beyond κ(Q), a contradiction. The canonical effective divisor
supplies the nonzero section.

Proposition 10.2 (Preserving arbitrary exceptional twists). Let π : Z → X, g : Z → Y be a
smooth equivariant resolution of a dominant T -invariant rational map to a smooth projective
Y , with dimY > 0 and geometrically integral generic fibre F over K = C(Y ). Suppose that
H0(F, aπ∗L|F )T ̸= 0 for some a > 0, and that

dimK H
0(F, (bπ∗L+A)|F )T ≤ 1

for every integer b ≥ 0 and every effective invariant π-exceptional integral divisor A. Then
either a positive multiple of L has a nonzero invariant section on X, or a dominant rational map
Y 99K Y2 to a smooth projective base of smaller dimension preserves both the generic section and
this bound for every exceptional twist on a smooth equivariant resolution of the composite map.

Proof. Use the divisors N,R,B of Proposition 5.6. If any j(N + R) + lB, j > 0, l ≥ 0, is
rationally effective, that proposition gives the section on X. Assume otherwise. The weighted
cotangent bound gives hcB − c1(M) pseudoeffective for a line M in a cotangent tensor power of
order h. Consequently

M + j(N +R) +B is not big (j > 0);

adding the pseudoeffective class hcB −M to a big class would contradict the preceding noneffec-
tivity.

The bounded metric of N , hard Lefschetz and the nonzero constant term of χ(KY +mN)
give, by the determinant construction of Lemma 3.3, a fixed cotangent line M and effective
Dj ∼ M + jN for unbounded j > 0. Fix two indices i < b and put Q = Db + bR + B. This
divisor is effective and not big. Resolve its Iitaka map by u : Y ′ → Y , h : Y ′ → Y2. Then
dimY2 < dimY .
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Restrict pullbacks to the generic fibre S of h. The interpolation equivalence (4.20), applied
at the twist exponents i < b < j, gives two effective representatives of the class (j − i)Db,S . Add
the same effective complement (j − i)(QS − Db,S) to both. Lemma 10.1 makes the resulting
representatives of (j − i)QS equal, and cancellation gives

(j − i)Db,S = (b− i)Dj,S + (j − b)Di,S (j > b).

In particular all the later Dj,S are supported in Db,S . Since j is unbounded and Dj,S ≥ 0, the
divisor

VS = Db,S −Di,S

b− i
is effective and rationally equivalent to NS . Its support lies in Db,S . For every effective u-
exceptional A and integers n, l ≥ 0 this also gives

h0(S, n(N +R)S + lBS +A|S
)
≤ 1. (10.1)

To see this, represent NS by VS . The indicated effective representative is supported in (u∗Q+A)|S
and therefore dominated by a multiple of it. Two independent sections would remain independent
after taking powers and multiplying by a fixed section, contrary to Lemma 10.1.

On a common resolution over Y ′, lift a denominator-clearing multiple of VS through f∗N →
ap∗L. It gives the new invariant generic section. For the rank assertion, let Fexc be any effective
invariant divisor exceptional over X on the common resolution. A section with this twist over
the new generic fibre is, by the old rank condition, rationally λsnsFexc with λ ∈ C(Y ), first
for exponents divisible by a. At a prime of S not exceptional over Y and not in BS , choose a
nonexceptional component realizing the restricted minimum n′

Q = (N +R)Q. The exceptional
twist has coefficient zero there. Regularity gives

ordQ λ ≥ −n(N +R)Q.

All remaining poles occur on BS or on exceptional divisors of u. For any proposed pair of
sections, choose an effective u-exceptional divisor AY on Y ′ and l ≥ 0 so that lBS +AY |S absorbs
them. Equation (10.1) then forces dependence. Other exponents follow by taking powers to clear
divisibility; independent sections cannot become dependent under a power on a geometrically
integral fibre.

Proposition 10.3 (The unweighted rigid-fibre variant). Let π : Z → X, g : Z → Y be a smooth
equivariant resolution of a dominant T -invariant rational map to a smooth projective Y , with
dimY > 0 and geometrically integral generic fibre F over K = C(Y ). Suppose there is a nonzero
invariant section of aπ∗L|F , a > 0, and

dimK H
0(F, (KZ/X +maπ∗L)|F )T = 1 (m ≥ 0).

Then either a positive multiple of L has a nonzero invariant section on X, or a dominant rational
map Y 99K Y2 to a smooth projective base of smaller dimension preserves the generic section and
these Jacobian-twisted ranks, with a possibly different positive integer a.

Proof. Take the prepared toroidal model of Proposition 5.7. Let B now be the reduced sum of
primes Q for which no component attaining the minimum nQ is nonexceptional over X. For
small rational δ > 0, the normalized divisor Ds absorbs δf∗B at every nonexceptional prime.
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Thus effectivity of N + δB supplies a section on X. Otherwise this pseudoeffective divisor is not
big, so a nonzero movable class α annihilates both N and B. The correction Θ of Proposition 5.7
is supported on B. Proposition 5.4 gives α ·M ≤ 0 for every cotangent line M .

The determinant argument produces effective Dj ∼M + jN +B, Dj ≥ B, for unbounded
j; their degree against α is zero. Resolve the Iitaka map of one Db after fixing an earlier index
i < b. The same interpolation identity as above puts every later restricted divisor in the support
of Db,S . Include the finitely many exceptional divisors of the chosen resolution in an auxiliary
effective divisor A and apply Lemma 10.1 to u∗Db +A. Choose comparable indices j1 < j2 in
the tail beyond b, using the ascending-pair property in a finite product of N. Put v = j2− j1 > 0.
Then

C = (Dj2 −Dj1)|S ≥ 0, C ∼ vNS , SuppC ⊆ SuppDb,S .

Let ζ be the corresponding section of vNS , and let σ denote the normalized regular section of
aπ∗L− g∗N on a common resolution. The section σvg∗ζ gives a new invariant generic section s′

of degree avL.
We verify the new ranks at exactly these multiples. Let q ≥ 0 and let t be an invariant section

of KZ′/X + qavπ′∗L on the new generic fibre, where Z ′ is a common smooth resolution. The old
rank condition, applied over K, says that division by the Jacobian section and σqv leaves the
pullback of a rational section r of qvNS . At a prime of S outside BS and the u-exceptional locus,
a nonexceptional minimizing component has both normalized section order and Jacobian order
zero. Regularity of t therefore makes r regular at that prime.

The rational function r/ζq has poles only in Supp(u∗Db +A)|S : the divisor Db contains B,
the zeros of ζ lie in Db,S , and A contains every u-exceptional prime of the fixed resolution. Every
multiple of this effective divisor is rigid by Lemma 10.1, so the function is constant over C(Y2).
Thus t is a base multiple of the Jacobian times (s′)q. This also treats q = 0, when ζq = 1. Those
Jacobian products supply nonzero sections in every tested degree, proving rank exactly one. The
argument permits extra resolutions without assuming that their exceptional centres lie in the
original base locus.

10.2 Contraction using a large adjoint moment

Proposition 10.4. Suppose K, s, d satisfy (5.6)–(5.7). If trdegCK > 0, either a positive multiple
of L has a nonzero invariant section, or these same two conditions hold for some K ′ ⊂ K with
strictly smaller transcendence degree and a new invariant rational section of a positive multiple
of L.

Proof. Use Proposition 5.8 and put N+ = N + R/k. If N+ is rationally effective, its section
returns to X. Otherwise N+ is pseudoeffective and not big. Choose a nonzero movable α
annihilating it. Since N,R are pseudoeffective,

α ·N = α ·R = 0.

The unweighted metric of J = −KY + kN +R and Proposition 5.4 give the cotangent bound
for α. The determinant construction supplies effective Dj ∼M +mjN with mj increasing and
α ·Dj = 0.

Let K ′ be the field of functions with poles only on α-null primes. Lemma 8.2 gives finite
generation, relative algebraic closure, and strict transcendence-degree decrease. On a resolution of
the resulting map there are only finitely many possible horizontal components of the Dj : the null
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horizontal primes are finite because Pic(Y )⊗Q is finite dimensional, and the resolution has only
finitely many exceptional primes. The finite-support argument in the proof of Proposition 8.5
therefore gives j > i, v = mj −mi > 0 and c ∈ K∗ with

Dj −Di = vN + div(c)

horizontally effective over K ′. Set s′ = svc. Its divisor upstairs is the sum of the pullback of this
difference and vD ≥ 0. Hence it is regular at every valuation trivial on K ′, proving (5.6).

For all sufficiently large m, a section t satisfying the new discrepancy inequalities satisfies the
old ones, so t = smvu with u ∈ K. If Q has positive α-degree, rQ = 0. A component attaining
the two minima in the definition of R consequently has aE = 0 and hE = eEnQ. Its valuation is
trivial on K ′, and the inequality for t gives

ordQ u+mvnQ ≥ 0.

The null support of Dj −Di gives ordQ c+ vnQ = 0. Thus u/cm has no pole on any positive-
degree prime and belongs to K ′. We obtain t ∈ K ′(s′)m. The opposite inclusion follows from the
regularity of s′ and the nonnegative discrepancies over smooth X.

10.3 Original horizontal primes and the signed boundary

The next variant tests poles only on primes of X itself. It therefore permits arbitrary poles at
exceptional valuations in the rank test, while the distinguished section remains regular on the
complete generic fibre.

Proposition 10.5. Let K = C(Y ) ⊆ C(X)T be relatively algebraically closed, and let s be an
invariant rational section of aL, a > 0, regular on a resolved generic fibre over K. Suppose that,
for every j ≥ 0,

u ∈ C(X)T , sju has no poles on primes of X horizontal over K =⇒ u ∈ K. (10.2)

Then either a positive multiple of L has a nonzero invariant section, or a contraction to a smaller
base preserves these two conditions.

Proof. On a prepared equidimensional toroidal model p : W → X, f : W → Y , normalize s by
vertical minima:

Ds = div(s)− f∗N ≥ 0.

The hypothesis is the fixed-section uniqueness condition of Lemma 8.1. It gives invariant adjoint
rank one in every nonnegative multiple of a: divide by the Jacobian and test the nonexceptional
horizontal primes. Hence Lemma 4.3 supplies a bounded semipositive metric on N and a signed
boundary Bsgn with simple normal crossing support and coefficients less than one, such that
−(KY +Bsgn) is nef.

We compare the two choices of permissible base poles before choosing the contraction. Let
S0 be the reduced sum of omitted primes, above which every component is exceptional over X.
Define N ′ by taking the minimum only over nonexceptional components off S0, and retaining the
coefficient of N on S0. Put G = N ′ −N ≥ 0. Let Bmin be the reduced sum of primes at which
no minimizing component is nonexceptional. Then

SuppBmin = SuppS0 ⊔ SuppG, SuppB−
sgn ⊆ SuppS0.
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Indeed, away from the omitted primes, failure to attain the full minimum on a nonexceptional
component is exactly the strict inequality n′

Q > nQ.
There are two effectivity tests. If N ′ + S0 is rationally effective, its section returns to X by

the nonexceptional minimum. Alternatively, for sufficiently small rational ϵ > 0, Ds − ϵf∗Bmin
has no negative coefficient at any nonexceptional prime; effectivity of N + ϵBmin therefore also
returns a section. If neither test succeeds, the chosen pseudoeffective class is not big. Cone
duality gives a nonzero movable class α. Either choice yields the same vanishing conditions:

α ·N = α ·G = α · S0 = 0, equivalently α ·N = α ·Bmin = 0.

In particular α · B−
sgn = 0, so Proposition 5.9 supplies the cotangent bound. The determinant

construction gives effective Dj ∼M + jN at unbounded divisible indices, with α ·Dj = 0.
Let K ′ be the null-prime field of Lemma 8.2; it has smaller transcendence degree. On a

common resolution, the affine interpolation of Lemma 4.7 gives j > i and

Dj −Di = vN + div(c), v = j − i > 0, c ∈ K∗,

with effective horizontal part over K ′. One may instead use the finite-support extraction of
Proposition 8.5 to choose a comparable pair of horizontal multiplicity vectors. Both choices give
the same required property. Since the divisor of s′ = svc is vDs + f∗(Dj −Di), this section is
regular on the new complete generic fibre, including at exceptional horizontal primes.

For uniqueness, suppose that t = (s′)kg has no poles at original primes horizontal over K ′,
where k ≥ 0 and g ∈ C(X)T . Since these include the K-horizontal primes, the old test applied
to t = svkckg gives ckg ∈ K and hence g ∈ K. If a base prime Q has positive α-degree, then Q
is not omitted, n′

Q = nQ, and its valuation is trivial on K ′. Its nonexceptional components are
therefore original primes horizontal over K ′. Testing t on all those components gives

ordQ g + k(vn′
Q + ordQ c) ≥ 0.

The null support of Dj −Di gives vnQ + ordQ c = 0. Thus g has no pole at any positive-degree
prime. Its pole divisor is null, and the field criterion in Lemma 8.2 gives g ∈ K ′. This includes
k = 0 and proves the required uniqueness.

This proof uses the whole bad-minimum set through G and S0. Annihilating only B−
sgn would

not provide the nonexceptional minimizing components needed in the last pole test.

10.4 A toric construction of the initial generic section

The rational torus quotient also admits a geometric construction of its first invariant section,
separate from wedging fundamental vector fields. This explains why a generated line on a generic
orbit compactification suffices, without assuming semiampleness on X.

Proposition 10.6. For the rational quotient K = C(X)T , a positive multiple of L has a nonzero
invariant section on the smooth resolved generic fibre. The data satisfy (10.2).

Proof. Smooth semipositivity implies nefness, so Lemma 8.6 supplies the invariant section. Ratios
of invariant rational tensors of the same power of L lie in C(X)T = K, which proves (10.2).

The preceding contractions preserve their stated data and strictly decrease a nonnegative base
dimension. At a point base the generic section is global and pushes to X. They therefore give
complete alternative reductions to an invariant section under their respective initial conditions.
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11 Contraction by multiplicative cotangent systems
The contraction in Section 4 chooses systems of zero degree for one supporting movable class.
There is another useful choice: close all cotangent-twisted systems under multiplication. This
avoids fixing that class, while retaining the same decisive verification of generic adjoint rank
after contraction. We state the construction with its prepared data so that its difference from
the zero-degree method is explicit.

Proposition 11.1. Let X be smooth projective and rationally connected, let L = −KX be
smoothly semipositive, and let an algebraic torus T act with the natural linearization. Let
π : Z → X, g : Z → Y resolve a dominant invariant rational map, with Y smooth projective of
positive dimension and C(Y ) relatively algebraically closed in C(X). Write E = KZ/X . Suppose
a nonzero invariant rational section s of ℓπ∗L, ℓ > 0, and rational divisors N on Y and D on Z
satisfy

ℓ−1 divZ(s) = g∗N +D, D ≥ 0.
Assume that N has a semipositive metric with locally bounded weights. Suppose there is a rational
simple normal crossings divisor ∆ = ∆+ −∆− on Y , with every coefficient of ∆+ less than one,
such that −KY −∆ is nef. Let B be a reduced effective divisor on Y such that

(i) Supp ∆− ⊂ SuppB;

(ii) π∗(D − tg∗B) ≥ 0 for every sufficiently small rational t > 0;

(iii) above every base prime outside B, some prime dominating it has coefficient zero in both D
and E.

Finally suppose the invariant generic spaces of E + kπ∗L have rank one for k = 0 and every
positive multiple of one fixed integer. Then either H0(X, rL)T ̸= 0 for some r > 0, or a rational
map Y 99K Y ′ with dimY ′ < dimY gives a composite fibration retaining a nonzero invariant
generic section in a positive multiple of L and invariant adjoint rank one at zero and in every
sufficiently divisible positive degree.

These prepared data are supplied by vertical minima and the toroidal logarithmic density
calculation of Lemma 4.3; no strict-curvature patch is required. The signed slope statement
needed in the proof is Proposition 5.9, proved for these signed boundaries. In particular the
argument does not apply an effective-boundary positivity theorem directly to ∆.

Proof. Suppose first that N + tB is big for some sufficiently small rational t > 0. Choose a
nonzero section of a divisible multiple. Pull it back, use the corresponding power of s, and push
its divisor to X. Condition (ii) leaves an effective divisor. All rational coefficients can be cleared
by the power, so this is a regular nonzero invariant section of a positive multiple of L. We may
therefore assume that N + tB is not big for all small positive rational t.

For every line bundle M admitting a nonzero map M → (Ω1
Y )⊗p, Proposition 5.9 gives

p∆− −M pseudoeffective. (11.1)

The case p = 0 follows directly from M → OY . Choose an integer b > 0 clearing all divisor
denominators, divisible by ℓ, and compatible with the generic-rank hypothesis. If sbN denotes
the canonical rational section of bN , the normalized section

σ = sb/ℓ

g∗sbN
of bπ∗L− g∗(bN) has divisor bD ≥ 0.
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It is regular and invariant. Consider the line bundles

Q = kN + aB +M, k ∈ bZ≥0, a ∈ Z≥0, M −→ (Ω1
Y )⊗p, p ≥ 0, (11.2)

where the last map is nonzero. This collection is closed under tensor product: tensoring two
nonzero line maps gives a nonzero map at the generic point and hence a nonzero global map into
the corresponding tensor power.

No member of (11.2) is big. Indeed, (11.1) would make kN + aB + p∆− big if Q were big.
Choose a′ ≥ a with a′B − aB − p∆− ≥ 0. Then kN + a′B would be big. For any prescribed
small t > 0, choose δ > 0 so that δk < 1 and δa′ ≤ t. Since N and B are pseudoeffective,

N + tB = δ(kN + a′B) + (1− δk)N + (t− δa′)B

would be big, contrary to the assumption.
Choose a nonempty system in a member Q0 of (11.2) whose image has maximal dimension.

The constant system shows that such systems exist. Resolve its map and pass to the connected-
fiber base to obtain

η : Ỹ → Y, q : Ỹ → Y ′.

We can choose Y ′ normal projective; its smooth birational model may be used later. Its dimension
is strictly smaller than dimY , since Q0 is not big. A suitable power of the chosen system supplies
an ample line A on the normal Stein base with η∗Q0 − q∗A effective, after replacing Q0 by that
power. Every ratio from every system in (11.2) belongs to C(Y ′). Otherwise the product with
the chosen system would increase the image dimension; relative algebraic closure removes the
remaining algebraic extension.

For the generic fiber F of q this implies

h0(F, η∗Q|F ) ≤ 1 for every Q in (11.2). (11.3)

To check the assertion for generic sections, spread two putative independent sections after a
sufficiently ample base twist q∗(nA). The effective difference η∗(nQ0) − q∗(nA) puts them in
η∗(Q+ nQ0). Their pushdowns are sections on the smooth Y , and their ratio contradicts the
preceding field statement.

Because Y is a rational image of the rationally connected X, it has no positive-degree
holomorphic forms. Apply Lemma 3.3 to bN . We obtain one cotangent line M0 and effective
divisors Di ∼M0 +miN for an unbounded increasing sequence mi ∈ bZ>0. Their restrictions
to F are nonzero section divisors. By (11.3), the products realizing any three-index linear
relation are proportional on F . Therefore each horizontal multiplicity is affine in mi. All these
multiplicities are nonnegative at unbounded exponents, so the slope is nonnegative. A difference
Dj −Di, j > i, consequently gives a nonzero section of (mj −mi)η∗N on F .

Write δ = mj −mi, and choose γ ∈ C(Y )∗ with

Dj −Di = δN + divY (γ).

The integer δ is divisible by b and hence by ℓ. Resolve the composite map from X to Y ′ by a
smooth model Z ′ dominating Z and Ỹ ; write j : Z ′ → Y ′ and continue to write g : Z ′ → Y ,
π : Z ′ → X, with D pulled back from Z. The rational section

τ = sδ/ℓg∗γ of δπ∗L satisfies div(τ) = δD + g∗(Dj −Di).
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The first summand is effective, and the second is effective on the complete generic fiber over Y ′,
as just proved. Thus τ is a nonzero invariant generic section. The composite generic fiber is
geometrically connected, since both successive function-field inclusions are relatively algebraically
closed in characteristic zero.

It remains to restore the adjoint ranks on this larger fiber. Suppose two invariant sections of
KZ′/X + kπ∗L are independent over C(Y ′), for a sufficiently divisible k ≥ 0. Clear their poles
over Y ′ by j∗(nA), and pull back the effective difference η∗(nQ0)− q∗(nA) to regard them as
sections of

KZ′/X + kπ∗L+ g∗(nQ0).

Over C(Y ) the old rank is one. Divide the two sections by the Jacobian section and σk/b, using
the pullback of the normalized section defined above. The quotients descend to rational sections
v1, v2 of kN + nQ0 on Y . For a prime P outside B, condition (iii) supplies a prime R above it
whose strict transform has order zero in both D and KZ′/X . If eR = ordR g∗P , regularity of the
two sections upstairs gives

0 ≤ ordR(sKZ′/X
σk/bg∗vi) = eR ordP (vi), i = 1, 2.

Thus neither vi has a pole outside B. A sufficiently large a therefore makes both sections regular
in kN + nQ0 + aB, which again belongs to (11.2). Their ratio lies in C(Y ′), a contradiction.

The new generic section, multiplied by the Jacobian section, supplies a nonzero adjoint section
at every positive multiple of its exponent; the Jacobian supplies one at zero. Combining these
lower bounds with the upper bound proves all required ranks after enlarging the fixed divisibility
integer. Finally replace the normal Stein base Y ′ by a smooth projective model and resolve
the composite map. Its function field is unchanged, and generic sections and Jacobian-twisted
ranks are unchanged by this birational replacement, as in Section 4.1. This completes the
contraction.

12 Reduced fibers and descent by a finite flat norm
The limiting fiber norm in Lemma 3.2 is defined first on an open subset of the base. To extend it
as a bounded metric, we need a line whose rational section has the same growth at the boundary.
This section constructs that line after an alteration with reduced fibers, then returns it to the
original function field by a finite flat norm. The alteration is used to control a section on every
fiber; the final base is birational to the original base.

We begin with an algebraic construction that explains the role of reduced fibers. All schemes
in the next two lemmas are of finite type over C. A modification of an integral base means a
proper birational morphism, and all families over a modified base are pulled back.

Lemma 12.1 (Extending a generic line of sections). Let g : W → T be a projective flat morphism
with geometrically reduced fibers, where T is a smooth integral projective variety. Let P be a
line bundle on W , and let 0 ̸= τ ∈ H0(Wη, Pη), where η = SpecC(T ). After a smooth projective
modification of T , there are a line bundle J , a rational section ηJ of J , and a homomorphism

a : g∗J −→ P

such that a(g∗ηJ) = τ generically and a|Wt ̸= 0 for every t ∈ T .

64



Proof. Choose a sufficiently high power A of a relatively ample line bundle so that

EA = g∗A, FA = g∗(A⊗ P )

are vector bundles, their formation commutes with arbitrary base change, and g∗EA → A
is surjective. Relative Serre vanishing and flatness supply these assertions simultaneously.
Multiplication by τ defines a nonzero element of Hom(EA, FA)η. Take the closure of the
associated rational section of the projective bundle of lines in Hom(EA, FA), and resolve this
closure. The resulting base modification carries a line subbundle

J ↪→ Hom(EA, FA).

In particular its map to each fiber of this Hom bundle is nonzero.
The induced map g∗J ⊗ g∗EA → A ⊗ P factors through g∗J ⊗ A. Indeed, the kernel of

g∗EA → A is locally free. Its composite with this map vanishes over the generic base point, where
the map is multiplication by τ . It therefore vanishes everywhere: flatness over the integral base
makes the generic part schematically dense, and the target is locally free. Dividing by A gives
a : g∗J → P . If its restriction to some fiber were zero, the corresponding map (EA)t → (FA)t
would be zero, contrary to the line subbundle construction. The prescribed generic equality
defines ηJ .

Lemma 12.2 (The fiber norm has a positive lower bound). In the situation of Lemma 12.1,
give J and P continuous positive Hermitian metrics. For a : g∗J → P , put

c(t) = sup
w∈Wt

|a(w)|2.

There are constants 0 < c− ≤ c+ <∞ with c− ≤ c(t) ≤ c+ for all t ∈ T .

Proof. Properness gives the upper bound. On a reduced fiber, a nonzero section of a line bundle
is nonzero at a point in its smooth locus. Choose such a point over t. Flatness and smoothness
of the fiber at that point make g smooth there. After shrinking, a local analytic section of g,
together with continuity of the metric, supplies a positive lower bound on a neighborhood of t.
Finitely many such neighborhoods cover the compact base. Reducedness is used precisely here:
a nonzero section supported only in the nilpotent structure of a fiber would not supply a point
at which its norm is positive.

Remark 12.3 (Proper flat families). The conclusion of Lemma 12.1 also holds when g is proper
and flat without being projective. To prove this variant, replace the Hom bundle construction by
the complex computing proper flat cohomology. The complex Rg∗P is perfect and commutes
with derived base change [39, Tag 0DJT]. On the smooth projective base it has a global bounded
vector bundle representative, by the resolution property [39, Tags 0F87 and 0F8F]. It can be
chosen in degrees 0, . . . , N : the derived fiber cohomology has no negative degrees, so the negative
part of a bounded representative is successively removed by locally split injections and their
vector bundle cokernels. Write the resulting complex as

K0 d0
−→ K1 −→ · · · .

The vector τ is a nonzero element of ker(d0
η) ⊂ K0

η . Modify the base to extend its line to a
subbundle J ⊂ K0. The composite J → K1 vanishes generically and hence everywhere. Thus
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J → ker d0 = g∗P gives the required evaluation map. On each fiber, the subbundle gives a
nonzero vector in ker d0

t = H0(Wt, Pt); there is no incoming differential in negative degree. This
proves nonvanishing on every fiber. The projective construction suffices for the transfer below.

12.1 The norm line on the original field

We now use these lemmas to construct the two base metrics and the map that will return sections
to the source. The anticanonical metric and the bounded metric in the statement are separate
data.

Proposition 12.4 (Reduced-flat transfer). Let X,V, Y be smooth integral projective varieties,
let π : V → X be birational, and let f : V → Y be surjective with connected fibers. Let D be a
reduced effective divisor on X, let c ≥ 0 be an integer, and let L be a line bundle. Suppose that
L has a semipositive metric hL with locally bounded weights and that M = −KX + cD has a
semipositive singular metric hM . In local coordinates and a compatible frame of M , write

dµ = |d|2ce−φM dVX ,

where d is an equation of D, and assume µ(X) < ∞. Put E = KV/X . Assume that for some
integer a > 0 there is a nonzero rational section τ of aπ∗L, regular over a dense base open subset,
and that

rk f∗OV
(
E + cπ∗D + paπ∗L

)
= 1 for every integer p ≥ 0. (12.1)

If dimY > 0, there are a smooth projective modification Y ′ → Y , a line bundle B on Y ′, a
reduced effective divisor D′, and integers d0 > 0, c′ ≥ 0 with the following properties. The line B
has a semipositive metric with locally bounded weights. The line −KY ′ + c′D′ has a semipositive
metric inducing a finite measure. On a smooth resolution π′ : V ′ → X, f ′ : V ′ → Y ′ of the main
transform there is a nonzero regular homomorphism

(f ′)∗B −→ d0a(π′)∗L, (12.2)

and
Supp

(
π′

∗(f ′)∗D′) ⊆ SuppD. (12.3)

Consequently, for every m > 0, a nonzero rational section of mB with poles only on D′ gives a
nonzero rational section of md0aL with poles only on D.

There is also a smooth invariant version. In that version D = 0, both metrics are smooth, an
algebraic torus acts compatibly on X,V and the line bundles, its action on Y is trivial, and τ is
invariant. A Zariski dense compact subgroup preserves the metrics. Replace the ranks in (12.1)
by the ranks of the invariant parts, still for every p ≥ 0. Then the transferred section on X is
invariant and regular. Anticanonical bundles in this version carry their natural linearizations.

Proof. On a dense smooth base open, use coordinates y and write Ip(y) for the density of

f∗
(
|τ |2p(π∗hL)a π

∗µ
)
.

The pullback measure includes the Jacobian of π. The adjoint section is sEscπ∗Dτ
p; its fiberwise

squared norm is Ip, after trivializing the canonical base factor. Lemma 3.2 applies to (12.1),
including p = 0. It gives psh representatives of − log I0 and

u = − logS, S(y) = ess sup
Vy

|τ |2(π∗hL)a . (12.4)
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The essential supremum uses the fiber density of π∗µ. For almost every smooth fiber that density
is positive almost everywhere. Since hL has bounded weights, S is comparable to the ordinary
supremum computed with a fixed smooth reference metric. The comparison constants are uniform
on the compact total space wherever the rational section is defined. Fix this smooth reference
metric on L, and use its pullbacks on every model below. In the invariant case the same lemma
uses the holomorphic orthogonal projection to the invariant direct summand for the smooth
coefficient metric. Positivity of that quotient metric is the additional input required in this case.

Constructing a line on an alteration. Apply weak semistable reduction of Abramovich–Karu
to f [3, Theorem 0.3 and Definition 0.1, arXiv version 1]. After a projective generically finite
alteration T → Y and modifications, it gives a projective family g : W → T with geometrically
reduced fibers, with T smooth projective, and a morphism W → V over Y . Its equidimensional
toroidal source is Cohen–Macaulay, so it is flat over the smooth base. The source W need not be
smooth. We keep this flat family when making further base modifications; resolving its source
would not preserve the flatness needed below. The generic fiber of f is geometrically integral,
because it is smooth and connected in characteristic zero, as required for this application of
reduction. The two families fit into the diagram

W −→ V
g ↓ ↓ f
T −→ Y.

Let P be the pullback to W of aπ∗L. Lemma 12.1 gives J , ηJ , and g∗J → P on a further
modified base. The family remains flat with reduced fibers. On the generic base open the map
W → V is surjective on the fibers under consideration. Give J a continuous positive reference
metric and let c(t) be the supremum norm of the map g∗J → P , measured in these reference
metrics. Since this map sends g∗ηJ to τ , we have

sup
Wt

|τ |2ref = |ηJ(t)|2refc(t), c− ≤ c(t) ≤ c+

by Lemma 12.2. Surjectivity onto the original fiber identifies the left side with supVy
|τ |2ref .

Comparison with the bounded metric hL therefore gives

|ηJ(t)|2 ≍ S(y), t 7→ y, (12.5)

for almost every parameter in that open. Here and below comparison means upper and lower
positive constant bounds in local reference metrics, with constants that remain bounded toward
the omitted locus. The fixed reference metrics are pulled back under all subsequent base changes,
and the same bounds on c(t) continue to hold. No rational connectedness of T is asserted or
needed.

Returning to the original function field. By flattening by modification, choose a smooth
projective modification Y ′ → Y on which both the main transform V0 → Y ′ of V and the main
transform q : T ′ → Y ′ of T are flat [37]. The second map is finite: it is projective, flat and has
zero-dimensional fibers. Its degree

d0 = rk q∗OT ′

is positive and constant. The first map is equidimensional of the original relative dimension.
Subsequent smooth modifications of the base preserve these properties by flat base change. The
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main transforms map to T and V , respectively, so J and its rational section pull back to T ′. The
base Y ′ still has the function field C(Y ). The resulting diagram is

T ′ q−−→ Y ′ ←− V0
↓ ↓ ↓
T −→ Y ←− V.

Here both maps to Y ′ are flat, and q is finite. The line J lives on T ′; its norm will live on Y ′.
Define the actual norm line and its rational section by

B = Nmq(J) := det(q∗J)⊗ det(q∗OT ′)−1, β = Nmq(ηJ). (12.6)

Both direct images in this formula are locally free of rank d0. To describe the section, view
multiplication by ηJ as a rational map q∗OT ′ → q∗J and take its determinant. Locally a line
bundle can be trivialized near a finite inverse fiber; changing the frame by a unit changes its
norm frame by the determinant of multiplication by that unit. This proves the compatibility
of (12.6) with changes of frame and arbitrary base change. The construction uses finite local
freeness, and does not require T ′ to be smooth or q to be unramified [39, Tags 0BUT, 0BCX and
0BD2].

Over the generically unramified locus the norm is the product over the d0 sheets. Applying
(12.5) on those sheets gives

|β(y)|2 ≍ S(y)d0 . (12.7)

These constants remain bounded at the branch locus. Indeed, choose a frame for J near the
finite inverse fiber. Its continuous reference norm is bounded above and away from zero there,
and its norm is a nonvanishing frame of B. Products of the finitely many reference norms are
therefore comparable to any fixed reference norm on B. This also explains why the exponent is
multiplied by d0.

Define a metric on B, initially where β is a nonzero regular frame, by |β|2 = Sd0 . If β = be
in a local holomorphic frame e, its weight is

ψ = d0u+ log |b|2.

It is psh on that open. Equation (12.7) bounds ψ above and below locally even toward the omitted
locus. The bounds hold for the psh representatives, by subaveraging and upper semicontinuity.
Removable singularities across analytic sets therefore extend ψ to a locally bounded psh weight
on all of Y ′.

Resolve V0 to V ′, with maps π′ and f ′ as in the statement. The rule

β 7−→ τd0 (12.8)

defines a rational homomorphism in (12.2) over the original field. It extends regularly. Indeed,
write β = beB and τ = te⊗a

L in local holomorphic frames, with the fixed reference norms bounded
above and below. The coefficient of this map is td0/(b ◦ f ′). On almost every fiber in the good
open, (12.7) and the definition of the essential supremum give∣∣∣∣∣ td0

b ◦ f ′

∣∣∣∣∣
2

≤ CS(f ′( · ))d0

|β ◦ f ′|2ref
≤ C ′.
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The bound first holds almost everywhere on these fibers and then everywhere on their good locus
by continuity of the rational coefficient. A rational coefficient with a pole along a prime divisor
would be unbounded on open subsets approaching its general point; those subsets meet these
fibers. This excludes every divisorial pole, and normality extends the map across codimension
two. In the invariant case the rule (12.8) is invariant as a rational identity on X. The auxiliary
alterations and final resolution need not be equivariant.

We have constructed the bounded base metric and its map back to X. On the new base, S
denotes the same generic fiber supremum, whereas I0 now denotes the density of (f ′)∗(π′)∗µ
in the chosen coordinates on Y ′. The latter transforms as a volume density, including the
base Jacobian. Off the exceptional locus of the base modification, this changes − log I0 by a
pluriharmonic coordinate term and retains its plurisubharmonicity. It remains to extend the
volume metric and ensure that all its correction primes disappear, or land in D, upon return to
X.

The correction divisor and every component of its pullback. Among the boundary prime
divisors of the good open in Y ′, let D′ be the reduced sum of those primes Q for which every
prime of V ′ dominating Q is either π′-exceptional or maps into D. This definition first addresses
components that dominate base primes. It gives (12.3) for all components of the total pullback
because of the equidimensional model V0. To see this, put n = dimX and r = n− dimY ′. If a
prime R ⊂ V ′ maps into a set A ⊂ Y ′ of codimension at least two, then

dim(V0 ×Y ′ A) ≤ dimA+ r ≤ n− 2.

The image of R in V0, hence in X, has dimension at most n− 2, since V0 → X is a morphism.
Thus R is π′-exceptional. Every other component of (f ′)∗D′ dominates a component of D′ and
is covered by its definition. This proves (12.3), including the divisors introduced by the last
resolution.

At a general point of a boundary prime Q, choose a component R ⊂ (f ′)∗Q dominating it,
and write

k = ordR(f ′)∗Q > 0, b = ordR
(
KV ′/X + c(π′)∗D

)
≥ 0.

The psh weight of hM is locally bounded above. Hence the pullback measure is bounded below by
a positive constant times |z1|2b times coordinate volume near a general point of R. Coordinates
can be chosen there with t1 = zk1 , where Q = (t1 = 0), and with the other base coordinates
among the remaining source coordinates. Integration in a fixed small fiber polydisc and change
of variables give

I0(t) ≥ C|t1|2((b+1)/k−1) (12.9)

almost everywhere near a general point of Q. If Q ̸⊂ D′, choose R nonexceptional over X and
not mapping into D. Then b = 0; the exponent in (12.9) is nonpositive, so in particular I0 has a
positive constant lower bound there.

There are only finitely many boundary primes. Choose an integer c′ ≥ 0 at least as large as
each positive exponent (b+ 1)/k − 1 needed for a component of D′. If d′ is an equation of D′,
the psh function

− log I0 + c′ log |d′|2

is locally bounded above at the generic points of all boundary primes. It extends across them, and
then across the remaining analytic subset of codimension at least two by the Hartogs extension
property for psh functions. These are the weights of a semipositive metric on −KY ′ + c′D′.

69



Dividing its metric by the divisor metric of c′D′ recovers the measure with density I0. It has
finite mass because it is the pushforward of the original finite measure.

Finally take a nonzero rational section of mB with poles on D′, pull it back, and apply the
m-th power of (12.2). The only possible poles lie in (f ′)∗D′. Equation (12.3) shows that its
pushdown has poles only on D, and it is nonzero at the generic point. In the smooth invariant
case this rational section is invariant by (12.8); since D = 0, normality makes it a global regular
section on X.

Remark 12.5 (Valuations of the norm). The finite norm itself creates no polar prime away
from the images of polar primes upstairs. At a prime Q ⊂ Y ′, pass to the discrete valuation ring
OY ′,Q and normalize its finite generic extension. If vi are the extension valuations and fi their
residue degrees, then for a nonzero rational function z,

ordQ Nm(z) =
∑
i

fivi(z).

This is the determinant of multiplication by z, computed by lengths of lattices after clearing
denominators. Applied in local frames, it gives the same formula for a normed rational section.
For the section returned to X, the stronger statement needed is (12.3): it also treats components
lying over codimension-two sets in the base.

Remark 12.6 (What is descended). The determinant construction in (12.6) descends a line on
a possibly ramified, nonsmooth finite flat cover and changes a to d0a. The finite-group quotient
construction in [33, Subsection “Descending the alteration and its section”] instead first kills
stabilizer actions by a tensor power and then uses a function-field norm on a normal target.
These are different model constructions. They are also distinct from the finite étale section norm
of a line already pulled back from the original variety. None of the three permits induction on the
altered base T here; the induction below takes place on Y ′, whose function field remains C(Y ).

12.2 An approximation proof of the slope input

For the rationally connected application of the reduced-flat construction, the required slope
inequality also has an approximation proof. Its distinctive step is to convert finite weighted
volume into a klt boundary on a resolution. We give that step, rather than infer it from the
existence of the descended metric.

Proposition 12.7 (Floor approximation for foliation determinants). Let X be smooth projective,
let D be a reduced effective divisor, and let c ≥ 0 be an integer. Suppose that M = −KX + cD
has a semipositive singular metric with finite induced measure |d|2ce−φ dVX . Every algebraically
integrable saturated foliation F ⊂ TX of positive rank and corank satisfies

KF +M is pseudoeffective. (12.10)

Proof. Its leaves define a rational fibration. Fix a sufficiently ample line bundle H, independent
of the integer l ≥ 2. Nadel vanishing and Castelnuovo–Mumford regularity make

OX(lM +H)⊗ J (lφ)

globally generated. The local Bergman approximation inequality gives, for its local base ideal
generators gj ,

elφ ≤ Cl
∑
j

|gj |2. (12.11)
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The fixed ample twist can be chosen by applying Nadel vanishing after subtracting 1, . . . ,dimX
times a fixed very ample line bundle. The local inequality follows from point extension in the
weighted holomorphic L2 space; generators of the multiplier ideal represent the singularities of
that space. These are the usual Bergman approximation and global generation constructions of
Demailly [17, Theorems 0.3 and 1.2].

Let ρ : U → X resolve the rational fibration and principalize this base ideal, with its divisor
Rl, and let EU = KU/X . Take a simultaneous log resolution with ρ∗D. Finite mass and (12.11)
imply, along every prime on U ,

⌊Rl/l⌋ ≤ EU + cρ∗D. (12.12)

Indeed the comparison makes |sEU +cρ∗D|2|sRl
|−2/l locally integrable. At a prime with respective

orders b and r, integrability says b− r/l > −1; since b is integral this is exactly ⌊r/l⌋ ≤ b.
Pull back the linear subsystem

H0(X,OX(lM +H)⊗ J (lφ)
)
⊆ H0(X, lM +H)

to U , and remove its fixed divisor Rl. Let Gl be a general member of the resulting basepoint-free
system, and put

∆l = Rl/l − ⌊Rl/l⌋+Gl/l.

Bertini and the log resolution make ∆l an effective klt boundary, also klt on the general fiber of
the resolved fibration. Moreover,

KU + ∆l ∼Q EU + cρ∗D − ⌊Rl/l⌋+ ρ∗H/l. (12.13)

By (12.12), a positive divisible multiple of the right side restricts to an effective divisor on the
general fiber. One may take a general effective representative of H, which does not contain that
fiber.

The relative pseudoeffectivity theorem for an algebraically integrable foliation now gives
KFU

+ ∆l pseudoeffective on U , where FU is the induced foliation [35, Proposition 3.1, arXiv
version 4]; its relative positivity input is due to Druel [20, Proposition 4.1]. The hypotheses used
are the effective boundary, log canonicity of its general-fiber restriction, and the general-fiber
nonvanishing in (12.13). Push down to X, and add back the effective divisor ρ∗⌊Rl/l⌋. Since
foliation determinants agree away from the exceptional locus, this proves that KF +M +H/l is
pseudoeffective. Its limit as l→∞ proves (12.10).

Apply Lemma 5.2 with P = cD. For every nonzero movable class α on a positive-dimensional
X with D · α = 0, the preceding proposition gives µα,min(TX) ≥ 0. Movable tensor semistability
then gives nonpositive maximal slope for every cotangent tensor power and its exterior powers.
Thus every coherent subsheaf of (Ω1

X)⊗k, or of Ωp
X , has nonpositive α-degree. For degree zero

this follows directly from the inclusion in OX . The floor construction above is an alternative
proof of the foliation input to the general weighted estimate, Proposition 5.3.

12.3 An alternative proof of allowed-pole nonvanishing

The reduced-flat transfer preserves the original base field. This is what permits rational connect-
edness to pass to the base on which we induct. The following proof records how the common
field and determinant constructions meet every rank hypothesis of Proposition 12.4.
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We prove the rationally connected case of Theorem 6.1 using reduced-flat transfer. First
reduce its arbitrary effective integral boundary D0 to a multiple of a reduced divisor. Put
D = Supp(D0)red, choose an integer c ≥ 0 with cD − D0 ≥ 0, and tensor the metric on
−KX + D0 with the canonical divisor metric of cD − D0. The new metric on −KX + cD is
semipositive, and its distinguished measure is unchanged: the squared divisor factor cancels
the added metric factor. A rational section of mL, m > 0, with poles only on D belongs to
H0(X,mL + rD0) for some sufficiently large r ≥ 0. The zero boundary is included by taking
D = 0 and c = 0.

It therefore suffices to take X smooth projective and rationally connected, D reduced effective,
and L a line bundle that has a semipositive metric with locally bounded weights. Suppose
−KX + cD has a semipositive metric with finite induced measure for an integer c ≥ 0. We seek
a nonzero section of mL+ rD with integers m > 0 and r ≥ 0. A point is included.

Proof. Induct on n = dimX; the assertion for a point is immediate. Suppose the conclusion fails.
The class L+D is pseudoeffective and not big, so cone duality gives a nonzero movable class α
with

L · α = D · α = 0

[11]. Proposition 12.7 and the following slope argument apply. Rational connectedness gives
H i(X,OX) = 0 for i > 0, so χ(X,KX) = (−1)n ̸= 0. Riemann–Roch makes χ(X,KX + mL)
a nonzero polynomial. Thus one cohomological degree occurs with nonzero cohomology for
an unbounded sequence of positive m. Hard Lefschetz with multiplier ideals supplies twisted
holomorphic forms for that sequence; the multiplier ideals are trivial because the metric weights
on mL are bounded [18].

Apply the determinant construction of Lemma 3.3 to these forms. Its fixed determinant maps
nontrivially to a cotangent tensor power, so its α-degree is nonpositive by the slope consequence
of Proposition 12.7. We obtain a fixed line bundle B0 and effective divisors

Nj ∼ jL+B0, α ·Nj = 0 (12.14)

for an unbounded set of positive integers j.
Let Kα ⊂ C(X) be the field of functions whose polar divisors have α-degree zero. By

Lemma 8.2, it is relatively algebraically closed, its transcendence degree is less than n, and it
is represented by a rational fibration with connected generic fiber. Resolve it to π : V → X,
f : V → Y , with Y smooth projective. For a general sufficiently ample divisor HY on Y ,

α · π∗f
∗HY = 0. (12.15)

Indeed a general ratio from |HY | belongs to Kα; the two general pulled-back divisors have no
common component, so its pole divisor represents the indicated class.

The affine interpolation of Lemma 4.7 applied to (12.14) produces an integer a > 0 and a
nonzero rational section τ of aπ∗L that is regular over a dense base open. Explicitly, the linear
equivalence

(k − i)Nj ∼ (k − j)Ni + (j − i)Nk (i < j < k)

has its defining function in Kα. Consequently the coefficients of π∗Nj at every horizontal prime
are affine in j; nonnegativity at unbounded j makes each slope nonnegative. A difference of two
such divisors has no negative horizontal part and gives τ . If Y is a point, this already gives a
global section of a positive multiple of L.
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Suppose therefore that dimY > 0, and put E = KV/X . For every integer p ≥ 0, sEscπ∗Dτ
p is

a nonzero generic-fiber section of E+ cπ∗D+ paπ∗L. Any finite set of other generic-fiber sections
becomes global after a common sufficiently ample base twist. The pushdowns of their effective
divisors have α-degree zero, by (12.15), π∗E = 0, and αL = αD = 0. Ratios of two such sections
therefore belong to Kα, proving (12.1) for every p, including zero. This argument establishes
generic ranks and requires no simultaneous base-change assertion for infinitely many sheaves.

Proposition 12.4 produces Y ′, B,D′. The variety Y ′ is rationally dominated by X, so it is
rationally connected, and its dimension is smaller than n. Induction gives a section of mB + rD′

for some m > 0, r ≥ 0. Transfer returns a nonzero rational section of md0aL with poles only on
D, the required contradiction.

12.4 An alternative proof for the invariant quotient

We now prove the rationally connected case of Theorem 7.1 by the same reduced-flat method.
Let F be smooth projective and rationally connected, with L = −KF smoothly semipositive,
and let an algebraic torus T act with the natural anticanonical linearization. Average a smooth
semipositive metric over a compact real form of T . We seek H0(F,mL)T ̸= 0 for some integer
m > 0.

Proof. For the trivial action this is the argument of Section 12.3 with D = 0. Otherwise take
a rational quotient and an equivariant resolution π : V → F , f : V → Y . Its invariant field is
C(Y ), and the generic fiber is an orbit closure. In particular it is connected. On the smooth
quotient locus, choose dimV − dimY generically independent vector fields from the torus action
and wedge them. Commutativity makes their wedge an invariant section of −KV/Y . Tensor it
with a rational anticanonical frame from Y , then multiply by the Jacobian section sE , where
E = KV/F . This produces an invariant rational section τ of π∗L, regular over a dense base open.

For every p ≥ 0, the invariant generic-fiber adjoint space for E + pπ∗L contains sEτp. Two
nonzero invariant sections have an invariant ratio, hence a ratio in C(Y ). Its invariant rank
is exactly one, also at p = 0. Apply the smooth invariant part of Proposition 12.4, using the
given smooth metric for both L and −KF . If Y is a point, τ is already a global invariant section.
Otherwise the resulting original-field base Y ′ is rationally connected; apply the argument of
Section 12.3 there and transfer its section. The pole-support statement and D = 0 make the
resulting invariant section regular on F .
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