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Abstract

We prove that the fundamental group of every special compact Kéhler manifold is
virtually abelian, resolving Campana’s abelianity conjecture in all dimensions. In particular,
every smooth compact connected Ké&hler manifold of Kodaira dimension zero has virtually
abelian ordinary fundamental group.
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1 Introduction

Campana’s classification program separates compact Kéhler geometry into special varieties
and bases of general type. Specialness records the absence of differential forms that would
detect such a base. One of the program’s central predictions is topological: the fundamental
group of a special compact Kéhler manifold should become abelian after passage to a finite
unramified cover [18, Conjecture A.1].

We first specify the notion of specialness. For a holomorphic line bundle L on a compact
complex manifold X, its litaka dimension x(X, L) is —oco if no positive tensor power has a
nonzero section, and otherwise is the largest dimension of the images of the meromorphic maps
defined by its complete plurisection systems. A manifold X of dimension n is special if there
is no integer 1 < p < n and no nonzero sheaf morphism

L — OF with k(X,L) =p.

A line bundle with such a morphism and equality is a Bogomolov sheaf. A point is special. We
prove the following form of Campana’s abelianity conjecture.

Theorem 1.1. Let X be a connected smooth compact Kdhler manifold of arbitrary complex
dimension. If X is special, then m(X) has an abelian subgroup of finite index. Equivalently,
X has a connected finite unramified holomorphic cover with abelian fundamental group.

This is a positive resolution of the conjecture in the compact Kéhler setting. The conclusion
concerns the entire discrete topological fundamental group. It requires no linearity, residual
finiteness, projectivity, or prescribed Kodaira dimension. The finite index may depend on X,
and torsion in 71 (X) is allowed.

1.1 Kodaira dimension zero

Campana’s Theorem 6.7, applied to the zero-boundary orbifold (X]0), shows that a smooth
connected compact Ké&hler manifold of Kodaira dimension zero is special [10, Theorem 6.7,
p. 92]. Combining this implication with Theorem 1.1 gives the following consequence.

Corollary 1.2 (Fundamental groups in Kodaira dimension zero). Let X be a smooth com-
pact connected Kahler manifold with k(X) = k(X,Kx) = 0. Then its ordinary topological
fundamental group m1(X) is virtually abelian.

Proof. By Campana’s established specialness implication, X is special. Theorem 1.1 therefore
applies. O

The specialness implication is also recorded in the orbifold core formulation of [32, Corollary
Kodaira dimension along the core], where its established provenance is noted. No projectivity,
vanishing of ¢;(X), linearity, or residual-finiteness assumption is required for Corollary 1.2.

1.2 Conjecture S and affine-space uniformization

We also record two geometric consequences identified by Campana. For a connected compact
Kahler manifold X, let yx : X --» I['(X) be its ordinary I'-reduction. An irreducible compact
analytic subspace Z through a very general point is contained in the corresponding fibre



precisely when 7 (Z) — m1(X) has finite image, where Z is the normalization of Z. Set
~vd(X) = dimI'(X). This is the reduction for the identity quotient of 7 (X), and maximal
ordinary I'-dimension means vd(X) = dim X [18, Definition 2.2 and the paragraph preceding
Conjecture A.3]. The two cases below are, respectively, Campana’s Conjecture S and the
bimeromorphic formulation of Iitaka’s conjecture in his appendix [18, Conjecture A.3 and
Remark A.4(2)].

Corollary 1.3 (Conjecture S and bimeromorphic litaka uniformization). Let X be a connected
compact Kdhler manifold of complex dimension n. Suppose that at least one of the following

holds:
(i) X is special and yd(X) = n;
(ii) the ordinary universal cover of X is biholomorphic to C™.

Then X has a connected finite étale cover X' — X such that X' is bimeromorphic to a complex
torus.

Proof. Theorem 1.1 supplies the Abelianity Conjecture. Campana proves that the Abelianity
Conjecture implies Conjecture S in [18, Remark A.4(3)]. We spell out the finite-cover step. A
finitely generated virtually abelian group has a torsion-free abelian subgroup of finite index, so
take the corresponding connected finite étale cover X’. Specialness persists on X’. Maximal
ordinary I'-dimension persists as well. A positive-dimensional compact subvariety through a
very general point with finite group image upstairs would have an image of the same dimension
downstairs. The induced map between the normalizations is finite étale, so their fundamental-
group images differ by finite index. The image downstairs would therefore have finite group
image, contrary to the I'-reduction criterion.

The Albanese map of X' is surjective with connected fibres by Theorem 2.1. Since m1(X")
is torsion-free abelian, its map to the Albanese lattice Hy(X’,Z)/torsion is an isomorphism.
The group of a smooth general Albanese fibre therefore has trivial image in 71 (X’). Maximal
ordinary I'-dimension forces that fibre to have dimension zero. Connectedness makes the
general fibre one point, so the Albanese map is bimeromorphic to its torus target. This
proves (i). Campana’s second implication, Conjecture S to the stated bimeromorphic Iitaka
conclusion, is [18, Remark A.4(2)]; it gives (ii). O

1.3 Holomorphic convexity of the universal cover

The compact Kéhler linear Shafarevich theorem gives a further geometric consequence. Recall
that a complex manifold is holomorphically convex if the holomorphic hull of every nonempty
compact subset is compact.

Corollary 1.4 (Holomorphic convexity for special manifolds). Let X be a connected smooth
compact Kahler manifold. If X is special, then its ordinary universal cover is holomorphically
convez.

Proof. The group G = m1(X) is finitely generated because X is a compact smooth manifold.
By Theorem 1.1, it has an abelian subgroup H of finite index, which is also finitely generated.
Write H 2 Z" & T with T finite. Decomposing T into cyclic factors gives a faithful finite-
dimensional complex representation o : H — GL(V): represent each infinite cyclic factor
by powers of 2 on its own coordinate and each finite cyclic factor by a primitive root of the



corresponding order on its own coordinate. For the trivial group, use the one-dimensional
trivial representation.

The induced representation Ind% o is finite dimensional because [G : H] < o0, and it is
faithful. Indeed, in its direct-sum realization indexed by the left cosets G/H, an element of
its kernel must preserve the summand indexed by H, so it belongs to H; its action on that
summand is given by the faithful representation o. Thus G admits a faithful finite-dimensional
complex linear representation. The compact Kéhler linear Shafarevich theorem of Campana—
Claudon—Eyssidieux [15, author’s version, Corollary 5.9] now gives the claimed holomorphic
convexity of the ordinary universal cover. O

No projectivity or maximal ordinary I'-dimension is required here. The conclusion is
holomorphic convexity, not Steinness: for example, P! is special and its universal cover is
compact. In contrast, the smooth projective surface constructed in [31] has a universal cover
that is not holomorphically convex. That surface is therefore not special.

1.4 Compactifiable covers

Claudon-Horing’s compactifiable-cover results give another consequence. Here a Zariski-open
embedding is holomorphic and has closed analytic complement. The two parts require different
compactifications.

Corollary 1.5 (Analytically compactifiable covers). (i) Let X be a connected normal com-
pact Kdahler space and p: V — X a connected infinite étale Galois covering of complex
spaces, with deck group I'. If V' embeds as a Zariski-open subset of a mormal compact
complex space, then I' is virtually abelian.

(ii) Let X be a connected compact Kihler manifold and U its ordinary universal cover. If
U embeds as a Zariski-open subset of a normal compact Kdhler space, then there is a
connected finite étale cover X' — X whose Albanese map

ax i X' — A= Alb(X')

s a locally trivial holomorphic fibre bundle with simply connected compact Kdhler fibre
F. Writing g = dim¢ A, there is a biholomorphism

U~F x(C1.
A point is allowed as A or F.

Proof. Suppose (i) has a counterexample and choose one of minimal base dimension. The
cover is normal because it is étale over normal X; normalizing an analytic compactification
leaves this open set unchanged. Claudon-Héring’s minimal-counterexample reduction [18,
Proposition 1.4] says that this minimal base is smooth and special. Theorem 1.1 makes its
fundamental group virtually abelian. Its quotient I' is then virtually abelian, a contradiction.

For (ii), if 1 (X) is infinite, apply (i) to the ordinary universal cover; if it is finite, it is already
virtually abelian. The Kéhler compactification hypothesis is the one in [18, Definition 2.3], so
[18, Theorem 1.5] gives the asserted Albanese bundle on a connected finite étale cover X’. Pull
this bundle back along the universal cover C? — A. The automorphism group of the compact
Kéhler fibre F is a complex Lie group, as recalled in [18, Section 2.C]. The associated principal



Aut(F)-bundle is topologically trivial over the contractible base C?, and the Oka—Grauert
principle makes it holomorphically trivial over this Stein base. Thus the pullback is F' x C9,
the product consequence also recorded in [18, Conjecture 1.1]. Since F' is simply connected,
the pullback is the ordinary universal cover of X', and hence also of X. ]

In (i), the compactifying space need not be Kéahler and the deck action need not extend to
it. For a nonuniversal cover, only the deck group I', not the entire fundamental group of X, is
controlled. The stronger Kéhler compactification is used in (ii): the finite cover X’ need not
be a product, and its fibre F' need not be projective.

1.5 Prior work and the remaining group-theoretic obstacle

Campana introduced specialness together with its orbifold framework and the special/general-
type decomposition in [9]. The same work established restrictions on solvable and linear
quotients of special fundamental groups. An important advance for the full group was the
proof of the abelianity conjecture for compact Kéahler threefolds by Campana—Claudon [13,
Theorem 1.1], using the geometry of orbifold surfaces. Their later work proves specialness of
general Albanese fibres in the smooth projective setting and reduces the projective conjecture
to a finiteness question when all finite covers have irregularity zero [14, author’s version,
Theorem 2.4 and Proposition 3.2]. These results explain the role of finite covers and Albanese
fibre groups in the argument below. We do not assume specialness of the general Albanese
fibre in the arbitrary compact Kéhler case.

A classical predecessor is the case ¢;(X) = 0 in real cohomology: Beauville’s decomposition
gives a finite étale cover that is a product of a complex torus and simply connected factors,
and therefore gives virtual abelianity in that case [3, Section 5, Theorem 2].

The linear case has a separate geometric structure theory. Building on work of Zuo
and Eyssidieux, Campana—Claudon—Eyssidieux describe linear Shafarevich reductions by
torus fibrations over bases of general type after finite cover and modification [15, author’s
version, Theorem 6.5]. Their semisimple theorem gives a general-type base for the torsion-free
representations used here [15, author’s version, Theorems 1 and 6.3]. This supplies one branch
of our proof. An infinite group, however, need not have an infinite finite-dimensional complex
linear image. Controlling these remaining quotients is essential for a statement about the full
fundamental group.

The relation between fundamental groups and holomorphic tensors has several relevant
predecessors. Brunebarbe—Klingler—Totaro prove that an infinite finite-dimensional linear
image over any field forces a nonzero symmetric differential on a compact Kéhler manifold |7,
Theorem 0.1]. Brunebarbe-Campana prove that vanishing of all positive symmetric powers of
all exterior cotangent powers forces simple connectedness; their argument develops the use
of L? forms and the Poincaré-Atiyah-Gromov method [6, Theorem 1.1]. Specialness permits
many nonzero tensors, so their vanishing hypothesis differs from ours. The task here is to
obtain sufficient positivity from tensors with unitary Hilbert space coefficients. Only after
constructing a big ordinary line bundle, whose litaka dimension equals the dimension of the
base, and establishing projectivity do we invoke the orbifold cotangent positivity theorem of
Campana—Paun [17, Theorem 7.11].

The spectral step also belongs to the study of L? invariants of infinite coverings. Atiyah’s
index theorem and regular-coefficient bundle interpretation [1, Theorem 3.8 and Section 6.1],



and Dodziuk’s reduced L? de Rham-Hodge theory [22], provide foundational models for
working on a cover through Hilbert coefficients downstairs. Lott surveys the zero-in-the-
spectrum question and several geometric cases [27]. The unrestricted Riemannian assertion
has counterexamples [24]; the Kéhler spectral statement needed here is proved in Section 3.
A second issue is geometric descent over a possibly nonprojective torus. Campana’s
correction to the Albanese theorem preserves surjectivity and connectedness for special compact
Kéhler manifolds, but its repaired assertion excluding multiple fibres requires a projective
target [12, Theorem 1.2]. Our proof therefore keeps the actual orders of meridians in the
chosen group quotient, including on exceptional divisors of new models. Juanyong Wang’s
subadditivity and Albanese theorems provide the required geometric input over arbitrary
complex tori [38, Theorems A(II) and C]. They apply to the smooth klt pairs arising here: the
boundary has simple normal crossings and rational coefficients strictly less than one.

1.6 Overview of the proof

The group to be excluded. Finite étale covers preserve specialness. Since the Albanese
map of each cover is surjective, its first Betti number is bounded by twice the dimension of X.
Pass to a finite cover on which that number is maximal. Write o : X — A = Alb(X), and let
N be the image in G = 71(X) of the fundamental group of a smooth general Albanese fibre.
We prove

1—N-—G—m(A) —1,

and show that NV is finitely generated and FAb: every finite-index subgroup of N has finite
abelianization. The latter step uses Botong Wang’s torsion theorem for isolated characters in
cohomology jump loci [37, Theorem 1.3]. It remains to exclude infinite NV; a finite kernel of a
lattice quotient gives virtual abelianity by elementary group theory.

A minimal base carrying an infinite quotient. Assuming NN infinite, consider fibrations
of Albanese fibres on all finite covers for which the quotient by the fibre-group image is still
infinite. Minimize the dimension ¢ > 0 of their bases. Compact analytic cycle spaces and
Campana’s meromorphic I'-reduction [2, 8] globalize a minimizer to a factorization

X -7 — A

If By is the actual group image of a general fibre of the first map, then @) = N/By is an infinite
subgroup of R = G/ By, and

1—Q—R—m((A) — L

A very general fibre Y of Z — A has dimension ¢. The actual meridian orders in R restrict
to the same orders in () on Y. For each boundary divisor D C Y, denote this finite order
by mp, and put Ay = S 5(1 — mp')D. The resulting orbifold (Y, Ay) maps onto @ on
fundamental groups. Minimality holds simultaneously after the compatible finite covers and
for every further infinite quotient. This is the input to the two branches in Figure 1.

Positivity in the absence of an infinite linear image. Theorem 3.1 first shows that
an infinite normal cover of a compact Kéhler orbifold has zero in the spectrum of its scalar
Dolbeault Laplacian, with ordinary complex-valued coefficients, in some holomorphic degree.



The argument places the compact diagonal on (U x U)/P, where U is the cover and its deck
group P acts diagonally. The diagonal {(u,u) : u € U} therefore has compact quotient. Under
a contrary spectral gap, weighted solutions and finite-propagation smoothing preserve the
nonzero cohomology class of the diagonal after push-down, while making its pairing tend to
zero. The contradiction produces the required low spectrum.

When every finite-dimensional complex linear image of @ is finite, we construct nonzero
holomorphic tensors with unitary Hilbert coefficients. We use the spectral construction in
the nonamenable case and Shalom’s reduced-cohomology theorem in the amenable case [34,
Theorem 4.2]. Taking exterior powers gives tensors with rank-one coefficient image; these
lines define maps to Hilbert projective space. We minimize the rank among such maps, prove
discreteness of the monodromy on their regular image germs, and compactify the fibres using
transverse volume bounds. A rank smaller than ¢ would contradict the minimal-base condition.
Full rank yields a big cotangent line, and hence Ky + Ay is big by Theorem 4.1. When @) instead
has an infinite linear image, its FAb property produces the required semisimple image and
minimality gives generic largeness. The general-type criterion of Campana—Claudon—Eyssidieux
then gives Ky big.

Descent and the contradiction. Both branches give fibre positivity on every sufficiently
prepared model. Theorem 5.8 turns it into a positive-dimensional orbifold base of general type
whose orbifold pluriforms pull back to a Bogomolov sheaf on a finite cover of X. The key
point is to retain actual quotient meridian orders on each model; no birational invariance of
the associated log Kodaira dimension is assumed. Differential vanishing cancels the boundary
poles on a neat model. Specialness excludes the resulting sheaf, so IV is finite and Theorem 1.1
follows.

Infinite FAb group N: minimize a base dimension ¢ > 0.
Obtain @ = N/Bj and (Y, Ay) over the Albanese torus.

U
Q@ has an infinite complex Every finite-dimensional complex
linear image in finite dimension. linear image of @ is finite.
FAb, minimality, and the Hilbert tensors, discrete monodromy,
semisimple general-type criterion and minimality
= Ky big = Ky + Ay big
\

Torus descent with actual meridian orders

A Bogomolov sheaf on a finite cover of X: contradiction.

Figure 1: The contradiction when the Albanese fibre-group image N is infinite. The minimal
quotient @ and the fibre (Y, Ay) are constructed together. Each branch must give positivity
on all sufficiently prepared models before torus descent applies. The arrows show logical
implications.



Organization. Section 2 fixes specialness, group reductions, and the precise external geo-
metric inputs. Section 3 proves the scalar spectral theorem. Section 4 constructs the Hilbert
tensors and proves their positivity theorem under the minimality condition. Section 5 develops
meridian bookkeeping and torus descent. Section 6 establishes the Albanese exact sequence
and FAb property, constructs the minimal relative base, and assembles the two representation
cases to finish the proof.

2 Geometric and group-theoretic preliminaries

We collect the geometric input that detects a forbidden Bogomolov sheaf and the group lemmas
that will convert a finite Albanese fibre image into virtual abelianity.

All manifolds are connected unless stated otherwise. A fibration is a dominant meromorphic
map with connected general fibre. We resolve its graph when making differential or fundamental-
group arguments. A smooth compact space in Fujiki’s class C is replaced, when needed, by
a compact Kéahler modification. Smooth compact bimeromorphic models have the same
fundamental group. Fibre groups always mean groups of smooth models of general fibres;
their images are understood up to base-point transport. The image of a general fibre group is
normal in the total fundamental group: over a smooth fibration locus this follows from the
homotopy exact sequence, and the fundamental group of the open total space surjects onto
that of the total space.

2.1 Specialness and quotient reductions

We recall the precise established inputs used in the proof.

Theorem 2.1 (Bogomolov—Campana). For smooth compact Kaihler manifolds, specialness in
the definition of Section 1 is bimeromorphically invariant and is preserved by connected finite
étale covers. The Albanese morphism of a special manifold is surjective with connected fibres.
Moreover, if a line bundle L has a nonzero morphism to Q% then x(X, L) < p.

The Bogomolov-sheaf characterization and stability under finite étale covers are given
in [9, author’s version, Theorems 2.26 and 5.12]; the remaining specialness properties are
developed there. The litaka bound originates in Bogomolov’s projective work [4]; for its
compact Kéhler formulation, see [11]. The Albanese statement is recorded with its correction
in [12, Theorem 1.2]. Related projective stability results are developed in [14]. We only
use surjectivity and connectedness from that correction. The meridian statement needed for
arbitrary, possibly nonprojective Albanese tori will be proved in Lemma 6.1. Saturating a
rank-one subsheaf and taking its double dual does not decrease its litaka dimension. Thus the
line-bundle definition agrees with the saturated Bogomolov-sheaf formulation.

Lemma 2.2 (Effective divisors on a torus). Let D # 0 be an effective rational divisor on a
compact complex torus A. There are a quotient homomorphism p : A — B with connected
fibres, where B is a positive-dimensional abelian variety, and an ample effective rational divisor
Dp on B such that D = p*Dpg. In particular, k(A, D) > 0.

Proof. We give the standard torus argument; see also [19]. After multiplying D by a positive
integer, assume it is integral. Average its positive integration current [D] over translations of A.



The result is a smooth translation-invariant semipositive (1, 1)-form 6 representing c1(O(D)).
Write A = V/A. The alternating form of 6 is integral on A, so its radical W is defined over Q.
It is a complex subspace because 6 has type (1,1). Thus K = W/(W N A) is a subtorus. Let
p:A— B = A/K be the quotient.

On every K-coset, O4(D) has zero real first Chern class. If its defining section is not
identically zero on that coset, its zero divisor must be empty: a nonzero effective divisor on
the positive-dimensional Kéhler torus K has strictly positive pairing with the (dim K — 1)-st
power of a Kéhler class. For K = 0 the same conclusion is immediate. Each coset is therefore
either contained in Supp D or disjoint from it. If B were a point, this argument with K = A
would make the defining section of D nowhere zero, contrary to D # 0. Hence dim B > 0.

Translations by the connected group K consequently preserve each prime component D;
of D, since a connected group cannot permute their finite set. The image D; = p(D;) is
a prime divisor on B: properness gives an analytic image, and invariance gives dim D; =
dim D; — dim K = dim B — 1. Moreover p~'(D;) = D;, and smoothness of p gives p*D; = D;
with multiplicity one. Keeping the coefficients of the D; therefore defines an effective integral
divisor D with D = p*Dp.

Since p*Dp = D, uniqueness of translation-invariant cohomology representatives identifies
c1(Op(Dp)) with the positive definite form induced by 6 on B. The positivity criterion for
line bundles on a complex torus makes Dp ample and B an abelian variety. Dividing Dp
by the initial integer proves the rational statement. Ratios of sections of its ample multiples
remain independent after pullback, so k(A, D) > dim B > 0. O

Theorem 2.3 (Meromorphic I'-reduction). Let M be a smooth compact Kihler manifold and
let p: (M) — P be a homomorphism. There is a fibration v, : M --» B, whose general fibre
has finite fundamental-group image under p, and which contracts every compact irreducible
subvariety through a very general point whose fundamental group has finite image under p. The

groups of subvarieties may be computed on their smooth resolutions. The base has a compact
Kdhler model.

The contraction assertion is Campana’s I'-reduction [8, Theorem 3.5 and Remark 3.6];
the arbitrary-quotient formulation is also stated in [15, author’s version, Theorem 2.1 and
Corollary 2.2]. The Kahler-model assertion uses separately the standard stability of Fujiki’s
class C under meromorphic images: the base belongs to C, and a smooth model admits a
compact Kéhler modification. We call dim B, the I'-dimension for p, and call p generically
large when this dimension is dim M. The target group need not be linear. The qualifier “very
general” means outside a countable union of proper analytic subsets. The contraction criterion
also applies when the relevant subvarieties exist through a full-measure set: intersect this set
with the very general locus in the theorem.

Theorem 2.4 (Linear general-type criterion). Suppose a compact Kéihler manifold has a
generically large complex linear representation with torsion-free image and connected simple
semisimple Zariski closure. Then it is of general type.

Proof. Let M be the manifold, and regard p as a Zariski-dense representation into its semisimple
closure. By [15, author’s version, Theorem 1 and Theorem 6.3], it has a Shafarevich morphism

sh, : M — Sh,(M)



with normal projective target of general type. This morphism is a model of the connected I'-
reduction [15, author’s version, Definition 2.13]. Generic largeness gives dim Sh,(M) = dim M.
The connected general fibre is then a point, so sh,, is bimeromorphic. Bimeromorphic invariance
of Kodaira dimension proves that M is of general type. O

2.2 Root orbifolds and adjoint positivity

For a smooth compact Kéhler manifold Y and a simple normal crossing divisor Y  D; with
integers m; > 1, let ) be the analytic root orbifold of orders m;, and write

Locally, if the divisor coordinates are z;, its charts have z; = w;" with the corresponding
product of cyclic groups. Tensors and smooth metrics are invariant tensors and smooth metrics
upstairs. Its fundamental group is the fundamental group of the divisor complement modulo
the normal subgroup generated by the m;-th powers of meridians. Orders equal to one add no
boundary. Orbifold covering space theory supplies a connected cover for each subgroup; the
cover need not be a manifold.

These orbifolds are Kéhler. Add to a sufficiently large pullback of a coarse Kéhler form
the 100 of local squared root norms, using smooth metrics on the divisor bundles and cutoffs.
Their root-direction terms are positive near the divisor and their negative parts away from it
are bounded by the coarse metric. On a cover of a compact orbifold, finitely many uniformizing
charts give uniform local elliptic estimates, bounded-overlap partitions and cutoffs. All
complete-metric differential operators below are their closed L? extensions. We use dd¢ = id0.

Theorem 2.5 (Klt Kéhler results over tori). Let Z be a smooth compact Kahler manifold, let
D be an effective rational divisor such that (Z, D) is klt, and let g : Z — A be a fibration onto
a complex torus. For a general smooth fibre F,

K(Z,Kz + D) 2 6(F, K + D|p).
If k(Z, Kz + D) =0, the Albanese morphism of Z is surjective with connected fibres.

These are Theorems A(II) and C of [38]; the torus is not required to be projective. We
apply them to smooth pairs with simple normal crossing boundaries and coefficients strictly
less than one.

For a projective smooth pair, we also use the bigness consequence of orbifold cotangent
positivity in [17, Theorem 7.11]: a big ordinary line bundle injecting into a tensor power of
the orbifold cotangent, on adapted covers, forces the log canonical divisor to be big. The
projectivity hypothesis will be established before this result is applied in Section 4.

2.3 Finite kernels and finite covers

Lemma 2.6. Let FE be a finitely generated group in an eract sequence
l—F—F—7" —1

with F' finite. Then E is virtually abelian and residually finite. In particular it has a finite-index
subgroup disjoint from F.
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Proof. The centralizer Ey of F' has finite index. Its commutator subgroup is contained in the

finite central group F'NEy. Choose generators x1, . .., x; of Fy and an integer e > 0 annihilating
F. Commutators are central, so [z7, z§] = [z;, :L‘j]62 = 1. The subgroup generated by the z¢ is

abelian and has finite index: its image has finite index in the finitely generated abelianization,
and the commutator subgroup is finite. This abelian subgroup has a torsion-free subgroup
of finite index. Its core in F is a normal free abelian subgroup of finite index. Multiples of
this core have finite index in E and separate its nonzero elements; the finite quotient by the
core separates elements outside it. Hence F is residually finite. Since F' is finite, intersecting
finitely many finite-index subgroups separates all its nonidentity elements at once. O

Lemma 2.7. Suppose G has a finitely generated normal subgroup N with G/N = Z". For every
finite-index subgroup Ny < N, there is a finite-index subgroup Gy < G satisfying GoN N C Ny.

Proof. A finitely generated group has only finitely many subgroups of any given finite index.
Intersect all automorphic images of the core of Ny in N. The result is a characteristic finite-
index subgroup K < N contained in Ny, and hence is normal in G. The group G/K is
finite-by-Z". By Lemma 2.6, it has a finite-index subgroup disjoint from N/K. Its inverse
image is a suitable Gy. 0

A group is FAb if every finite-index subgroup has finite abelianization. Quotients of FAb
groups and their finite-index subgroups are FAb. A finitely generated complex linear FAb
group with virtually solvable image has finite image: after passage to finite index its Zariski
closure is connected and solvable and hence triangularizable. The image is then solvable, and
applying finite abelianization successively to the finite-index derived subgroups shows that
the image is finite. This observation is used only for linear images; it imposes no linearity
hypothesis on the original fundamental group.

3 Zero in the Dolbeault spectrum

We first establish the analytic input needed for representations on Hilbert spaces. All metrics
and differential forms on an orbifold are smooth in its finite uniformizing charts. In particular,
the covering in the following theorem need not be a manifold.

Theorem 3.1. Let (M,w) be a connected compact Kihler orbifold of complex dimension n,
and let U — M be a connected normal orbifold covering with infinite deck group P. For some
p €10,...,n}, zero belongs to the spectrum of the L? Dolbeault Laplacian on scalar (p,0)-forms
on U, with the lifted metric.

We use the nonnegative Laplacian A” = 90* + 9*0. For functions, the operator tr,, dd®
has the opposite sign, up to a fixed positive normalization. Norms without a bundle subscript
use the fixed bundle metrics introduced below.

The invariant throughout the proof is the cohomology class of the compact diagonal
after push-down to the compact product. The estimates below construct representatives
with decreasing norm while controlling the volume of their supports. We first build negative
potentials and a weighted inverse, then localize and smooth repeatedly. The final pairing with
the diagonal class makes these estimates incompatible with a spectral gap in every degree.
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3.1 Complete operators and uniform local estimates

Lifting a finite collection of nested uniformizing charts on M gives uniform coordinate radii,
uniformly equivalent Euclidean metrics, bounds for all metric derivatives, and partitions of
unity with bounded overlap and bounded derivatives. A lifted chart has a subgroup of the
original finite uniformizing group. The orders of all such groups are consequently bounded.
Euclidean estimates applied to invariant lifts descend with uniform constants, since the chart
integrals differ from the orbifold integrals by these bounded orders. The same assertions hold
on coverings of M x M and for vector bundles with metrics pulled back from the compact
base.

We write H* for the real L? Sobolev spaces defined with these charts. The local interior
elliptic estimates, followed by summation over bounded overlap, have the following consequence.
If A is a scalar uniformly elliptic second-order operator, or a system with scalar uniformly
elliptic principal symbol, whose coefficients have bounded derivatives of all orders, then

[vll vz < Cr (| A0l e + [[0]]2)- (1)

Here the estimate applies whenever the right side is finite, initially in the distributional sense.
One obtains it first on a smaller chart from the corresponding larger chart and then sums the
squared estimates. The constants depend only on the ellipticity and the indicated coefficient
bounds; see the interior estimates in [25, Theorems 6.2 and 9.11], followed by differentiation
for higher Sobolev orders. Sobolev embedding is uniform for the same reason. In particular,
an H* function, with k sufficiently large, tends to zero at infinity together with any prescribed
fixed number of derivatives: the local Sobolev norms on fixed-radius charts outside a compact
set are bounded by the tail of its global Sobolev norm.

The lifted metric is complete. Smooth compactly supported cutoffs xr, tending to one,
can be chosen with |dyr| < C/R by smoothing truncated distance functions in the uniform
charts. They show that the minimal and maximal closed extensions of 9 agree. They also
justify the identities involving formal adjoints: first approximate locally by smooth invariant
sections and then use

[0, xr] = OxRA | 110, xr]|| < C/R.

The same commutator bound holds for its adjoint and for the Chern differential. Thus compactly
supported smooth sections form a core for the associated quadratic forms. Equivalently, the
symmetric Dolbeault Dirac operator ﬂ(é—ké*) is essentially self-adjoint. For completeness, its
deficiency equation D*v = =iv, tested against x%v, gives ||xgv||3 < CR™!||v||3; local elliptic
regularity makes this test legitimate. Letting R tend to infinity eliminates both deficiency
spaces. These arguments remain valid with each of the smooth bundle multipliers used below,
which have positive upper and lower bounds for each fixed value of the parameters. The Kéhler
identities and the Bochner—Kodaira identity therefore extend from compact supports to their
complete-metric form domains; their local identities are those of [20, Chapter VI, Section 6,
and Chapter VII, Theorems 1.1-1.2].

Suppose, towards a contradiction to Theorem 3.1, that all the scalar (p,0) Laplacians
have positive lower bounds. Since there are only finitely many degrees, choose a common
lower bound ¢ > 0, decreasing it whenever necessary by a fixed normalization constant. The
pointwise Lefschetz isomorphisms

LMP L APO _y AMRTP [ A
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commute with the scalar Laplacian and, after normalization, are isometries. Thus the same
type of positive lower bound holds on every (n,q) degree. In degree zero it gives

lol3 < Clldvl3,  ve HY(U). (2)

The group P is infinite, so U is noncompact and n > 0.

3.2 Negative potentials with controlled mass

We need negative potentials with increasing depth on each fixed compact set and controlled
global L? mass. The depth will make the later weights large near that set, while the mass
bound limits the volume of regions where the potential is very negative and hence the growth
of supports during localization.

Lemma 3.2. Under (2), there are smooth functions uy on U, for all sufficiently large integers
N, such that
uy <0, dduy > —w, lun|l2 < CN™. (3)

For every compact set K C U, there are cx > 0 and Ni with

supuy < —cxgN (N > Ng). (4)
K

For each fized N, the function uy belongs to every H* and has bounded derivatives of all
orders.

Proof. Fix a nonnegative f € C°(U) which is strictly positive on a chart ball, and put
Fy =log(1+N"f), A=N"2"

We solve
Wl = efNFAY wy = w +ddu > 0. (5)

We give the complete continuity argument, including the global estimates which distinguish
this problem from a bounded-solution existence result.
Fix an integer k£ > n + 6 and consider

B ={ue H*"*(UR) : w, > cw for some ¢ > 0}.

This is open in H**2, The map u + log(w"/w™) — Au is smooth from B to H¥, by Sobolev
multiplication and composition in the uniform charts. Its linearization at u is

v —> tr,, ddv — Av. (6)

At a smooth solution with bounded derivatives this is an isomorphism H**2 — H¥. Indeed its
negative is coercive on H'! when integrated with w”: its quadratic form is a positive multiple
of the gradient norm plus A||v||3. Lax-Milgram gives an H! inverse, and (1) gives the asserted
higher regularity and bounded inverse. The metric w,, is complete and uniformly equivalent
to w at this individual solution. A solution in B is smooth with bounded derivatives by local
elliptic bootstrapping, since initially £ > n + 6. The implicit function theorem therefore gives
openness for

log(wy, /w") — Au = sF, 0<s<1. (7)
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At s = 0 the solution is u = 0.

We next obtain estimates uniform in s, with IV fixed. Every solution in B tends to zero at
infinity with its first several derivatives. At an interior maximum of u, the determinant ratio
is at most one; at an interior minimum it is at least one. The same bounds hold when an
extremum is approached at infinity, where u tends to zero. Consequently

A Y Fylloo <u<0. (8)

In particular the determinant ratio in (7) has positive upper and lower bounds depending only
on N.

Here are the second-order and higher local estimates in the order in which they are needed.
Write A, = try,, dd®. Since tr,, ddu > —n,

Ay(sFy + Au) > —Cn — An.

The differential trace estimate [16, Lemma 2.2] is

Ay (sFn + Au)

Ay log try, wy, >
tr, Wy

— Btr,, w.
It gives
Ay logtry, wy, > —Btr,, w — Cy. 9)

In this estimate B depends on a lower bound for the background holomorphic bisectional
curvature. The possible negative term involving A, (sFy + Au) is divided by tr,, w,, which
is bounded below by the determinant lower bound. Apply (9) to @ = log tr,, w, — Au, where
A > B+ 1 is fixed. Since Ayu =n — tr,, w, at a maximum of () one obtains

(A — B)tr,, w < An+ Cy.

If the supremum is not attained, it is bounded by the value logn at infinity. At an attained
maximum, the determinant upper bound and the inverse-trace bound control tr,, w, there.
The oscillation bound in (8) then controls it everywhere. It follows that

enw < wy < Cyw (10)

uniformly along the path.

This also bounds the background real Laplacian of w. Local Poisson W?2P estimates, for p
larger than the real dimension, give a uniform C'® bound on smaller charts. The equation now
has a uniformly elliptic complex Hessian and a controlled Hélder right side. Fix 0 < 8 < a.
The local complex Monge-Ampere C2# estimate [39, arXiv:1111.0902v1, Theorem 1.1] applies
after adding a local potential for w: the resulting function is strictly plurisubharmonic with
local sup norm controlled by (8), its Euclidean Laplacian is bounded by (10), and the positive
density is bounded below with its n-th root uniformly C'*. Differentiation of the equation
and local Schauder estimates then give bounds for every derivative. These are local bounds
uniform over all lifted charts and all s, with constants depending on N and the derivative
order; no global higher Sobolev bound has been assumed in obtaining them.
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There is a global estimate with a better dependence on N. Integration by parts gives

n—1
/ (—u)(wy —w") = Z/ i0u A du A w? A w179, (11)
U = Ju
clldul3 < /U(—U)(wﬁ — ") < N fllalfull2- (12)

The first mixed term is the fixed background metric, so the lower constant is independent of
N. For the upper bound use v < 0 and

esFN—I—)\u_ 1< (1_|_an)5 —1< an

The integrand in (11) is absolutely integrable: away from Supp f, its absolute value is at
most Au?, and on Supp f it is integrable. To justify the integration by parts, insert the
complete-metric cutoffs. The mixed metrics are bounded by (10), and the cutoff errors tend to
zero by u,du € L?. Combining (12) with (2) gives

Jul2 < ON™ (13)

uniformly in s and N.
It remains to establish closedness in the global Banach space. In local coordinates, (7) can
be written

= -~ 1 =
ayu;; — Au = sFy, ay) = /0 (945 + tugg)” dt.

The superscript ij denotes the corresponding entry of the inverse Hermitian matrix. The
coefficients have uniform ellipticity and all required derivative bounds by the preceding local
estimates. Thus (1) and (13) give global bounds in every fixed Sobolev order. If s, — s, a
subsequence of the corresponding solutions converges smoothly on compact sets. The limit
solves (7), satisfies the uniform positive lower bound in (10), and belongs to H**2 by lower
semicontinuity of the global norms. It is therefore still in B. This proves closedness and hence
solvability at s = 1. Denote that solution by ux. The first three assertions of (3) and the
stated regularity have been proved.

Suppose (4) fails for a fixed nonempty compact set K. Along a subsequence, supg(un/N) —
0. Local plurisubharmonic compactness, after adding a local potential for w/N, gives an LllOC
limit v which is plurisubharmonic and nonpositive. The alternative of uniform collapse to —oo
is excluded by the supremum on K. Hartogs’ lemma implies that v attains zero on K. Since
U is connected, the maximum principle gives v = 0 everywhere.

The trace—determinant inequality applied to (5) gives

tre, dd®(uy /N) > nfl/mern/m —p/N. (14)

Pass to a further almost-everywhere convergent subsequence of uny/N. Asn > 1, Auy =
N1=27(yn /N) — 0 almost everywhere. The right side of (14) converges in L! on a ball where
f>0tonfY" >0, by dominated convergence and uy < 0. The left side converges to zero as
a distribution because uy /N — 0 in local L'. Testing against a nonzero nonnegative function
supported in that ball is a contradiction. This proves (4). O
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Choose once and for all a compact region L C U, of positive volume, whose translates have
interiors covering U. It may be enlarged to be connected. Properness and cocompactness of
the deck action give bounded overlap and a bounded number of neighbors within any fixed
distance. For a,g € P put

Aq(g) = — sup uy(a'x). (15)
zegL

Lemma 3.3. There are C,e > 0, independent of N,a,g, such that

#{gc P: Au(g) > 1} < CN?", (16)
and .
/gL exp<_;1:](\;()a+ f)> wt < C. (17)

For each R < oo there is Cr such that
Cgr'(Au(g9) +1) < Aa(h) +1 < Cr(Aa(g) +1) (18)
whenever the distance between gL and hL is at most R.

Proof. Every cell counted in (16) contributes at least vol(L) to the integral of |uy(a=1z)|?.
Bounded overlap and (3) prove the count.

Translate gL to L and normalize the potential by A,(g) + 1. The resulting functions are
nonpositive, have dd® bounded below by —w, and have supremum in [—1,0] on L. Plurisub-
harmonic compactness on a connected neighborhood of any fixed enlargement of L makes
this a relatively compact family in local L'. In particular its supremum cannot tend to —oo
on another fixed cell. There are only finitely many possible relative neighbors; this gives the
upper comparison in (18), and exchanging the two cells gives the lower comparison.

On finitely many smaller charts covering L, add fixed local potentials to make the normalized
functions plurisubharmonic. Each limit has a positive local exponential integrability exponent.
Compactness and the semicontinuity and integrability statement of [21, Main Theorem 0.2]
give a common sufficiently small exponent and a uniform integral bound. The added local
potentials are bounded, so they can be removed at the cost of a constant. Summing the chart
estimates and translating back gives (17). O

3.3 A weighted inverse on the diagonal covering

The potentials now have both a depth estimate and a uniform exponential integrability bound
on cells. The next step is an inverse estimate that makes a closed form inexpensive to solve
where the potential is deep. Its dependence on the weight, not merely existence of an inverse,
will be needed when the solution is localized.
Set
D=(UxU)/P, Qg = wz + Swy, E = p,Ku,

where P acts diagonally and S > 1. The maps p,,p, here are to M. We give E the metric
from the original, unscaled metric w. The space D is an orbifold covering of M x M; write
m = 2n for its complex dimension. The subgroup defining this covering is the inverse image of
the diagonal in P x P. In particular the diagonal map M — M x M lifts to D.
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Unweighted norms for Qg are denoted by || - || s; an additional bundle metric multiplier A is
indicated by || - ||s,n- On the (m,*) complex with coefficients E*, the unweighted Dolbeault
Laplacian has a positive lower bound ¢ independent of S. To verify this on a compactly
supported section of D, lift it to U x U and integrate first in x, with y in a fundamental region.
Product splitting expresses the energy as its nonnegative x and y parts. The z part uses
scalar (n, ¢;)-forms, so the previously obtained gaps apply. The same argument on E*-valued
(p, 0)-forms uses the original scalar (p,,0) gaps and gives

10¢]|% > 6]|¢]|z  for £ of type (p,0). (19)

These calculations are local product calculations and hence descend to the diagonal quotient.
Bounded finite chart stabilizers do not change them.

Lemma 3.4. Suppose a smooth positive multiplier h on E* satisfies
1<h<el,  iOpy>—-CotQs,  bt>0. (20)

Then the complete O complex of E-valued (0, *)-forms with multiplier k = h=1 is exact with
closed ranges. Every closed form F in this complex has a solution Ov = F satisfying

[ollsik < O + Vi) | F s (21)
The constant depends on M, Cy and §, but not on S, b,t.

Proof. First work on the (m,*) complex with coefficients E*. Its unweighted gap gives
exactness and closed ranges: the bounded Green operator yields the decomposition into the
images of d and 9*. Weighted and unweighted differential graph norms are equivalent for fixed
b. Thus the domains, kernels and ranges of the closed differential d = 0 are the same, and
weighted exactness and closed ranges follow. This argument does not assert equality of the
weighted and unweighted adjoint domains.

Let Dj, be the (1,0) part of the Chern connection and let *g be the complex-linear Hodge
star on form indices. On (m, g)-forms it takes values in (m — ¢,0), and

(D))" = + %g O *g .

This formula acts trivially on the coefficient index. The derivative of the bundle metric in the
adjoint cancels the corresponding Chern connection term. The Bochner—Kodaira identity and
(20) imply

Esn(n) + CitlnllS = 11(Dy) nllg, = dllnll2. (22)

Here Eg1,(n) = ||577”?§,h + ||5,’;n|\?9h is the weighted Dolbeault energy. Indeed Djn = 0 in top
holomorphic degree, and the curvature commutator there is a sum of ¢ curvature eigenvalues.
For the last inequality drop h > 1 from the differential norm and apply (19) to xgn. The star
is an isometry. Compact support approximation from Section 3.1 proves the same inequality
on the form domain.

Fix a degree ¢ and put A = dd} on the closed subspace Imd. For a nonzero vector 7 in
a spectral band of A up to p > 0, its minimal weighted lift has squared norm (A~1n,n)g,
hence at least p~! HnH%h The minimal unweighted lift is also an admissible weighted lift, with

norm at most e?2§=1/2||n||s. Consequently

Inll% > e~ nll
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On this spectral band dn =0 and Eg4(n) < u||17||?97h. Substitution in (22) gives
p(p + Cht) > 627 (23)

This holds for every nonzero lower spectral band. Solving the quadratic inequality shows that
the minimal inverses of d have norm at most C(e?* 4 v/t e/?) in every degree.

Finally use the conjugate-linear bundle-metric star for Serre duality, which is distinct from
the linear star used above. It identifies the (m,q) complex for E* with multiplier » with the
reversed (0, m — ¢) complex for E with multiplier o=, interchanging the differential and its
adjoint. It is an isometry for these norms. The complete-domain identities therefore transfer
exactness, closed ranges, and the inverse bounds to the latter complex. This proves (21). O

3.4 A smoothing operator with fixed propagation

For the rest of the proof all distances, cell neighborhoods, and support volumes refer to the
standard metric £2;. This convention is independent of the parameter S in the preceding
estimates. Write 7 : D — M x M for the covering and Ep = py K for the bundle downstairs,
so that ¥ = 7* Ey.

Lemma 3.5. There is a smoothing operator K on the complete Dolbeault complex of E-valued
(0, x)-forms on D with the following properties:

(i) K commutes with O and preserves separately the antiholomorphic degrees in x and y.

(ii) Its propagation is at most a fized R, and its kernel and all kernel derivatives are uniformly
bounded in the lifted charts.

(iii) For compactly supported currents, K commutes with trace to M x M. On closed such
currents it preserves the cohomology class of their trace.

If B is an E-valued (0,n) current with cellwise L' coefficients, then

2 1/2
IKB|ls < CS™? (Z </C|B|SdV1> ) : (24)

C

where C' runs through the product cells modulo the diagonal action.

Proof. Choose an even Schwartz function fy whose Fourier transform is smooth and compactly
supported, with fp(0) = 1, and set K = fy(y/AY), using the standard unweighted product

metric and the fixed metric on E. The product splitting of A proves the degree assertions.
Commutation with 9 follows first on its domain from the Dolbeault identities and then on
currents by duality.

The wave equation has finite propagation with a speed bounded by the principal symbol. In
the present setting this can be seen from the symmetric first-order operator Dy = v/2(0 + 0*):
the energy identity for a moving cutoff contains only its commutator, whose norm is bounded
by a fixed multiple of the cutoff gradient. It gives the domain-of-dependence estimate for e*?1.
Since fy is even, the Fourier expression for fo( \/Ai’l’ ) uses only these finite-time wave operators.
Thus K has fixed propagation. The coefficient curvature contributes only lower-order terms
and does not alter this argument. The identical energy calculation in invariant charts proves it
on the orbifold.
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To see smoothing with uniform kernel bounds, use (1) and local Sobolev embedding to
bound point evaluation, and derivative evaluation, after (1 + AY)~® for a sufficiently large.
The factorization

K= (1+A)7%((1+AN*K)(1+ A7)~
has bounded middle factor by the Schwartz decay of fy. Evaluating the outside factors and
their adjoints bounds the kernel at any two points, uniformly in the charts. Increasing a gives
every derivative bound. This argument also defines K on distributions.

For a compactly supported E-valued current A, define its orbifold trace by

(Tr A, 8) = (A, 7" )

for smooth Egj-valued test forms / of complementary bidegree. On a covering chart [V/H] —
[V/G], this is the sum over cosets G/H, with the natural action on form and coefficient
indices, summed also over the local sheets met by the support. The |G : H| terms convert the
downstairs integration factor 1/|G| into the upstairs factor 1/|H|. This description applies
even when H is not normal; it includes the stabilizer multiplicities at singular strata.

For a compactly supported current, the wave-evolved support stays in a fixed compact
neighborhood for bounded time, by completeness and finite propagation. Its local trace is
therefore a finite sum. Since the operator and coefficient metric are pulled back from the
base, the local transfer commutes with the differential operator. The traced wave is thus the
downstairs wave with traced initial data, by uniqueness. Integrating in time proves that trace
commutes with K. On the compact base, a spectral function with value one at zero is the
identity on harmonic representatives and therefore on Dolbeault cohomology, also computed
by currents. This proves (iii).

It remains to check the dependence on S. For an E-valued (0, n) block of y antiholomorphic
degree ¢, the unscaled metric on E gives

|Bls = S™7?|Bl;,  dVsg=S"dVi,  ||B|s=S""92|B|. (25)

Put a2(B) = [;|B|sdVi. The kernel bound and fixed propagation imply ||KBl; <
C|l(at(B))c| e each output cell sees only boundedly many input neighbors, and the neighbor
matrix has uniformly bounded row and column sums. Since K preserves ¢,

IKB|s < OS5 2592) (g (B))clle = CS™2[|(ag(B))clle-

The finitely many orthogonal blocks give (24). Product cells may overlap and have bounded
finite chart multiplicities; these change only the fixed constant. O

3.5 Cell weights and one localization step

We now combine the weighted inverse with the fixed-propagation smoother. One step replaces
a compactly supported closed form by a smaller representative of the same traced class. The
thresholds are nested so that the output support of one step is an admissible input for the
next.

Fix an integer r > 30n + 6 and choose 0 < ¢ < 1/(8r). These choices are made before N
tends to infinity. At step j € {1,...,7} set

2log N
H;

S=N? H;=N3*20"0C pg-=H;N t;= (26)
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In particular H; > N 12 . H ;7 <8, and t;S — oco. Constants in the following construction may
depend on the fixed r.
For each step choose a bump w) € C%°(U, [0, 1]), equal to one on a neighborhood of L,

and let wY )(y) = w¥ (a"1y). The bumps can be chosen as squares so that

R < ).

Their translates have bounded overlap and bounded derivatives. Choose the support at step
j + 1 sufficiently large that wUTY equals one on every fixed-radius neighborhood of Supp w()
required below. Only finitely many enlargements are made, all independent of N.

We suppress j temporarily and write H, H ™, t, w, for the data at that step. Let p be a
smooth convex regularization of max(0, s), equal to zero for s < —1 and to s for s > 1, with
0<p <1,p" >0, and p > max(0, s). Define

lo(w) = —2H + p(un(a'2) + 2H),

£2
T(z,y) = Y wa(y)pu(la(2)),
a€P

p(z,y) = —H/2+4 p(T(z,y) + H/2).

For large N, the clipped functions satisfy —2H < ¢, < 0 and —H/2 < ¢ < 0. The sum is
locally finite and invariant under the diagonal action. Moreover

ddp > —Cj(wy + Hwy). (27)

Here is the estimate including mixed terms. On [-2H,0], 1/2 < p}; <1 and p/; = 1/(4H).
The x Hessian of each summand contains wqp7;i0¢, A o, as a positive term. The mixed
derivative is bounded by half this term plus a constant times H|dw,|?/w, in the y direction,
using Cauchy—Schwarz; the expression is interpreted as zero where w, = 0. The bump
inequality bounds the latter term by CjHw,. The pure y Hessian has the same bound because
|pr(e)| < 2H. The remaining = Hessian is bounded below by —w,w,. Bounded overlap and
the final convex clipping give (27).
Put
hj=e % kj=hit, b=1logN. (28)

These are smooth multipliers on D. They satisfy (20), with a constant independent of N and
S. Indeed 1 < h; < N, and
i@E*,hj =10« + tjddccp.

The first term is bounded below by —Cw,, which is absorbed by —C"t;Qg because t;5 — oo;
the second is controlled by (27) and H; < S.
Call the following set the deep region at step j:

Dj ={(z,y) : x € gL, Aq(g) > Hj, w[(lj)(y) =1 for some a, g}/P. (29)

On this region ¢, < —H; for a witnessing index and pg,(¢,) < —7H;/8. The final clipping is
consequently constant, ¢ = —H;/2, and

hj=N, kj=N"' onD,. (30)
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A product cell gL x ¢’'L, modulo the diagonal action, is marked at step j when some a
satisfies A
Aulg) > Hy, g LnSuppul) # 2. (31)

There are at most C; N 27 marked cells. In fact, translating by a~! leaves only a bounded
number of possible second cells meeting Supp w¥), and (16) bounds the number of first cells.
Any fixed enlargement of their union has the same bound on its number of cells and on its
standard volume.

On every unmarked cell C' one has

/ h;dVi < C;. (32)
C

Indeed 4, > un(a='z), pg(fs) > L4, and ¢ > T. Since all the potentials are nonpositive and
0 < w, < 1, this bounds h; on a cell by the product of exp(—tjuy(a~1x)) over the bounded
number of indices whose y supports meet that cell. Each such index has A,(g) < H ; when
the cell is unmarked. Holder’s inequality and (17) apply, because

t;(H; +1) < 2(log N)(N ™ + N7V/2) — 0.

Integration in the y cell contributes only a fixed volume factor.

Choose a smooth compactly supported cutoff x; equal to one on a neighborhood of all
marked cells, with support in a fixed enlargement of their union and with |dx;|; < Cj. Such
cutoffs are obtained by smoothing the distance cutoff in the uniform charts. Every cell meeting
Supp dy; is unmarked. Enlarge the supports of wUTY ag specified above so that

the R-neighborhood of Supp x; lies in D41 (j <r). (33)

To verify this, a point in that neighborhood has an x cell within a fixed distance of a cell
witnessing (31). By (18), its depth is at least ¢;H; — 1, which exceeds Hj; for large N,

since H j_/ Hjt1 =N ¢. Tts y coordinate lies within a fixed distance of Supp w((lj ), where the

next bump is one. This proves (33). Similarly, (4) shows that D; contains every prescribed
fixed-radius neighborhood of the lifted diagonal for large N.

Lemma 3.6. Let F' be a smooth compactly supported closed E-valued (0,n)-form supported in
D;. There is a smooth compactly supported closed form Fyew of the same type whose traced
cohomology class is that of F', with

| Faewlls < C;N"YO|F||5. (34)

Its support is in the fized R-neighborhood of Supp x;j, has standard volume at most C'jNQ”,
and lies in Djiq1 when j <.

Proof. By Lemma 3.4 and (30), solve v = I with

[vlls, < C3(NY* + /8 NY2)NTV2||F | 5
< C;NYEIF|s.

The last inequality uses /7; < C(log N )1/ 2N—1/4 The compactly supported closed current

B=F —0(xv) = —0x; Av
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has the same traced cohomology class as F'. The equality uses x; = 1 near Supp F'. On any
cell meeting Supp B, which is unmarked, Cauchy—Schwarz and (32) give

1/2
/yB\delgcj (/ |v\§kjdvl) .
C C

Here wedging with 5)@ has bounded operator norm for (2g, because S > 1. After summing
squares and using bounded overlap and dVg = §"dV;, we obtain

o\ 1/2
(Z (/C\Bsdvl>> < C;STENTYEFR s,

C

Set Frew = K B with the fixed operator of Lemma 3.5. Its norm estimate is (34); its closedness
and traced class follow from the same lemma. Fixed propagation, the marked-cell count and
(33) give all support assertions. Only the compactly supported current x;v is traced; no sum
of the global solution v is used. O

3.6 The compact diagonal class

Proof of Theorem 3.1. Continue under the assumption of positive lower bounds in all (p,0)
degrees. Let ¢ : M — D be the lifted diagonal and let [¢(M)] be its integration current of
type (n,n). Orbifold integration defines this current directly by pullback of test forms to M,
regardless of singularities of the coarse spaces. Project it to the component whose holomorphic
degree lies entirely in the y factor. Under the natural identification with E-valued (0,n)
currents, call the result Tp. This projection commutes with 9, so Ty is closed and compactly
supported.

Its trace to M x M has a nonzero cohomology class. More explicitly, the canonical
isomorphism Ky« ® Ef ~ pi K identifies piw™ with a closed Ej-valued (m,n) test form
5. The holomorphic-degree projection used to define Ty does not change the pairing with this
form, since all other components vanish on wedging with pjw™. Hence

(Tr Ty, B) = /M W > 0, (35)

Let Fy = KTy. It is smooth, compactly supported, and closed; its traced class has the
same pairing (35). It is independent of N, and its support lies in a fixed neighborhood of the
lifted diagonal. Thus it lies in D; for all sufficiently large N. Apply Lemma 3.6 successively for
the fixed number r of steps to obtain F,. Its standard support volume is at most C, N?", while

IFrlls < CoN /9| Fyls.

For degree (0,7), (25) and 0 < g < n show that ||F.||1 < || F|ls and ||Folls < S™2||Foll1. The
constant norm conversions are used only at these endpoints. Since S = N2,

|Fp||ly < C.N"~"/6.

The pullback of the fixed test form [ is uniformly bounded for the standard metric. Therefore
Cauchy—Schwarz gives

[(Tr Fy, B)| < Cvoly(Supp F)Y?||F,||; < C.N?"/6 — 0.
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Our fixed choice r > 30n + 6 more than suffices for this decay. Every step preserves the traced
cohomology class, so its pairing is the strictly positive constant in (35). This is a contradiction.
At least one scalar (p,0) Dolbeault Laplacian has no positive lower bound, which proves the
theorem. O

4 Hilbert tensors and minimal quotients

The purpose of this section is to turn an infinite quotient with no infinite linear image into
positivity on a base of minimal dimension. The auxiliary compact manifold in the following
statement allows the minimality condition to be imposed before passing to an orbifold base.
For a homomorphism p on the fundamental group of a compact Kéhler manifold V', write
gdim(V, p) for the dimension of its I'-reduction.

Theorem 4.1. Let Y be a connected smooth compact Kihler manifold of dimension £ > 0,
and let
A:Z(l—mi_l)Di, m; €N, m; > 2,
%

have simple normal crossing support. Denote its root orbifold by Y. Suppose that
¢: 1) —Q

s surjective, that @ is infinite, and that every finite-dimensional complex linear representation
of Q has finite image.

Suppose that a connected smooth compact Kihler manifold S admits a dominant mero-
morphic map a : S --» Y and a homomorphism v : 7w (S) — Q with finite-index image.
Assume that a and v are compatible with g on a dense analytic Zariski-open subset where a is
holomorphic and takes values in Y \ Supp A.

Finally, suppose that for every finite-index subgroup Qo < @ there is a connected finite
étale cover S — S such that, writing v’ for the induced homomorphism and Q' = Imv', one
has Q' C Qo and

gdim(S’,¢9 o) > ¢ whenever ¢ : Q' — H, H is infinite. (M)
Then Ky + A is big.

In (M), the cover may depend on Qo; after it has been chosen, the lower bound is required
for every infinite quotient of its image. Each Q' is automatically of finite index in Q. No
linearity assumption is imposed on the groups H.

4.1 Holomorphic forms with Hilbert coefficients

We use flat unitary Hilbert bundles in the usual local sense: their transition functions are
constant unitary operators. Differential operators act on the finite-dimensional form indices
and on the Hilbert coefficients componentwise. The local elliptic and Sobolev estimates used
in Section 3 extend to these coeflicients, as explained below.

Lemma 4.2. Every finite-index subgroup Qo of @Q has only finite finite-dimensional complex
linear images. In particular, H'(Qo,C) = 0.
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Proof. Inducing a finite-dimensional representation of Qg to @) produces a finite-dimensional
representation of (). Its restriction to )y contains the original representation, whose image is
therefore finite. The group @, and hence @, is finitely generated. A nonzero homomorphism
Qo — (C,+) would give an infinite unipotent two-dimensional representation, proving the last
assertion. ]

Proposition 4.3. There exist an integer p > 0, a separable unitary representation p: () —
U(H) with no nonzero finite-dimensional invariant subspace, and a nonzero holomorphic
section

neH' (V.95 @H,).
Proof. We treat the nonamenable and amenable cases separately.

The nonamenable case. Let U — Y be the normal orbifold covering associated with ker g. By
Theorem 3.1, in some fixed degree (p, 0) there are unit vectors with spectral support in [0,57!],
for j — oo. Folding forms from U to the compact base identifies them with sections s; having
coefficients in the regular representation Ag on 7%(Q). This is the regular-coefficient bundle
interpretation of covering-space analysis [1, Section 6.1]. To include the orbifold normalization,
work on a chart [V/G] and put H = ker(G — Q). The cover has components [V/H| indexed
by the cosets of Im(G — Q) in Q. A G-invariant form with regular coefficients is exactly
the corresponding family of scalar forms on these components. In the norm, the |G/H]|
regular coordinates cancel the downstairs factor 1/|G|, leaving the upstairs factor 1/|H|. The
differential operators agree componentwise. Thus the identification preserves the L? norms
and operators even when U has nontrivial isotropy.

Here is the compactness statement needed for these coefficients. For every integer k£ > 0,
elliptic estimates give

15511 20 < C(I(A")Es5]l2 + |Isj]l2) < 2Ck.

The constants do not depend on the coefficient dimension. Indeed, in a flat chart the coefficients
of the operator are finite matrices tensored with the identity on the Hilbert space. Summing
the scalar elliptic estimates over an orthonormal expansion gives the Hilbert estimate. The
same conclusion holds on invariant orbifold charts, whose local group orders are uniformly
bounded. A finite atlas then gives the displayed global estimate. Hilbert-valued Sobolev
embedding, obtained from Fourier inversion and Cauchy—Schwarz, bounds every derivative
uniformly on smaller charts.

Fix a nonprincipal ultrafilter. Form the Hilbert ultrapower H“ and define the values and
derivatives of s by the corresponding pointwise classes of those of s;. Uniform bounds for the
next derivative give uniform Taylor remainders. Thus these classes are the derivatives of a
smooth section, and the exact transition identities make it a section of the ultrapower flat
bundle.

This section retains its norm. The functions x — ||s;(z)||* are uniformly bounded and
uniformly Lipschitz on the finite atlas. A finite e-net shows that their pointwise ultralimit is
approached uniformly along the ultrafilter: first control the finitely many net values, then use
the common Lipschitz bound. Consequently

I

2 _1; 12 —
sl = hg)n HSJHQ =1
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Applying the same elliptic estimates to A”s; shows convergence to zero in every fixed C” norm,
since ||(A”)**1s;lla < j7%71. Hence A”s = 0. Integration by parts on the compact base, in
antiholomorphic degree zero, gives 0s = 0.

The ultrapower representation has no nonzero finite-dimensional invariant subspace. Oth-
erwise such a subspace would have finite image, by the hypothesis on @), and would be fixed by
a finite-index subgroup Q. This subgroup is nonamenable. For a finite generating set F' C Qg
and some € > 0,

> Mg = of* > eljv]|?

geF
on its regular representation. Indeed, failure would give unit almost invariant vectors; their
squared absolute values would be almost invariant probability measures in £!(Qy), yielding an
invariant mean. Summing over copies gives the same inequality on the restriction of Ag to Q.
A nonzero Qp-fixed ultrapower vector, represented by a bounded sequence of limiting norm
one, contradicts this inequality after taking the ultralimit. There are only finitely many terms
on its left side.

Finally, restrict to the closed span of all coefficient values of the section and their Q-
translates. Countable charts, continuity, and countability of () make this subspace separable.
It still contains the nonzero section and has no finite-dimensional invariant subspace.

The amenable case. An infinite amenable group does not have property (7): its regular repre-
sentation has almost invariant vectors and no invariant vector. Shalom’s reduced-cohomology
theorem therefore gives a unitary representation with nonzero reduced first cohomology [34,
Theorem 4.2]. We may restrict to a separable invariant subspace generated by the values of a
cocycle on the countable group.

The closed span of the finite-dimensional invariant subspaces contributes no reduced first
cohomology. To see this, decompose it orthogonally into finite-dimensional irreducible sum-
mands. On any finite sum the representation has finite image. Its kernel Qo has H'(Qg, C) = 0,
by Lemma 4.2; restriction of a cocycle to that kernel is zero, and averaging over the finite
quotient makes the cocycle a coboundary. Finite partial sums approximate a cocycle on a
finite generating set, so the same vanishing holds for reduced cohomology of the closed sum.
The orthogonal complement therefore has a cocycle b that is not a limit of coboundaries and
has no finite-dimensional subrepresentation.

Pullback by the surjection ¢ preserves this nonvanishing: approximating the pullback
cocycle on lifts of finitely many generators of () would approximate b itself. The associated flat
affine Hilbert bundle on ) has a smooth section, constructed by local sections and a partition
of unity, averaged in the finite orbifold charts. Its covariant differential is a smooth closed
Hilbert-valued one-form « representing the pulled-back cocycle.

The harmonic projection of « is nonzero. Otherwise, the orthogonal decomposition of
the closed de Rham Hilbert complex would put the closed form « in the L? closure of exact
forms. For fixed t > 0, the heat operator e ** commutes with the differential and maps L?
convergence to C” convergence, by the dimension-independent elliptic estimates just used.
Thus e~ **a would be a uniform limit of smooth exact forms. Periods along finitely many
fixed generator loops, with flat parallel transport of coefficients, would approximate its cocycle
by coboundaries. Letting ¢ | 0 gives the same conclusion for «, contrary to the choice of b.
The orthogonal decomposition of the closed de Rham Hilbert complex now gives a nonzero
harmonic one-form; local elliptic regularity makes it smooth.
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The Kahler identities for flat unitary coefficients split this harmonic form into types. A
nonzero (1,0)-part is holomorphic. If only the (0, 1)-part is nonzero, complex conjugation gives
a holomorphic (1, 0)-form with conjugate coefficients. The conjugate representation again has
no finite-dimensional invariant subspace.

In either case, degree zero is impossible: a holomorphic section of a flat unitary Hilbert
bundle on a compact Kéahler orbifold is parallel, by integration of the Laplacian of its squared
norm. A nonzero parallel section would give an invariant line. O

4.2 The line associated with a tensor

Proposition 4.3 supplies a nonzero tensor, but nonvanishing alone does not contradict specialness.
We next isolate its coefficient line and measure the variation of that line by a positive curvature
current. This connects the group to cotangent positivity, as in the finite-dimensional setting
of [7]; the Hilbert coefficient space and the subsequent minimal-rank argument require the
constructions proved here.

For a finite-index subgroup I' < @, let Yr — ) be the cover associated with qil(F). All
finite orbifold covers considered in this subsection and the next are of this form.

Call a holomorphic tensor

T e H' (D, (Q%Jo)(gm ® Bp)

a line tensor if the map from the dual of its cotangent tensor factor to its Hilbert coefficient
space has generic rank one. Here )y is a connected finite orbifold cover of ), and p is a unitary
representation of its corresponding finite-index subgroup of (). On the @)-cover, the coefficient
lines define a holomorphic map to P(B) away from an analytic degeneracy locus. We always
replace B by the closed span of these lines.

Lemma 4.4. There is a line tensor whose coefficient lines have infinite-dimensional closed
spamn.

Proof. Let n be given by Proposition 4.3, and let r be the generic rank of (Qg,)* — H.
Taking its r-th exterior power gives a nonzero rank-one tensor with coefficient space A" H.
Antisymmetrization embeds its finite-dimensional tensor factor into (Q%,)@’p’".

If the resulting decomposable lines spanned a finite-dimensional space, () would act on that
span through a finite group. The orbit of one of these lines would be finite. A decomposable
exterior line determines its r-dimensional original coefficient plane, so the corresponding orbit
of planes would also be finite. Their sum would be a nonzero finite-dimensional invariant
subspace of H, a contradiction. O

Lemma 4.5. A line tensor determines a saturated orbifold line subsheaf
L C(Q)*m

and a positive curvature current on L. On the regular locus this current is the pullback of the
Fubini-Study form of its coefficient-line map.

Proof. Work in a uniformizing chart with a flat coefficient trivialization. Any nonzero scalar
coefficient of 7 determines its meromorphic direction in the finite-rank tensor bundle. All scalar
coefficients have this direction, since the coefficient rank is one. These local meromorphic
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directions agree on overlaps. Their saturations are coherent rank-one subsheaves of the tensor
bundle. A saturated subsheaf of a locally free sheaf is reflexive in rank one, and on a smooth
chart a rank-one reflexive sheaf is a line bundle. The invariant constructions give the asserted
orbifold line.

Write a local line generator as e. Off its codimension-two degeneracy set the tensor has
the form e ® u, with u Hilbert-valued and holomorphic. There are no divisorial poles, by
saturation. The Hilbert-valued Hartogs extension, obtained from the Cauchy integral formula
on transverse polydiscs, extends u across the remaining set.

The weights log ||u||? are plurisubharmonic. If eg = gapeq, then ug = g;éua, SO

log [|ug||* = log [[ual|* - log |gas|*.

They therefore define the metric |leq||? = |lua| =2 on £, with positive curvature. Where u # 0,
its curvature is dd®log ||u||?, the pulled-back Fubini-Study form. A positive power of £ kills
the finitely many chart stabilizer actions and descends to an ordinary line bundle on the coarse
space; its weights descend as psh weights. O

The degeneracy loci used here and below are analytic even though the coefficient space
may be infinite-dimensional. Locally their rank conditions are the vanishing of holomorphic
scalar minors. The ideal of their germs at a point is generated by finitely many of those minors.
On sufficiently small representatives of the finitely many local components, every remaining
minor vanishes by the identity theorem. This proves local analyticity of the common zero set;
it does not require a global finite list of coefficients.

4.3 Minimal rank and discrete monodromy

Among all line tensors with infinite-dimensional span on finite orbifold covers, choose one for
which the generic complex rank s of the coefficient-line map is minimal. This is a minimum in
the finite set {1,...,¢}: rank zero would make the map constant on its connected covering,
giving a one-dimensional span. Let I' < @ be the subgroup defining the selected cover, let B
be its separable coeflicient span, and write

F:U° — P(B)

on the connected regular open subset of the Q-cover. We may delete the chart isotropy locus
as well. These deletions are proper analytic sets and do not disconnect the covering.

Proposition 4.6. After replacing I' by a finite-index subgroup, the action on the reqular image
germs of F has infinite discrete image in a Lie group acting properly on a connected complex
manifold of dimension s.

Proof. The manifold of image germs. At each point of U°, the holomorphic constant-rank
theorem writes F' as a submersion onto an embedded s-dimensional plaque. This theorem also
holds for the present Hilbert target: choose a finite-dimensional projection of rank s, use it for
source coordinates, and observe that all derivatives in the remaining source directions vanish.

Let Z consist of the image points together with the germs of these embedded plaques at
those points. A plaque supplies its own coordinate chart on Z. The map U° — Z is an open
holomorphic submersion, so Z is connected and second countable. It is Hausdorff. Indeed, two
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germs over the same image point can both be written as graphs over one finite-dimensional
transverse projection and one small connected ball. If their plaque neighborhoods shared a
germ, the graph functions would agree on an open set and hence everywhere on that ball. The
original germs would be equal. Points lying over different image points are separated by the
Hilbert projective space.

The natural immersion ¢ : Z — P(B) gives Z a Kéhler metric. We use its intrinsic
Riemannian length distance, which induces the manifold topology and is locally compact even
when the metric is incomplete. Its isometry group acts properly [28, Corollary 4] and is a Lie
group [29, author’s version, Theorem 6.3]. Let I be the closure of the I'-image in this isometry
group with its compact-open topology. Its elements are holomorphic. Indeed, if holomorphic
isometries g; converge to g, choose a relatively compact neighborhood whose image under g
lies compactly inside one target complex chart. Eventually the g; also take its closure into that
chart, and their coordinate maps converge locally uniformly. The Weierstrass theorem makes
g holomorphic there. Inversion is continuous in the isometry group, so the same argument

applies to g~ 1.

A locally compact unitary extension. Let J be the closure of the simultaneous image of T" in
I x U(B), with the strong group topology on the unitary factor. Every (g, A) € J satisfies
Au(z) = 1(gz) projectively, by continuity. The projection J — I is proper and surjective. For
properness, suppose that the isometry components of a sequence converge. Choose countably
many unit vectors in coeflicient lines whose span is dense in B. The images of each such
vector lie in convergent projective lines. Compactness of the scalar circle gives a convergent
subsequence of the unit vectors. Diagonal extraction, performed also for inverse operators,
gives strong convergence to a unitary operator. This proves properness, since the spaces
involved are metrizable. The image is consequently closed and contains the dense I'-image,
proving surjectivity.

The kernel is a closed subgroup of the scalar circle. A kernel element preserves every
coefficient line; a unitary operator has the same eigenvalue on two nonorthogonal eigenlines.
Nearby lines are nonorthogonal, so connectedness of Z makes this scalar the same everywhere.
Their span is all of B. It follows that J is locally compact. It has no small subgroups:
use such a neighborhood in the Lie quotient I, then one in the scalar kernel. The locally
compact no-small-subgroups theorem therefore makes J a Lie group [36, author’s version,
Corollary 1.5.8].

Its adjoint representation, complexified, has finite image on I', by Lemma 4.2. Pass to
its kernel in I', and replace both I and J by the corresponding closures. They are open
finite-index subgroups of the old closures, with unchanged identity components; J — I remains
surjective and proper. The Q-cover and the map F' are unchanged. Every element of the new
J centralizes J°, since its conjugation has identity differential on the connected group. In
particular, J° is abelian.

Spectral projection of holomorphic data. The spectral theorem for the continuous unitary
representation of the connected abelian Lie group J°, in its commutative C*-algebra formulation
[40], gives a direct integral

S
B= [ Beduto, s, = x(0)1d.
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We take p finite, as is possible because B is separable. Because I' centralizes J°, its operators
are decomposable in this integral [40]. Write j., for the simultaneous image of v in .J, and put

D={j,:yel'}nJe.

Countability of I allows the group identities to hold on one common full-measure set, giving
unitary representations p, of I'. On that set we also impose the countably many identities

px(v) = x(jy) 1d when j, € D.

We explain carefully how the holomorphic tensors pass to these fibres. These are almost-
everywhere decompositions of a countable family of Taylor coefficients; no bounded point-
evaluation projection from the direct integral is asserted. Let w : U° — Z be the submersion.
Choose a countable uniformizing atlas for Yr and all its lifts to the Q-cover, still a countable
family. Choose also local nonvanishing holomorphic vector representatives v, of ¢ on a countable
cover of Z. On a source polydisc mapping into the domain of v,, the finitely many tensor
coefficients satisfy vector identities

Ta(7) = co(®)va(w(2)),

with holomorphic scalar functions ¢, obtained after shrinking by applying a bounded functional
nonzero on v,. On suitable overlap domains the equivariance identities have the form

v8(72) = Cy,08(2)p(V)va(2),

where ¢y o is a holomorphic unit. Here p is the selected unitary representation of I'. These
identities are kept as vector identities before projectivizing.

Expand the tensor coefficients and the v, in Hilbert-valued power series. On every strictly
smaller polydisc the sums of coefficient norms times the monomial radii are finite. Cauchy—
Schwarz in the spectral variable, followed by Tonelli, gives the corresponding absolute sums in
B, for almost every x. The projected series are therefore holomorphic there. After restricting
to countably many smaller overlap polydiscs, normal convergence permits composition with the
fixed coordinate maps and multiplication by the scalar functions above term by term. For each
resulting coefficient sum, its partial sums converge in the direct-integral norm, while its fibre
series converges absolutely almost everywhere. A subsequence converging almost everywhere
identifies the two limits. There are only countably many such sums and Taylor-coefficient
identities, including the tensor transition and orbifold isotropy identities. They therefore hold,
together with the group identities above, on one common full-measure set and give global
holomorphic tensors on Yr of coefficient rank at most one, and holomorphic projective maps

Fy: Z\ By — P(By)

of rank at most s, where E, is the common zero locus of the projected representatives.

The countable family of Taylor coefficients of the tensor on the lifted charts has closed
span B: the series give all coefficient values, while Cauchy integrals express their coefficients
as limits of linear combinations of those values. The orthogonal projection onto the fibrewise
complement of the projected coefficient spans is a measurable field, obtained by countable
Gram—Schmidt orthogonalization. Its direct integral annihilates this dense family and is
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therefore zero. Thus the projected Taylor coefficients span B, almost everywhere. By the same
series and Cauchy formulas, so do the projected coefficient values. On every nonzero such
spectral fibre the projected tensor is therefore nonzero, has generic coefficient rank one, and is
a line tensor whose coefficient lines span By. We henceforth restrict to these nonzero fibres.

The identity component cannot move an image germ. The subgroup D is dense in J°, since
that component is open. It acts by the character x on each spectral fibre, so Fy is invariant
under its action on Z. The closed analytic set F is invariant as well. Continuity extends both
invariances to J°.

Suppose that J° acts nontrivially on Z. If some F, had rank s at z ¢ E,, a finite-
dimensional target projection of full rank and the inverse function theorem would make F,
locally injective at z. The connected J°-orbit of z stays in the domain and in its fibre by
invariance. The point z is isolated in that fibre, and its singleton is open there by isolation and
closed because Z is Hausdorff. The orbit is therefore {z}. Applying this at every point of the
nonempty open full-rank locus, each element of J° fixes that open set. It is holomorphic, so
the identity theorem on connected Z makes it the identity everywhere, a contradiction. Thus
every I, has rank strictly less than s. Minimality of s then forces B, to be finite-dimensional
almost everywhere. By Lemma 4.2, p, (I') is finite. The character x consequently has finite
image on the dense subgroup of J° just used. Continuity and connectedness force x to be
trivial on J°. Hence J° acts trivially on B. It then acts trivially on Z: each orbit maps to a
point under the immersion ¢, and is connected. This contradicts the assumed nontrivial action.

We have proved that J° acts trivially on Z. The surjective proper Lie-group homomorphism
J — I maps identity component onto identity component; since I is an effective isometry
group, I° = {1}. Thus [ is discrete and acts properly.

Its I'-image is infinite. Otherwise a finite-index subgroup would fix every image germ and
would act on B by scalars. Its scalar character has finite image; on a further finite orbifold cover
the tensor would be untwisted. An untwisted Hilbert-valued tensor on a compact orbifold has
finite-dimensional coefficient span: its scalar tensor space is finite-dimensional, and expansion
in a basis writes the tensor as a finite sum of scalar tensors times fixed Hilbert vectors. This
contradicts our choice of the line tensor. O

4.4 Compact fibres from transverse volume

Discrete monodromy gives a genuine quotient of the image-germ manifold. To use minimality,
its local fibres must determine compact subvarieties with finite group image. The following
argument obtains these subvarieties from the mass of the positive current; only the source is
assumed compact.

Lemma 4.7. Let V be a connected smooth compact Kdhler manifold of dimension d, and let
V° be the complement of a proper analytic subset. Let a discrete group I act properly and
effectively by holomorphic isometries on a connected Kihler manifold Z of dimension s > 0.
Suppose that f : V° — Z/I has local holomorphic lifts to Z of rank s, whose continuation
is compatible with a homomorphism p : 71 (V) — I. If a positive closed (1,1)-current on V
restricts to a positive constant multiple of f*wz, then

gdim(V, p) < s. (36)
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Proof. Let T be the current and let w be a Kéhler form on V. The mass of T A w?* on
V° is finite; this is the positive-current mass bound [5]. One can see the bound directly by
writing T' = o + dd®yp, choosing C with f = a + Cw > 0, and truncating ¢; = max(p, —j).
The bounded-potential products satisfy

/ (B +ddp;)* A Wi = / B A wds.
v 1%

On {¢ > —j} NV° they equal (T + Cw)® A w?~*, which dominates T A w?*. Exhaustion
gives the bound.

Use the free locus of the orbifold Z/I for the coarea formula. The discarded isotropy values,
and their inverse images under the local submersions, have measure zero. With normalized
volumes,

f*ﬁ A I ind,
sl (d—s)! d!
where Jy is the real normal Jacobian. Its value is the product of the squared nonzero complex
singular values of the differential. The coarea formula and the mass bound show that almost
every fibre has finite (d — s)-dimensional complex volume in V°. The formula is applied to a
countable disjoint measurable decomposition subordinate to target charts, so it counts whole
fibres and requires neither compactness nor bounded geometry of the target. Moreover, this
yields a full-measure set of source points: the inverse image of the exceptional null set has
integral of Jy equal to zero, and Jy > 0 on the submersion locus.

For a good free value, its fibre is closed analytic and pure of dimension d — s in V°. Its
integration current has finite mass. Extension by zero across V' \ V° is positive and closed, by
the extension theorem of El Mir [23]. Siu’s analyticity theorem for positive Lelong superlevel
sets [35] then makes its closure analytic of pure dimension d — s: the level set with Lelong
number at least one contains the fibre, has dimension at most d — s, and agrees with the smooth
fibre on V°. Take its components meeting V°. Equivalently, one may apply the finite-volume
closure theorem directly [23].

Let C — C resolve one such closure component. The preimage of C' N V° has proper
analytic complement in the smooth manifold C, and its inclusion induces a surjection on
fundamental groups: every loop may be perturbed off an analytic set of real codimension at
least two. Along the open fibre the continued lift to Z is constant. Thus its monodromy fixes
one point of Z, and lies in a finite stabilizer. The same is true of the image of 7r1((~3'), by that
surjection.

The T'-reduction contracts these compact subvarieties through very general points, by
Theorem 2.3. The full-measure set just obtained meets the complement of its countable union
of proper analytic exceptional sets. Its general fibres consequently have dimension at least
d — s, proving (36). O

4.5 Descent of the big line

Proof of Theorem 4.1. Choose the minimal line tensor and the finite-index subgroup I' of
Proposition 4.6. Let £ and its positive curvature current be as in Lemma 4.5. The current has
rank s on the regular open set.

Suppose that s < £. Apply (M) with Qo = I, obtaining S’ with image @' C T. The map
S’ --» Y lifts meromorphically to the coarse space of Jr. Indeed, the monodromy condition
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gives a lift on the complementary open set; the selected component of the normalized finite
pullback extends its graph. Resolve this map on a smooth compact Kéahler modification V' of
S’

The descended power of £ pulls back to an ordinary line bundle on V. Its psh weights pull
back, since the map is dominant, giving a positive current. On a regular analytic Zariski-open
subset the local coefficient-line maps give

Ve — Z/I1

of rank s, with monodromy the composite 71(V) — Q" — I. The pulled-back current is a
positive constant multiple of its transverse Kéhler form. Lemma 4.7 gives a I"-dimension at
most s. The image of @’ in I is infinite: it has finite index in the infinite image of I'. This image
is an infinite quotient to which (M) applies. Bimeromorphic invariance of the I'-reduction
therefore gives a dimension at least ¢, a contradiction. Hence s = /.

Take a finite Galois orbifold cover )7 — Y dominating Yr, and pull £ to it. If G is its deck
group, form

M = ® ~ L.
veG
The permutation action gives a canonical G-linearization. All its factors inject into the
pullback of the same cotangent tensor bundle. Multiplication in the symmetric algebra gives
a nonzero morphism from M to the |G|-th symmetric power of that tensor bundle, and
hence into a cotangent tensor power. It is nonzero because a product of nonzero vectors in a
symmetric algebra is nonzero. Equivariant descent gives an orbifold line My and a nonzero
cotangent-tensor morphism on Y.

The tensor product of the translated metrics is invariant. Its curvature is positive and
strictly positive on a nonempty open set, since s = £. A power of My Kkills the chart stabilizers
and descends to an ordinary line bundle A on Y with the same positivity property. The volume
criterion [5, author’s preprint, Theorem 1.2] makes A big. The Iitaka map of a big line bundle
makes Y Moishezon. The projectivity theorem for Kéhler Moishezon manifolds [30] therefore
makes Y projective.

It remains to interpret the tensor inclusion on an adapted projective cover. Choose the
smooth Galois Kawamata cover m : Y/ — Y supplied by [17, Lemma 5.2]. It is projective,
being finite over Y, and its ramification order over D; is exactly the denominator m;. Near
that component the root chart and the cover are z; = u;"* = w;"". Choosing the local root lift
u; = w;, the cotangent generator pulls back as

dui = dwi.

Along an auxiliary ramification divisor z; = w?j, the orbifold coefficient is zero and the
generator is dz; = ajw?j_ldwj. These are precisely the local generators of the adapted orbifold
cotangent bundle in [17, Definition 5.3]. Thus a suitable tensor power of the descended inclusion
gives a nonzero map

™A — (T QNY, A))®M

on this projective adapted cover. The big-line criterion for orbifold cotangent tensors [17,
Theorem 7.11] now implies that Ky + A is big. Its hypotheses are satisfied because projectivity
and the ordinary big line A have already been established. No pseudoeffectivity assumption is
needed in that criterion. O
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5 Inertia and descent over a torus

We attach boundary coeflicients to the orders of meridians in a fixed group quotient. These
orders also control components whose images are exceptional for an intermediate map. Keeping
them on every model will allow us to descend positivity from the fibres over a torus.

5.1 Meridian orders and differential pullback

Let ¢ : M --» Z be a fibration from a smooth compact Kahler manifold, and let p : 71 (M) - R
kill the image of the group of a smooth general c-fibre. Replace the source and target by
smooth models so that ¢ is holomorphic, and choose an analytic Zariski open Z° over which it
is smooth. The homotopy sequence of the smooth fibration gives a homomorphism

v :m(Z°) — R

compatible with p. It is surjective: the open source maps surjectively on the fundamental
group of the compact source. The homomorphism is independent of a further shrinking, in
this compatibility sense.

For a prime divisor D on the smooth base, let mp be the order in R of a meridian about
its general point. Meridians are defined up to conjugacy, which does not affect their orders.
Set mp = 1 for divisors outside the deleted locus. Every mp is finite. Indeed, if a component
FE of ¢*D dominates D with multiplicity e > 0, a small transverse disc at a general point of
FE has boundary mapping to a conjugate of the e-th power of the meridian. This boundary
contracts in the compact source, so its image under p is trivial.

Definition 5.1. The inertial boundary associated with p on this model of Z is

AZ = Z(l - mBl)D
D

A prepared model is a smooth compact Kéhler base model, together with a resolved source, on
which the divisorial deleted locus has simple normal crossings. If a map to a fixed torus is
present, the model is required to map holomorphically to that torus.

There are only finitely many nonzero coefficients on a fixed model. The pair (Z, Az) on
a prepared model is klt. Preparation uses resolution of the graph and discriminant; further
smooth modifications can again be prepared. The orders on all these models refer to the same
quotient R. In particular, the strict transform of a divisor has the same order. No invariance
of k(Z, Kz + Az) under modification is assumed. A collection of prepared models is cofinal if
every prepared model is dominated by a member through a holomorphic modification.

Lemma 5.2 (Inertia over a smooth intermediate map). Let f : X — Z be a dominant
holomorphic map of connected smooth complex manifolds. Suppose that a homomorphism
p:m(X) — R is compatible, over a dense analytic Zariski open Z°, with a homomorphism
Y :m(Z°) = R. Let p: Z — W be a smooth proper surjective map with connected fibres, with
W smooth. Assume that the nontrivial divisorial meridian orders of 1 give the boundary

Ay = p*AW7 Aw = Z(l - m,Sl)D, mp € ZZQ.
D
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Thus every other divisorial meridian has trivial image. If a prime divisor E C X dominates
D C W underpo f, then
mp |ordg((po f)*D). (37)

This includes the case in which f(E) is a proper subvariety of p~'(D).

Proof. Take a general point w € D, avoiding its singularities and the other components of
Ay. The divisor p~!(D) is smooth near every point over w. Fix such a point z, and a small
coordinate ball U around it. In this ball the only nontrivial inertial support is the smooth
hypersurface p~1(D) N U.

The map from the fundamental group of the original deleted-locus complement in U to
71 (U \ p~ (D)) is surjective. Its kernel is normally generated by meridians around the other
deleted divisors: a transverse perturbation of a null homotopy gives precisely these meridians.
Their R-images are trivial. Removing the remaining analytic subsets of complex codimension
at least two does not change this fundamental group, by the same transverse perturbation
applied to loops and homotopies. Consequently v factors locally through

m(U\p (D)) 2 L.

At a general point of E over w, choose a transverse disc whose punctured part avoids all
deleted inverse images. Its image winds e = ordg((p o f)*D) times around the one remaining
hypersurface. Its boundary contracts in X, so compatibility with p gives ¢(u)¢ = 1. The order
of ¥(u) is mp, proving (37). O

The next consequence will also be used directly for the Albanese map. It handles the
source divisors whose images have codimension at least two by decreasing the boundary on a
fixed torus.

Lemma 5.3 (A small ample boundary on a torus). Let u: X — B be a surjective holomorphic
map from a smooth compact Kdhler manifold to a positive-dimensional complex torus. Let
A=%Yp(1l- 'ml_)l)D be an ample rational divisor on B, with integers mp > 2. Suppose that

mp | ordg(u*D)
for every prime divisor E dominating D under u. Then X is not special.

Proof. Put r = dim B, and let £ C Q' be the saturated differential line of u. For a local
nonvanishing generator n of Kp, write ag for the common divisorial vanishing order of u*n
along E, measured in £, and put vg = ordg(u*A). If E dominates a component D, with
multiplicity e, the local differential of a defining function of D gives

ag>e—1>e(l —mp') =vg.

If u(E) has codimension at least two, the tangent rank along E is at most r — 2, and the
normal direction increases it by at most one. Thus every maximal minor of du vanishes along
E,and ag > 1.

The pullback of the fixed divisor A has finitely many prime components on X. We may
therefore choose a rational € > 0 such that ¢ <1 and

evgp < ag for every prime divisor £ C X.
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Only components with vg > 0 impose a condition. This choice also handles components whose
images lie in intersections of boundary divisors, since their vg includes the sum of all pullback
coefficients.

The torus has trivial canonical bundle. For divisible m, pullback of a section of meA,
multiplied by the m-th power of its top differential, is thus a holomorphic section of £L&™. The
inequality above checks every divisorial pole; extension across codimension two finishes the
check. The ratios of these sections retain the r parameters of the ample linear systems on B.
Hence k(X, L) > r, and Theorem 2.1 gives equality. This contradicts specialness. O

Remark 5.4. The vanishing just used concerns the top differential of the fixed map u : X — B.
Saturation records its common vanishing in the map «*Kp — L. It does not assert that
arbitrary lower-degree forms vanish on exceptional divisors of a modification; that distinction
is relevant to [12, Remark 2.2].

We will use the corresponding pullback statement on a neat model. A prime divisor is
u-exceptional when its image has codimension at least two. The needed preparation is a
smooth fibration model u : X — W, with a modification v : X — X to a smooth source model,
such that every u-exceptional divisor is v-exceptional. Such models exist after modifying the
base; see [38, Lemma 1.4], whose base and source modifications are projective morphisms. A
projective initial base therefore remains projective. Concretely, flatten the strict transform
over a modification of the base and then resolve it. The flat strict transform has no divisors
mapping into codimension at least two. Any such divisor introduced by the final resolution is
exceptional over the original source.

Lemma 5.5 (Pullback on a neat model). Let u: X — W and v : X — X be as above, with X
smooth compact Kihler and W smooth of dimension r > 0. Let Ay = p(1 — mBl)D, with
mp > 2. Suppose that Ky + Aw is big and that mp divides ordg(u* D) for every component
FE dominating D. Then X is not special.

Proof. Let L C €% be the saturated differential line of the meromorphic map induced by w.
A section of a divisible multiple of Ky + Ay pulls back as a meromorphic section of £®™.
Along a component of multiplicity e over D, its allowed pole is cancelled because

e—1>e(l—mph). (38)

Divisors dominating W produce no boundary pole. The remaining source divisors are u-
exceptional and hence disappear in codimension at least two on X. Every prime divisor of X
therefore satisfies the holomorphicity condition. Extension across codimension two gives

HY (W, m(Kw + Aw)) — H(X, LE™).

Pullback preserves the ratios of sections because the map is dominant. Bigness gives (X, L) >
r, and Theorem 2.1 again gives the forbidden equality. O

5.2 Two comparisons of models

Lemma 5.6. Let p : Z' — Z be a modification between smooth base models of the same
fibration and quotient. For sufficiently divisible m, there is a natural injection

HO(Z/,m(KZ/ + AZ/)) — HO(Z,m(KZ + Az))
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Proof. View a section upstairs as a meromorphic pluricanonical form in the common function
field. Every prime divisor of Z has a strict transform with the same meridian order. Its
divisorial pole bound is therefore the required bound on Z. Extension across codimension two
gives the section downstairs, and the function-field identification makes this map injective. [

Now suppose ¢ : M --» Z lies over a torus A, and let B. be the image of its general
fibre group. Use R = m1(M)/B.. An isogeny A" — A induces a subgroup G' < G = (M)
containing the kernel of G — m1(A), hence containing B.. General c-fibres lift unchanged to
the source cover. The induced quotient is consequently

R =G/B. < G/B.=R. (39)

On corresponding pulled-back base models, meridians lift with winding number one. Their
lattice image is zero, so their images lie in R, and (39) preserves their orders. Thus both the
canonical divisor and the true inertial boundary pull back under this finite unramified base
change.

Lemma 5.7 (Restriction to common general fibres). Let g : Z — A and h : Z — W be
surjective holomorphic maps with connected general fibres between compact complex manifolds,
with Z smooth. Let L be a rational line bundle whose restriction to a very general smooth
g-fibre is big. Then L restricts big to every component of a general fibre of the map

(h,g): Z — JCW x A,

where J denotes its image. Equivalently, one may first take a very general h-fibre H, and then
a general fibre of g|g over its image. No equality g(H) = A is required.

Proof. For each divisible m, properness gives the coherent direct image g.Oz(mL). Choose
a very general smooth fibre where base change holds for all these countably many sheaves.
Bigness on that fibre supplies one m for which its section map has full generic rank. On the
open set where the direct image is locally free and base change holds, evaluation defines the
relative meromorphic map to its projective bundle. The locus where its vertical differential
has full rank contains a dense analytic Zariski open U C Z. This condition is intrinsic to the
relative evaluation and jet maps, so it is defined over the base open, independently of a local
frame of the direct image.

A general fibre component of Z — J meets U. Otherwise the proper analytic subset
Z \ U would contain a general component of a family of fibres covering Z, contrary to the
fibre-dimension theorem. On such a component the relative section map still has injective
differential at a general point: its tangent space is contained in the vertical tangent space of
g. The restrictions of these sections therefore define a generically finite meromorphic map,
proving bigness. General choices in J, followed by general choices in its projection to W, give
the last formulation. All assertions can be restricted to the smooth loci supplied by generic
smoothness. O
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5.3 Descent of positivity

Theorem 5.8 (Descent over a torus). Let M be a special smooth compact Kahler manifold,
and let o : M — A be a surjective map to a complex torus with connected fibres. Suppose that

M--27-25 4

is a factorization by fibrations, and that d = dim Z — dim A > 0. On every prepared model of
Z, take the inertial boundary for

R =m(M)/Im(m (F,) = m(M)),

where Fy, is a smooth general fibre of M --+ Z. It is impossible that, on a cofinal collection of
prepared models, Ky + Agzl|y is big for a very general g-fibre Y. The torus A is allowed to be
a point.

Proof. Assume the stated bigness on the cofinal collection. We may further prepare a model
whenever necessary. By Theorem 2.5, every model in this collection satisfies

w(Z, K7+ Ay) > d. (40)

Choose a model Zj for which this integer is minimal, and put b = k(Zy, Kz, + Agz,). Then
b>d>0.

The Iitaka fibres. Resolve the litaka map on a modification u : Z; — Zj, obtaining a fibration
h: Zy — W with W smooth projective of dimension b. For this step introduce an auxiliary
klt boundary A;. It has the strict-transform coefficients of Az, and exceptional coefficients
sufficiently close to one to dominate the true inertial coefficients on Z;. They may also be
chosen so that

Kz + A1 =p*(Kz, +Agz) + E, E > 0 is p-exceptional. (41)

Indeed all discrepancies of the log-smooth klt pair are greater than —1; an exceptional
coefficient less than one can be chosen above the negatives of these discrepancies and above
the corresponding inertial coefficient. A simultaneous log resolution makes all the supports
simple normal crossing.

Equation (41) preserves sections in divisible degrees, hence the Iitaka dimension and map.
A very general smooth h-fibre H consequently satisfies

K(H,KH—FAl’H):O. (42)

Here we use the ordinary Iitaka-fibre property, as in [38, Section 6.3]. It can also be seen
directly in this setting. Write L = Kz, + A;. By Kodaira’s lemma on the projective Iitaka
base, after taking a further multiple and absorbing the pullback of the effective remainder,
the resolved system gives aL. ~ h*B + E for some divisible a > 0, with B ample on W and
E > 0. If a multiple jL|y had a positive-dimensional section map on a very general fibre,
coherent direct image and base change, followed by a sufficiently large ample twist h*(kB),
would extend sections whose ratios vary on that fibre. Multiplication by the canonical section
of kE turns them into sections of (j 4+ ka)L. This fibrewise variation, together with the b base
parameters supplied by B, contradicts x(Z;, L) = b. The restriction has a nonzero section
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because a general fibre is not contained in F, so its litaka dimension is zero. Adjunction
identifies L|g with the divisor appearing in (42).

We can arrange that a very general fibre of g : Z; — A has big restriction of Kz, + A;.
For example, dominate Z; by a prepared member of the cofinal collection, perform the same
auxiliary-boundary construction relative to Zy, and replace Z; by this model. Its map to W is
already holomorphic. The auxiliary boundary dominates its true boundary, whose fibre adjoint
is big by assumption. Any further log resolution preserves this fibre bigness by pullback and an
effective exceptional remainder, and (41) still holds. Lemma 5.7 now makes the log canonical
divisor big on general components of common fibres of h and g. Generic smoothness, also for
the finitely many boundary strata, justifies the adjunction restrictions to these common fibres.

Apply Theorem 2.5 to the klt pair in (42). Its Albanese map is surjective with connected
fibres. The map g|g factors through a homomorphism from Alb(H) to A, followed by a
translation. Quotienting by the connected kernel shows that its Stein base is a torus finite étale
over its image subtorus translate. Torus subadditivity on H, using the bigness of the common
fibres, forces their dimension to be zero. The Albanese map of H is therefore birational, and
g|m is, birationally, an isogeny onto a subtorus translate.

Every component of Ay|p is exceptional for this birational Albanese map. To prove this,
suppose that a component maps onto a divisor D of the torus. The relative canonical divisor of
the birational map to the smooth torus is effective, with positive coefficients on all exceptional
primes. For sufficiently small rational € > 0, it absorbs the exceptional components of the
pullback of €D, while the chosen boundary component supplies its strict transform. Thus
Ky + Aq|g contains that pullback up to rational linear equivalence. By Lemma 2.2, a nonzero
effective divisor on a complex torus has positive Iitaka dimension. This contradicts (42).

A torus-bundle model. On the connected smooth parameter open of h, the image of Hy(H,Z)
in H1(A,Z) is locally constant. Transport in the proper smooth family and the total map to
A identify these images. Their real span determines a fixed subtorus T' C A, so the image of a
general H is a translate of T. Write Ap for its lattice and Ly for the finite-index image lattice.
Choose k > 0 with kAr C Ly, and use the isogeny A1 — A given by multiplication by k.

Let T be the identity component of the inverse image of T'. The lattice of a subtorus is
primitive in the ambient lattice, so the image of the lattice of 11 is kAp. The choice of k makes
each connected lifted general H-fibre map with degree one onto a translate of 77. This is a
lattice construction; no splitting of the torus extension is required.

Pull back both the source and Z; to A;. These covers are connected, since the original
maps to A are surjective with connected fibres and therefore surject on m(A). Write M; for
the source cover. The Stein factorization of the pulled-back map to W has a finite base over
W, take a smooth projective model W of that base. The map to A;/T} is constant on its
general fibres and hence descends meromorphically to Wi. Resolve this map as well. The pair
of projection maps then gives a birational model

Zy = W1 ><141/T1 Al, p:Z* — W7 (43)

Indeed it has degree one on the general fibres just described. The space Z, is smooth, and it
is a closed submanifold of the compact Kéhler product W7 x A;. The map p is a principal
holomorphic bundle with connected torus fibre T7. Its transition functions are translations, so
an invariant top form on 77 trivializes the relative canonical bundle. In particular,

KZ* = p*KW1 . (44)

38



We are free to replace Wi by any further smooth projective modification and use its corre-
sponding fibre product in (43).

The true inertia on Z, has no horizontal divisor over Wj. To check this on a morphism
of models, resolve the maps from the pulled-back Z; to W7 and Z,, and carry the auxiliary
boundary by the rule (41). Its restriction to a general fibre still has only Albanese-exceptional
components. Indeed finite étale covers of a birational torus are birational to torus covers. An
exceptional prime on a further model either misses the general fibre or restricts to a divisor
exceptional over the old general fibre, so it remains Albanese-exceptional. The strict transform
of a horizontal prime of Z, maps onto a divisor of its general torus fibre. It cannot occur in
this auxiliary boundary, which dominates true inertia. Its meridian order is therefore one.

Every vertical prime divisor of the smooth bundle p is the full inverse image of a prime
divisor of Wj. A divisor cannot map into codimension at least two by the fibre-dimension
formula, and connected smooth fibres are irreducible. We have consequently obtained a rational
boundary Ay, with

Ag, = p*AW17 (45)

with the same finite integral meridian orders on corresponding divisors.

The true boundary is big downstairs. Let F' denote the finite deck group of A1 — A. Write
Zl =71 X4 A1 and let ¢ : Zl --» Z, be the birational comparison. Take the closure of the
simultaneous graph of ¢ o f, for f € F, in Z; x (Z,)F. The group acts on this graph by its
action on Z; and permutation of the other factors. Resolve equivariantly and take a further
equivariant Kéhler modification using [26, Theorem 1.1 in the author’s version]; the finite
group preserves the average of a big class. This gives a smooth Kahler V' mapping to Zl, to
Z,, and to Aj. The action is free because its map to Ay is equivariant for the free translation
action. The quotient V/F is thus smooth Kéhler and is a modification of Z;, hence of Zj, over
the original torus A. Moreover, V' — V/F is the pullback of A1 — A: each deck orbit maps
bijectively onto the corresponding isogeny fibre.

Further prepare this quotient, and, if necessary, dominate it by a member of the cofinal
collection. Pull this modification back along Ay — A; all comparison morphisms persist. We
continue to call the resulting cover V. Its true inertial adjoint is the unramified pullback of
that on its downstairs quotient, by (39). The minimum in (40) therefore gives

k(V,Ky + Ay) > b.

All boundaries in this inequality are true inertial boundaries; the auxiliary exceptional coeffi-
cients of A; are not used here. Lemma 5.6 applied to V' — Z, gives the same lower bound on
Z,. Equations (44) and (45), together with p,Oz, = Oyw,, now yield

H(Wl,le + AW1) > b=dim Wj.

Thus Kw, + Aw, is big.

This argument applies after any chosen further smooth projective modification of Wj:
form its fibre product, repeat the equivariant comparison, and use the same minimum on the
prepared quotient over A. The newly appearing true coefficients are read on the new model.
No comparison of exceptional coefficients on unrelated models is needed.

The differential contradiction. Choose Wy sufficiently modified that the induced fibration from
a resolution of Mj to W7 is neat, as described before Lemma 5.5. The preceding argument still
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gives bigness on this choice. The source resolution maps holomorphically to Z,, using its maps
to Wi and A;. Its fundamental-group quotient is the one used to define the true inertia on
Z4. Lemma 5.2, with the smooth map p, shows that every boundary order on W; divides the
multiplicity of every source component dominating that divisor. Lemma 5.5 therefore gives a
Bogomolov sheaf on a smooth source model of M;. This contradicts Theorem 2.1, since M is
a connected finite étale cover of the special manifold M. O

6 Albanese fibre groups and completion of the proof

The remaining task is group-theoretic and geometric assembly: isolate the Albanese fibre-group
image, establish the minimality hypotheses of the positivity theorem, and apply torus descent
in both representation cases.

Let X be special. If dim X = 0, its fundamental group is trivial, so assume dim X >
0. Every connected finite étale cover is special and has surjective Albanese morphism by
Theorem 2.1. Its first Betti number is therefore at most 2 dim X. Pass to a cover on which this
number is maximal, and continue to denote the cover by X. Pullback on H'(—,Q) is injective
by transfer, so any further connected finite étale cover has the same first Betti number. Write

a: X — A=AbX), G=m(X), N=In(m(S)—G),

where S is a smooth general Albanese fibre. The group NV is finitely generated and normal.
When A is a point, these statements mean S = X and N = G.

6.1 Exactness over an arbitrary Albanese torus

Lemma 6.1. The natural sequence is exact:
1— N-— G m(A) — 1.

Proof. Set R = G/N. Over the smooth fibration locus in A, fibrewise exactness gives a
monodromy homomorphism to R, compatible with the quotient map on the total space. A
meridian around a base divisor has finite order in R, since a component of its inverse image
kills a positive power of that meridian. Form the actual inertial divisor D4 using these orders,
as in Section 5.

Suppose D 4 # 0. Lemma 2.2 gives a quotient torus p : A — B with connected fibres, where
B is an abelian variety of dimension b > 0, and an ample effective rational divisor Dpg such
that D4 = p*Dp. The smooth quotient map pulls back each prime divisor with multiplicity
one, so the components of Dp retain the meridian orders of their inverse images.

Lemma 5.2, applied to the smooth torus bundle A — B, shows that each such order divides
the multiplicity of every prime divisor of X dominating the corresponding divisor of B under
pa. This includes components whose images in A have larger codimension. For prime divisors
whose images in B have codimension at least two, the top differential of pa vanishes: at their
general points its restriction to the divisor has rank at most b — 2, so the total rank is at most
b — 1. There are only finitely many relevant components over the fixed support of Dp. Thus a
sufficiently small rational € > 0 makes their differential vanishing orders compensate the poles
allowed by eDp. This is the fixed-map argument of Lemma 5.3.
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Let L C Q& be the saturated line generated by the top differentials from B. For sufficiently
divisible m, pullback of pluriforms gives

H°(B,m(Kp +eDp)) — H(X,L®™).

The pullback is injective, and ratios of sections retain their independence because X — B is
surjective. Since Kp is trivial and eDp is ample, (X, L) > b. The opposite inequality follows
from Theorem 2.1. This contradicts specialness.

All meridians therefore have trivial image in R. The monodromy homomorphism factors
through 71 (A), by normal meridian generation for the complement of the discriminant. Its
composition with G — 71(A) is the quotient G — R. Conversely, «, kills N and factors
through R. These two factorizations are inverse because the maps from G are surjective. This
proves R = 11 (A). O

For a further connected finite cover X’ — X corresponding to G’ < G, write A’ = Alb(X’).
The induced homomorphism A" — A is surjective and, by maximality of the first Betti number,
is an isogeny. Lemma 6.1 on both manifolds shows that the new Albanese fibre-group image is

N' =NNG. (46)

Indeed the map on torus fundamental groups induced by an isogeny is injective. Lemma 2.7
consequently realizes every prescribed finite-index condition on N after shrinking the total
group by finite index.

6.2 Finite abelianization on all finite covers

Proposition 6.2. The group N is FAb.

Proof. We first show that every group N = NNG' arising from a finite cover has Hom(N’,C) =
0. Set A = m1(A") and V = Hom(N’,C). The vector space V is finite dimensional because N’
is finitely generated. Conjugation defines an action of the abelian group A on it. Write T} for
the operator

(Thw)(n) = v(A~"nd),

where X is any lift to G’. Inner conjugation acts trivially on additive homomorphisms, so the
operator is independent of this lift.

For a nontrivial character 3 : A — C*, the cohomology of A with coefficients in Cg vanishes
in every degree. This follows, for example, from the Koszul resolution: one generator acts by a
scalar different from one, making that factor contractible. Inflation—restriction gives

H'(G',Cp) = (V @ Cp)™. (47)

Choose a basis A1,..., A, of A and put T; = T),. A nonzero invariant on the right of (47)
corresponds to a vector w # 0 satisfying

Tiw = B(\) ‘w (1<i<r).

Each T; has finitely many eigenvalues, and the values on this basis determine a character.
Hence only finitely many nontrivial 3 have H!(G’,Cg) # 0.
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Inflation identifies the character group of A with the open and closed identity component of
Hom(G’,C*): the Albanese lattice is H1(X',Z) modulo torsion, and the character group has
finitely many components. Group and manifold cohomology agree in degree one for these local
systems. The nontrivial support points just found are therefore isolated in the full degree-one
rank-one cohomology jump locus. B. Wang’s torsion-translate theorem for compact Kéahler
manifolds [37, author’s version, Theorem 1.3] makes them torsion.

Suppose V' # 0. The commuting complex operators T; have a common eigenvector
v # 0: successively take an eigenspace of the next operator inside the nonzero common
eigenspace already chosen, which remains stable by commutativity. Their invertibility makes
the eigenvalues nonzero, and they define a character x : A — C*. If x # 1, the vector v makes
B = x~! one of the nontrivial support points above, so y is torsion. If y = 1, it is already
torsion. For r» = 0, take any nonzero v and the unique trivial character.

Let Ag — A’ be the isogeny with lattice Ag = ker y, and pull it back to X’. The total-space
cover Xy is connected because G/ — A is surjective; its group is Go = (o’,) "1 (Ag), with kernel
still exactly N’. Thus the vector space V = Hom(N’,C) has not changed, and the same
v is fixed by the restricted lattice. The pulled-back fibration has connected fibres. By the
Albanese universal property it factors through a surjective homomorphism Alb(Xy) — Ay,
which maximality makes an isogeny. Connectedness of the pulled-back fibres forces its degree
to be one. We may therefore relabel Xy, Ay, Go, Ag as X', A',G’, A, with the same V and
VA £o0.

The untwisted inflation—restriction sequence contains

0— H'(A,C) — HY(G',C) — VA

2 20 (48)

— H*(A,C) — H*(G',C).
The last arrow is injective. To see this, its composition with the natural map to H?(X’,C) is
the pullback H?(A’,C) — H?*(X’,C), since a torus is a K(A,1). That pullback is injective for
a surjective map from a compact Kéahler manifold. In fact, if @ = dim A’ and d = dim X' — a,
fibre integration of a Kihler class [w]? is a positive constant. For n € H?(A’,C) and 6 €
lr_j2a—2(14/7 (C),

/ o —0)— [wi=c| n—0o, c>0.
X! Al

Poincaré duality proves the claim. For a = 0 there is no degree-two group to consider.

The transgression in (48) is zero. Hence a nonzero invariant vector would give by (X') >
2dim A’, contrary to the defining equality for the Albanese torus. The isogeny kept N’ and
V unchanged, so this contradiction proves V = 0 for the original cover as well. Maximality
ensured that all intervening Albanese tori were isogenous and that the pulled-back torus was
itself the new Albanese torus.

Finally, let Ny < N have finite index. By Lemma 2.7, it contains some N N G’. The latter
has no nonzero homomorphism to C. A homomorphism from Ny to C restricting to zero on
a finite-index subgroup is zero. Thus Hom(Ny, C) = 0. Since Ny is finitely generated, its
abelianization is finite. O

If N is finite, Lemmas 6.1 and 2.6 prove the theorem. For the rest of the proof suppose
that N is infinite.
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6.3 A simultaneous choice of general Albanese fibres

We specify the generality needed to globalize a fibration from a single Albanese fibre. A finitely
generated group has countably many finite-index subgroups. Thus there are countably many
connected finite covers of X, up to the choices relevant here. Their Albanese tori are isogenous
to A.

On each cover, Barlet’s space of compact analytic cycles [2] has countably many irreducible
components, each compact in the Kéhler case [8, Section 3, Convention 3.1]. We will use a
countable list of families with holomorphic maps

ijWj —>Tj, ej:Wj — X, Wjo:p]-’l(Tf)CWj.

Here W; is a connected smooth compact complex manifold, 77 is a connected smooth dense
analytic Zariski open subset of a compact parameter space T}, and p; : W7 — T} is proper
and smooth with connected fibres. Every irreducible reduced compact cycle V' C X occurs as
ej((Wj)t) =V for some t € T}, with the fibre map proper and bimeromorphic. In particular,
W7 is the complement of a proper analytic subset in the same compact W;.

Here is a construction of this list. On a fixed compact irreducible component P of the space
of k-cycles, Kéahler volume is constant, say v. A cycle is reducible or nonreduced precisely when
it is a sum of two nonzero cycles. Both summands have volume at most v. Bounded-volume
compactness and local finiteness of the components of the Barlet space leave only finitely
many possible component pairs for these summands. Addition of cycles is holomorphic, and
its images from these compact pairs are analytic by proper mapping. Thus the decomposable
locus in P is a closed analytic subset. It is proper whenever P contains an irreducible reduced
cycle; components containing no such cycle can be omitted.

Resolve P and restrict to the locus where this resolution is an isomorphism. Pull back the
reduced universal incidence, take the closure of its component dominating the irreducible-cycle
locus, and resolve that compact incidence. Delete the critical parameter values, the parameters
whose whole support fibre lies in the exceptional image, and those for which a component of
the full non-isomorphism locus has full fibre dimension. These are proper analytic subsets
by proper generic smoothness and the proper fibre-dimension theorem. Over the remaining
open, each resolved fibre is smooth, connected, and bimeromorphic to its cycle. Repeat on
the irreducible components of the omitted parameter subsets, including the image omitted in
resolving P. Each repetition lowers the parameter dimension, and a compact analytic subset
has finitely many irreducible components. The countably many initial components therefore
give the claimed countable list. This construction requires no Kahler metric on W; or Tj; their
role is properness and fundamental-group transport.

Each nondominant evaluation image e;(W);) is a proper analytic subset of the cover. On
the smooth Albanese locus let s be the fibre dimension. An evaluation image dominating the
torus has general fibre dimension at most s — 1; the locus where this dimension is at least s is
proper analytic by the proper fibre-dimension theorem. An image not dominating the torus
already projects to a proper analytic subset. Exclude these loci and the singular-fibre locus.
A smooth Albanese fibre contained in an evaluation image has been excluded. Make these
exclusions for every family and finite cover, and project them to A through the finite isogenies.
The resulting union is countable. Call a point outside it good, and use the same term for any
of its lifts to a later Albanese torus.
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If the torus has dimension zero, its fibre is the whole cover, which no proper evaluation image
contains; no exclusion is needed for these images. Thus this convention includes irregularity
zero. For any fibre above a good point, every nondominant evaluation image meets that fibre
in a proper analytic subset. A countable union of such subsets cannot cover an open part of
that fibre. This will allow us to choose a fibration cycle in a family dominating the total space.

6.4 The minimal relative base

Consider all finite covers just described and their good Albanese fibres S. For each connected
meromorphic fibration S --+ T, let C be the image in the corresponding Albanese fibre group
N of a resolved general fibration fibre. Then C'<a N. Among these fibrations for which N/C is
infinite, minimize dim 7', and denote the minimum by ¢. The identity fibration is admissible
because N is infinite; the fibration to a point is not. Hence

1</¢<dimS§S.
All covers used below remain within this simultaneous minimum.

Proposition 6.3. After a further connected finite étale cover, there is a fibration ¢ : X --+ Z
over the Albanese torus A, with connected general fibres and relative base dimension {. If By
is the actual image of a general c-fibre group, then By C N, By <G, and Q = N/ By is infinite.
For each prepared smooth model of Z, a very general good point of A gives an Albanese
fibre S and a torus fibre Y. With the restricted actual inertial boundary Ay for R = G/ By,
there is a surjection
(Y, Ay) - Q

compatible with S --» Y and the natural v : m(S) — Q. For every finite-index subgroup
Qo < Q, there is a connected finite étale cover S — S with induced homomorphism v whose
image Q' = Im v/’ lies in Qqy. This one cover satisfies

gdim (S, o) > ¢
for every surjection v : Q' — P with P infinite.

Proof. Choose a cover, a good fibre S, and a fibration attaining ¢. Write C <« N for its
fibre-group image. The general fibration fibres give compact irreducible cycles of dimension
dim S — ¢, after taking their images in X. Choose one through a point of the fibration’s general
locus in S outside all the nondominant evaluation images prepared above. Choose a family
from the list, with p : W — T and e : W — X, containing this member. Its compact evaluation
must dominate X, and hence is surjective.

The homotopy sequence of the smooth proper family W° = p~!(T°) — T° makes its
fibre-group image normal in 71 (W®). The selected fibre is bimeromorphic to the selected cycle,
so its image under e, is C. Consequently H = e,m;(WW°) normalizes C. The complement of
W* in the smooth W is analytic, so m1(W°) — (W) is surjective and H = e, m (W).

Put A =m(A) and Ag = (ae),m (W). Lift the surjective holomorphic map ce : W — A
to the connected complex covering Ay, — A. Its lifted image is compact analytic by proper
mapping. Surjectivity downstairs forces this image to have dimension dim A, so it is all of
the connected manifold A,,. The covering is therefore compact and has finite degree. Thus
ax(H) = Ap has finite index in A.
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Let L = Ng(C). It contains N and H, so Albanese exactness gives
[G:L=[A:a.(L)] <[A:a(H)] < 0.

Pass to the cover corresponding to L. Its fibre-group image is still NV, by (46), and C' is now
normal in the total group. Continue to write X, G, A, A for this cover, its group, its Albanese
torus and its lattice. The whole compact evaluation e : W — X lifts, since e,m (W) = H C L.
Its lift has full rank somewhere, and its compact analytic image is therefore the entire connected
cover. The proper fibre-dimension theorem, applied to W \ W° C W, shows that a general
evaluation fibre meets W°. Hence members with parameters in T cover general total points.
Smooth proper transport gives their fibre-group image C' after compatible base-point transport.

Apply Theorem 2.3 to G — G/C, giving ¢ : X --» Z. The covering cycles just constructed
have dimension dim S — ¢ and are contracted through very general points. Thus

dimZ <dimX — (dim S —¢) =dim A + ¢.

This map is over A: a compact subvariety with finite image in the quotient lattice G/N maps
constantly to A. To verify the last assertion, resolve the subvariety. A finite image in the
torsion-free lattice is trivial, so its map lifts to the universal cover of A, a complex vector space;
compactness makes that lift constant. Consequently the Albanese map factors through ¢, after
resolving. The induced map g : Z — A has connected general fibres: a nontrivial finite Stein
factor of g would split a general fibre of the connected Albanese map.

Let By be the actual group image of a general c-fibre. It is normal in G, lies in N, and has
finite image BoC/C in G/C. If N/Bj were finite, the image of N in G/C would be a finite
union of translates of this finite image, contradicting N/C infinite. Thus N/Bjy is infinite. For
the dimension comparison, restrict ¢ to a very general good Albanese fibre. On simultaneous
smooth loci, its fibres are the same general c-fibres, so they are connected and have image
By in N. This restricted fibration is admissible in the minimum, giving dim Z — dim A > /.
Equality follows. No equality or inclusion between By and C' has been used.

For inertia use R = G/ By, so

l1—Q=N/By— R=G/By— A — 1.

Fix any prepared smooth model of Z, with actual inertial boundary Dy for R, and write
T X — X for its resolved source, with ¢ : X7 holomorphic. Choose afresh a very general
good point a € A so that

S=a'(a), S=(ap)Ha), Y=g"()

are smooth, S Sisa modification, and Y is transverse to every dominating stratum of the
deleted divisor and avoids the images of the other strata. This choice may depend on the
prepared model. The induced S --+ Y is meromorphic, and dimY = /.

Let Z° be the prepared smooth fibration locus for ¢, put Y° = YNZ°, and put So = cHYe).
The monodromy 1z : m1(Z°) — R has composite g, in A, by compatibility after precomposing
with the surjection from the open source group. Its restriction to 71(Y°) therefore lands in @,
giving the commutative diagram

m(S°) — T (Y°)

! 1Yy

m(S) % N/By ¢ G/By.
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The left map is surjective, by removal of an analytic subset and bimeromorphic invariance of
the smooth fundamental group. The map v is surjective by the definition of N. Thus ¥y is
surjective. The upper map is the map of a smooth proper fibration with connected fibres, so
this is the monodromy compatible with S --» Y.

Transversality gives Ay = Dz|y with simple normal crossing support. For a deleted prime
divisor D, if E is a component of D NY, its meridian pr maps to a conjugate of the meridian
pp in Z°. The injection Q) C R therefore gives

ordg (Yy (1p)) = ordr(¥z(up)) = mp.

The proper fibre-dimension theorem ensures that the deleted subsets of codimension at least
two remain of codimension at least two on this very general restriction, and filling them does
not change the fundamental group. Filling divisors of order one kills already trivial meridians.
The mp-th powers of the remaining meridians are also killed, so ¢y factors as a surjection

(Y, Ay) > Q.

Finally fix a finite-index subgroup Q¢ < @, and let Ny be its inverse image in N. Lemma 2.7
gives a further global finite cover with group G’ such that

N =NNG CNy, Q=Im(N —=Q)=N/(N'NBy) < Q.

The image @’ has finite index in Q. Choose a point of the new Albanese torus above the
current a. Its fibre S’ is a connected component of the pullback of S, because the new Albanese
fibres are connected and the map of tori is finite. Thus S’ — S is a connected finite étale cover,
and its induced homomorphism v/ has image @Q’. The good-point convention makes S’ eligible
for the same minimum.

Choose this cover before choosing a further quotient. For every surjection v : Q' — P with
P infinite, the I'-reduction of ¥ o v/ on S’ has resolved general fibre image C’ < N’ with finite
image in P. If N'/C’ were finite, the whole image in P would be a finite union of translates of
that finite image, which is impossible. The reduction is therefore an admissible fibration in
the minimum, and its dimension is at least £. This one cover works for every infinite quotient
of @', as required by (M). The prepared model was arbitrary; repeating the choice of a very
general good S on each model proves the assertion on every prepared model. ]

6.5 The two representation cases

Apply Proposition 6.3. The quotient @) is FAb by Proposition 6.2. Suppose first that all
finite-dimensional complex linear images of @) are finite. On each prepared model of Z, choose
the very general good fibre and the data in Proposition 6.3. They satisfy the hypotheses of
Theorem 4.1. Hence

Ky + Ay is big

on the very general torus fibre, of positive dimension ¢. The same minimum applies after the

fresh fibre choice on each prepared model. Theorem 5.8 contradicts the specialness of X.
Suppose instead that @) has an infinite complex linear image. An infinite virtually solvable

image is impossible for an FAb group, as observed in Section 2. Pass to finite index so that the
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Zariski closure L is connected. Its semisimple quotient is nontrivial. Choose a simple factor H
of the adjoint semisimple quotient
(L/ Rad(L))ad,

where Rad(L) is the solvable radical. This quotient is a product of connected simple adjoint
groups. Projection gives a Zariski-dense image in H. In its faithful adjoint representation this
image is finitely generated and linear, so Selberg’s lemma [33] gives a finite-index subgroup
with torsion-free image. Pull this condition back to N and realize it on a global finite cover
by Lemma 2.7. Write X', G’, N’, A’ for the resulting cover and its groups and Albanese torus.
The induced py : N — H(C) has torsion-free image. That image is still Zariski dense, since it
has finite index in a dense subgroup of the connected group H.

Take the Stein factorization ¢ : X’ --» Z’ of the old map c after this cover. A connected
c-fibre maps under the new Albanese map into a finite fibre of A — A, and hence to one point.
Thus ¢’ lies over a map ¢’ : Z/ — A’; connected Albanese fibres again make ¢’ a fibration. Use
a smooth model for Z’. Its relative dimension is still £: the new Stein base is finite over the
old base on the general locus, and A’ — A is an isogeny. Let B{, <G’ be the actual image of a
general /-fibre group. It lies in N’. A general -fibre is a connected component of a finite
cover of an old c-fibre, so its image in G lies in By. The representation ppy, defined through
the old @ = N/By, therefore kills Bj. Set

R =G'/B|, p: N'/B) — H(C).
Albanese exactness gives
1— N'/B) — R — m(4") — 1.

On each prepared model of Z’, use the actual inertial boundary for R’ and choose a fresh
very general good Albanese fibre S’ and corresponding torus fibre Y. Denote the restricted
boundary by Ay, and let Y° be the restricted smooth fibration locus. The monodromy
argument in Proposition 6.3, applied to this restricted fibration, gives

vy :m(Y°) —» N'/Bj C R.

Compose it with 7. A meridian has finite order in R'; its image under po )} has order dividing
that actual inertial order. Since the representation image is torsion free, every meridian is
killed. Filling the deleted locus therefore gives a representation py : m1(Y) — H(C) of the
ordinary fundamental group, with the same torsion-free Zariski-dense image.

This representation is generically large. Otherwise its I'-reduction has base dimension less
than dimY = ¢. Compose it with S’ --+ Y and take connected fibres by Stein factorization.
A resolved general fibre maps to a resolved I'-fibre, so its group image C’ < N’ has finite image
under py. The total image is infinite; if N'/C’ were finite, the total representation image
would be a finite union of translates of that finite fibre image. Thus N’/C’ is infinite, and this
composed fibration would be admissible in the minimum with base dimension less than ¢, a
contradiction.

By Theorem 2.4, Ky is big, and hence so is Ky + Ay. The argument applies after the fresh
good fibre choice on every prepared model, using the same minimum and the boundary defined

by the fixed actual quotient R’ on each model. Theorem 5.8 yields the same contradiction.
Both cases exclude infinite N. Thus N is finite and the exact sequence of Lemma 6.1,
followed by Lemma 2.6, makes G virtually abelian. The group of the finite cover used at the
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start has finite index in the original fundamental group, so the same conclusion holds for
the original X. A finite-index subgroup corresponds to a connected finite topological cover;
the complex structure lifts uniquely, making it an unramified holomorphic cover. Base-point

changes only conjugate the subgroups. This completes the proof of Theorem 1.1. O
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